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Limit theorems for mixed-norm sequence spaces
with applications to volume distribution
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Abstract

Let p,q € (0,00] and ¢;'(¢;) be the mixed-norm sequence space of real matrices
@ = (2i)i<m,j<n endowed with the (quasi-)norm ||z||,.q := || (||(xi,j)j§n||q)i<m|]p. We
shall prove a Poincaré-Maxwell-Borel lemma for suitably scaled matrices chosen
uniformly at random in the £ (¢7)-unit balls B;';", and obtain both central and non-
central limit theorems for their ¢, (¢,)-norms. We use those limit theorems to study
the asymptotic volume distribution in the intersection of two mixed-norm sequence
balls. Our approach is based on a new probabilistic representation of the uniform

distribution on B}";".
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1 Introduction and main results

The asymptotic theory of convex bodies is intimately linked to probability theory
whose methods and ideas have been key elements in obtaining numerous deep results of
both analytic and geometric flavour. It has led to the development of a quite powerful
quantitative methodology in geometric functional analysis and allowed to form a quali-
tatively new picture of high-dimensional spaces and structures. The role of convexity
in high-dimensional spaces is similar to the role of independence in probability and
guarantees a certain regularity of the otherwise complex structure of a high-dimensional
space. One of the most classical results of stochastic-geometric and high-dimensional
flavor is probably the Poincaré-Maxwell-Borel lemma, which asserts that any fixed
number of coordinates of a vector chosen uniform at random from the boundary of the
unit Euclidean ball B% is approximately Gaussian (see, e.g., [5]), and in the more modern
spirit there is the pioneering work of V. D. Milman on the concentration-of-measure
phenomenon, which has led to several major breakthroughs (see, e.g., [1, 18]). The ar-
guably most prominent example of the last two decades is Klartag’s central limit theorem
for convex bodies, showing that the marginals of a high-dimensional isotropic and log-
concave random vector are approximately Gaussian distributed [16]. Besides Klartag’s
central limit theorem for convex bodies, a number of other (weak) limit theorems have
been obtained for various geometric quantities in the last decades, demonstrating their
regularity and universality; we refer to the survey [22] for references. Several of those
results have led to a deeper understanding of the volume distribution in high-dimensional
convex bodies.

The motivation of the present paper is essentially twofold and will be elaborated upon
in view of classical and preceding works before presenting our main results.

Motivation 1: Poincaré-Maxwell-Borel type results. Having its roots in kinetic gas
theory, and going back to Maxwell and later Poincaré and Borel, it is observed that the
first k coordinates of a random point on the (n — 1) -dimensional Euclidean sphere SS*I
are asymptotically independent and Gaussian as n tends to infinity; to be precise,

Jim dry (L(vn(X]")i<k), £((Zi)i<k)) = 0,
where drv denotes the total variation distance, (X");<, is sampled uniformly from ssg—l
and Zi,...,Z) are independent standard Gaussian variables, and k € N is fixed. We
refer to Diaconis and Freedman [5, Section 6] for a more detailed account and give a
more detailed statement in Proposition 2.1 below. In [5], Diaconis and Freedman prove
an analogous result for the simplex and exponential distribution. Generalizations to the
¢, -sphere were obtained by Mogul " skil [19], where the point was distributed according
to the normalized Hausdorff measure, and by Rachev and Riischendorf [23] for the
cone probability measure. The latter authors exploited a probabilistic representation
relating a p -generalized Gaussian distribution to the ¢, -balls, allowing one to make a
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transition from a random vector with dependent coordinates to one with independent
ones. Naor and Romik [20] showed that the normalized Hausdorff measure and the cone
probability measure are asymptotically equal (their equality for p € {1, 2, oo} irrespective
of dimension being long known prior), thereby unifying the previous results. A further
generalization to Orlicz balls (and even beyond) was undertaken recently by Johnston
and Prochno [9]. We stress that all results cited have been proved for the total variation
distance of probability measures. In the present article we only consider the weak
topology on probability measures (equivalently: convergence in distribution of random
variables).

Motivation 2: Schechtman-Schmuckenschlager type results. Instigated by a question
of V. D. Milman, Schechtman and Zinn [27] found an upper bound on the volume left over
from an /, -ball after cutting out a dilated /, -ball; incidentally the authors utilized the
same stochastic representation as did Rachev and Riischendorf (see above). A few years
after, Schechtman and Schmuckenschlager [26] used that probabilistic representation in
order to investigate the limit of the volume of the cut-out portion in the very same setting
as before, revealing the following threshold behaviour: below a certain critical dilation
factor depending only on p and ¢ the limit is zero, and above that it is one, provided the
¢, -ball has unit volume. More formally, writing D} for the n -dimensional unit-volume 7,
-ball,

0 iftd,q <1,
1 iftA,, > 1.

About a decade later, Schmuckenschlager [28, 29] determined the asymptotics at the
threshold itself and found the limit to be 1/2 by proving a central limit theorem that
revealed this behaviour. We refer to Proposition 2.2 below for the precise statement.
More recently, Kabluchko, Prochno, and Thale [12, 14] revisited the results of Schecht-
man and Schmuckenschlager, providing a unified framework and also generalizing the
previous works in various directions, yet still treating £, -balls and using the probabilistic
representation. A further step was taken by Kabluchko and Prochno [11], studying the
intersections of Orlicz balls and observing a similar thresholding behaviour; here much
finer tools from large deviations theory and statistical mechanics where required, and it
is not even known whether the limit at the threshold itself exists. Another generalization
from £, -balls to /, -ellipsoids, i.e., axis-parallel-scaled balls (a case not covered by Orlicz
balls), was recently obtained by Juhos and Prochno in [10]; the phenomenon of the
threshold emerges again. The case of intersections of unit balls from classical random
matrix ensembles has been treated by Kabluchko, Prochno, and Thale in [13]. Let us
point out that understanding the asymptotic volume of intersections of scaled unit balls
naturally appears, for instance, when studying the curse of dimensionality for high-
dimensional numerical integration problems [8].

Suspecting a universal behaviour among symmetric convex bodies, we tackle an-
other generalization, namely finite-dimensional sequence spaces with mixed ¢, -norms,
and consider the asymptotic volume of the intersection of two balls: the thresholding
behaviour is found to be valid also in this case, and for a wide range of parameters
the limit in the critical case is determined; little surprisingly, owing to the larger set of
parameters as compared to the £, -balls, this limit’s value is much more varied and the
overall analysis is considerably more delicate.

Let us point out that the study of mixed-norm spaces is a classical one in approxima-
tion theory and geometric functional analysis and we refer, for instance, to the work of
Schiitt regarding the symmetric basis constant of these spaces [30], the characterization
of mixed-norm subspaces of L; by Prochno and Schiitt [21] and Schechtman [24], the
work on non-existence of greedy bases for the mixed-norm spaces by Schechtman [25]
and the study of volumetric properties of these spaces by Kempka and Vybiral [15] as

lim v, (D" N DY) = {

n—oo
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well as the recent work of Mayer and Ullrich on the order of entropy numbers of mixed-
norm unit balls [17].

We would like to add that, naturally, it would be interesting to consider even more
general norms. The main hindrance, though, is that each of the results referenced in the
motivation above, and others more, has required tools tailored to the specific problems;
to our best knowledge there is no unified theory yet that would allow us to assess such
questions “in one fell swoop.” Current research is conducted, e.g., for Schatten norms
of not necessarily square matrices.

The mathematical setup

In order to be able to present our main results, we shall briefly introduce the most
essential setup; more details can be found in Section 2 on notation and preliminaries.

For p,q € (0,00] and m,n € IN define the finite-dimensional mixed-norm sequence
space £,'({7) to be the space R™*" endowed with the (m - n) -dimensional Lebesgue
measure v,,,, given for any measurable A C R"™*" by

Umn(A) = / ]1,4(3;‘) dxl,l tet dxl,n Tt dxm,l T dxm,nv
IRTYLXTI

and with the quasinorm

2 llp.g = [ (I1(zi.5)5<nlla) sl

where z = (7; j)i<m, j<n € R™*", and |||, is the usual £, -norm, that is,

(§|xi|p)1/” if p < oo,

[(zi)iallp = :
max|z;| if p = o0.
i<n

In particular, we consider the unit balls
By = {:E eR™ " ¢ ||z|pg < 1};

the /£, -unit ball and sphere in R" are written B} and S;‘fl, respectively; w; denotes the
volume of Bj.

We seek to characterize Unif(BB};"), the uniform distribution on B}';*. Given a
random matrix X = (X j)i<m j<n ~ Unif(B}'"), define

Xij

R; = [[(Xij)j<nlly and ©;:=(0;;)j<n = ( 7

) for i € [1,m]; (1.1)

Jj<n

then clearly (R;)i<m € By N [0,00)™, ©; is almost surely well-defined and ©; € Sf}fl.
The notations R; and ©;, ©; ; are used throughout this article with the meaning given

in (1.1); note that they actually depend on the parameters p, ¢, m,n, but we suppress this

in our notation.

For p € (0, 0] the p -generalized Gaussian distribution, or p -Gaussian distribution
for short, is defined to be the probability measure on R with Lebesgue-density

1 —lzlP/p if
e 1 < 00
{2p1/p F(%-‘rl) p s

%]l[,l’l](a:) if p = co.
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1.1 Main results—a Schechtman-Zinn probabilistic representation

The first main result, which facilitates all computations and is essential to our proofs,
is a probabilistic representation of the uniform distribution on B;}';", generalizing the
classical result of Schechtman and Zinn [27] and Rachev and Ruschendorf [23]. Given
the numerous applications of the classical probabilistic representation, the following

result clearly is of independent interest.

Proposition 1.1. Let p,q € (0,00] and m,n € N, and let X ~ Unif(IB}";").
(a) The distribution of (R;);<. has Lebesgue-density

20" 17 s
le,...,Rm(Tlv---ﬂ"m): o HT;L_ ']llBgn[o,oo)m(m,---77“m)-
p/n =1

Therefore, (R;)i<m can be represented as

1/(mn) &/ ;
(Ri)icm < {U (emienmrre )i 1P <00,

- (1&1™)i<m ifp = oo,
where U, &, ..., &, are independent random variables with U distributed uniformly on
[0,1], and &1, ...,&, are £ -Gaussian.
(b) The random vectors (R;)i<m,©1,...,0,, are all independent, each ©, is dis-

tributed according to the cone measure on S;‘_l, fori € [1,m], and therefore can be
represented as
0,2 (7773) ,
|(ni0)i<nllg/ i<n

where (1; ;)i<m,j<n is an array of independent q -Gaussian random variables.
(c) The components X; ; of X have the representation

Xij = Ri®ij
1/(mn) &ltm Ni,j .
a)JU ST a7 Tamoiealls AP < 00 1.2)
1/ Ni,j . _
&1 e ifp = oo,
where U, &1, ...,&m, M 1, -, m,n are as before.

1.2 Main results — Poincaré-Maxwell-Borel principles

One type of limit theorem which we are considering is a Poincaré-Maxwell-Borel
principle, that is, a statement about the limiting distribution of the first few coordinates of
a random vector. In the following two theorems, we shall always assume (X; ;)i<m, j<n ~
Unif(B").

Owing to the nature of the space E;”(Eg), having two parameters for dimension, in
the sequel limit theorems will usually be considered for three different regimes: firstly,
letting m — oo while keeping n fixed; secondly, vice versa, keeping m fixed while letting
n — oo; and thirdly, letting n — oo while treating m as dependent on n and going to
infinity as well.

In order to keep the amount of case distinctions at a minimum, for the case of the
parameter value p = oo we agree on these conventions:

E':Oforan R P o 0 r.=1
i yc € R, S oo for any c € (0,00), p /P :=1.
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For the formulation of our results we introduce the following quantities (whose super-
scripts denote indices, not powers):

u po/r T(H +1) ‘ . 4 .
@ = orp € (0,00] and « € (0, 00),
P T o+l (L1 p € (0,00] (0, 00) (1.3)

P

M} =1 forp= oo,
and

o,B . o+ B v )
CpP =My — My M7, V= Cp* forpe (0,00] and a, 8 € (0,00),
B — _
ChP:=Vry:=0 forp=ocandf € (0,00).
We can now formulate the first Poincaré-Maxwell-Borel principle for the case where

m — oo while n is fixed. By £(X) we denote the distribution, or law, of a random
variable X.

Theorem A (m — oo, n constant). Letp, q € (0,00], let k,n € IN be fixed, and let &y, . .., &
be independent £ -Gaussian random variables.
(a) The following weak convergence holds true,

(m*? X j)i<k,j<n ﬁ (&Y™ ©3)i<k

(b) The empirical measures satisfy
L Em Sisn g, —— L(|&1[*/)
m 4 1 m Ri m—0o0 ’
i=

and

1 m
m Z O/ (Xi,5)j<n —— £(|§1‘1/n @1)'

e m—o00
i=1

The convergence is to be understood as convergence in probability in the space of
probability measures on R and R", respectively, endowed with the Lévy-Prokhorov
metric; cf. Lemma 3.3.

We now formulate the second Poincaré-Maxwell-Borel principle for n — oo while m
is either fixed or tends to infinity with n.

Theorem B (n — o0). Let p,q € (0,00], let m € N be fixed or let m = m(n) — oo as
n — oo, let k,1 € N (k < m if necessary), and let (1; ;)i<k,j<i be an array of independent
q -Gaussian random variables.

(a) The following weak convergence holds true,

d
(m"P 01 X i<k <t —— (m3)ikj<i-

(b) The empirical measure satisfies
1 m n P
mn Z Z Ot/ i,y 2o £
=1 7=

The convergence is to be understood as convergence in probability in the space of
probability measures on R endowed with the Lévy-Prokhorov metric; cf. Lemma 3.3.
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1.3 Main results —weak limit theorems

Here we present three weak limit theorems for || X ||, 4,, where X ~ Unif(B}"7 ) and
(p1,q1) # (p2,q2) in general (for (p1,q1) = (p2,g2) see Remark 1.3 below). We start with

the case m — oo while n is fixed.

Theorem C (m — oo, n fixed). Let p1,q1,¢92 € (0,00] and p2 € (0,00) with (p1,q1) #

(P2, q2), letn € N, and for each m € N let X™ ~ Unif(B}"7 ). Then

<\/»< ml/p1—1/pz X ) .
m n . " p2,q92 1) — 0N,
(M |01 [52]) /7>

where N is a standard Gaussian random variable, and

/n‘r /n 2 /Tl
a1 1 207 M7 E|]132]
: 2 n n .
L PE pipa MY (pa MY E[04]122)?

Remark 1.2. It can be shown that o2 = 0 iff (p1,q1) = (p2, ¢2).

The following weak limit theorem covers the case where n — oo while m is fixed. We
obtain both central and non-central limit behaviour, depending on the relation/values of
the parameters pq, ¢1, and ¢o.

Theorem D (m fixed, n — o0). Let p1,q1 € (0,00] and pa, g2 € (0,00) with (p1,q1) #
(P2, q2), let m € N be fixed, and for eachn € N let X™ ~ Unif(B}}7 ).
(a) If g1 # q2, then

ml/P1—1/p2 pl/q1—1/q2 § )
(v 1)) S
q1 .

where N is a standard Gaussian random variable, and

o (Y e Vg )
m\ ¢  @@MP  (@Md?)?

(b) If g1 = g3 and p; < oo, then

m—1
o 1/pi—1/ d P1 — D2 2
(mn(1 —m'/™ pZHXan27(I1))n21 —E+ 2 ; N7,
where F is an exponentially distributed random variable with mean 1, Ny,..., Ny _1
are standard Gaussian random variables, and E, Ny, ..., N,, 1 are independent.
(c) If g = g2 and p; = oo, then
d m
(mn(l - mil/p2 ||Xn||P27lI1))n>1 - Z Ei?
B i=1
where F1, ..., E,, are independent, exponentially distributed random variables with

mean 1.

Remark 1.3. Statement (b) above remains true even if p; = p; and m = m(n) — oo; this
is because then || X", 4, = U/ (™), and (mn(1—Ut/tmm)y) LNy o

The third weak limit theorem now treats the case where both m and n tend to infinity.

Theorem E (m,n — o). Let p1,q1 € (0,00] and ps, q2 € (0,00) with (p1,q1) # (p2,q2), let
m = m(n) — oo asn — oo, let N be a standard Gaussian random variable, and for each
n € N let X™ ~ Unif(B]*" ).

P1,91
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(a) If ¢1 # qo, then

ml/pP1—1/p2 . q
v X)) Son,
( e

My Bl w21

p1/n

where . 0 .
1 1,92 2
— ‘/‘11 20‘11 ‘/‘11

Q% (11612Mg12 (szng .

0'22

(b) If g1 = g and p; < oo, then

ml/p1—1/p2 N a |p2—pil
ﬁm(|mme LN Bt G
P2 n>1 \/5101

(c) If ¢ = g2 and p; = oo, then

\/FL”( X ||P2,q1 . 1> £> N.
ml/Pz(Mgg/")l/PQ o1

1.4 Applications— asymptotic volume distribution in intersections of mixed-
norm balls

Kempka and Vybiral [15] have studied the volume of unit balls in the mixed-norm
sequence spaces. Our distributional limit theorems of Section 1.3 now allow us to obtain
Schechtman-Schmuckenschlager-type results on the distribution of volume in the mixed

norm spaces; for that we write 77" := v,,m(IB;’fé")l/ (mn) (notice that Uy (")~
B}.") = 1), and for any py,q1,p2, 2 € (0,00] and ¢ € (0,00) we set

VIR () i= v (75, By G, M 6) ™ BYLG,)-

Clearly V"™ ™(t) also depends on p1, g1, p2, g2, but since those parameters are fixed, and
since we wish to keep the notation simple, we will suppress them.

Corollary 1.4 (m — oo, n fixed). Let p1,q1,¢2 € (0,00] and py € (0,00) with (p1,q1) #
(p2,q2), let n € IN be fixed, and let t € (0,00). Define

Apy aripagain = (W) 1/"(6)1/1011/1)2]?}/171 1 .
wp Tor+1)) \n ' (Mgl 7))
Then
0 jftAPlyunz,qmﬂ < 1’
n}i_lfloo ViR (t) = % iftAp, q1ipa,qein = 1,
L iftAp, giipesgein > 1.

In order to formulate the next result we remind the reader of the gamma-distribution
I'(e, B), defined for shape parameter a € (0,00) and scale parameter 3 € (0, c0) via its
Lebesgue-density: for any measurable A C R put

a—1_,—z/8
(o, B)(A) ::/ L e (x)da

4 BT(a)

Corollary 1.5 (m fixed, n — o). Let p1,q1 € (0,00] and pa, g2 € (0,00) with (p1,q1) #
(p2,q2), let m € N be fixed, and let t € (0,0). Define

1 1/q1
Agrgn i= 41—‘(‘111 +1) el/ai—1/az ql/ (qu)fl/qz
1,92 ° 1 1/q q1 :
F(Q2 + 1) 4> ’
EJP 29 (2024), paper 94. https://www.imstat.org/ejp
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Then
lim V™" (t) =

n—o0

0 iftAg 4 <1,
1 iftAg, g > 1.

In the case tA,, 4, = 1, we have

lfQ1 7& q2,

lim V™" (t) = if g1 = q2,p1 < oo,andm =1,

n—oo

O =

ifq1 = g2 and p; = o0

and in the case q1 = q2, p1 < 00, and m > 2 there is the more involved expression

 mne (m—1 P p1(m —1)log(2L)
nl;rréoV (t) = F(T,2max{1, p—Q}) ((0, o

m—1_  ( m 1(m — 1) log(2)
+F(21,2m1n{1,z2})<<p p1—p2g ,oo)).

Remark 1.6. 1. We stress that A,, ,, does not depend on any of p;, p2, m, as opposed
to Ay, 41:ps,q2in in Corollary 1.4. Also notice that the subcases for lim,, .o, V™" (t) at the
threshold tA,, 4, = 1 correspond precisely to the subcases in Theorem D, which yield
different limiting distributions.

2. The point % is the posmve intersection point of the two gamma
densities involved; since the density of I'(51, 2 min{1, £ }) takes strictly smaller values
on (w o0) than that of I'(Z51 1 ,2max{1, 2 }) does, it follows thatlim,,_,
V™ (t) < 1in the last mentioned case of Corollary 1. 5

A simple estimate also yields lim,, ;o lim, o0 Vm’”(A(;l{q2) = 0 in the case ¢; = ¢,
so we have a kind of continuity here.

Corollary 1.7 (m,n — o0). Let p1,q1 € (0,00] and pa, g2 € (0,00) with (p1,q1) # (p2,q2),
let m = m(n) — oo asn — oo, and let t € (0,00); define A, 4, as in Corollary 1.5. Then

{0 iftAg 4 <1,

lim V™" (t) = )
1 iftAg 4 > 1.

n—oo

Concerning tA,, 4, = 1, in the case ¢, # g2 assume

e L. = NP
= lim vmn . 0 e =
n— oo (Mp2/7) [”@ |p2])1/p2 Tp q q1,92

p1/n

exists in [—oo, 0o|; then

lim V™ (A}

n= o0 q1,:92

): @(JilM) l.fql#q%
0 jfc]lqu?

where ® denotes the CDF of the standard normal distribution and o is defined in
Theorem E, (a).

Remark 1.8. We leave as an open problem the formulation of simple precise conditions
under which the limit M exists; one main obstacle is determining the exact asymptotics
of E[[|©1]72].

Remark 1.9. From the definition of ||-||, , it is clear that any of the conditions m = 1,
orn =1, or p = g reproduces the usual /, -norm, and indeed it may be verified that all
results presented in this paper are consistent with the previous results pertaining to /,
-spaces stated in the introduction.
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2 Notation and preliminaries

In this section we shall introduce the notation used throughout this paper, provide
some background information on mixed-norm spaces, and present and prove several
technical results needed in the sequel.

2.1 Notation

We suppose that all random variables occurring in this paper are defined on a common
probability space (2,4, P). Expectations, in particular variances and covariances, are
taken with respect to P and are denoted by E[|, Var[-] and Cov[-, |, respectively; for
a finite-dimensional random vector [ indicates the expectation vector and Cov the
covariance matrix. A centred random variable has expectation zero.

Let X be an F -valued random variable, for some measurable space F, and let i be a
measure on E. We write X ~ pu to express that X has law, or distribution, ; (equivalently,
u is the image measure of P under X); the law of X also is addressed as £(X). Instead
of L(X) = L(Y) we usually write X ly.

If F is a separable metric space and X, X, X,,... are F -valued random variables,
then almost sure convergence, convergence in probability, and convergence in distribu-
tion of the sequence (X, ),en to X are denoted by (X, )nen 2% X, (Xn)nen r, X, and
(Xn)nen LN X, resp., or equivalently X,, —— X, X,, _r, X, and X, LN X, resp.

n—oo n—oo n—oo

The Euclidean space R” is endowed with its Borel o -algebra and the n -dimensional
Lebesgue-volume v,. For a Borel set A C R™ with v,(A4) € (0,00) let Unif(A) stand
for the uniform distribution on A with respect to v,. For a vector u € R™ (zero vector
0) and a positive-semidefinite matrix > € R™*™ (unit matrix I,,) let V'(u,X) be the n
-dimensional normal, or Gaussian, distribution with mean p and covariance matrix 3.
£(1) denotes the standard exponential distribution.

The (measure-theoretic) indicator function of a set A is written 1 4.

For nonempty sets A C R” and A C R we put AA :={Xa : A\ € A,a € A}; especially
A = {A\}A.

For a probability measure ; and an index set I, u®! := &), 1+ denotes its I -fold
product measure; in particular, p®" := @, u.

Indices of vector coordinates or sequence terms are by default natural numbers
starting at 1; therefore an expression like (z;);<,, is to be understood as (z1, z2, ..., ).
Likewise, interval notation is used for natural indices.

We are going to employ Landau notation in our proofs; in particular we will use O, o
and ©. We recall their definitions:

O(by) <= IM € (0,00)3Ing € NVn > ng: |a,| < Mb,,
= o(by) <= Ve € (0,00)Ing € NVn > ng: |ay| < eby,
an = O(by) <= Im, M € (0,00)3Ing € NVn > ng: mb,, < |a,| < Mby;

where (a,)n>1 and (b, )n>1 are real sequences, and b,, > 0 for all n € IN. Mostly we will
use O(b,) etc. as a stand-in for a,, in formulas.

2.2 The /,- and mixed-norm sequence spaces

¢, -spaces Forn € Nandp € (0, 00] let ¢} denote the n -dimensional ¢, -space, that is,
R"™ equipped with the quasinorm

n 1/p
(E |z |P) for p < oo,
[(@i)i<allp = q =1
max| ;| for p = o0;
i<n

EJP 29 (2024), paper 94. https://www.imstat.org/ejp
Page 10/44


https://doi.org/10.1214/24-EJP1158
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for mixed-norm sequence spaces

this is a norm iff n = 1 or p > 1. The unit ball and unit sphere are written B} and S;}*l,

resp.; the former’s volume is w), := v, (B)) = % On the sphere we introduce
the normalized cone measure «)~'(A) := w, for Borel sets A C $7~!; it is the
p

unique probability measure such that the following polar integration formula is valid
(see, e.g., [20, Prop. 1]): for any measurable map h: R™ — [0, o0,

/ h(z)dz = nw)! / / " h(rg) dep~(0) dr.
JRr [0,00) /537"

The uniform distribution on Bj has a nice stochastic representation in terms of
independent random variables with known distributions, having its roots in [27] and
independently [23]. In order to formulate it, let v, denote the p -generalized Gaussian
distribution on R; recall from the introduction that it is defined via its Lebesgue density

dry, () _ {zpl/prlu/pﬂ) e 12”7 if p < o0,

dz % T—y () if p = co.

In particular, v, = N(0,1) and 7., = Unif([-1,1]). An easy calculation shows M =
Jglz|* dv,(x) for a € (0,00), where M has been defined in (1.3). Now let X be a
random vector in R" and p € (0,00), then X ~ Unif(IB}) iff there exist independent
random variables U ~ Unif([0, 1]) and Y3, ...,Y; ~ v, such that

Y; 1<n

XgUun (Yi)i< ) (2.1)
1(Ys)i<nllp

Obviously ”(gﬁ))ﬁ € $77!, and actually its distribution is x7~'. Notice that B2, =

[—1,1]™ and hence Unif(B% ) = 72", therefore the coordinates of X ~ Unif(B%) already
are independent.

In order for the reader to compare the known results for /, -balls with the new ones
for /,(¢,) -balls presented in Subsections 1.2-1.4 we give the precise statements here.

For the Poincaré-Maxwell-Borel principle recall the notion of total variation dis-
tance of probability measures: let (E,£) be a measurable space and let p and v
be probability measures on F, then their total variation distance is defined to be
drv(p,v) == 2supgee|p(A) — v(A4)]; if 4 and v are absolutely continuous w.r.t. a com-
mon measure A on E with densities f and g, resp., then dry(p,v) = [,|f — g|d\ can be
shown. Convergence w.r.t. dry of the laws of random variables implies convergence in
distribution. The following goes back to [23, Theorems 4.1, 4.5].

Proposition 2.1. Let p € (0,00], let k = k(n) = o(n), and for eachn € N let X" ~ ",

then
2 k k
dry (L (0P (XT)i1), 72 < ’/7? L 0(7).

en n

In particular, for k € IN fixed,
(nl/p(Xin)iSk)n21 i> (gi)igka

where (§;)i<k ~ ’)’?k-

The ¢, -versions of the weak limit theorems and the asymptotic volume of intersections
reach back to [26, Theorem], [28, Theorem 2.1], and [29, Theorem 3.2]. The latter two
papers introduced weak limit results, the first one more covertly by using the Berry-
Esseen theorem, the second one directly. That thread was taken up in [12, Theorem 1.1]
and subsequent works.
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Proposition 2.2. Let p € (0,00] and g € (0, 00) with p # q.
(a) Either let X™ ~ Unif(B}) foralln € N, or let X" ~ = ! for all n € IN, then

nl/pP—1/q . d
(vilagmxta=1)) |, o
where N ~ N(0,1) and

LV g
0° = — — .
P> pgMy  ¢*(Mg)?
(b) Lett € [0,00) and define
1
Ay g = FG+1 el/P—1/q pr (M)~
F(é 1) ql/q p
Then

0 iftAp,q, <1,
T v ()77 By ) B) = 44 ftd,, =1,
1 iftA,, > 1.

¢,(¢,) -spaces One possible generalization of ¢} is our object under investigation, the
mixed-norm sequence space (,'({;): Let m,n € IN and p, ¢ € (0, 00|, and endow the real
space of matrices R™*" with the (m - n) -dimensional Lebesgue-volume, v,,,, and with
the £,(¢,) -quasinorm

l(@i.5)izm.i<nllpg = || (1(@is)inlla) i<l

Pictorially speaking, for |||, first take the ¢ -norm along rows, then take the p -norm of
the resulting numbers. For the sake of completeness, albeit irrelevant for the purpose of
the present paper, we remark that ||-||, , is a norm iff both ||-||, and ||-||, are norms. Also
notice £}(£1) = £, £7M(€4) = £, and £ (07) = (77

The corresponding unit ball shall be written B}";"; in particular we have BZ}7 =
(]Bg)m, that is, the m -fold Cartesian product. The precise volume of ]ng;]” has been

computed recently by Kempka and Vybiral [15], who have showed that

wmn(wn)m 9mn F(l 4 l)mn F(g 4 1)m
W . — 'Umn(IBZT&n) _ p/ q _ q P

= 2.2
b o (22 T )T + 1)m (2-2)

A probabilistic representation of Unif (]BZ”:(}") parallel to Equation (2.1) is precisely the
content of Proposition 1.1. Higher-order mixed norms are introduced in the Appendix.

2.3 Auxiliary tools and results

First we state two of our main devices in dealing with convergence in distribution

of random variables, presented such as fits our needs. The first is a combination of
Slutsky’s theorem proper, a consequence of [3, Theorem 3.1], and the continuous-
mapping theorem [3, Theorem 2.7]; with a slight abuse of language we will refer to the
present version as ‘Slutsky’s theroem.’
Proposition 2.3 (Slutsky’s theorem). Let E, F, G be separable metric spaces, let X, X1,
Xo,... be E -valued random variables, let Y,Y1,Y5,... be I' -valued random variables,
and let f: E x F — G be continuous. If (X,,)n>1 4 X, and (Y,,)n>1 P, Y, and Y is almost
surely constant, then (f(X,,Yy)), -, 4 F(X,Y).
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The second allows us to handle remainder terms in Taylor expansions, hence we will
call it the ‘remainder lemma.’ In general it appears to be well-known and widely used;
nevertheless, as we cannot find a good reference, and for the convenience of the reader
we also provide a proof.

Lemma 2.4 (remainder lemma). Let d,l € IN, let R: R? — R be a function for which
there exist M,§ € (0,00) such that |R(z)| < M||z||! for all z € R¢ with ||z|| < §, where
||| is an arbitrary norm on R%; let (a,)n>1 and (B,)n>1 be real sequences such that
L = 0(1) and B, = O(|a,|'), and let (Z,),>1 be a sequence of R¢ -valued random

Qn

variables such that (., Zp)n>1 L. 0. Then (5"R(Z"))n>1 Poo.

Proof. Let e € (0,00), then for all those n € IN where 3,, # 0 (for all others the following
probability is zero already),

P(18R(Z0)] 2 <] = P8 R(Z0)] = < A2l < 8] + BIBLR(Z)| > & A ) > ]
< P[I6al M1 Zall 2 €] + P12, 2 5
=P, > (

‘O‘n|l €

Bn| M

1/1
)|+ Pllanz 2 el

By the premises there exist ngp € IN and C € (0, c0) such that ‘ < Cand 1Bn] < Cla,|!
for all n > ng, and this implies

Pz > €] < P|lanzall > (g7) | + B [lonzall = 3.

Because of lim,,_,, o, Z, = 0 in probability, the claim follows. O

In the remainder of this subsection we gather diverse auxiliary results together with
their proofs.

Lemma 2.5. Let p, g € (0,00] and let (&,)n>1 ~ vff’]N. If either ¢ < oo or p = q = oo, then

(€ izalla) oy 22 (MDY,

Proof. Case q < co: We have

1/q
_l/q”(gz 7,<an ( Z|£1|q> )

and the claim follows from the SLLN.

Case p = ¢ = oo: Here ||(&)i<nlloo = max{|&| : ¢ < n} =: M,. First we show
(Mp)n>1 41 by establishing (P[M,, < z])n>1 — 1[1,0)(2) for all € R, then, because
1 is constant, convergence in probability follows. Clearly M, € [0,1], hence P[M,, <
x] = 11 »)(z) forallz € R\ [0,1] and n € IN, so convergence is immediate; and for any
z € [0,1] we get

P[M, <z]|=P[Vi e [1,n]: |§| < z]
= H]P[|€i| <] =Pl&| <a]”

= 2" —— 11 0)(7),

n—oo

where we have used independence for the second equality and identical distribution for
the third. This proves (M,,)n>1 49,
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Via the Borel-Cantelli lemma it suffices to show

D P[IM, — 1] >¢] < o0

n=1

for any € > 0 in order to strengthen convergence in probability to almost sure conver-
gence. Solete > 0, wl.o.g. € < 1, then

P[M, — 1| >e] =P[M, <1—¢] + P[M, >1+¢]
:(1_€)n7

where recall M,, < 1. But }>° (1 — )" = =% < oo, and the proof is complete. O

n=1

Lemma 2.6. Let p € (0,00], ¢, € (0,00), and for eachn € N let &, ~ v, /,,.-
1. We have the following asymptotics, as n — oo:
(a) Ifp < oo,

Bl = aps 1 WD L (P33 p o1y

p/n 2 n \8p2 12p 8 12¢/n? n3
and ) )
q/n,r/n_gl q +q7“+r _q—l—r 1 ﬂ i
Co/n o p n+( 2p? D +2)n2 +O(n3)'
(b) Ifp = o0,
0o k
mo~ (9 g (i)
M=% =1+ 0(—
k=0
and
> =/ /k 1 gr 2(q+r) 1
/n,r/n _1\k _ k=l - 4" S S -
oy =S () ) = (-2 o))

k=2 =1

and for any « € (0,00) we have (here E ~ £(1))
/n _ /n|% g « 1|
B[|[&|"" = ML |"] = ()" BB - 11°1(1+ 0(1)).

2. We have the distributional limits:

(a) Ifp < o0,
n d ¢
where N ~ N(0,1).
(b) Ifp = o0,
n d
(Tl(]. - |£n|q/ ))nE]N - qE7
where E ~ £(1).
Proof. 1. (a) Recall the formula in Equation (1.3),
(g¢/n)/(p/n) a/n+1 +n
A/ (2) (% +1) _ (g)q/f’ r(£=)
n 1 n )
»/ 41 T(om+1) n r(z)
and subsequently CZ;Z’T/ "= MZE‘;ZT)/ " MZ//:M;//:’ The result now is a simple conse-

quence of Stirling’s formula, I'(z) = /27 2*71/2e7% ef(?) for 2 € (0, 00), where we know
R(z) = 137 + O(35).

EJP 29 (2024), paper 94. https://www.imstat.org/ejp
Page 14/44


https://doi.org/10.1214/24-EJP1158
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for mixed-norm sequence spaces

(b) Note that of course 2> = oo for all n € IN and thus [¢,| ~ Unif([0, 1]), hence by direct
calculation

! 1
Mq/”:/ 29" Ay = —;

the result then follows from the geometric series. Therewith we also get

1 7 1
T G ()

C«go/n,r/n _ Méngr)/n o MgQ/nM;‘O/n _

and we use the geometric series again and the Cauchy product of series.
Let a € (0,00). It suffices to show sup,, ¢y E[|n(&,|9" — Mgo/")|a] < oo; then the
convergence of moments follows together with

n(|a|?™ — MI™) = n(1 — MY"™) —n(1 - |&.]7") —= ¢ — qE = ¢(1 - B),

n— oo

where we have anticipated 2.(b), whose proof is independent. We may restrict ourselves
to a > 1, then |z + y|® < 297 1(|z|* + |y|*) by Holder’s inequality, and so

E[[n(len " = MYM["] <227 (Jn(1 = MZ™M)|* + B[|n(1 - |&.7™)]"]);
now since |n(1 - M%")!a converges and hence is bounded, we must ensure sup, ¢
E[|n(1 — |£€,|™)|"] < co. Exploiting Taylor expansion of the exponential function we
have
1€, ]9/ = etloBlnl/n — 1 4 qlog|én + R(QILM"')
n n

where we know R(z) = % x2 with some y between 0 and z, for any = € R (Lagrangian

form of remainder term). In our case, since |{,| ~ Unif([0, 1]), we have ql%lg"‘ < 0 almost
surely, thus we can estimate

qlog|&y| ’ q2 10g|§n|2
1766nl )| 4 Folsnl
‘R( n ) - 2n?

In particular we can write F := —log|¢,| ~ £(1), then we get
—qEN\|”
— & 19/ M) = — —aE
E[n(1 - [&.]7™)|"] EHqE ni( = )H

< 20! <qa E[EY]+n"E HR<ZE) H )
sl

<20¢71 aEIEY
< <q (Bl + "o s

and clearly this last expression remains bounded in n € IN.
2. (a) We show the result for ¢ = p first. Let n € IN and h: R — R measurable and
nonnegative, then

n 1 - nya—|z|P/" n
E[h(|&.[P/™)]) = T / h(jz|P/mye el B/ gy

2(5)""T(2+1) Jo

(8)7" (5 +1) o p

= /; /0O h(,’L‘) mn/p—l e—m/(p/n) da;
n/p n
()T (G) o
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this shows that |§n|p/ " follows a gamma distribution with shape parameter % and scale
parameter . Then because of the semigroup and scaling properties of the gamma
distribution, there exists a sequence (g;);>1 of independent random variables, each
having a gamma distribution with shape % and scale p, such that

nd 1y
|£n‘p/ :ﬁzgﬁ
j=1
The classical CLT yields
Vi & Z DS VBN

with N ~ N(0,1), where we have used E[g;] = 1 and Var[g:] = p. Since

\FZ = 1) = V(" - 1),

this concludes the case ¢ = p.
For general ¢ call Z,, := /n(|£,|P/" — 1), then we have

=, \4/P
Vil = 1) = va((1+ %) -1).
Taylor expansion gives
V(e =1 = va(1+ 2 =L R(S2) <) = =, 4 vaR(S2),
&= v TE b ¥
where the remainder satisfies |R(z)| < Mz? with some M > 0 for all z € R suffi-
ciently small. From the case ¢ = p we know (=,,),>1 4 /PN, so by Slutsky’s theorem

=
another application of Slutsky s theorem leads to the desired statement.

(b) Using Taylor expansion of the exponential function as in the proof of 1.(b),

nl/4 E S o= n~1/tgE, ~——+ 0; thus by the remainder lemma /n R(=z2) —2 50, and
n—oo

log|&,, log|&,,
i = sl =1 ] pshsll)

where the remainder satisfies |R(x)| < M2? with some M > 0 for all # € R sufficiently
small. Rearrange,

n(l - |§n|Q/n) =—q 10g|§n| —nR

As before we know [¢,| ~ Unif([0,1]) for all n € IN; this implies —log|&,| ~ £(1). Also
Vn ‘ﬂ%‘g"' = qn~'/?logl|¢,| == 0, so the remainder lemma yields nR(‘ﬂ%‘E"‘) T o
n—oo

n—roo

Thus follows the claim. O

(qloi\fnl).

Lemma 2.7. Let p,q € (0,00) with p # ¢, and for eachn € N let &, ~ Vp/ns define

n ‘1/”
7. n<|§ w0 = ML g P/ — 1)
= .

q/n
Mp In p
Then
d 49— P ;2
Z T (N?-1),
( n)nZl 2p ( )
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where N ~ N(0,1); and for any o € (0,00) we have
sup{E[|Z,|*] : n € N} < oo,
in particular convergence of moments holds true, i.e., (E[|Z,|*])n>1 — |%|CY E[|N? —
11%].
Proof. First we prove the claimed weak convergence. From the proof of Lemma 2.6,
2.(a), we know
p/n 4 l )
[nl - ; 9i

with (ga)n>1 ~ (5, p)®™; we also know

Zui= VA& P = 1) £ 223 (e - 1) 4 Vi N

n—oo

with N ~ N(0,1). Then we have |¢,[P/" = 1 + \E/E and via Taylor expansion of = —
(1+ 2)%? we get

1 ¢ En  qlqg—p) 5} Zn /n En
R L T = L YRS
n(qu/n MRV T I W pin) o pyn

p/n
n(l=MYY) VAl -MYY _ g—p o ()
q/n q/n - oaga/m T q/n ’
aM,,, M) 2p* M), My VR

where the remainder term satsifies |R(z)| < M|z|? for all |z| < 1 with some M > 0. From
Lemma 2.6, 1.(a), we know M%/™ =1 4 24=p) | O(-%); this means both

p/n 2pn
q/n
n(lfMp/n) q-p
q/n n—oo 2
qu/n p
and y
qg/n
N Mp/n) 0
q/n n—oo ’
qu/n
the latter also implies via Slutsky’s theorem
VA= MID e
q/n - n—oo ’
qu/n -
Equally by Slutsky’s theorem we get
nt/3 E —n Vem L 0
\/ﬁ " oo ’
thence with the remainder lemma,
o f(55) 20
qu/n \/ﬁ n— o0 ’
p/

and another application of Slutsky’s theorem leads to

d 4g—p  4qg—p q—p
(Zn)n21_>_ 27]) + 2p2 (\/ﬁN)2:7(N2—1)
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Now we prove the boundedness of moments. Let « > 0, w.l.o.g. such that « > 1 and
229 > 1. Let n € IN, then

E“Zn‘a] = E“ana ]]'[\En|<nl/4]] + E“Zn'a ]l[\En\znl/“]]’ (23)

and we are going to show that either term on the right-hand side remains bounded as
n — oo. For the first expectation on the right-hand side of (2.3) we use the same Taylor
expansion as before and additionally apply the inequality ]Z,’le ai|a < kot Zlehmo‘
(which is a direct consequence of Holder’s inequality), that is,

n(l— MY™ e /a1 — MY e
E[|Zn|* 1)z, |<n1/4] S4Q1E{< ( q/i/n) +‘ ( q/np/") 1= |
qu/n pMp/n
[e) « —_
q—Dp - 2« n Zn o
e () |R(S)[) e
’QpQMg//: qu//: NG [IEnl< ]
q/n\ o _ a/ny o
<4al( w _|_’\/7W E[Z,|%]
= MY A -n
q p/n p p/n
’q_p QE[: I2a]+( o )aE{R =) [
oA/ =n q/n ‘ (7)‘ [IEnl<nl/4] .
2p M;b/n qMP/” \/ﬁ

We already know that the first three deterministic coefficients converge in R; because of
IE[|g1]?] < oo for all 3 € R>( and of [2, Theorem 2] also E[|Z,,|%] and E[|Z,,|2%] converge

as n — oo. Finally if |Z,| < n!'/4, then |E\/—TL| < n~1/* —— 0; hence eventually for all n,
n n— o0

on the event [|Z,| < n'/4] we have |%| < 1, and then

—_
—
Zn

Jn

3a
} =02 M E[[E,*] —— 0,

n—o0

"‘XEUR(ﬁ)\ 1n5n|<nw]} SH“E[M“
because also E[|=Z,|3*] converges as n — cc.

Now we attend to the second expectation on the right-hand side of (2.3). First we
apply Holder’s inequality,

E[|Z,|* Uz, sni/4] < B[ Za |22 PIZ,] > nt/41/2, (2.4)

The first factor on the right-hand side of (2.4) is dealt with rather crudely, we simply
estimate

fn q/n _ Mq/: - p/n _ 1 2c
E[|Zn‘2a] nzaEH| l q/n L B |£ | :|
qu/n p
2aq/n a/my\20 n o
< n2a 32a—1 <EH§" ! ] + (MP/TL) + E[||§n|p/ - 1|2 }>
- n 2a ’
(gM?] )2 P

for the individual summands we see

n 20“1/1’:| n2aq/p71 n

« n 1 (a7 (a7
Bl =B[|1 o] | < Y Bl = Bl )
n 1=1 n =1
and
1 n 2c n2a,1 n
E[[|&. 7™ — 1]%] :EHn > (gi—1) } S > Ellgi — 117 = E[lg: — 1],
=1 =1
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so we have
E[|Z,[**]"/? = O(n®).

The second factor on the right-hand side of (2.4) equals PP [|rf3/4 S (g — 1)| > 1] 1/2,

because the moment generating function of g; is finite in a neighbourhood of 0, the series
En21(gn — 1) satisfies a moderate deviations principle, hence by [4, Theorem 3.7.1],

S U | S (R R SRS G |
oo n OB n3/4zg’_ =T 2Varfgr 1] 2

i=1

This implies that eventually,
7|

E[|Zn|a ﬂ[|5n|2n1/4ﬂ < Cn ef\/ﬁ/(Sp) — 0. O

n—oo

n

1
34 > (g - 1)‘ > 1] < e~ V(D)
n

=1

and in total we obtain

Lemma 2.8. Let p € (0,00], ¢ € (0,00), either let m € IN be fixed or let m = m(n) — oo
asn — oo, and for eachn € N let (&) i<m ~ 'y?”;. Then

1 & P
(G lkst) B
it n>1

Proof. Actually we are going to show that convergence is in Lo, that is,

m 2
1
il Ja/n _
EKm }E_llén,zl 1) ] —0.

First note
m

;;K"’Aq/n -1= %Z(Mﬂ,z

=1

Y= M) + (M) - 1),

and from Lemma 2.6 we know (Mg//:

1 m . 2
E Km S (il - Mg//n)) ] — .

i=1

Jn>1 — 1, hence it suffices to prove

So let n € IN, then the random variables |, ;|9/™ — Mg//:;, i € [1,m], are i.i.d. and centred,
hence

1 & S\ Lo )
E[(m Z(|fn,i|‘Z/n _ Mg//n)> } = Var {m Z(|fn,i|q/" _ Mg//n)
i=1 —

1 " n
= EV&I‘“é}LJ‘q/ — M;g//n}

In any case we have % < 1 and from Lemma 2.6 again we get

Var[|g, 1|/ — MY"] = Var[|g,19"] —— 0,

p/n n— oo

and this finishes the proof. O
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The next lemma states a moderate deviations result for p -Gaussian variables. Note
that the case p > ¢ treated below actually is covered by the standard theory, because
then the moment generating function is finite in a neighbourhood of zero.

Lemma 2.9. Let p € (0,00] and g € (0,00), and let (§,)n>1 ~ qfff’]N. If p < q, then let

B € (%7277;/(1); else if p > q, then let 3 € (1,1). Then the moderate deviations of

(X (&l - Ml‘j))n21 are determined by the following, where t € (0, 00),

n

> (&l - )

i=1

1
lim n'~?logP [

n—00 nb

|-
>t = —=—=.
2V

Proof. This follows easily from [6, Theorem 2.2] by plugging in b, = n” and using the
tail-estimate for v,, to wit, if p < oo, then

pl—pe—a"/p

Pl|&1] > 2] = P PTE 1)
p

(I+0(1)) as z — oo,

and if p = oo, then |§] < 1 a.s. and hence P[|§| > 2] = 0 for any = > 1. Then
condition (2.3) in [6] is equivalent to

ﬁ(§—2>+1>0,

and our indicated values for 3 satisfy that. The rate function is stated explicitly in (2.7)
of [6]. O

The following lemma slightly extends the results [12, Theorem 1.1] and [14, Theo-
rem A]. The case of X,, ~ k! and ¢ < oo actually is addressed in [22, Theorem 4.4, 1.]
and its subsequent remark; but the proof merely glosses over said case, in particular it
is not mentioned how to handle ||(&;)i<nl|/c. For the sake of completeness, we provide a
proof here.

Lemma 2.10. Let ¢; € (0,00] and p,q2 € (0,00) with ¢1 # ¢o, and either let X,, ~
Unif (B}, ) for any n € IN, or X,, ~ k7! for any n € IN. Define (Y,,)n>1 by

nP(1/a1—1/qz2) »
Y, = ﬂ(ng)p/% [ Xnllf, — 1)'
Then

(Yn)nZI i) pU‘]\]7

where N ~ N(0,1) and
LV oope | vp

g .
G @M g3 (M7)?

Moreover, for any a € [1,00),

sup E[|Y,|?] < oc. (2.5)

nelN
Therefore (E[|Y,|?]), ., = p“o®E[|N|*], and if a is integer; (E[Y,*])n>1 — p“o® E[N“],
and in particular B

(E [np(l/QI—l/QZ)||Xn||g2:|)n21 N (Mgf)p/q? (2.6)

Proof. Concerning convergence of (Y;,),>1 for p = 1, the only case still open is X,, ~ 7!
and ¢ < oo. Let (gi)izl ~ ’}/g]N, then

(€)icnllen (0 lEi]o)
5 .

( i)iSn”oo B ”(fl)ZSnHoo

a ||
||X7L||(I2 = H

EJP 29 (2024), paper 94. https://www.imstat.org/ejp
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Define

I

1 n
Zo= Do (6l™ — ME) and Hoi= VA= (E)icollo)
i=1

then by the CLT (Z,),>1 4 6N with N ~ N(0,1) and 0? := V4. Furthermore, as has
already been glimpsed in the proof of Lemma 2.5, U,, := [|(&;)i<n||% ~ Unif([0, 1]), hence
(Un)n>1 converges in distribution. Via the exponential series we have

H, = /il - UM") = Jnf (logglU ))7

where R;: R — R satisfies |Ry(z)| < Mi|z| for all z € R s.t. |z| < §, with suitable

8,M; € (0,00). Now Slutsky’s theorem implies n'/228Wn) — ;=1/2106(1),,) —— 0 in
n— oo

distribution and hence in probability; from the latter and the remainder lemma (with

1 =1) there follows (H,,)n>1 P, 0. Now we may write

o (NME 4+ nz,)" "

Xl £ =Y
Vﬁ{
1 E,\l/ae
_ (g 3 )
1=
1 = H, =, H,
:nl/%(Mgg)l/@ <1+ M‘I2 \f \f—’—RQ(T \/ﬁ))

and rearranging terms gives

)

n_l/ d =
\f((Aqu)l/q”X > = )Z Mq2 +Hy, +\FR2(

e
SIF

where we have employed the Taylor expansion

1/Q2
(1+ %) T
MT
?:14‘ ng +y+ Ra(z,y),

with the remainder term satisfying | Rz (z, y)| < Ma||(z,y)|3 in a suitable neighbourhood of
(0,0). Notice n1/4(“f, I}) = (n"Y*=,,n"1/4H,,) for any n € IN; since (Z,),>1 converges
in distribution, Slutsky’s theorem implies (n!/*(Zz f \F))n>1 Z, (0,0), and with the

remainder lemma we infer (y/nR(Zx N f))n>1 — 0. Another application of Slutsky’s
theorem finally yields the desired convergence

n=1/ d oN
e e =) 7552 i
For p # 1 notice

Zn p nl/qlil/(n n
Y, = \/ﬁ((l + ﬁ) — 1), where Z2,, := \/ﬁ((Mgf)l/q? HX qu - 1)'

Now by what we already have proved, (Z,,)n>1 4 4N, and again via Slutsky this implies

(nt/4 Z\F)n>1 (n=Y4Z, )1 L. 0. But then Taylor expansion yields
Y, = a1+ Z+R( ) 1 Z+fR(Z”)
n — - = n — |
) p \/r* 3 x/** y 2 3 \/;i
EJP 29 (2024), paper 94. https://www.imstat.org/ejp
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again the remainder term satisfies |R3(x)| < Maz?, and the remainder lemma and
Slutsky’s theorem lead to the desired conclusion.

The boundedness of moments in (2.5) is subtler to prove. Let a > 1, and choose
as in Lemma 2.9, but with 3 < 3. We treat the case X,, ~ Unif(BB" ) only; the result for
Iigl_l follows by replacing U with 1 in what follows.

Case ¢; < oo: Take (&;);>1 ~ 73’1“ and U ~ Unif([0, 1]) independent, and define

n

1 n
Tp 1= \5z|42 ng and y, = — (‘§i|m - 1)
T P>

1’:

then
1 -1 . P @
|Yn|a d ne/2 np( /:21 , /42) p/n H(&)zﬁn“gz _1
(Mg )p/ae [1(&)i<nllg:
Ty p/qz a
_ na/2 Up/n (1 \/ﬁ) ; -1
. \P/4
(5 2
Define the event A,, := [|z,,| < n®~1/2 A |y,| < n~1/?], then
E[|Yn|*] = B[Yn|* La,] + E[[Ya[* Lac ], (2.7)

and we are going to show that either expectation on the right-hand side of (2.7) is
bounded for n € IN. For the first one, write

(1 + z)P/e

W =14 Ry(z,y),

i.e., R4 is the zeroth remainder term of Taylor’s expansion, which may be bounded as
follows,

|Ra(z,y)| < x| + lyl) for o], |yl < 3,

where ¢; € (0,00). Making use of |z + y|* < eo|z]|* + |y|*) (to be precise, co =
max{1,2%71}), we get

BV, L] = 2B [0 (14 a2 L)) <[

< cyn®/? <E[(1 - urimye] +1E[U”“/"}EHJ*Q(\QE}l f)‘ D

Pla+1)I(2+1) || |1y |*
a/2 P (e n Yn
< con ( I‘(a—i—%—i—l) +6102E[na/2+na/2]>’ (2.8)

where we have used independence of U and {z,,y,}, and on A, the estimates n=1/ 2|z,
n=1/2|y,| < n?~! hold true, therefore eventually they are smaller than 1 since 8 < 1.
Now it is well known that

Iz +y)

Jim Ry =L (2.9)

for any fixed y > 0, so the first term within the parentheses in (2.8) behaves like n=%.
For the second term notice that (z,),>1 and (y,),>1 satisfy the central limit theorem,
and B[||¢]% — Mg7|"] < oo for j € {1,2}, hence by [2, Theorem 2] E[|z,,|*] and E[|y,|°]
converge to the corresponding (finite!) moments of the respective normal distributions.
This concludes limsup,,_, ., E[|Y,,|*14,] < o0

EJP 29 (2024), paper 94. https://www.imstat.org/ejp
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In order to tackle the second summand in (2.7), first apply Holder’s inequality to get

~3pa/q /3
ElY,|*1a ] < a2 4 V3R (l—l——yn)
[l | A,L] =n [ A,L] \/ﬁ

€., \P/a2 Yn \P/O1
offorn(es )7 - (2
{ " n "
With the union bound the first expectation on the right-hand side of (2.10) is further
estimated E[1 ¢ | < P[|z,| > n®~'/2] + P[|y, | > n®~1/2]. Writing out we have

s }1/3 (2.10)

n

Z(|€i|q2 — M%)

i=1
M2 )2
_ 2p-1 (M
- exp(—n B 2‘/[}112 (1+ 0(1)))7
where the asymptotics are argued by Lemma 2.9; an analogous result is obtained for y,,,
hence lim,, oo n®/2 E[1 4¢ ]'/3 = 0.

The second expectation in (2.10) can be computed explicitly, because 1 + y—\/% =

1

Pl 2 02 = [

> g |

L5 11&]7, and the latter follows a certain gamma-distribution, which yields
n—3po
E{(l N yn)Spa/q1:| _ (£>3P0¢/q1 I'( qnl )’
vn a1 F(qj)
and that converges to 1 as n — oo by (2.9). Finally the third expectation in (2.10) is
bounded from above, up to a constant factor depending only on «, by

B | (14 22) " v (14 22) ™

Vn vn
The y, -term we have dealt with before (just replace —a by «), and E[U%"*/"] < 1.
Similarly to y, we have 1 + 2= = HM% i ]&1%2, whose law is not known explicitly
a1

though; nevertheless all moments of |¢;[% are finite, and (1 + “2),>; — 1 almost surely
by the SLLN, and by [7, Theorem 10.2] convergence is valid also in the L, -sense, which

in its turn implies

lim ]E{(l + x")spa/ﬂ = 1%0/ee — 1,

n—roo \/ﬁ
Taken together this amounts to limsup, . E[|[Y,|*14.] = 0 and thus, returning
to (2.7),limsup,,_, . E[|Y,|?] < oc.

Case 1 = oo: We are not going to spell out the details here, since the line of

reasoning is analogous to the first case. Take U and (&,),>1 and define z,, as before, but
set y, := H,, as in the proof of the CLT for || X,,||,, given above, so the representation

reads y
1 zy \P/ 42 a
(L3

(- %)

The remainder of this case’s proof is conducted with the obvious adaptations; in particular
notice y, < /n(1 — UY/") which may be used to calculate moments and P[]y, | > n®~1/2].

Lastly, the convergence of (E[|Y,,|*]),>1 now is almost immediate, as boundedness
of {E[|Y,,|*™!] : n € N} implies uniform integrability of (|Y,,|*),>1, and together with
(1Yn]*)n>1 4 p*o®|N| this implies the claimed convergence; analogously for integer o
and E[Y,*]. Statement (2.6) follows from the relation

IYn|a g na/2 Up/n

- Y
nPU/a=1/a)| x, |2 = (Mg2)P/e (1 + ﬁ)

and the fact (E[Y,])n>1 — po E[N] = 0. =
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3 Proofs of the Poincaré-Maxwell-Borel principles

In this section we present the proofs of the Poincaré-Maxwell-Borel principles, that
is, Theorem A and Theorem B. We shall start with the probabilistic representation of
Schechtman-Zinn type, which facilitates computations.

3.1 Proof of the probabilistic representation

In this subsection we present the proof of Proposition 1.1, which provides us with a
probabilistic representation of the uniform distribution on the unit balls in mixed-norm
sequence spaces.

Let h: R™*™ — [0, 00) be an arbitrary measurable function, then

1
EIB(0)) = —r [ (o) Ly () da,
CUp7q Rmxn P
or writing z in terms of its rows x1,...,Zm,
E[h(X ey ) Igmon (21, ..., T) Ay - - - Ay
[h( wpq /n /n (T15+ 00y @) Lpmn (21 T dx x

Introduce polar coordinates for each row separately, that is z; = r;0; with r; € [0, c0)
and 6; € Sf;fl — notice that this corresponds to our decomposition (X, ;);j<n = R;0;
introduced in (1.1)—to get

E[L(X)] = ”n:f:f) / /S B /[0 N 1/Sn B o)

IL]Bm n(’l"1917.. ’I"mem) dsx?~ (9 )drm (91)(17’1

q

Finally use (7:0;)i<m € BJY" iff (r:)i<,m € B}, plug in w)’)* = 2_mw;’}n(w;‘)m (see
Equation (2.2)), and gather terms to arrive at

E[h(X)]/[O | (2’,}3mﬂr?—11w(n,...,7~m)

p/m =1

/ (101, - Pon) A2 S0, B) A1, 7).
(S" 1)777,

Now we recognize that the last integral proves the claimed density of (R;)i<m, the
claimed independence and the claimed distribution of the ©;, i € [1,m].
It remains to show the representation of (R;);<,,. To that end define (S;)i<m =

(R™)i<m, hence R; = S}™ for each i € [1,m]; this yields the Jacobian n~™ e, sp/m!
and (5;);<m has density
Fsr (S, 8m) = (2n) H 1/n n— I]l]B’”ﬂ[O oo)’"( /n7-~' 1/n —mH 1/n—1
p/n i=1
- 1 (s Sm)
Wp/n IBP/nﬁ[O,oo) 1, s Sm

,N[0,00)™), and by Schechtman and Zinn it can be written

Therefore (S;)i<m ~ Unif(B)

1/m €:] 3
(Siem 247 (e )icn P <,
- (1&l)i<m if p = oo.
Transforming back to (R;);<m, concludes the proof. O
EJP 29 (2024), paper 94. https://www.imstat.org/ejp

Page 24/44


https://doi.org/10.1214/24-EJP1158
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for mixed-norm sequence spaces

3.2 Proofs of the Poincaré-Maxwell-Borel principles
Lemma 3.1. Let p, g € (0,00]. Then for any fixed k,l € IN (k < m, | < n where necessary):
(@) (/7 Ry)ici —— (|&|"/")i<y. for fixed n € IN, where (&)i<k ~ V5,
(b) (m'? R;);<s SN (1)i<k for either fixed m € IN or m = m(n) — oo, and
- n—oo -

d kxl
(@) (n©i;)isk i< — = Mig)ik i<, where (1ij)i<k,j<i ~ A

Proof. (a) Case p < oo: We use Proposition 1.1, (a),

d y1/(mn)
RCH NI

By the SLLN, L ™7 |¢;|P/m 2> MP/™ = 1, hence the right-hand-side converges a.s.

m— oo p/n
to (|&|*/™)i<k, and convergence in distribution follows.

(ml/p Ri)igk 1/p(|§i|1/n)1§k. (3.1)

Case p = oo: Obvious because of (R;);<k 4 (&1 ™) i<h

(b) Casep < co: By Lemma 2.8 we know both (& Y27 [&[P/™) Ly T and(|&]V) sy
P 1 foreachic [1, k] (apply the lemma with ¢ = 1 and m = 1), hence the right-hand-side
of (3.1) converges to 1 in probability, therefore (ml/ P R;)i<k converges in distribution
towards a constant and thus also in probability.

Case p = 0o: Now (Ry)i<k = (167 ™) i<k % (1);<), via Lemma 2.8,

(c) We have by Proposition 1.1, (b),

d i,j
(n'10i )ik i<t = ( - ) .
PSR n=Y4[(ni)jr<nlla )ik j<i

(3.2)

By Lemma 2.5 (n=Y9||(1; ;) jr<nllq)n>1 —> 1, so the right-hand-side of (3.2) converges
to (1;,5)i<k,j<i almost surely. O

Remark 3.2. Statements (a) and (c) of Lemma 3.1 can be seen as consequences of Propo-
sition 2.1; this is immediate for (c), and for (a) recall from the proof of Proposition 1.1
that (R )i<m ~ Unif(By),, N [0,00)™).

For a separable metric space E let M;(FE) denote the convex set of probability
measures on (F, B(E)) endowed with the topology of weak convergence of measures;
then M (FE) is separable too. This topology on M, (F) may be metrized by, e.g., the Lévy-
Prokhorov metric d p. We denote by Lipy(F) the space of bounded, Lipschitz-continuous
functions on F, equipped with the norm || f||rip := max{|| f||oc, | f|Lip} Where | f|Lip is the
Lipschitz-constant of f.

Lemma 3.3. Let (i, )nen be a sequence of M, (E) -valued random measures and (1 €
M (E) a deterministic measure. Then

(n)nz1 ~» p <= Vf € Lipy(E): (/Efdun) 5 /Efdu-
nelN

Proof. =: Let f € Lipy(E), then the map v +— [ [ dv is continuous at p w.r.t. dip, hence
for any € > 0 there exists § > 0 such that, for any v € M;(E),

/Efdy—/Efd,u‘ <e.

/fdun*/ fdu‘ zs} < Pldip(jins 1) > 6] —— 0.
E E

n—oo

dLP(M,V) <=

Now let ¢ > 0, then
Pl
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«: Let € > 0. The open ball BL¥(u) is open in the weak topology, thus there exist
meW, fi,..., fm € Lipp(F) and § > 0 such that

ﬁ{”EMl(E) : ’/Efidy_/EfidM’ <6} c B ().

i=1

The union-bound then implies

IP[de(LL7L,,LL) > 5] = IP[,Un € Bép(U)c]

g]P[uneO{ueMl(E) : ‘/Ef,;dy/Ef,;du‘zéﬂ

1=1
SZP fidpn — [ fidu| = 06| —— 0.

Proof of Theorem A. (a) We have

O

(m'? X j)ick j<n = (P Ri©:) i<k

The claim follows from Lemma 3.1, (a), together with the independence of (R;);<, from
O1,..., 6,,.
(b) Case p < oo: The stochastic representation of (R;);<,, implies

m m

1 5 a 1 5

m Z m'/P Ry = Z gl/mny ((LS7m (g |p/m)=1/p|g |1/ e
=1 =1

For the sake of legibility call C,, := U/ (™™ (L Z;Zl|§i|p/")_1/p, then (Cy)m>1 — 1.
Now it suffices to prove

1 m
<m;50m|&i|1/"> Ly (6 Vm,

m>1

since then (& >, 6,1/n g,), ~, — L£(|&1|"/") in distribution and, because the latter is
constant in M (R), also in probability.
We apply Lemma 3.3. Let f € Lipp(R), then

B i FCalel") = Elf ()]
< | S AClb ™) = 53 S+ | 3 A1) = Bl )
< ;imcmsw”) — FEl + ];éf(sw") ~Elf(a )]
< IfluiplCn - 1|;_i1@-|1/” ¥ |;i1f<|@-|“"> L7l

the last line converges a.s. to zero because the sums obey the SLLN, and thus also in
probability.

Essentially the same argument is valid for L "™ 6,1/, x,. Write m'/? X;; 4 Conl&|Y™

i

©, with C,, as before, and let f € Lip,(R"™), where the Lipschitz constant is taken with
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respect to ||-||,, then
‘,711 > F(Culil/"00) - E[f(lﬁlll/”(%)]‘
i=1
lm .1/”._lm l/ngy .
< ‘m;ﬂcmm 0~ 1 2 S e @z)‘

+ ‘7711 > gl ) - E[f(|§11/"®1)]’

i=1

% S IH(Cml&l ) = F&1 00| + ’; PR ACSIRACHES (S RACH)
=1 i=1

IA

IN

1 — .
| FliplCm — 1] — > _J&l V" +

i=1

\; POFGIRACE E[f(&ll/"@l)}‘;

=1

again the sums obey the SLLN and hence the desired convergence is implied.
Case p = oo: Notice that by the stochastic representation we are dealing with
independent random variables and thus the convergence is immediate. O

Proof of Theorem B. (a) Recall
(m'P M9 X, §)icm j<n = (MYPR; - 090, )icm. j<n.

Lemma 3.1, (b) and (c), imply the convergence in distribution of (ml/” nl/d Xiﬁj)igkng
as claimed, where the joint convergence of (R;);<m, ©1,. .., ©,, may be argued either by
their independence or by Slutsky’s theorem.

(b) Case p < oco: Write C,,, = UY(mm) (L 2;“":'1|§i|?/n)*1“” and D;, := |[&[Y/"-
(n=Y9)|(0; 1) j<nllg) "L, then (UY/(m0), 5, 2%, 1 and Lemma 2.8 imply

P
(Cm;n)nzl — 1a

also (|&|Y™)n>1 P, 1 for each i < m by applying Lemma 2.8 with m = ¢ = 1, which
together with Lemma 2.5 yields
(Dim)nz1 — 1.

Now take any f € Lipy(R) and consider

% DD F(CrnDinig) = E[f (m)]];

i=1 j=1

we have to show that the probability of this expression being smaller than any positive
number converges to one. So let ¢ > 0. Define By, . := Y./ I|p, ., —1>c), then By, ,,
is binomially distributed with parameters m and P[|D;, — 1| > ¢], and there holds

(L Bync)ns1 — 0: indeed, let § > 0, then

1
W VaI'[Bm)n75]

1
s PlD1 — 1] 2 ¢ P Dy — 1< ],

IN

1
P H 7B77L77,,E
m >

=

and because of (D1 ,,)n>1 L, 1 the latter converges to zero as n — oo, irrespective of
whether m is fixed or diverges. We also have the laws of large numbers (- >, 3",
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P P .
f(m»j))nzl = E[f(n,)] and (-1 Z£1Z?:1|77i7j )n21 — M,. Now there exists an
no € IN such that, for any n > ng, the probability of the event that |C), ,, — 1] < ¢ and
2/l flloo s Bimne <eand |2 377" S0 f(mig)—E[f ()] <eand |75 3T ST i -
Mql| < ¢ all hold true is at least, say, 1 — . Let n > ng, then on the same event, for any
i € [1,m] such that |D;,, — 1| < ¢, we have

|ICmnDin — 1| <|Crnl|Din — 1|+ |Con — 1| < (14 e)e+e = 2 + 2,

and therewith

‘1 i i F(ConDinni i) — E[f(m,l)]’

mn < -
i=1 j=1

n

1 1 &
<‘mZZf CmnDznThJ mnz fnzj

i=1 j=1 i=1 j=1
# S5 3 f) - Bls )
i= lj—l
1
< ngZ|f CmnDinmig) — (ﬂm‘)|+€
=1 j=1
1 m n
=t — SN 1yp,—1j<a)| f(Conn Dimmi ) — £ (i )]
i=1 j=1
1 m n
+— S b, —115a | F(ConnDinmi ) — £ (1i5)]
=1 j=1
+ % > 1yps-11<e)|Conn Din — LI |
i=1 j=1
1 m n
t o DD o124 (F(Con Dimi )| + 1f (1i3)])
i=1 j=1
|f|Lip 2 s o 2Hf||ooBm,n,6
<e+ S (e + 2¢) ;;lmﬂ + -

<e+ |f|Lip(€2 + 25)(M; +e)+e.

Because this estimate holds for all n > ng with probability at least 1 — ¢, convergence in
probability is established.
Case p = co: Again let f € Lipp(R), then with the same notation and techniques as

before,

s SO (Do) Bl (1) < |an S FDiig) — =305t

s i=1j=1 i=1j=1
1 &
+ ‘mn Z Zf(ﬁm‘) - E[f(nl,l)]‘
i=1 j=1
1 &K
s z ’f(Dimm,j) - f(Th',j)| +0o(1)
mn 4 4
=1 5=1
The remaining argument is the same as in the case p < oo, only formally C,, , =1
throughout. -
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4 Proofs of the weak limit theorems

In this section we present the proofs of the weak limit theorems, that is, Theorem C,
Theorem D, and Theorem E, as well as of Corollaries 1.4, 1.5, and 1.7.

4.1 Proofs of the weak limit theorems
Recall that Theorem C treats the regime m — oo while n is fixed.

Proof of Theorem C. Case p; < oco: Appealing to Proposition 1.1 we have

(S0 &P/ O 22) /P2

m 4d r71/(mn)
X =U
” ||P2>Q2 (Zi:1‘§i|pl/n)1/171

Define

S = o= (I =)
mz:l

and
1 m n n
Mo i= D (61104l — M Bl 2))
i=1

then by the multivariate CLT we know

m m>

. n co i Ee 5]
CPm PO ||P2] Varlg [P0 ]|72]

piL/n

For brevity’s sake we set u := M;:f//: [1©1]|22]. Therewith we get

Ul/(mn) (m:u + \/7H )1/p2

X |pg.q. = (m + /i o) 17
_ ml/e /e Ul/(mn)w
ml/p1 (1+%>1/p1
_ /P (1 log(U) o H,, +R<log(U)’ Em Hm))
ml/pi=1/p2 mn pivm | b m - ym’/m

where for the third equality we have performed the Taylor-expansion

1+£ 1/1’2
eu/n%zl_kg_ﬁ—kl—FR(u,aﬂy),
(1+x) /p1 n  pr pp

where the remainder satisfies |R(u, z,y)| < M||(u,z,y)||3 in a suitable neighbourhood of
(0,0,0). Rearranging yields

1/p1—1/p2 log (U = log(U) = H

—(m a log(U) E og( ) E

m<1/p2|Xm||pz,qzl) = -+ 7+v R( m,im)-
% nym  p1 pap TVm’/m
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We have m”“(%, \E/%, Hﬁ) = (m~3/*log(U), m~Y/4Z,,,m~'/*H,,), and this converges
in probability to (0,0,0) as m — oo by appealing to Slutsky’s theorem and the known dis-

tributional convergence of (Z,,, H,,). The remainder lemma then implies (\/ﬁ R(%7

\_F \/ﬂ>)m>1 L, 0. Since we also know (m~/21log(U))m>1 — 0 almost surely and thus

in probability, by Slutsky’s theorem the right-hand-side of the last display converges to
the random variable o N, where N ~ N(0, 1) and

11 —L
o (-1 Dy ()
pP1 p2p papt
a simple calculation shows that this is the desired variance.

Case p; = oo: Omit U/ (™) and Zzn:l|§1|p1/" from the probabilistic representation
and reiterate the argument. O

The regime for Theorem D is n — oo while m is fixed.

Proof of Theorem D. (a) Case p; < co: We define, fori € [1,m)],

S0 = VAllg™ " = 1),

nP2(1/q1—-1/q2)
Jr— P2 .
= V(s 1945 1)
then, since &1,...,&,,01,...,0,, are independent foreachn € IN, so are E,, 1, ..., %, m,

Hp1,...,Hym, and by Lemma 2.6, 2.(a), ((En.i)i<m)n>1 4, (v/P1N1,1)i<m and by Lem-
ma 2.10 ((H7z,i)i§7n)n21 i> (pQO'NQ;L')IL‘Sm with (N17i)i§77l’ (NQ,i)iSm ~ N(O’[,m) indepen_
dent. This leads to
n 1/
d Ul/(mn) (Zz 1|§7|p2/ ||® ”pg) b2
= V7
(i 1&ilp/m) P

1
_ (Mg)H/az {71/ (mn)
ml/pi—1/p2 nl/a1—1/q2

(M) log(U) - Ho
- ml/p1—1/p2 nl/q1—1/q2 1+ + mz

X"

||P2»Q2

(& 5m (14 37 (1 4 ) o

where we have introduced the Taylor polynomial expansion

,L m 1 + oz p2/p1 1 + 1/p2 1 m
eu/m (rn Zz 11( ) ( 1/51)) =1+ E + — Zyl —+ R(u, (l’i)igm, (yi)igm)
(i (L + ) mep2mi

(the partial derivatives of first order w.r.t. z,...,z,, are indeed zero), where agam

the remainder term satsifies |R(u, (x1)1<m,(yz)z<m)| < M||(u, mz)z<m7(yz)z<m)’|2 in a
neighbourhood of 0. Rearranging yields

ml/pi=1/p2p1/a1—1/q2 . d log 1 &
\/ﬁ( (MQ2)1/q2 | X ||p2#12 - 1) vn
&= P2m
log(U) En 1 Hy
(0 () ()
+ \f ( \/ﬁ i<m \/ﬁ 1<m
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and we apply the usual argument: ((Z,,)i<m)n>1 and ((Hy;)i<m)n>1 converge in dis-
tribution, hence from Slutsky’s theorem we infer n'/4 (22X, (52 ) i< (If}‘ﬁ )icm) =
(n=3/*1og(U), (n" V4%, i )i<m, (0" Y4 Hp i) i<m) —— 0 in distribution and in probabil-

ity; the remainder lemma then gives (yv/nR (™ (U), (“”\/ﬁ1 )icrs (If/ﬁ ico))non L5 0; we

also have (125\(/%) )n>1 — 0 almost surely and in probability; and a final use of Slutsky’s
theorem leads to the desired result.

Case p; = co: Now according to Lemma 2.6, 2.(b),

—_ d
Eni =0l = &%) —— pa B,
n—00

where (E;)i<m ~ £(1)®™ is independent of (N2 ;)< introduced before; and therewith

m

2)1/q2 1/p2
n d (Mgl ) 1 Sni Hn ‘
||X ||P27QZ - mfl/pZ nl/qlfl/qQ E Z(l - ) (1 + \/> )

(qu)l/qz
_ q1 Z un '3 + Z n 7
m~—1/p2 pl/a1—1/q2 7 pamn pgmf

and the rest follows as before, with the modification f(‘” e, = (n “12E, Dicm _r,

n—oo
0 and similarly for the remainder term.
= ||©i|lq, = 1 and therefore we have

4 - (Zm & ‘P2/n) 1/p2 |
(i, |&fpa/m) Vo

We perform Taylor expansion of the same function as in (a), case p; < oo, but restricted
to (¥:)i<m = 0 and writing out second-order terms, to wit,

X" 2.1

LS (14 @y)P2/P ez u u?
gu/m (m ?Pln(l ) 1/)p1 =1 —|— + G} + 2 21 x" Az + R(u, ),
(5 Xt (1 + 1)) m? o 2pim
where A = (am)i,jgm € RmX™ s given by A5 =M — 1 and aij = —1 for all 1,j € [1,m]

with i # j, and the remainder term satisfies |R(u,z)| < M||(u,z)||3 with some M > 0 for
all ||(u, x)||2 sufficiently small. So this gives

n 4 1/pa—1/p log(U) | log(U) L P2 (E )
X = 1
X gz = m ( + mn + 2m?2 n2 2p3m2

or equivalently via rearrangement,

log(U)?2
mn(l—mP e x4 gy - BUN  Pobr e gt e

2mn 2pim
1 B
_mnR< og(U),( n,i) )
n \/ﬁ i<m
We choose (I,a,,3,) = (3,n'/3,n) for the remainder lemma; indeed, n1/3(%,

(E\/ﬁ)z<m) = (n=2/31og(U),n"Y/5(Z,:)i<m) converges to 0 in probability as n — oo,
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therefore the remainder lemma implies (nR(lOg(U), (E" L. 0. Additionally we

n Vn )igm) ) n>1
2
have (%)nZl — 0 almost surely and hence in probability. Thus via Slutsky’s theorem
we obtain

— n d J—
(mn(1 - m!/P e X Ip2ar)), g — —log(U) + M(Nl,i)T A(N1i)i<m.,

2 2pim ism

and it remains to argue that the right-hand side has the claimed distribution. That
—log(U) ~ £(1), is common lore. Since (&;);<., is independent from U, (N7 ;);<n can
be assumed independent from U. The matrix A is symmetric and has eigenvalues
m with multiplicity m — 1 and 0 with multiplicity 1, hence its spectral decomposition
reads A = Odiag(m,...,m,0)O" with orthogonal O € R™*™. The standard Gaussian
distribution is orthogonally invariant, that is (N;)i<m := OT(N1.:)i<m ~ N(0,1,,), and
thereby

i<m i<m

m—1
(N1,0)i<m AN )i<m = (Ni) i<y diag(m, ..., m, 0)(Ny)i<m = m Z N}
i=1

Because (NV;);<m still is independent from U we have finished.
(c) Using the same expansion as in (a), case p; = oo, and restricting to (yl-)igm =0
like in (b) while naming R’'(x) := R(x,0), we arrive at

n d (N pa2/n Vo
”X ||P2,Q1 = Z|€l|
=1

—_
—
—

_ 1/p2 1— n,t R/ (En,z) )

—_

The result follows, after a rearrangement, from p%(:n,i)igm 4 ¢ (1)®™, managing the
remainder term as in (b) above. O

In Theorem E now we consider n — oo and m = m(n) — oo. The proof features
the Lyapunov CLT: let ((Z, ;)i<m)n>1 be an array of R -valued random variables with
independent rows (i.e., for any n € IN the variables Z, 1,...,Z, ,, are independent),

and call s, := (37", Var[Zn’i])l/Q. If s,, > 0 for all n € IN and Lyapunov’s condition is
statisfied, sc., there exists some § > 0 with

o1&
Jim 5 > E|Zns — B[Z0i]*] =0, (4.1)

i=1
then

si > (Zni — E[Zn]) ﬁ N(0,1).

=1

As an aside, note that actually Lyapunov’s condition implies Lindeberg’s condition which
in its turn implies the CLT.

Proof of Theorem E. (a) Case p; < oo: Recall the representation

m , 1
(S [ifre/m @ |p2) /72

n 4d 771/(mn)
HX LHPz#Zz =U 1
(0 el /) 7
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Define the random variables E}” Efm and Ef” by
[l — e
=1 e P/ =2 ._ p1/n
—n,t ° |£l‘ 17 —n,i - pz/’n s
Pl/n
= . |19allgs — Ell©][g:]
" E[]|©1]/5:] ’
and their sums
m m
Zy =Y =F, forke{1,2,3} and Z,:=)» =25
i—1 i—1
then
p2/n 1 m —_ —_ 1/
n d (M, ElllO1]155]) /v 1/(mn) (o 2im (L4+E2 )1+ ) "
X"y & 2y 2105 ) (4 5,
(E Pic (14 ‘:‘n7))
ORI (57 L7 7
m1/p1—1/p2 (1+iZ1)1/p1
L N O B N B B
n m1l/p1—1/p2 mn pim pam

mn

log(U) 7., 72 7% 7

where we have introduced the Taylor expansion

oo (L4 2 + 23 + 20) /P2 DY e i

(1+21)1/P1 1 Do +]%(ua2172277«'3,2’4)7

with the remainder term satisfying |R(u, 21, 29, 23, 24)| < M||(u, 21, 22, 23, 24)||3 in a suit-
able neighbourhood of 0. Then we can rearrange as follows,

alog(U) _vnZ,  vulZs+Zy+7,)
vmn plm p2\/m
log(U) Z} z2 73 Z*
w0 D T B B

mn

ml/P1—1/p2

(M E[[|©4][52])1/»2

p1/n

an( 1X™ e — 1)

and we are going to argue that only /- Z3 makes a nontrivial contribution to the limit
as n — oo, in the sense that all other terms converge to zero in probability; Slutsky’s

theorem yields the result then.
Clearly (l‘j/g%))ml 2 0. Next, E! ;, 22, and E3 ; are centred, and therefore so is

ZF for k € {1,2,3,4}. The respective variances are as follows, where we use Lemma 2.6,
1.(a),

] = vt = = (1 0(3)) - el

analogously,

Var[ﬂ  Varflar - B+ 0(L)) _o(4)
" m(MyE])? mo(1+0(3)° mn /-
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Defining Y,, as in Lemma 2.10 and employing (E[Y,*]),,>1 — pio® E[N*] as stated there,
we get

(M42 )pz/qz E[Y,] (Mq2>p2/q2 1
p2l— o) nl) _ q1 L
Efll6113;] = np2(1/a1—1/42) (1 + vn ) -~ nr2(t/a=1/a2) (1 * 0(\/5))
and
(M32)2p2/ a2 Var|[Y,,] pao?(M3z)?pz/42
P21 q1 nlo_ q1 .
VarllOIG) = S — = pama v O o();

these lead to

237 1 Var|oun]  po?
Var| =2 | = — 2 — 2 (1 1
[m} m EfeEE — mn (o)

and therewith also to

74 1 Va p2/n] Var[||©, ||P2 1
w[E]- 1)
m me (M2 )? Ell|O1][63]? mn
We further note that
m 3
SB[ = " (M) 1Y, ~ E[Y,)]
T Ee R [ 7a e | T

i=1
m
- mpw E[IN[*](1+ o(1)).

But then the array ((Z} ;)i<m)n>1 satisfies Lyapunov’s condition (4.1) with § = 1 since

Yim  BlZ P _ O(mn?) @(i)
Var[Z3P3/2 ~ 0(m32n=3/2) ~ T\ ym/)’

and hence we get the CLT (Var[Z3]~1/223),>1 % N, or rather

<1 / n Zf’L) 4 paoN.
m n>1

On the other hand there is still Var[\/Z Z}] = O(}), and a little bit less obviously
(employ Lemma 2.6 again; alternatively, Lemma 2.7 with weaker asymptotics),

/n p1/m,p2/n p1/n
72z} Voiin 200 v )2 1
Var[,/” ("n)} n( i hn Py ) (P2 — 1) (1+0(5))
m\py  p1 (M) pipa M) P 2pin n

* v s . zz  z} .
wherefore by Ceby$év’s inequality both /7 (7= — 7=) and /7> Z converge to zero in
probability. For the remainder term we consider

log(U) 2z} z2 73 Z: log(U) n'/tZL nl/t 72 nl/tz3 nl/tz4
(mn)1/4 “n “n “n “n ) _ n n n n
mn "m’m’ m’ m (mn)3/47 m3/4 7 m3/4 7 m3/4 7 m3/4

Again ((mn)=3/*log(U))n>1 —>+ 0 is obvious. For k € {1,2,3} we have Var[m~3/4n!/42¥]
= O((mn)~'/2), and also Var[m=3/4n'/*Z4] = ©(m~'/2n=3/2); hence the respective
components converge to zero in probability via Ceby$év’s inequality. This establishes
that the conditions of the remainder lemma are met, and finally the remainder term
converges to zero in probability.
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Case p; = oo: There is no need to iterate the argument in its entirety; for one, omit
U and =} from the previous case, and for another, we have different asymptotics for the
variances; to wit, referring to Lemma 2.6, 1.(b),

2 p2/n j 2
] oy~ me o6

1
m m (ME2/™)2 m(l—l—(’)(%))Q mn?

and correspondingly,

Z,) _ pso?
Var [m} = (1+0(1))

These imply Var[\/2 Z2] = O() and Var[\/Z Z;] = ©(;), hence (/2 Z2) 20
and (1 / Zf;)n N P, 0via éebyéév’s inequality. For the remainder term we consider

—— z; Zj Zu\ _ (nVizn nithzy iz
m’' m’ m m3/4 7 m3/4 7T p3/4

We have Var[m=3/4n'/%4Z2] = ©(m~/?n=3/2) and also Var[m—>3/4n'/ Z4]= ©(m~1/2n=5/2),
and Var[m~3/4n'/*Z3] = ©((mn)~'/?) remains unchanged; hence the respective compo-
nents converge to zero in probability via éebyéév’s inequality. The remainder lemma
does the rest.

(b) Define =
tion

Z!, and Z2 as in (a), then we have the probabilistic representa-

nz' Hn 27

(Zm ‘§L|p2/n)l/132
(S el /my o
( Mpz/n MPQ/”zQ)l/P'z

n d mn
||X ||p2,q1 - Ul/( )

— Y/ (mn) p1/n p1/n
(m + Zl)l/Z’l
p2/n\1/ 1/p
_ (Mpl/n) s Ul/(mn) (1 + m ) ’
ml/p1—1/p2 (1_|_ )1/p1

(e (1 JlosU)  Zh | 22

n n
ml/p1—1/p2 o + + R(

log(U) Z, Zj)
mn pim  pam ’

mn 'm’ m
where we have used the same Taylor expansion as in (a), but evaluated at 23 = 24 =0,

and the remainder term satsifies |R(u, 21, 22)| < M||(u, 21, 22)||3 with some M > 0 in a
neighbourhood of (0,0, 0). Rearranging yields

ml/p1—1/p2 a log(U) n (22 Z} log(U) z} Z2
i ey ) 2 D (ZnZn)y maR on 2
mn((Mﬁf//:)l/m [ X" |ps.q1 ) /m +1/ <p2 P1 )+ mn ( m m)

We know (m~/21og(U)),>1 2%, 0; in order to apply the remainder lemma we have to
ensure

1 VAR A
m1/4n1/2(w Zn J) L2 4 (0,0,0),

mn ' m’ m/ n—ooo

but we have m”‘*nlp% = m~3/4n~121og(U) —=2— 0, and with reference to the
n—oo

proof of (a), Var [ml/‘lnl/Q%ﬁ] =m!*nO(-L) =O0(m~1/2) —— 0 for k € {1,2}, hence
n— o0
iy}’ i:?) " (070)

via Ceby$év’s inequality m'/4n'/2(
n— o0
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2 1
It remains to show that \/’% ( i;’ — ﬁ) converges to the claimed distribution. Written

out, the term in parentheses reads

7: 7} i(lé‘-I”/” My |€ip1/”—1).

Pz/n
Mpl/n p1

i=1

|&s[P2/m AP e /g :
M”2/:1 “—— then E[Z, ;] = 0, and we are going to demonstate
p1/n

that the array ((Z,:)i<m)n>1 satisfies Lyapunov’s condition. Let 6 > 0, then from
Lemma 2.7 we get, for any i € [1,m],

call Z,, ; :=

_ )
EHZn? } — 20 E[|nZn,i|2+5] — 29 u‘% EUNQ o 1|2+6](1 + 0(1)),

2p;

and as we have established already in the proof of (a),

i = Var{iZW} = W(l +O<%))

These now show

—2-5|pa—p1 |29 2 246
1 mn 270 | PP TR NZ — 1240] (1 4 o(1))
$2+8 ZE Zn, |2+5] = - 246 1
sn' " i ml+0/2n =20 BB FTE(1 + O(3))

1 E[|N%—1]2H]
- m5/2 21+5/2 (1 + 0(1)) n— 00 0’

that is, Lyapunov’s condition is satisfied, and hence we have the CLT

2 1
STLZ |p2—§1|f<”0( D) G 0r) e VN,

i=1
equivalently,

L(Zj_ﬁ)éwﬁf
VM pa p1/ nooe \/2p ’

which concludes this part’s proof.
(c) Keeping Z,% as before, we have

d m 1/p2
1X " & (sz/n)
=1

72\ 1/p2
= m!/P2 (Mp2/m) /P2 (1 + n)
m

2 2
— ml/p2 (Méﬂg/n)l/m (1 + ﬁ + R<Z"))’
pam m

equivalently

mn( HXanz,fh _1> 4

Z2
Z2 +/mnR ,
ml/m(MgO?/")l/m tvmn (m)

pz\/>

where the remainder fulfils |R(x)| < Mz? in some neighbourhood of zero. Like in the
proof of (a), case p; = oo, we use Lemma 2.6, 1.(b), to see

wls ] < i 1 0(7)) = (1 +0(7)

m
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v 2
and via CebySév’s inequali is immediately implies (m'/*n*/*=z — 0, an us
d via Ceby$év’s inequality this immediately impli Yapl/2Zay 750, and th
by the remainder lemma the remainder term converges to zero. B
|p2/n_pp2/n

ME2™
. /n_ /n
((‘51"02]\4#%"{5"2)Km)n>1 satisfies Lyapunov’s condition with any ¢ € (0, o0) (the compo-

nents are centred already); so let 6 € (0,00). Employing Lemma 2.6, 1.(b), again we
have, for any i € [1,m],

, we are going to prove that the triangular array

5 = (1+0(1)),

g [l = pel
|: (1 + 0(1))24—5 n2+5

p2/n
o0

2+6] _ (@)2+5 IEHE _ 1|2+6](1 4 0(1)) p§+6 EHE _ 1|2+6]

so together with the by now well-known Var[Z?] = ™% 2 (1+0(1)) we get

n2

S B[ ST )

Mz’ _ mn P BB — 1PH)(1 + o(1))
Var[Z2]1+9/2 - m1+5/2n*2*5p§+5(1 + O(%))

_ E[E -1

So this shows (Var[Z2]"'/2Z}) _ = (52 (1+0(1)) 27) 54 4 N ~ N(0,1), and finally

n d
Z,%) SN,
<p2\/ﬁ n>1
and through an application of Slutsky’s theorem the proof is finished. O

4.2 Proofs of the corollaries

The key observation is the following: let X ~ Unif(B}"% ), then (rj7 )~' X ~
Unif ((r77 )~ B ), and therewith, for any ¢ € [0, c0),

p1,q1 Pp1,q1
V() = (557 B, 0407 BR)
B B psn
=Pl X € 0T B =P Xl < | @)

Proof of Corollary 1.4. We use Theorem C, thus, continuing from Equation (4.2),

ven(o) = e vin( mn e )
(1) — m m —1
n 1/p: P2,q2
(M2 Ben72) P
ml/p1—1/p2 m,n
< / P1,q91 _1 .
N m((Mp2/"E[||® [221) /7 Thalas ﬂ
pi/n Higz /

The last random variable converges in distribution to a centred nondegenerate normally
distributed random variable N, hence we must determine the limit of the right-hand-side.
Recall the definition of the radii r;"7. at the beginning of Section 1.4; expanding the
gamma-functions in the volumes v,,, (B7*" ) (which see Equation (2.2)) using Stirling’s

Pisqi
formula we arrive at

- ; 1 .

ml/p1—1/p rmn {Apl,ql;pQ,qz;n(l +O(L)) if py < oo, w3
1 m,n log(m) . - .
(lef//: E[”G)l‘ 23]) &S Tp2,q2 AP17Q1§P27¢Z2;" (1 + O( m )) if py = o0.
This implies
1/p1—1 ,
lim ml/v1 /P T;Z :Zl —4
P2/ 1/pz pon — P1,413P2,q23m)
m—00 (Mpf/n EH|@1|55]) Tp2ﬁq2
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and therewith the cases tAp, 4,:ps,q0n < 10T tAp, 41:ps,q0:n > 1 are immediately accounted
for. In the threshold case tA, 4,:p;,q.;n = 1 We need the information in Equation (4.3)
that the correction-term is of order o(m~'/?) in either case; this yields

( ml/p1—1/p2 r;?:% t— 1> — \/ﬁ(tA . . (1 + 0<L>) _ 1)
(M2 Bl z]) 7 T prosan (U O\
=Vmo (T) o(1),
and finally .
w}iﬁmoo V() =PIN < 0] = 7 O

Proof of Corollary 1.5. Case q; # q2: Here we invest Theorem D, that is,

mi/P1i—1/p2 pl/a—1/q2

V) = Vi T e 1 1)
q1

ml/p1i=1/p2 p1/a1—1/g2 7”;3 Zl
< J—
- \/ﬁ< (M) pmon 1)]

Like in the proof of Corollary 1.4 we use asymptotic expansion; to wit, this reads

ml/p /e gt/ o=V il J Ag g (14 0() if g1 < oo, (4.4)
(Mg )t/ e Toade | Agrgs (1+O(2B™)) if g =

On the one hand this yields

ml/p1=1/p2 pl/a1—1/q2 o

lim P1,91 — A
q2\1 m,n q1,92>
n—oo (M{7)Y/ e Tpy,q2

and therefore the result is immediate for tA,, 4, < 1 or tAg 4, > 1. On the other hand,
for the threshold-case tA4,, 4, = 1 Equation (4.4) tells us that either way we are off by at
most o(n~'/2). Thus

ﬁ(ml/pl(;;:;;)lle /a2 :ii t— 1) \/ﬁ(tAql,qz (1 + 0(%)) - 1)
1
no(%) = 0(1),

and the conclusion follows as in the proof of Corollary 1.4.
Case q1 = g2 and p; < oo: The starting point is similar to the above,

m,n ml/p1 n 1/p1 7‘;’1 Zl
v (t) :IP|:mn(l— WHX pz,th) 2 mn(l m7n t):|

1
m /P2 riﬂz q1

The asymptotic reads

ml/m g (m —1)log(p1/p2) 1
o 0(7); 4.5
ml/p2 7“;2’,21 2mn i n? @
this implies
m!/P 7‘2? Zl i
lim =1= Aqqu

n—oo ml/P2 1y,

and again the result follows easily for tA,, ,, =¢ < 1 ort > 1. In the threshold case t = 1
there follows from Equation (4.5),

ml/pr pmm _
mn<1 mer Tpl q1 t> _ (m 1) 10g(p1/p2) " O(l>,

il 7, 2
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and therefore

P1— P2 e (m — 1) log(p1/p)
lim V™ (1) =P |E + 222 N2> V0T 1/12
g, V) [+2p1§z— 2

For m = 1 this simplifies to

lim V(1) =P[E > 0] = 1.

n—oo

In the case m > 2 note that Z:’;l N7 ~ T'(Z51,2) (the chi-squared distribution with
m — 1 degrees of freedom). Because E and Z?;l N? are independent we can compute

the given probability explicitly as follows, where we have to distinguish whether p; < p»
or p; > po. Here we treat only the former in detail; the latter is done analogously. First
we have

m—1
P1— P2 9 (m— 1)105%(101/172)]
PlE+ 2L P25 N2>
{ 2p1 ; 2

o x(m—B)/Q o 0 B
:/ —)e 1/2[ e y]llRZO(y) dy dz;
0

Q(mfl)/QF(—mgl m—1)log(p1/p2) _ (P1-p2)z
P1

then for any = > 0 we have (m=1)log(pi/p2) _ (pi=p2)z ~ 0iff z > p1(m—1) log(p1/p2) and
2 2p1 = = D2 ’

since p; < po this last expression is positive. Hence for z < % the inner
integral is 1, and else it is

oo
_ _ (m=1)log(p1/p3) | (P1—P2)z po\ (Mm=1)/2 2 _pe
/( e Y ]l]Rzo (y) dy =e 2 + o — <;> e2 2py .
1

m—1)log(py/p2) _ (pP1—PpP2)x
2 2p1

So by splitting up the outer integral we reach

m—1
IP{E—kpl D2 Z Ni2 > (m— 1)10g(p1/]92)}
i=1

2p1

2
w m(m*‘?’)/z
= e —— T T
0 20D 2T ()
T x(m—“”’)“e—x/z(@)(m*”/ ? 5B dg,
p1(m=1) 1os(ry /p2) 2(m=1)/2D (L) 21 ’
P1—P2

now the first summand obviously equals

p1(m—1)log(py/p2)

T AR ety m (M o) ( (o, 2 D)

0 2(m-1)/2p(m-1) 2 7’ " P2 ’

and the second summand evaluates to

* ﬂe—zm(@)(m‘we%*?if de

P10 log(y /py) 2(m—1)/2D(T=L) P

P1—PpP2
oo p(m=3)/2 N
= / CEYP e ?2n/r2 dx
sl (S1) DT (2
m—1 2p p1(m — 1)log(X*)
_p(mot ).
2 p P1— D2
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and because of min{1, ]’;—; = Z—;, max{1, g—;} = 1 this equals the claimed expression.
Case q1 = q» and p; = oo: Now we are working with
) PN
3 — - 0,49
V() = Plmn(l = m” VP X" |y 0,) 2 m”<1 - MQ}
This time we have . )
Too, m — 1) log(n 1
mlt/pP2rp o) 2mn n
whence we see
PN
lim —=2% __ —1=A

m,n q1,91»
Pp2,91

and the noncritical cases follow as before. For the threshold-value ¢ = 1, Equation (4.6)

results in _— ( ) log(n)
Too) m — 1) log(n

I L = o(1),

(1= ) 2 oW

n—oo ml/P2 r

which leads us to .
: m,n — . > —
lim V(1) =P {Zl E; > oo} 0. O

Proof of Corollary 1.7. Case q; # ¢q»: Referring to Theorem E we have

v ) IP[ ( ml/p1—1/p2 1 .
(M2 || ©4]|52]) /72

ml/p1—1/p2 pmn
< \/mn< PLa t—l)}
(M2 ]| 01 [[F2]) /72 Tr2la

p1/n
Notice that in any case

1/p1 p1/q1 pm,m

m n i

: P1,91 M 92 1/q2 A
lim - ( q1> q1,92

n—o0 mi/pP2 pl/az pt 0
and
lim 7 1 = (Mgz)—l/th
n _ 1 ’
nooe (MP2 V||t =1/92 0, |[52]) 1/

and from these follow the limit values for the cases t4,, 4, < 1and tA4, 4, > 1. In the
remaining case tA,, 4, = 1, by our assumptions the probability converges to the claimed
value Pl[oN < M| = ®(c~ M).

Case 1 = g2 and p; < oo: Again we rewrite
ml/p1—1/p2
(ME2/ )1/

1/p1_1/p2 ,rm,n
Smn<m p1,q1t_1>:|.

pa/ny rm,n
(Mpl/n) /P2 Tpoqy

V(o) = e [V X"y~ 1)

The asymptotic expansions needed here are

ml/p1 T 1 w(l _ 1 _A,_@(%)) + O(L)

ml/rz oy 2n m mn?
and )
p2/nN—1/ps _ 1 P2 —P1 (7)
(M m) =1 2pin o n2/)’
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they lead to the claimed results concerning tA,, 4, =t < 1 ort¢ > 1. For ¢ = 1, plugging
in yields

1/171 1/p2 pmn,n
mn(( Ph‘ht_1>

ME2[")1p2 Tpay
(=T v o () (R (1 Tre () +o(m)) 1)
_ ( (10 (ij) _ p2p_1pl - log(ll:;/pl) +@(%)> +O(mn2))

=7 (oe(3) - 202 - e (R)) o)

and since the logarithm is strictly concave and p; # ps (forced by ¢; = ¢2) we know

5

ﬂ

log(&) p2 — p1<p7_1_p2—p1:07
D1

p1 P1 P1

hence the limit as n — oo is minus infinity. This gives the claimed limits.
Case q1 = g2 and p; = oo: Lastly we have

o B in )

ml/p2 (Mgg/n)l/m

1 ,rmn
<mn< ’qlt—lﬂ

ml/p2 (MP2/TI)1/p2 Thya1

As usual we expand,

o =1 IR . o )
i) o[ 50)) . otz

and ) )
(Mgg/n)—l/pQ :1_;'_7_’_0(72)7
n n

and they account for the cases tA,4, 4, =t < 1 ort¢ > 1. Lastly concerning ¢ = 1, plugging
in gives us

1 oy
\/ETL( mt]Ll - 1)

m/pz (ME2/™)1/p2 Tp3a

%m(0+i+ogg)0MWWW@Q+00%W§)

2n n
2

i BCIIp) (1 (B )y oVBI) )

2mn

- (1o )
i BEIID) (4 0B ) 4 o8

2mn m2n?

= \/>log(27m/p2)( (1 + O(logl(n)))

stastira oy (-+O(75))) + 0 (R )
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Now we observe
log(2mmn/p2) log(m)

mlog(2mn/p2)  mlog(2nn/ps)  m

Y

which converges to zero. So in total we get

1 T
lim vmn ol 1) = —o0,
ml/Pz( ’

n—reo 2 Mé’g/")l/m Tp2,q1
and the conclusion easily follows. Notice that this result is consistent with the previous
case pa < p; < 00. O
A Appendix: higher-order mixed-norm spaces

It is not difficult to generalize the idea of mixed norms to higher orders in the
following sense. Let k € N, let p;, = (pj);j<k € (0,00]* and ny, = (n;);< € N*, then on

R*®k ;= R™ % %" define the k "-order mixed norm with exponents p1, . . ., p Tecursively
by [|'[lp, = |Illp,, and for k > 2,
@3)ie s lpe = [[(1@iiniexne s lons) sy <yl

We call /3% := (R*™, ||-||p, ) the (real) finite-dimensional k "-order mixed-norm sequence
space, then we have the recursion (gF = (7 (lpi71). Let Bpr be its closed unit ball, whose
(ny - - -ny)-dimensional Lebesgue Volume we denote by wg;j, and Sg’; its unit sphere with
associated cone measure x3*. Via the usual identification (C,|-|) = (R?, |-||2) we may
also subsume complex mixed-norm spaces under the real ones, to wit
~ 2 (2,ng)
lpi (€)= 655 (62) = Lo
Notice that compared to the definition in Section 2.2 we have reversed the order of
indices here in order to write the recursion in a more natural manner (append new
indices at end, not at beginning), so what we have notated B}";" there, corresponds to

(n,m)
]B( op) here.

The recursive structure of /5* lends itself well to calculate wp* in a recursive way as
well. For the following assume k: > 2. Then we have

wg',;:/ 1o () d
R*1k pk

= / Lo (@4, )ie xng_1 )ip<ny ) dz.
(]Rxnkfl)"k PE

On each of the n; component spaces introduce Epk | -polar coordinates, i.e., (i, )iexns_,
=r;,0;, withr;, € [0,00) and 0;, € Sp;~ for each i), € [1,n;]); therewith we get

||((mi7ik)’iexnk—1)ik§nk||Pk = H(Hrikeiknpk—l)ikgnkHpk = ||(T’ik)ik§"k||l)k

and hence ]11133’; (4,0 )iexcnp_1 in<ng) = ]llBZ,’; ((riy )irn<ny)- This yields

ng
wpr = (n1- ne1wpiT)) k/[o ) / Lo (r) T i 7 dlrpr )= (0) dr
53O0 "k

Ng_1\n
(Spp_1)"k in=1

ni
, 00 k

Zkzl
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1/«

Now transform s;, := r;""*"" for each iy, € [1,n]; recall [|(zi)i<ally = [[(|2i|*)i<nll,)a

for any a € (0, 00), which gives

N1 Nj— 1/(n1--np_ 1/(ny-nk_
17l = 1™ Yime e ) = Yl e)

hence ]l]BZk( r) =1 (s) and thus

Pk/(nl Mp—1)

pg/(nimp_1)

W = (W) /[ e (s) ds

o (ka 1)nk ka/( nk,l)

= o R

which is the desired recursive formula. Via induction on k this leads to the explicit
formula

k

(@) ) :
ng _ oni--ng pj/(ni-nj—1
wPII: =2n H QN ng U 1 n] + 1)ng+1

)njurlmnk

j=1
In the special case of EE;";)L)(C) this yields

2mmn) _ — 22mn __._mn P

“2pa) r<§+1)mn r(%m 1) r(?anH) TT(Em )T (2me 1)

and this equals the value given in [15, Theorem 5].
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