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1 Introduction

Let {b,(t),t € R} be the fractional Brownian motion with parameter 0 < o < 1.
Consider ¢, a positive kernel with L' norm equal to one, and let . (-) = %gp(g) and
then define 0% (t) = ¢. * b, (t), the regularized fractional Brownian motion.

Recently, there has been some interest in modeling a stock price X (¢) by a frac-
tional version of Black-Scholes model (see Black and Scholes (1973)), say:

dX(t) = X(t)(o dby(t) + pdt),

with X(0) = c and a > 1/2 (see also Cutland et al. (1993)). More generally, let X (%)
be the solution of
dX(t) = o(X(t)) dbs(t) + p(X(t)) dt,
with X (0) =
First, assume that p = 0. The model becomes
dX (1) = o(X (1)) dba (1),

with X (0) =

Lin (1995) proved that such a solution can be written as X (t) = K(b,(t)) where
K is solution of the ordinary differential equation K = o(K) with K(0) =

We shall consider the statlstlcal problem that consists in observing, instead of
X (t), the regularization X,(t) := 1 erOO (t —x)/e)X (z)dz with ¢ as before and to
make inference about o(+). To achleve thls purpose we establish first in section 4.1.1
a convergence result for the number of crossings of X.(+), using the following theorem

(Azals and Wschebor (1996))

Theorem 1.1 Let {b,(t),t € R} be the fractional Brownian motion with parameter
0 < a < 1. Then, for every continuous function h

\/z% /+Oo z) NP (z) da 1
_ \/>/ )12 ) du = [, )

= " (z) da,

—OO

where %% denotes the almost-sure convergence, N’ (z) the number of times the
regularized process b, (-) crosses level o before time 1, Z.(u) = e~ (u) /o9, with

o2, =V [5(1_0‘)5‘3@)} , and process £% () is the local time in [0, 1] of b,(-) at level x.

To show the result quoted above for X.(u), we shall use the fact that X.(u) is
close to K (b5 (u)) and X, (u) is close to K (b%(u))bs(u) = o(K(bS,(u)))bs,(u), and this
enables us to prove that

\/g 0 / ;‘” h(e)NX () dz ~ \/g / O (5 (0)))or (B 85 (1)) | - 1) s




converges almost surely to

—+00

| K@ )oK b)) du = [ hE @)X = [ b @) .

—00

where (% (-) is the local time for X in [0, 1].

Now suppose that }l < a < %, we have the following result about the rates of
convergence in Theorem 1.1 proved in section 3.4: there exists a Brownian motion

W(-) independent of b,(-) and a constant C, , such that,

{\/; - z) NP () do — /_ Z h(x)% (x) dx}

NG /0 (o (1)) ATV (1),

Using this last result for Loa<s 4, we can get the same one for the number of
crossings of the process X, (- ) and we obtain in section 4.1.1

it Do~ [ ha)o() @) as]

2.c, /0 h(X (w)o (X (u)) AW (u).

A similar result can be obtained under contiguous alternatives for o(-) and pro-
vides in section 4.1.2 a test of hypothesis for such a function.

We study also the rate of convergence in the following result proved by Azals and
Wschebor (1996) concerning the increments of the fractional Brownian motion given
here as Theorem 1.2.

Theorem 1.2 Let {b,(t),t € R} be the fractional Brownian motion with parameter
0<a<l1. Then, forallz € R andt >0

bo(u+ ) — by (u)

€24

/\{Ogugt: §x}ﬁ>tPr{N*§x},

where vy, = V[bo(1)], X is the Lebesque measure and N* is a standard Gaussian
random variable.

This result also implies that for a smooth function f, we have for all t > 0

/Otf (ba(u te) - ba(U)) du 55 (R [F(N")]. (1)

EY9q
It also can be shown for regularizations b (u) = @, *b,(u), where gog( ) =10(2), ¢
defined before. Tn the special case where ¢ = 1;_1 g, we have £bf, (u) = bo (u-te)—by (u).
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Hence, we can write (1) in an other form say, for all t > 0

b e (u a.s.
/o f<A> du == tE[f(N7)]. (2)

02q

We find the convergence rate in (2) for a function f € L?*(¢(x)dx) where ¢(z)dz
stands for the standard Gaussian measure. We can formulate the problem in the
following way:

Suppose that gN)(z) = f(z) — E[f(N*)] is a function z'n L2(¢( )dx), whose first
non-zero coefficient in the Hermite expansion is ay, i.e. g™ (z) =30 a,H,(2),
(N > 1) for which ||g™™) 13,6 = >omen aan!. The index N is called the Hermite’s rank.
Find an exponent ala N) cmd a process Xy (-) such that the functional defined by

S(N)( f g )) du converges in distribution to X o (t).
Note that snmlar problems have been studied by Breuer and Major (1983), Ho and
Sun (1990) and Taqqu (1977) for summations instead of integrals.

The limit depends on the value of «, and as stated in Section 3.1, « = 1 —1/(2N)
is a breaking point. As pointed out in Section 3.3, if instead of considering the first
order increments, we take the second ones, then there is no more breaking points and
the convergence is reached for any value of a in (0, 1).

As applications of the previous results, we get in Section 4.2 the following:

t
oo [Nzl B[V ) au 2 X0,
0

and in Section 4.3 we get the rate of convergence in Theorem 1.2 and we obtain that
forall z € R

t
gmalaD) [)\{0 Su<t Z(u) <a}- / Pr(N* < ) du} — Xy (1)
0

giving the form of the limit, depending also of z, and suggesting the convergence rate
in the case where 1/2 < o < 1.

We observe that all the results quoted above for the fractional Brownian motion,
have been considered in Berzin-Joseph and Leén (1997) for the Wiener process (cor-
responding to the case where a = 1/2), in Berzin et al. (2001) for the F-Brownian
motion, in Berzin et al. (1998) for a class of stationary Gaussian processes and in
Perera and Wschebor (1998) for semimartingales.

It is worth noticing that in the case of stationary Gaussian processes the results
are quite similar to those obtained in the present article for N = 2.

The paper is organized as follows. In this section we introduced the problems and
their applications. In section 2 we state some notations and the hypotheses under
which we work. Section 3 is devoted to establish the main results. The applications
are developed in section 4. Section 5 contains the proofs.
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2 Hypotheses and notations

Let {b,(t),t € R} be the fractional Brownian motion with parameter 0 < o < 1
(see for instance Mandelbrot and Van Ness (1968)), i.e. b,(+) is a centered Gaussian
process with the covariance function

1
E [ba(t)ba(s)] = 5 vha | [t1** + |s[** — [t — 5|,

1
I'(2a+ 1) sin(ma)

For each t > 0 and € > 0, we define the regularized processes

. 2
with v, =

bo(t + ) — ba(t)'

EXgq

t+e
b, (t) = 61/ bo(u)du and Z.(t) =
t

We also define, for a C'* density ¢ with compact support included in [—1, 1] satisfying
S plz)de =1,

BE () = l/m o <t — x) bo(x)de and Z.(t) = w

€ J_x g 020

with .
A = [0 0] = oo [ el o) P
2m J_o
(Note that for a = 1/2, 02, = ||p||3 := fj;o ©*(z)dzx.)

We shall use the Hermite polynomials, which can be defined by exp(tz — t?/2) =
Yoo o Hu(x)t"/nl. They form an orthogonal system for the standard Gaussian mea-
sure ¢(x) dz and, if b € L2(¢(x) dz), h(z) = S°°  hy H,(z) and R34 = >0 h2nl.
Mehler’s formula (see Breuer and Major (1983)) gives a simple form to compute
the covariance between two L? functions of Gaussian random variables. Actually, if
ke L*(¢(x)dx), k(z) = >0, ko H,(z) and if (X,Y) is a Gaussian random vector
such that X and Y are standard Gaussian random variables with correlation p then

E[W(X)E(Y)] = hnkanlp". (3)
n=0
We will also use the following well-known property
| Hwotiy = —Hia@o), s e R k21 n

Let g™ be a function in L%(¢(z) dz) such that g™ (z) = >°°° \ a, H,(z), N > 1,

with [[g™[[3 , = Y27 a2n! < +oc.

330



For0<a<1—1/(2N)or a=1/2 and N = 1, we shall write

00 400
(ci)?2 = 22 a?l!/ ol (z) dx
I=N 0

where we define pi (v) = E [Z.(v + u) Z.(u)] and
(e) —’U%a o~ 2a
pal) = pilex) = 5= [ @x@(y)le —y[™ dy
O2a J—o0
1

- L / 2| 3(—y) 2 dy,

2mos,,

where 3(y) = ¢(—y). (If a = 1/2, pa(x) = ¢ + 3(x)/||¢l[3) For o = 1 1, it is casy
to show that

1 02
pa(T) = 5[\:5- + 12 — 2|2** + |z — 1J**] and U% =1
2

Note that for N =1 and 0 < a < 1/2, since [[" po(x)dz =0, (0 2 = (622, and
for « = 1/2 with N =1, ( ) = a}/l|ell3 + ( )

For N > 1 and 0 <t <1, define

t
SM(e) ==V [ g2, (w) du
0

a(a, N) will be defined later.
Throughout the paper, C shall stand for a generic constant, whose value may
change during a proof. N* will denote a standard Gaussian random variable.

3 Results

3.1 Convergence for S (1)
3.1.1 Case0<a<l1—-1/(2N)ora=1/2and N =1

If N =1, let us define A := {k: k > 2 and a; # 0}. We suppose A # () and we define
No = inf{k : k € A,

Theorem 3.1 a(a, N) =1/2 and

1)
SM() = oMW (),

where W (+) is a Brownian motion.
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2) Furthermore,
(a) If1/(2N) < a <1—1/(2N)
(B(), SP()) == (ba(-), oW ()
(b) If1/(2Ng) < a < 1/2 and N = 1
(B(), S () == (bal), oW ()5
(¢c) Ifa=1/2 and N =1
(05.(), SD()) 2 (bo(), 75

_ . U(NO)A. )
’||<,o||gb°‘()+ o "W())

The processes by(-) and W() are independent. The convergence taking place in 1)
and 2) is in finite-dimensional distributions.

Remark 1: If the coefficients of the function ¢™ verify the condition

o0

Z 32k ay| < oo,

k=N

(¢f. Chambers and Slud (1989), p.328), the sequence Sg(N)(-) is tight and the conver-
gence takes place in C[0, 1] for 1) and in C[0, 1] x C[0, 1] for 2). This will be the case
for ¢g™) a polynomial.

Remark 2: In case 1), when 0 < aw < 1/2, (N = 1), note that oM = oM,

Remark 3: In case 1), when 0 < o < 1/2, (N = 1) and a;, = 0 for k > 2,
(i.e. A =), the limit gives zero, so the normalization must be changed; in fact in
this case, a(a, 1) = 1 — o is the convenient normalization and St () converges in L2
towards a1b,(+)/024; this last result is also true when o > 1/2.

D

Furthermore with this normalization, for 0 < oo < 1, (05,(+), Sél)(-)) — (ba(")s 72=0a(+))-

3.1.2 Casea=1-1/(2N)and N >1

Theorem 3.2 a(a, N) = § and
(b5 oy () I(e )] 728 () 2 (haogom) (), V2NT[(1=55) (1= )N (222N ay W (),

02-1/N
where W (-) is a Brownian motion and the processes bi_1/an) () and W(-) are inde-
pendent.

The convergence taking place is in finite-dimensional distributions.
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3.1.3 Casel—1/2N)<a<1
Theorem 3.3 a(a, N) = N(1 — «) and for fized t in [0,1]

o= ) [ f (5.
ﬂ (MAJT”) AW ) ... dW (),

=1

where
exp(itA) — 1

A
Remark: Note that for N =1 (o > 3) the limit is -2

pLet

Kt()\) =

ba(t).

3.2 Rate of convergence for Sg(l)( t)and 1 <a <1
Remember that for 1 < a < 1, SV(t) = 1% o [5 Hi(Z(u)) du. We shall

prove that for fixed ¢ € [0,1], Sél)(t) converges in L? towards ﬁba(t) (see the
02
remark below Theorem 3.3). We can also give the rate of this convergence using the

three last theorems. Let consider A = {k : k > 2 and aj, # 0}. If A # (), we define
No=inf{k: k€ A} and for 0 <t <1,

g d(e:No) (sS)(t) - ﬂ%(t)) A

V(t) = 1 o
e (Sg( ‘(1) — —ba(t)) , otherwise.

02a

The exponent d(«, Ny) will be defined later.
We have the following corollary.

Corollary 3.1 1. IfA # 0,

(i) For 3 <a<1-— 2No

1
Aoy No) == 5 and Vi) = oW (),

where (o{")?2 —QZl N @ lfo pL(
(11) Fora =1 — d(a No) LO and

2N’



(iii) For 1 — ;3= < a <1, d(a, No) = (No — 1)(1 — a) and for fized t in [0, 1],
No 400 +00 0
)[R

U (A I\ |—*—a) AW (A1) ... W (Any ).

Vo(t) £ /Nolan, (

2. IfA=0, for 3 <a<1,

V() 2 2 e [B() - B(0),

O2a
where cop =V [ffooo o(x)by () dx| and B(-) is a cylindrical standard Gaussian pro-

cess with zero correlation independent of b, (). The symbol L, means weak conver-
gence in finite-dimensional distributions.

Remark: Statement 2. is also true for 0 < o < % with the same definition for Sél)(-).

3.3 2"_grder increments

Instead of considering the first order increments of b,(+), we study the asymptotic be-
haviour of the second order increments. We also get convergence for the corresponding
functionals to a Brownian motion for all the values of a in (0, 1).

Thus, if ¢ is now in C? instead of in C*, we define

~ 82_0‘63(10
Za(u) = T?
with N
aje 1 > _2aq] A
=V [ ] =5 [l e

Note that if ¢ = @1 * @ with ¢1 = 1_1,9) and @y = 1] then EQBZ(U) =bo(u+e)—
200 (1) + bo(u — €).
Now for N > 1 and 0 <t < 1, define

S0 = = / 9™ (Z.(w)) du,

where we suppose as in Theorem 3.1 that A := {k : k > 2 and a; # 0} is not an
empty set and we define Ny = inf{k : k € A}. With the technics used in Theorem
3.1, we can prove Corollary 3.2.
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Corollary 3.2 For0 < a <1,
(i) SM() = G,
Furthermore,
(11) If 1/(2Np) < ae < 1,
(b5, 5 ()) = <ba<->,agNo>vAv<~>>7
where we have noted ( ) =23 ", ail! fo (x)dz, po(z) =E [Ze(ex +u) Z(u)].
Remark: If A =( (N = 1), the convenient normalization for 5'5(1)(75) is 7! and in
this case for 0 < a < 1, (65.(+), () == (ba(), @102 /F2a(B(-) — B(0))) where B(+)

is again a cylindrical standard Gaussian process with zero correlation independent of

ba ().

3.4 Crossings and Local time

Let us define the following random variable

nuh) =0 [ | [N ) - )]

— 00

where N (z) is the number of times that the process bZ,(-) crosses level x before time
1 and %=(-) is the local time for the fractional Brownian motion in [0, 1] (see Berman
(1970)) that satisfies, for every continuous function h

/_+OO h(z)*(x)dor = /01 h(ba(u)) du,

o0

and then by Banach-Kac (Banach (1925) and Kac (1943)) Y. (h) can be expressed as

Y. (h) = h(bS,(u \/>|Z |du— ( o(u)) du.
Using Theorem 3.1 2)(a) we can get Theorem 3.4.

Theorem 3.4 Let h be C° such that |h® (z)| < P(|x|), where P is a polynomial.
(i) If 0 < o < 1, then e(,2) = 2a and

+oo
Kmp/ ﬁb d:v—Kow/

where Ko, = 4o (ffooo Jo @)z —yl*e diﬂdy) :
(it) If 1 < o < 2 and furthermore h is C* such that |h(z)] < P(|z|), then e(a,2) =

% and Y. (h) converges stably towards a random variable Y (h)

V(1) = Cuy [ hlba) i),
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where C2 =23 a3 (21)! [.7°7 p2(x) da and ay is defined by Vil 1=
S anHy(z) == g ().

Remark 1: If 0 < a < %, Theorem 3.4 is true under weaker hypotheses. Indeed,
if 0 < a < 1, it is enough to ask for h € C* with |h®(z)| < P(|z|), and if o = 1, for
h € C? with |h(z)| < P(|z]).

Remark 2: It can be proved that, under the same hypotheses as in (ii) and
for general f, with (2 + §)-moments with respect to the standard Gaussian measure,
0 > 0, even, or odd with Hermite’s rank greater than or equal to three,

2| s an- el [ beaw)an] 2 o [ oo,

where C, ,(f) is similar to Cy,, but now ay are the Hermite’s coefficients of f —
E(f(N*)). So taking, f(z) = \/F|x[, we can see the last convergence as a generaliza-
tion of (ii).

Remark 3: If h = 1, the convenient normalization for X.(h) is e(a,2) = 3 but
forall0 < a < 3 and we can prove that \/Lg fjg[ﬁ%]\ffa (x) — £ (x)] dz converges
in distribution towards C, ,W (1) by Theorem 3.1 1).

4 Applications

4.1 Pseudo-diffusion
4.1.1 Estimation of the variance of a pseudo-diffusion.

As is well-known, the process by () is not a semimartingale. Thus we cannot, in
general, integrate fo u) db, (u) for a predictable process a(-). However if the coeffi-
cient « is greater than =, the integral with respect to b,(-) can be defined pathwise
as the limit of Riemann sums (see for example the works of Lin (1995) and Lyons
(1994)). This allows us to consider, under certain regularity conditions for x4 and o,
the “pseudo-diffusion” equations with respect to b,(-)

X(t):c—i-/o U(X(u))dba(u)—I—/O (X (u)) du,

fort >0, a > % and positive o. We consider the problem of estimating o when p = 0.
Suppose we observe instead of X (t) a regularization X.(t) = 1 [*° (=) X (x) dz,
with ¢ as in section 2, where we have extended X (-) by means of X (¢ ( ) = ¢, if
t < 0. It is easy to see that the process X (t) has a local time ¢X(z) in [0, 1] for
every level z, in fact we have (X (x) = (% (K~1(z))/o(z) where K is solution of the
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ordinary differential equation (ODE), K = o(K) with K (0) = ¢. Considering NX (z)
the number of times that the process X.(-) crosses level x before time 1 and using
Theorem 1.1 we can prove:

Proposition 4.1 Let § <a <1, ifh € C° and o € C* then

Voo [ o ar = [ h@e@ewar

2 020 J—00 -0

Moreover, using Theorem 3.4 (ii) we can also obtain the following theorem.

Theorem 4.1 Let us suppose that % <a< %, h e C* o€ C* o is bounded and
sup{|c@(2)], |h(4)(x)|} < P(|x|) where P is a polynomial, then

\/Z — 7 YN () dz — /Z h(z)o(x) X (x) dz],

converges stably towards

Cs / B(X (1)) (X (u))dTV (1),

2

Here, /V[7() is still a standard Brownian motion independent of b,(-), C7 , given by

+o00 +00 +OO
i, = 22(@(21)!/ pw)dv and ¢@(x \/>\x| —-1= a2lH21( ).
=1 0 I=1

Remark: This type of result was obtained for a class of semimartingales, and in
particular for diffusions, in Perera and Wschebor (1998).

4.1.2 Proofs of hypothesis
Now, we observe X.(-), solution of the stochastic differential equation, for ¢ > 0,
dX (t) = 0.(Xc(t)) db,(t) with X (0) = ¢,
X.(t) = ¢, for t < 0 and we consider testing the hypothesis
Ho :0.(-) = 0o(),
against the sequence of alternatives

H. : Us(') - UO(') + \/gd() + \/EF(a \/g>7

where F(-,0) =0, 0o, d and F are C’l
Let us define the observed process Y (-
2. We are interested in observmg the followmg functlonals

{\[2 020 _ (@) (z) dz — /0 B(X )oK (u)) ]

Using Theorem 3.1 2)(a) we can prove Theorem 4.2.

=1 fﬂo =2) X (x) dz with ¢ as in section
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Theorem 4.2 Let us suppose that 3 <a <2 heC* oygcC deC? Fel,

oo is bounded and Sup{|00 ()], |h ( )|, |d®? ( )|} < P(|z|) where P is a polynomial
then T.(h) converges stably towards

s [ HOCEIRCX T )+ [ HOX @A)

where X (-) = K(by(+)) = lir%XE(~), and K is solution of the ODE, K = 0o(K) with
K(0) =c and I7V\() is a standard Brownian motion independent of X (-).

Remark 1: There is a random asymptotic bias, and the larger the bias the easier it
is to discriminate between the two hypotheses.

Remark 2: We can consider the very special case h = 1 and o( constant. The limit
random variable is

1
Ca7@00N* + / d(O'Oba<’LL) + C) du.
0

Recall that the two terms in the sum are independent.

4.2 [(-increments

Let
t
S(t) = g—a@?)/ {|Z5(u)|ﬁ —E[IN*7] } du, for 3>0and0<t<1.
0

&€

As an application of Theorems 3.1 1), 3.2 (i) and 3.3, we obtain the following corollary.

Corollary 4.1 (i) If0<a <2

1 —
a(@,2) = 5 and SP() 2 oW (),

where
) 9B+1 | X ! _1)i-» 1 oo
(05 == >_(2) <;} (Qp)'((l—)p)!Zl N ﬁi))/g p2(z) da
(it) If a =3
8/2-1 V2
a0,2) = 5 and (V)] E820) 2 P2 (a4 1)/2) 2T ().

4\/7 o3 1o



(i) If 3 < a < 1,

2 B-1)/
a(a,2) = 2(1—a) and for fired t in [0,1], SP(t) £, —62 ﬁ\/; 2F (ﬁ; 1) ( 21 )2
TO2¢

«(f T RO AN Rl aw ) aw ().

—00 —0o0

4.3 Lebesgue measure
Let

¢
SMt) = e @VIN0 <u < t, Z.(u) < IL‘}—/ Pr(N* < z) du] for x e Rand 0 <t <1,
0

Thanks to Theorems 3.1 1) and 3.3 we have the following corollary.

Corollary 4.2 (i) If 0 < a < 1, a(a,1) = 5 and

SM) = oW,

uhere (03" = 235, HE o (o 02(@) | Jy™ () dy.

(it) If a =1, a(a,1) =% and

SA) 2 02T () - %bam.

(i) If 3 < a <1, a(a,1) =1 — a and for fized ¢ in [0,1]

M) £ mCorn

Remark: In case (ii), if ¢ = 11—y g, then( ) =23 (l+1 Hl2 ()% ().

Thanks to Corollary 3.1.1 we can give the rate of convergence when % <a <l
Indeed for 0 <t <1 and x € R*, let

V;‘(t) — od(@2) (Ss)‘(t) + P(x) ba(t)) '

02a

We have the following corollary.

Corollary 4.3 (i) If + <a <3, d(a,2) =a— 1 and

V) 2 oW (),

e
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where a§\2) 15 the same as previous corollary.
(it) If a = 3, d(a,2) = 1 and
2
p 3 V3o =
SEW(.

8 ag /2

(iti) If « > 3, d(a,2) = 1 — a and for fived t in [0, 1]

roe)(—=—)" [ T KON R AW () A ().

27T02a o0 —o0

5 Proofs of the results

5.1 Asymptotic variance of SS(N)(t)

5.1.1 Case where 0 <a<1—-1/(2N)ora=1/2and N =1
Proposition 5.1 a(a, N) =1/2 and E [SE(N) (t)]2 — t(oiM2.
Proof of Proposition 5.1. By Mehler’s formula (see Equation (3))

E [S™M(1)] Z2zv/t—u N w) du.

If we let u = ex, we get

E[S —22&21'/ (t —ex)pl () d.

But |p.(7)| is equivalent to 22 2a|2a — 1|v3, /03, when x tends to infinity and is
bounded from above by C 22972,

Since a < 1—1/(2N) or @ = 1/2 and N = 1, [|g™M |} , < 400 and |pa(z)| < 1, we
can use the Lebesgue’s dominated convergence theorem to get the result. O

Proof of Theorem 3.1. 1) We give the proof for the special case where N = 2
(0 < o < 3/4) to propose a demonstration rather different than in 2)(a). Using the
Chaos representation for the increments of the fractional Brownian motion (see Hunt
(1951)), we can write

/ lexp(iAt) — 1]|A|” a3 dW (A,

ﬂ\

thus

/ exp(iAt)iAG(—Ae)| A 772 dW (M),

02a
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making the change of variable x = €\ in the stochastic integral, we get

1 1 [* at\ ol
Z.(t) = Tomom /_Oo exp (z?> izp(—x)|x|"* 2 dW (2).

We shall consider the following functional

SA(t \/—/ du—\/_/ @(Z.(ex)) du,

where the function ¢'® verifies E [¢®(N*)] = 0 and E [N*g®® (N*)] = 0. Notice that
Z(x) := Z.(ex) is a stationary Gaussian process having spectral density

2| () ?
2103, |x|2ett’

foc(x) =

The function f, belongs to L? only if 0 < a < %. The correlation function is

pa(z) = /_ N exp(1yr) fa(y) dy

e}

Now, for ke N* and 0 =tg < t; <ty < --- <y, let

2 Z@z 5(2) S @) ( i-1)),

where t := (tg,..., %) and oy, t = 1,..., k, are defined by

&
QG = k 19
Do et —ti)]?
while ¢;, j = 1,...,k, are real constants. We want to prove that

e—0

where . .
(c!)? =2 Z a?l! ol (z) dx

1=2 0

Let .
SEL) =" aulSE, (k) — SO (ti-1)]
=1

where

First, let us prove the following lemma
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Lemma 5.1

“+o0o
where ( =2 Z a?l! /

Proof of Lemma 5.1. Let n be the integer part of 1 =, ie. n:= [1/e]. To study the

weak convergence of 557 M( ) it is sufficient to consider that of Sm])\/[(t) where

) ti —ti1 Lt )
S Z N [ e

nt; Lnti—1J nt;—1)

N [nti]
S Z = [ @),

nt Lnti,lj [nt;—1]
where Z(™)(.) is an approximation of Z(-) defined as follows, let v defined by

_[201-2]), —3<2<y,
V(w) = { 0, otflerwise. ’
Note that [ (z)dz = 1. Let ¥(z) =9 x¢(x) and £(N) = 5= ¥ (A)/¥(0), then ¥ > 0,
supp¥ C [—1,1] and [£(N)dA = 1. We define £0)()\) = mé(mA) and

“+o00

Z0(z) = / explizy)[fa ] () AW (3).

o0

Then (Z(z), Z™(z)) is a mean zero Gaussian vector verifying

E[Z(0)Z(2)] = palx),  E[Z0(0)2(2)] = pa(2) ‘I’% 7;”0,
and
E[Z(2)2"(0)] = r"™(x) = / " expliag)falF0)[fo * €T () y

The covariance for Z(™)(-) has support in [—~m,m] and thus Z(™ () is m-dependent.

2
Lemma 5.2 gives the asymptotic value of E [Sff])w(t) — 57(5}\7) (t)
Lemma 5.2

E[52(6) - &7 (0] < kel — 0,

n
’ m—-+00
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where

o = Ayt ([ + ()

([ - pa@))zd;)% ([T e [ - M) 4

Proof of Lemma 5.2. Let

N [nti] .
Xi=a2le s | @) gl Zw)ar = an AT
i] T i—1 nt;—1

Applying the Schwarz inequality (Z’?_ ai) < k(Z@ ) l) to a; = aj/ti —t;_1 Y;

and since Y_F a?(t; —t;_1) = 1, it is enough to prove that E[V;]* < c§4> Notice that
2

E[Y]* =E [S( ) — 5&m } where

LTLt J Lnt 1J M Lntd — Lnti_lj 7M

,g}v,:\/_/ )) dz and Sf]\;”)_\/_/ (2 (x)) da.

Applying Lemma 4.1 of Berman (1992), which gives the required inequality not ex-

actly for gj(\j) but for an Hermite polynomial H;, and Mehler’s formula (see Equation
(3)), we get Lemma 5.2. O

Now, we write Sffj’(;) (t) as

Jn
- g bz,nfl ;
=1

Qi tj—t

where In = Lnth’ biv" - W

for |nt;_1] +1<i<|nt;], j€[l,k] and

- / " gB(2) (2) da.
7—1

{&}ien+ 1s a strictly stationary m-dependent sequence (and then strongly mixing se-
quence) of real-valued random variables with mean zero and strong mixing coefficients
(Ba)no. Furthermore, >0 b2, =1 and lim,, .| o max;e( 4, [bin| = 0.

On the other hand, as in Rio (1995), defining

1

Man(Qe,) = / 157 (4/2) Qe (1)

pHE/2)
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where @Q¢, is the inverse function of t — Pr(|&1]| > t), B(t) = By the cadlag rate
function, 3~! the inverse function of this rate function /3.

We have 1
Mea(@) < [ 570G () dr
0

This last integral is finite if, and only if, E(£?) < oo (see Doukhan et al. (1994)).
But E(&3) < Z;\; a?ll < 400, 80 My o(Qg,) < +00.

Moreover,
+oo
Zalzl!/ ol (z)dz > 0,
0

1=2
for M > 2, because all the terms are limits of variances hence greater or equal to
zero, and for [ = 2 we have, by Plancherel’s theorem

T2 dr = e dz > 0.
/Opaw)x w ] fa)de

Then,

2 S T pa(@) ()N
lim E[SHP)] =AY =23 21!/ P =l g
n=>too [S"’M ( ﬂ T ELAT ( 7(0) ) z >0,

for M > 2 and m > my,; and then applying Application 1 (Corollary 1, p.39 of Rio
(1995)), we finally get that

SE () 25 N(0; ASP),

n—oo

for M > 2 and m > my,. Also,

N©; AT 2 N(0: (6812,

2
and by Lemma 5.2, lim,, . sup, E [57(121)\/1@) — Sy(f}\}n) (t)] = 0. Applying Lemma
1.1 of Dynkin (1988), we proved that 5’7(12])\4(1:) % N(0; (0(52])\/[)2) for M > 2 and then
Lemma 5.1 follows. e O
Now since

: (2) (2) 2

lim supE [S () =S8 (t)] =0,
M—0o0 >0 6’

applying the Dynkin’s result, the proof is completed for the case where N = 2 and

0<a< %. Note that this demonstration uses the crucial fact that p, belongs to

L*([0, 00[) and so can not be implemented for the other cases. For those cases, The-

orem 3.1 1) can be proved using the diagram formula, going in the same way as in

Chambers and Slud (1989); indeed for this it is sufficient to adapt the following proof

344



of 2)(a).

2)(a). The following result heavily depends on the N value, known in the literature
as the Hermite’s rank.
Suppose that 1/(2N) < a <1 —1/(2N). As before, it is enough to prove that

Aco(t) = (B (to) = B5(0), - B3 (1), SEr (). -, Sy (B0) = SEp(ticn),

converges weakly when ¢ — 0 to

—~

Ani(t) = (ba(to) = ba(0) = 0, ba(t), c W (t), .., o (W (1) — W (ti-1)),

where

SE(]X/[ \/_/gM -(u))du  with gM ZalHl

and
—+o00

M
(Uﬁ})Q =2 Za?l!/ ol (z) d.
I=N 0

Furthermore (b, (t1),...,ba(tx)) and (/W(tl), e ,W\(tk)) are independent Gaussian
vectors. We shall follow closely the arguments of Ho and Sun (1990) with necessary
modifications due to the fact that we are considering a non-ergodic situation.

Let co,...,c,dq,...,dg, be real constants, we are interested in the limit distribu-

tion of . L
Sebilt) + o d; SO - ST )]
j=0 J=1

To simplify the notation we shall write

k

L) = Y ebilt) and Uit Zd (SO0t = st

=0
then I'.(t) is a mean zero Gaussian random variable and
a2(t) = V()] = Y et ty),
§,j=0,+k
where 7.(s,t) = E [b5(s)b5,(t)] is given by Lemma 5.3 whose proof is an easy compu-

tation.

Lemma 5.3

v2 >
(. 1) = 2o [ | etalls = eofar -

/ / Y)ls —t —e(x — )|2adxdy+/ ()|t — ex|**dx| .
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We normalize I'.(t) defining I'.(t) = I'.(t)/a-(t). The correlation between I'.(t)
and Z.(s) is denoted by v.(s,t) and

k
ZC]% s, t;)/a:(t),

7=0
where a.(s,t) = E[bE(t)Z.(s)] is given by the following lemma, whose proof is a
straightforward calculation.
Lemma 5.4
aui el [ 201 -
a.(s,t) = —>—— [ o(x)|s — ex|" sign(s — ex) do—
O2q —00

/ / Y|t — s —ely — x)|** sign(s — t + ey — ex) dy dx] .
Thus we deduce the following Lemma 5.5.
Lemma 5.5 Let § = min{a, 1 — a},
lv.(s,t)] < CeP.

The proof is a direct consequence of Lemma 5.4, according to [t; — s| > 2¢ or
|t; —s| <2 and to s >cors<e.

We want to study the asymptotic behaviour of

D. = E[POUIO) o] 3 mmcw 3 didyeeds

o2 /]1 1/]2 1 /J y B [HT(UL(t) Hy, (Ze(51)) Hiy (Z(s2)) - - - H, (Ze(s1))] ds,

where ds = ds;dss ... ds,.. We use the diagram formula. In this case:
E[HM(TL(t)) Hiy (Z:(51)) Hiy, (Ze(s2)) - - - Hi, (Ze(s0))]

- Z H P(Sdy(w)» Sda(w))

Gel' weG(V),d1 (w)<dz(w)

where G is an undirected graph with Iy + 1y +- - -+, +m vertices and r +m levels (for
definitions, see Breuer and Major (1983), p.431), ' =I'(1,1,...,1,y,...,1.) denotes
the set of diagrams having these properties, G(V') denotes the set of edges of G; the
edges w are oriented, beginning in d;(w) and finishing in ds(w).
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To the set I' belong the diagrams such that the first m levels correspond to the
I (t) variables, p is defined as

p$(s; — s;), if i and j are in the last 7 levels,

ve(sj,t), if the edge w joins the first m levels with the last r levels,
1, otherwise.

We say that an edge belongs to the first group if it links two among the first m levels,
and to the second if not.

We shall classify the diagrams in I'(1,1,...,1,ly,l5,...,[,) as in Ho and Sun
(1990), p. 1166, calling R the set of the regular graphs and R° the rest. We start by
considering R.

In a regular graph, since N > 1, the levels are paired in such a way that it is
not possible for a level of the first group to link with one of the second, yielding a
factorization into two graphs, both regular, and then m and r are both even. We can
show as in Berzin et al. (1998) that the contribution of such graphs tends to

v2 2
(% S s+ 1 = = 1)

i:j:Oz'"7k

X (m—1)1( (Zd2 ti— 1)) (221'@1/ ol (z )d>

Using the notations of Ho and Sun (1990), p. 1167, and calling D./R¢ the contribution
of the irregular graphs in D.:

2

r

D./R® = Y A5 x A5 x A5 x %,
GeRe
Any diagram G € R° can be partitioned into three disjoint subdiagrams Vi1, Vo
and Vi3 which are defined as follows. Vi ; is the maximal subdiagram of G which
is regular within itself and all its edges satisfy 1 < dj(w) < da(w) < morm+1 <
di(w) < dy(w) < m +r. Define
Ve,() = {jeVa,l1<j<mj,
Vea2) = {jeVelm+1<j<m+ri,
where V{ | are the levels of Vi ;.
A§ is the factor of the product corresponding to the edges of Vi ;,7 =1,2,3. The

normalization for Aj is therefore e IVé1 @12 and as shown in Berzin et al. (1998),
e V&)1 g¢ tends to

2 V&1 (1)]/2
(ﬂ 7 cici([t + [t — Jt; — m?a)) (Vg (1)] = 1)N(2g — 1!

(idg ti_ 1) <2Za?z'/ o (x dx)q,

347



as € — 0, where ¢ = |V{3,(2)]/2. The limit is then O(1).

Consider now A5 and define Vi to be the maximal subdiagram of G'— V4 1, whose
edges satisfy m—+1 < d; (w) < do(w) < m+r. The normalization for A§ is e~ 1Vé2(3)/2,
where V5,2<2) are the levels of Vi 9. A graph in Vi 5 is necessarily irregular, otherwise,

it would have been taken into account in A5, As in Berzin et al. (1998), e V62112 As
tends to zero as € goes to zero. For A5 define

Vs = G — (Vg1 UVgo),
Vas(1) = {jeVis | 1< <mj,
Vi a(2) JeVisIm+1<j<m+r},

where V{5 are the levels of Vi 3. The normalization for Af is e VasN/2,

We assume now that [y, ly,... I, are fixed by the graph. Let L = [V (2)],

Ef\Vc*;,:;@)l/?A:Eg < e IVas(2)1/2

Y e

Je(1)r-Jde(@y=Ls-.k =1

X H |p((1€)(8d1(w) - Sd2(’u)))| dsf(z)a (5)

weE(Va,3),d1(w)eVE 5(2)

/ 11 |Ve(Sdy(e), t)]

tigy—1 e€E(Vg,3),d1(e)eVE 5(1)

where E(Vg3) are the edges of V3 and v.(s, t) = ﬁ(t) Z?:o cjae(s,t;) where a.(s,t)

is given by Lemma 5.4. VG*73(2) can be decomposed in two parts,

Bo = {i € V5y(2): g2~ 2a) <1},
Ca = {i € Vis(2): 9i)2—20) > 1},

where ¢(7) is the number of edges in the i-th level not connected by edges to any of
the first levels. Furthermore we note B, = {i € B : k(i)(2 — 2a) = 1} where k(i)
is the number of edges such that d;(w) = i. As in Ho and Sun (1990), p. 1169, we
can rearrange the levels in Vi 5(2) in such a way that the levels of B are followed
by the levels of Cg. Within Bg and Cg, the levels are also rearranged so that those
with smaller g(i) come first. We have |V 3(2)] = |Bg| + |Cql.

If i € Vi3(2), we have (I; — g(i)) edges coming from levels in the first group
and thanks to Lemma 5.5 their contribution to A§ is bounded by C £(:=9() and
in total for these levels we get the bound C ¢ Ziesgim9MH82iccq im0, 1)y the
other terms are of the form: pgf)(sd1 (w) — 5i) which are bounded by 1, or of that one:

i k(7)

t
/ Hpa - SJZ dS’L

i1 [=1
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This last integral can be bounded by
Lo (2—20)k(i) 1
C |e9® Lliecy + ¢ liepo/Bz, + l”(g) Liens, | |

hence, by (5)

e Va2 — o (57(|3G|+|ca|>/286EieBG(zi—g(o)gziecG Blli—g(i))

s (2=20) S MO+ Eiccg 43) (g Ly )15% >
g

and since [; > N, then we have

57|V55(2)|/2A§ — O (8((2*20‘) EieBG (l)JFZzecG ng) (1-a) EiGBG g(i)*‘CGV2)

X 5(1_0_6)Zi6809(i)€(ﬁN )|BG| ﬁzzeca(l g(i (ln<i))B > (6)

We have the following bounds

(1-—a=0) ) g6 > 0

i€Bg

(BN = IBal 2 0,

1€Cq
2-2) Y k@) + Y S 2 (1) Yol + 5(Cal,
i€Bg i€Cq i1€Bg

The last inequality is obtained by the same argument for showing (27) in Ho and Sun
(1990), p. 1170.

Three cases can occur: |Bg| # 0, |Bg| = 0 and |Cg| = 0, or |Bg| = 0 and
|Cal # 0.
First case: |Bg| # 0.
Since 3 > 1/(2N), one has (BN —1/2)| Bg| > 0 and then e(*N~2 J1Bel(In(L1))1Bel = o(1)
thus (6) tends to zero with e.

Second case: |Bg| =0 (then |Bf| = 0) and |Cq| = 0.

In this case Vi3 = () (otherwise it would have been taken in account before in Vi 1)
and then Vg o # 0 thus 5_|V5!2(2)|/2A§ tends to zero with ¢ and this gives the required
limit.
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Third case: |Bg| =0 (then |B§| = 0) and |Cg| # 0.
In this case £”Zieceim90) — B VeI with V& 3(1)] > 0 (otherwise it would have
been taken in account before in Vi 5) and (6) tends to zero with .

(b). Suppose that 1/(2Ny) < a < L and N = 1, since Z.(u) = %bg(u), and

2
H,(z) = z, then Sél)(t) — 2 - (05,(1) — 05,(0)) + SéNO)(t) and the result follows by
2)(a).

(c). To conclude the proof, suppose that o =
(b5 (£) — 05,0

and N = 1. As in (b) and since
)+ SE(NO)(t) and we get the result

N[ —=

~—

in this case o9, = ||¢||2, S(I)< t) = IIsOHz

by using 2)(a).

Remark 3 also follows from the fact that 12z f(f Hi(Z(u)) du = J2=(b, (1) —b5(0)).
O

5.1.2 Case where a =1—1/(2N) and N > 1

Proposition 5.2

in(e™)]'E [S(1)]* — 21 [(1 _ %) <1 _ %)} i (gz_ll//z )ZN.

Proof of Proposition 5.2. We suppose t > 0. As in Proposition 5.1, we use Mehler’s
formula and we make the change of variable u = cx to get

[ln( )] ) [S< 2_ —2 +00

2
all

Pl 1/(2N)( ) dz.

Now, since |p1-1/@n) ()| is equivalent to (1 —1/(2N))(1 = 1/N)x=VNy2_ 1/N/U§—1/N’
when z tends to infinity, and since ||g(® )||§ < 400, we have

In(=")] B [SM 1)) = NV / )11 jeny (@) dz + O(=1/In(e)).
Since N N -
1 1 Vtyny 1 1
N = 1= = 1 — —
pl_@i%w(x) ( 2N N) " o3 N Te\z)
with z large enough, the result follows. O

Proof of Theorem 3.2. From Proposition 5.2 we prove that

In(e™)] 2SN (1) = —— / Hy(Z(u)) du := [In(e™H)] 2 F™ (1),
eln(L
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2
iLe. lim._o[ln(e H]'E [SéN) (t) — N (t)] = 0 and the result is an adaptation of
Theorem 3.1 2)(a). O

5.1.3 Case where 1 —1/(2N) <a <1
Proposition 5.3 a(a, N) = N(1 —«a) and

E[sM(0)]* — [((m — 9N + 1) ((a N+ 1)} Y

V3o \ N N
Xay (a(20¢ — 1)7‘)‘) t2o=2N+T2
02a

Proof of Proposition 5.3. We suppose t > 0 and then t > 4¢. As in Propositions
5.1 and 5.2, we use Mehler’s formula and we break the integration domain into two
intervals: [0, 4e| and [4e, t].

For the first one, making the change of variable u = v, we get

2e2Nle-(1- I/QN)]ZCLQZ'/ (t —ev)pl (v) do.

Since |pa(v)] < 1 and ||g™]]3 , < +oo this term is O(e2Vle=U=/ENI) — o(1).

Now, let us have a closer look to the second interval

2 00 00
Vo . . u
- 1|/4€ 5z [ [ se-mee|i-a

Using a second order Taylor’s expansion of (u — 5x)2°‘ in the neighborhood of z = 0,
it becomes

+o0 t 2
20— 1) 1 —
22(1[2“/ (t — ) {a( O; )( GZm)
I=N 4e 2
l

/ / Z _ I Z)CUQ(U o 96[L‘)2a_2 de‘ dZ é\2(1—01)(l—]\/v) du,

2a

dx dz] l du.

with 0 <0 < 1.
Then, since 1 — 1/(2N) < o and ||g™)|[2 , < 0o, we can apply the Lebesgue’s domi-
nated convergence theorem and the limit is given by the first term in the sum. O

Proof of Theorem 3.3. Define



2
A straightforward calculation shows that E [SE(N) )= GM @) — 0ase — 0: the

proof is similar to the one of Proposition 5.3.
Thus studying the asymptotic behaviour of G (t) allows us to obtain the same for

S (t). We have seen in the proof of Theorem 3.1 1) that
+oo

Z.(u) = 1o /_ iXexp(iu) dIV.(\),

where the stochastic measure dW.()\) is defined as

1
V2o,

AW.()) = P(—eN)A 072 dW (N,

and then

(™) an " (e [T s
GSY(t) = N | Hy <g idexp(iAu) dWE()\)) du.

[e.9]

Using [t6’s formula for the Wiener-It6 integral (see Dobrushin and Major (1979)), we
obtain

G (t) = VNlay /t /+oo.../+oow()\1,u)---w(/\N,u) AW.(\y) - - dW.(\y) du,

where

w(\, u) = idexp(idu).

As in Chambers and Slud (1989) p. 330, integrating this expression with respect to
u, we get

+o00 +o0o
GM(t) = \/N!iNaN/ KA+ A0 - Ay dWe(Ay) -+ - AW (M),
where K;(A) = (exp(iAt) — 1)/(iN).
So
2 2N
E[GM0] = V() fan 15 (0 0) P T (I2(=2 A PIA 2 ).

On one hand the inner integrand converges to |Kt<2£1 )\i) |2 (Hfil \)\ill_go‘) when

¢ tends to zero.
On the other hand, we can bound this integrand by | K, (Zf\il /\i> ? (sz\; |/\i|1_20‘>.

2
Thus if we prove that [y |/ (ZZ]\LI /\Z-> 211N, (|/\i|1*2°‘d/\i> < 4oothen E [GéN) (t)]
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E [G™) (t)]2 when & — 0 where

G (1) = VNlay (\/Q_;UQQ)N/:O.../:O& (ix) y

=1
N

11 (Aiwf%ﬂ) AW ... AW (),

=1

which is well defined.
Let us define

o [ ) - [ )

1, is always well defined with the possible value +o0o0. Making the change of variables:

M =2y1(1 —yo— ... —yn)/t, and \; = 2y13;/t, for i =2,... N, we get
2 2N(170¢) “+00 N N
I, = <¥> 12 {/ sin2(y1)|y1|(2 —3-2Na) dyl] X
1 —yo — =y 7yl 2y TPy - dywl :
RN-1

Now, let the following change of variables ys + y3 + ... + yny = ws, Y3 = Wwows,. ..
YN = WaWN.

Y

Then ys = we(1 — w3 — ... —wy) and the Jacobian is wéN_Q). Thus
/ 11—y — =y e T fyn [ T dye - dyw =
RN-1
(/oo 11 — |12y | (VD (1-200+(N-2) dw2>
) N
X </ |]_—’l,Ug—"'_wN|172aH(|wi|172adwi>)'
RN=2 i=3

Therefore we can apply the iteration and we have

2\2N(1-qa) , too 9 (2N—3—2Na)
I, = (;) t sin(y1) |y1 | dy

N 00
> H (/ ’1 o wk‘172a‘wk‘(szl)(172a)+(kf2) dwk> < +00,
k=2 e

since 1 —1/(2N) < a < 1.
Consider now

o) = () (3 Tl (o),



DW)(g) converges pointwise to

N N

D<N>(o)=ma]v(\/_i )NKt<ZAi) (MM_%_Q),

209, iy

1=

and from the previous calculations and Lebesgue’s theorem D™)(g) — DW)(0) as
¢ — 0 in the L?-norm with respect to Lebesgue’s measure and Theorem 3.3 follows.
O

Proof of Corollary 3.1. Since Z.(u) = E;T_:bz(u), and Hy(z) =z, if A#0,

VE(£) = B, (1) — B(0) — b (1)] e~ 4N0) - SOOI 1),

02a

A straightforward calculation shows that the second order moment of the first term
above is O(g2@~d@No))y = O(g). So 1. (i), (ii) and (iii) follows by Theorem 3.1 1),

3.2 (i) and 3.3.
_ bZ (t) B ba (t)

Now if A =10, Vo(t) = 7 /Cap[B:(t) — B:(0)] where B.(t) = Y and when
0<a<l1, BAt) 2. B (t) and this concludes the proof of the corollary. O

5.1.4 Asymptotic behaviour of the second order increments

Proof of Corollary 3.2. The proof of corollary follows by using the technics developed
in the proof of Theorem 3.1 1) and 2)(a). We just give a sketch of this proof.
We can show that

) = goar [ e =22 [ Bl - oy
@ 277—5:%04 —00 25:%(1 —00 ,

and p,(7) ~ —v2, 2a(2a — 1)(a — 1)(2a — 3)2**7%/52,, when z tends to infinity, so
it holds that p, € L'([0,00[) and furthermore ["™ p,(z)dz = 0, for all a € (0,1),
so (i) follows. In case of the first order increments we required o < 1 —1/(2N) or
o =1/2and N =1 to ensure that p, € L™ ([0, c0]).

Furthermore, we can show that |E [b% () Z.(u)]| < Ce® and that the first coefficient of
gél)(t), that is, (v/Ea1 /Faa)e! = (b5,(t)—bE,(0)), does not contribute to the limit because
tending to zero in L2, so (ii) follows. For the first order increments the bound was &”
with § = inf{a, 1 — a} (see Lemma 5.5 in the proof of Theorem 3.1) and we required
B> 1/(2N) and N > 1 to obtain independence between the limit processes. O
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5.2 Some particular functionals
5.2.1 Crossings and Local time
We have to prove the result corresponding to crossings. Recall that

Y.(h) = g / - h(x) [\/z 6% Nbo(x) — ¢t ()| d.

— 00

Proof of Theorem 3.4. The proof follows along the lines of Berzin et al. (1998) and
uses Theorem 3.1 2)(a). By Banach-Kac (Banach (1925) and Kac (1943)), ¥.(h) can
be expressed as

1 1
S = 0 [ hG ) (2w dut 02 [ (h(E () - b)) du
0 0
— 876(0172)51 + €7€(a72)S2’

where ¢ \/_|$| -1= Zl | Hoy ().
We will show on the one hand, that under hypotheses of (ii) and if 0 < a < 2 (not
only for < o < 2 as is required for the theorem), E [S7] = O(e) and that

e—0

lime 'E [S}] =CZ, /0 E [h*(ba(w))] du, (7)

and on the other hand, if a € (0,1) (instead of 0 < a < 1), E[S3] = O(c**) + o(e).
Moreover we can show that equality (7) is true under the less restrictive hypotheses:
h € C? with |h(z)| < P(|z]) when 0 < a < 1 and furthermore in case where a > 1,
we will show that E [S3] = o(e). Thus the term Sg only matters when a < 1 and we
will prove in this case that, lim,_e 4K [S?] = [fo ba(

Let us look more closely at S;.

We decompose S; into two terms

&:/nMW@MW&@WM+AEmwwMWame=h+&

Me
with M big enough.
Using Holder’s inequality it’s easy to see that
E[J5] < Ce® = o(e). (8)

Let D. = {(u,v) € [0,1]*/u > Me, v > Me, |u —v| < Me} and C. = {(u,v) €
0,11/ u > Me, v > Me, |u —v| > Me}.
We decompose E[J7] into two terms

E[Jf]=/s+/5,



where

/ / V(b (0))9? (2 (1)) g (Z.(v))] dudv.

Let us see / .
D,

Applying the change of variable v = u 4 ex, one has

/ —s/, DA+ 22))g (2. ()9 (Z.(u+ =2))] dude,

where D! = {(u,z)/ Me <u <1, Me <u+ex <1, |z| < M}.
A straightforward calculation shows that <b§(u), be(u+ex), Z.(u), Ze(u + 595)) con-

verges weakly when e goes to zero towards <ba(u), bao(u),Y (u), Zx(u)> where Y (u)
and Z,(u) are standard Gaussian variables with correlation p,(x); furthermore the
Gaussian vector <Y(u), Zx(u)> is independent of b, (u).

Using the Lebesgue’s dominated convergence theorem one obtains

lim * / | ;agl (20)! /| L /0 E [1(ba(w))] du. ()

Let us look at / .

Ce
We now fix (u,v) € C. and we consider the change of variables

bi(w) = Zi(u,v)+ Ar(u,v)Z(u) + As(u, v) Z(v),
b (v) = Zye(u,v)+ Bie(u,v)Z:(u) + Boc(u,v) Z:(v),

with (Z1.(u,v), Z(u,v)) a mean zero Gaussian vector independent of (Z.(u), Z.(v))
and

A (u,v) = 0z(u, ) o) ,

u) o (u, u)

7 ) ’

—u) a:(v,u)

pa(v
A(u
Agefuv) = 22 )ziy

where a.(u,v) is given by Lemma 5.4, ,off)(v —u) =E[Z(u)Z.(v)] = pal

Ac(u,0) =1 = (p)2(v —u).
Two similar formulas hold for B .(u,v) and B (u,v).

A straightforward computation shows that for M big enough, ¢ < (M) and (u,v) €
Ce,

max [ Ai.(u,v), Bie(u,v)] < C e W 0 4w — P, (10)

=1
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and
P (v —u)] < C>* v —uf**2 (11)
Writing the Taylor development of h one has,
3
h(bs(w) = % W (Zy 2 (u,0)[Are (1, 0) Ze(u) + Ao (u,0) Ze(v))
j=0
g MO 0) A, 0) Ze () + Age (1, 0) Ze(0)],

with 6 c(u, v) between b (u) and Z; o (u,v).

A similar formula holds for A(b(v)).

We can decompose |, c. s the sum of twenty five terms. We use the notations Jj j,
for the corresponding integrals, where j1,7, = 0, ... .4 are the subscripts involving
hU) and h\2). We only consider Jj, ;, with j; < jo. Then we obtain the followings

(A) One term of the form

mm=/Emwm%mmammeMW&wMW%wHMM-

5

Making the change of variable u — v = ez and applying the Lebesgue’s dominated
convergence theorem we get

o0

lim =" Jog = [Z a2, (20)! /

=1 |z|>M

S () dg;} [ /O E [h2(ba(u))] du} . (12)

(B) Two terms of the form .Jy; = 0 by a symmetry argument: if L(U, V) = N(0, %)
then E [Ug®(U)g® (V)] = 0.

(C) Two terms of the form
Jos — % /C E (1212 0, 0)) (Zae (. 0))]
E g (Z. (1) (Z.(0)) [ By, 0) Ze(u) + Ba(1,0) Z.(0)) ) du o,
Since [ (u — v)| < 1,

B [0(Z:(00)9 (Z(0) Bro,0) Z-(0) + Bac(,0) Z:(0)]

< C H_l&lt}é |Bz2,s(ua U)| |p<(16)(u - U)|a
using (10) and (11), we get

1
J072 = O(€1+2a)10<a<% + O(EQZTL(E))]_

N

o=
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(D) Two terms of the form Jy 3 = 0 by a symmetry argument: if £L(U, V) = N (0, X)
then E [(aU + bV)*¢®(U)g® (V)] = 0 for any two constants a and b .

(E) Two terms of the form

JO 4 = % E[h(Zl,s(ua U))h(4) (92,€(u7 U))g(2)(ZE(u))g(z)(Zf?(/U))

X[B1¢(u,v)Z.(u) + Ba(u, v)Zg(v)]4]dudv.
Therefore
|Joa| < C max (A} (u,v), B (u,v)] dudv.
C (3

Using (10), one obtains

Joa = O<51+4a)10<a<g + O(ggln( ))la—g + 0(547404)1 dcac<d = o(e).

1
€
Using the same type of arguments as for (C), (D), (E) we can prove that the other
terms are all o(e).

Using (8), (9) and (12) we have shown that lim E [Sf] =C2, /[01}2 E [h*(ba(u))] du.

e—0 &

Note that if o < 1, we must only make the Taylor development of ~ until & and a
similar proof gives the result (for o = 2, we use furthermore the fact that for i =1, 2,
e72 A; .(u,v) and e 2B;(u,v) have a limit when & goes to zero, and then by the
Lebesgue’s dominated convergence theorem, 5*3/2J1,2, 5*1ng2 and 5*1J171 have a

limit that is zero since E [N*¢®(N*)] = E [¢®P(N*)] = 0).
Now for Sy, we write the Taylor development of h

h(bs (w) = h(ba(w)) = (0(u) = ba(w)) A(ba(w)) + %(bZ(U) — ba(u))* (0 (u)),

with 0.(u) between 0% (u) and b, (u).
To this development correspond two terms Sy ;, ¢ = 1, 2.
Consider the first one, let S o,

115 .
‘%—Q/wm ba(u))? (6. (u)) dus.

B [53,] = Lot // [ B2() B2 (0)h(6. (1)) (0. (v))] dudv,

with
B.(u) = bgf(:j;i_jw o N(0,1) and cup = V [ /_ Z () b () d:v} |
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A computation shows that (B.(u), B-(v),0.(u),0-(v)) converges weakly when e goes
to zero towards (B(u), B(v), ba (1), ba(v)) where B(u) and B(v) are standard Gaussian
independent variables; furthermore (b, (), b,(v)) is independent of (B(u), B(v)).
Using the Lebesgue’s dominated convergence theorem we get

2

e 1 1,
e E[S3,] — 1 ¢ JE {/o h(be(u)) du} . (13)
Now let us consider S ;.

Saa = [ 04) = b)) b)) du = =y [ Bufa) b)) du,

SO

E[$2,] = %, /0 1 /0 1IE[BE(u)BE(v)h(ba(u))h(ba(v))} dudv.  (14)

Applying the Lebesgue’s dominated convergence theorem we get, with the same no-
tations as before

<2 [$2,] - /0 1 /0 11@[3@)}1@[3(@)11@[h(ba(u))h(ba@))] dudv = 0,

and then

—_

E[S3.] =o(e), if a> 3" (15)

Using (13) and (15), we have then proved that if « > 1, h € C? and \h(x)] < P(|z|),
E[S3] = o(e).
Now let a < %, using (14) one gets

E[S2,] :/ +/ — K, + K,
where C. was defined before. It is obvious that
|K,| < Celte, (16)

Now we look at Kj.
We fix u and v and consider the change of variables

ba(u) = CtlBE(U) + Oéng(U) + 05323,
ba(v) = BiB:(u) + B2B:(v) + 8373 + PaZa,

with (Zs, Z,) standard Gaussian vector independent of (B.(u), B:(v)).
A simple calculus gives
ae(u) — pe(u, v)be(u, v)

Ac(u,v) ’

o =



bs<u7 U) - pe(“? U)ae(u)
A (u,v) ’

Qg =

a3 =E [02(u)] — af — a3 — 20q00p:(u, v),

bs(va u) - ,OE(U, U>a€(v)

61 = AE(’U/, 'U) B

~ac(v) — pe(u, v)be (v, u)

P2 = A(u,0) ;
By = E [bo(u)ba(v)] — a1 81 — (a1 f2 + o) pe(u, v) — azf3s
Qs ’

and
[V*(v)] — 8] — B3 — B35 — 261 Bap-(u, v),

E
where a.(u) = E [by(u)B.(u)], pe(u,v) = E[B:(u)B:(v)], be(u,v) = E [by(u)B:(v)]
and A (u,v) =1 — p2(u,v).
We can show that for M big enough and € < e(M),

|pe(u, v)| < Ce*7* Ju — v**2, (17)

max(|ail, |6]) < Ce*  and  max(|Bi],]as]) < C. (18)

Furthermore we have the following limits

o0 a
. . [ _Uga[f_oo SO(U)|U|2 dul
lim — = lim — = ,
e—0 g e—0 g% 2 /Carp

o) B

E [ba(u)ba(v)]

limos = VEBR(], == most and (19
i 57 = ELROEB20)] = (E by ()b (0)])?
8 E[2(w)] |

So

Ki = &%, / / 2y h(arz + oy + asz) h(Biz + Bay + Bsz + Baw)
e JR4
X PB.(u),B.(0)(%, ¥) ¢(2) p(w) dz dw dz dy du dv,

where pp, (u),B.(v)(®,y) stands for the density of vector (B.(u), B-(v)) in (z,y).
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Writing the third order Taylor development for h one has

. . 1
h(oqx + oy + asz) = hasz) + (ax + agy) hlasz) + é(alx + apy)? WP (6,),

and

h(ﬁlx + Boy + B3z + Byw) = 71(532’ + Baw) + (Brx + Bay) fl(ﬁ:ﬂ + Baw)

b+ B ),

with 0; between gz and (a2 + gy + a3z) and 0y between ((3z + fy,w) and (fiz +
Bay + B3z + Baw).

Therefore K is decomposed as the sum of nine terms.

(A) One term of the type
Kio = e | / oy h052) (52 + B}, .10, ) 6(2) w) d duw i dy
= *Cay / pe(u,v) /]R2 h(asz) h(Bsz + Baw) ¢(2) d(w) dz dw du dw.
By (17) and (18), we get

K1 < C52O‘/ |pe(u, v)| du dv
Ce

IA

2 202

- ’

Ce lu — | du dv
Ce

proving that
K1 = O("?) = o(e).

(B) Two terms of the type
Kio = oy [ [ o0+ By h(eas) Bz + )
X DB, (u),B.(v) (T, Y) ¢(2) p(w) dz dw dz dy du dv,
and this term is zero by Mehler’s formula (3).
(C) Two terms of the type

1 )
K3 =cay 526“/ / Ty 5 (O + 529)2 h(aszz) h(3)(92)
c. Jr4

XPB.(u),B.(v)(T,y) #(2) p(w) dz dw dx dy du dv.
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By (18) and (19), we can apply the Lebesgue’s dominated convergence theorem getting

lime K, 3 =C /[071}2 /R2 %xy3E [ﬁ(ba(u))h(?’)(ba(v))] o(z) ¢(y) dx dy dudv = 0.

e—0

(D) One term of the type

Ky = 52%%0/ / 2y (a1 + aoy) (b1 + Boy) h(asz) h(Bsz + Baw)
. JR*

X PB.(u),B:(0) (2, y) ¢(2) p(w) dz dw dz dy du dv.

As for (C), we can apply the Lebesgue’s dominated convergence theorem and

lim e~ K, , — CE [ /0 b)) du} B (20)

e—0

2
with C = (% (> p(u)]ul? du)) .
(E) Two terms of the type

1 ..
Kis = &5 cns [ [ aylaws +aw) (Buo -+ ) hass) K96
Ce JR

X pBg(u),Bs(v) (ZE, y) qb(Z) ¢(W> dz dw dx dy du dU,

and with the same arguments as before K5 = O(£°*).
(F) One term of the type

1
Kis = 52“1 Coe,go/ / 2y (a1 4 agy)? (Brx + Boy)? B3 (0;) K3 (6,)
c. Jra
X DB.(w),B.(v) (T, Y) (2) ¢(w) dz dw dz dy du dv.

As previous cases K¢ = O(g5%).
We have then proved that if @ < 1, K; = O(e**) + o(¢) and then using (13) and (16)
that E [S5]> = O(%*) 4 o(e).

Furthermore using (16) and (20) we have proved that if 0 < o < 1,

2

lim = E [53,] = (T2 ( / " o)l du))QE l /0 iba(w) dur. (21)

e—0 2 —0

To obtain the asymptotic behaviour of E [S3] when 0 < a < 1, we have, by (13) and
(21), to compute E [Sy 15 2].
With an argument similar to the one used before, we obtain for 0 < a < %1,

2 2

lim 2= (S5, 55] = (T2 ¢ / h o) du) ) [ /0 lﬁ(ba(u))du} C(22)

P 2 .
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and then using (13), (21) and (22) we proved that

1 2
e . . 1
lim £ “E 93] =K. E {/0 h(ba(u))du} Jif 0<a< T

Now let us achieve the proof of (i), proving that e~2*S, =R K,y fol h(ba(u)) du. Tt is
enough to show that

2

lim E [(e—msz) /0 1 ﬁ(ba(u))du} = K, ,E [ /0 1 ﬁ(ba(u))du]

e—0

For this we write the second order Taylor development for A and we study the two
inner corresponding integrals, and doing the same computations as before it yields

(i).

Now, to achieve the proof of the theorem, we consider, for 1 < a <

4
version of .
1
T, == — | h(b @ (Z_(u))d
= / (b5 ()9 (Z.(u)) du,

3

1, a discrete

defining

220 = 2 Do nl(

2—1 ~ o1 —1

and  Z"(h) = (JWZh

We know by Theorem 3.1 2)(a) that Z*(h) — Z™(h), weakly as ¢ — 0. On the
other hand Z%"(h) is a Cauchy sequence in L?(f2), this implies that there exists a
rv. Y(h) € L?(Q) such that Z%"(h) — Y (h) in L*(Q) as n — oo; furthermore, we
can characterize this variable using the asymptotic independence between b, (-) and
W()7 say

( /b ),0< s < 1) (o; 2, /01 h2 (b (1) du>. (23)

To finish the proof it is enough to show

lim lim E [T} — Z"(h))* = 0.

n—oo e—0

Such a proof goes on using the same technics that we have implemented above, for
the asymptotic of the second moment. O
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5.2.2 Pseudo-diffusion

Estimation of the variance of a pseudo-diffusion.
Proof of Proposition 4.1. We just give an outline of the proof showing that it is enough
to consider the fractional Brownian motion case. Because b, (t) has zero quadratic
variation when o > %, it turns out that when o € C! and p = 0 the solution for the
stochastic differential equation can be expressed as X (t) = K (b,(t)), for t > 0, where
K(t) is the solution of the ordinary differential equation

K(t)=0o(K(); K(0)=c

(fort < 0, X(t) = ¢). Using the Banach-Kac formula (Banach (1925) and Kac (1943))
we have

i [ neni@ar = 520 [ ixwia

~ \/g8 _a/o R (05, (u))) B (6, () |05, ()| du

02a

=[5 [ MG o G ) 2.0 o

We shall prove in Theorem 4.1 that
(S Jo (X ()| Xo(u)| du — [ (K (b (u)))o (K (b, ()] Ze(w)| du] is o(+/Z), hence

02c

the proposition follows from Theorem 1.1. O

Proof of Theorem 4.1. For any § > 0, if t > ¢,

X.(t) — K1) < / " (@)K (bt — ) — K ()] da

o

= [ el& )t - ) - B (0)] o

1

< C sup |ba(t —ev) = b, (t)]
ve[—1,1]
< C 60&—57

where 6 is a point between b,(t — ev) and 05(t). A similar proof can be done for
0 <t <e. Hence, we get e~ 2|X.(t) — K(b5,(t))| = o(1) uniformly in ¢.

In a similar way, we can write for any 6 > 0 and ¢ > ¢

e(Xe(t) — K (05 (1)b(1))

= /_OO P(@)[K (ba(t — e2)) — K (05(t)) — K (b5(1)) (ba(t — ex) — 05(t))] de,

[e.e]

we used the fact that f_oooo $(z) dz = 0. Taking the second order Taylor’s development
for the function K, we obtain

S0~ KOO < 5 [ IR OIba(t—20) ~ O dv < € 00
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In a similar way, for 0 < ¢t < ¢, we can prove that this expression is bounded by
C 7%, Thus, multiplying the last expression by e~(3) it holds uniformly in ¢

e (XL(t) = KB(0)5() = 0(1) Legi + O(e72 ™) Logree.

\/z% ()] \/Fs ))or (B (b5, ()b, ()| du]

_L1+L27

Lym IH (X)) = HO O] |y 5 e

Lm0 12 DX (w)] = o5 (b ()5, )]}

Now, let us study L; and L2 For L, we have
1
1

[ (Xt -

where ¢ is a pomt between X (u) and K (b5 (u)) and then

Te T
Lj<c | % K (u H = o(1),
mise [ < ﬁ% o)
because of the boundness of / ‘\/? '
02q

Note that this last remark and the fact that h 6 C? imply that /L, tends to zero
when € goes to zero.
Moreover, for L, we have

| La| < C/O £ 7| Xe(u) — o (K (b ()5, (u)| du = o(1).

Therefore, we can conclude that the asymptotic behaviour of

FIE oo [ aront e

is equivalent to the asymptotic behaviour of 3. ((h oK) (oo K)>

where

and

Ll_

As an application of our result for the fractional Brownian motion in Theorem 3.4
(i), this term converges stably towards

Cas / BOK (b (1)) (K (b (1)) ATV (1) = Coy / B(X (1)) (X o) )TV ().

This equation completes the proof. O
Remark: We conjecture that the same type of result holds for u # 0, but for the
moment we do not have a proof of this statement.
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Proofs of hypothesis
Proof of Theorem/.2. Let K(t,8) be the C*-function, solution of the ordinary differ-
ential equation

K
aa—t(t, §) = o(K(t,0),6) where o(u,d) = oo(u) + dd(u) + 6F(u,6) and K(0,6) = c.
Then for t > 0, X.(t) = K(ba(t),v/2) (for t < 0, X.(¢t) = ¢) and almost surely,
uniformly for ¢ > 0 in a compact (see Pontryagin (1962), section “local theorems of
continuity and differentiability of solutions” p.170-180)

lim X (t) = X (t) where X (t) = K(b,(t),0),

e—0
and 5K
Y —(t,0) = 0o(K(t,0)) with K(0,0) =¢
Furthermore, we can prove that almost surely

lim e~ (X.(0) — X(1) = T (

From now on, K will denote the function defined by K (t) := K(t,0) and then X (¢) =
K(by(t)) for t > 0.
Using that h, o and o are in C*, it holds uniformly for ¢ € [0,1] that

e |YL(t) — X.(t)] = o(1),
2ONYL(t) — 0 (X () 05, (1)] = 0(1) Logy + O(=737%) Loeyee.

Thus as in in Theorem 4.1, we can show that the equivalent functional under the
alternatives is

L[ e \ﬁz du— [ B0, l0) ]

- = / K )

/Oh( \/7\2 )| du
n /0 1 h(X.(u))F(X.(u), \/E)\/EIZE(U)I du

= M, + My + Ms,

with ¢®(z) = \/Fla| — L.

We are gomg to prove that

b (t),0) uniformly for ¢ > 0 in a compact.  (24)

NL 1 U)o u (2) u u 1 u u u
~ / B(X (1)) (X ()9 (Z (u)) du + / B(X (u)d(X () du.  (25)
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Since almost-surely X, (u) converges uniformly for u € [0, 1] to X (u) when € goes to
zero, and h, F are in C°, F(-,0) = 0 and moreover fol |Z.(u)| du is bounded, we get
that M3 goes almost-surely to zero with ¢.

Let us look now at M;. Since (hop) is in C', making a first order Taylor develop-
ment for this function we get

_L 1 u)) o u (2) u u
5= / B(X () 00(X (1)) 9P (Ze()) d

[ [thooy @ () — o) (0(00) G 00(00,0)] 92200

[ ) (K (00) G (0.0 0 Zu ()

where the symbol ’ stands for the derivative and 6. (u) is a point between X, (u) and
X (u).

Using the facts that (hog)’ is in C°, that almost- surely 0-(u) converges uniformly
in u to X(u) when € goes to zero, (24) and that f |g®(Z.(u))| du is bounded, we
can prove that the second integral almost-surely goes to zero when ¢ goes to zero.

Now, by using the fact that (hog)’ K(-) —=(-,0) is in C° and using a generalization
90

of Theorem 1.1, we can prove that almost-surely as € goes to zero the last integral

goes to E [¢° (N*)]/ (hoo)' (K (ba (u ))%[;(b (u), 0) du = 0.

To finish with the proof of (25) we look at M.
Mo = [ (X0 X)) — HOE) X () 45 12000
n / B (b)) d(K (b (1)) 9 (Z2(u)) du + / B(X (u))d(X (u)) du

As before, since almost-surely X, ( ) converges uniformly in v to X (u) when € goes
to zero, h, d are in CY and that fo | Ze(u)| du is bounded, the first term tends almost-
surely to zero with e.

The second term tends to E ¢ (N*)] fo K (by(u))) d(K (by(u))) du = 0, since
h, d and K are in C° and by using a generahzatlon of Theorem 1.1.

Thus we have proved (25).

Now if we put H := (ho K) - (0g0 K) and G := (ho K) - (d o K), we obtain

f/ H (b (1))g (Z. (u ))du+/01 G (b (u)) du.

The asymptotic behaviour of this functional can be treated in the same manner that
we have done in Theorem 3.4 (ii). Note that in the argument of functions H and G
it appears b,(-) instead of 0%(-). However the same type of proof can be done with
small changes. O
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5.2.3 [-increments and Lebesgue measure

Proof of Corollary 4.1. This corollary is a consequence of Theorems 3.1 1), 3.2 (i)
and 3.3. Indeed, since

400 l 1\l-p o
[Tl a= 2005 TS e P,

p=0

(i) follows. To conclude the proof it’s enough to compute as.
ay = %fj;o |z|? Hy(z)p(x) do = ﬁzﬁglF(%) by the last calculation, thus (ii) and
(iii) follow. O

Proof of Corollary 4.2. This corollary is a direct application of Theorem 3.1 1), 2)(c)
and Theorem 3.3. In fact, using formula (4) we obtain that a; = T2 H;_1(z)¢(z) and
the result follows.

The remark is a consequence of a straightforward calculation of f0+°° I /2('0) dv =
a

L
I4+1°

Proof of Corollary 4.3. This corollary is a direct application of Corollary 3.1.1. O

6 Conclusion

It is interesting to pinpoint the main idea of our methods based on the Gaussian
structure of the underlying processes and remark the similarity of the limits obtained
in different models considered in Berzin-Joseph and Ledn (1997), Berzin et al. (1998)
or Berzin et al. (2001).
Also note that our technics allow us the parameters estimation and the setup of tests
of hypothesis when the partition is finer.

Following the same approach, future investigations will be made in a more general
setup where a drift is introduced in the model.
Other results are expected, related with the second order increments, to estimate the
Hurst parameter a using variation technics.
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