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1 Introduction

Consider a set of independent identically distributed (i.i.d.) random variables (Xi)?i , with a com-
mon density p(x) on R". We study the moments of the nearest neighbor distance

ELd,] W

in the limit M — oo. The quantity appears commonly in the literature on random geometric
graphs, where directed and undirected nearest neighbor graphs are analyzed as special cases of
more general frameworks [[10] (11} [I5]. In this paper, the nearest neighbor distance serves as the
quantity of interest with the hope that in the future the ideas can be represented in a more abstract
form.

The expectation (1) is also of interest in its own right and tends to appear under various scien-
tific contexts. A significant application is found in the nonparametric estimation of Rényi entropies,
where asymptotic analysis provides theoretically sound estimators [5] [7, |6, [9]. Moreover, nearest
neighbor distances and distributions play a major role in the understanding of nonparametric es-
timation in general [[1] |4, [13]]. Finally, it should be mentioned that quantities related to are
encountered in physics, especially statistical mechanics and the theory of gases and liquids [3]].

In the earlier literature, it has been shown that under general conditions (I" denotes the Gamma
function)

Ma/nE[dak] N V—a/n r(k + a/n)
1,

1—a/n
n N0 p(x) ™ dx

qn
in the limit M — o0 if 0 < a < n [14} 2. However, the case a > n is quite different and usually a
boundedness condition must be imposed on the support of p(x). As the contribution of this paper,
we analyze what happens if a > n, while p(x) is unbounded. To simplify matters, we examine only
the multivariate Gaussian distribution p(x) = (2m) ™"/ 2073 KI” with the long term goal of extending
the results to more general classes of densities. It turns out that the asymptotic behavior is very
different to the case 0 < a < n. We show that if a > n, then in the limit M — oo,

on—a/2=lpy [ 1
a/2+1-n *] - —" v
(M log M)E[d},] (k—1)! fo § (y) Y,

where the definition of g depends on n, k and a (see Section [3).

2 Definitions

We start with some basic definitions. V,, denotes the volume of the unit Euclidean ball in " and
B(y, r) denotes the ball with center y and radius r. I(-) refers to the indicator function of a random
event. For a vector x € R, xU) denotes component j of that vector. The volume of a set A with
respect to the Lebesgue measure is denoted by A(A). If g(r) is a function defined on an open subset
of R, we denote the derivative of g by Dg.

0 i)?i , is taken as an i.i.d. sample with X; € ®". Each X; follows a common density p(x); our work
concerns the Gaussian case -
p(x) = (2m) ™% 2N, (2)
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The first nearest neighbor of X; is defined by (in the Euclidean norm, other norms are not considered
in this paper)
N[i,1] = argming <;<p j4 [1X; — Xl

and by recursion, the k-th nearest neighbor is

N[i, k] = argming ;< jeginpial,. k131X — Xill-

The corresponding k-th nearest neighbor distance is d; , = [|Xy[; ) — X;ll. The goal of the paper is
to analyze

Eldj} €)
in the limit M — oo with everything else fixed. Because the sample is independent identically
distributed (i.i.d), we seti = 1.

Throughout the paper there will be constants, which depend on some variables, but not on the oth-
ers. Such variables are denoted by c(...), where inside the parentheses we indicate the dependency.
Strictly speaking, c is a function of some variables, but in the standard convention, it will be called
a constant. During the course of our proofs, several different unknown constants will emerge. To
keep them separate, lower indices (in the form c;) are used.

General error terms, which can be bounded but not written in closed form, will be denoted by R (or
R; with a lower index i). After the appearance of each such term, we write an equation of the form

IR <c(..)f (..,

where ¢ is a constant and f is a function of M or some other variables. Inside proofs, the Big-Oh
notation will be invoked as another way to express unknown but negligible terms.

3 Main Results and Previous Work

The analysis of nearest neighbor distances can be viewed as part of the general framework of random
geometric graphs. In this field, results are established for quantities of the form &(X;, (X i)f‘i 1), where
& has some locality properties. By imposing higher levels of abstraction, very general functions can
be analyzed as long as locality arguments are available. We refer to [[10, (11}, [15]] as a starting point
to understand the issues arising in the field.

However, abstract theories do not directly give exact information about the asymptotic behavior of
the moments (3). The step towards concretizing the results concerning nearest neighbor graphs was
taken in [[14} [12]]. The following has been proven:

Theorem 1. Suppose that 0 < a < n and p(x) is a density with

f p() ™" dx < 0
mﬂ

and

J lIx/I"p(x)dx < o0
mn
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for some r > an/(n — a). Then
I'(k+a/n)
Ma/nE de¢ 71— V—a/n 1—a/nd
[ 1,k] n I—-(k) mnp(X) X

in the limit M — oo. T'(:) refers to the Gamma function. If a > n, the limit holds if p(x) is bounded
from below and above on a bounded convex set Z with p(x) = 0 when x ¢ Z.

As a downside, Theorem [1|imposes the convexity requirement on & if a > n. Furthermore, it does
not provide a rate of convergence. These issues have been addressed by the concrete approach in
[2]], where it was shown that if inf,cq p(x) > 0 and p(x) has a bounded gradient on &, then under
rather weak conditions on the space &, we have

a/n " _anl“(k+a/n)
ML) =y

for any p > 0 removing the convexity requirement.

p(x)l—a/ndx + O(M—l/n+p)
x

As a common factor between the results, observe that in the case a > n, two requirements must be
satisfied:

1. The set & must be bounded.
2. inf,cq p(x) > 0.

In this paper we ask, what happens when neither 1. nor 2. hold but a > n (the case a = n is not
addressed). The early works in random geometry took the uniform distributions as a case of special
interest. Analogously, we choose the Gaussian density as our target of study.

It turns out that the behavior for a > n is very different to Theorem [1|for the Gaussian distribution.
As the main contribution of the paper, we prove the following.

Theorem 2. Suppose that p(x) is the multivariate Gaussian distribution (2) and a > n. Then
2n—a/2—1nv oo 1
(M log*/** 1= " M)E[d{, ] — —f g (—) dy )
b k=1 J, “\»y
in the limit M — oo with

g(t)=J e f N wt) dow,
0

where f ~! refers to the inverse function of

f(t)= t”f etymdy.
B(0,1)

Moreover, the function g(y ') is integrable on (0, 00) and consequently the limit @ is finite.

The main difference to Theorem |1] is that now E[d{,] is of order M ~1(log M)"~*/271 instead of

M~%/"_ Theorem [2| can be further developed by analyzing the rate of convergence. In fact, the
results suggest that even in the well studied case 0 < a < n the rates of convergence obtained for
example in [2} [8]] do not hold in the unbounded case especially when « is close to n. The rather
deep questions related to the rates of convergence are left as an important topic of future research.

Another open question is the extension to a general density p, which the author believes is possible.
This could possibly unify the case with boundary effect [|8] and the more general unbounded case.
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4 Outline of the Proof

We will use the small ball probability

w,(r)= J p(y)dy
B(x,r)

due to its useful distribution free properties. In fact, [13| 2]] shows that the distribution of the
quantity wy, (d; ;) does not depend on the density p and moreover, concentrates on values of order
M™!. Another useful fact is that conditioning on X; does not change the distribution of wx, (dy 1)
We approximate

w, ()= (27—5)—n/2f e—%llyllzdy
B(x,r)

g (Zn)_n/zf e—%||x||2—xT(y—x)—%||y—x||2dy
B(x,r)

~ p(x) e ' Ydy = p(x)r" f e dy (5)
B(0,r) B(0,1)

1,2, . L . .
assuming that e”2" is close to 1. By a change of variables (rotation inside the last integral in )
we have

w, (1) Np(x)r”J e_r”x”y(l)dy.
B(0,1)

~v"4y then l|lx|[" e, (r) ~ p(x)f (|lx||r) and we solve

£l (IIXII”wx(r))

p(x)
[l ||

Now if we take f(t) =t" fB(O He

r

f~! refers to the inverse of f. By substituting d; i in place of r and [|X;]| in place of [|x||, we get
conditionally on X;
o (nxln"wxl(dl,k))“
X1
pl&y | X

[1X41[*

E[d{]~E |E 1

The argument for f ! looks rather complicated. However, because the conditional distribution of
wy, (d; i) does not depend on the density p(x) or X, it would be sufficient to somehow control the
dependency on X;. Our strategy can be summarized as dividing ®" into the three regions S;, S, and
S5 together with decomposing

E[d},]= J E[d} [X; = x]p(x)dx +f E[d} [X1 = x]p(x)dx
Sl 52

+J E[df;|X; = x]p(x)dx.
S5
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The three sets depend on a variable 0 < € < 1 and the number of samples M. We think € > 0
as a parameter, which at the end of the analysis is set to approach zero after first taking the limit
M — o00. As a sidenote, it should be clear at this point that the parameters (n, k, ) are assumed to
stay fixed all the time.

The motivation for S; might be seen in the idea of performing a Taylor expansion of f ~(-)* at zero,
which might render the analysis into the well-known case [2]]. Keeping in mind that wy, (d; ) is of
order of magnitude M !, we take (the definition applies for any n > 1)

log"/? M
Si={xeR": p(x)>—}
eM
={xeqr™: ||x|| < \/ZlogM —nloglogM + 2loge — nlog2n}; (6)

then for large M, ||X;|| = O(4/log M) when X; € S; and

X1 1"y, (di )
p(X1) =0le)

by substituting wy, (dy ;) = ﬁ to analyze the order of magnitude. If € is small, then this shows that

the argument of f ~! is small suggesting that a Taylor expansion might be possible. However, during
the course of the proof, it turns out that points in S; contribute little in comparison to the set

elog"?* M log"/? M

i; <p(x) < e—M}' (7)

In this case, a Taylor expansion does not seem possible. Fortunately, we are able to show that
conditionally on X; € S,, the variable

Sy={xeR":

_ Mp(Xy)

B log"/? M
is approximately uniformly distributed on [e,e™!] and moreover, it is independent of wy, (dy 1)
This is useful, because for large M, ||X,|| ~ \/m and we get

n/2 a
1 (2 Wxq (dyx)
Fo (e

(2log M)2/2

(8)

E[d% /X, €S,] ~E

X, €5, | . )

Because the probability P(X; € S,) turns out to admit a convenient asymptotic expression, it is
possible to use Equation (9) to estimate the quantity

Sz

In addition to S; and S,, there is the set

_ . elog"?* M
Sy={xe®": p(x) < ———7. (10)

However, similarly as S;, nearest neighbor distances corresponding to X; € S5 turn out to have a
negligible effect if € is small.
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5 Auxiliary Results

In this section, we give some results and applications for wy, (d; i), where

w, () =f p(x)dx.
B(x,r)

The following result characterizes the distribution of wy, (d; ), which conveniently does not depend
on X; or the density p(x).

Lemma 1. Given X, the conditional density of wy, (d ;) is given by

potobt)=po(@) =k(" et ia-op an
Moreover,
'k + M
E[wy, (d1)*|X1] = I"Ek)l"g\f[nj Of/n; (12)

Proof. Equation (11) can be derived from the the cumulative distribution function in Equation
(4.35) of [2]]. Some algebraic manipulation is needed to simplify the first derivative of the sum
of terms appearing in [2] in order to reach the simpler formula (11)). O

It is useful to observe that for any 8 > 0,

r(M+p)

Y p-1
a0 MP +o(MP1) (13)

to understand better the moments (12). The following lemma is useful for technical reasons.

Lemma 2. Assume that p(x) is the multivariate Gaussian distribution (2). Then for 0 < r <1 and
x €R",
w,(r) Z cp()r”

for some constant c(n) > 0.

Proof. By a slight modification to Equation (5), we have

1

e 2
wy(r) > p(x)e—irzf e Vdy > —V,p(x)r". (14)
B(0,r) 2

O

The moments E[d{", |X;] do not get too large if ||X; | stays close enough to the origin. The following

k+1

lemma can be proven for example by observing that di S Do Xy =X |
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Lemma 3. Assume that p(x) is the multivariate Gaussian distribution (2). Then for x € ®", M > 2k
and a >0
E[dy;1X; = x] < c([lx]|* + 1)

for some constant c(n, k, a).

Next we show that the a-moments are at most of order (p(x)M )~/ if the quantity inside the
parentheses does not get too small. The result is an application of Lemmas Without losing
generality, we prove the claim after some threshold M,, which is natural as in any case later the

limit M — oo is taken. As a somewhat subtle detail, we will generally adopt this way of expressing
our statements in those cases, where proving the claim for all M > 0 is not an obvious task.

Lemma 4. Suppose that p(x) is the multivariate Gaussian distribution (2) and fix any & > 0. Then if

p(x) > w, we find a threshold My(n, k, a, &) such that for all M > M, we have

E[df|X; = x] < c(p(e)M) =/
for some constant c(n, k, ).
Proof. We decompose
E[df"le1 =x]= E[dﬁkl(dl,k S DIX; =x]+E[d] I(dyx > DIX; = x]. (15)
We consider next the first term in the right side. By Lemma

n
dl,k

wy, (dy 1)

G
p(X71)

(for some constant c;(n)) and using this we have by Lemma [1| together with Equations and
(16),

I(d <1) < (16)

Eloy, () X =x] g
p(x)*/ ~ (pGM)/

for some constant c,(n,k,a). We have proven the claim for the first term in (15)). For the second
term, we apply Holder’s inequality:

E[d%I(dy x < DXy =x] < (17)

E[df I(dyj > D|X; =x] < VP > 11X =x) E[d3X; = x]. (18)
w,(r) is a strictly increasing function with respect to r and Equation (16]) implies that w,(1) >
c 1p(x). Using this fact, integration by parts and the inequalities k(Mk_ ) <M Kand1—w <e @
together with Lemma [1|and a change of variables, we have
P(dy x> 11X; = x) = P(wx, (dy k) > wx, (1)X; = x)
M k rM—-k-1
< (—) J o e dw
M-k-1 cl_l(M—k—l)p(x)
M - -1 k —c {(M—k—1)p(x)
<k! m (C1 Mp(X)+1) e 1 . (19)

2552



The second line in (19) can be easily calculated in closed form, but for our purposes it is convenient
to use the upper bound to simplify the notation. Assuming M > 2k + 2, we have

P(dy s > 11X, = x) < 2KKk1(cT I p(x)M + 1)ke ™26 PEOM < ¢ o361 POOM (20)

5log"* M

for some c5(n, k). By the assumption p(x) > i

x|l < \/210gM —nloglogM —2logé —nlog(2n) < \/3logM
after some threshold My(n, §) and for all M > M,. By Lemma 3| we then have
E[dlz,‘;‘( 1X; =x] <c4log*M (21)

for some constant c4(n, k,a) (assuming trivially M > 1). Equations and together with
now imply
1 -
E[d} I(dyx > 1D)|X; = x] < y/cacqee” 87 "p(x)M log*? M. (22)

The assumption p(x)M > 5log”/ 2M implies that Equation approaches zero faster than
(p(x)M)~*/™ in the limit M — oo. O

We formalize the argument in Section [4] which connects w, () to the function f:

Lemma 5. Suppose that p(x) is the multivariate Gaussian distribution (2)). Then

lx "y (r) = pC)f (lx[Ir) =R
with

f(t) — th ety(l)dy
B(0,1)

and 0 <R < p(x)r?f(||lx||r). f is defined and continuous on [0, 00) and it has the range [0, 00). It is
also strictly increasing implying the existence of an inverse function f = : [0, 00) — [0, 00).

Proof. The proof involves extracting the error term and bounding it. By rearranging terms and a
change of variables (see also Equation (5)))

- _1 2
”XHHQ)X(T):(ZTE) n/2||x”nJ e 2||)’|| dy

B(x,r)
= p()(|lx[Ir)" f e Ydy —A (23)
B(0,1)
with
A= p(x)(nxnr)"f e V(1 —e 3 Mgy, (24)
B(0,1)

The main task is to bound A. This is achieved by the mean-value theorem: for ||y|| <1 and r > 0,

_12p2 1 _
1—e 2" 1l :ErZHy”Ze 6Sr2
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for some 6 € (0, 00). This inequality implies that
0<A< p(x)(llxIlr)”rzf e Vdy
B(0,1)

< p(x)(nxur)“rzf eI ay = pe)r2f (llxIr).

B(0,1)

In the last inequality, the vectors have been conveniently rotated. The same rotation shows that in
(23), we have

p()([xlr)" f e Ydy = p()f (llx|Ir).

B(0,1)

For t > 0, we define

g(t) =J e f T wt)*dw. (25)
0

The integral always exists because f ! is a non-negative function. We show that g approaches zero
at least as fast as t*/™ and grows at most logarithmically if t — co. The same holds for f ~1(t)%:

Lemma 6. The functions f(t) and g(t) are bounded by
0<g(t)+f1()* <ct/m
on (0,1] for some constant c(n, k,a). On (1,00) we have

0<g(t)+f H)* <c(1+1og*t).

Proof. 1. Bounds on f !

Consider t € (0,1). For any z > 2Vn_1/"t1/", we have

&
2t e? dy
flz)> B(O’l‘i > t.
n

This implies that f ~!(t) < 2Vn_1/”t1/”. Next assume that t > 1. Take z > 2logt + A+ 1 with
n (D) 1 -1
A=ABO,1)Nn{xeRr": x> 5}) .
Then

f(2) >AJ ey Mlogt gy S ¢
B(0,1)n{x: xM>1}
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This means that f ~1(t) < 2log t +A+1. The outcome for f ~(t)* follows by recalling that (a+b)* <
2%(a*+ b*) for any a, b > 0.

2. The function g

Bounds for g can be established for example by using
* . i—1 .
g(t) < D 2k f =19y,
i=1

When t € (0,1) the proof can be established by examining the terms with 2/t < 1 and 2/t > 1
separately, whereas for t > 1 a straightforward application of the logarithmic upper bound for f !
gives the result. O

6 Region S,

Recall that region S, is defined by

log"/? M
S;={xeq: p(x)> ——}
eM
={xeq™: ||x]| < \/ZlogM —nloglogM + 2loge — nlog(2m)}. (26)

It may happen that S; is an empty set; from now on we always assume that M is large enough in
comparison to e ! and n in order to ensure that S; is non-empty with a positive volume. Similar
convention is adopted for the sets S, and S;.

As stated in Section[4] 0 < € < 1 is a fixed constant until the end, where the limit ¢ — 0 is taken
after the limit M — co. We define (assuming that a > n)
nloglog M
i* = [log™! 2&] +1
a—n
[-] refers to the integer part of the number inside the bracket. As our proof strategy, S, is divided
into smaller subsets, which are easier to control with the tools we have available this far:

N log"% M log"?* M
S ={xexr": gi® ¥ <p(x)§2l+1g—M}
’ €

={xeq": x|l € la; by} (27)

(0 <i<i*) with

a; = \/2 logM —nloglogM —2(i+1)log2 + 2loge — nlog(2m)

b; = \/ZlogM —nloglogM — 2ilog2 + 2loge — nlog(27).

The remaining part is denoted by
S1,c =51 \Uj—oS1,i-

The following bounds the nearest neighbor distance when X; € § 1i-
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Lemma 7. Assume that p(x) is the multivariate Gaussian distribution (2)) and a > n. Then there exists
a threshold My(n, k, a, €) > 0 such that for all M > My and 0 <i < i¥,
logn—a/z—l M

j E[d{|X1 = x]p(x)dx < gi(l—a/n) . a/n—1 —
5 ’

J

for some constant c(n, k, a).

Proof. By Lemma 4]

l

for some constant ¢;(n, k,a) and My(n,k, a,€). We should now compute the volume k(gl,i). The
set gl,i consists of points x € R" with ||x|| in the interval [a;, b;) and the volume of the set is
A(S1:) = V,(b} — ai'). By a Taylor expansion,

E[df;lX; = x]p(x)dx < clM_“/”J P4/ dy
. gl,i

’ ' logn/Z—a/Z y
< 21(1—a/n)clea/n—1 o 1(51,1') (28)

a =2"210g"? M (1

n?loglog M + 2n(i + 1)log 2 — 2nlog e + n?log(2m)
4logM

+R,

(29)

n?loglog M + 2nilog2 — 2nlog e + n?log(27
bl{lzzn/Zlogn/zM(l_ 8108 g g g(2m) +R,

4logM
in the limit M — oo with everything else fixed and

- log®log M
IR1l+ IRy < g2 11
with c,(n, k, @, €) independent of i. The Taylor expansions imply that A(S;;) = Vo(bl' —al') <
3 log”/ 2=1 M for some constant cs3(n, k, a, €). By substitution into li , we have

logn—a/Z—l M

f ELd X, = x]p(x)dx < 207/ et/ —— ——,
S

where the bound holds for 0 <i <i*. O

After removing the sets 51,1', we are left with §1,C. However, it does not pose problems.

Lemma 8. Assume that p(x) is the multivariate Gaussian distribution (2) and a > n. Then there exists
a threshold My(n, k, a, €) such that for any M > M,, we have

n—a/2—-1 M

lo
J E[d?, |X; = x]p(x)dx < ce®/m! g
Sie M

for some constant c(n, k, a).
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Proof. By Lemma El and the definition of §1,C,

f E[d}) X1 = x]p(x)dx < ClM_“/”f p(x)*/"dx
5.'lC ~

S1c
logn/z—a/z

< Zi*(l_a/n)clea/n_l A(Sl’c) (30)

M

for some constant ¢, (n, k, a). It is a simple task to show that for all x € Sl,C we have ||x|| < +/3logM
once M exceeds some threshold M(n, k, a, €). This implies that

A(81¢) <32V, log"* M. (31)

Substituting Equation and the inequality 27 1=/ < log™! M into yields

lo n—a/Z—lM
f E[d}, 1X; = x]p(x)dx < 3”/2c1Vne°‘/”_1gT
5’1C
O
Lemmas [7|and [8|imply that for ¢ > n and M > M,
logn—a/Z—l i .
f E[d?,|X; = x]p(x)dx < ce®/""} A + Y aili=amy (32)
S1 i=0

for some constant c(n, k, a). We conclude

Lemma 9. Assume that p(x) is the multivariate Gaussian distribution (2) and a > n. Then there exists
a threshold My(n, k, a, €) such that for any M > M,, we have

logn—a/Z—l M
E[d},1X; =x]p(x)dx < ce®/n1
S ' M
for some constant c(n, k, a).
7 Region S,
Region 2 is defined by
. € log"/? M log"/? M

Again, M is assumed to be large enough to ensure that S, has a positive volume. It is necessary to
obtain an approximation to P(X; € S,). This can be done rather straightforwardly:
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Lemma 10. Assuming that p(x) is the multivariate Gaussian distribution (2), it holds that

22710V log" ' M

1—¢? +R,
eM ( )

P(Xl 652):

where for some constant c(n, €),
log?log M log" 2 M
c .
M

IRl <

Proof. S, consists of points x € R" with ||x|| € [a, b] and

a= \/2logM —nloglogM + 2loge — nlog(2m)

b= \/2 logM — nloglog M — 2loge — nlog(2m).

By some algebraic manipulation,

b 1
2
P(X;€8,) = (271)_”/2nVnJ xTle 2 dx =1+ 1, + 15

a

with
n/2 b n/2
I = nV, log Man_1 G-y — nV, log Man_z(1 _ ~0-a)
eM a eM
n/2 b
Iz _ Tan log M f (xn—l _ an—l)e—(x—a)a—%(x—a)zdx
eM a
n/2 b
I, = Man—lf (e—%(x—a)z _ 1)6_(X_a)“dx.
eM a

(34)
(35)

During the proof it is easiest to employ the Big-Oh notation. Such error terms depend here on n and

€.
1. The term I;

By a Taylor expansion (see also Equation (29))), it can be shown that

V2loge™! log? log M
_ V2loge? | (log”log
\/logM log®* M

and for any 8 > 0,

loglog M
aﬁ:2’3/210gﬁ/2M+O g—gz .
logl_ﬁ/ M

Using and with =1, we have

og? lo 2
1 e-(b-a)a 1 _ 2logerO(™58h) L o o (log logM) |
log M

2558

(36)

(37)

(38)



The remainder terms depend on n, e and M. Using Equations and with f =n — 2 in the
expression for I; yields

_ 227 1hy log" ' M

I, = 1-e2)+0
1 eM ( €*) (

log®logM log" 2 M
i .

2. The term I,

By the mean value theorem, for some constant c;(n, €) we have [x"! —a" | < ¢ log”/ 2732 01 for
x € [a,b]. Also,a ! <, log_l/zM for some c,(n, €). We have

V. log" 32 M (° V. log" 2 M
, < nv,log e—(—dagy < C1CanVy l0g .
eM a eM

3. The term I

Now by e 3 > (0= (for 5 € [a,b]), we have

nV,log"? M

i a" (1 - e_%(b_a)z). (39)

3] <

Moreover, by the expansion for b — a appearing in Equation (36),

_ 1l 32 1 Cg
1—e 2079 = —(b—a)®>+0((b—a)") < 40
e 2 5(b—a) (( a))_logM (40)
for some constant c5(n, €) Finally,
at? < C4 log”/z_1 M. (41)
for some constant c4(n, €). Substituting (40)-(41) into yields
cycqnV, log" * M
15| < .
eM
The proof is finished since the terms I1,I, and I3 have been addressed. O

In general, to establish asymptotics, it is useful to truncate d; ; to avoid too large values. To this end,
we choose some L > 0 (recall that at this point, a, n, k and € stay fixed) and define the indicator

L
I =I(d ) < ——F—).

el/n\/logM

The power for log M is chosen to ensure the correct order of magnitude with large L rendering the
event 1 — I; negligible. The following lemma verifies this fact; the bound is designed to hold after
some threshold M), which depends on L itself. However, after the threshold we get an upper bound
which goes exponentially to zero with respect to L.
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Lemma 11. Suppose that p(x) is the multivariate Gaussian distribution ([2]). Then for any L > 0,
there exists a threshold My(n, k, a, €, L) and a positive constant c(n, k, a, €) such that for all M > M,
it holds that

E[d¢ (1 —1,)IX, €5,] <ce™ 'log™*/2 M.

Proof. The proof employs Holder’s inequality:

|X; €8,). (42)

L
el/n\/logM

By Lemma (4| and the definition of S,, there exists My(n, k, a, €) such that

Eld}; (1 -I)IX, €S,] < \/E[di‘;‘chl € S,]P(dy i >

E[d%|X, €S,] < qE[(p(X)M) 2% X, €S,] < c;e 2" log™* M (43)

for some constant c;(n, k, @) and all M > M,,. We want to bound P(d, ; > Le Ylog 2 M|X, €S,)
in order to finish the proof. By Lemma [2} we have for 0 <r <1 and x € S,,

N cperlog? M
w,(r) = cop()r™ = By E— (44)

for some constant c,(n). Then because w,(r) is strictly increasing with respect to r, using Lemmal(l]
we have

P(dyy > X1 €Sy) = P(wx, (d1 1) > wy, (

L L
_ — | 1X; €8,)
el/n\/logM el/"\/logM)

cL" M-1\ ('
< P(wy, (dyx) > j\/I X1 €8,) = k( ' ) J 11— ) 4w
co Ll

when ¢,L"M ™! < 1 (which can be imposed by taking a sufficiently large threshold M,). We use
(1-w)<e @and

M-1\ Mk

S R

k k!

to obtain for M > ¢, L" + 4k,
1 1
M-1
k( ) f 11— )M g < MkJ W le MO d .
k co LM 1 coL"M™1

The last integral can be bounded by integration by parts as in (19):

1

1 -1 _le,pm _lepm

MkJ wfleTaMdw < 2KkI(cy L + 1)ke ™22l < 4kkick ke 3%t
coL"M™1

assuming without losing generality that c,L™ > 1. We conclude that

P(dy > X, = x) < 4kkickLmkem2e2l", (45)
T el /logM
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In light of (42), and we have arrived to the conclusion

E[d®,(1—1,)IX; €5,] < 2%, /kic,ckLk/2e=a/ng=302 " [oga/2 )y,

The term L"/? can be dropped in the final conclusion, as it is negligible compared to the exponential
decay with respect to L. O

The variable Y emerged in Equation (8). It was defined by

Mp(X
= #. (46)
log"/? M
A major idea behind our proofs is the asymptotic uniformity of ¥ as shown by
Lemma 12. Suppose that holds. Let h(y) be a measurable function [€,e~ '] — [0,1]. Then
6_1
€
E[A(Y)IX; €5;] = 1 J h(y)dy.
in the limit M — oo.
Proof. The function
(=M 47)
s = 47
Y (2m)2log"? M

is strictly decreasing on y € [a,b] with a and b defined in Equations and (35). It has the
inverse s~!: [e,e"!] — [a, b]:

S_l(y) = \/—210gy —nloglogM + 2logM — nlog2m

with the first derivative denoted by Ds™!. Conditionally on X; € S,, the variable ||X;|| has the

density
nV,

(2m)Y2P(X, €S,)

1.2
yn—le—iy

Py, (y) =
and Y has the density (on [e,e71])

V,ys H(y)" "t og? M

-1
MP(X, €5,) [Ds™(¥)I. (48)

n
Pix s NIDs T ()l =

Because y € [e,e '], we have in the limit M — oo with everything else fixed,

loglog M
sy = (2log MY 1/2 (1 +0 (ﬁ)) 49)
log M
and
1 loglog M
i1 = (10 (HEEMY) 0
y+/2logM logM
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By Equations (48)-(50) and Lemma [10] we have

oI () = — g 4 0 [ 1B 1EM (51)

Pyx,|\s Y S YN = 1 — e2 IOgM :

This approximation implies that
E[R(Y)IX; € Sy] = — h(y)dy +0 log”log M
1m7207 ) _e2 . Yy log M
el
— h(y)d
1 _GZL (y)dy

in the limit M — oo. O

Next we will find out the asymptotic behavior of E [di X1 € S5], which together with the approxi-
mation for P(X; € S,) takes care of region S,. The key to the analysis is Lemma The following
represents the nearest neighbor distance in terms of the small ball probability and the variable Y.
We invoke the event I} to bound d, ;; L stays fixed in this considerations the idea being the limit
L — oo after taking the limit M — oo.

Lemma 13. Assume that p(x) is the multivariate Gaussian distribution (2) and a > n. Then

22 Moy (d @
E[f~! (—a;xl( l’k)) I|1X; €8,]

a —
Eld}; I.1X; € S] = 22 1og®2 M +Ry,
where Y is defined in Equation (46) and
cloglogM
IRyl < a/2+1
log M
for some constant c(n, a, €, L).
Proof. We first collect a few useful facts. If x € S,, then by Lemma
llx[I"w, () = p(x)f (llxlIr) — p(x)Ry (52)
or equivalently
f (lelg&);(r) +R1)
r= (53)

[l

with 0 <R; < r2f(||x||Ir). x € S, implies

;' logM < |lx|| < c;4/logM (54)

for some constant c;(n, €). The indicator function I; ensures that we only need to consider

L
el/n /logM
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Then by

< LC]_
Ixllr < =7 (55)
By a Taylor expansion, for any real number f € & and x € S,
lIx]If — (21og M)P/?| < ¢, loglog M logh/?~ T M (56)

for some constant c,(n, €, ). Moreover, f is an increasing continuous function allowing a bound on
Rl .

L
AR o

R, < r2 <
VPO S e <

(57)

for c; = L2e~%/"f (:1%). Having made the preliminary observations, we are ready for the first step
towards completing of the proof. We have for x € S, by Equation (53)

1 [ X" oy, (d1g) a
f ( p(X1) +tRy

E[d* I;|X;=x]=E
Lk X411

IL|X1 =X

with
0<R,<c3log 'M (58)
(R, is Ry with d; ;. instead of r and multiplied by I} ). The challenging part is to modify the argument

for f~1. We first tackle the easier task of replacing ||X;||* with a function of M. To this end, we
observe that

— I1X1 11" oy, (dy i) @
1 1\,
F (P R

a —_ —_ —
Eld{ I |1X; =x]=E 22 log /2 M II|X;=x| +R; (59)
. oy, (d) O\
X" ewy. (d
Ry =E[f ™ | =" 4Ry | (IX,[I7 = 272 log™ /2 M)I, X, = x].
p(X1)
By Lemma [5|and Equations (52)), and we find a constant c,(n, €, L) such that
[l |I" e (7) C3 3 Lc; Cs
= fUlx{ir)+ < + <c 60
p(x) logM </ (llxlir) logM =f el/n logM ~ * (60)
1/2

for x €S, and 0 < r < Le"/"log™ /2 M. Using the previous inequality and the fact that f ! is an
increasing function together with Equation allows us to bound

cp(n, e,—a)f "(cy)loglog M
loga/2+1 M '

IR3| < (61)

We move to the argument for f ~!. Again, it would be useful to get rid of the norm ||x||*. This is
achieved by modifying the argument appearing in (59) (due to conditioning, we may use x instead
of X, in the expressions):

Ixl"ewy(die) 272w (dy)log"? M
px) P p(x)

I} +Ry,
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where by Equation (to bound w,(d; 1), we use Equations and (54))

llxlIm = 2210 Mlw,(dy) . csloglogM

= I; < 62
IRl p(x) L= logM (62)
for some constant cs(n, €, L).
In summary, this far we have shown that
_ 2205, (d ) )log”/zM ¢
o (B,
=E I;|X;=x | +Rs, (63)

20/210g%2 M

where (58), and bound the three correction terms.

While the correction terms R, and R, are small, they appear inside the argument for f ~!. The best
we can say about their effect is

22wy (dyx)log"* M ¢
E[lf~ ( e +Ry+Ry

22wy (dy j)log"? M ) *
—f_l( — I, 1X; = x]

P(Xl)
<(Ry+Ry) sup [D(fH()Y) (64)

te[0,27/2+1¢,]

assuming without losing generality that |[R, + R4| < ¢4. So, we need to bound the derivative of the
function f ~!(t)* on bounded intervals. We observe that

af (0"
D -1 t)) = —-"——. 65
fF (0" DFG10) (65)
Furthermore,
1
Df(t)=nt""" J ety(l)dy + t”f y(l)ety(l)dy > —nV,t" 1, (66)
B(0,1) B(0,1) 2
because

t
f y ety gy = J f (yDy2er dyds > 0.
B(0,1) 0 JB(0,1)

Using in together with the fact that f ~1(£)*™" (a > n) is an increasing function yields

Zaf—l(zn/2+1c4)a—n

a
sup DO sup e <
te[o’zn/2+lc4] tE[O,Z"/2+1c4] nVn nVn
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Using the upper bound in shows that for x € S,,

1 [ 22wy, (dy)log* M @
o (B,
E 2a/210ga/2M X, =x
1 (2 2Meoy (d0 )¢
f 1( CE )
:E IL|X1 =X +R5

20/210g%2 M

with |Rs| < cg loglog M log=%?~1 M for some constant c¢(n, a, €, L). The proof is finished by recall-
ing the earlier observation (63). O

In Lemma|[13] we find the term Y, which has the asymptotic uniformity property as proven in Lemma
Connecting the two results mainly involves removing the truncation I, but takes some technical
effort. The function g was defined in Equation (25).

Lemma 14. Assume that p(x) is the multivariate Gaussian distribution (2) and a > n. Then in the
limit M — oo

/2 € < 2"/
2log M) “E[d¥, |X; €S dy.
(2log M)*“E[dy  [Xy 21é(k—1)!(1—ez)£ g\ )
Proof. By Lemma|13] we know that

(2log M)*2E[d% I, |X; € S,]

_E[f 2n/2Mle (dy i)
Y

a
) I X, €8] =0

in the limit M — oo with (n, k, a, €, L) fixed. We write

E[f? (ZH/ZM wy, (dy k)

a
I;|1 X, €8
% )Lu 2]

22 Maey (d )\ ¢
fSZE[f 1(#) 111X, = x]p(x)dx

P(X;€8,)

Using Equation and Lemma [1] (recall that Y depends only on X;),

n/2 a
E[f‘l(z wal(dl”‘)) 11X, = x]

Y

w(Le Y log™2 M) n/2 a
M-1 2™M“M w
=k W1 (1 — w)M k1l (—) do.
( k ) L T

2565



Now

M-1 (M —1)! Mk
k( ) (67)

= = R
k (k—1!(M—-1-k)! (k—D!+1
with |R;| < ¢;M*~! for some constant c; (k). Also, because ||x|| behaves asympotically as y/2log M

n/2 .
and p(x) > EIOgTM on S,, Equation shows that

L Co
Oy | ———F— | == (68)
) (el/”«/logM) M
for some constant c,(n, €, L). This implies that for w < w,(Le™ /" log_l/2 M),
(1— Mkl =MoL R, (69)

with

IRy| < [(1 — w)M k=1 — g=Me| = o((M-k-Dlog(l-w)+Me _ 1 < &

for some constant c5(n,k,a,€,L). By Equations li together with the fact that f~! is an
increasing function,

71/n1 —1/2M) a

M-=1 wy(Le 0g ZH/ZMC()

k( ) ) J wk 11— co)M_k_lf_1 ——— | dw
0

s(llxll)
Mk (e Mog 2 M) k—1,-Mw -1 2205\ *
== w e f — | dw
(k—=1) J, s(llxIl)
+R;+R,
with
M—1 Mk wx(Le_l/" log~'2 M)
Rs| < |k — k=l
SR (k_l)!|JO o
22M e\ “
X (1— )M k1p-1 (—) dw
€
oM™t n/2 a k-1 zn/zcz a
2M<M cqC
< e, Mk wk1p1 4 Mo dew < 167 ()
0 € kM
and

-1
Mk oM 2n/2Mw a
Rl < —J kMO - (1 — )Mk (— deo
— ! €
0
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Observe that the bounds for R; and R4 hold for any x € S,. By a change of variables,

k w,(Le Y log™/2 M) 2 a
M J kg~ Mo =1 2"’ Mw
(k=1 J, s(llxID

_ 1 mek_le_wf_l (zn/Zw)
(k=1 J, s(llx1D)
~ 1 J*oo wk_le_wf_l ( 2Tl/2w )
TSVl D

1 2n/2
D (s(uxu)) i

We would like to show that

lim limsup sup Rs
L—00 Moo xeS,

«© 2n/205\ *

— T T k=1 ,-w 1 —

= lim limsup sup f W e Yf ( ) dw=0. (70)
L=00 M—oo x€S, Jpe, (Le~1n10g~12 M) sCllxID)

To see that this is true, we observe that by Lemma @ for some constant c4(n, k, a, €) there is the

bound

ZH/ZC() a 2n/2w a

wklem@f 1 <k lem@fl <11+ w)e @
s(llx1) €

with the upper bound integrable on [0, c0) and independent of x € S,. Moreover, by Equation (44)
lim; _,, liminfy;_,, inf,cq, M a)x(l/n;) = oo showing that lb indeed holds.
€

4/ logM

In summary, we have shown that

22 Meoy (dy) "
hngO hlr\;wupE[f ( YX1 1k I|X, €5,]

—00

; ¢} k=1 .—wr—1 2n/2w a
= lim lim sup (k1) fsz fo w et (S(Hx||)) p(x)dwdx
L—00 M- p(X1 652)
fSZ(RB +R4 +R5)p(x)dx i 1 2“/2 M o
- (k—1n 5 S
P(X; €S;) imsup Z E[g | = | X1 €8]

and similarly with liminf instead of lim sup. The last limit exists by Lemma which shows that

2n/2 € el 2n/2
E X, €S d
[g(y)ll z]—>1_62£ g(y)y

in the limit M — oco. On the other hand, Lemma [11] shows that

Jlim limssup (2 log M)*?|E[d{ I |X; € S,] — E[d{, X, €S,]| =0

L= M-

finalizing the proof. O
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Now we are able to put everything together to conclude region S,:

Lemma 15. Assume that p(x) is the multivariate Gaussian distribution (2) and a > n. Then

lim lim Mlog®?*'™"M | E[df|X; = x]p(x)dx

e—0M—00
Sz
2n-e/2- 1y, J * 1
=———" | g|—-|dy<om.
Proof. The claim follows from Lemmas [10|and [14}

Mlog“/ZH_”MJ E[df’k|X1 =x]p(x)dx
S

2n—a/2—1nv 27M2e1
n

1
N —|d
k= DI — €2) ) upa, g(;v) '

in the limit M — oo. To finish the proof, we would like the replace the integration limits by 0 and
oo when e — 0, which amounts to showing that g(y~!) is an integrable function. Integrability can
be established using Lemma [6] to show that

00 1 00
1
J g(—) dyScJ (1+logay_1)dy+cf y_a/”dy
0 Y 0 1

for some constant c(n, k,a). Both terms in the right side are finite (the second one because a >
n). O

8 Region S,
S5 consists of points where the density p takes small values:

elog"? M
Ss={xeR": p(x) < ——}.
M
To bound nearest neighbor distances on S; we need similar tools as for S,, but only upper bounds

are needed providing some more flexibility. The sets §3J~ are defined analogously to :

. _elog"? M elog"2 M
S3;={xeR": 2”’1gT <px)< 2’lgT}
for 0 <i <i* with
(a+1)

"= loglogM]+ 1.

log2

Moreover, §3’C =53\ U§;0§3’i. Then we have
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Lemma 16. Assume that p(x) is the multivariate Gaussian distribution ([2]). Then for some threshold
My(n, €) we have for M > My and 0 < i < i* that

. Celog" ' M
P(X, €8,,) < 2—lch

for some constant c(n).

Proof. The set 53,1- consists of points x € ®" with ||x|| € [a, b] and

a= \/2 logM —nloglogM — 2loge +ilog4 — nlog(2m)

b= \/ZIOgM —nloglogM — 2loge + (i + 1)log4 — nlog(2m). (71)

Using the mean value theorem for a and b we have for 0 <i < i¥,

4
b—a<

~ y/logM

after some threshold My(n, €). Also, we may take b < 1/3logM for 0 < i < i* as the term 2log M
inside the square root grows faster than the other terms. Then

(72)

b
M85) = nVnJ x"tdx < nV,b" 1(b —a) < 3V**3/2ny, log"/?> " M. (73)

a
By Equation li and the fact p(x) < 2 'eM'log"?> M on §3,i, we have
- . elog" ' M
P(X; €83;) < 2_13n/2+3/2nVng—.
M
O
Assessing the contributions from 53,1' is convenient by using the function f together with the small

ball probability. The proof idea is essentially similar to that used for S, in Section[7] but because we
need only an upper bound the proof is easier.

Lemma 17. Suppose that p(x) is the multivariate Gaussian distribution (2) and a > n. Then for some
threshold My(n, a, k, €), we have for M > My and 0 < i <i* that

logn—a/z—l M

f E[d} X, = x]p(x)dx < c27e(log” e +i% +1) M
8;

i
5

for some constant c(n, k, a).

Proof. We decompose

f E[df"lel =x]p(x)dx = (I; + I,)P(X; € §3,i)
S3

i
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with

L =E[df; I(dyx S DIX; € S3,]
I, = E[d{ I(dyx > 1)IX; €85,].

P(X; e §3J~) was computed in Lemma
1. The term I;

If 0 <r <1, wehave
x||"ew, (r)=(27) ™2||x e_%”yllzd
x|, (r) = (27) /2| x]||" y
B(x,r)

> e dxltp(x) | e Vdy = e ip)f(lxlin), 74)
B(0,r)

where the function f was defined in Lemmal5] This implies that

= e 2 Xy |y, (dy )
p(X1)

X4l

dyj < (75)

By taking M, large enough, we may ensure that

y/1ogM <||x|| < +/3logM (76)

onx € 53’1' for 0 <i <i*. Then by Lemma@ and Equations -,

2i+n+2Mw (d )
a X1 \%1k
1+log (1 L )

E[dikl(dl,k =< 1)|X1 = X] < ClE |X1 =X

log®?> M

for some constant ¢;(n, a). Using log(1 + z) < z for 2 > 0, we have
log(1+ 27" 2e "My (dy ) < (i+n+2)log2+loge ! + Mwy, (dyx)

recalling that 0 < € < 1. The a-moment of the conditional expectation of the last expression is
bounded by c,(log* e +i% + 1) for some constant c,(n, k, a) by Lemma and Equation ((13).

2. The term I,

By Holder’s inequality, Lemma [3]and Equation (76),

IZ S C3 1Oga/2M\/P(d1’k > 1|X1 (S §3,i)
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for some constant c3(n, k, a). Equation can be applied here: for x € §3ﬂ<,
P(dy e > 11X; = x) < c4(n, k)e R Me(1)
for some constant c4(n, k). It would be sufficient to show that for any j > 0,

sup w, (1)Mlog ' M — o0 (77)

0<i<i*x€Ss;

in the limit M — oo. By Equations li and ll taking into account that on §3J~,

_€ log"?M _ elog"? % 'Mm
p(x)=2 > ,
M 2M

we have

_1 € /logMy®
w,(1)>e 24M1 Ty e dy
0g B(0,1)

N =

>e

1.
ABO,1)N{yeR™: yB > Z})eavVIoeM,
M log™ 0 (B(0,1)Nn{y y 2})e2

The term e2V1°eM approaches infinity faster than log’ M for any j > 0. This shows and we
conclude that for any j > 0, I, approaches O faster than log™/ M in the limit M — oo. O

The region §3’C is easier, because by taking i* as a large number, we are able to control the probability
of this set.

Lemma 18. Suppose that p(x) is the multivariate Gaussian distribution and a > n. Then there
exists a constant c(n, k, @) and a threshold My(n, k, a, €) such that for M > M,, we have

lo n—a/2—1M
J E[d],1X; =x]p(x)dx < ce
‘§3C ’

Proof. On 53,6 we have

_p€ log"?M  elog"? %M
p(x) <2 < .
M M

We define . .

Ty =218, 0\ 2S5 ¢,
where 2i§3,c ={xe®R": 27x € 535}. We may assume that ||x|| < 44/logM on T, and
consequently ||x|| < 272,/logM on T; for any i > 0. A(T;) is roughly bounded by A(T;) <
2"+2)y Jog"2 M. Now by Lemma

f_ E[d2 X, = xTp()dx < clzf (] + Dp()dx
i=0JT;

S3.c

2i
00 2 n/2—a—1 2
) (2m)"2€log M
< ZO: 2%¢, log*? M ( o A(T;)
1=

221
logn—a/z—l M ) (zn)n/zelogn/z—a—l M
<V e—m——o— Z 2(n+a)l+2n ) (78)
M i M

2571



where ¢;(n) is some constant, and to be exact, ¢, = 2(27t)"™"/2¢;. The factor 2 in ¢, comes from the

fact that loga/ 2M > 1 for M > 3 (which can be assumed without losing generality). Now it is rather
obvious that the sum does not pose problems. O

Lemma 19. Assume that holds, a > n and € < 1/2 (only small values of € matter in any case).
Then there exists a threshold My(n, k, a, €) such that for any M > My(n, k, a, €), we have

logn—a/z—l M

j E[d];1X; = x]p(x)dx < celoge™!
Ss ’ M

for some constant c(n, k, a).
Proof. We decompose

j E[d% X, = x]p(x)dx = ZJ E[d% X, = x]p(x)dx
S3 i=0JS

3,i

+ f E[dikIXl = x]p(x)dx.
3,C

By Lemma 17,

o n—a/2-1 00 .
Z E[d{ X1 = x]p(x)dx < ce————— E 27 (log% e +i% + 1).
i=0 J 53, ’ M <

Lemma [18|finalizes the proof. O

9 Proof of Theorem

Previously we have examined the regions S;, S, and S3, which were defined in terms of € and M.
We decompose

(M1og®** ' " MIE[d{, ] = Iie + Dot + I e

with
Loy = Mloga/2+1_”MJ E[d% X, =x]p(x)dx (i=1,2,3).
Si

Lemmas [9) and [19]show that lim._,o limsupy;_ I1 ey + I3.¢ i = 0. Also by Lemma

lim lim T = 2 [T (1)
emommoo 2M T T—y |, S\ )

We conclude that

/ n—a/2=1py [ rq
. a/2+1-n @ ]l="—2" >
A}l—rpoo(M log M)E[dl,k] T (k—1) fo § (}’) e
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