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Abstract

We prove the existence and weak uniqueness of weak solutions of It6’s stochastic time
dependent equations with irregular diffusion and drift terms of Morrey class with
mixed norms.
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1 Introduction

This paper is a natural complement of [10] where the drift term was assumed to be
the sum of two terms, one of which was bounded in z and Ls in ¢, and another one was
in a Morrey class for each ¢ with small norm. In this paper we concentrate on the case
when the drift is in a Morrey class with respect to (¢, z) with mixed norms.

Let R? be a d— dimensional Euclidean space of points = = (!, ...,2%) with d > 2. Let
(Q, F, P) be a complete probability space, carrying a d-dimensional Wiener process w;.
Fix § € (0,1] and denote by $; the set of d x d symmetric matrices whose eigenvalues lie
in [5,071].

Throughout the article we assume that on R4*! = {(¢,
Borel R?-valued function b = (b°) and Ss-valued o = (o*
the equation

7)1t € R,z € R?} we are given
). We are going to investigate

JJS:J;‘—F/ o(t—|—u,xu)dwu+/ b(t + u, ) du. (1.1)
0 0

We are interested in the so-called weak solutions, that is solutions that are not
necessarily F’-measurable, where 7 is the completion of o(w,, : u < s). We present
sufficient conditions for the equation to have such solutions on appropriate probability
spaces and investigate uniqueness of their distributions.

We just reproduced part of the introduction in [10]. The reader interested in learning
more about the history of the problem, motivation, and the literature is sent to [1], [3],
[12] and to the the introduction in [10].
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On weak solutions

Our Morrey type condition on b is stated in terms of mixed norms (different powers
of summability with respect ¢ and z). In [3] the Morrey type condition on b is stated in
terms of L,-norms in (¢,z) and the weak solvability of (1.1) is proved, if ¢ is the unit
matrix, along with weak uniqueness provided the solutions possess some additional
properties. Our result in this respect contains [3] and also allow us to give conditions for
unconditional weak uniqueness.

Still our general uniqueness theorem and uniqueness theorems in [12] are conditional.
We prove uniqueness only in the class of solutions (which is proved to be nonempty)
admitting certain estimates, however, as we said before, there are cases in which we
prove unconditional weak uniqueness.

Our ¢ is not constant or continuous and it is worth saying that restricting the situation
to the one when o and b are independent of time allows one to relax the conditions on b
significantly further, see, for instance, [4] and the references therein.

In Remark 3.15 we compare our results with some of those in excellent papers by
Rockner and Zhao [12] and [3]. By the way, G. Zhao ([14]) gave an example showing that,
if in the definition of b, (in Theorem 2.1) we replace r with 7%, o > 1, and keep (2.2) (with
k = 0), weak uniqueness may fail even in the time homogeneous case and unit diffusion.
In Example 2.7 we show that in the time inhomogeneous case even the existence may
fail.

Here is an example in which we prove existence and (unconditional) weak uniqueness
of weak solutions: |b| = ¢f, where the constant ¢ > 0 is small enough and

2| )1/(d+1)
Vit

where ( is any smooth symmetric d x d-matrix valued function vanishing for |z| > 1/2 and
satisfying |¢| < 1. This example is inadmissible in [12] because b is too singular and o is
not constant but admissible in [3] if ¢ is constant and yields weak solutions conditionally
weakly unique. This example does not fit into the scheme in [10] (barely misses) because
of special b.

The paper is organized as follows. In Section 2 we prove the solvability of (1.1) when
the drift is the sum of terms with different summability properties. In Section 3 we deal
with weak uniqueness and construct the corresponding Markov processes. This time the
drift is not split. Section 4 contains a result from [11] used in Section 3.

We conclude the introduction by some notation. We set

flt,x) = Il>t>07\w|<1"r|71( , 0=2(0") 4 I 20¢(z) sin(Iln | In |z]),

0 0
Di = %, Du = (DZU), Dij = DiDj, D2U = (Diju), at = a
If o = (0") by |o|*> we mean the sum of squares of all entries.

Introduce

Br(z) ={y € R*: [z —y| < R}, Bgr = Bg(0),
Crp(t,z) =[t,t+7) x By(x), Cp...= Cpp..., C,=0C,0,0),
and let C, be the collection of C,(t, x).
In the proofs of our results we use various (finite) constants called N which may

change from one occurrence to another and depend on the data only in the same way as
it is indicated in the statements of the results.

2 Solvability of Ito’s equations

Let d > 2 and let (2, F, P) be a complete probability space. Let F;,¢t > 0, be an
increasing family of complete o-fields F; C F, and let w; be an R?-valued Wiener process
relative to F;. Recall that o is assumed to be $5-valued.
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It is well known that, if o and b are smooth and b is bounded, the solutions of the
system

a:S:x—i—/ J(tr,xr)dwr—i—/ b(ty, ) dr, ts=t+s (2.1)
0 0

form a strong Markov process X with trajectories (ts, ).
Define

TC
b, = sup r~t sup sup Et,z/ |b(ts, )| ds,
r<p  (tz)eRI+1 CEC, 0

where 7¢ is the first exit time of (ts, z,) from C.

To continue we need some notation which are somewhat different from what we use
in Sections 3 and 4. For p,q € [1,00) and domain @ C R%*! by L, ,(Q) we mean the
space of Borel (real-, vector- or matrix-valued) functions on ) with finite norm given by

q/p
fle = | flol? ://f[ t,z)|P dz dt
1712 o = 7 Tall%, . R( [ 1Ta(.2)] )

if p > g and by

p/q
2 o = Tl :/ /fI toydr)” de
1712, o = 7 Tall%, Rd( [ 1fIa(t,2)] )

if p<gq.SetL,, = L,,(R¥?). These definitions extend naturally when one or both p, ¢
are infinite. As usual, we write something like f € L, 1oc if f( € L, 4 for any infinitely
differentiable ¢ with compact support. We write ||u,v,...|r, , to mean the sum of the
L, 4-norms of what is inside.

By W,:2(Q) we mean the collection of v such that d;u, D*u, Du, u € L, 4(Q). The
norm in W}*(Q) is introduced in an obvious way. We abbreviate W,:2 = W-2(R*).

If a Borel I' C R*!, by |I'| we mean its Lebesgue measure and

][ ft,x) dedt = 1 / ft,x) dzdt.
r Tl Jr
IfC e C, we set

BA 1y o) = 1UIZE 11l 0cc) = N(@p~ P79 f1, ,(0)-

Take the Fabes-Stroock constant dy = dy(d,d) € (d/2,d) introduced in [9] and let us
say that (p, q) are admissible if

d 1
p,qe[l,oo], 70+7§1
p q

Also take my, = my(d, ) > 0 introduced in [9].

Here is a generalization of Corollary 2.14 of [7].
Theorem 2.1. Assume that ¢ and b are smooth and b is bounded and there is a nonnega-
tive integer k and there are Borel functions b;(t,x), 0 < i < k, such thatb = Zf:o b;, and
we are given admissible (p;,q;), i < k. Define

k
b, = supr sup HbiHmei (©)s
r<p CeC, i=0

introduce b = b(d, §) so that Nb = m;, /4, where N = N(d, ) is taken from Theorem 1.1 of
[7] and suppose that

b,, <b (2.2)

holds for some p;, € (0,00). Then
by, /2 < M. (2.3)
EJP 29 (2024), paper 95. https://www.imstat.org/ejp
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One proves this theorem by repeating the proof of Theorem 1.1 of [7], where the fact
that there k£ = 0 was not used at all, and also using the argument in Step 1 of the proof
of Theorem 1.2 of [7]. After that the same argument as in Corollary 2.14 of [7] yields the
result.

Example 2.2. One of situations when b,, is finite presents when k = 1, |bo(t, )| < ho(x),
|b1(t, )| < hi(t) and, say ho(z) < c|z|~!, where c is sufficiently small, and h; € Ly(R). In
that case one can take p; = dp,q1 = 00, ps = 00,q2 = 1.

Indeed, if |zo| < 2r, then

][ |z| =% dx < 2d][ |z| =% dz = N(d)r—%.
Br(fL’o) BZr

and if |zo| > 2r, then [z[~" <+~' on B,(zo) and 4| ||z, (B, (zo)) <77

Also
+r2 s+r2 1/2
]f ha(t)dt < 7“_1(/ h2(t) dt)

and the integral here tends to zero as r | 0 uniformly with respect to s. Therefore, by
taking ¢ small enough and taking appropriately small p, we can satisfy (2.2) with any
given b > 0.

In the following theorem we prove the existence of weak solutions of equation (2.1).
Somewhat unusual split in its assumption about b is caused by the necessity to use
smooth approximations of the b;’s converging to the b;’s in the corresponding norms.

Theorem 2.3. Suppose that (2.2) holds for some p;, € (0, 00) with admissible p;, g; such
that, for each 1, either (a) p; + q; < oo, or (b) p; < o0, q; = oo and b; is independent of't.
Then

(i) there is a probability space (2, F, P), a filtration of o-fields Fs C F, s > 0, a process
ws, s > 0, which is a d-dimensional Wiener process relative to {F;}, and an F;-adapted
process xs such that (a.s.) for all s > 0 equation (2.1) holds with (t,z) = (0,0).

(ii) Furthermore, for any nonnegative Borel g on R? and f on R%*! and T € (0, 0) we
have

T
B[ fsw)ds < N@ST.pf],, . 2.4)
0
T
E/ g(zs)ds < N(d,6,T, py)||9ll 1.4 () (2.5)
0

Proof. Approximate o, b by smooth o(%), b(*), by using mollifying kernel e ~4~1¢(t /e, x /¢),
where nonnegative ¢ € C5°(R4*!) has unit integral and ¢(0) = 1. Then set b(t,z) =
bf;s) (t,x)C(et,ex) to make the new b; have compact support. Observe that b5 satisfy (2.2)
with the same Z;, pp- Therefore, the corresponding Markov process (t;,z§) satisfies
b¢ ., < my which makes available all results of [9]. In particular, by Corollary 3.10 of [9]

Pv/2
foranye,n >0andr >s>0
Eoo sup |5, — 5" < N(|r—s*+[r — "), (2.6)
w€ls,r]

where N = N(n, py, d, ). This implies that the P, o-distributions of 2 are precompact on
C([0,00),RY) and a subsequence as € = &, J 0 of them converges to the distribution of a
process 2 defined on a probability space (the coordinate process on 2 = C([0, 00), R%)
with cylindrical o-field F completed with respect to P, that is the limiting distribution of
x°). Furthermore, by Theorem 5.9 (ii) of [9] for any nonnegative Borel g on R¢ and f on
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Rt and €, T € (0,0) we have
T
Em/(WWS%SNM@ﬂmNN%M, 2.7)
0
T

Eoo [ 9(af)ds < N(.8.7,po) gl s 2.8)
0

which by continuity is extended to ¢ = 0 for bounded continuos f and then by the usual
measure-theoretic argument for all Borel f > 0. This proves (ii).

After that arguing as in the proof of Theorem 3.9 of [10] proves assertion (i). Here
passing to the limit in the drift term the case (a) we use (2.7) and in the case (b) we
use (2.8). The theorem is proved. O

Remark 2.4. Actually as is easy to see, in case (b) the condition that b; is independent of
t can be replaced with the following which is somewhat cumbersome: for any R € (0, c0)

lim sup b — b|% (¢, ) dz = 0.
el0 Br t

Remark 2.5. It may look like assertion (i) of Theorem 2.3 is a generalization of Theorem
3.1 (i) of [5] about the solvability of (2.1) with b € L, , and d/p + 1/¢ < 1. However, in
the typical case of k = 0, along with b € Ly, 4,,10c, do/Po + 1/q0 < 1, we require (2.2)
to hold and, if we ask ourselves what p, ¢ should be in order the inclusion b € L, , to
imply (2.2), the answer is d/p + 2/q < 1, somewhat disappointing. At the same time in
the next example we show that Theorem 3.1 (i) of [5] does not cover all applications of
Theorem 2.3.

In assumption (2.2) the size of b could not be too large.
Example 2.6. Let

4z

|| ||

b(t,x) = b(x) = Lizo, o =2(69).
Then as is easy to see, for any p € (do, d) and any q the quantity p 40|z, .(¢), p > 0,C € C,,,
is bounded. However, the equation dz; = o dw; 4 b(z) dt with initial condition 2o = 0
does not have any solution.

Indeed, if it does, then by It6’s formula

t t
|2, |2 :2d/ Ixs:0d3+2\/§/ zy dwy. (2.9)
0 0
Here the first integral is the time spent at the origin by =, up to time ¢. This integral is
zero, because by using It6’s formula for |z}|, one sees that the local time of z} at zero
exists and is finite, implying that the real time spent at zero is zero.

Then (2.9) says that the local martingale starting at zero which stands on the right is
nonnegative. But then it is identically zero, implying the same for x;. However, z; =0,
obviously, does not satisfy our equation.

At the same time according to Theorem 2.3, the equation dz; = o dw; + eb(x;) dt
with initial condition xy = 0 does have solutions if ¢ is sufficiently small. Observe that
b ¢ Ly, q10c forany p, g € (0,00) satisfying d/p + 1/¢ < 1, so this example is not covered
by Theorem 3.1 (i) of [5].

It turns out that in the definition of b one cannot replace r with »'*t%, no matter how
small a > 0 is.

Example 2.7. Take numbers « and  satisfying

O<a<p<l, a+p=1
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and set
1 T

b(t,x) = _ijodﬂgl,tgr

Using that dy < d, it is not hard to find p, g such that dy/p + 1/¢ < 1 and the quantity
plte -Hb||Lp1q(c), p>0,C € C,, is bounded. However, as we know from [5], the equation
dxy = dwy + €b(t, x4) dt with zero initial condition does not have solutions no matter how
small € > 0 is (actually ¢ = 1 in [5] but self-similar transformations take care of any
e > 0).

Remark 2.8. If b = 0, it turns out that for any admissible (p,q), R € (0,00), € R? and
Borel f(t,x) >0

T

E/ f(s,25)ds < N(d,0)R* 4f |1, ,(Cri0.0))> (2.10)
0

where 7 is the first exit time of (s, z,) from Cg(0, z).

Indeed, if R = 1, this follows from (2.4), where we take 7' = 1, any appropriate p, and
observe that 7 < 1 and we may assume that f = 0 outside C4 (0, z). The case of general
R is treated by parabolic scaling of R4*!.

This simple observation has the following implication in which
Lou(t,x) = Opu+ (1/2)a" (t,z)Djju(t,z), a= o>

Lemma 2.9. Let (p,q) be admissible and finite, z € R%, R € (0,00), u € W):2(Cr(0,))
and u =0 on 9'Cg(0,z) (that is (0Bgr(z) x [0, R?]) U (Bgr(z) x {R?})). Then

[u(0,0)| < N(d,8)R* #Loull 1, ,(Cn(0.0)- (2.11)

Proof. First note that, since dy > d/2 we have d/p + 2/q < 2 and u is continuous in

Cr(0,z) by embedding theorems. Then approximate v in W;,’(?-norm by smooth functions
u™ vanishing on 9'C(0, z). By Itd’s formula

u"(0,0) = —E/ Lou™(s,xs) ds.
0

In light of (2.10) estimate (2.11) holds with 4™ in place of u. Sending n — oo yields (2.11)
as is and proves the lemma. O
Here is It0’s formula we have on the basis of Theorem 2.3.

Theorem 2.10. (i) Suppose that k = 0 and (2.2) holds for some p;, € (0,00) and
Do, qo € (1,00), = — 4+ — < 1. (2.12)
(ii) Let x; be a solution of equation (2.1) with (t,x2) = (0,0) on a probability space

such that
(a) for p = po/Bo, ¢ = qo/Bo, any R € (0,00) and Borel nonnegative f on R4+1

TR
B[ fsa)ds < N|fl,.,. 2.13)
0
where N is independent of f and 7y is the first exit time of (s, zs) from Cg.
(iii) Let u € W}-2(Cr) be such that Du € L, (Cr), where (r,k) = (80 — 1)~ (po, qo)-
Then, with probability one for all t < R?,

tINTR )
w(t A TR, Tinryn) = w(0) + / Dijuc™ (s, x,) dw”
0

tATR B )
+/ [Ovu(s, z5) + a” Diju(s, zs) + b*'Diu(s, )] ds
0
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and the stochastic integral above is a square-integrable martingale, where Tp is the first
exit time of x; from Bp.

Proof. The last statement, of course, follows from (2.13) and the fact that 2p <
r,2q < k. To prove the rest we approximate u by smooth functions u() = ¢, * u, where
C(t,z) = e7972((t/e%,2/¢), and ¢ € C§°(R*!) has support in (—1,0) x B; and unit
integral. Since d/p + 2/q < 2 (d < 2dy), by embedding theorems u € C(Cg) and,
therefore, u(®) — u as e | 0 uniformly in any C'r: with R’ < R.

Fix R’ < R. Then for all sufficiently small € > 0 by It6’s formula

tATR! )
u(g)(t NTR, Tinep,) = u(s)(O) + / Diu(g)a”k(s, Ts) dw§
0
tATR! B )
+/ [ﬁtu(g) + a”Diju(E) + leiu(S)](s, xs) ds. (2.14)
0

We send ¢ | 0 and observe that u(®) — w in W;},’(IQ(CR’) and Du'®) — Du in L, 1 (Cr).
Hence, (2.13) allows us easily to pass to the limit in (2.14), for instance, by using
Holder’s inequality we obtain

l9nllz, e,y S MllL,, o cnllPlL, .c,) (2.15)

implying that

TR!
B [ bl1Du = Du|(t21) dt < N 1Du ~ D),
0
< Nbllz,y o cllPu = Du®| L, (cpy — 0.

It follows that (2.14) holds with « in place of u(®), After that it only remains to send
R’ 1 R and again use (2.13). The theorem is proved. O

Remark 2.11. The assumption that Du € L, ;(Cr) looks unrealistic because Sobolev
embedding theorems do not provide such high integrability of Du for functions u €
W,:2(Cr). However, if  is in the Morrey class E;:;ﬁ(CR), then Du € L, x(Cg) indeed
(cf. Remark 4.5).

3 Weak uniqueness and a Markov process

Here we prove a generalization of the Stroock-Varadhan theorem in [13] obtained for
o which is uniformly continuous in z uniformly in ¢ and bounded b. We need an additional
assumption on a and can relax conditions imposed on b in Section 2. Since a will have
some regularity the range of pg, qo can be substantially extended. Indeed, observe that if
do/po+1/qo = 1, then 1 < d/py + 2/qo < 2 since d > do > d/2 (cf. (3.3)).

An important distinction of the rest of the article from Section 2 is that here (and in
Section 4) for p,q € [1,00) and domain Q C R4*! by L, ,(Q) we mean the space of Borel
(real-, vector- or matrix-valued) functions on  with finite norm given in one of two ways
which is fixed throughout the rest of the paper:

q q » q/p
1719, = IFTelL,, = | ([ Iflota)Pdz)"" at (3.1)
: ’ R \JRe
or
» » q p/q
111 oy =ITalt,, = | ([ IfIat@) )" da. (3.2)
’ ' R VIR
Naturally, #- ||z, () and the spaces W, 7(Q) are now introduced in the same way as

in Section 2 but with the new meaning of L, ,(Q).
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Fix po, qo, Bo, By such that

d 2

60 S (132)7 ﬁ{) € (1360)7 Po, 90 S (60700)7 — + — Z 1. (33)
Po Qo

Take an « € (0,1) and 6(d, 4, p, ¢, @) introduced in Assumption 4.3 and set

6 = 6(d, 8, po/Bo, a0/ Bo, ) A 6(d, 8, po/ By, a0/ 55, )
Also take some p,, pp, € (0, 1], take b(d, 8, p, q, pa, B0, @) from Theorem 4.4 and set
lN) = B(da 6ap0/ﬂ07 q0/ﬂ07 Pas 607 Oé) A B(da 5ap0/6(/)7 QO/ﬂ{)a Pas ﬂ(/)a Oé).

Finally, one more restriction on the drift term is related to the following condition:

— 4+ —<1lan
DPo q0

d 1 d {either po > qo and L, , is defined as in (3.1), (3.4)

or po < qo and L, , is defined as in (3.2).

Throughout this section we suppose that the following assumption is satisfied unless
stated otherwise.

Assumption 3.1. We have

auw,pu ‘= sup ][ la(t,x) — ac(t)| dzdt < 0
P<pa
cec,
where
ac(t):][a(t,x)dxds (note t and ds).
c
Introduce

o, Wl

The parts (a), (b), (c) of the following assumption will be imposed in various combina-
tions.
Assumption 3.2. (a) b,, < 5,

(b) b,, <b<1andN;b<my, where N; depending only on d, §, po, qo, 5o, pa, @ is taken
from (3.18),

(c) condition (3.4) is satisfied and b,, < b <1 and Nb < m;, where N = N(d, 6, po, qo)
is taken from (3.14)

The following is very important.

Remark 3.3. Consider equation (2.1) with zero initial data and make the change of
variables z; = PbY o2 , By = POW =2 . Then

dye = b(t,y,) dt + 5(t,y;) dBy, (3.5)

where b(t, z) = pyb(p3t, pp), 5(t, ) = o (p}t, ppx), and B; is a Wiener process.

Taking into account that p;, < 1, it is easy to check that  and b satisfy Assumptions 3.1
and 3.2 with the same p,, 6,b,b and 1 in place of py. At the same time the issues of
existence and uniqueness of solutions of (3.5) and (2.1) are equivalent.

This remark shows that without loosing generality in the rest of the article we impose

Assumption 3.4. We have p, = 1.

EJP 29 (2024), paper 95. https://www.imstat.org/ejp
Page 8/19


https://doi.org/10.1214/24-EJP1159
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

On weak solutions

For 8 > 0, introduce Morrey’s space E, , g as the set of g € L, 410c such that

l9ll2,..s = S P H9llr, ) < oc. (3.6)
Define
E;:;B = {u: u, Du, D*u,0pu € E, 4 5}
and provide E;:i 3 with an obvious norm.

It is important to have in mind that if 5 < 2 (our main case) and u € E;:;) s then
according to Lemma 2.5 of [11], v is bounded and continuous.
Here is a useful approximation result.

Lemma 3.5 (Lemma 2.3 of [11]). Let f € E,, 5. Define f) as in the proof of Theo-
rem 2.3. Then for any C € C and ' > 8

lim ||(f — INicls,, . =0. (3.7)

p.a.B’

Introduce
Lu = 0w+ a Dijju + b"D;u.
In the following lemma Assumptions 3.1 and 3.2 are not used.
Lemma 3.6. Let x. be a solution of (2.1) with (¢,z) = (0,0). Set

p="10/Bo, q=qo/Po (3.8)

and assume that
(a) for any R € (0, 00) and Borel nonnegative f on R4+!

TR
E/ f(s,zs)ds < N”fHEp‘q,/aoa (3.9)
0

where N is independent of f and Tg is the first exit time of (s, xs) from Cr. Then

(b) for any R € (0,00) and u € E;g 4, With probability one for all t > 0,

tATR ) tATR
u(t AT i) =u0)+ [ Dot (sa)dut+ [ Lulsn)ds @10
0 0

and the stochastic integral above is a square-integrable martingale.

Proof. By Corollary 5.6 of [8] we have |Dul|? € E,)2,5/2,2(8,-1), Where r = pf, /(55— 1),
s =qp}/ (B, — 1). Note that

2>By>1, By/(By—1)>2, 2(By—1)<pPo, 7/2>p, s/2>4q.
This implies that the last statement of the lemma follows from (3.9).

To prove (3.10), as in the proof of Theorem 2.10 write

tATR )
uE (E A TR, Tipnry) = ulD(0) + / D o™ (s, 2,) dwk
0

tATR B )
+/ [8tu(5) + a”Diju(E) + bZDl-u(g)](s, xs)ds. (3.11D)
0

Since 2(8}) — 1) < By, by Lemma 3.5 we have |Du — Du(®)|?Ic, — 0 in E,, 5, and the
stochastic integral will converge in the mean square sense as ¢ | 0 to the one in (3.10)
owing to (see (3.9))

tATR ) tATR ) 2
E sup ‘ / D& o (s, ) dw® — / Diuc™ (s, x,) dw®
¢ 1Jo 0

TR
< NE/ |Du'®) — Du|?(s,z,) ds < N||(Du — Du(e))2ICR||Ep_q_ﬁO.
0
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Since u is bounded and continuous (Lemma 2.5 of [11]), we have the convergence of
the terms without integrals. Regarding the integrals only the term with b needs to be
addressed.

Notice that, thanks to p = po/Bo, ¢ = qo/Bo and (3.3)

d

];JrgZﬂO (>1).

Also for any C' € C
HOll 5y 500 (@) = HOl L,y .00(C)-
This along with (3.9) and Remark 5.8 of [8] imply that

| Ieb|Du — Du®)| |15, .. < Nb|Io(u—u)]| s

P,4,B0 8o

where N is independent of € and, owing to the fact that 5, > 5} and Lemma 3.5, the
right-hand side tends to zero as € | 0. This proves the lemma. O
We need the following fact which is a consequence of Theorem 4.4.

Theorem 3.7. Under Assumptions 3.1 and 3.2 (a) there exists

)\0 = >\0(d7 57]90761075075{”0(1»04) >0

such that fory = 3y and v = 3, p = po/7,q = qo/7, for any A > A, Borel c(t, ) such that

lc| <1, and f € E, 4 there exists a unique solution u € E}2 _ of

Lu—(A+c)u+ f=0. (3.12)

Furthermore for any u € E;jg ~ we have

H/\U’a \/XD’UH DQU, 8t'U/||Ep1[1W < NOH‘C’U - ()‘ + c)uHEp.q,'y’ (3.13)

where NO = NO(d7 5ap07 qO,BOaﬂ(l)vpava)'

Actually, Theorem 4.4 treats only the case of v = 3. However, its assumptions
are also satisfied if we replace 5y with §)). Then its conclusion holds true with such a
replacement as well, but for Theorem 3.7 to hold we need to take the largest of the Ay’s
and the N’s corresponding to v = 5y and v = ), in Theorem 4.4.

In the following theorem we, in particular, specify the constant /NV in Assumption 3.2
(©).

Theorem 3.8 (Unconditional and conditional weak uniqueness). Under Assumptions 3.1
and 3.2 (a)

(i) If Assumption 3.2 (c) is satisfied, then all solutions of (2.1) with fixed (t, z) (provided
they exist) have the same finite-dimensional distributions.

(ii) Generally, let y. and z. be two solutions of (2.1) with (¢,z) = (0,0) perhaps on
different probability spaces. Assume that for x. = y. and z. = z. either (a) or (b) of
Lemma 3.6 holds.

Then z. and y. have the same finite-dimensional distributions.

Proof. First we prove (ii). Since by Lemma 3.6 (a) implies (b), we only need to show
that (b) implies weak uniqueness.

Take bounded Borel ¢, f on R**! such that 0 < ¢ < 1. By Theorem 3.7 with
A = )¢ there is a bounded function u defined uniquely by a,b,c, A, f, such that u €

E;f/%q/% . C Ezlaf/,@o,q/ﬂo,ﬂé and (3.12) holds. In light of (b) by It6’s formula applied to

u(t, zt) exp ( — At — /Ot c(s, ) ds)

EJP 29 (2024), paper 95. https://www.imstat.org/ejp
Page 10/19


https://doi.org/10.1214/24-EJP1159
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

On weak solutions

for any finite 7" we obtain

TATR
w(0) = Eu(T A TR, TTAry) €XP ( —MT ATR) — / c(s,xs) ds)
0

TATR t
—|—E/ ft, ) exp ( — At — / c(s,xs) ds) dt,
0 0

where 75 is the first exit time of (s, zs) from Cr. We send here T, R — oo taking into
account that A+ ¢ > Ay > 0, u, f are bounded and 7z — oc. Then we get that

+

E/OOO f(t,wt)exp(—)\t—/olc(s,ats)ds) dt

is uniquely defined by a, b, ¢, A, f (since it equals «(0)). For T > 0 and f = (A + ¢)I;<r this
shows that

Eexp(— AT — /OTc(s,xs)ds)

is uniquely defined by a, b, ¢, A, T. The arbitrariness of c and T certainly proves assertion
(ii).
To prove (i), we take any solution of (2.1), say with (¢,2) = (0,0). Set

1 d 1

=4 =

Y Po Qo
and use Theorem 4.2 of [5] that greatly simplifies in our situation. With (pg, o)/ in
place of its (pg, o), in its conditional form this theorem yields that, since for each ¢t > 0,
p < 1land C € C, we have that 7¢, defined as the first exit time of (¢t + s, z45), s > 0,
from C, is less than p? and since

— > 2 —~d
22210~ [N (d) (b p) 720/ 0] 20 701

= N(d, po, q0)o7/ =7 p? = N(d, po, q0)b°*/?,

we have with constants N depending only on d, §, pg, qo, that

TC
E{/ bt + 5,2010) ds | 7.}
0

2 2po /(po—~d) \ Y4/ (2po)
< N+ [ Ty I g, e

< Np’Yd/Po(l + BQQO/W)Vd/@PO)Ep’Yd/Po+27/qO*1 < N(d, 5,]90,(]0)?)[7, (3.14)

where in the last inequality we used that b < 1. Hence, the left-hand side is less than
myp, provided that N(d, d, po, qO)B < my. In that case all results of [9] are available, in
particular, estimate (2.13) (implying (3.9) with any 5y) holds for our solution whenever
do/p + 1/q < 1, that in our case holds with p = po/Bo,q¢ = qo/Bo if we use 1/8y =
do/po + 1/qo to define 3y, which is in (1, 2) owing to d/po + 1/q0 < 1, d/po +2/qo > 1, and
dp € (d/2,d). This proves the theorem. O

Remark 3.9. It is shown in [2] that assuming b € L, , with d/py + 1/go < 1 alone does
not guarantee weak uniqueness even with unit diffusion.

Next, we proceed to proving the existence of weak solutions. Assumptions 3.1, 3.2 (a)
and (b), and 3.4 are supposed to hold throughout the rest of this section and we define
p,q as in (3.8). We start by drawing consequences from Theorem 3.7.
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Corollary 3.10. Assume that a,b are smooth and bounded. Take R < 1, smooth f, and
let u be the classical solution of
Lu+f=0 (3.15)

in C'r with zero boundary condition on 9'Cr. Then

lu| < NR**P||Ic, fllE (3.16)

P,q,80

where N depends only on d, 9, pg, o, Bo, Pa, .

Indeed, the case R < 1is reduced to R = 1 by using parabolic dilations. If R = 1, the
maximum principle allows us to concentrate on f > 0 and also shows that u(t, m)e’\ot is
smaller in C; than the solution v of

Lv — v + I, fe*t =0

in R4*!. Since 3, < 2 by embedding theorems we have on C;

p,q,80 "

u<v <Nl <N, flle

Now we can specify the constant N; in the definition of b in Assumption 3.2 (b).
Observe that so far the size of b played a role only in assertion (i) of Theorem 3.8.

Corollary 3.11. Assume that a,b are smooth and bounded and let (ts, ;) be the corre-
sponding Markov diffusion process. Then for any (t,z) € R, p<1,C ¢ C,, and Borel
f=>0

TC
I(t,2) = Et,x/ F(txe) dt < NoP=5 | Ie fs, . o (3.17)
0

where 7¢ is the first exit time of (ts,xs) from C'. In particular,
TC R
Ei o / |b(t, )| dt < Nypb, (3.18)
0

and in both estimates N and N; depend only on d, d, py, 9o, Bo, Pa, Q-

Indeed, if f is smooth, by It6’s formula, I coincides with the solution of (3.15) in a
shifted C, and (3.17) follows from (3.16). For bounded Borel f we use the notation f(E)
from the proof of Theorem 2.3 and observe that f(¢) — f almost everywhere, and the
corresponding left-hand sides of (3.17) converge because they are expressed in terms of
the Green'’s function of £. As far as the right-hand sides are concerned, observe that
by Minkowski’s inequality Hf(E)HE,J‘q,ﬁO <||fllg,, s, and thisyields (3.17) with || f||g, , 5,
in place of || fIc||E,, 4, - Plugging flc in such relation in place of f leads to (3.17) as is.
The passage to arbitrary f > 0 is achieved by taking f A n and letting n — oo.

To prove (3.18) observe that due to self-similar transformations we may assume that
p = 1, in which case we use (3.17) and the fact that for r < 1 and C’ € C,

% $Icbl|z, cn < 7% HblL,, oo < N7 gblip,, . e < Nb.

0,40

Once NV is specified, we have the following.

Corollary 3.12. Suppose that a,b are smooth and bounded and let (ts, z;) be the corre-
sponding Markov diffusion process. Then by < my and all results from [9] are applicable.

Corollary 3.13. Suppose that a,b are smooth and bounded and let (ts, z;) be the corre-
sponding Markov diffusion process. Then for any (t,z) € R4, Borel f >0, T € (0,0),
there exists N depending only on d, 6, po, qo, Bo, pa, &, T, such that

T
Em/ () dt < N fllg, .. (3.19)
0
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The proof of this is almost identical to the proof of (3.17) when p = 1.

Now we abandon the assumption that ¢ and b are smooth and come back to our
assumptions (that are supposed to hold throughout the rest of the section) stated before
Corollary 3.10. Here is a counterpart of Theorem 2.3.

Theorem 3.14. (i) There is a probability space (2, F, P), a filtration of o-fields F, C F,
s > 0, a process ws, s > 0, which is a d-dimensional Wiener process relative to {Fs},
and an F-adapted process x, such that (a.s.) for all s > 0 equation (2.1) holds with
(t,x) = (0,0).

(ii) Furthermore, for any nonnegative Borel f on Rét! and T € (0, 00) we have

T
E/ f(5,25)ds < N\ fllg,, o0 (3.20)
0

where N is the constant from (3.19).

Proof. As in the proof of Theorem 2.3, approximate o, b by smooth ¢(2), b() and take
the corresponding Markov processes (t;, z5). We noted in Corollary 3.12 that all results
of [9] are available for (t;,«5). In particular, by Corollary 3.10 of [9] for any &, n > 0 and
r > s > 0 we have (2.6) where N = N(n,d, ). This implies that the P ¢-distributions
of x¢ are precompact on C([0, o), R¢) and a subsequence ¢ = ¢, | 0 of them converges
to the distribution of a process x. = x° defined on a probability space (the coordinate
process on 2 = C([0, oo),]Rd) with cylindrical o-field F completed with respect to P,
which is the limiting distribution of z¢). Furthermore, by Theorem 5.1 of [9] for any
nonnegative Borel f on R?*! and ¢, T € (0,0) we have

T
Eoo / F(s,25) ds < N(d 6, 7)1l s, (3.21)
0

which by continuity is extended to € = 0 for bounded continuos f and then by the usual
measure-theoretic argument for all Borel f > 0. After that estimate (3.21) also shows
that for any bounded Borel f with compact support

T T
hﬁ)lEo,O/ f(s,xz)ds=E0,o/ f(s,2%) ds. (3.22)
& 0 0

Furthermore, one can pass to the limit in (3.20) written for z£ in place of z; and see
that it holds for 338 if f is bounded and continuous. The extension of (3.20) to all Borel
nonnegative f is standard and this proves assertion (ii).

Now we prove that assertions (i) holds for x.. Estimate (2.6) implies that for any
finite T’

lim P(sup |22 > ¢) =0,

c—00 s<T

and estimate (3.20) shows that for any finite ¢

T
E/ I|zg|gc\b(s,x2)| dt < 0.
0

Hence, with probability one
T
/ |b(s,29)| dt < oco.
0

Next, for 0 < ¢; < .. <t, <t <s, bounded continuos ¢(z(1),...,z(n)), and smooth
bounded u(t, z) with compact support by Itd’s formula we have

Eoop(x5,, ..., 5) [u(s, %) —u(t,xf) — / LEu(r, z5) dr} =0,
t
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where
Lfu = Opu+ a“ Diju+ b Diju, o = (1/2)(c(®)2.

Using (3.20), Lemma 3.5, and the fact that « has compact support show that

lim lim Boo | b5 — b0 |(r, 25) | Du(r, 25)| dr = 0,
BRI / | |(r25)| Du(r, 27)| dr

liiIOlEQ’O/ bV, 22) Dyu(r, x5) dr:E/ bEV (20 Dyu(r, 20) dr,
€ Jt t

lim F |b — b(‘fl)’(r7 22)|Du(r, 22)| dr = 0.
61\L0 t

After that we easily conclude that

E¢(a? ,....x}) {u(s,:cg) —u(t,2?) — / Lu(r,z?) dr} =0.

t
It follows that the process

u(s,z%) — / Lu(r,22) dr
0

is a martingale with respect to the completion of o{z) : ¢t < s}. Referring to a well-known
result from Stochastic Analysis proves assertion (i). The theorem is proved. O

Remark 3.15. In [12] the weak uniqueness is proved in the class of solutions admitting,
as they call it, Krylov type estimate when ¢ is constant and we have p, q € [1, 00| such

that
Lo (L e e

(the Ladyzhenskaya-Prodi-Serrin condition).

Actually, p = 0o, ¢ = 2 is not allowed in [12], this case fits in [10] where weak existence
and conditional weak uniqueness is obtained. In case p = d, ¢ = oo the comparison of the
results in [10] and [12] can be found in [10].

If p € [d+1,00) and we use the norms in (3.1), set pp = p and gy := ¢/2 (p > qp). Then
for any p > 0, and C € C,, by Holder’s inequality we have

18]l 2, 0 ) < 27NN, aicrs HON Ly o) < N(@)p MBIz, cc) (3.24)

PO"IU(

and the last norm tends to zero as p | 0. In that case also d/pyg + 1/qgo = 1. This shows
that Assumption 3.2 (c) is satisfied on account of choosing p; small enough.

By Theorem 3.8 (i) we get unconditional weak uniqueness of weak solutions that exist
by Theorem 3.14 if, say ¢ is constant (as in [12] and [3]).

Incased <p <d+1 (g > 2p), set pp = qo = p. Then by Holder’s inequality we again
get the second relation in (3.24), but this time our result is the same (if ¢ is constant) as
in [12] and [3]: weak existence and conditional weak uniqueness.

Interestingly enough, in case p < d + 1 the estimates (3.24) are still valid and show
that Assumption 3.2 (a) is satisfied for an appropriate p;,, provided that the inequality

in (3.23) is replaced with
p/q
/ (/ |b\th) dz < oo. (3.25)
R VJR

At the same time equations with b satisfying (3.25) are not covered in the literature so
far (apart from the author’s works) and we present in Remark 3.16 an example related
to (3.25).
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Remark 3.16. There are examples showing that the assumption of Theorem 3.8 (i)
concerning b is satisfied with the norm in L, , understood as in (3.25) but not as in (3.23)
and (3.23) does not hold no matter what p, ¢ are, so that these examples are not covered
by the results of [12] or [10]. For instance, take b(¢,z) such that |b| = ¢f, where the

constant ¢ > 0 and
|| ) 1/(d+1)

Vit

If p = oo, the second condition in (3.23), obviously, is not satisfied. If p = d, ¢ = >0, so
that the first condition in (3.23) is satisfied, then

/ fit,z)dx = / || =4 4D g — 0o
|lz|<1 lz|<1/vE

ft,x) = Il>t>0,\x\<1|17|71(

as t | 0. Thus, the second condition in (3.23) is not satisfied in this case. If p € (d, 00)
andt >0, r <1, then

V't
/ Pt z)de = Ntld=p)/2 /7 pt=1-ptp/(d+1) dp =: t(d_p)/QI(T/ﬁ).
jz|<r 0

In order for that integral to converge, we need
p<d+1 (¢g>2(d+1)), (3.26)

and in this case I(p) ~ p?~P+P/(4+1) as p — co. Next,

7"2 / 7‘2
/0 (/|<,fp(t,x) dm)q pdt:/o #(d=p)a/20) 19/P (1 //7) dit

— 9p2+(d=p)a/p /OO p3=ld=pla/p1alr(p) dp.
1

Here the integrand has order of p~3+%/(4+1) and —3 + ¢/(d + 1) > —1 by virtue of (3.26)
and (3.23). Therefore, the last integral diverges and condition (3.23) indeed fails to hold.
In contrast to this, although, if norms are understood as in (3.1), the assumption
of part (i) of Theorem 3.8 concerning b, obviously, are not satisfied if d/pg + 1/¢0 = 1
and py > qo (because then py > d + 1), it turns out that they are satisfied with norms
from (3.2) for some qo > po (d/po + 1/q0 = 1,q0 > d + 1) if ¢ is small enough.
Indeed, take d + 1 < go < 2(d+ 1) (po < d + 1) and note that for r < 3

r2 1A7P2
_ ||\ 90/ (d+1)
(¢ 2) dt = Iy ||~ (—) dt
/0 (1) dt = Ty a] / N

r2 /]2
<ot [T g a2 02 o),
0
where J(s) ~ s'7%/(2d4+2) a5 5 — 00, Next,

2
T Po/qo

/ ( / Fo(t, z) dt) dz

Jlz|<r 0

= N/T pl= 1 @=a0)ro/a0 gro/ao (2 / p2Y gy
0

1
:Nrd+(2_q0)p0/q0/ sd—1+(2—q0)p0/qojp0/q0(8_2) ds.
0
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Here in the integral with respect to s

d+(2—q0)po/q0 — 2(1 — qo/(2d + 2))po/qo = d — pod/(d + 1),

which is strictly greater than zero and the above integral with respect to ds is finite
implying that
1Ly 0 () < Nr~t. (3.27)

Ifr <1,te (—r?r?) and |z| < 2r, then

BElN 2,00 o (t0) S AF L0 (o) < NTTE

Incase r < 1,t ¢ (—r?,7?) or |z| > 2r the left-hand side above is zero. It follows that for
small ¢ our b satisfies Assumption 3.2 (a) with p, = 1. Also d/py + 1/qo = 1. Therefore,
due to Theorem 2.3, (2.1) has a solution starting from any point, say if ¢ is constant, and
all solutions starting from the same point have the same finite-dimensional distributions
by Theorem 3.8 (i).

On the other hand, the results of [3] still guarantee that there is weak existence and
conditional weak uniqueness in this example if ¢ is constant. Recall that our ¢ is not
necessarily constant or even continuous.

By changing the origin we can apply Theorem 3.8 to prove the solvability of (2.1)
with any initial data (¢, z) and get solutions with the properties as in Theorems 3.14 (ii)
weakly unique by Theorem 3.8. For such a solution denote by P, , the distribution of
(ts,7s),s > 0, (ty = t+s5) on the Borel o-field F of 2 = C([0, 00), R4*1). Forw = (t.,z.) € Q
set (ts, z5)(w) = (ts, x5). Also set Ny = o {(ts, x¢),t < s}.

Theorem 3.17. The process
X ={(t,z.),00,M, P, .} (o0 is the life time)

is strong Markov with strong Feller resolvent for which (2.3) holds true.

Proof. Take u from Theorem 3.7 with v = 3, ¢ = 0, A > A\ and Borel bounded f. By
I1t6’s formula for any (¢, z) and 0 < r < s we obtain that with P, ,-probability one
SATR

u(ts,xs)e’A(S/\TR) = u(tr,x,«)ef)‘(”\m) —|—/ e o™ Diu(ty, ) dw,’j

TATR

SATR
—/ e f(ty, x,) dv, (3.28)
TATR
where 7 is the first exit time of (t,,z,) from Cg
From (3.28) with » = 0 as in the proof of Theorem 3.8 we obtain

Em/ e M f(ty, Ty) dv = u(t, ). (3.29)
0

If f is continuous, this implies that the Laplace transform of the continuous in v function
E, . f(ty,xy) is a Borel function of (¢, z). Then the function F , f(t,, x,) itself is a Borel
function of (¢, z). Since it is continuous in v, it is Borel with respect to all its arguments.
This fact is obtained for bounded continuous f, but by usual measure-theoretic arguments
carries it over to all Borel bounded f.

Then take 0 < r; < ... < r,, = r and continuous f and a bounded Borel function
¢(x(1),...,x(m)) on R™ and conclude from (3.28) that

Ei oC(Tryy ey Trp, Uty mr)e_M

ZEt,mC($r1,~~~,$rm)/ e_)‘”f(tv,xv)dv.
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In light of (3.29) this means that
/ Et,IC(xha ) xrm)ei)\vEtr,fo(tv—ra xv—r) dv

:/ Em.C(xﬁ,...,a:rm)ef)‘”f(tq,,xv)dv.

We have the equality of two Laplace’s transforms of functions continuous in v. It follows
that forv > r

Et,xC(xrm ~~-7xrm)Etr,zrf(tv7r7xvfr) = Et,zC(mrm-"»x'rm)f(tv»xv)'

Again a measure-theoretic argument shows that this equality holds for any Borel bounded
f and then the arbitrariness of { yields the Markov property of X.

To prove that it is strong Markov it suffices to observe that, owing to (3.29) its resol-
vent R) is strong Feller, that is maps bounded Borel functions into bounded continuous
ones.

To deal with (2.3), take, for instance, (¢,2) = (0,0) and approximate our (conditionally
weakly unique) solution as in the proof of Theorem 2.3 by z¢. for R € (0,00),y € R4,
introduce the functional 7, g(z.) on C([0,00), R¢) as the first exit time of (s, ;) from
Cr(0,y). As is easy to see, v, gr(z.) is lower semi-continuous. It follows that the same is

true for
’Yy,R(T-)
/ flr,z,)dt,
0

as long as a bounded continuous f(¢,z) > 0. It follows that

Yy, r(TE™) "/y,R(m(-))
lim EO,O/ f(ryzém)dt > EO,O/ fr,2%) dt. (3.30)

n—00 0 0

In light of (3.20), inequality (3.30) holds for f = |b|. If f = |b| and R < p;, as we have
said in the proofs of Theorem 3.8 (i) and as it follows from (3.18), the left-hand side
of (3.30) is smaller that m,R. But then

Tr(Y)
Eo,o/ |b(s,22)| ds < myR,
0
and this with the possibility to change the origin leads to (2.3). The theorem is proved. O

4 A result from [11]

The content of this section is independent of Sections 2 and 3, however, we borrow
some notation from Section 3.
We have p, q, 5y such that

d 2
p7Q750€ (1700)7 ﬂ0#27 ;"_6 ZBO (41)

Fix some p, € (0,00). Parameters # and b below will be specified later.

Assumption 4.1. We have

ai,pa = sup ][ la(t,x) — ac(t)|dzdt < 6, (4.2)
p<pa JC
cec,
where
ac(t) :][ a(t,x)drds (note t and ds).
C
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Assumption 4.2. We have

b :=supr su b < b. 4.3)
1 TSII) Cegf ‘H ||Lpﬂo,q50(c)
Let us specify 0 in (4.2). It is easy to choose 6;(d, d,p, ¢) introduced in Lemma 4.5 of
[11], so that it is a decreasing function of d, and we suppose it is done. In the following
a € (0,1) is a free parameter.

Assumption 4.3. For r defined as the least number such that
rz(d+2)/a, r=pq
and ©(a) = {(p/,¢') : p <p' <rq<q <r} Assumption 3.1 is satisfied with

0= ér(lf) 01(d+1,6,p',q") =: 0(d,6,p, q, ).

The fact that this 6 > 0 is noted in [11].
Here is the main result of [11] adjusted to our needs. The constant v = v(d, 5o, p, q)
below is taken from Remark 2.2 of [11] when p;, = 1.

Theorem 4.4. Under the above assumptions there exist
6 = B(dv 57pa q; Pa, BOa Oé) € (Oa 1]7 5‘0 = Xo(d7 57p7 4, Pa ﬁ07 Oé) >0

such that, if (4.3) holds with this b, then for any \ > Ao, function ¢(t,z) such that |c| < 1
and f € E, 4 5, there exists a unique E;:l?ﬁo -solution u of Lu— (¢ + \)u = f. Furthermore,
there exists a constant N depending only on d, §, p, q, pa, Bo, &, such that
< Nvt|flle

4,80 — ?,4,80 °

10w, D*u, VADu, \ul|p, (4.4)

Remark 4.5. The unique solution u from Theorem 4.4 possesses the following properties
a) obviously, u € W7, ;

b) by Lemma 2.6 of [11], we have Du € L, 5 1oc, where (r,s) = (8o — 1) "' Bo(p, q);

c) for By < 2 we have that v is bounded and continuous according to Lemma 2.5 of

[11].
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