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1 Introduction

Our goal is to find a class of processes with good properties which can be used for modeling differ-
ent kind of phenomena. So, in Section 2 we introduce a class of processes, which we call [F-doubly
stochastic Markov chains. The reason for the name is that there are two sources of uncertainty in
their definition, so in analogy to Cox processes, called doubly stochastic Poisson processes, we chose
the name “F-doubly stochastic Markov chains”. This class contains Markov chains, compound Pois-
son processes with jumps in Z, Cox processes, the process of rating migration constructed by Lando
[16] and also the process of rating migration obtained by the canonical construction in Bielecki and
Rutkowski [[3]]. We stress that the class of F-doubly stochastic Markov chains contains processes
that are not Markov. In the following we use the shorthand “F-DS Markov chain” for the “F-doubly
stochastic Markov chain”. Note that an F-doubly stochastic Markov chain is a different object than a
doubly stochastic Markov chain which is a Markov chain with a doubly stochastic transition matrix.
On the end of this section we give examples of F-doubly stochastic Markov chains. Section 3 is
devoted to investigation of basic properties of F-doubly stochastic Markov chains. In the first part
we prove that an F-DS Markov chain C is a conditional Markov chain and that any F-martingale is
a F v F¢-martingale. This means that the immersion property for (F,F v F®), so called hypothesis
H, holds. Moreover, the family of transition matrices satisfies the Chapman-Kolmogorov equations.
In the second part and until the end of the paper we restricted ourselves to a class of F-DS Markov
chains with values in a finite set # = {1,...,K}. We introduce the notion of intensity of an F-DS
Markov chain and formulate conditions which ensure its existence. In section 4 we prove that an
F-DS Markov chain C with intensity is completely characterized by the martingale property of the
compensated process describing the position of C as well as by the martingale property of the com-
pensated processes counting the number of jumps of C from one state to another (Theorem |4.1J).
The equivalence between points iii) and iv) in Theorem in a context of Markov chains has not
yet been known according to the best of our knowledge. In a view of the above characterizations,
the F'-DS Markov chains can be described as the class of processes that behave like time inhomoge-
neous Markov chains conditioned on %,,. Moreover these equivalences and the fact that the class of
[F-DS Markov chains contains the most of IF conditional F v F¢ Markov chains used for modeling in
finance, indicate that the class of [F-DS Markov chains is a natural, and very useful in applications,
subspace of F conditional F v F¢ Markov chains. Next, an F-DS Markov chain with a given inten-
sity is constructed. Section 5 is devoted to investigation of properties of distribution of C and the
distribution of sojourn time in fixed state j under assumption that C does not stay in j forever. We
find some conditional distributions which among others allows to find a conditional probability of
transition from one state to another given that transition occurs at known time. In Section 6 a kind
of predictable representation theorem is given. Such theorems are very important for applications,
for example in finance and backward stochastic differential equations (see Pardoux and Peng [[18]]
and El Karoui, Peng and Quenez [7]]). By the way we prove that F-DS Markov chain with intensity
and arbitrary F adapted process do not have jumps at the same time. Our results allows to describe
and investigate a credit risk for a single firm. In such case the predictable representation theorem
(Theorem [6.5) generalize the Kusuoka theorem [14]. In the last section we study how replacing the
probability measure by an equivalent one affects the properties of an F-DS Markov chain.

Summing up, the class of F-DS Markov chains is a class with very good and desirable properties in
modeling. It can be applied to model rating migration in financial markets. More precisely, it can be
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used for modeling a credit rating migration process and which contains processes usually taken for
this purpose. This allows us to include rating migration in the process of valuation of defaultable
claims and generalize the case where only two states are considered: default and non-default (for
such generalizations see Jakubowski and Nieweglowski [[12]]). These processes can also be applied
in other fields where system evolves in a way depending on random environment, e.g., in insurance.

2 Definition and examples

In this section we introduce and investigate a new class of processes, which will be called F-doubly
stochastic Markov chains. This class contains among others Markov chains and Cox processes. We
assume that all processes are defined on a complete probability space (Q2,%,P). We also fix a
filtration IF satisfying usual conditions, which plays the role of a reference filtration.

Definition 2.1. A cadlag process C is called an F-doubly stochastic Markov chain with state space
H cZ={...,—-1,0,1,2,...} if there exists a family of stochastic matrices P(s, t) = (p; ;(5, t)); jex
for 0 <s <t such that

1) the matrix P(s, t) is &#,—measurable, and P(s, -) is F progressively measurable,

2) forany t > s > 0 and every i, j € £ we have

P(Ct :] | '—goo V gsc)]l{cs:i} = H{Cszi}pi,j(s’ t). (21)
The process P will be called the conditional transition probability process of C.

The equality implies that P(t,t) = I a.s. for all t > 0. Definition extends the notion
of Markov chain with continuous time (when %, is trivial). A process satisfying 1) and 2) is
called a doubly stochastic Markov chain by analogy with Cox processes (doubly stochastic Poisson
processes). In both cases there are two sources of uncertainty. As mentioned in the Introduction, we
use the shorthand “F-DS Markov chain” for the “F—doubly stochastic Markov chain”. Now, we give
a few examples of processes which are F-DS Markov chains.

Example 1. (Compound Poisson process) Let X be a compound Poisson process with jumps in Z,
ie, X, = Zfi:fl Y;, where N is a Poisson process with intensity A, Y; is a sequence of independent
identically distributed random variables with values in Z and distribution v, moreover (Y;);>; and
N are independent. By straightforward calculations we see that:

a) X is an F-DS Markov chain with F =FN and
pij(s,t) = vE®WNNI( — ),

b) X is an F-DS Markov chain with respect to [F being the trivial filtration, and with deterministic
transition matrix given by the formula
S At = )]k
_ N |
pij(s,t)= E v - l)—k!

k=0

e—k(t—s).

From these examples we have seen that the conditional transition probability matrix depends on
the choice of the reference filtration F, and P(s, t) can be either continuous with respect to s, t or
discontinuous.
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Example 2. (Cox process) The process C with cadlag trajectories such that

e‘ff ydu Ust A“du)k

P(C,—C,=k|FuVIE) = x

(2.2)
for some F-adapted process A such that A > 0, f Ot A ds < oo for all t > 0 we call a Cox process. This
definition implies that

P(C,—C,=k| T VIE)=P(C, — C;=k| F),
so the increments and the past (i.e. ﬁsc) are conditionally independent given %,,. Therefore for
jzi,

P(C, =] | Foo VI g iy = Lic g P(C. = C =) —i| Foo V F)

t j=i
=1 e~ Ji Mudu (L kudu)
te=i} G-
Thus
(L[ kudu)j_i _ tl du )
b 0= e LR forjzd
0 forj <i,

satisfy conditions 1) and 2) of Definition A Cox process C is therefore an F-DS Markov chain
with 2 = N. Usually in a definition of Cox process there is one more assumption on intensity,
namely f;o A ds = oo a.s. Under this assumption C has properties similar to Poisson process and is
called conditional Poisson process (or doubly stochastic Poisson process). So our definition of Cox
process is a slight generalization of a classical one.

Example 3. (Time changed discrete Markov chain) Assume that C is a discrete time Markov chain
with values in # = {1,...,K}, N is a Cox process and the processes (Cy)i>o and (N,); are inde-
pendent and conditionally independent given &,,. Then the process C; := C’Nt is an F-DS Markov
chain (see Jakubowski and Nieweglowski [11], Theorem 7 and 9]).

Example 4. (Truncated Cox process) Simple calculations give us that the process C, := min {N,,K},
where N is a Cox process and K € N, is an F-DS Markov chain with state space # = {0,...,K}.

3 Basic properties

3.1 General case

In this subsection we consider the case of an arbitrary countable state space #. We study basic
properties of transition matrices and martingale invariance property of F with respect to F v [FC.
Moreover we prove that the class of F-DS Markov chains is a subclass of F conditional F v F¢
Markov chains.

For the rest of the paper we assume that Cy = i, for some iy € #. We start the investigation of F-DS
Markov chains from the very useful lemma describing conditional finite—dimensional distributions
of C, which is a counterpart of the well known result for Markov chains.
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Lemma 3.1. If C is an F-DS Markov chain, then
P(Cul :il,---cun =1, |goovguco)ﬂ{cu0:io} (3.1

n—1
= ]l{cuozio}Pio,il (ug,uq) ﬂpik,ik+1 (> Ug41)

for arbitrary 0 <ug < ...<u, and (iy,...,i,) € A"

Proof. The proof is by induction on n. For n = 1 the above formula obviously holds. Assume that
it holds for n, arbitrary 0 < ug < ... < u, and (iy,...,i,) € #""'. We will prove it for n + 1 and
arbitrary 0 < ug < ... < u, < tnyq, (igs--+»in, ins1) € H ™2, Because

E(ﬂ{ |9OOV9MCO)]I{

Cu1 :il:"'cun_H :in+l} C"O:lo}

by the induction assumption applied to u; <... < u,,; and (iy,...,i,41) € #™"! we know that the
left hand side of (3.1) is equal to

n
E (l{culzil}pil,iz(ulauz)l_[pik,ik+1(uk:uk+l) | P V 912) Lic, =i} =1-

k=2

Using Z,,—measurability of family of transition probabilities (P(s, t))o<s<¢ <00, and the definition of
[F-DS Markov chain, we obtain

n
I=E (ﬂ{qq:n} | Foo v 912)) Lic, =i} (pil,iz(ul’ uz) Epik,ikﬂ(uk:ukﬂ))

n
= ]l{cuozio}pio,il(uo:ul) (pil,iz(ul:uz)l_[pik,ik+1(uk:uk+1))

k=2
n
= ﬂ{cuozio}pio,il(uoa uy) kl_[pik,ik+1(uk> Uper1)
=1
and this completes the proof. O

Remark 3.2. Of course, if (3.1)) holds, then condition 2) of Definition of F-DS Markov chain is
satisfied. Therefore (3.1) can be viewed as an alternative to equality (2.1).

As a consequence of our assumption that C, = i; and Lemma [3.1| we obtain

Proposition 3.3. If C is an F-DS Markov chain, then for arbitrary 0 < u; < ... <u, <t and
(iy,...,1,) € X™ we have

n—1
P(Cy, =11,...Cy, = in | Foo) = Pio,il(oaul)l_[pik,ik+1(uk,uk+1): (3.2)
k=0
and
P(C, =i Cy =iy | Fop) =P(Cy = i, Cy, = in | ). (3.3)
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The following hypothesis is standard for many applications e.g., in credit risk theory.

HYPOTHESIS H: For every bounded Z,-measurable random variable Y and for each t > 0 we
have
E(Y |7, VZ)=EY | Z).

It is well known that hypothesis H for the filtrations F and FC is equivalent to the martingale
invariance property of the filtration F with respect to F v F¢ (see Brémaud and Yor [4] or Bielecki
and Rutkowski [3, Lemma 6.1.1, page 167]) i.e. any F martingale is an F vV F¢ martingale. From
results in [4] one can deduce that hypothesis H implies (3-3). So, by Proposition [3.3] we can expect
that for a class of F-DS Markov chains hypothesis H is satisfied. Indeed,

Proposition 3.4. If C is an F-DS Markov chain then hypothesis H holds.

Proof. According to [[11, Lemma 2] we know that hypothesis H is equivalent to (3.3)). This and
Proposition [3.3] complete the proof. O

Now, we will show that each F-DS Markov chain is a conditional Markov chain (see [3, page 340]
for a precise definition). For an example of a process which is an F conditional F v F¢ Markov chain
and is not an F-DS Markov chain we refer to Section 3 of Becherer and Schweizer [2]].

Proposition 3.5. Assume that C is an F-DS Markov chain. Then C is an F conditional F v F¢ Markov
chain.

Proof. We have to check that fors <,
P(C, =i|F,vI)=P(C, =il ZF,Vo(C)).
By the definition of an F-DS Markov chain,

P(C,=i|FVI")= E(E(L{c,—} | Foo V F | F v FE)

=E( Y 11 3piis OIZV FE) = > 1ge B (pji5,01Z v FE) = 1.

JjeX jexX
But
=) 1{g—jE (P01 2)
JEX
since hypothesis H holds (Proposition [3.4), and this ends the proof. O

Now we define processes H', which play a crucial role in our characterization of the class of F-DS
Markov chains:
H,:= ]l{C[:i} (3.4)

for i € #. The process H ; tells us whether at time t the process C is in state i or not. Let H, :=

(H f‘)le > Where T denotes transposition.

We can express condition (2.1)) in the definition of an F-DS Markov chain, for t < u, in the form

HEH] | o, v FE) =Hip; ;(t,u),

1748



or equivalently
E(H) | ooV F() = Z Hip; ;(t,u)
iex
and so (2.1I) is equivalent to
E(H, | 7oV ZE) =P(t,0)TH,. (3.5)

The next theorem states that the family of matrices P(s, t) = [p; ;(s, t)]; je» satisfies the Chapman-
Kolmogorov equations.

Theorem 3.6. Let C be an F-DS Markov chain with transition matrices P(s,t). Then foranyu >t >s
we have
P(s,u) =P(s,t)P(t,u) a.s., (3.6)

so on the set {C, = i} we have

pij(s,u) = Z Pik(s, O)py,; (¢, u).

kex
Proof. Tt is enough to prove that holds on each set {C; =i}, i € . So we have to prove that
T _ T
H, P(s,u) = H_ P(s,t)P(t,u).

By the chain rule for conditional expectation, equality (3.5) and the fact that P(t,u) is P~
measurable it follows that fors <t <u,

P(s,u)TH, =E(H,|ZoVFE)=E(E(H,| TV IE) | TV IE)
=E(P(t,0)"H, | Zoo VFE) =P(t,u) E (H, | Zo V FF)
=P(t,u)"P(s,t)"H, = (P(s, t)P(t,u)) " H,,

and this completes the proof. O

3.2 The case of a finite state space

From this subsection, until the end of the paper we restrict ourselves to a finite set ¢, i.e. X =
{1,...,K}, with K < oo. It is enough for the most of applications, e.g., in finance to model markets
with rating migrations we use processes with values in a finite set. In this case H, := (H tl ...,H f)T.
We recall the standing assumption that C, = i, for some i, € %.

The crucial concept in this subsection and in study of properties of F-DS Markov chains is the
concept of intensity, analogous to that for continuous time Markov chains.

Definition 3.7. We say that an F-DS Markov chain C has an intensity if there exists an F-adapted
matrix-valued process A = (A(s))>o = (4;,j(5))s>0 such that:
1) Aislocally integrable, i.e. forany T > 0

J D [2i()| ds < oo. (3.7)
J10,T] iexx
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2) A satisfies the conditions:

Mij()=0 Vijed,i#], Ays)=—> 2,() Viex, (3.8)
j#i

the Kolmogorov backward equation: for all v < t,

P(v,t)—1= J A(w)P(u, t)du, (3.9

the Kolmogorov forward equation: for all v <,

Plv,t)—1= f P(v,u)A(u)du. (3.10)

A process A satisfying the above conditions is called an intensity of the F-DS Markov chain C.

It is not obvious that if we have a solution to the Kolmogorov backward equation then it also
solves the Kolmogorov forward equation. This fact follows from the theory of differential equa-
tions, namely we have

Theorem 3.8. Assume that A is locally integrable. Then the random ODE’s
dX(t)=—-A(t)X(t)dt, X(0)=1, (3.11)

dY(t)=Y(t)A(t)dt, Y(0)=I, (3.12)

have unique solutions, and in addition X(t) = Y~1(t). Moreover, Z(s,t) := X(s)Y(t) is a unique
solution to the Kolmogorov forward equation (3.10) and to the Kolmogorov backward equation (3.9).

Proof. The existence and uniqueness of solutions of the ODE’s (3.11]) and (3.12) follows by standard
arguments. To deduce that X(t) = Y ~!(t) we apply integration by parts to the product X (t)Y(t) of
finite variation continuous processes and get

d(Y(e)X(t)) = Y(6)dX(t)+(dY ()X (t)
= Y(t)(—A()X(t)dt)+ Y(t)A(t)X(t)dt = 0.

From Y(0) = X(0) = I we have Y(t)X(t) = I, which means that X(t) is a right inverse matrix of
Y (t). It is also the left inverse, since we are dealing with square matrices.

Now we check that Z(s, t) are solutions to the Kolmogorov backward equation and also the Kol-
mogorov forward equation. Indeed,

d,Z(s,t) = (dX(s))Y(t) = —A(s)X(s)Y(t)ds = —A(s)Z(s, t)ds,

and
d,Z(s,t) =X(s)dY(t) =X(s)Y(t)A(t)dt = Z(s, t)A(t)dt.

This ends the proof since X(t) = Y ~(t) implies that Z(t, t) = I for every t > 0. O
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Corollary 3.9. If an F-DS-Markov chain C has intensity, then the conditional transition probability
process P(s, t) is jointly continuous at (s, t) for s < t.

Proof. This follows immediately from Theorem (3.8} since
P(s,t) =X(s)Y (¢)
and both factors are continuous in s and t, respectively. O

Theorem gives us existence and uniqueness of solutions to (3.9) and (3.10). Next proposition
provides the form of these solutions.

Proposition 3.10. Let a matrix process (A(s))s>q satisfies conditions (3.7) and (3.8). Then the solution
to (3.9) is given by the formula

P(v,t)=H+ZJJ...f AV ... AWy, ... dvy,
n=1Jv Jv Vv

n—1

and the solution to (3.10) is given by

0 t rv1 Vn-1
P(v, t)=]I+Zf J f AW AV, ... dv,.
n=1Jv v v

Proof. It is a special case of Theorem 5 in Gill and Johansen [8]], see also Rolski et al. [20] §
8.4.1]. O

Proposition 3.11. Let P = (P(s,t)), 0 < s < t, be a family of stochastic matrices such that the
matrix P(s,t) is #,—measurable, and P(s,-) is F-progressively measurable. Let A = (A(s));>o be an
F-adapted matrix-valued locally integrable process such that the Kolmogorov backward equation (3.9)
and Kolmogorov forward equation hold. Then

i) For each s € [0, t] there exists an inverse matrix of P(s, t) denoted by Q(s, t).

ii) There exists a version of Q(-,t) such that the process Q(-,t) is a unique solution to the integral
(backward) equation

dQ(s,t) =Q(s,t)A(s)ds, Q(t,t)=1. (3.13)

This unique solution is given by the following series:

[ele} t t t
Q(s, t) = 11+Z(—1)’<f f f Aw)... ACuy)duy ... du;. (3.14)
k=1 s Jiy Ug—1

iii) There exists a version of Q(s,-) such that the process Q(s,-) is a unique solution to the integral
(forward) equation

dQ(s,t) = —A(t)Q(s, t)dt,  Q(s,s) =1 (3.15)

This unique solution is given by the following series:

00 t ru Up—1
Q(s,t) = ]I+Z(—1)kJ f f AQuy) ... A(w)duy ... duy. (3.16)
k=1 s Js s
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Proof. i) From Theorem it follows that P(s,t) = X(s)Y(t), where X, Y are solutions to the
random ODE’s (3.11)), and moreover Y = X!, Therefore the matrix P(s, t) is invertible and
its inverse Q(s, t) is given by Q(s, t) =X(t)Y(s).

ii) We differentiate Q(s, t) with respect to the first argument and obtain

d,Q(s, t) =X(t)dY(s) =X(t)Y(s)A(s)ds = Q(s, t )A(s)ds.

Moreover Q(t,t) =X(t)Y(t) =1. So Q(:, t) solves (3.13)). Uniqueness of solutions to follows
by standard arguments based on Gronwall’s lemma. Formula is derived analogously to a
similar formula for P(s, t) in § 8.4.1, page 348 of Rolski et al. [20].

iii) The proof of iii) is analogous to that of ii). O

In the next theorem we prove that under some conditions imposed on the conditional transition
probability process P, an F-DS Markov chain C has intensity. Using this intensities we can con-
struct martingale intensities for different counting processes building in natural way from F-DS
Markov chains (see Theorem [4.1). Therefore, Theorem [3.12]is in a spirit of approaches of Del-
lacherie (Meyer’s Laplacian see Delacherie [6], Guo and Zeng [[9] ) and of Aven [1]]. Theorem 3.12]
generalizes for F-DS Markov chains results from [1]].

Theorem 3.12 (Existence of Intensity). Let C be an F-DS-Markov chain with conditional transition
probability process P. Assume that
1) P as a matrix—valued mapping is measurable, i.e.

P:(Ry xR, xQ, BR,.XR,)QF)— (REKXK | gg(RK*KY),

2) There exists a version of P which is continuous in s and in t.
3) For every t > 0 the following limit exists almost surely

P(t,t+h)—1

h > (3.17)

A(t) := 1}3{13

and is locally integrable.
Then A is the intensity of C.

Proof. By assumption 3 the process A is well defined and by 1) itis (R, xQ, B(R,)®% ) measurable.
By assumption 3, A(t) is &,,—measurable, but [ satisfies the usual conditions, so A(t) is Z,—
measurable. It is easy to see that holds.

It remains to prove that equations and are satisfied. Fix t. From the assumptions and
the Chapman-Kolmogorov equations it follows that forv <v+h <,

P(v+h,t)—P(v,t) = P(v+h,t)—P(v,v+h)P(v+h,t)
= —(P(v,v+h)—D)P(v+h,t),
)
P(v+h,t)—P(v,t) (P(v,v+h)—1)
h T h

P(v+h,t).
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Therefore %P(v, t) exists for a.e. v and is (R, x R, x Q, B(R, x R,) ® &) measurable. Using
assumptions 2 and 3 we finally have

J’_

Z—VP(V, t)=—-A(v)P(v,t), P(t,t)=1 (3.18)

Since elements of P(u, t) are bounded by 1, and A is integrable over [v, t] (by assumption 3), we
+
see that g—uP(u, t) is Lebesgue integrable on [v, t], so (see Walker [21]])

t a+
I—-P(v,t)= J —P(u, t)du.
, ou

Hence, by (3.18)), we have
t
P(v,t)—1= J A(w)P(u, t)du,
v

and this is exactly the Kolmogorov backward equation (3.9).

Similar arguments apply to the case of right derivatives of P(v, t) with respect to the second variable.
Since forv <t <t+h,

P(v,t+h)—P(v,t)=P(v,t)(P(t,t + h) 1),

we obtain
+

0
ap(v’ t) = P(V, t)A(t)a P(V, V) = ]L
which gives (3.10),

P(v,t)—1= J P(v,u)A(u)du.

Now, we find the intensity for the processes described in Examples[3|and [4]

Example 5. If C, = min {N,,K}, where N is a Cox process with cadlag intensity process A, then C
has the intensity process of the form

—A(t) fori=je{0,...K—1};
Aj()=1% A(t) forj=i+1 withi€{0,...K —1};
0 otherwise.

Example 6. If an F-DS Markov chain C is defined as in Example [3| with a discrete time Markov
chain C with a transition matrix P and a Cox process N with cadlag intensity process A, then

pls, 0 = P

(see Theorem 9 in [[11]]), so the intensity of C is given by

Aij(t)=(P— I)i,ji(t)-
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4 Martingale properties

We prove that under natural assumptions, belonging of a process X to the class of F-DS Markov
chains is fully characterized by the martingale property of some processes strictly connected with X.
These nice martingale characterizations allow to check by using martingales whenever process is an
F-DS Markov chain. To do this, we introduce a filtration G= (‘3;)20, where

G, :=F oV FEL. 4.1)

Theorem 4.1. Let (C,),>o be a A —valued stochastic process and (A(t)),>o be a matrix valued process
satisfying and (3.8). The following conditions are equivalent:

i) The process C is an F-DS Markov chain with intensity process A.

ii) The processes

t

M; = Hi — J Acwi(u)du, 1€ %, (42)
J0,e]

are G local martingales.
iii) The processes M/ defined by

MY =g - J H'2;;(s)ds, i,j€XH,i#], (4.3)
Jo,e]

where

HY = f H. dH, (4.4)
101

are G local martingales.
iv) The process L defined by
L. :==Q(0,)"H,, (4.5)

where Q(O0, t) is a unique solution to the random integral equation
dQ(0,t) = —A(t)Q(0,t)dt, Q(0,0) =1L, (4.6)

is a G local martingale.

Proof. Denoting by M the vector valued process with coordinates M', we can write M as follows
M, :=H, — f AT(WH,du. 4.7)
Jo,t]

"i) = ii)" Assume that C is an F-DS Markov chain with intensity process (A(t));>o. Fix t > 0 and
set
N,:=P(s,t)"H, for0<s<t. (4.8)

The process C satisfies (3.5]), which is equivalent to N being a G martingale for 0 < s < t. Using
integration by parts and the Kolmogorov backward equation (3.9)) we find that

dN, = (dP(s,t)) "H, + P (s, t)dH, (4.9)
=—P"(s,t)AT(s)H,ds + P (s, t)dH, = P (s, t)d M.
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Hence, using Q(s, t) (the inverse of P(s,t); we know that it exists, see Proposition ii)), we
conclude that

MS - MO = J QT(u: t)PT(uJ t)dMu = J QT(u’ t)dNu'
70,57 10,57

Therefore, by the G martingale property of N, we see that M is a G local martingale.

"ii) = i)" Assume that the process M associated with C and A is a G martingale. Fix t > 0. To prove
that C is an F-DS Markov chain it is enough to show that for some process (P(s, t))o<s<, the process
N defined by isaG martingale on [0, t]. Let P(s,t) := X(s)Y(t) with X, Y being solutions
to the random ODE’s and (3.12). We know that P(:, t) satisfies the integral equation (3.9)
(see Theorem [3.8). We also know that P(s, t) is #,—measurable (Remark[3.10) and continuous in
t, hence I progressively measurable. Using the same arguments as before, we find that holds.
So, using the martingale property of M we see that N is a local martingale. The definition of N
implies that N is bounded (since H and P are bounded, see Last and Brandt [[17, §7.4]). Therefore
N has an integrable supremum, so it is a G martingale, which implies that C is an F-DS Markov
chain with transition matrix P. From Theorem it follows that A is the intensity matrix process
of C.

"ii) < iii)" and "iii) < iv)" These equivalences follows from Lemmas and below, respec-
tively, with A = G given by (4.1)).
The proof is complete. O

Remark 4.2. The equivalence between i) and ii) in the above proposition corresponds to a well known
martingale characterization of a Markov chain with a finite state space. In a view of this character-
ization of F-DS Markov chains with intensities, they can be described as the class of processes that
conditioned on &, behave as time inhomogeneous Markov chains with intensities. Hence, we can also
see that the name F—doubly stochastic Markov chain well describe this class of processes. The equiva-
lence between iii) and iv) in a context of Markov chains has not yet been known according to the best of
our knowledge.

The equivalence between points ii), iii) and iv) in Theorem is a simple consequence of slightly
more general results, which we formulate in two separate lemmas. It is worth to note that equiva-
lences in lemmas below follow from general stochastic integration theory and in the proofs we do
not use the doubly stochastic property.

Lemma 4.3. Let A be a filtration such that A and H are adapted to A. Assume that A satisfies (3.7)
and (3:8). The processes M, defined by @.2) for i € X, are A local martingales if and only if for all
i,j €A, i# j, the processes M defined by (4.3) are A local martingales.

Proof. = Fixi # j, i,j € A& . Using the definition of Mti’j and M tl we have

M = J H!_dH] - J Hi 2 (w)du = J H! dH! - f Hidc j(wdu
Jo,t] Jo,c] Jo,t] Jo,t]

= J H!_dH] - J H_Ac j(w)du= J H!_dM/.
10.¢] 10.¢] 10.¢]
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Hence M"/ is an A local martingale, since M’ is one and H,_ is a bounded process.

& Assume that the Mti’j are A local martingales for all i # j, i,j € 2. First notice that H' can be
obtained from H’* by the formula

| _ gy Ji i
Hi=H)+) (Ht —H, )
j#i

Here and in what follows we use the notation ). it = > e\ Indeed, from (4.4) it follows that

> —HY) =J > H) | dH] +J H d|->H]
i J0,e7 \ G 710,t] £

:f (1—H£_)dHi+f H' _dH! =H!—Hj].
Jo,t] Jo,t]

Next, by (4.3),

7 \JT0¢

i
K
=Hy+y (M) - M) +J D HI2j(s)ds
i 10,61 71
=Hy+ Y. (Mg’f — MY ) + J A, (s)ds,
j#i 0,1

which implies that
M!=H! - J A, i(s)ds=Hy+ Y (M) =m7),
J0,t] jA
and therefore M! is an A local martingale for each i € % as a finite sum of A local martingales. [

The process H*/ defined by (@.4) counts the number of jumps from state i to j over the time interval
10, t]. Indeed, it is easy to see that

HY = )" Hl_H].

O<u<t

Lemma 4.4. Let A be a filtration such that A and H are adapted to A. Assume that A satisfies (3.7)
and (3.8). The processes M, i € X, are A local martingales if and only if the process L defined by
(4.5) is an A local martingale.

Proof. Integration by parts formula gives

dL, =Q(0,t)"dM,, (4.10)
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indeed
dL, =Q(0,t)"dH, +d(Q(0,t) " )H, =Q(0,t)"dH, — Q(0,t) " A(t)"H,dt = Q(0,t)"dM,.

We know that Q is A predictable and locally bounded. So, if M is an A local martingale, then L is
also an A local martingale.
On the other hands, taking P(0, t) as an unique solution to the integral equation

dP(0,t) = P(0,t)A(t)dt, P(0,0)=1I
and noting that P(0, t) is the inverse of Q(0, t) (see Proposition [3.11]) we have
P(0,t)'dL, =P(0,t)"Q(0,t)"dM, = dM,.
Therefore, if L is an A local martingale, then M is also an A local martingale. O

Corollary 4.5. If C is an F-DS Markov chain, then M' are G local martingales with 4, = Z, V 33'tC .

Proof. This follows from the fact that the M " are adapted to G, and G is a subfiltration of G. O

Remark 4.6. The process C obtained by the canonical construction in [3|] is an F-DS Markov chain.
This is a consequence of Theorem because A in the canonical construction is bounded and calcula-
tions analogous to those in [3) Lemma 11.3.2 page 347] show that M' are G martingales. In a similar
way one can check that if C is a process of rating migration given by Lando [16]], then M' are G local
martingales, so C is an F-DS Markov chain.

The martingale M is orthogonal to all square integrable F martingales.

Proposition 4.7. Let C be an F-DS Markov chain. The martingale M given by (4.7) is strongly
orthogonal to all square integrable F martingales.

Proof. Denote by N an arbitrary R%-valued, square integrable F martingale. Since C is an F-DS
Markov chain we have, by Proposition that H hypothesis holds and therefore N is also F v F¢
martingale. Since M is an F v F¢ martingale, we need to show that the process N'M' is an F v F€
martingale for every i € ¢ and j € {1,...,d}. Fix arbitrary t > 0 and any s < t, then

E(N/M!|Z,v ZE) =E (N{E (M} |Zv ZE) | Zv 95)
=E(N/M!|Z,v 2E) =ME (N | #,v 2) = N) M
and hence the result follows. O

Now we construct an F-DS Markov chain with intensity given by an arbitrary F adapted matrix-
valued locally bounded stochastic process which satisfies condition ([3.8).

Theorem 4.8. Let (A(t)),>o be an arbitrary F adapted matrix-valued stochastic process which satisfies
conditions (3.7) and (3.8). Then there exists an F-DS Markov chain with intensity (A(t)),>o.
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Proof. We assume that on a probability space (2, Z,P) with a filtration IF we have a family of Cox
processes N/ for i, j € # with intensities (4;;(t)) such that the N b are conditionally independent
given %, (otherwise we enlarge the probability space). We construct on (2, %,P) an F-DS Markov
chain C with intensity (A(t)).>o and given initial state i,. It is a pathwise construction inspired by
Lando [[16]]. First, we define a sequence (7,),>1 of jump times of C and a sequence (C,),>o which
describes the states of rating after change. We define these sequences by induction. We put

Co = io» T,:= min inf{t >0: AN > O}
jeA\Co

If 7, = 0o, then C never jumps so C; := iy. If T; < 0o, then we put C; := j, where j is the element
of 4 \ C, for which the above minimum is attained. By conditional independence of N/ given
Z,., the processes N*/ have no common jumps, so C; is uniquely determined. We now assume that
T1s+++,Tk» Cq,-..,Cy are defined, 7, < oo and we construct Ty as the first jump time of the Cox
processes after 7y, i.e.

Tia1 := min inf{t > T ANtC"’j > O}.
JEA\Ck
If T4, = oo then Cy,; = Cy, and if T4, < co we put Cj 1 := j, where j is the element of 2 \ C

for which the above minimum is attained. Arguing as before, we see that 7;,; and C;, are well
defined.

Having the sequences (7,,),>0 and (C,),>o we define a process C by the formula
o0
Coi= D prprn(t) Cr. (4.11)
k=0

This process C is cadlag and adapted to the filtration A = (¢, ),>¢, where .o/, := Z, V (\/i7é j 9’?’ i’j),

and hence it is also adapted to the larger filtration A = (Jzz)tzo, A, =F sV (\/1-7,é j ﬂg\' i’j). Notice
that H'/ defined by ([@.4) is equal to

H;’] = J Il{l}(Cs_)dN;’J a.s.
0,1

e processes W - :(s)ds are A local martingales (since they are compensated Cox’s pro-
Th N,/ 10.T Aij(s)d A local les ( h dC

cesses, see e.g. [3]]). Likewise, each M/ defined by (4.3) is an A local martingale, since

M =Hy — f HIA; j(s)ds =Hy' — f H!_A; j(s)ds
Jo,t]1 70,t1

= f ﬂ{l}(cs_)d(Nsl’] - ki,j(S)dS).
Jo,e7
Recall that ¢, = Z,, v 3‘}6 , 50 G € A. Therefore each M*/ is also a G local martingale, since M%/ is

G adapted. Hence, using Theorem 4.1}, we see that C is an F-DS Markov chain. O
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Remark 4.9. Suppose that in the above construction Tj < o0 a.s. and C; =1. Then

a) Try1 <00 a.s. provided

dj e\ {i} J Aij(s)ds = oo a.s.,
0

b) Ty41 =00 a.s. provided

o0

Viex \{i} J Aij(s)ds =0 a.s.

k

5 Distribution of C and sojourn times

In this section we investigate properties of distribution of C and the distribution of sojourn time in
a fixed state j under assumption that C does not stay in j forever. These properties give, among
others, some interpretation to

Ai(0) = Z 200 = =2;,;(0) (5.1)

lex\{j}

. A . . . . .
and to the ratios TJ The first result says that the sojourn time of a given state has an exponential

distribution in an alppropriate time scale.
Proposition 5.1. Let C be an F-DS Markov chain with intensity A, To =0, and
Te=inf{t>7_;:C, #C;, ,Co=Cr }. (5.2)

If T4 < 00 a.s., then the random variable

Tk
E = J ACT,{_l (w)du (5.3)
Tk—1

is independent of ‘gfk_ . and E; is exponentially distributed with parameter equal to 1. Moreover,
(E;)1<i<k is a sequence of independent random variables.

Proof. For arbitrary j € # define the process that counts number of jumps from j

N = > H'

lex\{j}
Let
. . t .
Y] :=N/ —f H)_2;(w)du.
0

¥/ is a G local martingale by Theorem 4.1 Moreover, a sequence of stopping times defined by

t
fo 8 :=inf{t > O:th > nVJ Hi_kj(u)du > n}
0
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reduces Y. In what follows we denote
Y= =7/

tAC,"

The definition of o, implies that Y™ is a bounded G martingale for every n. Using the It6 lemma on
the interval ]7;_;, T;] we get

iuY" iuy n . vn . soyn
e = MM +J luY dYn + E luY qu _ lueluY;’Ast)
]]Tk 1>Tk:[l

Th— 1<S<Tk

_ eiuYTHk—1 +J< l-ueiuYs'Ldst + Z U g (eiu —1- iu) Ast.
I7k-1,7i]

Tr—1<S<Tj

For every n the boundedness of (Y") and (e™'") imply that the process

(f iuei”stdYS”)
Jo,c] >0

is a uniformly integrable G martingale. Therefore, by the Doob optional sampling theorem we have

E|e w(vi v ) _ Z e' w(y -y, (ei“— 1 —iu) ANSJAU ‘,?TH =1. 5.4
Tr—1<S<Tj
On the set {CTH = j} we have
Tk On
Yn Y'?k ) ﬂ{fkfo'n} (1—f Aj(s)ds) - ]]'{Tk—lfUn<Tk} (J Aj(s)ds)
Tk-1 Tk-1
and no
YT"k_ — ank L= —f Aj(w)du.
A

Hence using ( and facts that AN’

j _ .
Tehoy = Lre<o,} @0d ANG,, =0 for 7y <5 < 7) we infer

that on the set {CTH = ]}:

il 1= 2.(s)d con o
E(]]'{kaan}elu( f’rk71 i(s) 5) + ]]_{O_ <Tk}e lufrk_l/\gn j(s)ds
k Aj(s)ds
~Ipeage PO e m1-w) |4,

and therefore
9

E (H{Tkﬁan}e_ Tk—1) =1

Applying Lebesgue’s dominated convergence theorem and the fact that o,, T 400 yields

—iu [T* 2;(u)du 1
Efe "1’ Y 1 3= .
( T“) {CTH:J} 1+iu
Which implies the first statement of theorem. The second statement follows immediately from the
above considerations. O

7

J iu [ A.(s)d
Th— 1 (1+lu)+ﬂ{g <Tk}e luf (5)ds

Tk—1A0n

1760



As a consequence of the Proposition[5.1|we have the following result which states that the exit times
are in some sense exponentially distributed. This is a generalization of the well known property of
Markov chains.

Corollary 5.2. Let C be an F-DS Markov chain with intensity A and let T; < oo a.s., where T is
defined by (5.2)). Then

N _ v:k,ﬁ—r)t d
P(re—men>tl9 ) =e Jnn Mo (5.5)
Moreover; on the set {CTH = i} we have
(0.0]
f Ai(u)du = oo. (5.6)
Tk-1
Proof. Because
Tr—1+t
Tk_Tk—lzinf{tZO:f Acrk l(u)duZEk}’
Tk-1 B
we obtain (5.5). Indeed
Tk-1Tt Tp—1+t
~ - - A d
P (Tk — T >t chH) =P (J ACTkﬂ (Wdu < Ey; Tk1) =e f’rk—l Crpy W) u
Tk-1
(5.5) yields (5.6) by letting t — oco. O

The next proposition describes the conditional distribution of the vector (C;,, Tx — Tr—1) given %Afk_ L
Proposition 5.3. Let C be an F-DS Markov chain with an intensity A and T, be given by (5.2). If
T < 00 a.s., then we have

t
P (CTk = j’ Tk — Tk—1 <t | @;k—l) = j e_fo Ai(v+fk71)dvli’j(fk_l + u)du (5.7)
0

on the set {Crk_1 = i}.

Proof. First we note that RHS of (5.7) is well defined. Fix arbitrary j € 2#. Let N’/ be the process
that counts number of jumps of C to the state j, i.e.

N = > HY,
iex\{j}

and

t
Yt] = NtJ —J Z Hi_}.i,j(u)du.
0

iex\{j}
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Then Y/ is a G local martingale by Theorem H Therefore there exist a sequence of G stopping
times o, T +o0o such that (Yt)/\an)tZO is an uniformly integrable martingale. By Doob’s optional

sampling theorem we have on the set {CTH = i}

(t+Tr_1ATAO,
(g'fk—l) =E (f Aij(w)du
T

k-1A0Ty

J _ N/
E (N(t+7k,1)/\TkAan NTk—l NO

sq:k_l) . (5.8

Since on the set {CTH = i}

N/ _ N _ 1 ifXTk=j,Tk—Tk_1§t,TkSO'n,
(t+Tr_)ATAT, Tk-1\On 0 otherwise ,

we can pass to the limit on the LHS of (5.8) and obtain

. ] _ ] —~
nangOE(N(t'i'Tk—l)/\Tk/\an ka—l/\‘fn (g'rk—l

) =P(X;, =], Tk — Tke1 S 19, )

The RHS of (5.8) we can write as a sum

(t+Tr_1)ATAT,
E (f )\i’j(u)du
T

k=1\Op

‘gfkl) =I,(n) + I(n),

(g’fk—lj >
i)
By a monotone convergence theorem and fact that o,, T +00 we obtain

@;k—l) :

Summing up, we have proved the following equality holds on the set {CTH = i}

P(ka:j’Tk_Tk—l S't|(°é;~'k—1) :E(J
0

To finish the proof it is enough to transform the RHS of (5.9). Corollary [5.2] and Fubbini theorem

yield
(Trk—Tr—1AL R
E (J A’i,j(s + Tk_l)ds gﬁrk_l)
0
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where

(Tr—Tr-1)AL
Il(n)::E(l{TkSUn}f ki)j(S'i‘Tk,l)dS
0

(O-n_kal)/\t
Iz(n) =E (1{7k150n<7k}J Ai’j(S+Tk_1)dS
0

(Trk—Tr—1AL
lim I,(n) =E f Aij(s+Tp_q)ds
n—o0 0 5

On the other hand
lim I,(n) =0, a.s.
n—oo

(Tk—Tr-1)AL

i j(s + Tk_l)dSI@k_l) : (5.9)




o0 rAt -
= f (J Apj(s+ Tk_l)ds) el MvETedv )y (r o) dr

0 0

t r .

= f (J Apj(s + Tk_l)ds) e Jo ATy (r gy )dr

0o \Jo

) t .
+J U Aij(s+ Tk_l)ds) e Jo MbHTdvVy oy o dr
0
t ‘ t .

= f (J Aij(s+ Tk_l)e_fo M+Te)dvy Tk_l)dr) ds

0

t ’ [ee} .
" J (J A (s + Tk71)67f° MOFTED 2 (r Tkl)dr) “
0

t ' 00 .
= f Aij(s+Tr-1) (f el MvETe)dvy oy Tk_l)dr) ds

0 s

t S
= f Aij(s + Tk_l)e_fo AT dv g

0

In the last equality we use (5.6). The proof is now complete. O

Remark 5.4. Using Corollary[5.2in the same way as in the last part of the proof of Proposition [5.3|we
obtain on the set {C [

=i
B (}'i,j(Tk)

m {OSTk—Tk_ISt}

Tk-1

t
~ Api(s+Te—1) _ps
7 = L R —foli(v'f'fk—l)d"k + T_;)ds,
Tk—l) L Ai(s_i_Tk_l) € l(s k 1) S

which, by (5.7), is equal to P(C;, = j, T — Tjm1 <t | %Ark_l). This together with

Aij(Ti) 1
jeA\ i} Ai(Ti)
suggest that the ratio % can be treated as a conditional probability of transition from i to j given

that transition occurs at the time 7. The next corollary confirms this suggestion.
Corollary 5.5. On the set {CTH = i}, under assumptions of Proposition we have

A j(t+ Tr-1)

(T o) (>-10)

P(C.,=il%,  Viti-Tia=t})=
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Proof. In a view of Proposition and Corollarywe have on the set {kaf L= i}:

P (CTk €edx, T, — Ty, €dt { (gfk—l)
= Z 5{1’}(dx)e_f0 HOFRDB R, (e + Tier)de

jex\{i}
A i(t+ 75— t
— 5 ) (dx)l)](—kl)e_foAi(v+rk71)dvli(t+Tk_l)dt
Ui+ me)
jeA\{i} l k=1
Aij(t+ Tr-1) ~
= Z O (dx)’]—P(Tk—Tk_ledt|% )
j . Tk-1J
jex\{i} { } A’l(t—l_Tk—l) k-
which implies (5.10). O

6 Predictable representation theorem
In this section we prove a predictable representation theorem in the form useful for applications. At

first we study a hypothesis which often appears in literature as hypothesis that a given p avoids F
stopping times. This hypothesis says that for every IF stopping time ¢ it holds P(p = o) = 0.

Proposition 6.1. Every 7, defined by (5.2)) such that T4 < oo a.s. avoids F stopping times.

Proof. Fix k and let o be an arbitrary F stopping time. Using the random variable E; ,; defined by

(5.3) we have
Th+1 o
P(1yy1=0)=P J ACT,( (w)du = J ACT,{ (uw)du
Tk Tk

=E|E|1 . ¢
( ( {Ek+1:f7k Ac,rk (u)du} goo V g’fk) )
=E (E (H{Ek+1:x}) x:jfk e, (u)du) =0.

The third equality follows from measurability of f ; ACTk (w)du with respect to Z,, V ﬂfk and in-

dependence of E;,; and Z,, V g'fk. Moreover P(E;,; = x) = O since random variable E;,; has
an exponential distribution (see Proposition |5.1), so the fourth equality holds, and the assertion
follows. O

This proposition immediately implies

Corollary 6.2. An F-DS Markov chain with intensity and an arbitrary F adapted process do not have
jumps at the same time.

Remark 6.3. The assertion of Proposition[d.7]follows immediately from Corollary|6.2} since [M,N] =0
for any square integrable F martingale N.
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Now we precise the notion of predictable representation property for square integrable martingales
(although this definition has sense for local martingales, see Klebaner [[13] Chapter 8§12], Cont and
Tankov [5, Chapter 982]).

Definition 6.4. Let N be a square integrable martingale. We say that the predictable representation
property (PRP) holds for N if for every T > 0 and every 9‘}\’ measurable square integrable random
variable X there exists an FV predictable stochastic process Z such that

T
X=EX+J Z!dN,. (6.1)
0

Assume that PRP holds for N and let C be an FN-DS Markov chain. It turns out that the PRP holds
for an (N, M) where M is given by (4.7), so M is a martingale which characterizes C. Indeed, the
following form of a predictable representation theorem holds:

Theorem 6.5. Assume that the predictable representation property holds for N and let C be an FN-DS
Markov chain. Then the predictable representation property holds for (N, M), where M is a martingale
given by

M, :=H, — f AT(WH,du.
Jo,e]

Proof. Propositionimplies that N is an FV v F¢ martingale and, by Theorem the process M
is FV v F¢ martingale. For every square integrable 9’%’ \% ﬁ'TC measurable random variable X and
T > 0 we have to find an FN v F¢ predictable stochastic process such that holds with (N, M)
instead of N. Fix arbitrary T > 0. In the proof we will use a monotone class theorem. Let

Wz{XeLz(yﬁngC):XzEX+f

R]dN; +J S dM;,
10.7]

lo,7]

where R, S are FN v F¢ predictable stochastic processes }

We claim that .4 is a monotone vector space. Obviously, it is a vector space over Rand 1 € 4.
From closedness of the space of integrals follows that the bounded limit of monotone sequence of
elements from A4 belongs to 4. Let

n
M= {X : X = YH l{ctk:ik} where Y € L*(ZY), (6.2)

(t1,...,t,) € [0, TI" (iy,...,ip)€eHX™: neN}.
It is easy to see that ./ is a multiplicative class. To finish the proof it is enough to prove that .# C A4,
because by a monotone class theorem, 4" contains all bounded functions that are measurable with

respect to the o-algebra generated by .# i.e. L°°(9'7’y V 9‘TC ) C . Hence, by standard arguments
we obtain LA2(ZN vV FE) C N, s0 N = L2 (FN v FL).
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Therefore, we need to derive predictable representation for an arbitrary random variable in .# . Fix
X € . Without loss of generality we can assume that t; <... < t,. Let Z be a martingale defined
by Z, ;= E(X | ,%N \Y ?tc), so it has the form

n
Z.=E|lY] |1 V1 FNv g,
t ( k=1 {en=i |70 t)

Fixm € {1,...,n}. For K dimensional vectors e, with 1 on i;-th component and zero otherwise, and
t € (ty—1, ;] We have

m—1 n
Z, = 1 FlElLY) 1. |ZNVvEE
t (g {ka :lk}) ( ]!:r[n {C[k:lk} t t )
1
(T i s N
= ( l{c :ik}) ZHtE(YPi,im(t: tm) Hpikl,ik(tk—lytk)’gt)
k=1 U iex k=m+1
1
B m - n N
- l—[]l{c L) |HIE P(t,tn)e, Y | | Py (e ) | 2
k=1 Uk k=m+1
—1
(T T s N
= 11{C ) QM0 0E( P(0,t,)e;, Y [ [Py (ticro t) | ZV
k=1 U k=m-+1

where we have used conditional Chapman-Kolmogorov equation, i.e., P(0,t,,) = P(0,t)P(t,t,,),
together with invertibility of P(0, t). Define a bounded martingale N™ by

n
N™=E (p(o, te, Y [ | PivicCteos ti) ‘ 3??) .

k=m+1
Then for t € (t,,,_1, tn], using L defined by (4.5]), we have
m—1
Z, = 1 |(N™TL,. (6.3)
t (kzl {C”‘:lk}) e
By assumption, N™ admits the following predictable decomposition:
NJ'=NJ* + J (RMTdN,
Jo,71
for some F-predictable stochastic process R™. Hence, using (4.10) and Proposition [6.1] we have
d(N™TL)=(N™)TdL, +d(N™) L, =(N™)"dL, + (L] dN™T
=(N™)"Q(0,t)"dM, + H,] Q(0,t)dN™
= (Q(0, )N/ )" dM, + (H_Q(0, ))dN;"
-
= (Q(0, N ) dM, + (H Q(0,0)) (R}") " dN..
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Therefore,

(NP)TL, =(N" )L, + f (Q(O,w)N;" )" dM,
]] tm—l’tm:ﬂ

.
+ f (RTQ(O,w)"H,_) dN,.
]] tm—lrtrn]]

Moreover,
(N")TLe, = (N")TQ(O, t) THe, = (QO, )N H,
n
-
= eimemE (Y l_[ Pl'k,l,ik(tk—b tk) ‘ ggn)
k=m+1
and

(N™DTL,, = (V™) TQ(O, t)TH,, = (QUO, )N TH,

T
n
= (E (Q(O, tm)P(O, tm+1)€im+1Y l_[ Pik_l,ik(tk—lz tk) ’ ggn)) Htm

k=m+2

T
n
= (E (P(tm, th)eimHY l_[ Pik_l,l'k(tk—btk)‘gg:i)) Htm'

k=m+2

These imply that

m
— +1\T
z, - (nn {}) NPYTL

By (6.4), (6.3), for m — 1 and properties of stochastic integral we have

m—1
Z, =7, +J ( Lic, =i }) (Q(O,wN) dM,
]]tmfl’tm]] ek

k=1
1

+J]]r - (k ! ]l{ctkzik}) (RTQ(O,u)THu_)TdNu_
m—1>tm =

Thus defining processes R, S by

n m—1
R, := Z Ly, ,0(0) (l_[ l{ctk:ik}) RyQ(0,w) 'H,
m=1 k=1

n m—1
S; = ; Ill]tm—l’tm]](t) (klj! ]I{Crk:ik}) Q(O, t)Ntni

we obtain the desired predictable representation.
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7 Change of probability and doubly stochastic property
Now, we investigate how changing the probability measure to an equivalent one affects the proper-
ties of an F-DS Markov chain. We start from a lemma

Lemma 7.1. Let Q, P be equivalent probability measures with density factorizing as

dQ

—_— = s 7.1
P |z vze, — M2 7D

where 1, is an F—measurable strictly positive random variable and 7, is an F,, V QTC*—measurable
strictly positive random variable integrable under P. Let (15(t))e[o,7+] be defined by the formula

No(t) :=Ep(ny | Foo V 9}6), n2(0) = 1. (7.2)

Then (N(t))e[o,r+] IS a G martingale (resp.  local martingale) under Q if and only if
(N(E)n2(t))¢efo,r+ 1s @ G martingale (resp. local martingale) under P.

Proof. = By the abstract Bayes rule and the fact that n; is &, measurable and hence also ¥,
measurable for all u > 0, we obtain, fors < t,

Ep (N(f)’fhnz | {3;) _E, (N( )EP (’f)mz | ‘gr) ‘ )
Ep (mn2 | %) Ep (m1121%)

= Ep (N(t) E || @% ‘%) (N(t)nZ( ) ‘(gs) _ Ep (N(t)nz(t) | (gs) |

NG) = Eo(N()IF) =

(s) n2(s)
& The proof is similar. O

The next lemma is a standard one, describing the change of compensator of a pure jump martingale
under a change of probability measure. Although it can be proved using Girsanov-Meyer theorem
(see e.g. [10Q], [[I5], [[19]), we give a short self-contained proof.

Lemma 7.2. Let C be an F-DS Markov chain under P with intensity (1, ;) and suppose that 1, defined
by (7.2) satisfies

dny(t) =mny(t-) ( Z Kk,z(u)dML]f’l> (7.3)

klex :k#l

with some G predictable stochastic processes K; j, i,j € A, such that k; ; > —1. Then

l]’

M =Y - f Hi(1+ x ;)2 j(w)du, (7.4)
Jo,t]

i,j €4, is a G local martingale under Q defined by (7-1).
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Proof. By Lemma it is enough to prove that M%7, is a G local martingale under P. Integration
by parts yields

d(M 1y(6)) = M dy(6) + ma(6=)dMY + AMY Any(t) =: 1.

Since
Mtl’] = M;’] — J HliKi’j(u)li,j(u)du,
Jo,e]
we have N N
dM;) =dM,” — Hix; ;(0)A ;(t)dt
and
.. .. .\ 2
~i , k.l ,
AM; Any(t) = AM; n,(t-) ( D KA ) = ny(t=)x;,(0) (am})
klex k£l
LN 2 ..
= ny(t=)x;, (0 (AH )" = my(t =), j(OAH.
Hence

I = Miinz(t—)( > xk,z(t)dMZ‘J)+n2(t—)dM;’f + na(t=)x j(O(AHY —Hidg ;(£)de)
k,lex k£l

= Mny(t-) ( >, Kk,z(t)de’l) +02(t=)(1 + Ky ;())dM;”,
klex k£l

which completes the proof. O

Hence and from Theorem 4.1]we deduce that the doubly stochastic property is preserved by a wide

class of equivalent changes of probability measures.

Theorem 7.3. Let C be an F-DS Markov chain under P with intensity (4, ;), and Q be an equivalent
probability measure with density given by (7.1) and n, satisfying (7.3) with an F predictable matrix-
valued process k. Then C is an F-DS Markov chain under Q with intensity ((1+ x; ;)A; ;).

Now, we exhibit a broad class of equivalent probability measures such that the factorization (7.1I) in
Lemma [Z.1] holds.

Example 7. Let F = F" be the filtration generated by some Brownian motion W under P, and let C
be an F-DS Markov chain with intensity matrix process A. Let Q be a probability measure equivalent
to P with Radon-Nikodym density process given as a solution to the SDE

dne =m. (Yrth + Z Kk,l(u)dMllf’l) , Mo=1,

klex k#l

with F predictable stochastic processes y and k. It is easy to see that this density can be written as
a product of the following two Doleans-Dade exponentials:

dnq(t) = (t=)y dW,, n1(0)=1;
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and

dny(t) = ny(t-) ( Z Kk,l(u)dMllf’l) , M2(0)=1.

k,lex k#l

Therefore a factorization

n(t) =n1(In(t)

as in Lemma [7.1] holds, since 7, is &Z,, measurable. As an immediate consequence we find that C
is an F-DS Markov chain under Q with intensity [AQ]L i = ((1+x;;)4; ;) and moreover the process

defined by W; := W, — f Ot y,du is a Brownian motion under Q.
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