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Matrix-valued Bessel processes®
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Abstract

This paper introduces a matrix analog of the Bessel processes, taking values in the
closed set E of real square matrices with nonnegative determinant. They are related
to the well-known Wishart processes in a simple way: the latter are obtained from the
former via the map z — 2 ' «. The main focus is on existence and uniqueness via the
theory of Dirichlet forms. This leads us to develop new results of potential theoretic
nature concerning the space of real square matrices. Specifically, the function w(z) =
| det 2| is a weight function in the Muckenhoupt A,, class for -1 < a <0 (p = 1) and
—1 < a<p—1(p>1). The set of matrices of co-rank at least two has zero capacity
with respect to the measure m(dz) = |det z|*dx if « > —1, and if & > 1 this even
holds for the set of all singular matrices. As a consequence we obtain density results
for Sobolev spaces over (the interior of) ¥ with Neumann boundary conditions. The
highly non-convex, non-Lipschitz structure of the state space is dealt with using a
combination of geometric and algebraic methods.
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1 Introduction and preliminaries

The Wishart processes, taking values in the cone Si of positive semidefinite d x
d matrices, constitute a class of matrix-valued Markov processes generalizing the squared
Bessel (BESQ) processes. They were first introduced by Bru [5, 6], and have subsequently
been studied further and extended in various directions by a number of authors, for
example [11, 19, 10, 8]. They have also found use in applied contexts, for instance in
finance [17, 9].

The existence of a well-behaved matrix analog of the BESQ processes raises the
question of whether the same is true for the Bessel (BES) processes. Since the Wishart
process is Si-valued, a natural candidate is its positive semidefinite square root. This
was considered in [18], where the resulting Markov process is described via the dynamics
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Matrix-valued Bessel processes

of its eigenvectors and eigenvalues. However, as was pointed out already by Bru [6], it
appears difficult to obtain the dynamics of the process itself, or to succinctly describe its
generator.

The aim of the present paper is to show that a more well-behaved class of processes
is obtained by passing to the larger state space

E={xcM?:detz >0},

where M¢ is the Euclidean space of all d x d real matrices, endowed with the usual inner
product z ey = Tr(z " y) and norm ||z|| = \/z e . The matrix-valued Bessel process with
parameter 6 > 0 and matrix dimension d, abbreviated BESM(4, d), will be an E-valued
Markov process whose generator is given by

0—1

5 " eV, (1.1)

Lf=gAf+

where =" = (z71)T, V is the d x d matrix with elements 9,,, (so that for f € C*(M?),
Vfisits gradient), and A =V eV =3, . Bﬁijm is the Laplacian. To make z~! globally
defined, we set to zero for singular x (this choice is arbitrary and inconsequential.)
Notice that for d = 1, £ is the generator of the BES(J) process.

Existence of the BESM(J,d) process is proved via the theory of Dirichlet forms,
which is able to nicely handle the singular drift term of £. The crucial fact is that £
is a symmetric operator with respect the measure m(dz) = |detz|°~'dz, which is a
consequence of an integration by parts formula (Theorem 2.2). The Dirichlet form is
then given by the simple expression

E(f.g) = /E Vf o Vg m(dz).

Uniqueness is a much more delicate issue. Relying on density results for certain
Sobolev spaces with Neumann boundary condition (Theorem 4.1), we establish Markov
uniqueness in the sense of Eberle [13]. Obtaining these density results is a nontrivial
matter. In particular, we are led to prove several results, interesting in their own right,
about the measure m and its interaction with the state space. Specifically, we show
that the matrices of co-rank at least two form a set of zero capacity with respect to m,
and that if 6 > 2, the set of all singular matrices has zero capacity (Theorem 5.1).
Moreover, we prove that | det x| is locally Lebesgue integrable on M precisely when
a > —1 (Theorem 2.1), and that it is a weight function in the Muckenhoupt 4, class
when « € (—1,0] and p = 1, and when « € (—1,p — 1) and p > 1 (Theorem 6.1). This
exactly parallels the well-known situation for the weight function ¢* on R.

The proofs of these results require some effort. The difficulties mainly arise due to the
highly non-convex, non-Lipschitz structure of the state space E. In fact, the interior E°
does not even lie on one side of its boundary 0F, as can be seen by considering the lines
through the origin, {tz : t € R}, x € M?\ {0}: If d is even, each line lies either entirely
inside F, or entirely outside E°. These issues are resolved via a combination of geometric
methods (relying on the stratification of £/ into smooth manifolds M consisting of rank k&
matrices) and algebraic methods (mainly the QQ R-decomposition and estimates of the
determinant function near M}.) One would expect similar techniques to be useful for the
analysis of Markov processes on more general stratified spaces; some of the groundwork
for this is laid in [12], and the case of so-called polynomial preserving diffusions is
treated in [15].

Let us say something about why the BESM processes are natural analogs of the
BES processes, other than the resemblance of their generators. The main reason is
that the process X ' X, where X is BESM(4, d), is a Wishart process with parameter
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a=d—1+4 6, denoted WIS(a, d), see Theorem 3.5. As a consequence, || X| is BES(da),
and det X is a time-changed BES(§) process. Moreover, just as in the scalar case, X
is the weak solution of a stochastic differential equation for § > 1, while it is not even
a semimartingale for 0 < § < 1. A general discussion of BES and BESQ processes is
available in [31, Chapter XI]. For a specialized treatment of the case 0 < § < 1, see [4, 2].

A second motivation, which was the original “clue” that led us to consider the
generator £, is as follows. Let X be an M%valued Brownian motion starting from I
(the identity matrix), and let 79 be the first time det X; hits zero. Then det X;,, is a
martingale, and we may use it to change the probability measure. An application of
Girsanov’s theorem, using the identity VIndet(z) = 2~ T, shows that under the new
measure, the process

t
Wt:Xt—Xo—/ X Tds, t>0,
0

is M“-valued Brownian motion. Thus X becomes a Markov process whose generator is
L with § = 3, and its determinant is positive by construction. This is fully analogous to
the well-known construction via Doob’s h-transform of the BES(3) process as Brownian
motion “conditioned to stay positive”.

In addition to the notation already introduced above, the following conventions will
be in force throughout the paper.

e As usual, the symbols C(U); C.(U); C*(U) denote the spaces of continuous; con-
tinuous and compactly supported; k-times continuously differentiable functions
on a subset U C M? equipped with the relative topology. Writing C(U;V), etc.,
means that the functions take values in the topological space V. Note that U may
be closed in M?, e.g.if U = F. In this case, the compact sets need not be bounded
away from oU.

e We set My, = {x € M?:rankz =k}, k =0,...,d. Then M, is a smooth manifold of
dimension d? — (d — k)2, see [21], and we have OF = Ug<4_1 M. For any v € M?
we say that v is tangent to OF at x € M C OF if v lies in the tangent space of M},
at x. We refer to [26] for background on differential geometry.

e O(d) is the orthogonal group over R%, and 7'(d) is the group of upper-triangular
d x d real matrices with strictly positive diagonal entries. The set of nonsingular
matrices (i.e., the general linear group) is homeomorphic to O(d) x T'(d) via the QR-
decomposition. The following change of variable formula, which is a consequence
of the uniqueness of Haar measure, follows directly from [14, Proposition 5.3.2]
and monotone convergence.

Lemma 1.1. Let f : M? — R be nonnegative and measurable. Then

d
—d - i
J FN et = [ s@ra) [ R,

where . is proportional to normalized Haar measure on O(d), and dR = [[,; dR;;.

e For 2 € M9, we let adj = denote the adjugate matrix of z (i.e., the transpose of the
matrix of cofactors). It satisfies the identities z adjx = (det x)I and V det(z) = adjz,
so that in particular =" = V det(x)/ det x for nonsingular z. We also have adjz = 0
if and only if rankz < d — 2.

The rest of this paper is organized as follows. The BESM process and semigroup

are defined, and proved to exist, in Section 2. Some fundamental properties, including
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the relation to the Wishart process, are discussed in Section 3. Markov uniqueness is
proved in Section 4. The crucial Theorems 5.1 and 6.1 are proved in Sections 5 and 6,
respectively. The integration by parts formula (Theorem 2.2) is proved in Appendix A,
while Appendix B and C contain, respectively, some auxiliary results on Sobolev spaces
and differential geometry.

2 Definition and existence

The definition of the BESM process is based on the differential operator £ in (1.1)
acting on functions in D, where

D={feCXE) : " ¢ Vfisbounded}.

As we will see momentarily, (£,D) is a symmetric operator on L?(E,m), where the
measure m is given by

m(dz) = | det z|°Ldx.

(Occasionally m will be viewed as a measure on M?, or on subsets other than £.) The
inner product on L?(E,m) is denoted by (-, -). Specifically, we write

(f.g) = /E f(@)g(@ym(de) and (F,G) = /E F(z) o G(z)m(dz),

where f,g € L?(E,m) and F,G € L?(E,m;M%). The overlapping notation should not
cause any confusion.

The following result shows that m is a Radon measure on M, and hence on E, when
§ > 0. It implies in particular that we have D C L?(E,m).

Theorem 2.1. Let o € R and define w(z) = | det z|*. The function w is locally integrable
on M if and only if a > —1.

Proof. Let A ¢ M¢? be relatively compact. Since OF is a nullset, we may assume that
ANOJE = (. Then there is a rectangle K C T'(d), say K = x;<;I;;, of bounded open
intervals I;; such that I;; C (0,00) and I;; C R (¢ < j), and such that A C O(d) - K. Hence,
the change-of-variable formula in Lemma 1.1 yields

/A|detx|o‘d17§u(0(d))(n/h] dRij> </K|detR“+df[1R;idR“)

_ M(O(d))(il:[ /1 ) dRij> <f[1 /1 R;?;MidRii),

where p is proportional to normalized Haar measure on O(d). The right side is finite,
provided a > —1. If on the other hand o < —1, take I;; = (0,1) for all ¢ < j, and set
A =0(d) - K. Then A is relatively compact, but [, w(z)dz = co. O

Consider the differential operator V* given by
VG=—-(V+ (@ -1z ")eG, GeCYE;M?).
This notation is justified by the following integration by parts formula, which shows that

V* acts as an adjoint of V. Together with the observation that £ = —%V*V, this will
imply that £ is indeed a symmetric operator on L?(E,m).
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Theorem 2.2 (Integration by parts formula). Suppose 6 > 0, and consider f € C}(E) and
G € CY(E;M?). If § < 1, assume that G(x) is tangent to OF at z forall x € OE. If§ < 1,
assume in addition that G(x) e z~ " is locally bounded. Then

(Vf.G)=(f,V'G). (2.1
Proof. See Appendix A. O

Remark 2.3. It is not hard to show that local boundedness of G(x) e z~ " implies that
G(x) is tangent to JF at z for all z € 9F. Hence for g € D, G = Vg will always satisfy
the assumptions of Theorem 2.2.

The fact that £ is symmetric is apparent from the equalities

(. ~Lg) = 51, V"V) = (V. V) .2)

valid for any f € C}(F) and any g € D. If § > 1 we may take any g € C?(E). The BESM
process is now defined as follows.

Definition 2.4 (BESM semigroup). A symmetric sub-Markovian strongly continuous
contraction semigroup (T; : t > 0) on L*(E,m) is called a BESM(4, d) semigroup if its
generator extends (L, D).

An F-valued Markov process X is said to be m-symmetric if its transition function
pi(x,dy) is m-symmetric. In this case the operators f — fE f@W)pe(-,dy), where f is
bounded and in L?(E,m), can be extended to all of L?(E,m), see [16, page 30]. This
extension is called the L?(E, m) semigroup of X.

Definition 2.5 (BESM process). An E-valued m-symmetric Markov process whose L?(E,m)
semigroup is a BESM(J, d) semigroup is called a BESM(J, d) process.

While uniqueness of the BESM semigroup and process is a delicate matter, existence
is straightforward via the theory of Dirichlet forms. In view of (2.2) it is natural to
consider the symmetric bilinear form

£(,0)= 3 (VL.Va),  f.geCLE).

This form is closable on L?(E,m), as can be deduced from Theorem 2.2 as follows.
Pick a sequence (f,,) in C!(E) converging to zero in L?(E,m), such that lim,, x £(f, —
fi, fn. — fxr) = 0. We must show lim,, £(f,, f) = 0. Since (Vf,) is a Cauchy sequence
in L?(E,m;M?), it has a strong limit F. For any G € C°(E;M¢?) vanishing on a
neighborhood of JF, Theorem 2.2 yields

(F,G) =lim (Vf,,G) =lim(f,, V*G) = 0.
n n
It follows that F' = 0 m-a.e., establishing closability. We define
(€,D(&)) = closure of (£,CL(E)).

An application of [16, Theorem 3.1.2] then shows (after routine verification of the
conditions of that theorem) that (£, D(£)) is a regular, strongly local Dirichlet form.
Furthermore, (2.2) implies that the generator associated with £ coincides with £ when
acting on functions in D (or in C?(E) when § > 1.) With some abuse of notation, we
therefore let

(L,D(L)) = generator of (£, D(E)),

noting that the domain D(L£) contains D, and even contains C?(E) if § > 1. In particular,
the semigroup (T} : t > 0) on L?(E,m) associated with £ and £ is a BESM(4, d) semigroup.

EJP 20 (2015), paper 60. ejp.ejpecp.org
Page 5/29


http://dx.doi.org/10.1214/EJP.v20-3785
http://ejp.ejpecp.org/

Matrix-valued Bessel processes

A corresponding BESM(0d, d) process is then obtained as the m-symmetric Hunt
process X on F associated with the Dirichlet form (£, D(£)), see [16, Theorems 7.2.1
and 7.2.2]. The strongly local property of £ implies that this process has continuous
paths. However, it is not guaranteed a priori that X is conservative; we now prove that
it is, thereby obtaining existence of the BESM(4, d) process. In the following, let P* be
the law of X starting from x € FE.

Proposition 2.6. The Dirichlet form £ is conservative, i.e. the semigroup (T; : t > 0)
satisfies T;1 = 1 for allt > 0. Consequently, X can be chosen so that
P*(X, € Eforallt >0)=1 forallzec E.

Proof. By [16, Theorem 1.6.6], £ is conservative if there is a sequence (f,,) C D(€) such
that 0 < f,, <1 and lim,, f,, = 1 m-a.e., and such that

lim £(f,,, g) = 0 holds for any g € D(£) N L'(E,m).

0, ¢(t) = 0
¢(llz]l = n).

To construct such a sequence, pick ¢ € C?(R) satisfying ¢(t) = 1 for t <
for t > 1, and with ¢’, ¢” uniformly bounded. For n > 1 define f,(z) =
Differentiating twice yields

Vfal(z) = ¢ (|12 ‘”)ni*u’

Afulz) = ¢"(lz] - n) + &/ (| — ) &=L

]|

Since Vf, and Af, both vanish outside the set E,, = {z € E : n < ||z|| < n + 1}, we
obtain f, € D C D(L) as well as

/ £ fu(@)g(x)m(dz)
E,

where Holder’s inequality was applied. For n > 1, the supremum is bounded by a
constant ¢ > 0 that is independent of n. Hence

Z|5 frs9 |<CZ/ x)|m(dx) = cllg|lLr(pm) < oo.

n>1 n>0

E(fn,9)|l =

< sup |Lfn(x |/ x)|m(dx),

zeE,

We deduce that lim, |£(f,, g)| = 0, showing that £ is conservative. The statement about
X now follows from [16, Exercise 4.5.1]. O

3 Some properties and the relation to Wishart processes

Throughout this section X denotes a BESM(4, d) process with § > 0, and P* denotes
its law when started from x € E. Our goal is to study some of its basic properties,
in particular the relation to Wishart processes. Much of the analysis relies on the
following standard result, which states that X solves the martingale problem for L. It
can be deduced, for example, from [16, Corollary 5.4.1 and Theorem 5.1.3]. Here and
throughout this section, a property holds for quasi-every (qg.e.) x € E if it holds outside a
set of zero capacity; see [16, page 68].

Lemma 3.1. Pick any f € D(L) such that Lf is locally m-integrable on E. Forq.e.x € E
we have fot |Lf(X,)|ds < oo forallt > 0, P*-a.s., and the process

F(X0) — f(a) - /0 LH(X)ds, 120, 3.1)

is a square integrable martingale under P*.
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Remark 3.2. The exceptional set for which the conclusion of the lemma fails depends
on the function f in general. We conjecture that X is in fact strongly Feller. In this
case the quantifier “for g.e. z € E” can be replaced with “for every x € E” in the above
lemma, as well as in all subsequent results.

Proposition 3.3. Suppose § > 1. For q.e. x € E we have
@ [y X T||ds < oo forall t > 0, P*-a.s.,

(ii) the process W defined via
§—1 (" _+
X=X+ Wi+ — X ds, t>0, (3.2)
0

is M%-valued Brownian motion under P?.

Proof. We saw in Section 2 that C?(E) C D(L) if § > 1, and Theorem 2.1 implies that
1/ det(x) is locally m-integrable in this case. Let C be a countable subset of C?(E).
Lemma 3.1 then implies that there is an exceptional set N C E such that forallxz € E\ N
we have (i), and (3.1) defines a IP* martingale for all f € C. Choosing C suitably, standard
arguments (see for instance [32, Theorem V.20.1]) show that X solves the stochastic
differential equation associated with £—that is, (ii) holds. O

Corollary 3.4. For § > 1, X is a semimartingale under P* for q.e. x € E.
X

We now describe the properties of the transformed processes X ' X, , det X. The

main observation is the following. Define the map
fD:Md—>S‘_f_, T,
and consider the operator
LYVg(z) = Tr(2: V2 +aV)g(z), z€8%, geCx(Sl).

This is the generator of the WIS(«, d) process, see [6]. The Wishart process exists and
is nondegenerate (in the sense of not being absorbed when it hits the boundary 881)
precisely when

a>d-—1. (3.3)

Now, for any g € C’g’o(Si) and any = € E, one readily verifies the identities
V(go ®)(x) = 22Vg(z"x), %A(g 0 ®)(x) = Tr(2z " 2V? + dV)g(z " z). (3.4)
Consequently we have
go®eD(L) and L(go®)=(LVSg)od, (3.5)

where the latter function lies in C°(F) and in particular is locally m-integrable. An
application of Lemma 3.1 then shows that ®(X) = X ' X solves the martingale problem
for (LVIS,C2°(S1)), with @ = d — 1 + 6, and hence is a Wishart process. This proves
part (i) of the following theorem.

Theorem 3.5. The following statements hold.
(i) For q.e. x € E, the law of X " X under P* is that of a WIS(«, d) process starting

from 2"z, wherea =d —1+3.
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(ii) Let dz denote Lebesgue measure on Si. For o € R, define a measure i on Si by
m(dz) = (det z)(@=4=1/2g;, (3.6)
Then m is a Radon measure if and only if« > d — 1.

(iii) Let « = d — 1 + ¢ and define m by (3.6). Define a symmetric bilinear form on
Ce2(S%) by

1

EVS(g,h) = 5 / 4 Tr (Vg(2) 2 VA(2)) fi(d2).
S}

This form is closable in LQ(S‘fH m). Its closure is a regular, strongly local, conserva-

tive Dirichlet form, whose generator coincides with LY on C>(S?). In particular,

(LWVIS, C22(S1)) is a symmetric operator on L?(S%,m).

Proof. Part (i) was proved above. For part (ii), it follows from [30, Theorem 2.1.14]
that m = ¢ ®,m for some constant ¢ > 0, where ®,m is the pushforward of m under ®.
Moreover, due to the bounds ||z " z|| < ||z|> < V/d| 2" x|, we have that K C E is bounded
if and only if ®(K) C Si is bounded. The result now follows from Theorem 2.1. It remains
to prove part (iii), and we start by expressing VIS in terms of £. For g, h € C>(S?) we
have

(g0 0. ho®) =5 [ Vlgo®)(a) e V(o )(a)m(da)
1

=3 /E4 Tr (Vg(xT:v) 'z Vh(xTac)) m(dx)
- %/S 4 Tr (Vg(2) 2 Vh(2)) @.m(d2)

d
+

=c eV (g, h),

where we used the definition of £, the first identity in (3.4), the change of variable
theorem, and finally the expression for m. This together with the equality

||9||2L2(sglr,ﬁ1) =cllgo (P”%z(E,m)

lets us deduce closability, regularity and strong locality from the corresponding proper-
ties of £. Conservativeness is proved as in Proposition 2.6 by observing that the functions
fn appearing there are of the form f,, = g,, o ®.

To complete the proof we must relate £WV'S to the operator £W'S. Using (2.2) and (3.5)
we get, for g, h € C°(S%),

E(go®,hod) = —/Ego &(x) L(ho ®)(x) m(dx)
= —/Eg o ®(x) (LVh) o ®(z) m(dx)

= _/s g(2) LY5h(z) ®.m(dz).

d
+
Combining this with the previous expression, we arrive at
V() =~ [ gle) £V h(e) de),
s

which implies that £W'S coincides with the generator of EW'S on C°(S%). O
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Remark 3.6. It is interesting to note that the restriction § > 0 corresponds exactly to
the (well-known) condition (3.3) for the existence of non-degenerate Wishart process, see
[6, Theorem 2]. Theorem 3.5 connects this to the Radon property of the symmetrizing
measure 7..

Remark 3.7. The transition density ¢(¢, u, z) of the WIS(«, d) process is given in [11]. In
terms of the measure m it becomes

where I'; is the multivariate Gamma function, and (F} is a hypergeometric function with
matrix argument; see [11] for the precise definitions. Note that the density with respect
to m is symmetric, as it should be.

Corollary 3.8. Let X be a BESM(4, d) process as above. The following statements hold
forq.e.xz € E.

q(t,u, 2)dz =

(1) || X|| is a BES(d«) process under P*, where « = d — 1 + 0.

(ii) det X is a time-changed BES(§) process under P*. More specifically, define

t
A= [ ladi X Pds, & = det Xorw,
0
where C(u) = inf{t > 0 : A; > u} is the right-continuous inverse of A. Then A is
strictly increasing, and £ is a BES(§) process stopped at A,.

Proof. Part (i) is immediate from the well-known fact that the trace of a WIS(«, d) process
is a BESQ(d«) process, see e.g. [6]. We now prove part (ii). Define Z = XTX, which is a
WIS(av, d) process with « = d — 1+ ¢ by Theorem 3.5. With ¢(¢,u, z) as in Remark 3.7, we
have

(o) o0
/ P?(rank X; < d —2)dt = / P?(rank Z; < d — 2)dt
0 0

= / / q(t,z"x, 2)dz dt = 0.
0 {ueS?:rank u<d—2}

Thus {t : adj X; = 0} is a nullset, whence A is strictly increasing. Next, det Z satisfies

t t
det Z, = det Zy + 2 / Vdet Zo\/Tr(adj Z,)dBs + 6 / Tr(adj Z,)ds
0 0

for some standard Brownian motion (; see [6, Section 4]. Hence after a time change
(see [31, Proposition V.1.4]) and using that A¢(,) = u A A, we obtain

UANAso _
det ZC(u) =det Zp + 2 / y/det ZC(U)dBv +0(uN As),
0

where we defined

_ UANA oo C(u)
By = / JTr(ad) Zog)dBew = / JTE(ad) Z5)dB.,
0 0

which is Brownian motion stopped at A... It follows that det Z¢(.) satisfies the stochastic
differential equation for the BESQ(4) process, stopped at A.,. Since det X; = /det Z;
the result follows. O

Corollary 3.9. For 0 < § < 1, X fails to be a semimartingale under P* for q.e. xz € E.
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Proof. If X were a semimartingale, then so would det X, as well as the process £ in
Corollary 3.8. However, the BES(¢) process, 0 < § < 1, fails to be a semimartingale on
any interval larger than [0, 7), where 7 is the first time it hits zero. It thus suffices to
show that det X; = 0 for some finite ¢. Indeed, setting u = A; then yields &, = det X; =0
and u < A, due to the strict increase of A. Thus ¢ hits zero before it is stopped, and
fails to be a semimartingale. This contradiction shows that X could not have been a
semimartingale. The fact that det X; = 0 for some finite ¢ follows from the corresponding
well-known fact for the Wishart process. O

Remark 3.10. In view of Corollaries 3.4 and 3.9 one wonders whether X is a semi-
martingale for 6 = 1. Just as in the scalar case it turns out that it is—in fact, X is
reflected Brownian motion. We do not discuss this further here.

We close this section with a pathwise construction of the BESM process as the
strong solution to the stochastic differential equation (3.2). This construction only works
for § > 2 and if the process starts from the interior of E. Whether strong solutions exist
for all § > 1 is an open question also in the case of Wishart processes.

Proposition 3.11. Suppose ¢§ > 2, and let W be standard M¢-valued Brownian motion
defined on some probability space. The stochastic differential equation

—1
dX, = dW; + %X;Tds, Xo =, (3.7)

has a unique E°-valued strong solution for every x € E°.

Proof. The proof uses the so-called McKean’s argument; see [27, Section 4.1] for a
thorough treatment in a related setting. We only sketch the proof here. Since z +— z~
is locally Lipschitz on E°, a strong solution X exists for ¢ < ¢, where ¢ = lim,,_, inf{t >
0:det X; < n~!or|X¢| >n}. We claim that ¢ = co. To see this, set Z = X " X and note
that we have

t t
Zt:/XSdWS+/ AW X +(d—1+0)1t, t<¢,
0 0

where we used the equality dW,dW, = d1dt. Defining W, = fot (X X)) V2 X, aW,, t <,
we have

t t
th/ \/Zdws+/dWJ\/Zs+(d—1+5)It, t<q,
0 0

and after verifying that W is again M<-valued Brownian motion on [0, ¢), it follows that
Z is a WIS(d — 1 4 6, d) process on [0, () (this calculation is of course closely related to
the one leading up to (3.5).) Since § > 2, well-known properties of the Wishart process
(c.f. [6], or Corollary 3.8(ii) above) imply that det X; = v/det Z; stays strictly positive, and
that || X;||> = Tr Z; is nonexplosive. Hence ¢ = oo as claimed, and the result follows. [

4 Uniqueness

The goal of this section is to establish uniqueness of the BESM semigroup. Specifically,
we will prove that (£, D) is Markov unique. This means that there is at most one (and
hence exactly one) symmetric sub-Markovian strongly continuous contraction semigroup
on L?(E, m) whose generator extends (£, D), see [13, Definition 1.1.2]. Since the Hunt
process corresponding to such a semigroup is unique up to equivalence, this form of
uniqueness will hold for any realization of the BESM process as a Hunt process. In
particular, uniqueness in law is guaranteed. (Two symmetric Hunt processes are called
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equivalent if their transition functions coincide outside a properly exceptional set, see
Section 4.1 in [16].)

Note that m(0F) = 0. Therefore L?(E, m) and L?(E°, m) can be identified, implying
that it is enough to prove Markov uniqueness of (£,D) as an operator on the latter
space. To do this we will apply a general result by Eberle [13, Corollary 3.2] that relies
on studying the relationship between various weighted Sobolev spaces, which we now
introduce. To simplify notation we henceforth write

Q=FE°= {2z cM?:detz > 0}.

Observe that 1/(det )°~! is locally integrable on 2. Hence by [25, Theorem 1.5], L?(£2,m)
is continuously imbedded in L{ (Q). In particular, every f € L?(Q2,m) has a gradient D f

loc

in the sense of distributions, and one can define the weak Sobolev space
Wh2(Q,m) = {f € L*(Q,m) : Df € L*(Q,m; M%)} .

Equipped with the norm

1/2
[fllwrz@.m) = (/Qlf(x)lzm(dw)Jr/QDf(w)zm(dw)) :

Wh2(Q, m) becomes a Hilbert space [25, Theorem 1.11]. Appendix B reviews some basic
properties of W12(Q, m) that will be needed in the sequel. We also consider the following
strong Sobolev spaces (here the word completion is always meant with respect to the
norm H : ||W1~2(Q,m)):

H"2(Q, m) = completion of C*(Q)
H? (92, m) = completion of D
H,y?(Q,m) = completion of C(12).
These are all Hilbert spaces by construction, and we automatically have
Hy?(Q,m) € HY2 (Q,m) € HY2(Q,m) € WH2(,m). (4.1)

The main result of this section shows that for any § > 0, the last two inclusions are
equalities; and if § > 2, all three inclusions are equalities. This will lead to Markov
uniqueness of the BESM semigroup.

Theorem 4.1. The following statements hold.
(i) If0 < § < 2, then HY?,(Q,m) = WH2(Q, m).
(ii) Ifé > 2, then HY?(Q,m) = Wh2(Q, m).

Before giving the proof of Theorem 4.1, we note that Markov uniqueness now follows
directly from the basic criterion for Markov uniqueness given in [13, Corollary 3.2],
which only relies on the equality W12(Q,m) = HyZ2 (Q,m).

Corollary 4.2, For any § > 0, (£, D) is Markov unique.
Next, since every f € Cl(E) satisfies flo € C'(Q2), we have D(€) c HY2(Q,m).

Furthermore, since D C C!(F) holds we have Hy>,(Q2,m) C D(£), and we deduce the
following corollary of Theorem 4.1:

Corollary 4.3. For any é > 0, D(§) = W12(Q,m).
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Remark 4.4. An application of Theorem 6.1 with o = § — 1 shows that |detz|°~! is
an A;-weight if 0 < § < 2. In particular, [24, Theorem 2.5] then implies that the last
inclusion in (4.1) is in fact an equality.

The proof of Theorem 4.1 relies crucially on Theorems 5.1 and 6.1. It also uses
what we refer to as tube segments, discussed in Appendix C, as well as some basic
properties of the space W2(Q), m), reviewed in Appendix B. Most of the difficulties arise
for 0 < § < 2. In fact, the case § > 2 only requires (the second part of) the following
lemma, which uses Theorem 5.1 but not Theorem 6.1. Henceforth, for any subset I' ¢ M¢
we define

W — {h € W20, m) - h is bounded with compact support, } .

h=0on U N for some open U C M? withI' ¢ U

Lemma 4.5. (i) Letd >0 and definel = J,.,_, My. Then Wr is dense in WL2(Q,m).
(ii) Letd > 2 and defineT" = ngd—l My = OF. Then Wr is dense in W2(Q, m).

Proof. Since the elements f € W12(Q,m) that are bounded with bounded support are
dense (see Lemma B.1(iv)), it suffices to approximate such f by elements h € Wr. By
scaling we may assume |f| < 1. Let € > 0 be arbitrary, and let C > 0 be the constant
given by Lemma B.2. By Theorem 5.1 there is a neighborhood U of I" and an element
g € WH2(M?,m) such that ¢ > 1 on U and ||g|\%vl,2(97m) < ¢/C. By truncating (using
Lemma B.1(ii)) we may assume |g| < 1. Define h = (1 — g)f. Lemma B.2 then yields

g
1 = Az @my = I allfrizom) < 05 +e=2e

This proves the lemma. O

Proof of Theorem 4.1(ii). In view of (4.1) it is clear that it suffices to prove W2(2,m) C
H}%(Q,m), so we pick f € W2(Q,m). By Lemma 4.5, f can be approximated by some
bounded h € W%(2,m) whose support is bounded and bounded away from OF. By
mollification (see Lemma B.1(i)), i can in turn be approximated by some g € C}(Q).
Since H,*(,m) is the completion of the set of such functions, we obtain f € Hy*(Q, m),
as desired. O

For 0 < § < 2 the boundary no longer has zero capacity, which makes this case more
delicate. The following lemma uses a powerful extension theorem due to Chua [7] for
weighted Sobolev spaces with Muckenhoupt weights. In particular, therefore, we will
rely on the Muckenhoupt A, property of |detz|°~! for 0 < § < 2, which is asserted
by Theorem 6.1. Chua’s theorem requires the domain to be a so-called (¢, ¢)-domain.
Unfortunately, it does not appear straightforward to show that (2 itself is of this type.
Instead we employ a partition of unity argument with an open cover consisting of tube
segments; see Appendix C. The intersection of 2 with a tube segment around some
x € My_1 is an (g, 0)-domain (indeed, a Lipschitz domain), and Chua’s theorem becomes
applicable.

Lemma 4.6. Let 0 < § < 2 and define I' = (U, ., , My. For any f € Wr there exists
g € WH2(M? m) satisfying g = 0 on a neighborhood of T and g = f on .

Proof. For each x € M, 4, let U, be a tube segment around x, see Definition C.1 and
Proposition C.2 in Appendix C. Then U, N Q is diffeomorphic to A x (—1,1) C R4! x R,
where A is an open ball in R~!. Hence U, N () is a Lipschitz domain, and thus an (¢, )-
domain, see [23, p. 73]. Moreover, f € W12(U,NQ, m). Since | det 2|°~! is a Muckenhoupt
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As weight by Theorem 6.1, the extension theorem of Chua [7, Theorem 1.1] yields an
element

fe € WH2(M? m) with f, = f on U, N Q.

Now, since f € Wr, there is a compact set K C M9, bounded away from I', with
f=00nQ\ K. By compactness we can choose finitely many of the U,, say Us,...,U,
(and corresponding fi, ..., f»), as well some open Uy C M? with Uy, C , such that
K c U, U,. Defining fo = ¢ f, where 1 is a smooth cutoff function with ¢ = 1 on U,
and ¢ = 0 outside some Vy € Q with Uy € Vj, we have fo € Wh2(M9, m) with fo = f
on Uy. We then let {¢y,...,1,} be a smooth partition of unity subordinate to Uy, ...,U,,
and define

g=> tvifi € W (M, m).
i=0
Since z € U; holds whenever ¢;(z) # 0, and since f; = fon U;NQ, wegetg = > 1" (o f =
f on ©Q, as desired. O

Using Lemma 4.6, one can replace mollification of elements in W2(£2, m) by mollifi-
cation of elements in W12(M¢, m). The latter is straightforward, while the former is not.
The upshot is the following result.

Lemma 4.7. Let 0 < 0 < 2 and define I' = (U, 4, My. Then C*(E\T) is dense in
Wh2(Q,m).

Proof. By Lemma 4.5 it suffices to approximate elements f € Wr. By Lemma 4.6 we
then have f = g|q for some g € W12(M¢,m) with g = 0 near I'. By mollification, see [24,
Lemma 1.5], we obtain h € C°°(M?) that approximates g in W2(M¢?, m)-norm. Choosing
the support of the mollifier sufficiently small, we still have A~ = 0 on a neighborhood of T'.
Then h|g € C°(E \T') approximates f. O

Proof of Theorem 4.1(i). In view of (4.1) and the definition of Hﬁffu(ﬂ, m), we need to
prove that D is dense in W12(Q), m). By Lemma 4.7 it suffices to approximate elements
f e CEN\T), where I' = |J, ., o, Mi. An approximating function » € D can be
constructed explicitly, relying on the fact that f = 0 on a neighborhood of I'. We now
give the details.

For ¢ > 0, let ¢. € C?(R, ) satisfy the following properties:

(i) ¢-(t)=0fort >e,

(i) |p<(t)| < e and |¢L(t)| < 3forallt > 0.

(iii) %;(t) and ‘b%(t) are bounded in ¢ (where the bound may depend on ¢),

Such ¢. exists: first set ¢, (t) = t1(t) where ¢ is some smooth cutoff function, and then
@< (t) = ep1(t/e). Now, let K denote the support of f and define

_ VfeVdet

— 1 = — det .
[V det |2 K, G=Vf—-gVde

g

Note that Vdet(z) = adjz" # 0 forall » € K € M?\ T, so that g is well-defined and in
C?(E). Moreover, we have G e V det = 0. Consider the function

he = f —g¢.odet. (4.2)
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We claim that k. € D and h. — f in W12(Q,m) as € | 0. To prove this we first obtain, via
a calculation using the chain and product rules, the following two expressions for Vh.:

Vhe =V f — (¢Lodet) g Vdet —(¢. o det)Vy (4.3)
= (1—¢Lodet)Vf + (¢L o det)G — (¢ o det)Vg. (4.4)
Equations (4.2) and (4.3) and properties (i) and (ii) of ¢. yield the pointwise inequalities

|f - hs| S 8|g|

and
IV = Vhe|| < (3191 1V det || + Vg ) 10, o det.

Together with the fact that m({z € K : 0 < det < ¢}) tends to zero as ¢ | 0, this yields
he € D and h. — f in W12(Q,m). It remains to check h. € D. Clearly h. € C2(9).
Moreover, (4.4) together with the orthogonality G e V det = 0, as well as the fact that
=T = Vdet(r)/det(z), yield

1 — ¢L odet
¢ o det

¢ o det
det

z~ " eVh, = Vdet e Vf — Vdet o Vg.
Property (iii) of ¢. implies that the right side is bounded, as required. This completes

the proof. O

Remark 4.8. Using results in [12], the space D can be shown to be dense in C?(E) with
respect to the norm || - le,2(Q’m). An alternative approach to proving Theorem 4.1(i)
would therefore be to show directly that C2(E) is dense in W12(Q, m), for example by
showing that (2 is an (e, §)-domain and then apply Chua’s extension theorem. Proving
the (e, d) property does not appear to be straightforward—one obstruction is that © does
not lie on one side of its boundary, as discussed in the Introduction.

5 Low-rank matrices have zero capacity

This section is devoted to proving that the sets M, consisting of rank k matrices
have zero capacity for all sufficiently small k. This is a key ingredient in the proof
of Theorem 4.1, and also interesting in its own right. We use the following notion of
capacity. For any subset A C M?, define

Cap(4) =inf [ (f@)P +Df(a)|F) m{da),

where the infimum is taken over all f € W2(M?, m) with f > 1 on an open neighborhood
of A. The main result is the following.

Theorem 5.1. Let§ > 0. Fork € {0,...,d— 2}, we have Cap(M}) = 0. If 6 > 2, the same
thing holds also fork =d — 1.

Remark 5.2. The above definition of capacity differs from the (1, m)-Sobolev capacity
in [20, Definition 2.35], where W' 2(M? m) is replaced by H?(M¢? m). It also differs
from the 1-capacity in [16, Egs. (2.1.1)=(2.1.3)], where W12(M¢“, m) is replaced by D(£).
However, Theorem 4.1 and its corollaries imply that any A C E with Cap(A4) = 0 also has
zero capacity in all the above senses.

The core of the proof of Theorem 5.1 is an application of the following lemma, which
bounds the growth of the determinant function near a point z € Mj,.
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Lemma 5.3. Let k < d — 1. There is a locally Lipschitz function cy : My — R such that
| det(z + v)| < ex(x)||v]|F, € My, veM |lv|| < 1.

Proof. By [3, Corollary 5],
d .
|det(z + v) — det(z)| < Zpd—i(ffl(x), o oq(@)[v]*s
=1

where o(z) = (01(z),...,04(x)) is the vector of singular values of z, and p; is the i:th
elementary symmetric polynomial in d variables. Now, ps—;(o1(z),...,04(x)) consists of
a sum of terms, each of which is the product of d — ¢ distinct elements of o(x). However,
since rankz = k, only k£ of those elements are nonzero. Therefore the product must
contain at least one zero factor whenever d—¢ > k, implying that ps_;(o1(x),...,04(x)) =
0 for these i. Since in addition |[v|| < 1 and detz = 0, we get

d

|det(z +v)| < ||v]|?F Z pa—i(o1(z),. .., 04(z)).
i=d—k

The local Lipschitz property follows from the smoothness of p;_; and the fact that the
singular value map is Lipschitz continuous, see [22, Theorem 7.4.51]. O

In proving Theorem 5.1, the case § = 2, kK = d — 1, turns out to require separate
treatment using the following lemma.

Lemma 5.4. For each ¢ < 1 there is a Lipschitz function ¢. : Ry — R such that
0<¢.<1,¢.=0o0nl[e,0), p. = 1 on a neighborhood of zero, and

lim |pL(1)|? tdt = 0. (5.1)
€J,O R+

Proof. Define functions g. and h. on R, by
(t/e)e t €[0,e1+1/e)
t €
g-(t) = <1 - (€> ) and h.(t) =< 2e—e Vet te[gttl/E 2e1t /e
+
t € [2e111/5 00)

We claim that the function ¢. = g. + h. has the stated properties. It is not hard to check
that 0 < ¢. < 1 and that ¢. equals zero on [¢,00) and one on [0,e!7!/%). The Lipschitz
property then follows easily. It remains to verify (5.1). First, note that

€
[ lgpea=e [Cesta— S o (e Lo,
R

0

Moreover, since |h.| = |g.| on [0,£!71/¢), and since

2e1t1/e 1+1/2\2 141/e)2
2 — 3
/ |h/e(t)|2tdt:5_2/6( =) 2 — =520 (£10),
el+1/e
it follows that lim.yo [ |hZ(t)|* tdt = 0. We now deduce (5.1). O

We are now ready to prove Theorem 5.1. The proof uses the tube segments discussed
in Appendix C.
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Proof of Theorem 5.1. Suppose for any fixed T € M we can find a bounded neighbor-
hood U of 7 in M? and bounded functions g. € W2(U, m) such that each g. equals one
on a neighborhood of M NU, and lim. o || g |lw12(v,m) = 0 holds. We then take an open
set V. C M? with V C U, and a smooth cutoff function ¢ € C>°(M?) with ¢ = 1 on V
and ¢ = 0 on M?\ U. The function f. = ¢g. then lies in W?(M¢%, m), is equal to one
on a neighborhood of My NV, and satisfies lim. o || fz|lw1.2(md,m) = 0 by Lemma B.3. It
follows that Cap(M; N V) = 0. Since M}, can be covered by countably many such sets
M NV, we deduce Cap(My) = 0, as desired.

We thus focus on finding functions g. as above. To this end, set M = My, n1 =
d* — (d — k)% na2 = (d — k)2, pick T € M, and let U be a tube segment around Z, see
Definition C.1 and Proposition C.2 in Appendix C. Let

®:Ax B U

be the corresponding diffeomorphism, where A C R™ is an open ball, and B; C R"2
is the open unit ball. Let 7 : R™ x R™ — {0} x R"2 be the projection onto the last ns
coordinates. Let ¢ € C°(R;.) be a cutoff function valued in [0, 1], equal to one on [0,1/2],
equal to zero on [1,00), and with |¢'(¢)] < 3 forallt € Ry. For each 0 < € < 1, define a
map

ge : U—R, ge = ¢p(eH|mod7H).
We then have g. € C*°(U) and g. = 1 on ®(A x B./3), a neighborhood of M NU. It

remains to prove g. € W?(U,m) and lim. g || gc|lw1.2(,m) = 0. A computation based on
the chain rule gives the gradient of g.,

Vg = V(@) Vrod! %dﬂ(e‘lnm@-lmﬁ 0,

where V(®~!) denotes the transpose of the Jacobian matrix of ®~1, and similarly for V.
Hence

3 _ 3C
IVge|l < EHV(‘I) 1)||opHV7T”op < P (5.2)

where C = sup, [|[V(®71)(2)||op is finite by property (iv) of Definition C.1, and where
we used that the projection 7 is 1-Lipschitz. Write

U. = ®(A x Be).

We then have g. = 0 on U \ U, which yields

2

9C
locls o = [ (o) + 195:0)2) mia) < (14 25 ) it
Thus, it remains to show that lim. E‘Qm(Ug) = 0 holds. A change of variables yields
m(Ue) = / | det x\‘s*ld:ﬂ = / | det @(y, v)|671J(y, v)dy ® dv,
= AX B¢

where J = det V@ is the Jacobian determinant. Since ® has bounded derivative, there is
a constant x such that ® is x-Lipschitz and J < « holds. Together with Lemma 5.3 (and
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the fact that ®(y,0) € M), we get

m(U.) < K/AXB |det (®(y,0) + (y,v) — ®(y,0))|° " dy @ dv

. / e 0 ®(y,0) [@(y,v) — B(y,0)| P 4y & do
AXB;

IN

IN

“2/ e 0 @71 (g, 0)[|v]| MOV dy @ dv
AX B,

:/{2/ ckotb_l(%())dy/ [[v]| (=R =D gy, (5.3)
A €

where ¢(+) is as in Lemma 5.3. The integral over A is finite due to the boundedness of
®~! on A x {0} and the Lipschitz continuity of ¢, on U, so we get

m(U.) SC/ HU||(d_k)(5_1)dv:5_(d_k)(1_5)+”20/ o] ~4=P=5) gy
Be B,

for some constant C' > 0 that does not depend on . Since the integral is over ns-
dimensional space, the right side is finite provided

(d—k)(1—6) <ng—2 (5.4)

holds. But ny = (d — k)2, so (5.4) is equivalent to (d — k)(d — k — 1+ 6) > 2, which holds
for all £ < d — 2 since § > 0. We conclude that there is a constant C’ > 0, independent of
g, such that

1 s e
gm(Ug) Scls (d k)(l O)+ 2 2.

Since, as we just saw, (5.4) holds, this quantity tends to zero as ¢ tends to zero. This
finishes the proof of the case 6 > 0, k € {0,...,d — 2}.

If 6 > 2, then (5.4) holds also for k = d — 1, which takes care of this case as well. The
only case that remains to consideris § = 2, k = d—1. This is done by a slight modification
of the above argument. First, g. is now given by

ge = ¢5(|7T o (I)_1|),

where ¢, is the function from Lemma 5.4. (Note that ny = (d — k)? = 1, so that 7o ®~1(x)
is a real number; hence the absolute value bars.) Since ¢. is Lipschitz it is almost
everywhere differentiable by Rademacher’s theorem. Hence Vg, is well-defined up to a
nullset. Next, instead of (5.2) we need a more precise estimate. Specifically, we have the
inequality

IVgell < C|e(lmo 1))

where as before C' = sup,cy [|V(®7!)(z)||op is finite. In particular this gives g. €
Wh2(U,m). By the same calculations as those leading up to (5.3) we then obtain, using
Lemma 5.3,

/Ilvge(af)llzm(dm)sc“'/ (|70 @~ (2)])|* | det 2| dar
U U

=2 [ ool | det By 01T 3. 0) dy @ do
X D1

<2 [ cas o0 0)dy [ 1oLl ol

—€

By the property (5.1) of ¢. given in Lemma 5.4, the right side tends to zero as ¢ | 0. This
concludes the proof. O
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6 The Muckenhoupt A, property

Weight functions satisfying the so-called Muckenhoupt A, condition play an important
role in potential theory, where they arise as precisely those weight functions for which
the Hardy-Littlewood maximal operator is bounded on the corresponding weighted
LP space, 1 < p < 0o, see [29]. This and related results have far-reaching consequences,
some of which are discussed in [33, 34, 24]. In this section we prove that the weight
function w(z) = | det z|* lies in the Muckenhoupt A, class for certain combinations of p
and a. Our result generalizes the case d = 1, for which the result is known, in a striking
way. We let |A| = [, da denote the Lebesgue measure of a measurable subset A C M.

Theorem 6.1 (Muckenhoupt property). Let & € R and define w(x) = | det z|*.

(i) If -1 < a <0, then w lies in the Muckenhoupt A class. That is, there is a constant
C > 0 depending only on d and «, such that

‘;ﬁ‘/Bw(x)dx <C in}fgw(m) (6.1)

xE
for every ball B ¢ M¢,

(ii) If -1 <a<p—1,p>1, thenw lies in the Muckenhoupt A, class. That is, there is
a constant C' > 0 depending only on d, « and p, such that

-1

() f o)<

for every ball B ¢ M¢,

Once part (i) has been proved, part (ii) follows directly from [33, Proposition 1X.4.3].
It thus suffices to prove part (i), which will occupy the rest of this section. We first
introduce some notation. Let Di denote the set of diagonal matrices with nonnegative
and ordered diagonal elements,

D¢ = {Diag(o) : 0 € RY, 01 > 09 > --- > 04> 0}.

The open ball centered at x+ € M? with radius r > 0 is denoted by B(x,r). Its intersection
with the nonsingular matrices is denoted by B.(x,r). That is,

B(z,r)={y € M : |z —yll <r}, B, (z,r) ={y € B(z,r) : dety # 0}.

The proof of the Muckenhoupt property is somewhat involved (but nonetheless mostly
elementary), due to the relatively complicated geometric structure of the set OF, which
is where the weight function becomes singular. The main idea is to change variables
using the Q R-decomposition and integrate over the product space O(d) x T'(d) instead
of M¢?. Unfortunately, balls in M? do not always map to balls (or comparable shapes) in
O(d) x T(d), and this is where the main complications arise. The resolution to this issue
resides in Lemma 6.3 below, which relies on a detailed analysis of the mapping taking =
to its Q R-decomposition.

We start with a lemma that establishes an inequality similar to (6.1), where the
balls B are replaced by sets of the form U - K = {QR: Q € U,R € K}, with U C O(d)
measurable and K C T'(d) a cube.

Lemma 6.2. Let —1 < a < 0. Then there is a constant C; > 0, depending only on d and
«, such that the inequality

/ w(z)der < C1|U - K| inf w(z)
U-K zeU-K

holds for any measurable subset U C O(d) and any cube K C T'(d).
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Proof. Pickacube K = {R € T(d): R;j € I;;, i < j}, where the I,; are bounded intervals,
and let U C O(d) be measurable. By Lemma 1.1 we have

d d
/ w(z)dr = M(U)/ [T R R = wU) [] 1151 H/ td=itaqt,
U-K Ki:l i<j i=1 I
and similarly |U - K| = p(U) I1,;; |11 e, [y, t*7*dt. We also have

inf t“.

xeU-K tel;;

d d
inf w(z)= inf HR?“-:
(0) = jnf T R2 =]

=1 i=1

Hence the result follows from the following Claim:

Let oo € (—1,0] and 8 > 0. Then there is a constant C, g such that for every bounded
interval I C (0,00), we have

/t‘“ﬁdt < Ca_g/tﬁdt inf 2.
I ’ I tel

To prove the Claim it suffices to consider I = (a,b) with 0 < a < b. We obtain:

/Ita+ﬁdt _ ﬁﬁ“ (bﬂ+1 _ (%)aaﬁJrl) p

1
< - bﬁ+1 _ a,B+1 ba
Ta+p+1 ( )
1
= L/tﬁdt inf t*,
a+pB+1); tel
as required. O

Consider now balls B(3,r), where the diagonal elements of ¥ € Di are either
“large” (comparable to the radius r) or zero. The following result reduces the proof
that (6.1) holds for balls of this form to an application of Lemma 6.2. In the statement of
condition (6.2) below, we use the convention that oy = co and that ¢ runs over {0,...,d}.

Lemma 6.3. Suppose X € Di and r > 0 satisfy the following property, where ¢ € R? is
the vector of diagonal elements of 3.:

There is an indexn € {0,1,...,d} such that

o; > 18dr for alli <n, and o; = 0 for all i > n. (6.2)

Then there is a measurable subset U C O(d) and a cube K C T'(d) such that
B.(X,r) CU-K C B.(%,Car),
where Cs is a positive constant that only depends on d.

Proof. The problem of finding the advertised constant C; can be reduced to proving the
following Claim, where ey, .. .,e; denote the canonical unit vectors in R%:

There is a constant C3, depending only on d, such that the following holds: For any
x € B.(X,r), let = QR be its QR-decomposition, and let q1, . ..,qq be the columns of
Q. Then the inequalities |R — || < C3r and |¢; — e;| < ro; 'C3 hold for alli € {1,...,n},
where n is the index from condition (6.2).

Let us show how the statement of the lemma follows from this claim. Define K to be
the cube in T'(d) centered at ¥ with side 2C5r, i.e.

K = {R € T(d) : ma,X|Rij — Zij| < 037“},
2,7
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and let U C O(d) be given by

T .
U:{Q:(Q17"'7qd)60(d):Qi_ei|<0__C37Z:17"'an}'

The Claim then directly implies B,(3,r) C U - K. We thus need to show that it also
implies U - K C B, (3, Car) for some constant Cy > 0 that only depends on d. To this end,
observe that for any x = QR € U - K we have, by the triangle inequality, the rotation
invariance of || - ||, and the definition of K,

lz = 2] < QR = X)|| + (@ - DX
= [[R = %] + (@ — D]

< \d(d+1)/2C5r + |(Q — DX

Furthermore, since o; = 0 for i > n, we have ||[(Q — )X||> = 0?|q1 — e1]* + ... 02|qn — en]?.
We then deduce from the Claim that ||(Q — I)X|| < /nCjsr, and consequently

|z — 2| < Cor,  where 02:(\/d(d+1)/2+\/&)6’3.

We are thus left with proving the Claim. Since it is vacuously true for n = 0, we
can assume n > 1. The proof relies on a rather careful analysis of the Gram-Schmidt
orthogonalization procedure for obtaining the Q R-decomposition of a generic matrix
x € B.(X,r), so we briefly recall this procedure. To improve readability, we temporarily
(for this proof only) adopt the notation (y,z) =y z fory,z € RY. Fix z € B,(3,r) and let

z1,...,2q be the columns of x. To obtain the (Q R-decomposition of x, one defines
Uy
Uy = Ty, q1 = 77—
|ua |
and, if g1, ...,g;—1 have been defined,
j—1 s
uj =T — Z<Qi7xj>%‘a 4G = (6.3)
P |
The vectors q1,...,qq obtained in this way are the columns of ), and R is given by
Rij = (qi,zj), 1 < j.
We now proceed with the proof of the Claim. Recall that ey, ..., eq are the canonical

unit vectors in R?. Since z € B.(%,r), we have z; = o;e; + h;, where h; is a vector in RY
with |h;| < r. Also let a = 5 4 18d denote the constant appearing in condition (6.2).
Fix j € {1,...,n}, and suppose we have proved the following:

Foralli<j—landallk >4, |Ryl<3r (6.4)
Then (6.3) and the inequalities |z;| > o; — |h;| > 0; — r imply

j—1
lujl > 05 —r = > |Rij| > 05 — r(1+3(j — 1)). (6.5)

=1
Moreover, for k > j we use (6.3), (6.4), and the fact that |(z;, zx)| < o7+ o + r? to get
j—1

g, i) < Nag, we)| + Y [Rij| [Rir| < o5+ opr + 17 (1+9(j — 1)).
=1
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Together with (6.5) this yields

(g o)l o5 +or+r(1+9( — 1))
il = o —r(1+3(j 1))
_ 7’1 +oi/oj+ (r/o;)(1+9(5 — 1))
1—(r/o;)(1+3(j —1))
24+a 1 (1+9( —1))
I—a (1+3(Gj-1)

|Rjk| =

<r

where in the last step we used that o, < 0; (since k > j) and o; > ar (since j < n). Since
a = 18d, the right side is at most 37, as one readily verifies. We deduce that (6.4) holds
with j replaced by j + 1, and since it is vacuously true for j = 1 it follows by induction
that it holds forall j € {1,...,n+ 1}.

We now use this result to bound |R;; — o;| for j € {1,...,n}. To this end, write
i—1 .
1 I |25 — o lugl| +9( — 1)r
Ry — sl = 2 ol = Yl ) — ol < ', ,
|uj i—1 g

using that (g;,z;)? = |R;;|* < 9r? due to (6.4). Moreover, we have
|lz;* = ojlul| = [0F — asluy| + 1hs|* + 20;{ej, hy)| < 0|0y — lujl| + % + 20,
and by the reverse triangle inequality,
o = lusl| < loje; —uj| <7v+3( —1r. (6.6)
Assembling the pieces and using the bound (6.5) gives

or(L+3( = 1)) +r*+20r +9(j — 1)r?

Ry —o;] <
g —ojl < 5 =130 - 1)

Dividing the numerator and denominator by ¢; and using that o; > ar, we finally arrive
at

143G -1 4+at+2+a19(-1)
1—a1(1+43(F—-1))

343 -1 4+a (149 - 1))

T I a1 +3(G 1)

|Rjj —oj| <7

3+ 18d
<r .
5
The only elements of R that remain to analyze are R;; for ¢ < j and j > n. But z; = h; for
these j, so |R;;| = [{gi, z;)| < |hj| < r. We are now able to estimate ||R — X|| as follows:
IR=3I <> |Rj; — o5l + > |Rijl
J 1<j
18d -1
<r <3+5 8 X d+3x n(nQ)er(dn)>.

A bound solely in terms of d is then easily obtained. For instance, we may take

184 d—1
|RE||§rd(3+58 Ly . )+d>. 6.7)
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Let us now focus on bounding |¢; — ¢;|, 7 € {1,...,n}. The calculations are similar to
the ones used to bound |R;; — 0| above, but slightly simpler. We have

i—1
1 J
SRTREN A
J i=1
1 .
< m(’dj — |u]|’ +T+3(J - 1)T)
2 .
< —(r+3(3 - 1)7“)a
|u;]

using (6.6) in the last step. Using again (6.5) together with o; > ar,

2 ) — 1
lgj — ejl < — x 60— 1) <= x11d.
oj 1-a(1+3(—-1) o

The Claim, and hence the lemma, is now proved, if for C's we take the maximum of 11d
and the constant in (6.7). O

Next, Lemma 6.5 below implies that the proof of (6.1) for any ball whose center lies
in D‘i reduces to an application of Lemma 6.3. It uses the following simple observation.

Lemma 6.4. Leta > 0 and k € {0,1,2,...}. We have
l+a+a(l+a)+ - +a(l+a)*=(1+a)r
Proof. The result clearly holds for k£ = 0. If it holds for £ — 1, we get
l+a+a(l+a)+ - +al+a)*=0+a)l+a+---+al+a)f 1) =(1+a)r",
showing that it holds for & as well. O

Lemma 6.5. Pick any ¥ = Diag(c) € DY and r > 0. There is a matrix ¥’ = Diag(o’) €
Di and a real number v’ > 0 that satisfy the condition (6.2) (with o replaced by ¢’, and
r by r'), such that

B(X,r)c B(X,7) and ¢ <(1+18d)%.
Proof. Let a > 0 be a constant to be determined later. Suppose for some index i €
{1,...,d}, we have o; > a(1 + a)?~ir. Let n be the largest such index, and define

o' =(01,...,00,0,...,0), 7 =r(1+a)?"

Then, since o; < a(1 +a)?~ir forall i > n,

lo—o'| <opi1+ -+ 04
§r(a(1+a)d*"*1 +--+a(l+a)+a)
— T(l + a)d—n —r
=7 —r
The triangle inequality yields B(X,r) C B(Y¥',r’), where ¥/ = Diag(c’). Setting a = 18d,
we see that ¥’, r’ satisfy condition (6.2).
It remains to consider the case where o; < a(1+ a)? ir foralli € {1,...,d}. In this
case any x € B(X,r) satisfies

2] <r+ |2 <r+r(a(l+a)®t+ - +al+a)+a) =r(l+a)

so that B(X,7) € B(0,7(1 + a)¢). With 7' = 7(1 + a)? and n = 0, condition (6.2) is again
satisfied for a = 18d. This finishes the proof. O
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Proof of Theorem 6.1(i). The proof of (6.1) is now straightforward. Indeed, pick any
ball B = B(xz,r), and let z = UXV ' be a singular value decomposition of x. Then
B(x,r)=U-B(3,r)- VT, and together with the invariance of Lebesgue measure under
orthogonal transformations and the fact that dety = det(U "yV) for any y € M¢, this
leads to the equalities

w(x)dr = w(x)dx,
/B($,r) ( ) /B(Z,r) ( )
|B(z,r)| = [B(X, )],

inf = inf .
xEan(z,r) 'LU(QT) atElBr%E,r) UJ(x)

Consequently (and using that OF is a nullset), it suffices to prove (6.1) for B replaced by
B, = B.(X,r) with ¥ € Di. We then have the following chain of inequalities, where we
set B, = B,(X',r’) with ¥’ and »/ from Lemma 6.5, and where U, K, and C5 are obtained

/

by applying Lemma 6.3 to X/, 7.

/ w(z)de < / w(zr)dx (B,.CB,CU-K)
B. UK
<C|U- K| inf w(z) (Lemma 6.2)
xeU-K
<4|U - K| iean w(x) (B.CU-K)
< C1|B. (X, Cor')| 1€an w(x) (U-K C B.(Y,Cyr"))
=08 (14 184)%|B,| inf w(e). (r' < (1 + 18d)%r)
rE B
This proves that (6.1) holds with C' = C;C¢ (1 + 184)". O

A Proof of the integration by parts formula

In this section we give a proof of the integration by parts formula, Theorem 2.2,
which we now restate for the reader’s convenience:

Suppose § > 0, and consider f € CL(F) and G € C*(E;M?). If§ < 1, assume that
G(z) is tangent to OF at x for allz € OF. If § < 1, assume in addition that G(x) ez~ " is
locally bounded. Then

(VF,G) = (f.V*G).

Throughout the proof, let K be the (compact) support of f. For £ > 0, define

V det(z)

U.={zeM?:detz >¢ and v(r) = ————,
t I )= "W det@)]

x € Up.

For ¢ > 0, U, has smooth boundary with outward unit normal v(z) at « € 9U.. For
any smooth function h : Uy — R such that the integrals are well-defined, the standard
integration by parts formula yields, for each ¢ > 0,

/U Vi(z)eG(z)h(z)dx = f(@)h(z)G(x) e v(z)do.(x)

oU.

—/U f(x)V o (Gh)(x)dx, (A1)
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where o, denotes the surface area measure on 9U..

Case 1: § > 1. Take h(x) = det(z)°"'. As e | 0, the left side of (A.1) tends to
[ Vf(z) @ G(x)m(dz) by dominated convergence. Let C' > 0 be such that | f(z)|[|G(z)| <
C for all x € K. The absolute value of the boundary term is then dominated by

Cef! / do.(z),
oU.NK

using also that h(x) = £°~! for x € U.. It is easy to see that o.(K) remains bounded as
€ 1 0, so we conclude that the boundary term vanishes in the limit. Consider now the
second term on the right side of (A.1). The product rule yields

Ve (Gh)=hVeG+ GeVh.

By dominated convergence, [, f(2)V o G(z)h(z)dx — [, f(x)V e G(x)m(dx). Moreover,
we have G(z) @ Vh(z) = (6 — 1)G(x) e V det(z) det(x)°~2. Since det(r)’~2dz is a Radon
measure due to Theorem 2.1 and the fact that § > 1, we may again use dominated
convergence to get

f(z)G(x) e Vh(z)dr — (§ — 1) / f(2)G(z) e 2~ "m(dzx).
U. E

(Here we used the equality V det(z) det(x)°~2dz = x~ "m(dx).) Assembling the pieces
gives the desired formula (2.1).

Case 2: § = 1. We again take h(z) = det(r)°~! = 1. Except for the boundary term,
everything works as in the case J > 1, if we just note that Vh = 0. Letting C be a bound
on |f(z)| over K, the boundary term is bounded above by

Co.(K) sup G(z)ev(x).
zeU.NK
Using that G(x) is tangent to OF at every « € JF it is not hard to show that the supremum
tends to zero. Hence (2.1) is established.
Case 3: § < 1. Things are now a bit more complicated due to the fact that det(x)
blows up at OF. To get around this, for each n let 7,, be a smooth, nondecreasing function
satisfying the following properties:

6—1

() <tAn, T,(t)=tfort<n-—1, 7,(t)=nfort>n+1

0<7, <1, 7,(t)ttand 7, (t)T1asn — occ.

In (A.1) we now take h = h,,, where h,, = 7,, ow and w(x) = det(z)°~!. We first hold
n fixed and let ¢ | 0. The left side of (A.1) converges to [,V f(z) e G(x)hy(x)dz by
dominated convergence. The boundary term on the right side will vanish by the same
argument as in the case § = 1. The integrand in the second term on the right side is in
fact bounded, since by the properties of 7,,,

Vha(z) = (8 — 1)(7!, 0 w(z))V det(z) det(z)*2 < (5 — 1)V det(z)(n + 1)5=7 .

Dominated convergence gives the limit [, f(2)V e (Ghy)(x)dz. Combining these results
and applying the product rule gives the formula

/EVf(x)oG(x /f )V 0 (@) /f « Vi, (2)dz. (A2)

The final step is to send n to infinity. The left side of (A.2) converges to |, g Vf(x)e
G(z)m(dx) by dominated convergence, since h,, = 7, o w 1 w. For the first term on the
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right side of (A.2), we similarly have [, f(2)V & G(x)h,(z)(dx) — [, f(x)V @ G(x)m(dx).
Finally, for the second term on the right side of (A.2), note that

f(2) G(z) @ Vhn(z) = (6 = 1) f(x)7, o w(z) G(z) ¢ 2™ " w(z).

This is bounded in absolute value by a constant times |G(z) ® 2~ " |1 w(z), which is inte-
grable since |G(x) e ™ | is locally bounded by hypothesis. Thus dominated convergence
yields [, f(z) G(z) @ Vhy(z)dx — (6 — 1) [, f(2)G(x) @ 2~ "w(x)dx, and hence the result.

B The space W!?(Q,m)

In this appendix we review some basic properties of the weighted Sobolev space
Wh2(Q, m) introduced in Section 4, as well some related results. The material is not
new—we collect the results here for ease of reference.

Besides W12(Q, m) there is occasionally a need to consider spaces W12(U, m) for
open sets U C M different from ). Here the following subtlety arises: If U N 0F # ()
and § > 1, then f € L?(Q2,m) need not lie in L] (U), see [25, Example 1.7]. Thus we
cannot speak about its distributional gradient. In this case we therefore define

WY2(U,m) = {f € L*(Q,m) N L. (U) : Df € L*(Q,m; M?) N LL _(U)}.

It is clear that for two open subsets U, V satisfying U C V and an element f € W12(V, m),
we have f|y € WH2(U, m). To alleviate notation we simply write f € W12(U, m). If the
open set U C M? has compact closure in €2, we have C~! < (detz)’~! < C for some
constant C' > 1 and all x € U. Hence

|- lwr2w,m) and || - lw1.2(v,4z) are equivalent, (B.1)

and the unweighted space W' 2(U, dx) coincides with W1:2(U, m). This has several useful
consequences.

Lemma B.1. Let f € W12(Q, m). The following statements hold.

(i) Mollification: Let v be a mollifier and set . (x) = e~%p(x/e). If f € WH2(Q, m) has
compact support in Q, then lim._,o 1 * f = f in W12(Q,m).

(ii) Stability under truncation: For f € W%2(Q,m) we have lim, ... f An = f in
Wh2(Q,m).

(iii) Let f,g € W2(Q, m) with f and g bounded. Then fg € W2(Q, m) and we have

D(fg) = fDg+gDf. (B.2)

(iv) Theset{f € W%2(Q,m) : f is bounded with bounded support} is dense in W'2(Q, m).

Proof. (i): Let K be the support of f and pick an open set U € Q2 with K C U. Then
Ye* f — fin W12(U, dz) by standard results in the unweighted case, see [1, Lemma 3.16].
Thus, for all sufficiently small ¢ > 0 we have || f =9 * f[lw1.2(Qm) = [[f =V * fllwr2wm) —
0.

(ii): Pick a test function ¢ € C°(Q2) with support K, and choose an open set U € 2
with K C U. Then f lies W12(U,dx), as does g = f An by [28, Lemma 1.7.1], with weak
derivative Dg = D f1;7.,, on U. Thus

/ g Vedr = / Df1yfem i,
U U
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and since ¢ = 0 outside U, this equality holds with U replaced by (2. Hence Dg =
Df1{;<ny on (), and the result follows by monotone convergence.

(iii): First note that fg and fDg+ gD f lie in L?(Q2,m), so it remains to prove (B.2). To
this end, pick a test function ¢ € C2°(Q2) with support K, and choose an open set U € 2
with K C U. Let ¢. be as in (i). Then f * ¢. — f and g * ¢. — g in WH2(U,dx). Hence
froegxde — fg, fxdeV(gxp.) = fDgand g ¢.V(fx¢p.) — gDf, allin L*(U), which
yields

/ng¢>dx:hm/f*¢sg*¢sV¢dw
U e—0 U

:_nm/U(f*asswgws)+g*¢EV(f*¢s))¢>dw

e—0

= —/U(ngJrng)qbdx.

This gives the result since ¢ = 0 outside U.

(iv): For f € W2(Q,m) and e > 0, let U C Q be such that [,,.(|f|*+[|Df||*)m(dz) < e.
Let ¢ € C2°(M?) be a smooth cutoff function with ¢ = 1 on U C M¢ and ||V¢|| < 1. Then
g = ¢f has bounded support, lies in W'2(2,m), and satisfies ||f — g|lw1.2(0,m) < €. An
application of (ii) now yields the result. O

Lemma B.2. Let f € W12(Q, m) with |f| < 1. Then for any € > 0 there is a constant
C > 0, depending only on f and ¢, such that

1£9ll5120m) < Cllgllirziam) + €

holds for all g € W2(Q, m) with |g| < 1.

Proof. Due to Lemma B.1(iii) the product rule holds for f and g. Therefore we have
|fgl? +1ID(f9)lI? < [gl* + 2| Dgl|* + 2|g/*||Df||* and hence

1£ 91312 @m) < 209132 (2.m) +2/Q 91 [IDf]1* m(de).

Let A={z € Q:|Df(x)| <k}, where « is chosen large enough that fQ\A | DfI|? m(dz) <
€/2. Then

g2 IDfI1>m(dz) < &* [ |g]* m(dzx) + IDFI?m(de) < K52(|glF1.2(qm) + &/2-
Q A Q\A

The result now follows with C' = 2 + 2x2. O

Lemma B.3. Consider open subsets U C V and a function ¢ € C*(V) with ¢ = 0 on
V' \ U. Then there is a constant C' > 0 such that

69113512 (vimy < Cllgllvs.2wm)

holds for all g € WH2(U, m).

Proof. Let k denote a bound on ¢? and ||V¢||?>. We then have |¢g|> + || D(¢9)|? < 3k|g|* +
2k||Dgl|?> on U. Since ¢ = 0 on V \ U, the result follows with C' = 3x. O
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C Tube segments

The proofs of some of our results require the notion of a tube segment, which we
now introduce. For a background on the relevant notions from differential geometry the
reader is referred to [26]. Let M be a smooth n;-dimensional embedded submanifold
of R” (n; < n) and set no, = n — ny. For the applications in the present paper, R"
is identified with M¢, and M is one of the smooth manifolds M;, k € {0,...,d — 1},
consisting of rank k matrices. We then have n = d?, ny = d® — (d — k)2, and ny = (d — k)2,
see [21, Proposition 4.1]. Note that M is not closed in R", but only locally closed.
Definition C.1. A tube segment around = € M is a neighborhood U of T in R™ together
with an open ball A C R™ and a diffeomorphism

®:Ax By = U,
where B; is the open unit ball in R™2, such that
i) ¢(Ax{0})=MnU,
(ii) M NU has compact closure in M,
(iii) U does not intersect the frontier of M—that is, U N (M \ M) = 0,
(iv) ® and ®~! have bounded derivatives.
Proposition C.2. For any x € M, there exists a tube segment around .

Proof. Let NM denote the normal bundle of M, and x : NM — R"™ the addition map
x(z,v) = x + v. Consider a tubular neighborhood of M, i.e. the diffeomorphic image
under y of a set of the form

T ={(z,v) € NM : |Jv|| < p(x)},

with p : M — R strictly positive and continuous. Tubular neighborhoods exist by [26,
Theorem 10.19]. Choose a neighborhood V of  in M. Shrinking V if necessary, we
may assume that V has compact closure in M, and that there exists a diffeomorphism
¥ : V — A for some open ball A C R™. Now, set ¢ = inf,cy p(z) > 0 and define

Tye ={(z,v) e NM :z €V, |v| <e}.

Let U = x(Tv,). Finally, consider the diffeomorphism ¢ : Ty, — A X By, (z,v) —
(¢(x),e~1v). To summarize, we have the diffeomorphisms

-1
U X Tv. % AxB,

and thus define ® = y o 90*1. It remains to check properties (i)-(iv). For (i), we compute
O~ MNU)=pox 1 (MNU) = p({(x,0): x € V}) =V x {0}. Property (ii) is immediate
since M NU = V has compact closure in M by construction. For (iii), note that the
inclusion U C x(T) holds, and that the latter set does not intersect M \ M. Finally, by
shrinking A and B;, and then applying a homothety to recover B;, allows one to assume
that (iv) holds. O
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