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Abstract

We present three different fractional versions of the Poisson process and some related results
concerning the distribution of order statistics and the compound Poisson process.

The main version is constructed by considering the difference-differential equation governing the
distribution of the standard Poisson process, N(t),t > 0, and by replacing the time-derivative
with the fractional Dzerbayshan-Caputo derivative of order v € (0, 1].

For this process, denoted by .4, (t),t > 0, we obtain an interesting probabilistic representation
in terms of a composition of the standard Poisson process with a random time, of the form
N, (t) = N(F,,(t)), t > 0. The time argument Z,,(t),t > 0, is itself a random process whose
distribution is related to the fractional diffusion equation.

We also construct a planar random motion described by a particle moving at finite velocity and
changing direction at times spaced by the fractional Poisson process .4, . For this model we obtain
the distributions of the random vector representing the position at time t, under the condition
of a fixed number of events and in the unconditional case.

For some specific values of v € (0, 1] we show that the random position has a Brownian behavior
(for v =1/2) or a cylindrical-wave structure (for v = 1).

Key words: Fractional derivative; Fractional heat-wave equations; Finite velocity random mo-
tions; Cylindrical waves; Random velocity motions; Compound Poisson process; Order statistics;
Mittag-Leffler function..
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1 Introduction

Attempts to construct fractional versions of the Poisson process have been undertaken by Repin and
Saichev (2000), Jumarie (2001) and Laskin (2003).

In analogy with the well-known fractional Brownian motion, the idea of passing from the usual
Poisson process to a possible fractional version has inspired the papers by Wang et al. (2006)-
(2007). The process proposed by them is constructed as a stochastic integral with respect to the
Poisson measure.

We follow here a completely different approach and we construct various types of fractional Poisson
processes.

Our main results concern the fractional Poisson process A, (t),t > 0, whose distribution p;, =
Pr{,(t) =k}, k >0, solves the following equation
d"py
dtv

= —Apk + Apx-1, k=0, 1.1
with p_;(t) = 0 and subject to the initial conditions

1

k =

We apply in (1.1) the definition of fractional derivative in the sense of Dzerbayshan-Caputo, that is,
formeN,

ﬂu(s)ds, form—-1<v<m

v 1 t 1
d u(t)y={ Tm- fo (t—s)lFv—m gsm
de” ;?u(t): forv=m

(see Podlubny (1999), p.78).

We note that, for v = 1, (1.1) coincides with the equation governing the homogeneous Poisson
process, so that our results generalize the well-known distributions holding in the standard case.

) (1.3)

The solution to (1.1)-(1.2) is expressed as the distribution of a process, which we will denote by
A, (t),t > 0. The presence of the fractional derivative in (1.1) implies a series of consequences, the
most important being that .4;, has dependent increments.

We will obtain various forms of the solution to (1.1): the first one is expressed as

© o\ ()
=K = S s (1.4

AR (r+k)! (=AY

kt &~ ot Twv(k+r)+1)

fork>0,t>0.

The distribution (1.4) coincides with formula (25) of Laskin (2003), despite the latter being ob-
tained as a solution to equation (1.1) with the fractional derivative defined in the Riemann-Liouville
sense (instead of (1.3)). The additional impulse term appearing in equation (25) of Laskin (2003)
justifies this coincidence.
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In Jumarie (2001) the fractional derivative is also meant in the Riemann-Liouville sense, but it is
subject to a fractional initial condition, thus obtaining again formula (1.4). For a general reference
on fractional calculus see Samko et al. (1993).

An alternative form of the distribution is given in terms of the generalized Mittag-Leffler function,
which is defined (see Podlubny (1999), p.17) as

o k

x
E, (x)= Z Tkt v,u >0, x €R. (1.5)
I T(vk+up)

For small values of k we have meaningful expression: for example, for k = 0, we get that
Pr{, (t) =0} =E, ;(—=At"), (1.6)

which represents the distribution of the waiting time of the first fractional Poisson event.

We are able to prove that the fractional Poisson process A; (t), t > 0 with distribution (1.4) is related
to the usual homogeneous Poisson process N(t),t > 0 by means of the following relationship

+00
Pr{%(t):k}zj Pr{N(s) = k} Pr{Z, () €ds}, k>0. (1.7)
0

In (1.7) %,,(t),t > 0 is a random process with distribution v,, = v,, (y, t) obtained by solving the
following Cauchy problem (for a fractional diffusion equation)

oty 3y2’

) (1.8)
v(y,0)=6(y), forO<v <1

{ v _ 0% t>0, yeR

with the additional condition v,(y,0) =0, for 1/2 <v < 1.

The relationship (1.7) means that the fractional Poisson process .#; has the following representation
ANy () = N(Z, (1)) (1.9)

and thus it can be considered as a homogeneous Poisson process stopped at a random time Z5,,(t).

On the basis of the previous results we construct, in Section 3, a planar random motion described by
a particle moving at finite velocity ¢ and changing direction at times spaced by the fractional Poisson
process ;. At each change of direction (at fractional Poisson instants) the new direction is chosen
with uniform law in [0, 27t] . This has been our first motivation of the research of this paper.

In the standard case, when the process governing the changes of directions is the standard Poisson
process, this model has been studied in Kolesnik and Orsingher (2005). The conditional distribution
of the random vector (X(t),Y(t)), t > O (representing the position of the moving particle at time
t) is given by

Pr{X(t) edx,Y(t) edy|N(t) =k} (1.10)
{ 5(c2t2—(x2+y2)), k=0

k_ 5
ZH(IZt)k (2t — (x* + yH)2 dxdy, k>1

for t >0, (x,y)Ecctz{x,y:x2+y2§c2t2}.
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We obtain here the analogue to (1.10) for the fractional case where v € (0,1]. In particular, for
the case v = 1/2, the fractional process governing the changes of directions is 41 ,,(t) = N(|B(t)]),
since, in this case, equation (1.8) reduces to the heat-equation. We prove that the conditional
distribution of the random vector (X(|B(t)|), Y(|B(t)])), t > O can be written as

Pr{X(IB(t)I)edx,Y(IB(t)I)edy{A/%(t)=k} (1.11)

x2+y2
dXdy 1 1 € 4c3tw
= —— = | wa2(1l=-w)z dw, k>0, (x,y) eR?
s e i )

where B (a, ) denotes a Beta function of parameters a, 8 and B(t),t > 0, is a standard Brownian
motion, independent of (X(t),Y(t)). This means that the planar motion with a Brownian time can
be regarded as a planar Brownian motion, whose volatility is itself random and possesses a Beta
distribution depending on the number of changes of directions.

The unconditional version of the distribution of the planar motion takes interesting forms, especially
in some particular cases. In general, for any v € (0, 1], we have that

Pr{X(Zy,(t)) € dx,Y(Z,(t)) €dy} (1.12)
_dxdy fl Uy, (X, y, t;c*w)
0

1
dz
2 wl/2 dWL vz(1—2) )
x [E”(_M) My (-2 (1- (1—W)(1—z)))} ,

Y

V1—w 2v

where u,, = u,, (X, y, t; A?) is the fundamental solution to the fractional planar wave equation (see

(3.16) below).

In the special case of v = 1, the previous expression reduces to the following very interesting form:

Pri{X(Z,(t)) €dx,Y(Z(t)) edy} (1.13)
dxdy (' @ 1o (x,
- ”J = 00 | iods =<,
e J, Jz \/c222—(x2+y2)
where
k—1
0 Ae‘“i A t2 — 22 dz ] <t (1.14)
qlz;t) = — |z| <t .
= 2 r(5+3)

The distribution (1.14) is the marginal of the unconditional distribution of the planar random mo-
tion (X(t),Y(t)), t > 0 (performed at velocity 1), given in formula (1.3) of Orsingher and De
Gregorio (2007).

The kernel function in (1.13)

dxdy 0 |: lc, (x,¥)

2
= b ’t;
27c Ot \/cztz—(x2+y2):| Uy (%, y, 65¢7)
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emerges in the study of cylindrical waves, that is the analysis of the following problem

e
u(x,y,0)=56(x)6(y) : (1.15)
u,(x,y,0)=0

2%u _ 2 3% 02u
=c {WjLa_ﬁ 5 t>0, x,yeR

Section 4 is devoted to the investigation of alternative forms of fractional Poisson processes. The
first one, denoted by N,,(t), is defined by generalizing to the case v € (0, 1] the Poisson distribution

as follows
Pri{N,(t)=k! = (0" ! k>0 (1.16)
r{ Vi }_F(vk+1)EV,1(7Lt)’ - ’

so that the probability generating function reads

E, 1 (uAt
Evaurt) <1. (1.17)

G,(u,t — (O = , <u<
V( ) Ev,l(kt)

As we will see below, for v = 1, formulae (1.16) and (1.17) reduce to the corresponding results
holding for the standard Poisson case. Also this version of fractional Poisson process does not possess
the property of independence of increments.

We prove that the probability generating function (1.17) is a solution to the fractional equation
a"G,(u",t)

o = AtG,(u",t), O<v<1.
u

Based on the model above, we construct a fractional counterpart of the Poisson compound process,
defined (for any fixed t) as the sum of a random number N, (t) of i.i.d. r.v’s and we derive its
characteristic function.

Moreover, for the first two versions of fractional Poisson processes, we obtain some results concern-
ing the maximum, minimum and order statistics of flows of i.i.d. r.v.’s paced by .4;, and N,,.

In hydrology and seismology the sequence of catastrophic events can be successively represented by
a fractional Poisson process (which is devoid of the lack of memory property of the usual Poisson
process). The evaluation of the distribution of the maximum of i.i.d. r.v.s, whose number is repre-
sented by a fractional Poisson process, is therefore of practical use in determining the probability of
extremal events.

The third process, 4, (t),t > 0, introduced here is constructed as a renewal process with interar-
rival times Uj, j > 1, possessing the distribution given in (1.6), that is

Pr{u; >t} =Pr{1} >t} =Pr{A,(t) = 0} = E, 1 (—At"). (1.18)
The distribution of ¥, is expressed, for m > 0, as
t [ee}
Pr{#,(t)=m} = AJ dzf £ (z;0) [Pr{N(w) =m — 1} — Pr{N(u) = m}] du,
0 0

where f,(-;t) is the density of the stable rv. S,(u,(,0), where y = 0, f = 1 and 0 =
(t cos v /2)/".
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2 A first form of the fractional Poisson process

We construct the first type of fractional Poisson process (which we will denote by 4, (t),t > 0) by
replacing, in the differential equations governing the distribution of the classical Poisson process, the
standard derivatives by the fractional derivatives, defined in (1.3), i.e. in the Dzerbayshan-Caputo
sense.

Therefore we are interested in the solution of
d" pi(t)

dt¥
(with p_;(t) = 0) with initial conditions

= Apg—1(t) = Api(t), k=0, 2.1)

1 k
X (2.2)

pr(0) = { 0

The use of definition (1.3) permits us to avoid fractional derivatives in the initial conditions and to
obtain different and more explicit expressions of the solution, from a probabilistic point of view.

The equation governing the probability generating function G in the standard case, i.e.

96 =A( 1G (2.3)
77 — A , .
is then replaced by the following equation
"G
I Alu—1)G, 0<v<1 2.4)

subject to the initial condition G(u,0) = 1.
The Laplace transform of the solution to (2.4) becomes

+00
(2G,)(u,u) = J e MG, (u,t)dt (2.5)
° “v—l
T Au-1)

The inverse Laplace transform of (2.5) yields the following probability generating function
G,(u,t) =E, ;(AMu—1)t"). (2.6)

The uniqueness of the solutions to (2.4) can be proved by taking two solutions (G; and G,) and by
solving the Cauchy problem for h(u, t) = G;(u, t) — Gy(u, t), with initial condition h(u,0) = 0. The
existence of the solution is a consequence of our analysis.

Much information can be extracted from (2.6): some corollaries are immediate, for example

AtY
EA,(t) = T+ D) 2.7)
Var A, (t) = A + ey’ { L } (2.8)
v r'(v+1) v re2v) vr2(v) '
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AtY)r!
E{ M) [Ho(6) = 1] o [Ho() —r +1]} = T(‘(vtr—)—i-r1|) r>1 2.9)

We note that the usual equality between the mean value and the variance does not hold for this
model, while, for v = 1, it can be checked that EA;(t) = Var#;(t).

The most interesting result is the distribution function related to (2.6), which can be presented as
follows

AR S (r+k)! (=AY

_ k[T (At")”

- Z( Y ( )F(vr+1)

_ & (1)K

N E — o L O A0 -+ 1]}

For small values of k it is possible to write the distribution (2.10) in terms of Mittag-Leffler functions
as follows

Pr{#,(t)=0} = E,(—At") (2.11)

At
Pr{#()=1} = —E,,(-Ar")

(Y

PriA()=2} = = {(1=V)Ey (=AY + By pya (2"}
(At¥)? 1

Pr{#,(t)=3} = 313 {2(1—1/)(——1/)Ev,3v(—ktv)+

+3(1 - V)Ev,?wfl(_ktv) + Ev,viz(_Atv)}-

We derive now an explicit representation of the solution to (2.1)-(2.2), which suggests an interesting
probabilistic interpretation of the related process. The next result represents also an important link
between the fractional Poisson process and the fractional diffusion equations.

Let us denote by v,, = v,, (¥, t) the solution to the following Cauchy problem

oy 8 t>0 eR
at2¢ a > .y , (212)
v(y,O): (y) forO<v<1
with the additional condition
ve(y,0)=0, forl/2<wv <1. (2.13)

The condition (2.13) is due to the application of the Laplace transform of the fractional derivative
(see Podlubny (1999), formula (2.253), p.106).

It is well-known that

1
Vo, (y, t) = T W1 (=lylt™), t>0, y€R, (2.14)
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where
) k

w. ()—Z X >-1, (>0, x€R
“P T LTk + 6 » >0, x<R.

Theorem 2.1 Let

_ 2v ,t), >0
Vo, (¥, t):{ 0 ZV(yy)<o Y (2.15)

be the folded solution to (2.12), then the probability generating function of the fractional Poisson process
N, (t),t > 0 can be written as

+00
G, (u, t)zf MW=y, (y,t)dy. (2.16)
0

The corresponding distribution reads, for k > 0,

+o00 2 k
Pr{,(t) =k} J e_”( ) Voo (¥, t)dy (2.17)
0

k!
= Pr{N(%y () =k},

where 95, (t), t > 0 represents a random time with transition density given in (2.15).

Proof The Laplace transform (2.5) can be written as
+00
(£G)(wp)=p" ! f e IH Y=gy,
0

We note that

+00 £V
vl = M d¢ 2.18
u fo ¢ raonit (2.18)

while

+00
e VM = f e " f (z;y)dz, 0<v<1l,y>0 (2.19)
0

where f,(-;y) is a stable law S, (u,8,0) of order v, with parameters y = 0, # = 1 and 0 =
1

( y cos T+ v,
Therefore, by using together (2.18) and (2.19), we obtain the inverse Laplace transform as

+00 t
Gy =——— | dy | (—w)F, (s )eP . (2.20)
r(l—v) J, 0

It has been proved in Orsingher and Beghin (2004) that the solution v,, to (2.12) can be expressed
as

v 0n0= 5155 f (=w) " f, w3y Ddw,  yeR 221
so that we arrive at (2.16), by folding (2.21). Formula (2.17) now easily follows. O
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Remark 2.1 It is easy to check that (2.17) is non-negative and sums up to zero.

We note that, in particular for v = 1/2, the random time Z;(t), t > 0 becomes a reflecting Brownian
motion, since, in this case, equation (2.12) reduces to the heat-equation

av 92y
— = — > (S
{ 3 t>0, yeR (2.22)

t ayZJ
v(y,0)=6(y)

and the solution v;(y, t) is the density of a Brownian motion B(t), t > 0 with infinitesimal variance
2. After folding up the solution, we find the following density

+00 k ,—y?/4t
oy (Ay)e™

L =l
Pr{N(|B(t)|) =k},

Pr{2(t) = k} (2.23)

so that 4], coincides with a standard Poisson process at a Brownian time.

Remark 2.2 We can check that, by replacing (2.14) into (2.16) we retrieve (2.6). We apply the
following representations in terms of integrals on the Hankel contour Ha of the Wright and Mittag-
Leffler functions, respectively:

1 ez-‘rxzv
Wo,1o,(x) = — —dz, (2.24)
27y, 27V
1 ezzv—l
E = — dz.
v,l(x) i ; 7 —x 4
a
For a plot of the Hankel contour see Fig.1.
A
<
A
»

Figure 1: The Hankel contour

Therefore we achieve
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+00 1
Gv(u;t) = f ely(u_l)t_vW—v,l—v(_yt_v)d.y
0
+00 —yz Y
dy 1 [ et
0 tv 2mi J,. 2

t—q/ ez +o00 ,
— dz ely(u—l)—yzl'tfvdy
2mi Z1=v
Ha 0

B v ezzv—l p
o 2mi g 2t = AMu—-1) z
= E,;(AMu—1t).

Remark 2.3 We derive from (2.17) an alternative expression of the distribution of the fractional
Poisson process (in view of (2.14)), as follows:

Pr {JVV(t) = k} (2.25)
+00 k 00 —v\m
oy AY)E (=yt™)
— Ay v
f ¢ T ! n;)m!l"(—vm+1—v)dy
Akt—v—vm(_l)m +00

e—Ayyk-i-mdy

0
) k'm'T'(—vm+1-v) ),

o0
m
o0

B Z Ake=vA+m)(_1ymr(k+m+1)
B AR mIT(—vm + 1 — v)

m=
=

B X (k+m (—t"A)™™
A Z( k )F(—vm—l—l—v)’

m=0

= O

where the dependence on k is limited to the binomial coefficient. It is easy to check in this form that
the distribution (2.25) sums up to one with respect to k, as follows:

D {4t =k} =[k+m=r]

k=0
— ™ i i r (_tv)')_m _ 7 % r (_tvl)—mi ezzv—1+vmd2
A r(—vm+1—v) A m 27l
m=0r=m m r=0m=0 Ha
TS 1 ) L (r )
_ - 2,V — _q-1l.,—v_vym
= AZZTCiJ e’z dzZ(m)( AT tTVgY)
r=0 Ha m=0
= i LJ ezzv_ldzi (1 — z )r = e LJ eZZV—ld—Z
A 2mi ), — AtY A 2mi ), 1— (1 — fﬁ)
1 1
= — ez ldz = ——=1,
271 J g, (1)
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where, in the last step, we applied the contour-integral representation of the reciprocal of the
Gamma function, i.e.

1 1
_— = — Yu=vdu. 2.26
rtv) 2mi fHae woat ( )

The expression (2.25) suggests another useful representation of the solution in terms of derivatives
of Mittag-Leffler functions, which generalizes the particular cases obtained in (2.11):

Pr{A,(t) =k}

o X (k+m)k+m—1)..(m+1) (=t"A)™
A mZ(:) k! r(—vm+1-v)

I | P el N
Ak! dsk = r(—vm+1-—v) .
= —
—v gk
_ ! d_[skE_ . (_LH
Ak! dsk VIV At ) ls=1

14k 1 At
Tk T U )

where, in the last step we have applied (5.1) in Appendix.

For k =0, 1, 2,3 we obtain again formulae (2.11): for example, for k = 2 and, by considering result
(5.2) in Appendix, we have that

Pri{,(t) =2}

1 d? AtY
= 2@ BT
_ 1d E At +1E AtV AtY
T o2ds | s v Y s R
_ 1 )LtVE AtY At”E At
IR U A A Gy ]

+1 AtV T d B, (x)
2 vs3 | dx "V X o A .
s s=

AZtZ’V
N 22 |:EV’2V_1 (=2t + (1 - V)EV,ZV (_)Ltv):l .

The case k = 3 can be derived by performing similar steps and applying (5.1) and (5.3).
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Remark 2.4 We can evaluate the Laplace transform of (2.17) as follows

+00 +0o0 k 00 —vym
A -yt
J e_‘“dtf e_ly—( Ii/') t™ E ' (yt) dy
0 0 ! — m'(—vm+1—v)

— J+ —)Ly ()'y)k i ( J’) uvm+v—1dy
0

| ]
k! = ml

k
12
k!

k k
A T+ A

k! (A + uv)k+t —u ()H_‘uv)kﬂ'

= u'- e—ly—yu"ykdy

A further check stems from the fact that

+00
f e MG, (u,t)dt
0

“+00 0
= f e_“tZukPr{M(t)=k}dt
0

k=0

00
1/ 1 k
= u
k;) (}L+‘U, )k+1
v—1

u 1

) v ulA’
tu'1 pww

which coincides with (2.5).

Remark 2.5 We note that the fractional Poisson process .4;, loses the lack of memory property of
the homogeneous Poisson process: indeed it is easy to check that it possesses dependent increments,
since, from (2.6)), we get

G,(u,t; +ty) = EuMtta) £ gy, /At (2.27)
Gv(u, tl)GV(u, tz).

We consider now a sequence of a random number of i.i.d. non-negative random variables X;,i >
1 with distribution function F(w) = Pr(X; <w), i > 1, under the assumption that this random

number is represented by 4, (t). We will obtain the distribution of the k-th order statistic X{Sm k >
1, conditioned on the event A, (t) > k.

Theorem 2.2 Let t/VV)L(t), t > 0 be a fractional Poisson process of parameter A, then the conditional
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distribution of the k-th order statistic X (k)( 0 k> 1,0<v <1, reads

Pr{x(k;(” < z‘ N () > k} (2.28)

v 1
Z?ok( r)ttvzi(f))) 2] =k ( )(—1Y Pr{Q/VV“(Z)(t) > k}

2 r(vziil) ik (1) Pr{4}(t) > k}

Proof We recall that in the standard case the k-th order statistics possess the following distribution,
forl1<k<n,

pr {X&) } zn: G) Fi()[1 - F)]", (2.29)

Jj=k

therefore in this case we have that

()
Pr {X(k) <z

% Pr {X{Vk;(” <z, M (t)= n}
Pr{A;(t) >k}
> Pr{X(kg(t) < z’ N (t) = n} Pr{A,(t)=n}

Pr{,(t) >k}

NAOE k} (2.30)
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We can evaluate the numerator as

00 ()
vt
E Pr{X(k) <z

n=k

Ao (t) = n} Pr{ A (6) = n}

S AN Al EE Do)

HZ:k ;(j)F](Z)[l_F(Z)] ] n! ;(l—n)!f‘(vl—l-l)
(D) § ("

(') § SO, -

WZFJ(Z)Z (n) (].)(—1) [1-F@)

l [—i )
Z( ].)(—1)" [1- F)™
i\n—j

r=0

(—D (A
ST D F()Z()( 1)

e
4\ j r(vi+1)

j=k 1=j
0 {JV)LF(Z)(t) _]} Pr{WlF(z)(t) > k}
=k

By inserting (2.31) into (2.30) we get (2.28), in view of (2.10).

(2.31)

O

Remark 2.6 We note that for z — oo the previous expression converges to 1, as happens for the
standard case (2.29).

As a particular case we can obtain the distribution of the minimum of a random number of i.i.d.
random variables X;,i > 1, by taking k = 1 in (2.28):

—E, 1(=At"F(2))
1—E,;(=AtY)

Pr{ min X]<z
1<j<A (t)

1
M (t)>1 }z

Again, for z — 00, (2.32) converges to 1.
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As far as the distribution of the maximum is concerned we can evaluate it as follows:

Pr{ max X <z
1<j< A, (¢t)

N (t) = 1} (2.33)

- iF”(z)Pr{JVv(t) =n| A (t) =1}

n=1
B 1 (-1 & (D
- Pr{m(t)zl}nz nl F(Z)Z(l—n)!r(le)
- 1 D' () ngn
- Pr{%(t)Zl}Z T(vi+1) Z( )(_1) F(z)
_ 1 (DA (1 = F()])! (=D (A
 Pr{(t)>1} {; r(vl+1) Z r(vl+1) }

E,1(=At"(1 = F(2))) — E, 1(—At") Pr{ﬂ(t) > 1}
Pr{A;,(t)>1} 200 PriA(t)>1}

We can verify that for v = 1, i.e. in the standard case, result (2.33) yields the well known formula:

Pr{ max X; <z|N(t)= 1}
1<j<N(t)
e—kt(l—F(z)) _ e_M 0 20
= — .
1—e At 1 Z — 00

However if we consider that {N(t) =0} C { max X; < z} =, then
1<j<N(t)

o0
Pr{ max X; < z} = ZF(z)” Pr{N(t)=n}= e MA-F(z)
1<j<N(t) ~

and this distribution has a jump of height e *! in z = 0. If N(t) = 0 we assume that max; <j<n(nXj =
—00.

In the fractional case we have analogously that

Pr{ max X; <z} (2.34)
1<j< A, (¢t)

B DTS (D ()
- HZF(Z) nl Z(l—n)!F(VH—l)

(=D (A o
IZ r(vi+1) Z( )(_1) F@)

=0
X 94V 1—F !

= > tr((vz+1()2))) = By (=2 (1= F())).
=0

The limit for z — oo is 1, while for z — 0 there is a jump equal to Pr {4, (¢) = 0}.
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3 Planar random motions changing direction at fractional Poisson
times

Let us consider a planar random motion described by a particle moving at finite velocity ¢ and
changing direction at Poisson time instants (for details on this process see Kolesnik and Orsingher
(2005)). At each Poisson event, the new direction is chosen with uniform law in [0,27]. Let us
denote the current position of the moving particle by (X(t),Y(t)), t > 0. We recall the formulae
(11) and (18) in Kolesnik and Orsingher (2005) that provide the conditional distribution of the
planar random motion

Pr{X(t) edx,Y(t) edy|N(t) =k} (3.1)
B 5(c2t2—(x2+y2)), k=0

- { Zn(it)k(cztz_(Xz'i‘}’z))%_ldxdy, k>1"

fort >0, (x,y) €C = {x, yi/x2+y?< ct} and the corresponding characteristic function
JJ e Py pr{X(t) e dx,Y(t) € dy|N(t) =k} (3.2)
Cet

k(K
22T (- +1
= L)kjk(cm/azﬂiz), k=0,
(cty/a?2+ %)z 2

where Ji is the Bessel function of order k/2.
2

We will examine here the same planar motion (taken at a Brownian time) when the process govern-
ing the changes of direction is replaced by a fractional Poisson process. In particular, we will refer
to the process A, (t), t > 0 analyzed in Section 2.

We start by considering the case where v = %, since it permits us to exploit the representation (2.23).

Indeed in this case, in view of Theorem 2.1, the fractional process 41 coincides in distribution with

2
a Poisson process at the random time &;. As we have already seen in Remark 2.1, &; reduces to the
reflecting Brownian motion, i.e. Z;(t) = |B(t)|, t > 0, where again B(t), t > 0 is a Brownian motion
with infinitesimal variance 2.

We present the distribution of (X (|B(t)]), Y(|B(t)|)), t > 0, conditional on a fixed number of events
A1 (t)=N(|B(t)|]) =k, k > 0. Clearly B(t), t > 0 is independent from (X (t),Y(t)).
2

At time |B(t)| the set of possible positions of the process is represented by the whole circle with
radius c|B(t)|, if k > 1, and coincides with the circumference of the same circle, if k = 0. In both
cases, since the radius is the random variable c|B(t)| distributed on the positive real line, the support
covers the whole plane.

In the next theorem we will show that the distribution of the random vector under the condition of
a number k of events possesses a surprisingly explicit form: it coincides with a bivariate Gaussian

with variance (itself random) equal to 2c2th, where W, is a Beta random variable with parameters
1 k+1

27 27
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Theorem 3.1 Under the condition Ni1(t) = k the conditional distribution of the vector
2
X (BN, Y(IB(¢)])) reads

Pr{X(IB(t)I)edx,Y(IB(t)I)edy{:/V%(t)zk} (3.3)
dxdy = e e_i;fyj 4
B(LED) ), T e
fork >0, (x,y) €R2
Proof For k > 1, in view of (3.1) we have that
Pr{X(lB(t)l)edx,Y(|B(t)|)€dy|Jt/%(t)=k} (3.4)
[ 00
= | Pr{x0BON € dx ¥UBOD € dy| A0 = K IB(O] = s} PrIB(O] < ds}
0
= [Sincec/@(t)=N(lB(t)|)]
:J Pr{X(lB(t)l)Edx,Y(lB(t)l)edy)N(s)zk}Pr{lB(t)leds}
0

_s
e 4

= axdy [ =5 (%% — (x> +y2): 11 T s
7 o 2m(cs)k Y et y?ses?} g
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We now take the Fourier transform of (3.4) and apply (3.2), so that we get

[ iax+ify 00 k 2 e 4t
) Rze dxdy . 2m(es )k(c —(x%+y ))2 1{x2+yz<czsz}\/_

re 2:7(k+1)
= Jk( VaZ+ 2) (3.5)
o (csy/ 2-1-15'2)2 svarp

S ]
= |g==
| 4t
204D (™)
) m 0 (m) Jg(c@\/m)ﬁdz
L GRS S Y (7
m)zmom!r(m+§+1) 2

[S—

_ ! “F(k“) & ()T (m+3)
- (c/a?+ B2 )z n;)m'l"(m+ +1) (C\/_\/m)
3 _51"(%4_1) i( (C\/B/az_i_ﬁ—z)Zm-ﬁB k+ . ) .
R+ ) A mir (5+1) (2 2™ 2)
F(5+1) f 1 k_lo (c2tw(a®+ D))"
= w2(l-w)2"z ) (=17 dw
e 2 T
r(k+
r(; ) (3+3)

= f w 2(1—W)2 2ot tw(@ B gy,
B(_ _+2)

J w 2(1 W)z 2t twW(@+6%) gy

By inverting the characteristic function (3.5) we get formula (3.3), for k > 1.

For k = 0, by performing similar steps we can check that result (3.3) is valid also in this case. O

We can analogously consider the planar random motion changing direction at fractional Poisson
times of order v = }‘, by applying the results obtained in Orsingher and Beghin (2009). In this

paper it is proved that the solution to the fractional diffusion equation of order 2%

ax? (3.6)



can be written as

2
A

(x,t) = znf f choem o dz,---d (3.7)
Vl X, = . Zq°AZ,. .
\/27‘62:1 \/27'522 \/27'ct ! "

Formula (3.7) coincides with the density of the n-times iterated Brownian motion

In(t) = By (|Bo(1B3(- - (1B (DD - DD, £>0, (3.8)

where the Bj’s are standard independent Brownian motions (i.e. with infinitesimal variance 1).

In order to apply Theorem 2.1, we must suitably adapt the previous results, taking into account that,
forv = ‘1‘, equation (2.12) reduces to

N\»—l

2 92y
%_a t>0,xe]R, (3.9)

0= 50

and this differs from (3.6) for the coefficient representing the infinitesimal variance. Thus, instead
of (3.7), we must use the solution to (3.9), which reads

N
e 4 e 4t

ds
o V4ansv4ant

vi(x,t)=2 t>0, xeR. (3.10)
2

By folding (3.10) we get

Therefore we can interpret the random time as the iterated reflected Brownian motion Z5(t) =
|I,(t)| = |B1(|By(t)])|, where B; and B, are independent Brownian motions with infinitesimal vari-
ance 2. We study the random motion under the condition that the changes of directions are governed
by a fractional Poisson process J@(t) =N(|B;(IBy(t)D) =k, k> 0.

Theorem 3.2 Under the condition A1(t) = k, the conditional distribution of the vector
4
(X(IB1(IB2(£)DD, Y (IB1(IBo (€)DD) reads

Pr{XaBluBZ(t)DDedx,mBl(le(t)DDedy|4(t)=k} (3.11)

x2+y2

dxdy e~ 4t 1 k_1e 4w

w2(1—w)2"2 3 dw,
1 _+ 2) 4mcegw

fork >0, (x,y) €R2
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Proof Asin (3.4) we get, for k > 1,

Pr { X(B1(B,(0DD € dx, Y (B, (1Bo(0)D) € dy| A5 () = k} (3.12)

f Pr{X(IB;(IBy(1))]) € dx, Y (IB1(IBo(t)D]) € dy | N(s) = k} Pr{(IB; (Bo(6)])]) € ds}
0

52 Zz

e4ze a

o
k
g yL fo 271'(65)"(CS "+ n:! Uy} et zds

By taking the Fourier transform of (3.12) we get

o0 o0
iax+iBy 4y d k (2% — (x2+ 2))5711 )
2e xay 27‘C(C$)k c”s X y {x24y2<c2s2}
R o Jo

22

e 4 e 4

Tz it

00 221" ) % e
= —————Ji(csv +/5) dd
f f (csx/a +[5 )2 Fove e

) [W 42]

dzds (3.13)

2

251"("4-1) 4 2J 42w/ a? i_d d
\/T[:}z)zf J (\/ ZW ) : ZW +p2 Jmw TRt wdz
r(§+1) f ke w Z (=)™ cv4z\/ a2 + 32 2m+§d
p—ry _— Z-
(cy/a2+ B2 Jo miT (m+ 5 +1) 2

r(k+1) o0 ke—i—i Z( - (cﬁ\/a2+ﬁ2)2m+53(k 1 1)
Z J
F e/t o Jo | VA miT (5 +3)

so that we derive (3.11). O

We can conclude that the random vector, under the condition of a number k of Poisson events, pos-
sesses a bivariate Gaussian distribution with variance (itself random) equal to 2c?|B(t)|W,, where
W, is a Beta random variable with parameters ;, szrl and B(t) is a Brownian motion with infinitesi-
mal variance 2.

Remark 3.1 Forv = zl"’ n > 2, we can generalize the previous results: the fractional Poisson process
is, in this case, represented by A (t) = N(ﬂ;l(t)), t > 0 and the random time is 9;1(0 =
on on— on—
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|I,_1(t)| = |B1(...|B,(t)]...)|. Thus we obtain, by steps similar to those of Theorems 3.1 and 3.2, the
following conditional distribution for the planar random vector:

Pr{ X(By(|BA(O])) € dx, Y(By(..|B(O)]. ) € dy | A2 () =k} (3.14)
Z% 2271 _x2+y2
dxdy ® e = p ® = p ! _1(1 )k_l e 4taw p
= 2. ——dz,_ w2(l—w)2 2————dw,
B (%,24_%) o V% ! o Vmt " ! 0 4mczw

for k > 0 and thus the process possesses a conditional distribution coinciding with the bivariate
Gaussian law with variance equal to 2c2|B;(...|B,_1(t)|...)|W;. It is easy to check that in the case

v = ‘l‘, i.e. for n = 2, formula (3.14) reduces to (3.11).

We consider now the general case 0 < v < 1: the random process representing the time argument
is 7,,(t), t > 0 and the condition is therefore equal to A;,(t) = N(Z, (t)) = k.

Theorem 3.3 Under the condition A, (t) = k, the conditional characteristic function of the vector
(X (o (£)), Y (T (1)) Teads

f J el HBY pr{ X (7, (1)) € dx, Y (T3, (1)) € dy | N (5, (1)) = k}
RZ

dxd ! -
- — y)f WL = W) 7 Epy g (—wt¥ c2(a + f)dw. (3.15)
0

1 k+1
B (2’ 2

Proof In this case we must evaluate the following integral (which is analogous to (3.5) and (3.13))
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2ir (b+1) [ s
T P ()
= [by (2.24)]

k
22T (K+1) 1 e o0 o
= (2 2 Z_J ﬂdzj S_EJE(CS\/az-I-ﬁZ)e_St_VdS
(c/a?+B2)ztv 4T Jga 2 0 2
k
227 (5+1) 1 J e?
(c /a2+/32)§tv 27l . Z1=v
o2m+%

ijs_g i csy/ a? + B2 2 (=)™

o mI(m+ %5 +1)

(ctv Va2 + /52) " (1) (2m + D
Z

2z m'l"(m—l— +1)

dz %

2
e °ds

= [by (2.26)]
0 5 2m _m
( +1)Z( \/a +B ) (-1) F(2m+1)k
r2my + DmiC(m+ £ +1)
r("+ ) & a2+ g2\ Tem+r(m+1)r (k)
T(E) Z( 1"

2 r2mv +1)m!T’ (m+%) F(m+§+1)

m=0

k v [ 3 2 2m
_ F( +1)J ) Z( 1y (ct Ja?+p ﬁ) r(2m+ 1)dw

r (&) 2 r2mv +1)mir (m+3)
w_%(l B w)% i (_c t2w(a? + ﬁz))m r(2m+ 1)r(m)dw

B(;’k+1)J ~

22 r(2mv + 1)m!21=2m1 (2m)
o
1 k=1 m dW
_ “3(1—w)5 o2 24 g2 i
B(;’k+1)J w(l-w) 2 n;)( c*t7w(a”+p )) r(2mv +1)
from which we derive (3.15). O

We note that, for v = %, formula (3.15) reduces to (3.5).

Theorems 3.1, 3.2 and 3.3, as well as Remark 3.1, show that the assumption of random time for
the planar motion at finite velocity (with direction changing at fractional Poisson times) implies a
drastic change in its structure. This is transparent in (3.5) where the resulting motion is a planar
Brownian motion, whose infinitesimal variance is 2c2W,. and W, ~ Beta (%, kzil . Therefore the
larger the number k of changes of direction, the more concentrated becomes the distribution of the
random position. Clearly EW,; = ﬁ and this should convince the reader that the planar motion

considered has sample paths that coil up around the starting point.

We now derive the law of the planar random motion in the general case 0 < v < 1. We will see
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that it can be expressed explicitly in terms of the planar process governed by the following two-
dimensional fractional differential equation:

aZvu _ A 2 + 32 u
oy ax% | ay? ,0<v <1, (3.16)
u(x,y,0)=6(x)6(y)

with the additional condition

1
u.(x,y,0)=0, for > <v<1. (3.17)
Also in this case the time argument of the solution u,, = u,,(x,y, t; A?) will be itself random and
will be represented in terms of a r.v. W ~ Beta (%, kizl

We note that equation (3.16) includes, as particular cases, the planar wave equation (for v = 1) and
the planar heat-equation (for v = %).

Theorem 3.4 Under the condition A,(t) = k, the conditional distribution of the vector
(X (T (1)), Y (F,(£))) , > O reads
Pr{X(Z,(t)) € dx,Y(Z, (1)) € dy| N(F5, (1)) = k} (3.18)
dXd_)/ ! _1 1 dw * 2 2 2v 2 2
= Q7 | wrd-w)z py pJo(p vV x? + y?)Eg, 1 (—wt= c"p=)dp
B(35) Jo ™ Jo
dxdy (' e )
= 7T | v 2(1—w) 2 uy,(x,y, t;c*w)dw,
B(35) Jo
where u,, (x,y, t;c?w) is the solution to the fractional two-dimensional heat-wave equation (3.16),

where A2 = c?w.

Proof The inverse Fourier transform of Ej, ;(—w t2Vc?(a® + B?)) can be calculated as follows
1 —tax—ify 2v 27 2 2
(2n)? e Egy1(—wt= c*(a” + B))dadB (3.19)
RZ
1 (9] 21
T @nr f pdp J ¢ tplreosttysind) g, (—we'c*p?)do
0 0

1 o
= o f pJo(pV X%+ y2)Ey, 1(—wt* c*p*)dp,
0

so that we get the first form of (3.18). In (3.19) we used the following integral representation of

the Bessel function: )
T

JO(p /X2+y2): if e—ip(xcosG-i—ysin@)de'
27
0
We observe that (3.19) coincides with the solution u,, (x, y, t; A2) of the fractional equation (3.16),
for A? = c?w, and then the second form of (3.18) follows. O
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Remark 3.2 As a check we put v = %, so that formula (3.19) reduces to the bivariate Gaussian
density

1 o0
up(x,y, t;c?w) = . f pJo(pV/x2+ y2)e vt P dp (3.20)
0

— I:p/:WtCZPZJ

2k 1
= ii(_l)k vaEryr)o1 we—pLLd
27 £t 2 K12 wee2y+1 25 "

k _x2+y2
- e () 1
 4nwec? 4wtz | kK 4mwec?’

which, inserted into (3.18), gives (3.3).

For v = 1, formula (3.19), by considering that E, ; (—x) = cos(+/X), becomes

1 o0
uy(x,y, t;c*w) = ﬂf pJo(p v/ x2+ y*)cos(cvwtp)dp (3.21)
0

1 0 1CC[ﬁ (X,_y)
2mcy/w dt \/Cztzw — (x2 +y2)’

which coincides with the fundamental solution to the planar wave equation (3.16) with the initial
condition (3.17), for A% = c2w (see Smirnov (1981), p.581, and Orsingher (1985)).

We can show that the two expressions in (3.21) coincide by evaluating the Fourier transform of the
second line:

(3.22)

d JJ eiax-i—iﬁ)’lcctﬁ (x,y) dxdy

ZRC\/WE \/cztzw—(x2+y2)

ctyw 1p(acos€+ﬁsm6)d9dp
2nc¢_3tJ f 2y — p

_ ;ijw’”‘)(ﬁ ; +/32)dp

c/w ot /Cztzw_pz

= [by the change of variable p = ctv/wz]

o 'zt (ctz\/_\/a +p )dz

at

1— 22
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The characteristic function (3.22) can be inverted as follows

dadp,

JJ 5 letJO (ctzw/w\/az—l-lo’z) dz
—iax—iBy =
at

V1 —22

0 ('ztJy (ctzywp)dz
= pJo(p x+y)d —f o )
0

(277:)Z

27TJ ot —
= ! r‘OopJ (p x2+y ) |:ti( 1)m (Ctzﬁp)zm 122m+1dz:|
T on 0

27 J, ~ m!? 2 . m

1 [~

6
8
_ 2
= pJo(p x+y ot [

2 |, sm(ct«/Wp)} d

which coincides with the first line of (3.21).

We consider now the unconditional distribution of (X(Z,(¢t)),Y(Z,(t))), t > O, that, for any
v € (0,1], is presented in the next result:

Theorem 3.5 The distribution of (X(Z5,(t)),Y(Z5,(t))), t > 0 has the following representation

Pr {X(Z, (1)) € dx, Y (T, (1)) €dy} (3.23)
_ dxdy f g, (x,y, 6 Pw)
0

dz
w — X
m? wl/2 L v 2(1—2)

« [E”j%q + “jvt E,, (-2 (1-/aA-wa —z)))i| ,

forv e (0,1].
Proof In view of formulae (2.10) and (3.18) we have that

Pr{X(7,(1)) € dx, Y (Z3, (1)) € dy} (3.24)

D Pr{X (%, (1) € dx, Y (F5, (1)) € dy| N(Fy, (1)) = k} Pr{N(Z, (1)) = k}
k=0

1 )k/z 00 ik (Atv)r
= dxdy X w 2(1—w) 2u2v(x Y, t;c W)dWZ (1 k+1 Z( 1) ( )F(vr+1)

r=k

The double sum appearing in (3.24) can be further treated as follows:

(1—W)k/zr( +1) - Ay
kz:(:J F(-)F(ﬂ) E( n ( )r(w+1) (3.25)
00 k W)k/Zl—'( ) . (Atv)r 1 )
ZEWE( )+()F(r+1) Eya(=A8)
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K (1-wIB(5, )& ) () 1 )
- ;E i Z( D ( )F( r+1) EEV’l(_At )

1l D)) " 1 V
o F(VI”+1) Zk(l w) B(E’E)(_l) (k)—i_EE"’l(_At)

r=1

_ s GEu@ny 2y 1N k[T — —\k

r=1

—

+—E, 1(=At")
T

00 qyr+1 vyr 1 _ 1/2 r—
L el (M)J 1—-w) (1-Va-20-w) 'z

r
1/2 1/2
2”r=1 I'(vr+1) 21/ (1—z)/

1
+—E, ;(—AtY
T v,l( )

1 & (-1 r+1A’vr 1 1— 1/2 r—
_ Loy (t)f e e
0

£ T(vn) 21—

1
+—E, 1(=At")
T

1 o) -1 r A vyr+1 1 1— 1/2 r
_ 2m2( (A7) f (1-w) (1—\/(1—2)(1—w)) dz
0

& T(vr+v) 212(1 — z)1/2

1
+—E, 1(—=At").
TT

By inserting (3.25) into (3.24) we have that

Pr {X (%, (1)) € dx, ¥ (%, (1)) € dy} (3.26)

dxdy [Arev 1 1
= XX { J Wi, (x, Y, £ ¢w)dw f (2(1—2))" 12
0 0

2v

i

= (=AM r

X ;0 Ty (1 -1 -2)1 —W)) dz
1

+J (w(1- W))_%UZV(X,_)/, t; czw)Ev’l(—AtV)dw}
0

dxdy (* E, (=Mt
- dxdy J w b (., £ P | A
T Jo (1-w):

—2)2E, (—Mu ~Ja-20- W))) dz}

and result (3.23) easily follows. O
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Remark 3.3 Forv = % formula (3.23) can be specialized, by considering (3.20), as follows:

Pri{X(|IB(t)) €dx,Y(|B(t)])edy} (3.27)

1 _x2+y2
dxdy e 4w
= dw
T ), 4nciwd/?t
E1 1(_Aﬁ) 1 dz
r—-l—?t«/?J —FE11
Vi-w 0 Vz(l—2) *2

X

(347 (1~ ViTw-3))

An alternative form to (3.27) can be obtained by exploiting for Pr{N(|B(t)|) = k} the integral rep-
resentation (2.23) instead of (2.10) and carrying out some steps based on (3.24)-(3.25):

Pr{X(lB(t)I)edx,Y(lB(t)l)edy} (3.28)
1 _x2+_y2
_1e 4tcw 1
= dxdy J (w(l—w)) 2 >—dw [—El 1(—1\/?)4-
0 4mcetw T2

1 k 00 k _¥
_+_i (2 2) W)k/Zf e—lv (AV') e « dv
e o k! mt

x2+y2

2

4tc

2tw

= dxdy J(W(l—w))_' dw [%E%’l(—lﬁ)-i-

1 [® ave ™%
AR et

Remark 3.4 For v =1 formula (3.23) can be rewritten in a more suitable form as

Pr {X(%(t)) edx,Y(F(t)) e dy} (3.29)
dxdye Jl uy(x,y, t;czw)d 1 N At [tV AwIA-2) gy
_ W had
0 wl/2 Vi-w 2 ], v 2(1—2)

T

dxdye™*

¢ rl
= —f uy(x, y, t;c2w)dw
T 0

1 At ()Lt)m(l — w) 2 1 m_1
[ s S0 ]

where u,(x, y, t; c2w) is given in (3.21).
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The expression in square brackets can be rewritten as follows

At Z(At«/lT)’"r() (5+3)

rﬂT (1)

B 1 At AtvT—w)r g2l
S AL n T

B 1 nm Z()mﬂ— ) 1
T e iow r2 (2 +1)

ﬂ:_M (At\/l— ) 1
r2(2+1)°

so that, by the change of variable m + 1 =k, (3.29) becomes

m——l

Pr{X(Z,(t)) € dx, Y (Z(t)) € dy} (3.30)
Ate M uy(x, y,t ) & (At ) dw
= dxd - S
W] &) EE

It can be easily checked that (3.30) integrates to one, by considering that u,(x, y, t; c2w) is a tran-
sition density and then f fRZ uy(x, y, t;c2w)dxdy = 1.

By inserting formula (3.21) into (3.30) we get

Pr{X(Z(t)) € dx,Y(Z(t)) € dy} (3.31)

ixd Ate M Jl 1 0 Te, (x,¥) i (M ) =
2 o 2mcw dt Vettw — (x2+y2) | i 2 (§+%)

= [for wt? = zz]

Ate™H [T 2zt 2 0 Ic, (x,¥) X (A 5\ ds
= dxdy 2 JZ 2t2 ¢ 0z 2,2 24 2 Z(E tz_zz) 2(k 41
o 2mcs V-2 D ] 5 r(5+3)

k
— ded Ae M ti 1c, (x,¥) i A =1 dg
N Xy277:c oz 2.2 _ (42 2 2t 5 2(k 1
0 V2 —(x2+y2) | = r (2"'2)

We can recognize in (3.31) the following expression

k-1
Ae M & [ AV itz —u?

S= r2(;+2)

which represents, for |u| < t, the distribution at time t of the projection on the horizontal (or,
equivalently, vertical) axis of the planar motion changing directions at Poisson times, performed at
speed equal to 1 (see formula (1.3) in Orsingher and De Gregorio (2007), for ¢ = 1). This motion
can also be regarded as a telegraph process changing velocity, randomly, at Poisson times (see, for
details, Stadje and Zacks (2004)).

=q(u;t),
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Therefore we finally get

Pr{X(Z(t)) edx,Y(F(t) edy} (3.32)
_ dxdy L9 lc, (x,¥) )
e J;) 0z [\/szz — (x2 _,_yz)] 9(z; t)dz

t
dxdyf uy(x, y,z;¢3)q(z; t)dz.
0

The distribution (3.32) is concentrated in a circle of radius ct and therefore has a different nature
than all the other distributions (3.23), which are positive-valued on the whole plane. In effect
(3.32) represents a cylindrical wave expanding on a circle with random radius, whose distribution
is related to a telegraph process with random velocity.

4 Alternative forms of fractional Poisson processes

We present now two different versions of fractional Poisson processes obtained by following an
approach alternative to that used in Section 2.

The first process we construct here, denoted by N, (t),t > 0, is obtained by replacing the facto-
rial function in the Poisson distribution with the Gamma function and writing the probabilities as
follows:

k
() ! k=0 “4.1)

Prill () =k} = Fvk+DE, (A"

where A >0,0<v < 1.

For v = 1 the distribution (4.1) coincides with that of the homogeneous Poisson process. The process
with one-dimensional distribution (4.1) can be viewed as a fractional version of the Poisson process
because the Mittag-Leffler function emerges as the counterpart to the exponential function in the
analysis of equations with fractional order derivatives. Nevertheless some basic properties of the
Poisson process are lost when considering (4.1): in particular the independence of increments on
non-overlapping intervals.

It is easily ascertained that

Ev,l(ls)

Pe{1y > ts| T} >} = s

(4.2)

where T} = inf{z N, ()= 1} and thus (4.1) loses the lack of memory property of the Poisson
distribution.

We note that the distribution (4.1) can be expressed in terms of the k-th factorial moments of the

first-type fractional Poisson process .4;, given in (2.9), as follows:

E{A(t)... [ A (6) =k +1]}
kIE, 1(At) '

Pr{N,(t) =k} = (4.3)
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The probability generating function of (4.1) reads

o0

G,(ut) = Zuk Pr {I\AIV(t) = k}
k=0
E, 1(uAt)

Ev,l(kt) ’

which can be compared with (2.6) of the first model.

We note that the function G, (u", t) is a solution to the fractional equation

oG, (", t
% = AtG, (u", 1), O<v<l,
with the initial condition G, (u",0) = 1.

Indeed we can check that

2"G,(u",t) 1 2 (Ae)k 1 “d
ou” - E,1(At) S r(vk+1)T(1-v) ), dv
1 2 (Ab)kuvk
= = )LtG V, t).
E, () & Tw(k—1)+1) V0
The mean value of the distribution (4.1) is
~ At E,  (At)
EN, (t) = — 22
V(0 v E,1(At)
while the variance reads
VarI\AIV(t)
_ EEV,V—]_(}’t) + EEV,V(At) . Ev,v(kt)
Vz Ev,l(lt) 'Vz Ev,l(kt) Ev,l(lt)

AtE,, (A EN,(0) _
= —— 1 —vEN, .
v2 E,1(At) + v { v V(t)}

We note that, for v = 1, the expressions (4.6) and (4.7) coincide and thus
EN;(t) = VarN;(t),

as happens in the standard Poisson case.

— [v”‘] (u—v)Vdv

4.4

(4.5)

(4.6)

4.7)

We will consider now a sequence of a random number of non-negative i.i.d. random variables with
distribution function F(w) = Pr (X; <w), i > 1, under the assumption that this random number is
represented by N, (t). The distributions of the maximum and the minimum of this sequence can be

written as follows
E, 1(AtF(w))

Pr{max (X sy X 73 ) < w} =
D E, 1(At)
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. E, (At[1—-Fw)])
Pr {mln (Xl,---,Xﬁy(t)) > W} — vl 00 . (4.9)

We can compare result (4.8) with the analogous distribution obtained for the fractional Poisson
process of the first type, .4, in (2.34): we note that they display similar structures and coincide for
v =1.

Moreover we define a fractional counterpart of the compound Poisson process as follows

Ny (6)

Yﬁv(t) = Z X

i, t>0

j=1
and we obtain explicitly the characteristic function that satisfies the following relationship

Eel®%R0 = M (4.10)
Ev,l(lt) '

= G, (]Eei“X, t) .

The distribution of the waiting time of the first event T is equal to

pr{Ty >t} =Pr{N (t):o}zé. (4.11)
! Y Ev,l(kt)
For the waiting time of the k-th event T, we can write that

pr{ryedt} = Pr{N,(t)=k—1,N,[t,t+dr)=1} (4.12)

= Pr{N,()=k—1} —Pr{N,(t) =k —1,N, [t,t +dt) #1},
where we assume that {ﬁv [t,t+dt) # 1} = {ﬁv [t,t+dt)= 0} , up to some infinitesimal function

of dt.

We construct now the third version of the fractional Poisson process (which we will denote by
A, (t),t > 0), by assuming that its interarrival times U; coincide in distribution with the waiting

time of the first event of the first model, i.e. T, = inf{t : A, (t) = 1}. Therefore we deduce the

distribution of the r.v’s representing the interarrival times, Uj, j = 1, from (2.11), as follows
Pr{u; >t} =Pr{1} >t} =Pr{A,(t) = 0} =E, 1 (—At") (4.13)
and then (in view of (5.2) in Appendix)
pr{U; edt} = A" 7E, ,(—At¥)dt, (4.14)

forany j>1,A>0,t>0and 0<v <1.
By taking the Laplace transform of (4.14) we get

+o00 7&
“HprdU. edt! = 0. .15
[ emefy o stz un s
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Therefore the moment-generating function of the waiting time of the m-th event T, = U; + U, +
... + U, can be rewritten as

Ee #Tn = > \" (4.16)
A+ uY '
+00 , tm—le—lt

= WM ————dt
L ¢ r'(m)

+00
— f e W ig(t; A, m)dt,
0

where g(t; A, m) is a Gamma density of parameters A, m.

We can obtain the distribution of the new process A, (t), t > 0, from that of the interarrival times
Uj, as follows:

pr{#,(t)=m} (4.17)
= Pr{Uj+..+U,<t, Uy +..+ Uy >t}
Pr{U;+..4+ U, <t} =Pr{U;+..+ Uy <t}

= pr{Ty <t}-pr{T) <t}

From the analysis presented above we see that the r.v.’s representing the increments between two
successive occurrences, i.e. A, (T)) — A, (Ty_;), m > 1, are independent. However, since, for
arbitrary time instants t;_;, t;, the r.v’s N (t i)— N (t j—1) are not independent, the process is not
endowed with independent increments.

Remark 4.1 We note that, from (4.17),
f e P, () =K}
0
[ee} t t
= J e M U Pr{U; + ...+ U, € ds} —J Pr{U;+ ..+ Ui € ds}} dt
0 0 0

1 o0
= .EJ e ™ [Pr{U;+..+ U eds} —Pr{U; +... + Uy, €ds}]
0

1 A k A k+1 ‘U/V_lkk
AT ()

This coincides with the result of Remark 2.4 and thus the one-dimensional distributions of the first
and third models coincide.

Another representation of the distribution of the fractional Poisson process is given in the next
theorem.

Theorem 4.1 Let f,(-;t) be the density of the stable rv. S,(u,,0), where y = 0, f = 1 and
o = (tcos v /2)Y", then the distribution of the process A, (t),t > 0 defined by (4.17) and (4.13) is
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given by
Pr{#,(t)=m} (4.18)

t 0 e—lukmum—l e—lukm+1um
J dzf fv(z;u) |: — :| du
0 0

(m—1)! m!

= AJ dzJ folz; W) [Pri{N(u) =m—1} = Pr{N(u) = m}] du,
0 0
form>1 and
Pr{#,(t)=0} =E,;(-At"). (4.19)

Proof In order to write down explicitly the distribution (4.17) we recall that the factor e ™*'*
appearing in (4.16) is the Laplace transform of the stable law f,,(-;t) (see (2.19)), therefore (4.16)
can be rewritten as

+o00 [ 00
Ee MTn = J ( e M, (z; t)dz) g(t; A, m)dt. (4.20)
o \Jo
From (4.20) we can infer that, for m > 1,
Pr{T:l € dz} =dz [ fv(z;t)g(t; A, m)dt, z>0. (4.21)
Jo

and the first expression in (4.18) easily follows. Formula (4.19) is derived by considering (4.13). O

Remark 4.2 By considering the equation governing the standard Poisson process, we can rewrite

(4.18) as
Pr{#,(t)=m} (4.22)

fdzJ fv(z;u)iPr{N(u)zm}du
0 o du

—J dzj if,,(z;u)Pr{N(u)zm}du.
o o Ou

In the standard case v = 1 it is easy to check that (4.21) reduces to the Gamma distribution repre-
senting the waiting time of the m-th event, since f;(z;u) = 6(z — u):
o
Pr{T,dz} = dzf 6(z —u)g(u; A, m)du
0
= g(z;A,m)dz,

while (4.18) and (4.19) coincide with the standard Poisson distribution:
pr{#1(t) =m}

= Af dzf 6(z—u)[PriN(u)=m—1} —Pr{N(u) =m}]du
0 0

= AJ [Pr{N(z)=m—1} —Pr{N(z) =m}]dz
0

= Pri{N(t)=m},
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form>1 and .
Pr{ﬂl(t) = 0} =e M,

Remark 4.3 Forv = = the density f 1(2; t) has the following explicit form

_2
e 4

‘/_ \V 27'cz

which coincides with the limiting case, for u — oo, of the Inverse Gaussian distribution, defined as

A _)L(z—zu)z
z;t)= e 4wz A,z>0,
fz0 V 2723
for A = t?/2.

Therefore, for v = % and m > 1, (4.21) reduces to

filz )=

z,t >0,

[2
dz % Ampm g™ a M
Pr{Tl/2 € dz} dt, z>0. (4.23)

(m—1)! V2 \/ 2mz3

Analogously the distribution of the process given in (4.18)-(4.19) becomes, for v = %,

Pr {71/2(0 = m} (4.24)
_ ue = (Au)™ 1 (Au)m p
- 2f m—11 m |
form > 1 and
Pr{# () =0} = E%,l(—kﬁ). (4.25)

Formula (4.24) suggests a first interpretation of the distribution, in terms of a Rayleigh r.v. R,, i.e.

_u?
ue +=du

2 z,u>0,

Pr{R, edu} =
as

PI' JVl/z(t) == m}

= \/_J [Pr{N(R,)=m—1} —Pr{N(R,) =m}].

1824



We can obtain a further alternative expression of the distribution Pr {71 ;2(t) = m} ,m=>1,in
terms of the first model, by means of an integration by parts in (4.24):

Pr{#1/2(t) = m} (4.26)

(m—l)!ﬁj;ﬁ . ¢ o

_ = Du™2 — 2201 Aur d
m B e e 4 (m— )Ll - u + m u
_ e[ - u[(xu)m—Z_z(xu)m‘l W)’"]du
Jo s Nh (m—2) (m—-1)! m!
- AZJZ O %[Pr{N(u)—m 2} —2Pr{N(u) =m—1}+Pr{N(u) = m}]du
_ Azf [Pr{%/z(z)zm—z}—2Pr{,/$/1/2(z):m—1}+Pr{</‘/1/2(2)=m}] dz,
0

where, in the last step, we have used result (2.23).
If we now take the first derivative of (4.26) we obtain

1/2 1/2

d — d
EPr{Wl/z(t)z m} =2 [mpr{%/z(t): m-— 1} — mPr{Jfl/z(t)zm}}

by considering that Pr {JVl ;2(t) = m} solves equation (2.1), for v = %

5 Appendix

We note that the following identity for the Mittag-Leffler function hold:

1 1
_E—V,].—V (—) = _Ev,l (x), (51)
X

X

for 0 <v <1 and x # 0. In order to prove (5.1) we use the contour integral representation of the
inverse of the Gamma function, so that we can write

00 (l)k
_; r(—vk+1—-v)

1
X
00
— E%Z(E)kf ett—1+vk+vdt
X 4Tl X
11

: .Y
27mi Xt



For the derivatives of the Mittag-Leffler function the following results hold

d 1
EEV,I(X) = ;Ev,v(x)

d 1 1—v
HE'V,’V(X) = ;Ev,Zv—l(X) + TE’V,ZV(X)5

as can be checked by simple manipulations.

We can also show that

E,—y (x)
X xm—l

F(—v)+1“(,u—v) +m+1“(,u(m—1)—v)’

= X"E, ym—y (X)+

for u,v > 0 and for any integer m > 1. The relationship (5.3) can be derived as follows

Ey—y (x)

00 r+m

B X
- Z I(u(r+m)—v)

r=—m

o0 r+m 1 x xm—l

x
- Zf(u(r+m)—v)+F(—v)+F(u—v) +"'+F(u(m—1)—v)'

r=0
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