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Abstract

Let Xy be a M X N random matrix defined by Xy = By + 0W, where By is a uniformly bounded
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1 Introduction

The addressed problem and the results Let Xy be a M X N complex-valued matrix defined by

where By isa M X N deterministic matrix such that supy [[By|| < 400, and where Wy = [Wy]; ; is a
M x N complex Gaussian random matrix with independent identically distributed (i.i.d) entries such

that I [[WN]i’j] =0, ‘IE [[WN]i’j] ‘2 = zlv’ Re ([WN]i’j) and Im ([WN]i’j) are i.i.d zero mean real
Gaussian random variables. Model is referred in the literature to as the information plus noise
model (see e.g Dozier-Silverstein [14]]). In this paper, we assume that Rank(By) = K(N) =K <M
because this assumption is verified in a number of practical situations, in particular in the context
of the spiked models addressed here.

The purpose of this paper is to study the almost sure location of the eigenvalues ;11,1\] >...> XM’N

of the Gram matrix Xy Xy, when M and N converge to +oo such that the ratio ¢y = % converges
towards a constant ¢ > 0 and to take benefit of the results to obtain, using a different approach
than Benaych-Nadakuditi [[7], the behaviour of the largest eigenvalues of the information plus noise

spiked models for which the rank K of By remains constant when M and N increase to +o0.

The empirical spectral measure (or eigenvalue distribution) gy = % Zln\le o Ao of matrix 3y Xy
has the same asymptotic behaviour than a deterministic probability distribution uy (see e.g. Dozier-
Silverstein [[14, Th.1.1] or Girko [16, Th.7.4]) whose support %y is the union of disjoint compact
intervals called in the following the clusters of #;. The boundary points of each cluster coincide
with the positive extrema of a certain rational function depending on the empirical spectral measure
of matrix ByB};, 02 and on the ratio cy = % (see [28]], Thereom 2). Each cluster .# of &, appears
to be naturally associated to another interval containing a group of consecutive eigenvalues of By By,
([28]]). It is shown in [28]] that the property proved in Bai-Silverstein [2]] holds in the context of
model (). Roughly speaking, it means that for an interval [a, b] located outside %, for N large
enough, no eigenvalue of %y X, belong to [a, b] almost surely, for all large N.

In this paper, we establish the analog of the property called in Bai-Silverstein [3]] "exact separation":
almost surely, for N large enough, the number of eigenvalues of Xy Xy, less than a (resp. greater
than b) coincides with the number of eigenvalues of ByBy, associated to the clusters included into
[0,a] (resp. included into [b, 00)). Note that these results also hold in the case where K = M, not
treated in this paper. Indeed, the analysis of the support & provided in 28] can be extended when
By B}, is full rank. Once the characterization of the support is established, the probabilistic part of
the proof of the above mentioned exact separation result eigenvalues can be used verbatim.

We also use the separation result to study the case where Rank(By) = K is independent of N. It is
assumed that for each k = 1,...,K, the non zero eigenvalues of ByB); satisfy limy_, ;o A v = Ax.
The support & of uy is first characterized in this case, and using the above results related to the
almost sure location of the (A y)x=1,. u, it is proved that if 1; > o24/c, then,

A 24+ A )(o%c+ A
gy — AT R, @
k
and that if A, < 024/c, then,
Zk,N - 0_2(1 + \/E)z (3)

This behaviour was first established in [[7]] using a different approach.
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Motivations Our work has been originally motivated by the context of array processing in which
the signals transmitted by K < M sources are received by an array equiped with M sensors. Under
certain assumptions, the M-dimensional vector y(n) received on the sensor array at time n can be
written as

K
y(n) = disi(n) +v(n), @
k=1

where each time series (s;(n)),e7 represents a non observable deterministic signal corresponding to
source k and where d; is an unknown deterministic M -dimensional vector depending on the direc-
tion of arrival of the k-th source. (v(n)),c7 is an additive complex white Gaussian noise such that
E[v(n)v(n)*] = o?I,,. It is clear that is equivalent to if we put Ty = N2 [y(1),...,y(N)],
Wy =N"1Y2671[v(1),...,v(N)] and By = N~Y/2D[s(1),...,s(N)], with s(n) = [s;(n),...,sg(n)]"
and D=[d,,...,dg].

Model poses important statistical problems such as detection of the number of sources K or
estimation of the direction of arrivals of the K sources. A number of estimation schemes based on
the eigenvalues and the eigenvectors of matrix X3}, were developed, and analysed if N — +o0
while M remains fixed. If however M and N are of the same order of magnitude, the above technics
may fail, and it is therefore quite relevant to study these statistical problems in the asymptotic regime
M,N — +o0 in such a way that % — ¢, ¢ € (0,400). The number of sources may be constant or
scale up with the dimensions M and N. For this, the first step is to evaluate the behaviour of the
eigenvalues of 3y Xy .

About the literature Concerning the zero-mean correlated model. The problems addressed in this
paper were studied extensively in the context of the popular zero-mean correlated model defined by

2y = HyWy, 5)

where Hy is a deterministic M X M matrix and where Wy is a random matrix with possibly non
Gaussian zero mean variance ]% i.i.d entries. The most complete results concerning the almost sure
localization of the eigenvalues of Xy}, are due to Bai-Silverstein [12} [3]] and were established in
the non Gaussian case. Spiked models were first proposed by Johnstone [20]] in the context of
(matrix Hy is a diagonal matrix defined as a finite rank perturbation of the identity matrix). Later,
Baik et al. [4] studied, in the complex Gaussian case, the almost sure convergence of the largest
eigenvalues of 3y Xy, and established central limit theorems. The analysis of [4] uses extensively
the explicit form of the joint probability distribution of the entries of %y . Using the results of [2] 3]
as well as the characterization of the support of the limiting distribution uy of the empirical eigen-
value distribution (i (see Silverstein-Choi [27]), Baik-Silverstein [5] addressed the non Gaussian
case, and showed the almost sure convergence of certain eigenvalues of Xy 3},. Mestre considered
in [21] the case where HyHj has a finite number of different positive eigenvalues having multi-
plicities converging to +o00, and showed how to estimate the eigenvalues of HyHy, as well as their
associated eigenspace. Similar ideas were also developed in [22] in order to address the source lo-
calization problem in the context of large sensor arrays when the source signals are i.i.d. sequences.
The analysis of Mestre [[22], 21]] is based on the results of [[2, 3] as well as on the observation that it
is possible to exhibit contours depending on the Stieljes transform of uy, and enclosing each eigen-
value of HyHy,. Paul studied in [26] the behaviour of the eigenvectors associated to the greatest
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eigenvalues of a Gaussian spiked model (almost sure convergence and central limit theorems). Bai
and Yao showed in [[I]] that certain eigenvalues of a non Gaussian spiked model satisfy a central
limit theorem. We finally note that the above results on zero-mean spiked models have been used
in the context of source localization (see [[19] 23]]).

Concerning the information plus noise model. Except our paper [28] devoted to the source localiza-
tion of deterministic sources, the almost sure location of the eigenvalues of matrix Xy Xy was not
studied previously. In [28]], we however followed partly the work of Capitaine et al. [[9], devoted
to finite rank deformed Gaussian (or satisfying a Poincaré inequality) Wigner matrices, which was
inspired by previous results of Haagerup and Thorbjornsen [[17]. See also the recent paper [10] in
which the rank of the deformation may scale with the size of the matrix. We used in [28]] the same
approach to prove that for N large enough, no eigenvalue of Xy, is outside the support #; of
py- In [28], under the assumption that the eigenvalue 0 of ByB}, is "far enough" from the others,
we established a partial result showing that the M — K smallest eigenvalues of 3y X} are almost
surely separated from the others. In the present paper, we prove a general exact separation property
extending the result of [5]] to the complex Gaussian information plus noise model.

The almost sure behaviour (), (@), of the largest eigenvalues of information plus noise spiked
models appears to be a consequence of the general results of [|6, [/] devoted to the analysis of
certain random models with additive and/or multiplicative finite rank perturbation. and (3) are
therefore not new, but the technics of [[7] completely differ from the approach used of the present
paper which can be seen as an extension to the information plus noise model of the paper [5]].

Organization of the paper In section |2} we review some results of [13]] and [28] concerning the
support #; of uy as well as some useful background material. As [28] assumed cy < 1, we address
the case ¢y = 1 and prove some extra results concerning the behaviour of the Stieltjes transform
of uy around 0. In section (3| we prove the analog of the exact separation of [[3]]. [[9]] generalized
the approach of [3]] to prove this property in the finite rank deformed Wigner model. We however
show that it is still possible to use again the ideas of [[I7]]. We establish that it is sufficient to
prove that the mass (w.r.t. uy) of any interval .# of &, is equal to the proportion of eigenvalues
of ByB}, associated to .#. For this, we evaluate an integral along a certain contour enclosing the
eigenvalues of ByB}, associated to .#. This contour is the analog of the contour introduced by [21]]
in the context of model and was extensively used in [[28]]. Section |4| addresses the behaviour
of the largest eigenvalues of an information plus noise spiked model. We analyse the support S,
of uy, which appears equivalent to evaluate the positive extrema of a certain rational function.
Using results concerning perturbed third order polynomial equations, it is shown that if A; # o2+/c
for k = 1,...,K, the intervals of #; are [0*(1 — ,/cy)* + 0(1/M),c%(1 + /cx)* + 0(1/M)] and
[A]:}V(Ak,N +02ey) My +02) — 0 (M), A;}V(kk,N +02ey) M + 02) + 0 (M~Y2)], where
k is any index for which A; y > o2,/¢, and where 07 (M~1/2) represents a positive o(M~Y2) term.
The results of section imply immediately and when A, # o2y/c fork=1,...,K. If one the

.....

eigenvalue perturbation technic.

Model and assumptions We now summarize the model and assumptions which will be used in
the paper, and introduce some definitions. Let M,N,K € IN* such that 1 <K < M, K = K(N) and
M = M(N), functions of N with ¢y = % — ¢ >0as N — oo. We consider a M x N random matrix
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3y defined as
EN = BN + O'WN,
where o > 0 and By and Wy, satisfy the two following assumptions.

Assumption A-1: Matrix By is deterministic and satisfies supy ||By|| < +oo.

Assumption A-2: The entries of matrix Wy are i.i.d and follow a standard complex normal
distribution ‘6%(0,]% .

Note that the Gaussian assumption A-2 will be only required in section [3] All the results in section[2]
concerning the convergence of the spectral distribution of %y, are also valid in the non Gaussian
case. In the following, we study the context where

Assumption A-3: ByBj, is rank deficient, and the non zero eigenvalue of ByBy, have multiplicity 1.

The assumption on the multiplicities of the eigenvalues of ByB}, is not really necessary, but it allows
to simplify the notations. We denote by K the rank of ByB}, (K may depend on N), and by A; y >
Aon > ... > Ag N > Agqin = ... = Ay y = 0 its eigenvalues. We also assume that

Assumption A-4: cy = % <1 for each N.

This of course implies that ¢ < 1. Assuming cy < 1 does not introduce any restriction because if
cy > 1, the eigenvalues of Xy 3}, are 0 with multiplicity M — N as well as the eigenvalues of matrix
3, Zy. The location of this set of eigenvalues can of course be deduced from the results related to
cy < 1.

In this paper, ¢>°(IR, R) will denote the set of infinitely differentiable functions with compact sup-
port, defined from R to R. If .o/ C R, d.«/ and Int(.&/) represent the boundary and the interior of
.o/ respectively.

We finally recall the definition and useful well known properties of the Stieltjes transform, a funda-
mental tool for the study of the eigenvalues of random matrices. Let u be a positive finite measure
on R. We define its Stieltjes transform ¥, as the function

du(4)
V,(z)=| —— Vze&C\supp(u),
R A2
where supp(u) represents the support of measure u. We have the following well-known properties
Property 1. V¥, satisfies

1. ¥, is holomorphic on C\supp(u).
2. € C" implies ¥, (z) € C".

3. If u(R,) =0, then 2¥,(z) € CtifzeC™.
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2 Characterization of the support %, of measure uy
In this section, we recall some known results of [13]] and [[28]] related to the support %, of measure

uy- As we assumed in [28] that ¢y < 1, we also provide, when it is necessary, some details on the
specific case ¢y = 1.

2.1 Convergence of the empirical spectral measure [iy of X\ X\ torward uy

We recall that fiy is defined by gy = M~} Zf\il o Ain Its Stieltjes transform iy is given, for all
VS C\{A'l,N3 ceey A’M,N}) by

diay(A
iy (2) ZJ ZN_(Z)
R

The following result, concerning the convergence of riy(z) can be found in [[14, Th.1.1], [[16}
Th.7.4] (see also [[18], Th.2.5] for a more general model).

Theorem 1. It exists a deterministic probability measure uy, such that iy — Uy Z,0as N — oo with
probability one. Equivalently, the Stieltjes transform my of uy satisfies my(z) — my(z) — 0 almost
surely Vz € C\R*. Moreover, Yz € C\R", my(2) is the unique solution of the equation,

BB, -
14 o2cymy(2)

1
my(2) = MTr |:—z(1 + o 2cymy (@) + 02(1 — ey )y + (6)

satisfying Im(zmy(z)) > 0 for z € C™.

The behaviour of the Stieltjes transform my around the real axis is fundamental to evaluate the
support F; of uy. The following theorem is essentially due to [13]].

Theorem 2. 1. If cy < 1, the limit of my(2), as z € C* converges to x, exists for each x € R and
is still denoted by my(x). If cy = 1, the limit exists for x # 0. The function x — my(x) is
continuous on R if cy < 1 and on R* if cy = 1. It is also continuously differentiable on R\3 .

2. If cy < 1, then Re(1 + o2cymy(2)) > 1/2 for each 2 € CTUR, and if ¢y = 1, this inequality
holds on CtT UR*,

3. my(x) is a solution of (6] for x € R\ Y.

4. Measure uy is absolutely continuous and its density is given by f,, (x)= 7 Im(my (x)).

The statements of this theorem are essentially contained in [[13] Th.2.5] (see also [28] for more
details), except item [2| because it is shown in [13, Lem.2.1] that Re(1 + o?cymy(z)) > 0. We
therefore prove item [2]in the Appendix [Al

We note that as my is a Stietljes transform, it also satisfies my(z*) = my(2)*. Therefore, it holds
that my(z) » my(x)*asze€ C~ — x, forx e Rif ¢y < 1 and for x e R* if ¢y = 1.
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In the following, we denote by fy, ¢ and wy the functions defined by

1 -1
fyw)=—Tr (ByBy —wly)

2
dn(w)=w (1—-o2eyfyw))” +0*(1 —cy) (1 - e fy(w)), (7)
wy(2) = 2(1 4+ o2cymy(2))? — 02(1 — cy)(1 + o2cymy(2)).
Functions wy and ¢y are of crucial importance because, as shown in [28]], the interior of ¥ is
given by Int(#) = {x > 0,Im(wy(x)) > 0} and for each x € R\Jd ¥, wy(x) is a solution of the

equation ¢y (w) = x. The characterization of #; proposed in [28]], based on a reformulation of the
results in [[13] Th.3.2, Th.3.3], consists in identifying wy (x) out of the set of solutions of ¢ (w) = x.

We also note that (6]) is equivalent to

my(z)
14 o2cymy(2)

= fu(wn (@), ®)
and that the identity

1

- = —_ 52
S p—— 1-o0%cyfy(wy(2)) )

holds forz € CtUR if ¢y < 1, or forz € CTUR* if ¢y = 1.

2.2 Properties of ¢ and wy, and characterization of %,

In this paragraph, we recall the main properties of functions ¢, and wy;, as well the structure of % .
Lemmas as well as theorem |3|are proved in [28] Prop.3, Th.2] for ¢y < 1, but the derivations
for ¢y = 1 are similar, except items|[6] and [8] of lemma

Lemma 1. 1. The function ¢y admits 2Q, non-negative local extrema counting multiplicities (with
; - + — - +
1 <Qpy < K+ 1) whose preimages are denoted Wiy <O<wiySwyy...Swo v <Wo -

2. Define x_y = ¢n(wy ) and x7y = py(wi ) for ¢=1...Qy. Then,

— +

— + -
X N < X N < Xo N <...< XquN < Xqu N

and x7 > 01if cy <1while x], =0ifcy = 1.

3. Forq =1,...,Qy, each interval (wq’N, W;:N) contains at least one element of the set of eigenvalues
{A1 N> -5 Ak, 0} and each eigenvalue of ByBy, belongs to one of these intervals.

4. ¢y is increasing on the intervals (—oo, wy ], [w1+’N,w2_’N], e, [WgN—l,N’WCEN,N]’ [ng’N, +00),
and moreover

o (=00, wiy]) = (=00, x7,],

dn ([WIN:W;H,ND = x;,N’xq_H,N] foreachq=1,...,Qy — 1,



d(w)

Support %
ANGE

Figure 1: Function ¢ for K =4 and ¢ < 1. Here Q = 3.

In figure 1) we give a typical representation of function ¢5. We are now in position to recall the
characterization of #; presented in [28] Th.2].

Theorem 3. The support ¥y is given by

The intervals ([x, y, X y1)g=1,.,q, Will be called the clusters of #. Cluster [x_ ,x, ] corresponds
to the interval [w_, W;:N] in the sense that x_ = ¢y(w_ ) and xIN =¢ N(W;:N). Finally, we shall
say that an eigenvalue A, y of ByB}, is associated to cluster [x;N,xIN] if Ay € (W;N,W;:N).

In the same way as in theorem |2}, we set wy(x) = lim,ec+ ;. Wy(2) for x € R if ¢y < 1 and for
x € R* if cy = 1. We notice that lim,c¢- ,—,, Wy(2) = wy(x)*. Function x — wy(x) satisfies the
following properties.

Lemma 2. The following properties hold

~

. x = wy(x) is continuous on R if cy < 1 and on R* if cy = 1, and is continuously differentiable
on R\Jd Y.

wy is real and increasing on R\ .
1— o2y fy(wy(x)) # 0 for x € R\d Hy.
x € Int(H) if and only if wy(x) € Ct.

AR I

For x € R\dHy, wy(x) is a solution of the equation ¢y(w) = x. If x € Int(Fy), wy(x) is
the unique solution belonging to C* and if x € > wy(x) is the unique solution satisfying
prywy(x))>0and 1 - o2ey fy(wy(x)) > 0.
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6. Function x — wy(x) is continuous at x = x;y=0forcy=1

7. Forq=1,...,Qp, WN(XL;N) =Wy and WN(X;:N) = W;:N.

8. Let q =1,...,Qu- Then, there exists a constant C > 0 and neighborhoods "f/(x;N), "f/(x;’N) of
respectively XoN and x;LN such that,

-1/2

lwy(x)| <C .x — X,y Vx e "V(x;N) N R\{X;N}, (10)
~1/2

W () <C .x —xTy Vx € ¥(xh ) NR\{x! - 11

The lemma was proved in [28] Prop.2, Lem.3] in the case ¢y < 1. The proofs extend easily to
cy = 1, except items[6]and [8| for ¢ = 1. These 2 statements are proved in the Appendix B}

We finish this section by showing that the following result holds.

Corollary 1. We have

supxg y < 00,
N
i.e. UyHy is a bounded set.

Proof: We define A4, by A,nqx = supy |IBy||%. It follows that for w > 2,4y

sup [fy(W)| £ 0————,
N |)Lmax - W|

sup [ fy(wW)] £ ——,
N N |lmax _W|2

supwfy(w)| < ——,
N N |kmax _W|2

and since ¢ (w) = (1 — o2ey fy(W))* — 202cyw (W)(1 — o%cy fy(w)) — oten (1 — ey ) fy (W) con-
verges towards 1 when w — 400, we deduce that for ¢ > 0, 3w, > A,,, such that Vw > w,,
¢r(w) > e for all N. Since ¢]’\,(ng v) = 0, this implies that

sxpng,N <w, < +o00.

Moreover, using ng,N = wN(ng,N) = ng,N(l + OZCNmN(X:er,N))Z - 021 — o) +
UchmN(ng v)), and itemof theorem we get that

+ w, o2(1—cy)

N = (1 +o2eymy(xg )P 1+o2eymy(xf, )

< 4w, + 202

This completes the proof. O
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3 Almost sure location of the sample eigenvalues.

We first recall the following result of [|28, Th.3], which states the almost sure absence of eigenvalue
of Xy X} outside the support S of uy for all large N. This property is well-known in the context
of zero mean non Gaussian correlated matrices (see [2]]). We note that the proof of theorem [28]
Th.3] uses extensively that Wy is Gaussian (assumption A-2).

Theorem 4. Let a,b € R, € > 0 and N, € IN such that (a —€,b+e)NFy =0 for each N > N,. Then,
with probability one, no eigenvalue of %y Xy, belongs to [a, b] for N large enough.

We remark that theorem |4 extends to semi-infinite intervals [b,+00) because, as |[WyWy || — (1 +
/¢)* almost surely, then it holds that A, y = ||Zy 2% || < supy [IByBj || +20%(1+ +/c)* almost surely
for N large enough.

In order to interpret this result, assume that for each N > N; > N,;, the number of clusters of #; does
not depend on N (denote Q the number of clusters), and that for each ¢ = 1,...,Q, the sequences
(x(;N)]\b]\,1 and (x“;’]\,)l\b]\,1 converge torwards limits X, and x; satisfying x] < x]” < x; < xj <

<Xy S x:{ . In this context, theoremimplies that almost surely, for each € > 0, each eigenvalue
belongs to one of the intervals [xq_ —€, x;r + €] for N large enough.

We now establish the following property, also well-know in the literature and referred to as "exact
separation” (see e.g. [3] in the context of non Gaussian correlated zero mean random matrices).

Theorem 5. Let a,b € R, € > 0, Ny € N such that (a —€,b+€)NFy =0 for N > N,. Then, with
probability one,

card{k : ik,N <a}=card{k : A} y <wy(a)} (12)
card{k : ik,N > b} = card{k : A y > wy(b)}

for N large enough.

Under the above simplified assumptions, this result means that almost surely for N large enough,
the number of sample eigenvalues that belong to each interval [xq_ — €, x;r + €] coincides with the
number of eigenvalues of ByBy; that are associated to the cluster [x(;N, x;’N]. To prove theorem
we use the same technic as in [28]], where a less general result is presented in the case ¢ < 1.

3.1 Preliminary results

We first need to state preliminary useful lemmas. The first lemma is elementary and is related to the
solutions of the equation 1 — o 2cy fy(w) = 0.

Lemma 3. The equation 1 — o%cy fy(w) = 0 admits K + 1 real solutions Zon <0<z y <Ay <
e <zgn <Agn- Ifey <1, 208 <wjy whileif cy =1, 29 y = wy . Moreover, foreach k =1,...,K,

each solution z. \ belongs to the interval (w N W;:N) containing eigenvalue Ay y, with q € {1,...,Qy}.

The next two lemmas are fundamental, and were proved by Haagerup-Thorbjornsen in [17] in the
Wigner case models (see also [8]). Lemma |4 and |5| are established in [28, Prop. 4, Lem. 2 and
proof of Th.3]. Note that, unlike section |2 the Gaussian assumption is required here. We give here
some insights on the proof of these two lemmas for the reader’s convenience.
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Lemma 4. Let ¢ € €°(RR,R), independent of N, then
1 1
| =Ty (SyEy) | - , VO =0 (5 ).

Proof: Using the integration by part formula (see e.g. [24], [25]) and the Poincaré inequality for
Gaussian random vectors [[12], it is proved in [28, Prop.4] that

E [y ()] = my()+ 222, (13)
where yy is holomorphic on C\R and satisfies
| 1n(2)| <P (I2))P; (JIm(z)7"]) (14)

with P;, P, two polynomials with positive coefficients independent of N,z. The Stieltjes inversion
formula gives

1 A1 1. ) .
E |:MTI'1I) (Z}NZN)} = ;lyl?(‘)llm Rq,b(x)E [My(x+iy)]dx |, (15)

as well as f]RI/)(A)d,uN(A) =~ 'limy o Im (fﬁlp(x)mN(x + iy)dx). The polynomial bound
implies the bound limsup,, |, lep(x) |)(N(x + iy)| dx < C < o0, with C > 0 independent of N (a
result shown in [8, Sec.3.3] using the ideas of [17]). Plugging into (15]), we obtain the desired
result. O

Lemma |5|is not explicitely stated in [28]], but it can be proved easily using the derivation of [28] eq.

(7]

Lemma 5. Let ¢ € 6€>°(R,R), independent of N and constant on each cluster of &y for N large
enough. Then, we have

Var [%Tmp (ZNZX,)} =0 (%) .

Proof: We only give a sketch of proof for the reader’s convienence. Using the Poincaré inequality
for gaussian random vectors, we obtain

Var [lTrq,b (= z*)} < ‘g [lTri,b’ (= )3*)22 z*} _c A’ (A)%d (A)+ﬁ(i)
M NEN) = N2 M RN NEN | T N2 N Un N2 >

where the last equality follows from the application of lemma @ to the function A — A’(1)?. The
conclusion follows from the observation that this function vanishes on #; for all large N. O

We are now in position to prove theorem 5
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3.2 End of the proof
We first prove (12)) and assume that a > 0 because (12) is obvious if a < 0. We consider 1 < € and
assume without restriction that 0 < 1 < a. We consider a function v, € €>°(R, R), independent of

N, such that ¢, € [0,1] and

1 Vae[0,a—n]

Ya() = {o VA >a.

By lemma [4] we have

1 . 1
E [Mwa (ENEN)} - fw Yo(M)duy (1) = 0 (m) :

or equivalently

1 1
I [MT“% (ENEE)} =uy ([0,a=n])+0O (F) :

Lemma [5also implies that

1 . 1
Var |:MTr1,ba (ZNZN)} =0 (W) .

Therefore, Markov inequality leads to
1
> N4/3

1
P ( T (Zx 2y ) — uy ([0,a —n])
1 k
< N8/3Var [MTT% (ZINZ}N)} + N&/3
_ 1
=0 N4/3 ?

which implies that with probability one,

2

1
E [MTrl,ba (zNz;"V) —uy ([0,a— n])}

1 . 1
MTI"lpa (ENEN) = Uy ([O,Cl - 7)]) +0 (W) . (16)

The remainder of the proof is dedicated to the evaluation of uy([0,a —n]). Let Iy = max{q : x;N <
a}. It is clear that uy([0,a — n]) = ;N=1 “N([x;wx;,zv]) because uy((a —n,a)) = 0. By theorem
uy is absolutely continuous with density 7~ *Im(my(x)). Therefore, it holds that

4
XN

1
,U,N([x;N,x(IN])ZEIm f my(x)dx | . (17)

XqN

In order to evaluate the righthandside of (17), we use the contour integral approach introduced in
[28]. For this, we consider the curve 6, y defined by
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We notice that x — wy(x) (resp. x — wy(x)*) is a one-to-one correspondance from (xq N> Xg N)
onto {wy(x),x € (qu,qu)} (resp. {wy(x)",x € (x_ q’N)}) because if wy(x) = wy(y), then
dn(wy(x)) = x = py(wy(y)) =y (see lemmal2] ite .,'

It follows from lemma [2] items [1} [4] and [7] that 6,y is a closed continuous contour enclosing the
interval (Wq N>Wq, N) 6y~ is differentiable at each point except at w_ N and wq n (see item |8l of
lemma . However, (I0) and (11) imply that |w},| is summable on [x_ N xq,N] Therefore, for each
function g continuous in a neighborhood of 4, v, satisfying (g(w))" = g(w"), it is still possible to

define the contour integral f g(w)dw by

X+
q,N
% g(w)dw = 2ilm J gwy (x)wy, (x)dx
_ x
The notation 6, means that the contour 6, y is clockwise oriented. Although % y is not differ-
entiable, the maln results related to contour 1ntegrals of meromorphic functions remaln valid. In
particular, it holds that

1 da 1 ifEe(w ywh
Indy- (&)= 5— f N> WaN

27 G 5 /1 0 ifEe | w qN, ;N

In order to evaluate the righthandside of (17) using a contour integral, we remark that

my(x) = fu(wn(x)) Vx € R\d H

1- UzzchfN(WN(X))

(see (8) and 1ternI of lemma . Moreover, by 1teml of lemma' we have wy (x)$y(wy(x)) =1
on (xq N> X N) Therefore, we have

X+

1 an
v ([xpys 1) = ~Im J gn (wy O (x)dx |, (18)
where g, (w) is the rational function defined by
. fN(W)Ci)I/V(W) . (1- UZCNfN(W))Z - ZUJZVCNWf]\/](W)(]- - 0-12\]CNfN(W)) - O-]‘t[CN(l - CN)f]\/](W)
gN(W) - P _fN(W) D) .
1-oyenfn(w) 1-oyenfu(w)

In order to justify the existence of the integral at the righthandside of (I8]), we prove that gy(w) is
continuous in a neighborhood of 6 y. We first note that the poles of gy (w) coincide with the eigen-
values of ByBy, and the zeros (z; y k=0 K of 1 — oZcy fy(w). As wy(x) is not real on (xg N qN)
v)- It remains to check the continuity at x_ oN and x*

.....

x — gn(wy(x)) is continuous on (qu, N
If cy <1, s Won = WN(Xq’N) and Wq’N = WN(Xq’N) do not coincide with one the poles of gny(w).
If cy =1 and q = 1, this property still holds true except for w; y = wy(x; ) = wy(0) because
Zon = Wy y (see lemma. However, if ¢y = 1, the solutions of 1 — O'IZVCNfN(W) are not poles of gy
due to a pole zero cancellation.
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Therefore, it is clear that ,uN([xq’N,

+ .
xq’N]) can also be written as

1

—_ + _
INEREE i gn (L.
q
The integral can be evaluated using residue theorem and we give here the main steps of calculation.
Define %, = {k € {1,2,...,K} : A; y € (W;N,W;:N)} and L, = card(#) > 0 (L, > O from lemma
itern . Assume cy < 1. Since 6,y only encloses (Wq,N,W;:N), we will have residues at the
)

llowing points:

e for g = 1: residues at zq y, 0 and z; y, Ay y for k € 4.
e for q > 2: residues at zj y, Ay for k € 4.
If cy = 1, the zeros of 1 — o%cy fy(w) are not poles of gy (w):

e for g = 1: residues at 0 and A; y for k € .4;.

e for g > 2: residues at ;. y for k € 4.

We just consider the case ¢y < 1 in the following (the calculations are similar for ¢y = 1 and are
therefore omitted). We consider the decomposition gy(A) = g1 y(A) + gon(A) + g5 n(A), with

gin) =) (1 - ey fiy(V),
gan(A) = =207y Afy (M) fy (A,
RN

gan(A) =—oey(1- CN)W-

These three functions admit poles at 0, (Ak,N) 1 x> and g3 y has moreover poles at (zx y)x=o,... .
After tedious but straightforward calculations, we finally find that for k € {1,2,...,K},

1 202 1
Res (gLN,Ak,N) =——+ c 2CN Z

M M 1#k A‘l,N - A‘k,N’
202cy 1
Res gz,N>AkN == s
( | ) M? lz#k: MN = AN
1—cy
Res (gB,N: Ak,N) =T
N

For the residues at 0, we get

K
Res (gl’N,O) = —MA;K +202cNM_K L ZL

M M&y
M-K1& 1
Res (g2,5,0) = =207y M M;m’
_ 1-cy
Res (gS,N,O) =— o
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1—cy
N

Finally, the residues at 2 y for k =0,...,K are given by Res(g3 y,2xn) = . Using these evalua-

tions, we obtain immediately that if g > 2, then,

MN([X;N; XIN]) = — Z [Res (gl,N’Ak,N) + Res (gZ,N:Ak,N) + Res (83,N, Ak,N) + Res (gS,NaZk,N):I
ke,

This coincides with the ratio of eigenvalues of ByBy, associated to the cluster [xq_N,x;rN] (i.e. the
eigenvalues A y fork € #). If g =1,

un (X7, Xy =~ Z [Res (&,N:M,N) + Res (gZ,NaAk,N) + Res (gB,N,Ak,N) + Res (gB,N’zk,N):I
kes

_ [Res (gLN,o) + Res (gZ,N:O) + Res (gg’N,O) + Res (gB’N,zo’N,)]
L, M-K
MM

which also coincides with the ratio of eigenvalues of By B}, associated to the cluster [x] ,, x;r v ] (the
Ay for k € # and 0 with multiplicity M — K).

Therefore, using (16]), we get that

Iy 1
Trepg (By3y) — (z L,+M —K)) =0 (W) . (19)
q=1

But almost surely, for N large enough, Tr),(Zy X}, ) is exactly the number of eigenvalues contained
in [0, a] because no eigenvalue of Xy X}, belong to [a —n,a] (use theoremwith a — m in place of
a). The left handside of is thus an integer. Since this integer decreases at rate N~1/3, it is equal
to zero for N large enough. follows from the observation that Zsz= 1Lg+M —K is equal to the
number of eigenvalues of ByB}, that are less than wy (a).

To evaluate the number of eigenvalues in interval (b, +00), we use that no eigenvalue belongs to
[a, b] (theorem [4). Therefore,

card{k : ik’N > b} =M — card{k : ik’N <a}l.

(12) implies that
Iy
card{k : ik’N >bl=M —ZLq — (M -K),
q=1

which coincides with the number of eigenvalues of ByBy, in interval (wy(b), +00). This concludes
the proof of theorem

4 Applications to the spiked models

In this section, we use the above results in order to evaluate the behaviour of the largest eigenvalues
of the information plus noise spiked models. In the remainder of this section, we assume that
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Assumption A-5: K does not depend on N and for all k = 1,...,K, the positive sequence (A y)
writes

AN = A+ Ekns

with limy_, ;o &y =0 and A; # A for i # j.

We define K, = max{k : A, > o2/c} and the function y(1) = w In the following, we

characterize the support #; of measure uy and use the above results on the almost sure location of
the sample eigenvalues in order to prove the theorem
Theorem 6. We have with probability one,

5 $(A) if k<K,
kN N 2 2
o |o%(1+ /c) ke{K,+1,...,K}

We note that theorem [f] was already proved in the recent paper [[7] using a different approach.

4.1 Preliminary results on perturbed equations

We first state two useful lemmas related to the solutions of perturbed equations. They can be
interpreted as extensions of lemmas 3.2 and 3.3 of [5]. In the following, we denote respectively by
2,(z,1), 92.(2z,r) and 6(z,r) the open disk, closed disk and circle of radius r > 0 with center z.
Moreover, in this paragraph, the notation o(1) denotes a term that converges towards 0 when the
variable e converges towards 0. The first result is a straightforward modification of [[5, lemma 3.2].
Its proof is thus omitted.

Lemma 6. For each € > 0, we consider h.(z) = h(z) + x.(z) with h, y. two holomorphic functions
in a disk 9,(zg,r9). We assume that sup,cq (5 r.y|xe(z)| = o(1). We consider zy = 2o + 6. with
0, =o0(1). Then, 3 €3 > 0 and r > 0 such that for each 0 < € < €, 2p € 9,(2¢, ) and the equation

Z—3Z0e— eh.(z) =0,
admits a unique solution in 9,(zy, ) given by
Ze = 20, + €h(zp) + o(e).

Moreover, if we assume that z, € R, h(z) € R for z € R, and that for € small enough, z,. € R,
h.(z) € R for z € R, then z. € R.

The second result is an extension of [5, Lem.3.3] to certain third degree equations. The proof is
given the Appendix[C|

Lemma 7. For each € > 0 and i = 1,2, we consider h; .(z) = h;(2) + x; () with h;, y; . holomorphic
functions in a disk 9,(2y,19). We assume that h,(z) # 0 and that SUP,e, (z,r0) |%i ()] = o(1) for
i =1,2. We consider 2y . = 29+ 0, with 6. = o(1). Then, 3 €y > 0 and r > 0 such that zy . C D,(20,7)
Ve € (0, €,) and the equation

(z - 20’6)3 —€ (Z - ZO,e) hy (2)+ ezhz’e(z) =0
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has 3 solutions in 9,(zq,r) given by

2. =20, — Ve hi(z) +o(Ve)
:—ZOE"'\/_V 1(z0) + o(Ve)

hy(2o)
+o(e),
hy(zo)
where /. is an arbitrary branch of the square root, analytic in a neighborhood of h,(z,). Moreover, if
we assume that z5 € R, h;(z) € R for z € R and that for € small enough that z,. € R, h; .(z) € R for
z € R, then z, is real. Moreover, if hy(z) > O then z_, z: and z. are real while z_, z: are non real if

hl(ZO) < 0.

Ze =%p t+ €

4.2 Characterization of .%, and limits of the eigenvalues if A, # o2/c

In this paragraph, we identify the clusters of the support #;, and evaluate the points x N> Xq. - for
g =1,...,Qy. From theorem [3] these points coincide with the positive extrema of function ¢y
(defined in (7)), and eventually Xy = 0 if ¢y = 1. Therefore, we first evaluate the real zeros of
dywW) =1 —0?exfy(w))*—20%cywf(W)(1—o?cy fiy(w)) —otey (1 —cy) fy(w). Straightforward
calculations give

1

, 1 1
pyw) = : l_[ff:l(lk,w T |:Y1,N(W) + MYZ,N(W) + WYB,N(W)] ,

with

K
rinw) = w? = o) [ [un —w)’,
k=1

9 K K 9 9 0'2(1 +CN)A]',N K 9
ranw) = =202y [ [un —w) D [ A [ w2+ 021+ epw - ———25 | T [ —w)? |
k=1 j=1

2 1=1
1#]
ran(w)=o"c2 Zm H(Az N—w) wa(sw AkN)]_[(Al N —w)?
i 2k
Therefore, ¢>1/V(W) = 0 if and only if
1
rin(w)+ —YzN(W)"‘ 2Y3N(W)— (20)

We assume ¢ < 1, which implies that ¢y < 1 for N large enough. The calculations are essentially
the same if ¢ = 1. We first observe that the zeros of ¢, are included into a compact interval ¢
independent of N (see the proof of Corollary[1). Next, we claim that for each a > 0, it exists § > 0
and N, € IN such that

1 1
rinw)+ MYZ,N(W) + WYB,N(W) > f3,
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if N >Ny and |[w — o2yc| > a,|lw+02yc| > a,|lw— A >a,k=1,...,K and w € .#. This follows
immediately from the inequality

1

1 1
rinw)+ MYZ,N(W) + WY&N(W) > |y nw)l = 1 T2max T ralamac

where y; yax = maXyeq |y; y(w)| for i = 2,3. This shows that the solutions of eq. are located
around the points 02,/c,—02y/c, A, k=1,...,K.

In a disk 2,(0% /¢, 1), is equivalent to

1w—02/cy

Wt My

1
(YZ,N(W) + MYs,N(W)) =0. (21)

1

We use lemma@With e=M"1 2o =02/, 2o = 024/cy, and the functions

(w — o2 /cx)

Yl,N(W)

1
he(w)=— |:Y2,N(W) + MYB,N(W)}

.....

.....

equ1va1ent1y equatlon . has a umque solution in 2,(02+/c,r) for M large enough. This solut1on
is given by o2 /cy + 0(M ). It is easy to check that

_ 1
¢y (o> Vey+0 (M) =oAL+ Vey)* +0 (M) .
This quantity is positive, thus showing that o2, /cy+@(M 1) is the pre-image of a positive extremum

of ¢. Exchanging o2 /c with —o2,/c, we obtain similarly that it exists a neighborhood of —c2,/c
in which equation (20) has a unique solution given by —o2,/cy + 0(%). Moreover,

bn (o2 + 0 (M) =021 - Vey P + 0 (%)

so that —o2 /ey + ﬁ(%) is also the pre-image of a positive extremum of ¢y.

We now consider i € {1,...,K}, and study the equation (20) in a neighborhood 2,(A;, ) of A;.
order to use lemma we put € = Al/[,zo = Ais%0,e = AinN- It is easily seen that in 2,(A;, 1), eq. .
is equivalent to

1 1
(w—2Ain) — M(W — Aindhye(w) + th,e(w) =0,

where
20%cy 211:;1 |:Ak,N (Wz +0?(1+ey)w — M) ﬂz 1(11 N~ W) ]
)= (w2 — otey) n%%um —w)> ’
hz,e(W) __ YB,N(W)

w2 — 0% ) [T (Ao —w)®
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We denote by hy(w) and hy(w) the limits of h; .(w) and h, .(w) when € — 0, i.e. the functions ob-

.....

of hy ¢, hy . After some algebra, we obtain that

20'267(,1»2()(1' + —az(;ﬂ))

k)= =5 o
while hy(A;) is equal to
A2 —otc

Lemma [7|implies that it exists r such that

Y 1 o2chy N 1
. — — e O —_—

is solution of (20) contained in 2,(A;,r). It is however easy to check that

on |2 1 o2ch N 1 o*(1-c¢)? (1 c) 0
iN——————+o| — =———|1-=] <0O.
YA M o2l M 22 2
Therefore, the above extremum is negative, and its pre-image cannot be one the points Wq_’N,W;:N.

Moreover, if A; < o2/, then hy(4;) < 0 and has no extra real solution in 9,(A;,r). If
A; > 02/c, then hy(1;) > 0, and the quantities

1 1 1 1
A’i,N — \/_MV hl(kl) +o (\/_M) and A’i,N + \/_MV hl(kl) +o0 (\/_M)

are the 2 other real solutions of contained in 2,(A;, ). After some algebra, we get that

, 2 , 2 / (22 _ o4
o (1 = i o ) ) = Pttt SRR S (2

VM M Din Vi 22 "\ )’
1 1 (it o?ey) Ay +0?) 1 2¢/h(A)(AF = o) 1
bn (Ai,N'i'\/_MVhl()Li)'i'o (\/_ﬁ)) = n + Nivi 2 +o (m),

are both positive. It is easy to check that if k < K;, then, o2,/cy < Arn for N large enough. The
above discussion thus implies that %, has K + 1 clusters, and that for k < K, then

1
x y=0*1—-yex)i+o (M)’

1
Xy =0?A+ /ey +0 (—) ,

M
_ (en +02e) Ay +02) 1 23/l (A)(AF — o) 1
sz+2—k,N = Ak,N - JM Ai t+o JM >
o _ My +02en) Ay +02) N 1 2y/h (A2 — o) o ( 1 )
K,+2—k,N )Lk,N \/M A,i \/M .
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In order to complete the proof, we use theorem 5| Let k € {1,...,K;}. From the previous analysis,
the eigenvalue A y is the unique eigenvalue of ByBj associated with interval (W‘;N,W;:N) with
q = K; — k+ 2, for N large enough. Moreover, the number of clusters of ¥ is equal to K, + 1 for
N large enough and the sequences XgN and x;fN converge towards limits equal to o?(1 — /c)? and
02(1+ /c)? for ¢ = 1, and both coincide with Y(Ag 42-4) for ¢ = 2. This implies that for each
€ > 0, almost surely for N large enough, then ik’N e (WYA) —e,Pp(A)+e)fork=1,...,K, and
that A,y € (02(1 — v/©)* —€,0%(1 + V/c)* + €) for k > K;. This shows that A,y — y(2;) for
k=1,...,K,.

We now prove the convergence of ik’N to 02(1+ /c)? for K, < k < K. Let k;,, = K, + 1 (i.e the

index of the largest eigenvalue associated with the first cluster [x] y;, x;rN]). We have already shown
lim supy ikmax,N < 02(1 + 4/c)? almost surely. It remains to prove liminfy ikmax,N > o2(1+ )2
Assume the converse is true. Then it exists € > 0 such that liminfy ikmax,N <021+ V)2 —e. We

can thus extract a subsequence ikmam(N) converging towards a limit less than o2(1+ /c)? — €. Let

fiy(n) be the empirical spectral measure associated with matrix 2¢(N)ZZ> ™) We deduce that

g (n) ((0'2(1 + Vo) —e 021+ \/E)z]) =0 a.sfor all large N. (22)

Theorem [1| implies that fi4y) converges torwards the Marcenko-Pastur distribution, which contra-
dicts (22). This proves that kaax:N — 02(1+ 4/c)? with probability one. We can prove similarly that
ik’N —o?(1++/c)PasforK,+1<k<K.

4.3 Characterization of %, and limits of the eigenvalues if o2./c € {1,,..., A}

.....

For this, we will use the Fan inequality (see [[15, Th.2]). For a rectangular matrix A, we will denote

by x(A) its k-th largest singular value. With this notations, we have x;(B) = {/4; = 4/ o?y/c. We
also denote by u; y and v; y the left and right singular vector of By associated with x;(By). Fan
inequality gives, for € > 0,

Kj(BN + O'WN) < Kj(BN + O'WN + euJ',NV}iN) + K1(€ uj,NV;,N)’

K](BN + O'WN + eu]"NV;-:N) S K](BN + O'WN) + Kl(e u].,NV;iN)'

From the results of the previous section, it is clear that, almost surely,

Kj(By + oWy + euj’ijf’N) = \/d) ((\//I_J+ 6)2) +o(1).

Therefore, we end up with

N

Since Y(1) — 0?(1 + +/c)?> when A — 02,/c, this completes the results of theorem @
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A Proof of item [2| of theorem 2]

The proof is a direct consequence of Section 2 of [[13]] (formulas (2.1) to (2.5) of [[13]]). We first
recall that if we denote by g(z) and G(2) the terms defined for z € C* by

O'ZCN

1
g(Z): |]_+O'2CNmN(Z)|2 MTI.BNBX[TN(Z)TN(Z)*)

1
G(z) = UZCN MTrTN(Z)TN(Z)*;

ByBj,

-1
m] , then, it is shown in [[13]

where Ty (z) = [—z(l + o2cymy(2))y + 02(1 — eIy +
that

0<zlG(z)<1—g(2) (23)

for each z € CT. If 21 = Re(z) and 2z, = Im(z), implies that 0 < 1 — g(2) — |21|G(z) <

1 — g(2) +2,G(2). It is shown in [[13]] that

1+ 0%(1 — cy)G(z) +Im(1 + o?cymy(2))2,G(2)
1-g(z)+2G(z)

Re(1 + o2cymy(2)) =

5

for z € C*. As Im(1 + o?cymy(2)) = o?cyIm(my(2)) > 0 on CT (see itemof Property, we get
that
1 1

2
Re(1+ o’ eymy(2)) > T v s > T, G0y

The inequality |z1|G(2) < 1 implies that Re(1 + o?cymy(2)) > % for each z € C*. This also implies
that Re(1 + o2cymy(x)) > % for x e Rif cy <1 and for x e R* if ¢y = 1.

B Proof of items|[6 and [§ of lemma [2) when ¢ =1

In order to prove these 2 statements, we study the behaviour of wy(x) and of W;V(x) when x —
0,x<0and x - 0,x > 0.

We first look at the limit for x < 0. Lemmas 1| and [2| imply that wy is the inverse of ¢ on interval
(—00,0). wy(x) is a continuous increasing function on (—o0,0) upperbounded by LoWE therefore,
lim, o <o Wn(x) exists, and is less than w7 . Taking the limit when x — 0, x < 0 from both sides
of the equation ¢y (wy(x)) = x for x € (—00,0), and using the continuity of ¢, on (—o0,0], we
obtain immediately that ¢y(lim, g ,<owWx(x)) = 0. This implies that lim, o, <owy(x) = w .
This shows that wy is left continuous at x = 0. Since wy(x) = x(1 + o®my(x))?, it follows that
1+ o?my(x) = 0(]x|~Y/?). As wy is continuously differentiable on (—o0,0), we can differentiate
the relation ¢y (wy(x)) = x, and obtain that ¢y (wy(x))wy(x) =1 for x < 0, or equivalently that

/ _ 1 .
wy(x) = paTme In other words, it holds that

1
[1— 0% fy(wy NI — 0% fy(wy (x)) — 202wy () fiy (wy ()]

wy(x) = (24)
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We observe that 1 — asz(Wl_’N) = 0 so that
lim 1 = o2y (wy() = 202wy (O (o (X)) = =202 F (wT,) #0 25)

Moreover, (9) implies that
1
1—0?fy(wy(x))
which proves that (1 — o2fy(wy(x))™! = @((—x)"V/2). implies immediately that wy(x) =
o(=)
We now study the behaviour of wy and W;\, when x — 0, x > 0. We first study +/xmy(x) for

x — 0,x > 0. For this, we introduce the function y(&, y) defined by

3 o) !
m—g(}’+0 5)) .

=14 0?my(x) forx <0,

1
WE) = 1= 31 (BB

The introduction of v is based on the observation that eq. (6) is equivalent to Y)(v/xmy(x), v/x) =0
for x > 0. We denote by &, the term &, = io‘zq/le_NI and notice that ¢(&,,0) = 0. It is easily

checked that 1 is holomorphic in a neighborhood of (£,,0) and that %(50,0) # 0. Therefore,
from the implicit function theorem (the analytic version - see e.g Cartan [[11} Prop.6]), it exists a
unique function &£(y), holomorphic in a neighborhood ¥ of 0 satisfying ¢ (§(y),y) =0for y € ¥
and £(0) = &,. As Im(&y) > 0, it is clear that it exists a neighborhood ¥ " of 0 included in ¥ such
that Im(&(y)) > O for each y € . We claim that for v/x € ¥ NR™, £(yx) = v xmy(x). For this,
we notice that if x € (0, xi v)» My(x) is the unique solution of Eq. @ for which Im(my(x)) > 0.
Indeed, from item (5| of lernrna for x € (O,XIN), wy(x) is the unique solution with positive
imaginary part of equation ¢y(w) = x. But, my(x) is solution of (6) iff wy(x) is solution of
¢n(w) = x. Moreover my(x) € C* iff wy(x) € CT, a property which is readily seen from the
relation (8). The conclusion follows from the observation that my(x) satisfies (6) iff /xmy(x)
satisfies Y (v/xmy(x), v/x) = 0. This in turn shows that for each /x € ¥ AR, E(VX) = Vxmy(x),
or equivalently that £(y) = ymy(y?) for y € ¥ AR, As &(y) is holomorphic in v, E(y) =
&g +0o(1) and §/(y) = &, + o(1) for some coefficient £;. Therefore, ymy(y?) = £, + o(1) and
2y2m;\,(y2) +my(y?) =&, +0(1) for y € ¥ N R*, or equivalently /xmy(x) = £, + o(1) and
2xm;\,(x) +my(x) = &; 4+ o(1) for x > 0 small enough. As wy(x) = x(1 + o?my(x))?, we get that

wy () = (14 02my(x)) (1+ o(my(x) + 2xmy(x))) .

As (my(x)+ 2xm;\,(x)) isa 0(1) term, and as my(x) = % + o(\/i?), we obtain that IW;,(x)l < %

for x > 0 small enough for some constant C > 0.

C Proof of lemma [7]
We begin by choosing r > 0 and €; > 0 such that r < r(, 2o € 2.(2,1) and 2,(zo, 1) C Do(29,70),
for each 0 < € < €;. Let fo(2) = (2 — 2o, )® — €(z — 2, )11 (2) + €%hy (2) and g.(2) = (z — 2. )°.

Moreover, define % = SUPg, (5, ) I1i(2)| (for i =1,2).
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AS SUP,cq (5.r0) | Xi,e(2)] = 0(1), it exists €, < €; such that supy, ,, ,)|hi(2)| < K; (for i = 1,2) for
each € < €,. For z € 9.(z,, ), it holds that

hye(@)] + €% [y (2)].

fo®) ~ ge(®)| < €|z~ 20,
As 2y . — 3o = 0(1), it exists €3 < €, such that, for each € < €3, |2 —32( | < 2r on Z.(2¢, ). Hence, for
each € < €3, it holds that |fe(z) - ge(z)| < 2erK; +€2K, on 9,(2,, ). We now restrict z to € (2o, ),

the boundary of 9.(zy,r). It exists €4 < €5 for which 2erK; + €2K, < § < r3 =z — 2| holds on
€6 (zg,1) for each € < e4. Therefore, Vz € €(zy,r), we have [f.(2) — g.(2)| < |g.(2)| for € < 4. It
follows from Rouché’s theorem that these values of €, then f, and g, have the same number of zeros
inside 2,(zg, r). Thus, for € < e,4, the equation

(z— 20,6)3 —€e(z =20 (2) + ezhz,e(z) =0 (26)

has three solutions in 2,(z,,r). Using the the same procedure to functions f.(z) = (z — 20,6)2 —
€hy (z) and g.(z) = (z — zo’e)z, we deduce that if € < €5 < €,, the equation

(z—29.)* —€hy(2)=0 (27)

has two solutions 27,2 in 9,(zo, ). We clearly have |25, — 27| = 0(e'/?) and |z, — 27| = o(1).
Therefore, hy ((27) — hy(20) = o(1). As hy(2p) # 0, it exists e < €5 and a neighborhood of h;(z),
containing h; (2. ),h; (2o) for each € < eg, in which a suitable branch of the square-root /- is

analytic. We assume that solution 2_ is given by 2o . —2_ = —+v/€4/hy (2). As |hy(29) —hy (20)] =
0(1), we have zy . —2_ = —v/€/hy(zy) + 0(+/€). We obtain similarly that zy . — 2" = v/€+/hy(2p) +
o(Ve).

Considering again Z_, it follows that it exists €; < €4 such that for each € < €, it holds that

v h
|zo}6—zg|>w>\/€\/?, (28)

. h po v
with r’ < @. For € < eg < €5, we have ver’ <r and for z € 9,(zy ., Ver’), we get

|(2 = 20,6)* — €hy o (2)] > €lhy ((2)] — |2 = 20, [* > € (Ihy e (2) = ).

It is easy to check that for each € < €4 < €g, then |h; (2)| > @ for z € 9,.(z0¢, Ver’). Therefore,
hy(z
|(z —29c)* — ehl’e(z)} > e (@ - r’) > er’. (29)

The inequalities (28) and (29) prove that in 2.(2, ., vVer’), the equation (27) has no solution and
that the equation (z — 20’6)3 — €(2 — 20,¢)h; ¢(2) = 0 has only one solution there.

We now study the number of solutions in 9.(2, , v €r’) of the equation (26)). Consider

fe(z)=(z— 20,6)3 —€e(z—20)h(2) + fzhz,e(z),
ge(z)=(z— 20,6)3 —e(z— ZO,E)hl,e(Z)-
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We have |f.(2) — g.(2)| = ezlhz’e(z)I. We consider z € 6(zq, Ver’). From (29), |g.(2)| > (er’)3/2.
Therefore, for each € < €9 < €y, it holds that |g.(z)| > 62|h2,6(2)| = |f.(2) — g.(2)|. Thus, from

Rouché’s theorem, the equation (26) has only one solution in Z,(z, v er’), denoted by z.. To
obtain z,., we write

- Ezhz,e (Ze)

(Ze - 20,6)2 - Ehl,e(ze) .

Ze — 20—

Since |(z — 2g,c)* — €hy ((2)| > er on D.(20,¢, Ver') (see (29)), we get that

62K2

er’

|ze—zo,€| < =0 (e).
But from equation (26)), we also have e(z, — 2 ¢)hy (2.) = (2 — 20,6)3 + ezhz’e(ze) which leads to

g —g _ehZ,e(ze) (ZE_ZO,E)3
¢ TO T Thi () | ehpl(z)

It is clear that

hZ,E(Ze) _ hy(20) _
hl,e(ze) hl(zo)

o(1),

so that

_ hy(20)
Ze — %0 = €h1(zo) +o(e).

We now evaluate the two remaining solutions of located in the set 9,(2q,7)\%,(2o, Ver’),

denoted z_, z:. As |z_ — 20| > V1'€e, we can write
_ 2 _ hZ e(z_)
2 5
(ze — Zo,e) =ehy (2]) —e&——— (30)
26 - ZO,E

This implies that |z_ — 2z, | = 0(+/€) and that |z_ — zy| = o(1). Taking a suitable branch of the
square root, implies that

a7 — 0, = /ey (5;) +0(VE) = — /ey (z0) + o(VE).

We obtain similarly that z: — 20, = v/ €hy(2p) +o(Ve).
We finally verify that if z, and 2, . belong to IR for each ¢, and that h;(z) and h; .(2) belong to R for
each € if z € R for i = 1,2, then z, is real while z_,z" are real if h;(zy) > 0.

If z is not real, it is clear that 2 is also solution of because functions h; . verifies (h; .(2))* =
h;(2"). As |zl — 2] = |zc — 20| = O(e), and that (26) has a unique solution in the disk

Do(20,¢, V er’), this implies that z; = z.. On the other hand, assume that h;(z,) > 0 and the
ze_,z;r are non-real. Then, z* * and z_ " are also solution of (27). Since equation (27) has only two

€
solutions outside the disk 2,(z ., V er’), it follows that ﬁ: and z_ are complex conjuguate. But as
their real parts have opposite sign for ¢ small enough, this leads to a contradiction. Therefore 2:
and 2_ are real. We finally note that if h;(zy) < 0, then z”: and Z_ are non real.
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