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Abstract

The paper concerns classical solution of path-dependent partial differential equations
(PPDEs) with coefficients depending on both variables of path and path-valued mea-
sure, which are crucial to understanding large-scale mean-field interacting systems in
a non-Markovian setting. We construct classical solutions of the PPDEs via solution
of the forward and backward stochastic differential equations. To accommodate the
intricacies introduced by the appearance of the path in the coefficients, we develop a
novel technique known as the “parameter frozen” approach to the PPDEs.
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1 Introduction

Denote by Cr 4 the space of continuous functions on [0, 7] with values in R? and by P§
the totality of probability measures on Cr 4 with finite second order moments. Given
functions (b1, 1) on Cr 4 and (ba, 02) on P, we investigate a path-dependent mean-field
PDE given by
Opu(t,w, p) + 2T [02u(t,w, p)or (wi)or (we)T] + duult, w, w)br (we)
+5Tr o, , Oo0uu(t,w, 1, @)u(d)os () oz (k)] + fo, , Ouult,w, 1, @) u(di)ba (1)
+f(tv w, U(t, w, M)’ 01 (wt)awu(tv w, p’)» My ‘cu(t,W“,u)) =0,

w(T,w, p) = ®(w, ), (t,w,pu) €[0,T] x Crq x PS.
(1.1)
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Path-dependent mean-field PDE

In this equation, (functional) derivatives d,, and J,, are taken in the spirit of Dupire and
Lions (see the subsequent definitions (2.9) and (2.20)), respectively, and W* represents
the canonical processes on Cr 4 under p. The study of mean-field PDEs (or master
equations) is crucial in understanding large systems in physics, games, and other areas
of applied mathematics. While classical mean-field theory has its roots in statistical
physics, quantum mechanics, and quantum chemistry (see Kac [36], McKean [41],
Sznitman [49, 50, 51, 52]), recent developments have extended its applications to areas
like stochastic differential games, partial differential equations (PDEs), and stochastic
control, impacting fields such as engineering and economics (see e.g. [39], [11], [7],
[13], [14], [29]), just to mention a few.

Mean-field PDEs have been studied in various frameworks: Bensoussan et al. [5] consider
the regular case when measure variables are restricted on those measures of square
integrable density functions, Cardaliaguet [11] gives a viscosity solution for first-order
HJB equations on a Wasserstein space, Gomes and Saude [33] survey well-posedness of
HJB-FP equations for reduced mean-field games, Buckdahn et al. [9] and Chassagneux
et al. [12] study classical solutions for second order master equations through stochastic
differential equations (SDEs) and forward backward stochastic differential equations
(FBSDEs) respectively, Carmona and Delarue [15] consider the mean-field games and
corresponding master equation with common noise, Cardaliaguet et al. [16] give an ana-
lytic approach for master equations, Pham and Wei [47] study the dynamic programming
principle for Bellman master equation, Gangbo et al. study the well-posedness of master
equations under non-monotonic conditions, etc. However, all these works consider the
state-dependent case, which means (w, ;1) in Equation (1.1) take values in R¢ x Py(RF).
Here, P, (R¥) is the set of probability measures on R* with finite second order moments.
In practice, numerous problems could be non-Markovian or path-dependent: to mention
a few, prices of exotic options (e.g. Asian, chooser, lookback and barrier options [22],
[21], [35], [28]), stochastic differential game and stochastic control with delayed infor-
mation ([2], [30], [48], [56], [53]), rough volatility [32], [6], etc. In particular, Peng in his
ICM 2010 lecture [44] introduces the connection between non-Markovian FBSDEs and
so called path-dependent PDEs (PPDESs), the latter of which is regarded as a crucial tool
in the non-Markovian control theory.

Dupire [22] introduces a functional It6 formula to incorporate the calculus of path-
dependent functionals, which is subsequently developed by Cont-Fournié [17, 18] and
references therein (on the other hand, see another approach to path-dependent problems
of Flandoli and Zanco [27] by lifting the primal problem into a functional one in Banach
spaces). In contrast to the classical approach of functional analysis (see e.g. Ahn [1]),
Dupire’s approach is featured by the finite dimensional vertical derivative (see the
following definition (2.9)), and is admitted to solve non-Markovin problems (see e.g. [54],
[48]). Concerning the well-posedness of PPDEs, Peng and Wang [46] consider smooth
solutions of parabolic PPDEs; Ekren et al. [23, 24, 25] study the viscosity solution of
quasilinear and fully nonlinear PPDEs; Cosso et al. [19] treat PPDEs as the Hilbert space
valued equations and build the viscosity solution; Peng and Song [45] introduce a new
path derivative and build Sobolev solutions for corresponding parabolic fully-nonlinear
PPDEs via G— BSDEs [43]; Wu and Zhang [55] solve a master equation with solutions in
aformof V(¢t,u), u € 7351 . Recently, new viscosity solutions are introduced from different
viewpoints by Zhou [57], Bouchard et al. [10] and Cosso et al. [20].

Although several definitions of viscosity solutions are available, the understanding of a
smooth solution seems to be still very limited. The well-understood smooth solution of
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PPDE
pu(t,w) + 3Tr [02u(t, w)o(we)o(we)T] + duult, w)b(we)

+f(tw,u(t,w), o(wy)d,u(t,w)) =0, (1.2)

u(T,w) = ®(w), (t,w)el[0,T]x Cr,a,

seems to be restricted within the case where (b,0) = (0, I) (though (b, o) can be extended
to be state-dependent in some sense). Here and in the following, we write w(t) to denote
the value of path w at time ¢, and w; = wi(-) = w(t A.) to denote the path up to time ¢. The
problem comes from the definition of vertical derivatives. To be more precise, consider
path-dependent SDE

X (s) =~(t) + /ts b(X*)dr + /ts o(X)dB(r), (1.3)

and a functional ¢ defined on cadlag space. Then we ask whether or when we have the
vertical differentiability of ®(X"*) in ~,, which is necessary to study the smooth solution
of (1.2) via FBSDESs, even when both path functionals b and ¢ have smooth vertical
derivatives of any order! The existing results exclude the case of a general forward
system with nontrivial coefficients, and seem to be no help to study the corresponding
control problems.

The paper focuses smooth solution of path-dependent PDEs. In contrast to the state-
dependent case [12], smooth solution of equation (1.1) by FBSDEs meets with new issues.
The first comes from the weak formulism of vertical derivatives (see identities (2.9)
and (2.20) for details). Dupire’s vertical derivative [22] is defined in a finite-dimensional
space, but depends on the “cut-off” time for functionals. In particular, to show the
horizontal differentiability of the decoupling field « on [0, T] x Cr 4, we have that for any
t,h €[0,7] and y, € Cr g4,

U(t + hv P)/t) - U(t, "Yt) = [u(t + hv ’Yt) - u(t + h7 B:j—h)] + [U(t + h7 BZ—?—}L) - U(t, P)/t)] 9 (14)
where
Bl (s) == v(s)ls<e + (7(t) + B(s) = B(t)) Lign>s>e + (7(8) + Bt + h) — B(t))Ls>t4n,

and B is a Brownian motion. Then to apply It6’s formula to compute the first difference
of the right hand side of the last identity, the path “differentiability” of flow u on [¢t, ¢ + h]
is required. Such a differentiability is no longer the vertical derivative of u since it is
taken before the “cut-off” time ¢ + h. To handle this issue, we introduce a new notation
called “strong vertical derivative” (SVD) (see Definition 2.1), built upon Dupire’s vertical
derivative, which restricts functionals to be vertically differentiable before the cut-off
time. On one hand, the definition of SVDs is general enough to include all interesting
continuously vertical differentiable functionals (see Example 2.2). On the other hand,
the SVD can be viewed as a pathwise definition for the Malliavin derivative (see e.g.
[42]) on the cadlag path space (see subsequent Remark 2.2 for details). Secondly, the
existence of the derivative with respect to measure in Lions’ sense usually requires the
separability of the measurable space. However, in view of Dupire’s vertical derivative
and FBSDE theory, we work with the space of cadlag functions under the uniform norm
instead of Skorokhod norm. This leaves us without the general existence result for
measure derivatives, and consequently we work with smooth coefficients such that we
can construct derivatives via FBSDEs. Thirdly, as mentioned before, although there are
many developments in viscosity solution theory for PPDESs, there is very few tool for
smooth solutions even in the semi-linear case. To study (1.1) via FBSDEs argument, we
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propose a novel approach involving a “coefficient frozen” strategy to handle complexities
arising from path-dependent coefficients, contributing to the resolution of PPDEs with
nontrivial coefficients. The argument is general enough to incorporate the mean-field
path-dependent case (see Section 3.3 for details).

A key contribution of the paper lies in establishing the well-posedness of the path-
dependent mean-field equation with path-dependent coefficients, along with introducing
and applying the SVD concept. In addition, the paper provides an It6 formula and partial
It6 formula, which are fundamental in the study of path-dependent mean-field problems.
The “parameter frozen” strategy proves instrumental in handling PPDEs with path-
dependent coefficients. Our results not only help to understand path-dependnent mean-
field equations, but also offer insights on numerical computations and the approximation
of equilibrium in finite systems in view of the corresponding regularity needed (Fischer
[26], Lacker [37]).

The rest of the paper is organized as follows. In Section 2, we introduce notations of
SVD with respect to paths and measures on path space, and build in the framework
functional It0 calculus incorporating paths and path measures. In Section 3, we show
the differentiability and regularity of associated FBSDE solutions. In Section 4, we prove
the existence and uniqueness of smooth solutions for path-dependent mean-field PDEs.

2 Basic setup and Ito calculus for functionals of both path and
path-measure

2.1 The canonical setup

For any fixed T' > 0, we denote by Cr 4 = C(]0,7],R?) the canonical space and equip
it with the supreme norm || - [|jo,rj. W is the canonical process and {F}" }o<;<r is the
natural filtration. For any (¢,w) € [0,T] x Cr g4, w; is the cut-off path, meaning that
w; € Cr 4 such that

wi(r) = w(r)l,n(r) + w17 (r), e [0,T]; 2.1

and w(t) is the state of w at time t. Let P{ be the set of probability measures on
(Cr,4, F7") with finite second order moments, i.e. € P’ iff [||u]||* := E*[[| W], 1] < oc.
For 1 € PY, s € PS is the distribution of stopped process W; under u. For any p,v € PS,
we define the following classical 2-Wasserstein distance

3
Wo(p,v) =  inf / u— |4 5 dP(u,v , (2.2)
2(psv) pet ( S | llfo,m) dP( ))

where P(u,v) is the set of all probability measures on (Cr g x Cr.q4, F7 x F¥¥) with
marginal measures p and v. To introduce functional derivative in the space of paths, we
consider the space of cadlag paths Dr 4 := D([0, 7], R%), which can be equipped with the
uniform topology || - |[o,7], or the Skorohod topology

d(w,w") ;== inf sup (|t = A\t)| + |w(t) — ' (1)), (2.3)
A€A (0,1 t[0,T]

where Ay 7 is the set of all strictly increasing continuous mappings on [0,7] with
A(0) =0 and A(T') = T In the following, we equip Dy 4 with the uniform topology unless
stated otherwise. With the space Cr 4 being replaced with D7 4, notations such as PQD
and Ws(u, v) are self-explained.

Suppose that (Q, F, P) is an atomless probability space supporting a d-dimensional
Brownian motion B, and {F;}c[o,7] is the natural augmented filtration. For any ¢ € [0, 7]
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and r € [t,T], we define F! as the o-algebra generated by {B(s) — B(t);t < s < r} and
completed under P. For any (stopped up to time ¢) process X;, we denote by Lx, the law
of the process X; and Lx ;) the law of the random variable X (t). In the following, we use
notation ]Mg (MP, resp.) as the collection of measurable continuous processes (cadlag
processes, resp.) with laws in P (P2, resp.). Since for any p € P2, we can always find
an atomless probability space (2, F;, P) such that there exists a cadlag process 7 on this
probability space with law p, we will always suppose for any . € PP, (Q, F, P) is rich
enough to support a cadlag process 1 such that £, = ;1. Moreover, for any progressively
measurable process X and random variable £ on (2, F, P), we define the following norms
if they are finite: forany ¢t € [0,7], p € N,

T
1X 10 g1y = EENX N ) 1 o o2y = B / IX()Pdr)E), [l = EP[lep).

' (2.4)
We write $P([t, 7], R¥), HP([t, T], R*) and L?(Fr, R¥) for spaces of progressively measur-
able processes on [t, 7] and random variables with values in R* and finite corresponding
norms. Denote by C"(R™,R¥) (C7*(R™, R*), resp.) the space of (bounded, resp.) con-
tinuous functions from R™ to R* with (bounded, resp.) continuous derivatives up to
order n. Usually, we omit R¥ in SP([t, T], R*), HP([t, T|, R*), L?(Fr, R¥), C(R™, R¥) when
k = 1, and also omit the time interval [¢,T] if no confusion raised. Moreover, for
(Y, Z) € SP([t, T],R™) x HP([t, T], R™), we write

S

1Y Dllsexe == (1Y llge + 1 Z1[E) " - (2.5)

2.2 Strong vertical derivatives with respect to path and path-measure

Denote by ]f)T}d the product space [0,7] x Dy 4 x PQD and by Z the space of functionals
on D7 4. A functional f € Z is said to be non-anticipative if for any (t,w, u), f(t,w, ) =
f(t,we, pe), where p; is the law of n; with £, = p. For non-anticipative f € 2, we call
f continuous on ]DT 4 and write f € ¥ (]DT 4) if f is continuous in the product space
[0,T] x Dy g4 x PP equipped with the premetric:

dp((tvw’ /u')v (t/aw/vﬂ/)) = |t - t/| + ”Wt - Wt’H + W2(/‘taﬂt’)' (2.6)

For any non-anticipative f € 2, the horizontal derivative is defined as
o1 .
Ocf (tyw, ) := hllféi E[f(t + h,wy, ) — f(twe, )], ¥ (#w, 1) € D g. (2.7)

For any (t,z) € [0,T] x R%, define w"® € Dr 4 by
wh® = w+ xly 7. (2.8)

For any fixed (¢, ) € [0,T] x PP, f(t,-, i) : Dz a4+ R is called vertically differentiable at
(t,w) (or w; for short), if f(¢,w"*, ) is differentiable at z = 0, i.e. there exits d,, f (t,w, 1) €
R? such that

F(t,w+ 2Ly ) = f(tw, 1) + Buf (b, W+ olle]), Ve RY (2.9)

and 0, f (t,w, u) is then called the vertical derivative. Now we introduce the notation of
SVDs for the FBSDE argument in Section 4.

Definition 2.1. Suppose that f : [0,7] x Dy 4 — R. For any 7 < ¢, we call f strongly
vertically differentiable at (7,t,w) (or w, for short), if there exits 9, f(t,w) € R¢ such
that

flt,w+ 2l 7)) = f(t,w) + 0w, f(t,w)z +o|z]), VzeR™ (2.10)
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In this case, J,, f(t,w) is called the strong vertical derivative (SVD) of f at (7,t,w).
Moreover, if f is strongly vertically differentiable at (r,¢,w) for any 7 < t, we call f
strongly vertically differentiable at (t,w) (or w; for short).

Remark 2.1. Indeed, we can consider the SVD for any 7 € [0,7]. For non-anticipating
functionals we care about in this paper, we have

Ou, f(t,w) = D, f(t,w) 1[0, (7)-

Clearly, f is strongly vertical differentiable at w; if and only if the mapping « — f(¢,w™")
is differentiable at + = 0 for any 7 < t. In particular, if f is non-anticipative and strongly
vertically differentiable, f is vertically differentiable and its vertical derivative at (¢, x)
agrees with its strong vertical derivative at (¢,¢,w). For the SVD 9, f(t,w), we can
further define its SVDs in the same spirit: for any 7' < ¢, define 9,, , 0,,, f(t,w) as the SVD
of d,,. f(t,w) at (7, t,w). In the following, we only need to consider the case 7/ = 7. We
call f has continuous SVDs or 9, f(¢,w) is continuous if d,,, f is continuous with respect
to the metric: for any (7,¢,w) and (7, ¢/,w’) with 7 < ¢, 7/ < ¢/,

dsp((T,t,w), (7,8, ") == |7 = 7|+ [t = | + |lwt — wi || (2.11)

Here are examples of strongly vertically differentiable functionals.
Example 2.2. Let f: [0,7] x Dy 4 — R and (t,w) € [0,T] X Dp 4.

(i) If f(t,w) = F(t,w(t)) for a function F' € C1*([0,T] x RY), then we have that for any

T1,T2,° " ,Tj € [Oat]'] S k'
Oif(t,w) = F (tw(t), Bu, 0o, f(t,w) = DIF(tw(t)), (2.12)
and thus f has continuous strong vertical derivatives up to order k.
(i4) Suppose that f(t,w) = [ F ))dr with F € CY*([0,T] x R?). Then for any
7-157-27"'aj [Ot]]gk
t
8tf(taw) = F(t,W(t)), 8&.)77. e 8w71f(t7w) = / DiF(T,W(T))d’F, (213)

with 7 = maxi<,<;{7;}. Thus f has continuous SVDs up to order k.
(#4¢) For a partition 0 = ¢g < t; < --- < t, = T, and a continuously differentiable
function F: R x R x ---R% — R, let

n

f(Tyw) = Fw(t),w(tz) —w(t1), -+ ,w(T) —w(tn-1))- (2.14)

Then f is strongly vertically differentiable at (7, w): for ¢t > 0,
O, f(T',w) Z swite) —w(te), - w(T) — wtn-1))1,;_, ;) (t)

(iv) For fixed ¢y € (0,T) and F € C*(R?), define f(T,w) := F(w(tp)). Thus f has SVDs
D F(T,0) = DuF (1)) 1010 (1): (2.15)

(v) For a given partition of [0,7]: 0 =ty < t; < --- < t, = T and smooth functions
{f:}2=; on R, consider

Z Jilw ()L, 1,00)(0)- (2.16)
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Then f is strongly vertically differentiable at w; with
n—1
O, f(t,0) =Y Dfi(w(ti)) g, t0sn) )10 (7), V7 <t (2.17)
i=0

Remark 2.2. The relation between vertical derivative and Malliavin derivative is con-
sidered in [18], where an equivalence is built through martingale representation in
both frameworks (see [18, Theorem 6.11]). According to (ii7) of Example 2.2, the SVD is
related to Malliavin derivatives restricted in the cylinder random variables or processes.

The following lemma follows immediately from Definition 2.1, and will be frequently
used.

Lemma 2.3. Suppose that f : [0,7] x Dy 4 — R is strongly vertically differentiable, and
uniformly Lipschitz continuous in w:

|f(t,w) — f(t,w")| < Cllws —will, Y(t,w,w') €[0,T] x Drg x Dr 4. (2.18)

Then we have |0,,, f(t,w)| < C for any (t,w) € [0,T] x Dy 4 and 7 < ¢.

For a non-anticipative functional f € 2, consider its lift f : [0,7] x Dy 4 x MP — R,
f(t,w,n) = f(t,w, Ly). (2.19)

In the spirit of Lions [39] (also see [55] for derivative with respect to measure on the path
space), we call f Fréchet (vertically) differentiable at (¢, 1) (or u; for short), if for any
fixed w, f is Fréchet (vertically) differentiable at (¢,7) (or n; for short) with £,, = x in the
following sense: there exits D, f(t,w,n) € L%(F;, R?) such that for any £ € L% (F;, RY),

f(t7wa n+ €l[t,T]) = f(t7wa 77) + EP[DVIf(t? w, 7])5] + O(|‘£||L2) (220)

In particular, it means that the following Gateaux derivative exits

1
}IL% E [f(tv w, N+ hfl[t,T]) - f(ta W, 77)] = EP[Dﬂf(ta w, 77)5] (221)
Moreover, if there exists a non-anticipative jointly measurable functional 9, f : ]]A)Tyd X
D74 — R, such that

D, f(t,w,n) =0, f(t,w,pn,m), P-a.s., (2.22)

we call f vertically differentiable at (¢, ) and 9, f(t,w, 1, @) the vertical derivative of
f(t,w,-) at (¢, p) (or pe).

Remark 2.4. Consider the validity for notations of Fréchet and Gateaux differentiability.
Denote by f the lift of f € 2. For any £ € L3, (F,RY), let F(t,w,n,§) := £(t,w,n + &l 7).
Then f is Fréchet differentiable at (¢, ) in the above sense is equivalent to that F(t,w,n, &)
is Fréchet differentiable at £ = 0 in the classical sense. Similar argument for Gateaux
differentiability also holds.

Remark 2.5. Consider the existence of the derivative functional 9, f. If the lift f(¢,w, )
of f(t,w,u) is Fréchet differentiable at 7, and the derivative D,f(t,w,) is continuous

in the sense that D,f(t,w,n™) L—2> D, f(t,w,n) as n" L—2> 7 under the Skorohod topol-
ogy (2.3), then according to [55, Theorem 2.2], 9, f exists in the sense of (2.22). However,
to build smooth solutions for (1.1), we need our It6 formula (Theorem 2.12 and Corol-
lary 2.13) to be applicable for the larger class of functionals, which only need to be
continuous with respect to the uniform topology. Luckily, we can construct the derivative
directly by corresponding FBSDEs.
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For the uniqueness of 9, f (¢, w, i1, ), in view of identity (2.22), we see that it is unique p-
a.s. in Dy 4. Then for any ; € PL such that supp(u) = D74, if 9, f (¢, w, u, @) is continuous
inw e Drg, 0,f(t,w,p,-)is unique on D7 4. Moreover, suppose that 0, f(t,w, -, -) is jointly
continuous on P2 x Dt 4. Then for any uo € P2, ,.f(t,w, wo, -) is unique on D7 4. Indeed,
choose any n € M& with £,, = po € PP, and any n’ € (M%)’, which is independent of
n, such that supp(L,y) = Dr 4. Then for any ¢ > 0, the functional 0, f(t,w, Ly4ey,-) is
unique on Dy 4. It follows from continuity of 9, f(t,w, -, ) that 9, f(¢,w, po, @) is unique
as the limit of 9, f(t,w, £, +<,y, @) as € goes to zero. In conclusion, we have the following
lemma.

Lemma 2.6. Suppose that for any fixed (¢,w) € [0,T] x Dr 4, the functional derivative
9, f(t,w,-, ) is jointly continuous in P x Dy 4. Then for any (t,w, u) € ]]A)T,d7 Ouf(t,w,p,-)
is unique on Dr 4.

Remark 2.7. The definition of vertical derivative given by (2.20) and (2.21) has natural
extension for Banach space valued functionals. For any ¢ € [0,T], suppose that f(¢,w, i)
takes values in a (stochastic) Banach space E; (e.g. $2([t,T]), H?([t, T]), L*(F;)). Indeed,
f(t,w, p) has the natural lift f(¢,w,n) € E; with £, = . If the mapping from L?(F;) to E;

£(t,w,n+ 1p,1) :L2(.7-'t) — B
£f<taw777 + gl[t,T])

is Fréchet (vertical) differentiable with derivative D,f(t,w,n) € L(L*(F;), E;) at £ = 0,
we call f(t,w, ) Fréchet (vertically) differentiable at 1;. Moreover, if there exists a jointly
measurable functional U : Dy 4x D7 4 — F; such that for any ¢ € L2(F;), Dyf(t,w,n) (&) =
EP[U(t,w, u,n)E], we call d,, f(t,w, u, ) := U(t,w, u, -) the vertical derivative of f(t,w,-) at
Mt

Now we introduce SVDs with respect to path-measure.

Definition 2.8. For any 7,t € [0,7] with 7 < t and p € PP, we call a non-anticipative
functional f : [0,7] x PP +— R Fréchet (strongly vertically) differentiable at (7,t, u)
if its lift f(¢,n) with £, = p is Fréchet (strongly vertically) differentiable: there exits
D, f(t,n) € L%(F:,R?) such that for any ¢ € L% (F,,RY),

£(t, 1+ Elrr) = £(t,n) + BT [Dy, £(2,0)€] + o([I€]| 2). (2.23)

In particular, it means that the following Gateaux derivative exits,
o1
Lim S [£(8, 9 + helmy) — £(8,0)] = E”[D,, £(t,n)g]- (2.24)

We call f strongly vertically differentiable at (¢, ) or p, if it is Fréchet differentiable at
(7,t, ) for any 7 < t, and moreover, there exists a jointly measurable non-anticipative
functional 0, f : [0,7] x PP x Dr 4+ R? such that

D, f(t,n) =0, f(t,u,n), P-as. (2.25)

Oy, f(t, 11, -) is then called the strong vertical derivative of f(t,-) at (7,t, u).

Remark 2.9. For the existence and uniqueness of the SVD at j.,, we have similar results
as Remark 2.5 and Lemma 2.6. In particular, if for any ¢t € (0,77, 0,, f(¢,-,-) is jointly
continuous on PQD x D7 4, then the SVD is unique. Moreover, we can extend SVDs in
path-measure to the (stochastic) Banach framework as Remark 2.7.

Given strongly vertically differentiable f : [0,T] x P¥ ~— R, for any (¢, u,@) € [0,T] x
PQD x Dr 4 and 7 < t, we can further consider SVDs of J,, f with respect to ;; and
@y: for any 7/ < t, consider Oy, 0,, f(t,u,&) as the SVD of 9, f(t,u, @) at (7/,t,@);
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Ou., Ou, f(t,p,@,&") as the SVD of 0,,, f(t,u,w) at (7', ¢, 1). In the subsequent sections, we
only need to consider the case 7" = 7 and the second order derivative 0 _, 0, f(t, u, @).

Moreover, we call f has continuous SVDs or 0,,, f(t, 1, @) is continuous if 9,,_f is con-

tinuous with respect to the following premetric: for any (¢, u,&) and (¢ ,u’ @) with

T<t 7 <¥t,
dsp((7,t, 1, @), (7', 1/, &) = |7 — 7| + [t = t'| + Walpe, ) + l|op — @4 || (2.26)
f is said to have continuous SVDs in path-measure up to order 2, if both 9, f and

0g. 0, f are continuous with respect to the above topology.

Example 2.3. Here we consider f : [0,7] x PY — R and (¢, u) € [0,7] x PP.

(i) Suppose that FF € CY2([0,T] x RY) with |D2F| being uniformly bounded, and
f(t,p) :=EH[F(t,W(t))]. Then we have that

atf(t? ,lt) = E#[atF(t W(t))]’ 8MT f(taM7@) = DlF(t,(ZJ(t)),
and 05,0, f(t,p,0) = D2F(t,&(t)), V1€ 0,1

Thus f has continuous SVDs up to order 2.

(i¢) Let F as defined in (i) and f(¢, ) := ]E“[fot F(r,W(r))dr]. Then for any 7 € [0, ],

0uf (6, ) = EPF(L WD), D, f(t, s /D F(r,@(r)dr,

and 05, 0, f(t,p,@ / D2F ))dr.
Therefore, the functional f also has continuous SVDs up to order 2.

(iii) Let F € C'(RY) such that |[DF(z)| < C(1 + |z|) for some C > 0. For fixed ty €
(0,T), consider (T, ) := E*[F(W (ty))]. Then the SVD at p; is 9, (T, i, @) =
Do F(&(t0)) 10,0 (£)-

Example 2.4. We consider non-anticipative functionals f € 2 by combining Example 2.2
and Example 2.3. For simplicity take d = 1. Suppose that F' € C’b1 2([0,T] x R®) and
f1s f2, f3, fs € CZ(R). f1 € CZ(R?). Consider the following functional

f(t7wvu) = F<t»w fo fl d’l" EM[f (W(t))]vEu[Ig fS(W(T))er

Br{fs(W (1), f5<w<r>>drn), v (t,w, 1) € Dra.
Then we check that f has continuous horizontal derivatives and twice continuous SVDs
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in w; and p,. Indeed, for any 7 < ¢,

O f(t,w, p) = O F(t, ) + O, F(E, ) f1(w(t)) + O, F(E, ) EH [f3(W (2))]
+ Ouy F(1, ) B [0y, f4(Y) f5s(W (1))],

O {100 = 0, F0,2) + 00 1,0) [ Al
2 flt,w,p) =02 F(t,z)+ 02 F(t,x (/ fi(w dr>2+8$2Fta: / £ (w(r))dr,
Op, £t 1,3) = 0, F(1,2) (1)) + 0r, F(1,2) / f3(@(r))dr
+ 0, F(0,2) [0, 145) + 0, 4(3) | R, and
0 Dy (b0, 3) = 0 F(t,2) S (B(1)) + D F (1, 2) / 12 @) dr + 0, (0, 2) [0, £4(3).
20,0, 117 / F@()dr + 02, [1(5) / F(@(r)dr)?
where

(t,x) t w(t / fi(w(r)dr, EF[fo(W E“ / fs(W

W), / F5 (W (r)dr) )7
y = (W<t>, / tfs(W(r))dr), and = (a(), [ tfs(&f(r))dr)

In the following, for any f € Z, we use generic notations (9, f, 92 f) (0., f,92_f), resp.)
to denote the vertical derivative (SVD, resp.) in path, and (9, f, 050,f) (O, f, 0x, 0. f),
resp.) to denote the vertical derivative (SVD, resp.) in measure if there is no confusion.
For product spaces HA)T,d x Dy 4, [0,T] x ]]A)T,d and [0,7] x ]]A)T@ x Dy 4, we equip them with
the following premetrics respectively: for any x := (7, ¢, w, p, @), X' := (7', ¢/, ', 1/, @") €
[O,T] X ]]A)T,d X IDT,d,

A ((t,w, 11, @), (', 0", 1, &) = [t =8|+ [Jwr — wp || + Walpe, ) + [|@ — @yl
dsv((7—7tawau)> (Tlvtlvw/a 19 )) = |T - T/‘ + |t - t/‘ + HLUt - W;H + W2(:uta ILL;;/)7 (227)
dsm (%, X') i= |7 = 7| + [t = '] + |Jwr — Wi || + Walpe, iy ) + [|0r — @ ||

Definition 2.10. Denote by Cg(lf)'nd) (or ¥ when there is no confusion), the subspace of
2 which consists of all non-anticipative and continuous functionals with respect to the
metric d, defined by (2.6). Furthermore,

(i) ¢Hbt (€111, resp.) is the subset of 4 whose element is continuously horizontally
differentiable, (strongly, resp.) vertically differentiable w.r.t. both path and mea-
sure, with all derivatives being continuous with respect to the metric introduced
in (2.27);

(ii) €121 (€121, resp.) is the subset of €111 (€111, resp.) whose element’s derivative
Ouft, s, @) Dy f(t,-, u, @), T < &, resp.), (t,w,p, o) € ]]A)T@ X D g4, is further
vertically differentiable (strongly vertically differentiable at (7, ¢,w), resp.), with all
derivatives being continuous;
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(iii) ¢1%4 (1211, resp.) is the subset of €12 (¥}%!, resp.) whose element’s
derivative functional 9, f(t,w, ft,-) (Op, f(t,w, p,-), T < t, resp.), (t,w,p, @) € ]}A)T7d X
Dy 4, is further vertically differentiable (strongly vertically differentiable at (7,¢, &),
resp.), with all derivatives being continuous.

Moreover, denote by ¢! the subset of ©""»! such that the functional and all its first
order derivatives have at most polynomial growth in the path variable: there exists
k € Z*, such that for ¢ = f,0;f, 0. f, ¢ = 0, f and any K > 0,

|6t w, 1)] < Cre(L+ [lwel*), [ (t,w, 1, &) < Cre(L+ [Jwe|* + ll@e®),

. (2.28)
V(t,w, u,w) € Dy g x Dy 4 such that |||p]]| < K,

for a constant Cx depending only on K. Notations such as %), ¢,};"! %! and ¢} >"!
are defined similarly.

Remark 2.11. Assume that f € Z is non-anticipative and has a state-dependent struc-
ture: f(t,w, ) = f(t,w(t), u(t)) for some function f defined on [0, 7] x R% x P,(R%). Then
the horizontal differentiability and strongly vertical differentiability of f is reduced to
the differentiability of f on [0,7] x R¢ x P,(R?). Moreover,

Duf(t,w, 1) = O f(t,w(t), u(t)), Do, f(t,w, ) = Daf(t,w(t), u(t)), and
(%Tf(t,w,,u,d;) = 8Vf(t7w(t)7u(t)ﬂ@(t))v V(tawvﬂ) € [O’T] X IDT,d X 7)2D> T <t,

where 0, f is the Lions’ derivative (see e.g. [39]).

2.3 Ito-Dupire formula

Suppose that (a,b) is a bounded progressively measurable process on (2, 7, P) with
values in R™ x R™*?. For any (¢,v) € [0,7] x Dr 4, X is the solution of SDE

(2.29)

{ dX(r) = a(r)dr + b(r)dB(r),
Xt =7, T 2 L.

(Y, F’, P') is an atomless probability space with a k-dimensional Brownian motion B’
and (¢, d) is a bounded progressively measurable process on (', F/, P') with values in
R"™ x R"**. Given n € (M?)’, let X’ defined by SDE

{ dX'(r) = c(r)dr + d(r)dB'(r),

Xy=m, r=>t (2.30)

Moreover, let (X', d, B’,7) be an independent copy of (X', ¢, d, B, n), which means that
(X’, é,d, B’,ﬁ) is defined in an independent probability space (Q,]:', ]5) from (2, F, P)
and (', F’, P’), and it has the same law as (X', ¢,d, B’,n). Then we have the following
It6-Dupire formula.

Theorem 2.12. For any fixed (t,7,7n) € [0,T] x Dy 4 x (M?)’, X and X’ are diffusion
processes defined by (2.29) and (2.30) respectively. Suppose that f € %1,172’171(]]5@4), and
then we have

f(s, X, Lxr) = f(t,7, Ly)

_ / T O X, L )i + / O X, Ly )dX (1)

+ %/s Tr [a(?}f(/r’ XT7£X')d<X>(r)] + Eﬁ),[/s 8Mf(T, X, ﬁXI,XI)dX,(T)] (231)

1 P’ s v\ 7 7
+§EP /t Tr [020,f(r, X, Lx:, X")d(r)d(r)"]dr, Vs>t
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Proof. Without loss of generality, assume d =k =m =n =1 and s = T. Since both sides
of identity (2.31) depend on (X', ¢,d,n) through its law, we assume that (', F', P’) is
independent from (2, F, P) for simplicity of notations. Consider the following discretiza-
tion of X and X': foranyn > 1, take t =ty < t; < --- < t,, = T as any partition of [0, T
with vanishing modulus §,,. Define cadlag processes X", X'" with X' = v, X'}’ = n; by

n—1
X"(r) =Y X ()1t 000 (1) + X(T) gy (1),
1=0
n—1
X" () = Z X' (t) g t0ey (1) + X (D) Ly (r), 7>t
1=0

Since (a, b, ¢,d) is bounded, we see that for any r € [0, 7],

E|X"|E < E|X|E < oo, lim_ |X7 — X,|| =0, P-a.s., (2.32)
Lxm||* = B X2 <E|X'||3: < oo, lim || X'} — X/||=0, P-as., (2.33)
n—o0o v

where i above satisfies r € [t;, t;41). It follows from (2.33) that

lim Wa(Lx;n, Lx;) = 0. (2.34)

n—oo

Then we have

f(Tv X%vﬁx%”) - f(tv’yta Ent)

n—1

:Z[ 1+13 l+17£(X ")f )_f(tth;nia‘C(X'"‘)ti)]
=0

n—1 (2.35)

= 3 [Pl X2 L) = Fl X2 £xp) + (F(ti, X, L)
i=0

= [, X5, Lxyr)) + (F (i, Xi s Ly ) = Flivn, X Lxgn)) |-
Since
tit1
fQivr, XT3 Lxyn) = [ (6, X7 Lxyn) = / Orf(r, X4, Lxyn )dr
; . ;
T (2.36)
_ / O f (. X7, Ly it g (1),
t

in view of inequalities (2.32) and (2.34), applying the dominated convergence theorem
and passing to the limit for a subsequence, we have

— T
h_)m E (f(tiJrl’Xgi,KXt’.n) — f(tzaXtijEX{")) :/ &f(r, )(7 EX/)dT‘, P-a.s.. (237)
n—00 — i i t

For the second term on the right hand side of (2.35), since f € €, *"!, we have
that ¢;(0) := f(tiv1, X{% + 01y,,, 1), Lx;») is twice continuously differentiable in 0, and
moreover,

$i(0) = O f (tivr, X[+ 0115, 1), Lxyn)s 07 (0) = 0% f(tir, X3, + 011,01y, Lx10)- (2.38)

In the following, we will write X; := X(¢;) = X"(¢;) and 0X; := X;; — X;. Similar
notations such as X/ are self- explalned Note that X7' = X! + (Xit1 — Xi)1p,,, 1)
Using the It6 formula to ¢(X (r) — X;) on r € [t;,t;41], we have

J(tig1, X} 1+17£Xt:7’) - f(t¢+1,XZ:7ﬁxg;)
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tit1
- / B f (s, XI 4+ (X(r) — X)L, 0. Ly )AX (1) (2.39)
t 1

i

1 tit1
g [ R, XD+ (X0 = X)L, £y )AO0)
t

Since || X7 + (X(r) — Xi)1p,,,, ) — Xl = 0, P-a.s. for any 7 € [t;, t;11), we have the
following P-a.s. convergence under the sup norm

n—1

Z awf<ti+1aXtyi + (X(T‘) - Xi)l[ti+1,T]a EXt/;”)l[ti,tiJrl)(T) — 8wf<r7 X? £X)7
=0

Z af;f(tl+17Xg + (X(T’) - Xi)l[tlurl,T]a EXéi")l[ti,tiJrl)(T) - af;f(n X7 EX)a
1=0

which implies P-a.s.

T n—1
/ | Z aUJf(ti-H?thi =+ (X( ) )1[tL+17 T]» [’X{:’)l[ti,twﬂ(’r) - an(rv X, Ex)|2d7’ — 0,
t

T n—1

/ | Z O2f(tigr, X[ + (X (r) — Xi) gy 105 £X;i")1[ti,t,;+1)({r) — 02 f(r, X, Lx)|dr — 0.
-

In view of the above convergence and identity (2.39), passing to the limit in a subse-
quence, we have

n—1

Tim 7 (F(tign X0, L£xp) = (tign X7 L))
i=0 (2.40)
/ Ouf(r, X, Lx)dX (r / D2 f(r, X, Lx)d(X)(r), P-a.s..

For the last term in the decomposition (2.35), we have
Flivns X Lxyn ) = i, XE s £xgn)

1
= /0 E/ |:8/Lf(ti+17 XZ+1 s EXt,;L“'e(‘SXI{)l[t‘ X;1n —+ 6(5X1/)1[tl+1T))(5X1/):| do

it+1,7)’
1

:A E/ |:8Mf(ti+17Xt’n£+l7EX{;'L+9(5X;)1[”+1‘T)7th,in)(5XZ{) da
1 p1

+// E/[a@aﬂf(ti+1’XZ+1”C’X£71+9(5X£)1[L-+1 T)aXi{7n+)‘0(5Xil)1[tz+1T))9(5X1I)2:|d0d>‘
0Jo : e

Since || X{" + 0(6X)1it, ., 1) — X, || = 0, P'-a.s. for any r € [0,T] with r € [t;,t;11], we
have

lim Wg(ﬁxm+a(5x M Lx:)=0.

n— o0 ltig1,7)’

In view of (2.32), (2.34) and the dominated convergence theorem, we have

lim Z/ 8 o f (Eigs 1+1,£X/n+0(6X)1[t1+1T)7 )(5X )]

n— oo

=/ Ouf(r, X", Lx, X")dX'(r), P x P'-a.s..
¢
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Then, according to Fubini’s theorem, we have

n—1 1
lm YW / [0 F(tir, X1 Exproaxpn,, o XEEXD] 6
= (2.41)

T
:E'[/ O, f(r. X, Ly X')AX'(r)],  P-as.
t

By a similar argument as above, we have

1,1
lim // ' |:8®8Hf(ti+17 X;+1’£X{7L+9(5X£)1[t,-+1 )’ Xt/in + )\9(§X’L{)1[t71+1‘T))9(5X’L{)2:| dfdA
0J0 : B

n— oo

T
—E / s f () X, Lcr, X')dr], P-as.
t
(2.42)

In view of (2.37), (2.40), (2.41) and (2.42), taking n — oo in (2.35), we obtain the desired
identity. O

Note that (ws), = ws and (us)r = ps for any 7 > s. In particular, if the non-anticipative
functional f is strongly vertically differentiable, we have the following partial It6-Dupire
formula.

Corollary 2.13. Suppose that (X, X') is defined as in Theorem 2.12 and f € 9,24} (Dr. ).
Then we have that foranyt <s<v < T,

J,Xe,Lxr) = f(v,7,Ly,)

= /: O, f(v, Xy, Lx1)dX () + %/9 Tr (02, f(v, Xy, Lx7)d{X)(r)]

t

+EP / Oy f (0, Xy, Lxr, X)X (1)
t
+ 3B [T (05,0, 10 X, Lo X))
t

Proof. Without loss of generality, assume v = T'. For any r € [t, 5], let

flryw,p) = f(T,wr, ). (2.42)

Obviously, f is non-anticipative, and moreover, we have that for any h > 0,

f(’l“ + h,wr, /.L,-) = f(Tv (w’!‘)’l'-i-hv (M’r‘)r-‘rh) = f(T’ Wrs :u’l') = f(n Wrs HT')v

which implies 8, f (r,wr, ) = 0. Furthermore, it follows from definitions of vertical
derivatives and strongly vertical derivatives that

&,Jf(r,w,u) = Ou, f(T,wr, r), 6if(T,OJ,M) = Qirf(T, Wr fhr )5
8,U.f(ra wa IU’7 d}) = a}lrf(Tv w?“a /U‘Tv ('D)v and 8®8/Lf(ra wv /’Lv (’D) = aa)ra,urf(T’ wT’v /’LT7 (DT)
Applying Theorem 2.12 to f(r, X,Lx/)onr € [t,s], and we obtain the desired formula.
O
3 Solution of semilinear path-dependent master equations

In this section we show the well-posedness of (1.2), during which we will exploit the
regularity of corresponding FBSDEs (see Section 4.2). We leave the detailed proof of
such regularity in Section 4.
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To build smooth solutions to path-dependent mean-field PDE

Apu(t,, p) + 3Tr [02u(t, v, o1 (ve)o1(ve)T] + Owult, v, b1 (ve)
—|—%TI‘ [EP [8&Dauu(t7 ey TI)]GQ (lu’t)UQ (:ut)T] + Ep[auu(ta ey U)]b2 (:ut)

3.1
+f(ta’77u(tv’Yalu)7a'1(’yt)awu(t7’ynu)7ua‘Cu(t,n,u)) = 07 ( )

U(T,’Y,M) = (I)(’YTMU/T% (ta’%ﬂ') € [O7T] X CT,d X ,PQCu

we firstly need to study the case when (by,01) = (b2, 02) = (0,1). In the following, we
usually write f(wy, p¢) := f(t,w, u) for simplicity when f is non-anticipative.

To consider the regularity of terminal functional ®. Let product spaces [0,T] x Dy g x PP
and [0,7] x Dy 4 x 7)217 x D7 4 be equipped with the following metrics respectively: for
any x := (1,w, 1, @), x' == (7,0, 1/, &) € [0,T] x Dr g x PP x Dr g4,

dT,S’U((T7w7 /’(‘)a (7/7 wl7 /’('/)) = |T - 7J| + ||OJT - w’fl‘” + W?(/J/Ta /j/’/l")7 (3 2)
Ar,sm (%, %) = |7 = 7| + wr — Wi || + Walpr, pp) + [|0r — &7 |-
Definition 3.1. We write ® ¢ %T(I/DT7d) (or ér if no confusion raised) if ¢ : D7 4 PP
R is continuous on Dr g x PQD . Furthermore, we write

(i) ® € €1 p if it is uniformly Lipschitz continuous on D7 4 x PP

|®(wr, pr) — (W, pip)| < Cllwr —wi ||+ Walpr, p)), V(w, 1), (W', 1) € Drax Py,

for some constant C' > 0;

(i) ¢ € %%:;ip if & € €r,;p and its SVDs J,,, P and J,,. ® is continuous under the metric
introduced in (3.2) respectively. Moreover, SVDs are uniformly Lipschitz continuous
with respect to 7 € [0,7] in (w, 1) € Dy g x PP and (w, 1,&) € Drg x PP x Drg,
respectively;

(iii) ® € (5:/2“117; ifd ¢ %%llm and for any (7, w, i1, @) € Dy, g x Dy 4, its SVDs 9,,_®(-, ur) and
O, ®(wr, pr, ) are continuously strongly vertically differentiable at (7,7, w) and
(r,T,®) under the metric dr s, and dr s, respectively. Moreover, all second-order
derivatives are uniformly Lipschitz continuous with respect to the time parameter.

To obtain the classical solution to (3.1) with (b1,01) = (b2,02) = (0, ), we introduce the
following increasingly stringent assumptions.

(HO) (¢) The functional ® € %T,lipoﬁﬂd) ; (41) f is a non-anticipative continuous function
on [0,7] x Dy 4 x R x R x PP x P»(R), and for any (¢,w, ) € [0,T] x D4 x PP,
f(t,w,-,-, u,-) is continuously differentiable on R x R¢ x P,(RR). Moreover, for any

(H1) (i) The functional ® € %};llip(]]A)T’d) ; (#9) f is a non-anticipative continuous function
on [0,7] x D4 x R x R x PP x P»(R), and for any (¢,w, ) € [0,T] x D4 x PL,
f(t,w,- -, u,-) is differentiable on R x R x P,(RR) with bounded derivatives. For any
(y,2,v) € RxRIxPy(R), f(t,w,y, z, -, ) is strongly vertically differentiable at y; and
f(t, -y, z, p,v) is strongly vertically differentiable at w;. Moreover, J, . ..o, u.)f 1S
continuous, and for any 7 < ¢, (1, 0,21, u,))f(t, ) is uniformly Lipschitz continu-
ous.

(H2) (i) ® € 35, (Dra); (i) f 2 [0,T] x Drg x R x R? x PP x Py(R) — R satis-
fies Assumption (H1)(ii). Moreover, for any (¢,w,y, z, 4, v) € [0,7] x Dp g x R x
R x PP x Po(R), (0, f(t,w, -, p,v), O.f(t,w,-, -, u,v)) is differentiable on R x R%;
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Oy f(t, -y, 2, 1,v), 0 f(t,-,y, 2, 1, v)) is strongly vertically differentiable at (¢,w); for
any 7 <t, 0. f(t,-,y, 2z, i, v) is differentiable at (7,t,w); 0, f (¢, w,y, 2, 4, v, -) is differ-
entiable on R; for any @ € Dr g4, 0., f(t,w,y, 2, u, v, -) is differentiable at (7,¢,&). All
second order derivatives are continuous and (92, 9,0.,82,02%_,9;30,, 05,0, ) f(t,-) is
uniformly Lipschitz continuous.

3.1 The decoupling field and its regularity
Assume that (H2) holds for (®, f). Recall for any v,w € D 4, w"* € Dy 4 with

W () =7 () + (W) —w®) 1 () (3.3)

For any (t,~, u) € ]DT’d, let Y7+ solve the path-dependent BSDE

T
Y (s) = (D(B%t7£B;1t) +/ F(BY Y0 (r), Z70 (r), Lgney Lyne () )dr

T (3.4)
- [ zemase), seln)
where Y is the unique solution of the mean-field BSDE
T
Y (s) = CI)(B;@ , ‘CB;’J )+ / F(BI Y (), ZM (7)), LB:]t s Ly, (T))dr
8 (3.5)

T
- / Z™(r)dB(r), set,T].
According to Lemma 4.3 and Remark 4.4, we know that Y7 () = Y 7*n (¢). For any
(t,7, 1) € Dy q with pp = £, define the decoupling field
u(t,y, p) == Yr0En (1), (3.6)

By the well-posedness of (3.4) and (3.5), we see that v € 2 and it is non-anticipative. On
the other hand, for any v > ¢, (w,y,2) € Drgq x R x R%, denote

(p/u, (wT) = (I)(wTy‘CB,;lt)a ._f/it (U7w7y7 Z) = f(U,CU,y, Z?‘CBZ]t"CY"t(U))' (3.7)

Let Y7 £ is the unique solution of the following (path-dependent) BSDE: for s > v,
A A T A~ A A~ T A
V) = b (BF) + [ Fuln B Y0, 20 )~ [ 2 () dB(). 3.8)

According to Remark 4.5 and [46, Theorem 3.9], there exists a non-anticipative mapping
Uy, : [v,T] x Dy q — R, such that for any s > v,

(5. B7) = VI (5), 0, ity (5, BT) = 270 (5), (3.9

Moreover, 4, is the classical solution of the following semilinear PPDE

{ Oty (v,7) + %Tr [agq,am (v,7)] + fut (0,7, s, (v,7), O, Ty, (v,7)) = 0, (3.10)
i, (T,7) = ®(9), vt '
Indeed, denote 7 := B"*, and we have

iy, (v, ) = Y7 (v). (3.11)
Concerning the relation among Y, u(t,~, 1) and 1y, (v, ), we have
EJP 29 (2024), paper 90. https://www.imstat.org/ejp
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Proposition 3.2. Assume that (H2) holds for (®, f). For any (t,7, 1) € Dy 4 and s > t,

U(ﬂ%ﬂ) = ﬁﬂt(t77)? (312)
u(s,wit, Lgn) =, (s,wi"), Yw € Crg, (3.13)
u(s, B, Lgn) =Y (s). (3.14)

Proof. The first identity follows immediately from (3.6) and (3.9). By the uniqueness of
BSDE (3.5), we see that forany t < v <,

(B Y PV (s)) = (B, Y™ (5)), (3.15)

and in particular
£<Bf“7t YU (s)) Ly (s)- (3.16)
Then in view of the uniqueness of solutions of BSDE (3.8) and definition (3.9), we have
Uy, (8, B*) = tig . (5, B"). (3.17)

In particular if v = s, 4, (s, BJ*) =tz _,, (s, B]*). On the other hand, by relation (3.12),

BIt
we have

aLth (s, BY") = u(s, BY*, Lgn ), (3.18)
and thus (3.13) in view of the continuity of u(t,w, i) inw € Cr 4 (see Lemma 4.3) and the
support theorem for diffusion processes. Finally, since

Y (s) =Y (8)ly=y = i, (8, BJ")|y=n = ti, (s, BY), (3.19)
identity (3.14) follows from (3.13). O

To show that u given by (3.6) provide a smooth solution to the path-dependent mean-
field PDE, we need the following regularity of u, which is a result of regularity of

corresponding BSDEs proved in Section 4.
Proposition 3.3. Suppose that (f, ®) satisfies Assumption (H2). The decoupling field u
given by (3.6) belongs to €2;>"! (Dr,q).

Proof. According to Lemma 4.3, u(t,v,u) = Y7 (t) satisfies the polynomial growth
condition in the sense of (2.28). To prove that u € %, we only need to show its continuity
in (t,7, 1) € Dy g. For any (t,v,u), (t',~, ') € Dy, without loss of generality, assume
t > t'. We have

Jut, v, 1) = (s )| = [Y00 () = Yo (1)
< E|Y0m (1) — Y Ve M )]+ E|yfy§/,n;/ (t) — Y Vi M )|
< E[Y7 (1) — YoMy (®)|
t ., t
+ / FO1 Ly ydr - / Z/(r)dB(r)|
t " %

< B[Y7 (1) = Y (1)) 4+ O+ [|ell + [lmells ) (¢ = t')2.
(3.20)

It remains to prove B|Y 77 (t) — YV (£)] — 0 as (£, 7y, u) — (t',7', 1) Set Y’ := Y,
Y =Y, and (6Y,6Z) := (Y —Y',Z — Z’), and omit subscripts ¢ and ¢'. Then (Y, §2)
is the unique solution of BSDE

T
§Y (s) = ®(B7, Lpn) = B(B", L) + / [F(OF7, Lon) = F(OF 7, Ly )]dr
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/6Z )dB(r

- 5<1>+/ (aréY( )+ b.0Z(r) + E[6,8Y ()] + 6h, dr—/ 3Z(r)dB(r),

where
1
- / O f(BYY' +0(Y =Y'),Z, Len)do,
0
1
_ / 0. f(BLY" . Z+0(Z — Z'), Lon)db

/ a f B’YaY/a ZI7EB:~’7[’Y77/+0(Y7I7Y77/)ai/nl + 9()777 - ?n/))d07 and
Shy == f(B),Y',Z', Lgn, Lyr) —f(B],/,Y’,Z’,ﬁB?/,ﬁynx).

Applying Lemma 4.1 to the above BSDE, we have

T
10Y,62)13 e < C(lI62]Z2 + H/f |6h|dr|[2)

<C([|BY = BY ||}z + WalLpn, Lgn)?)
< Clve = voll? + Walpe, i )? + (£ = 1)),

where C depends on |||g||| + ||]4}
of (3.20).

Since u(t,y,p) = Y (t) = u,,(t,y), according to Proposition 4.6, we see that for
any 7 < t, u(t,v, u) is twice strongly vertically differentiable at (7, ¢,~), and moreover,
O u(t,y, p) = 0, Y7 (t) satisfies the polynomial growth condition. To show u(t,~, 1) €
%Y, we only need to prove that 9, u(t,~, ) is continuous at any (7,¢,7, ). Indeed,
for any (7,t,7v, ) and (7', ¢',+/, ') with 7 < ¢, 7/ < ¢/, denote solutions of equation (4.24)
corresponding to parameters (7,¢,~, 1) and (7', ¢',~', ') by

I'and [l ||,

Y, Z) i= (0, Y01, 0, Z700M), (V' Z") = (D, Y 000D, , Z70 ). (3.21)

Without loss of generality, let ¢ > ¢/. By inserting the term )’(¢) and applying Proposi-
tion 4.6, we have

|0, ult, 7y, 1) = Oy u(t' s 1)
=0, Y () — B, , Y Ve (1)
S B0, YT () = D, Y ()] + B, Y0 (£) = By, YV (¢)]
< B0, Y () — 8, Y ()] + C(t — t')3.

Set (6),02) := (Y — Y, Z2 — Z’). We see that (6),02) is the unique solution of the
following BSDE

T T
SY(s) = [0, @ — D, '] + / 0, f — Do, [']dr + / Oy foY(r)dr

T T T
+ / (@yf — 8,1")Y' (r)dr + / (0. F)TSZ(r)dr + / (0.f — 0.1 2/ (r)dr
- / ! 5ZdB(r)
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where
8, ® := 0, ®(B", Lpn), 9., =0, ®B", L),
Nwr o) f 7= O,y y,2) f(OT, Lon. ), and a(wf/,y,Z)f/ = 8(%,7%2)‘/3(@%”";’ J L@ﬁé, )-

In view of estimates in Lemma 4.1 and Proposition 4.6, using Cauchy inequality, we have
T
V) = VO < 10,0~ 0., ®a + | [ (00,7 - 0, vl
t
T T
[ 0f — 0, Warlie < | [ lo.f - o.f1Zarl ]
t t
T
< (100 @ — 2, @3 + ]E[/ 100, f — 0., f'2dr]
t

T T
B[ (0, = 0,0 + B[ Jo.1 - 0.1 'ar]].

Then the desired continuity follows from that of (d,,®,0., ,.)f) and the bounded
convergence theorem. Similarly, we have d,, u € ;" and therefore u € ;2.

For the differentiability with respect to the measure variable, according to Lemmas 4.10
and 4.18, we have that for any z € D7 4,

Dy (7 ) = By YIHT(), D O ulty vty x) = 0, O YIHO7 (). (3.22)

Here, 0, Y7##*%t solves BSDE (4.67) and 0y_0,,, Y *#**t solves BSDE (4.80). Following

a similar argument as above, we see that u(t,v, ) € €201 O

3.2 Solution of BSDEs as solution of path-dependent mean-field PDEs
In this subsection we consider well-posedness of the path-dependent mean-field PDE

Opult, v, p) + 3Tr [D2u(t, v, p)| + 3Tr |:fCT,d 00, u(t,y, p, @) p(dd)
+f(t> 7> ’U,(t, Y, ,U/)a auu(tu 7> lj,), o, ‘Cu(t,W“,p)) =0, (3.23)

w(T,y, 1) = (v, pr),  (t,7,1) €[0,T] x Cr,q x PY,

where we recall that W* is the canonical process under p. In applications, (v, u)
takes values in Cr g4 X P§. Thus we need to give a description of equation (3.23)
restricted on Cr 4 X PQC. Denote by CT’d the product space [0,7] x Crq4 X 7320, and
for a n x n matrix A, we write Sym(4) := 1(A + AT). For any f € 2, we write
(0w, 02 04,00, 0u, ) f = (0w, f,02_f,0u, f,0n,0,, f)if the right hand side exists.

Definition 3.4. Denote by %81’,1)2,1,1(@1” the set of functionals f : €74 — R such that
there exists an extension F € Cfs{g’l’l(]f)T’d) with f = F on Cr4. In this case, for any

(t,w, p,w) € @T,d x Crq and 7 < t, we write

Ouf (t,w, 1) = OF (t,w, 1), (O, 05 ) f (8w, p8) 1= (D, 02 )F (t0r, ),

X N (3.24)
and (0,.,0z,0u, ) f(t,w, ur,@07) = (O, , 0p, Op, ) F(t,w, pir, @r).

Notations such as €121 (Cr,q4), €121 (Cr,q) and €211 (Cr,q) are defined in a similar
way.
In view of It6-Dupire formulas given in Theorem 2.12 and Corollary 2.13, we have

Corollary 3.5. For any (¢,v,u,7) € @T,d x M§, X and X’ are diffusion processes given
by (2.29) and (2.30) respectively.

EJP 29 (2024), paper 90. https://www.imstat.org/ejp
Page 19/55


https://doi.org/10.1214/24-EJP1153
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Path-dependent mean-field PDE

(i) Suppose that f € €121 (Crq) (€11 (Cr,q), resp.). For any (1,&) € [0,] x Cr.q,
derivatives 0, f(t,w, 1), (Ow,,02 ) f(t,wr, 1), Op, f(t,w, pir, @), and Sym(dz, 0y, f(t,
W, fry@7)), Orf, (0w, 02)f, 0,f, and Sym(9z9,, f), resp.) defined as in (3.24) do not
depend on the choice of the extended functional.

(ii) Suppose that f € %;’2*1’1(@@4). For any s > ¢, we have
f(S7Xu £X') - f(t7’77£77)

_ / O f (X Lo+ / 00 (r X, L )AX (r)
t t

+1/5Tr [agf(r,X,EX')d<X>(7')]+Ep/[/s 0, (X Lo K1) (3.25)
2 J, t

1 [° Sn T
+ 5JEP / Tr [020,f (r, X, Lx:, X )d(r)d(r)"]dr.
t
(iii) Suppose that f € ‘égfvl’l(@Td). For any t < s < s’, we have the partial Itd-Dupire
formula

f(SI7XS7‘CXé) - f(Sla’Yt»Em)

= / Do, [ (s, X, Lx1)dX (r)
t

. % /s - [agrf(slem‘cX{)d<X>(rﬂ +EP/[/S aurf(sl,XryLXLvX;)dX/(T')]
‘ t

+%EP’ /t Tr (05, 0y, £(5', X0, L1, XD)d(r)d(r)]dr.

(3.26)

Proof. Since for any n x n matrix A and symmetric n x n matrix B, Tr[AB] depends
only on Sym (A), (i7) and (ii¢) follow from (), Theorem 2.12 and Corollary 2.13 directly.
To end the proof, we only need to show (i). Indeed, the uniqueness of 0. f(t,v, 1)
follows from its definition. For the uniqueness of (877,8%) f(t,vr, ), without loss of
generality, assume 7 = t. Otherwise consider the non-anticipative path-dependent
function fm (1,79) = f(t,7r, ) instead of f(t,7,,u). For any (y,u) € Crq x PS5, take
¢(-) = d(-) = 0 in equation (2.30) for X’ and a = 0 in equation (2.29) for X. For any
extension F of f, applying It6 formula (2.31) to F'(s, X, L,,) on s € [t,T], we have

T T
FT, X, L) = Ft e L) = / O f (. X, L, )dr + / D, F(r, X, Ly )b(r)dB(r)
¢ ¢ (3.27)

+ % /t ! Tr [02 F(r, X, Ly, )b(r)b(r)"]dr.

In view of identity (3.27) and the Doob-Meyer theorem for semimartingales, we obtain
the uniqueness of 0., F(t, v, pu¢) and Sym(02, F(t, v, p1¢)). For the uniqueness of d,, f and
Sym(9,0,. f), again we assume 7 = t. Otherwise consider f,, (7, u) = f(t,w,p,), and
then by definition

auff(t>wa fors Or) = auT fwt (7, 1, "3)7 Sym(a&zfauff(t7wa for,@7)) = Sym(au")fauf fwt (7, 1, ‘D))
Then the uniqueness of 9, f and Sym(9;0,, f) follows from [55, Theorem 2.9]. O

Remark 3.6. The uniqueness of 9;0,, f can be proved via a similar argument as above
from the uniqueness of 9, f under a stronger assumption on the regularity of f. How-
ever, our It6-Dupire formulas and analysis below only depend on Sym(9d;0, f). Indeed,
equation (3.23) also only depends on Sym(&;@uu) instead of 050, u.
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For the case (v, ) € Crq x PS, we assume

(A2) ® : Crq x 7920 — R such that there exists ®' satisfying (H2)(i) and ® = &' on
CraxPS. f:]0,T] x Crg x R x R x PY x Py(R) — R such that there exists f’
satisfying (H2)(ii) and f = f’ on [0, 7] x C74 x R x R x P§ x Pa(R).

A functional u € ‘5;*2’1’1(@@4) is called a classical solution to equation (3.23) if it
satisfies equation (3.23). The following theorem states the uniqueness of solutions for
equation (3.23).

Theorem 3.7. Suppose that u' and u? are two classical solutions to the path-dependent

master equation (3.23). Then u! = 2.

Proof. Apply It6 formula (3.25) to u;(r, B™, L 3;,) onr € [t,s], i = 1,2, and we obtain that
dui(r, B, Lga, ) = Opu;(r, B", Lga, )dr + Ouui(r, B, L 55, )dB(r)
+ %Tr[@ﬁui(r, B, Ly, )]dr
+ %fE {Tr[&;ﬁuui(r, B, L5, B™)dr]| .
In view of equation (3.23), we have
du;(r, B, Lga,) = — f(r, B, ui(r, B", L3, ), Ouui(r, B", Lza,), EBﬁt7£ui(ant7LBﬁt))dr
+ Ouui(r, B, L g5, )dB(r).
Then processes (Y7 Z7Mt) and (Y, Z™) given by

(Yo (s), 270 (s)) = (ui(s, B", Lga, ), Owtti(s, B, L3s,)), and
(Y™ (s), Z™(s)) = (ui(s, B™, Lga, ), Owui(s, B™, Lzs,)), s 2>1,

define solutions to equations (3.4) and (3.5), respectively. By the uniqueness of solutions
for BSDEs (3.4) and (3.5), our conclusion follows. O

Now we show the existence of a classical solution to (3.23) via FBSDEs.

Theorem 3.8. Suppose that (f, ®) satisfies Assumption (A2) and u is given by (3.6).
Then u restricted on Cr 4 is a classical solution of (3.23).

Proof. In view of Proposition 3.3, we have u € €2;21:1(Cr ). For any (t,7, 1) € Cr.q4 and
h >0,

U(t + hv’ytnu’t) - u(t771 :u’) (3 28)
=u(t+ h,ye, 1) — Efu(t + h, B, Lgn. )] + E[u(t + h, B", Lgn. )] — u(t,y, ). '

Applying partial It6 formula (3.26) to u(t + h, B)*, Lgn ) on 7 € [t,t + h], we have

U(t + h7 Vts /J/t) - u(t + h7 B’Ha ‘CB"")

t+h 1 t+h
- / Ouyult + h BYY, L5 )dB(r) = 5 / Tr [02, u(t + h, B, Ln)dr
t t

(3.29)
1 _ t+h s
L /t Tr [0, Oy, u(t + hy, B, Lgne, BI*)]dr.
On the other hand, in view of identities (3.13), (3.9), and BSDE (3.4)
u(t + hv B%a [’Bm) - U(t, v, :U’) =Yy (t + h) — Yy (t)
t+h t+h (3.30)
- / F(r, B Y0 Z000 L Lyn )dr + / 770 (1) dB(r).
t t
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Putting (3.29) and (3.30) to (3.28), and taking expectation [E, we obtain

1 t+h
U(t + h;’yta ,ut) - U(t, Y ,u) = _5 / E [Tr[ai,\u(t + h‘a th7£Bﬁt )]] dr
t

1 [th -
-3 /t E[ETr[&;}TaMu(tJrh,B;’f,EBgt,Bﬁf)]} dr (3.31)

t+h
— / E [f(T, Bthy’Yt;nt’Z'Yt;nt’ﬁBnt , Ly )] dr.
t

Moreover, in view of (3.9), (3.13) and (3.14), we have

Y7o (r) = u(r, B, Lgn), 27" (r) = 0,,u(r, B**, Lpn. ), (3.32)
and Y"(r) =u(r, B", Lgn). (3.33)

Then dividing both sides of (3.31) by h and taking h — 0%, according to the dominated
convergence theorem and Proposition 3.3, we obtain

1 1
atu(ta Y /J“) = _§Tr [8iu(t7 s H)] - §Tr []E'U‘ [a@aﬂu(tv Vs W)”

- f (ta Vs u(tv s :u')v awu(ta 7> /1')7 Hy 'Cu(t,B”t 7,u)) .

3.3 Classical solution of semi-linear path-dependent PDEs

As stated in the introduction, a classical solution to a semi-linear equation (1.1) suffers
from several problems if one tries to build the solution via the classical argument of
FBSDE theory. In the following, we approximate the classical solution to (1.1) via a
sequence of solutions to corresponding “coefficient frozen” equations. For simplicity
of technique and notations, here we only consider the measure independent case and
assume f is independent of z-variable, which is also new even restricted in the path-
dependent setting,

du(t,w) + 3Tr [D2u(t,w)o(w)o(we)T] + duu(t, w)b(wy) + f(t,w, u(t,w)) =0,
(3.34)
U(Tawvﬂ) = (I)(w)v (t7w) € [OaT] X CT,d-

However, see Remark 3.15 for the general and mean-field case. Instead of considering a
forward SDE, we consider the following “coefficient frozen” SDE

{ Xe(s) = y(t) + b(y—e)(s = t) + o(vi—e)(Bs — By), s=t>0,

B (3.35)
X" =y

Here and in the following € > 0 is a small parameter. According to the above definition,
we have that X** is independent of F;, and for any strongly vertically differentiable
functional ® : Dy 4 — R,

Oy [D(X=)] = 0, (X)), VT € (t—e,t]. (3.36)
In view of the FBSDE argument, we consider the following path-dependent BSDE,

T T
Yei(s) = o(X7) +/ S, X278, Yo (r))dr — / Z5Y(rydB(r), s>t (3.37)
s t

In view of (3.36), the following result follows from the differentiability of the correspond-
ing BSDEs shown in Proposition 4.6.
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Corollary 3.9. Assume that (f, ) satisfies assumption (A2) and fix ¢ € (0,7]. For any
(1,7) € (t —e,t] x Dy g, Yo (s) is twice strongly vertically differentiable at (r,¢,y) for
any s > t. Moreover, derivatives 0, Y7 and 83T Y&t are solutions to (3.38) and (3.39)
respectively.

T
Y709 = 0, 0+ [ [ X0 o)
: . (3.38)
O, XY )0, Y () |dr = [ 0, 27 (B,

T
02 Y (s) = 02 B(XET) + / (0,0, X Yo (1)) 02 Y (1)

o D 0y, X7 Y ()05, Yo (1) 4 02, f(r, X2, Y5 (1) | dr

T
- / &2 27 (r)dB(r).
’ (3.39)

Let
ut(t,y) ==Y (t), V(t,7) €[0,T] x Dpg4, (3.40)

and it follows from the above corollary that u®(t, ) is twice strongly vertically differen-
tiable at (7,t,7) for any 7 € (t — ¢,t]. Then according to Itd’s formula (3.26), we have
that for any h € (0, ¢),

u(t+h, X)) — us(t+ h,ve)

t+h t+h
= / O, u(t + hy X27)b(ye—e )dr + / O, u(t + h, X7 )0 (yi—e)dB(1) (3.41)
t t .

t+h
+ §Tr/ 92 u(t+h, X270 (yp—e)dr.
t

Here and in the following we assume d = 1 for simplicity. On the other hand, according
to a classical argument as in [46, Lemma 4.4] (also see Proposition 3.2), we have

u®(s, X27) =Y (s), a.s., Vs>t. (3.42)
Then in view of (3.41) and (3.42), we have
u (t+ hyye) —us(tye) = u(t+ hyye) — Bus(t+ h, X0 + B (E+ h, X77) — u®(t, )

t+h
1
- E / {aw,,,ua(t b X2V )b(ec) + 502wt + h,Xf"“)az(%,E)}dr
t

t+h
B[ S XE Y ),
t
(3.43)

Divide by & both sides of the above identity and take h to zero, we have

1
Opus(t,7) = —0,us(t,7)b(vi—c) — iue(ta ’Yt)o—z(’yt—s) — [ty ut(t,7))- (3.44)
To build a solution to (3.34), we only need to show (b,0)(v;—.) converges to (b,0)(v),
and (I,0,,,0%,0;)u® also converges to a limit as ¢ vanishes. In the following we denote by
“<” that the left hand is bounded by the right hand side up to a generic constant. Firstly
we show that u® converges to a limit u. To this end, we assume that
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(A3) (i). (b,0) : D4 — R4 x R¥*? is locally Lipschitz continuous, i.e. for ¢ = b or o,
p(wh) = 9] < (1 + [lw ¥ + [lw?|F) |lw" — W], (3.45)
for some k£ > 1. Moreover, b and ¢ are predictable in the sense of
(b,0) () = (b,0) (), forany (t,7) € (0,T] x Dr,q, (3.46)

where v;_(s) = :(s—) for any s € (0, 7).

(#). (f,®):[0,T] x Dy 4 x R — R satisfies assumption (A2), and moreover, for any
(t,w,y) € [0,T] x Cr,q x R and {r,7'} € [t,T], we have

0w, D(w) = Do, ()| + 105 2(w) = 05, ()] S (1 + wl|*)p(lm = 7)),
10w, f(t,w, ) =0, f(t,w, ) [+10%_f(t,w,y)=03_, £(t,w,y)|SA+wl® + [y))p(lr - ']),
where p : [0,00) — [0, 00) is continuous at 0 with p(0) = 0.

Example 3.1. For a functional g on Dy 4 with property (3.46), we must have g(w;) =
G(wi—) for a path functional G and vice versa. The benchmark example is g(w) =
fOT F(r,w(r))dr for a continuous function F on [0,7] x R.

Let
X7 = X0 Y=Y and w(t,y) =Y (t), V() €[0,T] x Drg.  (3.47)
Firstly we show that u® converges to u as € goes to null. In the following we denote by

OSC(’Y,LE) = S}lp ) h’(u) - ’Y(U)|7 v (t,’}/) € [OvT] X ]DT,d~
u,vE(t—e,t

Lemma 3.10. Suppose that (b, o, f, @) satisfies assumption (A3). Then for any (¢,7) €
[0,T] x Dp 4, we have

E[[ X0 — X7 |2+ B|Y= — Y2 S (1 + 4l*)?Osc(y, ,¢)? (3.48)
In particular, for any (¢,7) € [0,T] x Cr,q,
[ (t,7) = u(t, M| < (1+ [[%]|*)Osc(v, t,¢).
Proof. Note that
X (5) = X7(s) = (0(y—<) = b(7e)) (s = 1) + (0 (7i—e) — o (7)) (W (s) = W(2)).
It follows from the Burkholder-Davis-Gundy inequality that

EJIX7 = X7 < 1+ [9el1*) 2 lye—e —7ell® S (L + 1wellF)? up )|V(U)—7(U)|2- (3.49)
u,vE|t—e,t

According to Lemma 4.1, we have the estimate for E|| Y7 — Y¢|2. O

Next we show u(t,~) is vertically differentiable. Indeed, in view of [46, Theorem 4.5]
and Remark 4.5, thanks to the predictable assumption (3.46), we have that Y7t is twice
vertically differentiable at (¢, v) following similar argument. Remark that Y7* may not be
strongly vertically differentiable. Then u(t, ) is twice vertically differentiable and its
derivatives (9,u, 92u)(t,w) satisfy

(Duu, BZu)(t, ) = (95, Y7 (1), 83 Y7 (1)), (3.50)
where 0,,Y" and 83}”“ are solutions to (3.38) and (3.39) respectively with ¢ = 0. In

conclusion, we have
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Lemma 3.11. u is continuously twice vertically differentiable. Moreover, for any (¢,7) €
[0,T] x Dp g4,

(Dus (t,7), O2us (t,7)) — (Buult,v),0%u(t,v)), ase— 0. (3.51)

Proof. The first part of this theorem follows from the argument above this lemma. For
the second part, in a similar spirit as the proof of (4.25) of Proposition 4.6, we have

18u% (2, 7) = Quult, VI < X577 — X [ls2 S (14 [[%]*)Osc(v, ¢, €), (3.52)

which converges to zero as ¢ goes to null since v € Dy 4. Then convergence of 92u
follows similarly. O

It remains to prove the horizontal differentiability of u. To this end, we need the following
estimates.

Lemma 3.12. For any {¢,t'} € (0,7], and {v,'} € Dr 4, we have for any p > 2,
’ 1
1= = X2 lso < O+ el + 1 1M e = el + 1t = 2]2), (3.53)
’ 1
Y= —versy < CO+ vl + g 1M ) lve = vl + 18 = 217, (3.54)

where the generic constant C' is independent of ¢.

Proof. We only show the first estimate and the second one follows from the first and
classical argument as shown in Lemma 4.3. Without loss of generality, assume ' > t.
Indeed, for s < t, | X7 (s) — X (s)| = |y(s) —~'(s)|. For s € [t,t')

X0 (5) = X0 (8)] < (1) = ' ()] + [B(ve—o)| (¢ = ) + |o (o) | [Wy = Wi

/ k+1 ’ (3.55)
Slve =l + Q4 vl =t + [Ws — Wa).
For s € [t/,T],
| X5 (s) — X5 (s))|
< [9(0) =7 ()] + 0= (¥ = 1) + oG- [Wer = W] 3.56)
+ (b(vi—e) = b(yp—)) (s = ') + (0 (y—c) — o (ypr—)) W — Wy |
S A+ el A I =t + W = Wil + [lye = 32 (1 + [We = W),
which implies (3.53) by Burkholder-Davis-Gundy inequality. O

Proposition 3.13. Suppose that (b, o, f, ®) satisfies assumption (A3). For any 7 € (¢t —
e, t], let 0, Y7 and 8,2% Y =7 be solutions of linear BSDEs (3.38) and (3.39) respectively.
Then for any 7,7 € Dy g4, t,t' € (0,T], 7 € (t —¢,t], and 7’ € (t' — &,t], we have

10, Y — Z%;/Ymi' lls.ferve. 1 (3.57)
1
<O+ I+ VIO =0+ 1t =212 + p(lr = 7']))
05, Y200 = 03, Y= g2 v (3.58)

<O+ N+ VIO =0+ 1t =212 + pllr = 7']))
where ¢ > k + 1 and the generic constant C' is independent of ¢.

Proof. Without loss of generality, assume ¢ < t’. In the following we write (X, X', Y, Y”,
Z,Z') short for (X7, XV Y Y 78 7€), For any s > t/, let

(0y(s),02(s)) = (0,Y (s) — 0y,Y'(s),04,Z(s) — 0y, Z'(5)),
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and it is the solution to linear BSDE

T
5y<5) = [awT(I)(X) - aw,/(I)(X/)] +/ I:(awff(T7X(T)>Y(T)) - aw,/ f(?“, X’(T‘),Y/(’I“)))
0, (r, X (1), Y (M)oy(r) + (0, (r, X(r), Y (1)) = By f(r, X (1), Y (1)) Y'(r) | i

T
- / 0z(r)dB(r).
(3.59)

In view of Lemma 4.1, we have

16y[1g2 2 7y S N1, D(X) = Do, R(X) 17

T 2
B [0 1 X(0).Y(0) = 0. £ X'<r>,Y'<r>>|dr]

T 2
+E /t/ |8yf(r,X(r),Y(r))—Gyf(r,X’(r),Y’(T))||Y’(r)|dr] . (3.60)

For the first term on the right hand side of the above inequality, we have
100, ®(X) = B, R(X")[7:
S 100, B(X) = 0, B(X)|[72 + 00, B(X) = D, B(X) |72 (3.61)
S Wk el T2l = 7D + e = Al + 1t = ¢,

where we apply assumption (A3) and Lemma 3.12 in the last inequality. Similarly, we
have

E

. 2
/t/ 10, f(r, X (1), Y (r)) = B, f(r, X' (r), Y/(r))ldv“] (3.62)

S @+ el I 152 ol = 7D+ e =1 + [t = ).
For the last term on the right hand side of (3.60), by the Cauchy-Schwartz inequality, we

have

I /t Iayf(hX(r),Y(r))—%f(ﬂX’(?“),Y’(T))IY’(T)IdT]

s ) (3.63)
S E(X - X" + Y = Y'|1*])* [BlY”|")2

S el + e I (T = 7D + [lve = v 1P + ¢ = ¢,

with an integer £. Then inequality (3.57) is implied by the above estimates. (3.58) follows
similarly. O

Now we are ready to give the main theorem of this subsection. To have the uniqueness
of solutions for (3.34), we assume that

(A4) (b,0) is Lipschitz on Dr 4, i.e. for ¢ = b, 0,

¢(v) = o < Iy =~lI-

Theorem 3.14. Suppose assumption (A3) holds. Then there exists a classical solution
to equation (3.34). Moreover, if (A4) also holds for (b,0), the solution is unique on
%171,2 (CT,d)-

EJP 29 (2024), paper 90. https://www.imstat.org/ejp
Page 26/55


https://doi.org/10.1214/24-EJP1153
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Path-dependent mean-field PDE

Proof. Firstly we show that u given by (3.47) is a classical solution to (3.34). In view of
Lemma 3.11, we need to show u is horizontally differentiable. Recall that «* is given
by (3.40). For any h > 0,

u(t + h7 Pyt) - U(t, ’yt)

= [t ) =0 )]+ hoe) — (0] + ) — uln)
According to Lemma 3.10, we have
lu(t+ h,ve) —u(t+ h,v)| S (14 [|7]/F)Osc(y, t + h,e) = 0, (3.65)
whenever ¢ < h. Similarly, for the third term on the right hand side of (3.64),
Ju (t. ) = ult, 7)) S (L+ [ell*)Ose (et ¢) (3.66)

Since v € D 4, for any h, we can choose ¢ small such that Osc(vy,t,¢) = o(h). Since u®
is horizontally differentiable, in view of (3.44), we have

1
f@+hﬂ0—f@mﬂ=h/m@f@+kmwﬂk
0

1
1
= / { — Ot (t + Ah, ) b(ye—c) — iaius(t + MY (eme)® = flveus (E+ Ahy )| -
0
(3.67)
Take (3.65), (3.66) and (3.67) to (3.64), and divide both sides by h. Then we have

U(t —+ h7 ’Yt)
h

— ult L 1
M) o)+ [ [ = 0 M be-2) = 3020+ A )
0

— (e (4 ARy ))]-
(3.68)

Let h go to zero, and then ¢ go to zero. According to Lemma 3.10 and Lemma 3.11, the
right hand side of the above identity converges to —d,u(t,v:)b(v:) — 392u(t, v)o(v)? —
f(t, v, u(t,~¢)), which implies u is horizontally differentiable and u satisfy PPDE (3.34).
Now we show the uniqueness of equation (3.34). Suppose that u € ‘5;’2 is a classical

solution. Consider a path-dependent SDE
X(s) =)+ [ b(X,)dr + [ o(X,)dB(r), s>t>0,
_ (3.69)
Xt =t

According to assumption (A4), the last equation has a unique solution X. Applying
functional It6’s formula to @(s, X;), we have

du(s, Xs) = [0s1(s, Xs) + 0,1(s, Xs)b(Xs) + 583@(87 X,)o?(X,)]ds

+ Outu(s, Xs)o(Xs)dB(s), (3.70)
) _

Let B B B
(Y, Z2)(s) := (u(s, Xs), Ouu(s, Xs)o (X)), (3.71)

and it gives a solution to the following BSDE,
dY (s) = —f(s,Xs,Y (s))ds + Z(s)dB(s), Y(T)=®(Xr). (3.72)

According to the well-posedness of the above BSDE, for any classical solution @, (s, X;)
=Y (s). In particular, @(¢,v:) = Y (¢) = @(¢,y:) which concludes the uniqueness. O
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Remark 3.15. (i) For the general case when f depends also on d,u, in view of (3.9) and
regularity results on Z of BSDEs (see [40]), a smooth solution can be constructed in a
similar spirit under the condition that Z has continuous paths. (ii) For the mean-field
equation (1.1), similar as shown in Section 3.2, we can introduce the following diffusion

{560 =10+ bl =) otk ) =B 373)
Xt =M. '

Similarly as the pure path-dependent case above, we apply the approximation argument
with “coefficient frozen” process

{X&“@)=n@)+®0uﬂﬂs—ﬂ%%m0wfﬂB@)—BUD, (3.74)
X =mn, ’

where £(n) = pu. Under similar assumptions as (A3) and (A4) with adaptation in a
mean-field setting, one can construct a unique classical solution to (1.1).

3.4 Some typical cases

In view of Remark 2.11, the path-dependent mean-field equation (3.23) involves many
interesting special cases. In the following we list some typical ones, where we always
assume that (f, ®) satisfies Assumption (A2) and (¢t,w,y, z, 4, v) € [0,T] X Crq x R x
R? x P§ x Pa(R).

(i) The state-dependent master equation. Suppose that (f, ®) has a state-dependent
form:

flt,w,y, 2z, 1, v) = F(t,w(t),y, z, u(t),v), (3.75)
O(T,w, ) = Gw(T), u(T)), (3.76)

for functional F : [0,T] x RY x R x R? x P2(R%) x P2(R) — R and G : R? x Po(R?) — R.
In this case, the differentiability of (f, ®) is equivalent to the differentiability of (F, G) in
its corresponding domain, and path-dependent equation (3.23) has the form
Opult,~, ) + 5Tr [Q2u(t, v, p)] + 5Tr [chvd 8@6Hu(t,7,u,dj)u(d&))}
+F(t,v(t), ult, v, 1), Qwult, v, 1), p(t)s Luge,wn ) = 0, (3.77)

u(T, v, 1) = GO(T), u(T)), (t,7,p) € Croa.

Since the corresponding FBSDE is Markovian, we see that u(¢,~, 1) = U(t,v(t), u(t)) for
a smooth (indeed 2! in view of Definition 2.10 with obvious adjustment) functional
U :[0,7T] x R? x Po(R?) — R thanks to Remark 2.11. Then we obtain well-posedness of
the (state-dependent) master equation considered in [9], [12],

QU(t,a,\) + 3Tr [B2U (¢, a, A)] + 3 [pa 0aONU(t, a, A, @)A(da)
+F(t, a, U(?f7 a, )\), 8QU(t, a, )\), A, Eu(t@,\)) =0, (3.78)

U(T,a,\) = G(a,)\), (t,a,\) €[0,T] x R% x Py(RY),

where ¢ is a random variable on R with law \.
(i) The PPDE. Suppose that (f, ®) does not depend on measures:

[t w,y, 2, pm,v) = H(t,w,y, 2), (3.79)
O(T,w, p) = Iwr), (3.80)
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with H : [0,7] x Cr,q X R x R?+— Rand I : Cr 4 — R. Then equation (3.23) is written as
PPDE,
dpu(t, ) + 5Tr [Zu(t, )] + H(t, v, u(t, ), duult, 7)) = 0,
(3.81)
U(T7 ’Y) = I(’YT)v (t’rY) € [OvT] X CTﬂ'

Then Theorem 3.8 recovers the well-posedness of PPDEs shown in [46, Theorem 4.5]
under a stronger assumption in view of the integrability of BSDE (3.5).

(i4i) The measure-dependent master equation. Suppose that (f, ®) does not depend
on the path/state variable and has the following structure

ftw,y,z,pm,v) = J(t,y, 1), (3.82)
O(T,w, ) = K(ur), (3.83)

where J : [0,7] x R x P§ — R and K : P§ — R. In this case our path-dependent
mean-field equation is reduced to

Orult, p) + 3Tr [ o, , Doyt p @)pu(d)| + I (¢, u(t, o), 1) = O,
' (3.84)

u(T,p) = K(ur), (t,p) €[0,T] x P§.

Such form of master equation is introduced in [55] for a closed-loop control problem
with control being the form of oy = a(t, Lx,).
(iv) Path-state mixed cases. Suppose that (f, ®) has the following form

f(tuw7yazaﬂa V) = L(ﬂ%%%ﬂ(ﬂ)a (3.85)

where L : [0,T] x Cr,q x R x RY x Po(R%) — R and M : Crq x Po(R?) — R. Then we
have a unique smooth solution for the following mean-field equation

dyult, v, 1) + 1Tr [02u(t, v, )] + STr [ch,d Bx0,ult,, u,w)u(dw)]
+L(t, v, ult, v, 1), Quult,y, p), u(t) = 0, (3.87)
U(T7’Y7:u’) = M(’YTMU“(T))? (t7’>/7/~1’) S ®T,d-

In view of the corresponding FBSDE (3.4), we see that u(t,y, ) = U(t,7, u(t)) for a
functional U : [0,7] x Cr.4 x P2(R%) — R. Since u € €>%11, U is the unique classical
solution to the master equation

QU (87, A) + 3Tr (03U (17, M) + 3Tr [ [pa 002U (1,7, A, @) A(da)
+L(ta’Y7U(ta’Ya)‘)aawU(t7’Y7)‘)7/’('(t)) = 07 (388)
U(T,7,A) = M(yr,A), (7, ) € [0,T] x Cr.a x P2(RY).
On the other hand, if (f, ®) has the the following structure

f(t7w>y727/1’vy) = N(t7w(t)7yazaﬂvy) and (389)
(T, w,p) = P(w(T), pr) (3.90)

for some functionals N : [0,7] x R? x R x R? x P§ x Pa(R) — Rand P : R¢ x P§ — R,
then u(t,w, ) = V(t,w(t), ;) for a functional V : [0,7] x R? x PY — R. Then, V is the
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unique smooth solution to the master equation
OV (t,a,p) + STr [02V (¢, a, )] + 3Tr [fCT,d 020,V (t, a:,u,dz)u(dcb)}
TN (0, V(ta, 1), 0V (E; a, ) s Ly (e wn(),0)) = 0, (3.91)
V(T,a,p) = Pla,ur), (t,a,p) €[0,T] x R x P§.
(v) A non-smooth case. For any t; € (0,7) and F € C3(R%), consider PPDE

{ dpu(t,w) + +Tr [02u(t,w)] =0,
U(T7 w) = F(w(tO))v (tvw) € [OvT] X CT,d-

(3.92)

In this case we have
Ow, F(w(ty)) = DF(w(to))1[07t0](t), V(t,w) € [0,T] x Cr.q,

which is not continuous on [0, 7] x D7 4. Therefore, (A2) is not satisfied and the preceding
PPDE has no smooth solution. In particular, when F(z) = ax for some a € R? by
resolvability of the corresponding BSDE, the functional u(t,w) := aw(t A tg), (t,w) €
[0,T] x Cr,q, is the unique viscosity solution in the sense of [23].

In a similar way, for any (F,G) € C}(R%) x C3(R%, RY), the path-dependent master
equation

Owu(t, p) + 1Tr[0, 0u(t, p,w')] = 0,
{ hu(t, 1) + 5 Tr [0 Opu( )] (3.93)

u(T,p) = F (B*[G(W(to))]), (t,p) € 10,T] x P§

has no smooth solution. In particular, if ®(7T, u) = E#[aW (to)], u(t, p) := E*[aW (t A to)]
is the unique viscosity solution of equation (3.93) in the sense of [55].

4 Differentiability of solutions of path-dependent mean-field BS-
DEs

In the following, for any process (X,Y, Z) on the probability space (Q F,P), we denote
by (X,Y, Z) an independent copy of (X,Y, Z), which means that (X,Y, Z) is defined in an
independent probability space (Q F, P) and has the same law as (X, Y, Z). The following
linear mean-field BSDEs and estimates are frequently used in subsequent discussions.
Different from a classical linear BSDE, all linear coefficients are not necessarily bounded.
For simplicity, we only address the one-dimensional case. Similar assertions in this
section are still true in the multi-dimensional case.

Lemma 4.1. Let ¢ € L*(Fr) and t € [0,7). Suppose that (a,8) € H3([t,T], R x RY) is
bounded, ¢ € H?([t,T],R¥), and h is a real valued progressively measurable process
such that ftT |h(r)|dr € L?>(Fr). For any (r,z) € [t,T] x R¥, g(-,z) € H2([t,T]) and g(r, -)
is uniformly Lipschitz continuous:

sup |g(r,x) —g(r,y)| < Llx —y|, Vy¢€ RF, P-a.s.
relt,T)

for a constant L. Then the following linear mean-field BSDE: s € [t, T,

Y (s) :£+/ (a(r)Y(r)+5(r)Z(r)+IE[g(r, é(r))f’(r)]—&-h(r))dr—/ Z(r)dB(r), (4.1)

w1th (¢,Y) being an independent copy of (c,Y), has a unique solution (Y, Z) € $2([t, T]) x
H2([t, T], R?). Moreover, we have

1Y, 2)|32 2 < C(lI€NI72 + H/ r)|dr|[Zz)e (12 *loC-0llz) (4.2)
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for a constant C depending on the bound of o, 5 and L. In particular, if g is uniformly
bounded, we have

T
1Y, 2)|[32 2 < C(lIENT= + II/t [h(r)ldr[72). (4.3)

Remark 4.2. Since neither of ¢g(¢, x) and g(r, ¢(r)) is bounded or uniformly integrable for
any c(r) € H%([t, T], R*), the well-posedness of the mean-field BSDE is not an immediate
consequence of existing works such as [8].

Proof. For any y € H?, consider the following classical linear BSDE

T ~ T
Y(s)= £+ / (alr)Y (1) + B(r) Z(r) + Blg(r, €))5()] + h(r) ) dr — / Z(r)dB(r), (4.4)

where (¢, ¢) is an independent copy of (¢, y). To prove that it is well-posed on [t, T], we
only need to show

E /tT ‘E[g(n E(r))gj(r)]’dr] < 00. (4.5)

Indeed, by the uniformly Lipschitz continuity of g, we have
T 2 T . 2
E| [ Blotrer)awlidr] < CE[ [ [Elgtr.030)ldr + Bletr)g(r) ]
t t

< CIE[/tT lg(r, O)E[g(r)ndrr +C{/tT]E[5(7’)?3(7’)|]drr w6

T T T T
<cl® [ loroPan( [ Biae)Ra) + ([ Ble) P [ BliPan)
< g Ol loliZe + lelifelvl3e] < CloC. 0 + lellf) Iyl

where we have used in the third inequality the Holder inequality to integrals over [¢, T
and [t,T] x €. Then for any y € H?, BSDE (4.4) has a unique solution (Y, Z) € H? x H?.
The solution mapping ® : y — Y defines a transformation on H?, and turns out to be a
contraction under the following equivalent norm

T -
||y||2 = ]E/ eAS*fST(HQ(TvU)HZLz+|\C(T)H2Lz)dr‘y(5)|2ds7 Y € H? 4.7)
t

with A being a constant to be determined later. In fact, take any y¥) € H? and denote
by (Y@, Z(U)) the corresponding solution of classical BSDE (4.4), with j = 1,2. Set
(AY,AZ) = (YWD =y @,z — Z22)), Ay := 4y —y®), and f(r) == |g(r,0)[|72 + [le(r)]3--
Applying Ité’s formula to e~/ f(Mdr|AY ()2 on s € [t, T], we have

T

_eAt_ftT f(r)dr|Ay(t)|2 _ / (A 4 f(S))eAS—fsT f(r)dr|Ay(s)|2d8
t
T T T T p
+ 2/ el TMdr Ay d(AY) +/ el 10 A Z7)2 ds.
t t

Therefore,

T
eAt*ftT f(T)dT‘AY(t)F +/ (A+f(5))6A87IST f(T)dr|Ay(S)|2dT
t

T
+ / eAs= I A 7 (5 2dr
t
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T
. / A I IOT A [0AY + BAZ + Blg(s, &(s)) Al ds
t

T
_2/ eAs—fsTf(r)d?”AyAZdW(s)
t

IN

T T
o / As= [l 1| AY 245 4 © / eAs=JT S0 Ay 2
t t
1 T A T d T A T d
+5 / AL TN A Z2ds 4 2 / AL T AY | g(s,0)[[| A L2 ds
t t

T T
+2 / A LT AY|le 2 | A 2ds — 2 / A= F0dr AY A ZdB(s)
t t

IN

T T
C/ eAsffsT f(r)dT|AY|2d$ i %/ eAsffsT f(r)dr|AZ‘2d8
t

t
T T
—2 / eAs= [l Fdr AV A Zd B(s) + 2 / eAs= LT (| AY || g(s,0)]||AF|| 2)ds
t t
T T
b [ AT IO AY Pl + AL ds
t

Taking expectation on both sides of the above inequality, we have

T
T
[ A0k eI 0w Ay () ar
t
T T
<2 [ A SO AYlg(s,0) Al zads
t
T .
+/ A AV |3z el 32 + (A 2)ds
t
T A T d 2 2
S/ pAs— [T f(r) T[(EHAY”Q(S,O)H) +||A17||L2}d5
t
T
b [ I O Y el + 87
t
T T
< [ AT (g(s, ) + el ) 1A 2ads
t

T
b [ e IO A s,
t

Therefore, choosing a sufficiently large number A such that A — C' > 1, we obtain a
contraction and then the well-posedness of (4.1).

Now BSDE (4.1) can be written as the following classical BSDE
T T
Y(s)=¢+ / (a(r)Y(r) +B(r)Z(r) + h/(r))dr — / Z(r)dB(r), (4.8)
with h/(r) = E[g(r, &)Y (r)] + h(r). Thus it is standard that
T
Y118 + 1217 < CUIENT= + H/ |1 (r)|dr|72)
t (4.9)

T T
<C(lelz + / Ih(r)ldr]2s + | / (Elg(r, &)V ()ldr][2)-
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Furthermore, similar to the proof of inequality (4.6), we have

T T T
I [ Bl )T o arlEe < L[ ot Ol VI g + [ et B 1Y gy
(4.10)

Then, using Gronwall’s inequality, we obtain the desired estimate (4.2). O

To study the differentiability of corresponding FBSDEs, for any (¢,7) € [0,7] x M%, we
denote by (Y, Z™) the solution of the following path-dependent mean-field BSDE, for
s € [t,T),

T
Y(s) = D(BJ, L) / FBIY (1), Z(r), Lgne, Ly o) — / Z()dB(r).  (4.11)

On the other hand, for any v € Dy g4, let (Y707, Z7™) solve the associated path-
dependent BSDE: for s € [t,T],

T

V(s) = (BT ,LBnt /f Bt Y(r), Z(T)7£B:]t,,cynt(r))d7'—/ Z(r)dB(r). (4.12)
Note that under Assumption (HO0), the functional

f(r7y7z,y) = f(BM,y,2z, Lgm,v), (ry,zv)elt,T] xR x R? x Py(R), (4.13)

is uniformly Lipschitz continuous in (y,z) € R x R?. According to [13, Theorem
4.23], BSDE (4.11) is well posed with (Y, Z" Ly, ) € §2 x H? x Po(R). Then (4.12)
is a well-defined classical BSDE with (Y Z7M) ¢ § x HP for any p > 1. In
the following, we write O = (B, Y (r), Z"(r)), Ot = (BYt Y60 (), Z700 (1)),
Lgne = (Lgne, Lyni(ry) and (Y, Z) := (Y (t), Z(t)) if no confusion is raised. Then we have
the following basic estimates for BSDEs (4.11) and (4.12).

Lemma 4.3. Assume that (®, f) satisfies (H0). For any K > 0 and (v,7),(v,n) €
Drpq x M3 such that [||£,,||[,[||£,]||| < K, we have for any p > 1,

(Y™, Z) 52wz < C(L+ |17]s2), (4.14)
1Y, 270 g0 e < Cp(1+ [|7ell + [Imells2), (4.15)
(Y7 — Y™, 2™ — Z%)||s2xmz < Crllne —nills2,  and (4.16)
[y eme =y, zoene — Z900) g e < Cre (e — Vi + Wa(Ly,s L)) (4.17)

where (C, C,) does not depend on (v,7), and (Ck, Ck ;) does not depend on (v,7").

Remark 4.4. According to inequality (4.17), (Y, Z7") and (Y7 Z71:) are indis-
tinguishable if £,, = £,,, which implies the following definition is well-posed

(y%,ﬁnt , Z'Yt"cnt) .— (Y’Y“"”, Z’mm). (4.18)

The proof of Lemma 4.3 is rather lengthy, which follows from Lemma 4.1 and is left in
the appendix.

4.1 First-order differentiability

In this subsection we assume that (H1) holds for (®, f). For any (v,7) € [0,7] x MZ, we
consider the first order differentiability of Y77 = Y7£n with respect to 7, and Ly,.
For the differentiability in v;, let

f(wsa y,z) = f(w57y7 Z»‘CBgt»‘CY”t(s))a

. J (4.19)
O(wr) := (I)(CUT,EB;t), V(s,w,y,2) € [t,T] x Dy g x R x R?,
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and then the solution Y+ (s) to equation (4.12) solves the following path-dependent
BSDE

A A T A A A T A
Y (s) = ®(B}) —|—/ f(B;’t,Y(r),Z(r))dr—/ Z(r)dB(r). (4.20)

Define d,, (t,v) := Y77 (t). If f and ® are regular enough, according to [46, Theorem
4.5], 1y, (t,7) is twice vertically differentiable at (¢,), and moreover for any s > ¢,

U, (5, B7) =Y (s), 0,1y, (s, B7) = Z7"(s). (4.21)

Furthermore, ,, (t,) is the unique solution to the following semilinear PPDE

(4.22)

{ atﬁ’ﬂt (t7 7) + %TI‘ [Q%ﬁm (ta ’7)] + fA(’ytv ﬁm (tv ’Y)a &Uﬁm (tv ’Y)) = 0’
ﬁm (T7 7) = cI)(’Y)? (tv’)/) € [07T] X ®T7d-

In the following, we denote by O(; ..y, w0, u,)f the derivative vector

(atf? awfa ayfa azf? aﬂf7 alffa 8w7fa aqu)'

Remark 4.5. Assume that ® : Dy 4 — IR is twice continuously strongly vertically dif-
ferentiable and satisfies the following locally Lipschitz continuous condition: for any
t€[0,7] and ¢ = ®,0,,®,92 P,

|p(wr) — (whr)| < C1+ |lwr|* + [lwp|*)|wr — w7, ¥ (w,0’) € DF . (4.23)
Then, the main result [46, Theorem 4.5] is still true. For the reader’s convenience, the

proof is sketched in the appendix, using our partial It6-Dupire formula.

Proposition 4.6. Let (f, ®) satisfy Assumption (H1). Then for any 7 < ¢, (Y77 (s),
Z7eM(s)) is strongly vertically differentiable at (7,¢,). The derivative (9,,, Y™, J,,.
Zyem) € §P([t, T), RY) x HP([t, T],R?*4), V p > 1, is the unique solution to BSDE

T T
V(s) = 0 O(B™, L) + / B, (O, Lo )dr + / B, £ (O Lo )V (r)dr
s s (4.24)

T T
+ / 0. f(©7™, Lo ) Z(r)dr — / Z(r)dB(r), s [t,T).

Furthermore, since (9, Y d,_ Z"") is independent of F;, we have that for any
K >0, and any (v,7), (v',7') € Dr,a x M7 such that ||y, [|], [[|£]|| < K,
[0, Y01, 0 2707 )5 10 < s
(O, Y1 — awTy“/,iﬂ?{’asz’Ymm - awTZ%m;)Hprle’ < CK,p(H’Vt - 'Vé” + W2(‘Cmv‘c77£))7
(4.25)

for some positive constants C, and Cf .

Proof. In view of Assumption (H1) and Lemma 4.1, we see that equation (4.24) has a
unique solution (9,,.Y,0,,.Z) € $? x HP, Vp > 1. Here, we consider the one-dimensional
case for simplicity. For any & > 0, recall that 77" = ~ + hl 1. Set

1 1.
v = ’yT’h, ALY = *(Y’ —Y):= (Y™ P _ Y70")  and
1 " 1 i " (4.26)
ALZ = —(Z' - Z) = 7(2%7’ M 7
h h
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Then we know that (A,Y, A, Z) solves the following BSDE

1 1 (T , T
BY(s) = 3 (@~ 0+ 5 [ (F(O77, Lop) — FO17. Lopldr — [ AnZ(r)aB(r)
T T
= Ahcb+/ (aTA;,,Y(r)+brAhZ(r)+Ahf)dr7/ AnZ(r)dB(r),
where

& = ®(BY L), =3B, Lpn), Apd = /Ola%@(Bf’”,ﬁBn)de,
ay = /01 Oy f(BI Y +0(Y' —Y),Z' Lon) db,
by = /01 8.f(B) Y, Z +60(Z — Z),Len) db,
and Apf:= ;f(B;’,KZCBg,LY)‘::j:/01&)Tf(BV"“”KZ,EBQ,Ey) de.

Then (0Y,6Z) := (ARY —0,,Y,ApZ — 0,,, Z) satisfies BSDE

T
§Y (s) = (Ap® — O, @) + / (a,0Y + 6,7 + (Anf — Do, F(O7, Lot ))) dr

T T
+/ [(ar — Oy f(OF, Lot )0y, Y +(br — 0. f(O], Lont ))Ou, Z]dr—/ 0ZdB(r).

According to standard estimate for BSDEs (or Lemma 4.1 for p = 2) and Lemma 4.3, we
have

T

16Y [0 + 16Z]fe < CllARD — o, |7, + H/t |Anf = Ou, f(OF™, Lon ) dr||7, + O(|h])
< O([h),

and thus the strongly vertical differentiability. O

To show the differentiability of Y7+ with respect to 7;, we follow a similar argument as
in the state-dependent case for SDEs made in [9]. Firstly we show that Y7 is Gateaux
differentiable in 7, in the sense of (2.21) and Remark 2.7. To this end, we need to prove
that for any ¢ € L?(F;, RY) and nt’\’E =1 + A1y, A > 0, the following limit exits in
$2([t, T, RY),

1
anywum (5) = )I\ILI%) X(y%,nfg _ y%,m). (4.27)

Then we show that 0,Y 7" (-) : L*(F,R?Y) — $2([t,T],R?Y) is a bounded linear oper-
ator, and moreover, it is continuous in the following sense: for any ¢ € L?(F;, R%),
&ﬂ”fﬂﬁ(llﬂl converges to 0,Y """ in the sense of operators as ¢ goes to zero. In
view of Remark 2.4, we see that Y7 is Fréchet (vertically) differentiable in the sense
of (2.20) and Remark 2.7. To this end, consider the following linear BSDE

T

Y1t (s) = B[, ®(B", Lgn, B™)E] + / E[0,,, f(©7:", Lone, B™)E|dr
T ’ T

+ / Oy F(OF, Ln ) Y118 (1) dr + / 0. (O Lone ) 270105 (1) drr

T -
b [ BOLS(©F ™ Lo, VI, VT EE + I )ar
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T
_/ Z%"”"é(r)dB(r), se[t,T). (4.28)

Here, (B,7,£,Y7,0,,Y £ Y7€) is an independent copy of (B, 1, £, Y, 9, Y VL [——
Yme:€), and Y€ satisfies the following linear mean-field BSDE

T
P () :E[@,Lt@(gnt753nt,]§ﬁt)g]+/ E[a“,,f(@gg,c@gt,B;?t)g]dr

T T
b [ 0,8@r Lop S+ [ 0507 Lop) 2 ()
s s (4.29)

T .
+ / E[@Vf(@ﬂf,ﬁe;u Y1) (8, Y e € 4 Y108 ()| drr

—/TZ""f(r)dB(r), s €[t T).

S

Lemma 4.7. For any ¢ € L%(F;,RY), there exits a unique solution (V7€ Zm:¢) €
$%([t,T]) x H3([t,T),R%) to BSDE (4.29). Moreover, (V"¢ Z7:¢) is linear in ¢, and
we have

174, 27%) g2z < C€]| 2 (4.30)

for some constant C.
Proof. By Lipschitz continuity of (9,,®,0,, f), we have
B[Oy, ®(BY, Ly, BY)E € LA(Fr), Bl (O, Lpe, BI)E € LA(F,).

Since f is uniformly Lipschitz continuous in (y, z), 9, .) f (O}, Lgn: ) is uniformly bounded.
Set g(r,x) := 0, f(©], Lgn:,x). In view of Lemma 4.3 and Assumption (H1), we see
that g(-,0) € H?. Then by Lemma 4.1, to show the well-posedness of linear mean-field
BSDE (4.29), we only need to check the following

T
| s Lop Y@, 7708 dr € L2(Fr).
t

e Fy(t,x,y, 2, 4, V) := IE[@Vf(t, Ty, 2, 1, v, Y (r))(@wtf/f“’ﬁm (r)é)] (4.31)
Then by Lipschitz continuity of 0, f and Proposition 4.6, we have
Byt z,y, 2, 1, V)
B []E 2100 F(t g, 2, v, Y I0E0 (1)) (0,0, V70 E0e ()]

Ye=Tt }
< OB [, [V 10,770 (1)) |y =5, €]

+ 0, (g, 2 v, OB B g, [V (1)) g, €]

< BB 0+ el _ €]+ €005, 00.0)
S CJrCauf(t,:C,y,Z,/L,V,O),

where we have applied Lemmas 4.3 in the second inequality. Then according to
Lemma 4.3 again, we have 9, f(©}", Lgn,0) € H?, and thus the well-posedness of (4.29).
For inequality (4.30), similar to the proof of Lemma 4.3, we have

17152 + 11274 Iy
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T
S CE{‘E[&PH(I)(BW’EBW7Bﬁt)§]‘2 +/ |E[autf(®:h7£@:’f7Bﬁt)§]‘2dr

T
+ [ BOLFOF Lop V0T 0 )]
< O((BIB™ | ) + €310, ®(B", Lo 0)

T T
R / 10, £, Loy, 0)[2dr + / (BT 8, 7705 &) Pdr

T
ISR [ 10,7(OF Lon 0)dr) < Ol

Since BSDE (4.29) is well-posed, so is BSDE (4.28). In conclusion, we have

Corollary 4.8. There exits a unique solution (Y716 Z7em08) € §2([t, T)) x H2([t, T], RY)
to BSDE (4.28). Moreover,

(ynt,£7znt,§) — (y%,ntyﬁ,zwtmtf”w:n_ (4.32)

Lemma 4.9. The map & +— Y% is a bounded linear operator from L?(F;,R%) to
$%([t,T]). Moreover, it is the Gateaux derivative of Y** with respect to 7, in the
following sense

1
Yres = lim X(YW»W? S —y ™) strongly in $2([t, T]). (4.33)
—

In particular, )"+ (s) is the Gateaux derivative of Y7*(s) in the sense of (2.21).

Proof. Since V"¢ is linear in ¢, we see that ()7+7::¢ Z7::1+:8) is also linear in £. Moreover,
we have the following estimate

H(Jﬂ"m’g,Z%’m’f)HSZ‘xH? < C|€]|2- (4.34)

Therefore, we have the first assertion.
In the following, we omit the fixed subscript ¢ and write (Y, Z) := (Y (r), Z(r)) if no
confusion raised. Besides, the constant C' may change from line to line. Set

1 1
ALY = — (YY) ANZ = (277 — Z77), and

A A

1 (4.35)
A = TIR(Br, L gyre) = B(Br, Ly )l
Then according to Lemma 4.3, we have
1

[AXY [[s2 + |ANZ|[n2 < CXHnt)\f = mells2 < Cl€l Lz (4.36)

In view of BSDE (4.12), we see that (A,Y, A, Z) satisfies the following linear mean-field
BSDE

T -
ANY =A,d + / [a(r)A,\Y + B(r)AZ + I[:][g(r)i(YﬁA& — Y]+ Axf| dr
s (4.37)

S
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where

1
a(r) ;:/ By (B, Y1 4 gy —y ) 20 £ ) d,
0

k
o

e ),

1
80) = [ 04(BLY T2 0z — 7, £
0
1 -
g(T) = / 8Vf(@’y’n7 ‘CB’VV\5 ) EYT/+0(YT,)\§ —yn) ?ﬁ + 0(?77)\5 — ?ﬁ))d97 and
0

1
A)\f(T) = X[f(emanBﬁ)‘ﬁ ) ‘CY") - f(@%nvﬁBﬂa‘CY")]'
According to estimate (4.16) in Lemma 4.3, we have
~ o 1 -~ Y3 ~ = 1
1ANY "ls= = I3 (V" = Y")lls < CXHH?E —mells2 < CJ€]l2- (4.38)
Then, in view of Assumption (H1), we have
H/ E[g(r)ANY dr| 12 + ||/ Axfdr||pe < C|€]|L2. (4.39)

Thus BSDE (4.37) has a unique solution (A,Y,A,Z), and then (A\Y — Y78 Ay Z —
Z7eme:8) is the unique solution of the following BSDE

Y(s) = (Ax® — E[9,,®(B", Lpn., B™)E / Oy f(O)™, Lgn )Y dr
T T B o
+ [ op©y Lo 2y + / (Bnf = B0, F(OF™ Loy, B)E))dr
+ / DB, 1(O17 Lopr V(AT - 0, T - Y ar
T T
Ru(r)dr — / ZdB(r)
with S
Ri(r) == (a(r) — 8,£(O71°™, Len)) ANY + (B(r) — 0. /(67" Loy ) AxZ
+ B [(3(1) — 0o (077 Loy, V7)) AT 7]
Since 9, . f is bounded, from the standard estimate for solutions of BSDEs, we have

[ANY = Y7085 < C(|| A7z + [ A2ll72 + | 4sll7z + [|A4l72) (4.40)
with

T
Al = A)\(I) - E[a,utq)(B%a‘cB”taBﬁt)f]a A2 = / ‘Rl(r”dr’
t
T ~ ~ o~ ~
A, ;:/ |(Af = El0,, 107, Loy, BY)))|dr, and
t

Agi= / T (B0, £(077, Ly , VT4 (AT = 0, 150 E = IT48) (1) dr.
t
For A;, according to the Lipschitz continuity of 9, ®, we have
E|A* = E‘ / Bwe(Bn*g sy BT+ 6(B" — B7)E
— 0, ®(B, Lgn:, Bm)é]de (4.41)

2IBTS _ B7)2]% B B _ BanEn) 2)1¢(14
< (IBIB™ = B lgll e + BIBT - BIEN) < ON2lgllLs,
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for a constant C independent of v and 7. Term A, is estimated as follows:

2
A2 < c]/ — 0y f (O, Lom))A\Y dr
2
+C’/ — 0. f(O7™ L)) AAZdr‘ (4.42)
+c]/ — 0, F(O1™, Lo, Y’“))AAY”]dr‘ .

For the first two terms on the right hand side of the above inequality, by the Lipschitz
continuity of J, ) f and inequality (4.36), we obtain

E(/ 0, £(01, Lon)) AAYdr‘Q

2
+\/° )= 0. (07" Lop)) AaZdr| < O]}
For the third term, we claim that
- 2
E‘/ — D, F(O7™ Lo,V ))AAY”} dr‘ < ON2|¢|[4., (4.43)

with C depending only on ||7;||sz, and therefore we have
E|4z* < ON*[[€]|7e, (4.44)

in view of (4.42) and above estimates. Indeed, by the Hoélder inequality and esti-
mate (4.38), we have

T T
E‘/ —0,0)ATar| < ]E[/ Blg— 6,,f|2d7~]/ B|ANT2dr
t t
T ol o e i
< C||€||%2E/ E’ / (8Vf(®%n7£Bn*§ ) EYU-',-G(Y”Ag —yny YT+0(Y" —Y")
t 0
. 2
— O, F(O ™ Lo, Y’“))d@‘ dr
= NE o7 A¢
< CllelZ= (Y™ = YTls2 + | BT = B7ls2)* < CA?[[¢]|7.
For Ajs, from Lipschitz continuity of 9, f in (u, v, @), we have

T 1 -
E‘A3|2 = E‘ / /0 E[autf(@%vm’EBT,+9(7]>\£7”)7£Y”7B"7+9(77>\£_71))
t

- aﬂt f(@;zlt’ma ‘C(—):Zf ) Bﬁt gdﬁdr|2

) o (4.45)
< C|BII — mells2 + 17°€ — )41
< O[N] € + EP)| < Ot
We now estimate A4. Since
ANYT — 9, Vb § — Pl = Ay + Ay (4.46)
with
1 - e . .
Ap = (L7 Ee 9T g, ielnd],  and
1A ) ) (4.47)
Agg = [X(Ymﬁﬁ*é —YEa) — Y],
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then, from boundedness of J, f, we have
‘2

T
E|Ay|? = E‘/ E[ayf(@;“’”‘,ﬁegt7Y"‘)(A41(7") n A42(r))}dr
t

T T (4.48)
_ 2 N 2
< c(‘ / E[A41}dr’ + \ / E[A42]dr’ )
t t
From Proposition 4.6, we have
T 2 Tr_ ol o N0E o _ 2
/ E[Agy]dr] <C / {E / (D, YT Fure — awtwﬁn)gde} dr
t t 0
MRy gL o7 (4.49)
< Clellz- / / E[9,, YT 5 — 9, Y 2d0dr :
t Jo
T 1 \OF
<Clels [ [ BT~ m)Pdodr < el
t
for a constant C only depending on ||7;||sz. Since
T 2 T T
/ E[Agp]dr| < / E|Agp|?dr < Osup/ E|AY — YYenes12qy, (4.50)
t t Yt t
for a constant C independent of (v, 7), we have
T ~
E|A4? <C <A2||§||§2 + sup/ E|AY — y%mﬂ?dr) : (4.51)
Yt Jt
Finally, in view of inequalities (4.41), (4.44), (4.45), (4.51) and (4.40), we have
T
IANY = Y785, < CON?lgl72 + Sup/ IANY = Y78 [ dr),
Yt t
where C only depends on ||7;||sz. Then, using Gronwall’s inequality, we have
ALY — Yremed |2, < CN2|[¢]|72 — 0, as A — 0. (4.52)
O

To show the strongly vertical differentiability of Y"*"* in 1, in view of Definition 2.8,
for any 7 < t and ¢ € L2(F,,R%), consider n,** := n, + A1 7). Similar as the vertical
differentiable case, we firstly need to show the following limit exits in $2([t, T]),

1 -
anry“/t,m,ﬁ = ;LHB — (Y M Yy e, (4.53)

Indeed, 9, Y% is the unique solution of the following BSDE: for s € [t, T},
T
87]7 Y’Ytﬂ?tyf(s) = E[apm (I)(B% 9 ‘CB"“ 9 Bﬁt )é] + / E[apm f((_)’rn’ma ‘C@ﬁt 9 Bﬁt )adr

- S

+ [ 00O Log )y, Y )
ST ) N B ~ o

+ / E[0, f(©7:, Lon , Y1) (0., Y15 & + 0, YT08) (r)]dr  (4.54)
T

+/ 0. f(©7:1, Lon: )0y, ZemS (r)dr

T
— / Oy, Z715 (1) dB(r),
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where 0, Y% solves the following mean-field BSDE

T
Dy, Y18 (5) = E[D,,, ®(B™, Ln., B™)E| + / E[0,, f(OM, Lon, B™)E|dr

T
+ / ayf(e)?f ) [-:@;’t )87]7_ Yy € (T)dr
) (4.55)

T .
+ [ B Loy TN, T E 40, 774) 1))
/ 0. £(©, Loy )y 21 (r dr—/ 8, Z" < (r)dB(r).

According to Assumption (H1), we see that BSDEs (4.55) and (4.54) are well-posed.
Moreover, following a similar argument as in Lemma 4.9, for the Gateaux strong vertical
differentiability, we have

Lemma 4.10. 9, Y is a bounded linear operator from L?(F,, R%) to $2([t, T]). More-

over, 9, Y71:¢ is the Gateaux strong vertical derivative of Y7 at (7,t,7):

1
0y, Y78 = lim (Y70 ¥ _yrm) strongly in $2([t, T]). (4.56)
—

In particular, 9, Y7 (s) is the Gateaux derivative of Y7 (s) at (7,t,7) in the sense
of (2.24).

To give an explicit representation of the vertical derivative Y7*“n () with respect to
Ly, in view of (2.22), we need to find out a measurable random field UveLn (2 Dr g4+
$2([t, T],R), such that for any s > t and & € L%(F;, RY),

y'}’tﬁltv&(s) — E_’[U’Yﬁv[’ﬂt (ﬁt)(s)gL (457)

where (7, ) is an independent copy of (7, £). If (4.57) holds and moreover we show that
Y&t is Fréchet differentiable with respect to 7; in the sense of (2.20) and Remark 2.7,
we have that

Dy Y V0 () := U5 (24), V& € Dp g, (4.58)

is the vertical derivative of Y*“u at £,,. Here and in the following, we write J,, instead
of dz,. In view of (4.28) and (4.57), we formally deduce that (U5 (z,), V5 (24))
solves the following BSDE: for any s € [t, 7],

T
Uvenere(s) = B[O, (B, Lgn, B™)] + / E[0,, f(©):™, Lon , B™)|dr

T S

+ / By F(O1 Lne UM% (r)dr
ST ] ~ ]

i / E[0, (0707, Lope, Y *1Er)0,, Y #Ene (1) dr (4.59)
ST ) B B

+ / E[0, f(©), Lo, Y )T (r)]dr

T T
8. F(O1™, Len V% (r)dr — / VI () dB(r),
S
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where U+ *t solves the associated mean-field BSDE:
T
Ut (s) = £[D,, ®(B™, Lgn, B™)] + / E[0,, f(O1, Lon , B™)]dr
T S
+ / Oy f(OF, Lon: YU (r)dr
ST ] ~ ]
M / E[9, f (O, Loy, Y70E10)0,, Yo (1)]dr (4.60)
ST ) B B
+ / ]E[a,,f(@l“”t,/:@gt L YI\UE ) (1) dr

T T
+/ azf(@;’t,ﬁegz)V”““(r)dr—/ Vet (r)dB(r).

According to Lemma 4.1, we see that mean-field BSDE (4.60) is well posed with
(U Ymere) € §2([t, T], RY) x H2([t, T], R?*?). Then BSDE (4.59) also has a unique
solution (U7e:mexe Vyemeee) € §2([¢ T), RY) x H2([t, T, R?*?). Moreover, according to the
uniqueness of solutions for BSDEs (4.60), we see U"t%t = [J7t:Mt:%t |v:n- Concerning the
regularity of U7t"*t and U™ *t with respect to (v,7,z), we have

Lemma 4.11. For any z,2’,7,7 € Drg4, and 1,7’ € M%, we have

[T — Tt ss < Clle — millse + e — i), (4.61)
|Uenmere — U6t || < Ol — Y4l + Wo Ly, L) + |z — 24)), (4.62)

with C only depending on ||n;||gz + ||7}]s2-

Proof. In the following we omit the subscript ¢ and write (U, V)Y, Z) := (U(r),V(r), Y (r),
Z(r)). Moreover, we only show the proof for (4.61) since (4.62) follows from (4.61) in a
similar way. Set

(AU, AV) = (U — g’ yme —yi'ay

A8, ® := 0, ®(B", Lpn, B") — 8, ®(B" , L., B,

Adyuf = 0y, F(O, Lon, B™) = 0, f(OF, Lo, B™),

e
20,10 := 0, (O], Loy, V1) =0, ] (OF Loy ¥ 5%),
D, [P = 0, 1(O), Lop, Y™) = 0, f(OF, Ly, YT),

Ad(y, 2y f = 0y, f(O], Lan) — a(y,Z)f(@ﬂ/,AC@;,/%
Aawi’/ = 8wt}~/rt’£’ﬂt — abw/}}r;’ﬂﬁg .

Then, (AU, AV) is the unique solution of BSDE
T _ T _ s B
AU(s) = AD,® +/ E[A, f]dr +/ E[8, f(O1, Lon, YTAUdr
. S S -
+ [ @101 LopAU + 0.0} Lop AV~ [ AViB()
T
4 / E[(AG, D)0, 77 + (A9, fOYTT ' dr (4.63)
ST ) ) )
+ / E[0, f(O, Lon, Y551 AD, Y 7] dr

+ / ' (@a, o= + @po.Hv=") ar.
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By Lipschitz continuity of (9(,,,.y.2) f, 0, ®), and boudnedness of 9, . f, we see that

T T
180,01 + || [ Blagfarls + B[ EB(A0L/DE + |20, )dr)
t t

T T
+IE[/ |AD, fdr] + ]E[/ |AD, f|*dr] (4.64)
t t

< Clllme = millz + llwe — 241%).-

Moreover, since 9,Y* 1 U7 Y*Lr Y1 € §2 and V7-*" € H2, from the above estimate
and the Cauchy-Schwartz inequality, we obtain

T
||/ E [(A@,ﬂ“)aﬁw?ﬁ’ + (Aayf@))ﬁﬁ’@’} dr|| 12

T
- o (4.65)
[ (@007 + oV ) drl
< Clne — nillse + e — ).

According to estimates given in Lemma 4.6 and boundedness of 0, f, we check that
T ~ ~ ~
II/ [E[0, f(OF, Lop, YHE) ALY W E|dr| 2 < Cne — ntlls2 + [lwe — 2ill).  (4.66)

Then in view of Lemma 4.1, inequalities (4.64), (4.65) and (4.66), we obtain the desired
inequality (4.61). O

Remark 4.12. Similar to Lemma 4.3, according to estimate (4.62), UeLngse .= [JVMeT
is well-defined.

Concerning the SVD 9, Y1 of Yt:£ne at (7,t, L,), 7 < t, in view of Definition 2.8 and
BSDE (4.54), we deduce that it is the unique solution of the following BSDE: for any
MRS ]DT,d' ES [taT]'

T
Dy, Y1017 (5) = E[D),, ®(B", Lgn:, B™)] + / E[0,, f(©7, Lon, B™)]dr
- S
+/ Oy f(O70M, Lone )0y, Y015 (1) dr

T
+ / E[0, f(©7, Lon, Y )0, Y (r)]dr

T (4.67)
+ / E[0, f(©70™, Lone, YT 0Em)d,, Y- (r)]dr
( T
+ / azf(@;]t’m , E@at )6#7 Z%,nt’mt (T)d’f‘
T
_ / 8/47 yALRIEEA (T)dB(’I“),
S
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where 0, Y"*%t sloves the mean-field BSDE below
~ ~ T ~ ~
O, Y0 (s) = E[auT(I)(Bma Lpn, B +/ E[awf(@?a L@’r’taBIt”dr
/ Oy f(O, Lgn )0, Y ™" (r)dr
+ / E[0, (O, Lon, Y™5m)d,, YL (r)]dr (4.68)
ST ] B B
+ / E[0, f(©7, Lane, Y1)0,, Y% )(r)]dr

/8f ¢ Lo D, 21 (r dr—/ 8,0, 2™ (r)dB(r).

Thanks to Lemma 4.1 again, mean-field BSDE (4.68) has a unique solution (9, Y""*,0,,,
Znewt) € §2 x H2. Then the well-posedness of equation (4.67) follows similarly. Moreover
we have that if 7 = ¢,

aHtY%,”h@t — U’Ymﬂt7$t7 amyﬁtwt — U"]t;a:t’ (469)

and 9, YY" = 9, YY£une| _  Thus the following lemma follows similarly as
Lemma 4.11.

Lemma 4.13. For any z,2’,7,7 € Drg4, and 1,7’ € M%, we have
18y, Y70 — 8, Y52 < Ol — s + [l — 241, (4.70)
18y, Y707t — 0, Yl o < Clly = AUl + WalLgs L)+l — i)y (&7D)

with C only depending on ||7;||sz + ||7}]s2-

Recall that V7€ is the solution of BSDE (4.28) and U7t golves equation (4.59).
The following lemma implies that U7 %n := U7 is the derivative of Y7 *n with
respect to L,,.

Lemma 4.14. For any ¢ € L%(F;, RY), we have
y%,nt,i(s) — E[U%,Ent,ﬁt(s)"]’ (4.72)
where (7, £) is an independent copy of (7, £).

Proof. Substitute 7, for z; in equation (4.60) and multiply the equation by . Then we
take the expectation F on both sides of the relation, and obtain

T
E[Uﬂt,ﬁt (5) } =F [E[am@(B"t’EBnt,Bm)]g} +/ E []E[a#tf(G?,E@?t,Bﬁt)}g} dr

T i ) ) S

+ [ 0,101 Loy ElU™ ™ (r)EJar
ST o ~ ) i

+/ E[E[8, f(OF, Lone, Y T5m)8,,Y " e () €] dr
ST ] B B )

+ / (0, (O™, L , V) E[U (1)) dr

T B B Tﬁ B
+ / 0. (O, Leye)EV™ (1r)Eldr — / B[V (1) dB(r).
(4.73)
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Since random vectors (7,£), (B,Y,U), (B,Y, Z,n) are mutually independent, and (B,
Y b, 9, Y70£") is independent of F;, we have

E [E[aﬂtq)(Bm? ‘CB"t ) Bﬁt)}g} - E[aﬂtq)(Bm ) ‘CBW 5 Bﬁt)é]a
E |:]E[8Mt f((_)?v ‘C‘@Z“ ) Bﬁt )]£:| = E[aut f(@;], ﬁ@ﬁt ) Bﬁf)g]v and
B [BI0, £(O}, Lope, T11)0,, V0 E0x (r)]E] = B0, F(OF, Ly, V74)0r, V0 (1)),

Then identity (4.73) is equivalent to

T
E‘[Uﬂti]t (S)g] :E[aﬂt‘b(Bnt ) ‘CB"’t ) Bﬁf)é} + / E[am f(@?7 [’@2’5 ) Bﬁf)é]d’r

T T
—i—/ ayf(GZ,’,C@gt)E[U’“’ﬁt(r)f}dr—/ E[V:7 (r)€ldB(r)

T
+ / E[0, f(©1, Lon, Y )0, Y Ene (r)€]dr

T ~ ~ o~ — ~ o~

+/ IE[&‘,,f(@Z”“,Eegt,Y”t)E[U””—“ (r)¢])dr
ST i

+ / 0. (O, Lo )E[VI™ (r)E)dr,

and therefore (E[U"(s){], E[V7 (s)£]) satisfies BSDE (4.29). In view of uniqueness
of solutions of BSDE (4.29), we see V"¢ = E[U"(s){]. Then identity (4.72) follows in
a similar way. O

Theorem 4.15. Suppose that (P, f) satisfies Assumption (H1). For any (¢,v,7) € [0,T] X
D74 x ]M2D , Y7+ is Fréchet differentiable with respect to 7, in the sense of (2.20) and
Remark 2.7. Moreover, the Fréchet derivative D,, Y " has the following representation:
for any ¢ € L?(F;, R%),

Dy Y7 (5)(€) = V(s) = E[U £ (5)g, (4.7

where )7+":¢ is the solution of BSDE (4.28) and U™ ¥, x € Dr 4, is the solution of
BSDE (4.59). In particular, U 76:Lne ig the vertical derivative of Y7£n at L,, in the
sense of (2.22) and Remark 2.7.

Proof. According to inequality (4.34) and argument therein, we see that Y7 is a
bounded linear operator from L?(F;, R%) to $2([t, T]). Moreover, in view of Lemma 4.9,
for any ¢ € L?(F;,R%), Y7»"¢ is the Gateaux derivative of Y7+ with respect to 7;.
To show Y7+ is the Fréchet derivative of Y+, it suffices to prove that Y77 is
continuous in 7; € $%([0,1]) as a linear bounded operator from L?(F;) to $3([t, T]). Indeed,
due to the representation (4.72) and estimate (4.62), we have that for any n,n’ € M2,

/ = Fe ( NE BTV LT F 202 - -
[ et — Yrened||Gy = B B[O En M (s)E] — BIUT T (5)E] |1 < ClIENT: 17 — 7S
Thus we have the following estimate and complete our proof

Hy%mw _ y’\/t’n“.||L(L2(}‘t)7S2) S C||77t o 77]2”%2
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For the strong vertical differentiability of Y7 at (r,t,£,), similar as the proof of
Lemma 4.14, we have that for any ¢ € L%(F,, R?),

Oy, Y1018 (5) = B[, Y 1tEn M (s)€]. (4.75)

Moreover, the following proposition implies that 8HTY%£7W' is the SVD of Y7t at
(1,t, En), the proof of which follows from Lemma 4.10, Lemma 4.13 and identity (4.75).

Proposition 4.16. For any (¢,7,7) € [0,7] x Dy 4 x MY and 7 € [0,¢], Y is Fréchet
differentiable with respect to 7, in the sense of (2.23) and Remark 2.9. Moreover, the
Fréchet derivative D,, Y7 has the representation: for any ¢ € L*(F,, R%)

Dy YT ($)(6) = 0y, Y0 A(s) = [, Y ()], (4.76)

where 0, Y 7+m:¢€ is the solution of BSDE (4.54) and Ou. YLt g D7 4, is the solution
of BSDE (4.67).
4.2 Second-order differentiability

In this section, results are written in d = 1 case for simplicity of notations. For the
second order differentiability of Y+, we assume that (9, f) satisfies assumption (H2).

According to Proposition 4.6, Y is strongly vertically differentiable at (¢,7), and
the derivative 9, Y™ at (7,t,7) solves the linear BSDE (4.24). Similarly, in view of
(H2), we see that d,,_ Y™ is strongly vertically differentiable at (7,¢,~), and moreover,
the derivative 837 Y77 is the unique solution of BSDE in the form of (4.1). To apply
Theorem 2.12 on Y7, it remains to study the differentiability of 0, Y7 (x;) = U™t
with respect to z; € Dr 4. Since U""%* is the unique solution of BSDE (4.59), by
formally taking vertical derivative at (¢,x), we obtain the following linear BSDE: for
s € [t,T),
a‘:}t U% 3Tt Tt (S)

T
— B0, 0, B(BY, Logne, B™)] + / E[03,0,, f(©72, Leye, B )]dr

T S

+ / Oy F(O7, L D, U1 (1) dr
éT ] ) ) ~

+ / E[050, f (O, Lone, YT Em),, Y7 Ene (9, Y “+%ne )T (r)]dr
ST ] ] ]

+ / E[0, f(©7, Lo, YT En )92 Y 7t-Ene (r)]dr
ST N B B

+ / E[0, f(©7, Lon , Y )05, UM (r)|dr

T T
+ / 0. f(O70™ | Ly )0, V1% (r)drr — / 0o, VT () dB(r),  (4.77)
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where 0;,U"™ "¢ solves a mean-field linear BSDE
Oz, U™ ()
~ ~ T ~ ~
— Bl05, 0, (B" Lo, B + [ Bl06,0,, (O Lo, B )dr
- S
—i—/ Oy f(OF, Lon: )0, U™ (r)dr
bT ) N ) ]
b [ B0, 1O Loy Y00, Y (0,7 ) () dr (4.78)
T
+ / B[O, (O], Loy, Y *- £ )L, Y * (1)) dr
éT ] B B
+ / E[0, f(©7, Lgne, Y )05, U™ (r)]dr
ST T
+/ O f(OF, Lon: )0, V™ (r)dr — / Oz, V"% (r) dB(r).
Lemma 4.17. There exist unique solutions (9;, U™, 95, V") € $2([t, T]) x H2([t,T])
and (05, UM%t 9, Vrennre) e §P([¢, T]) x HP([t,T]) of equations (4.78) and (4.77), re-

spectively. Moreover, Jg, U™ is the vertical derivative of U7 " at (¢,z), and for
any K > 0and (%77795)a (7/377/’1:/) € IDT,d X Mg X lDT,d such that H Em|||7 |||£’n£|| <K,

||(aa)tU’Yt,7’lt7It’a&)tv"/t;nt@t)nspxﬁp S Cp,
(8, U0 — g, Uv{mi,xiﬁ@ Vet g V%m;’x;)HSPx]HP (4.79)
< Crplllee — il + WaLy,, Log) + e =2,

with some constants C, and Ck ;.

Proof. To show the well-posedness of (4.78), according to Lemma 4.1, it remains to
check the following terms belong to L?(Fr),

T
[B105, 0, (5™ Lane B[, [ [E105,0,. 507 Lo, B ar
t
T ~ ~ ~
/ (B0, /(O Loy, V¥En)22, V<L (1)) |dr,  and
t
T ~ ~ ~ ~
/ ‘E[@g&,f(@;“, ﬁ(—)jzt ’ Yyt L, )awt YTt Loy (awt Yyt L, (r))T]’7
t

which follows easily by the boundedness of (9,0, ®, 02,0,, f, 0. f, 050, f) and Proposi-
tion 4.6. Moreover, we have

102,07 [|s2 + [0,V n2 < Gy,

05, U = 0, U6 Jg2 + 05,V = 0, Vol < Crc (e — izl + e = 7 12)-

Concerning the well-posedness of (4.77), since (9, U™, 95, V1%t) € $2 x H?, we have
T ~ ~ o~ ~ ~
/ (B0, 707" Loge, 77)0, 07 (r)|dr € L7(Fr),
t

and therefore, there exists a unique solution (9g, U7*"™%t 0y, V+M:7t) € §P x HP. In
view of the boundedness of (93,0, ®, 02,04, f, 050, f, 0y f, 0. f) and standard estimate for
BSDESs, we have our desired estimates. O

EJP 29 (2024), paper 90. https://www.imstat.org/ejp
Page 47/55


https://doi.org/10.1214/24-EJP1153
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Path-dependent mean-field PDE

Recall that 9, Y% is the solution of BSDE (4.67). To prove the strong vertical
differentiability of 0, Y%t at (7,t,x), we consider BSDE

05,0y, Y0170 (s)
~ ~ T ~ ~
= ]E[a‘-:)'r aﬂT (b(BfYt ? EBWt ? th )] + / E[a‘:"raﬂ“r f<@;7t7nt ) ‘C@,"«t ? th)]dr
i (
+ / By f(O1 Lan: ), 0, Y V1 (1) dr
ST N ) ) i
+ / (050, f(©7, Lgpe, Ym0 )8, Y *0ne (9, Y0 e (1) ]dr
T 5 3 (4.80)
+ / E[0, f(©7, Lon, Y™ )92 Y=L (r)]dr
ST ] N N
+ / B[0, (07, Lo, V)0 0, ¥ 10 (1) dr
ST
+ / D (O], Lon ), Oy, Z70% (1) dr

T
—/ 05,0, Z70"% (1) dB(r), s € [t,T],

where 0z, 0, Y """t solves the following mean-field linear BSDE
6@7 8HT YT (8)

T
=E[0s,0,,. ®(B™, Lgn, B™)| + / E[0z, 0., f(O, Lone, B**)]dr
T S
4 / 8, £ (O, Loy )D, By Y% (r)dr
T

+ [ B0, 5O Lo T E)05, Y (03, T (1) @.81)

T
+ [ BRI Lo ViR, P (i
ST ] B B
+/ [0, f(©7, Lo, Y ™)z, 0,, Y% (r)]dr
ST T
+/ 0. f(O7, Lont )0z, 0y, Z™ (1 )dr —/ 03,0, 2" (r) dB(r).

Then we have the following lemma via a similar proof of Lemma 4.17.

Lemma 4.18. There exists a unique solution (03 0, Y% 0z 0, Z7"%) of
BSDE (4.80). Moreover, 0,0, Y™ is the SVD of 9, Y™ at (r,t,z), and for
any K > 0,

10z, 0, Y71 0z, 0, 270107 ) |lsp e < Cp,s
(D, 0y Y7005 = 0y, 0 YV B By, 270 — B 0y 27 00

) ) (4.82)
< Crplllee — 2l + WalLy,, L) + [lve = D),
v (’)/,7’],$), (’7/777/"1:/) € IDT,d X M? X ]DT,d such that |||£m‘|‘v ‘Hﬁr;;m S Ka
with some constants C, and Ck .
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5 Appendix

5.1 Proof of Lemma 4.3

We omit the proof of inequality (4.14) since it is similar to that of (4.15) for p = 2. Now
suppose that (4.14) is true, and we show inquality (4.16) first. In what follows, we write
(¥, 2) := (Y™, Z") and notations such as (), Z’) and (P, ®’) are defined in a similar way.
Set (6),6Z2) := (¥ — V', Z — Z’). We see that (§),42) solves the following linearized
BSDE

T , T
3V(s) =&~ @'+ [ (100 Loy) — F(OF Loyldr— [ 32(aB()
8 § (5.1)

= 6P + / ' (aréy(r) +b,6Z(r) + E[é.6)(r)] + §hr)dr - / ' 6Z(r)dB(r),

where
ay = /01 Oy f(BI, YV +0(Y =V, Z,Legn)db,
b == /O1 O.f (B, YV, Z' +0(Z—Z2'),Lgn)db,
= 01 O f(BI, V' 2 Lyn,Lyrigiy-y, Y +0(Y—V'))do, and
Shy = f(BI, V', 2, Ly, L) — f(Bﬁé,y’,Z’,EB:?;,Ej,).
Let

1
F(G);]a Y1, y2) = 8Vf(Bgta yla Zlv EB:." 5 ﬁy’+9(3}—y’)’ U1 + 9y2)d9
0

Then, F is uniformly Lipschitz continuous in (y,y2) in view of Assumption (H0). On the
other hand, since )’, 2’ H2, we deduce that F(@;’, 0,0) € H2, and moreover, we have

1Vllez + 1Y = + [1F(67,0,0) [z < C(1+ [Imellsz + [|mt]ls2)- (5.2)
Then applying estimates of Lemma 4.1 to BSDE (5.1), we have
169132 + 02| < C(I@ = &/|[32 + |3kl )eCIF OOt IZI ). (5.3)
Furthermore, using the Lipschitz continuity of ¢ and f, we have
|® — @'l| 2 + [|6hllgz < Cllne — mtls2, (5.4)

and thus the desired estimate (4.16) in view of inequality (5.3).

Now we show inequalities (4.15). In what follows, we omit the superscript (v, ;) for
simplicity. Without loss of generality, we assume p = 2q, ¢ € Z*. Otherwise, we replace
|Y| with (]Y|? + )2 in the following argument and then take the limit ¢ — 0. Applying
1t6’s formula to |Y'|P on [s,T], we have

1 LN
O

T T
— [ O(BY L) +p / Y ()P~ f(O77, Lo dr — p / Y (1) Z(r)dB(r).

(5.5)
Since ® and f are Lipschitz continuous, we have
T
@(B;t,cB;t),/ F(B,0,0, Lpgne, Ly n)dr € LUFr), Vg > 1.
t
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Then, using standard estimates of BSDEs, we obtain [|Y /s« + || Z||m« < oo. Taking the
expectation on both sides of identity (5.5), we have

T T
E(Y ()P +5plp-1) [ [YP212Pdr] < B(@P)+p [ V()P H(O2 " Loy )dr. (5.6)

S

Applying Young’s inequality to the last integral, we have

T
[ veptsepm copar
S T 1
g/ [IYI’“f(B” 0,0, Lyne,d0)dr + C|Y [P + C|Y [PHE[Y ™ (r)?])2 + C|Y [P~ Z]|d
) c. (T 1 [T
S(Cp+;)/ IYl”dr+z;/ |F(BJ,0,0,Lgne, 80)[Pdr

T C T .
+5C’/ \Y|P*2\Z|2dr+%/ |Y7 ()| ,dr, Ve > 0.

(5.7)
Then by choosing a small enough ¢ such that %p(p — 1) —eC > 0, we obtain
B[y (5 |p+0/ P22 () ]
T
El|0(BY, L )] +C, £ (B2, 0,0, £ o) P + / Y|Pdr] (5.8)
. ] S S
4 [N
Apply Gronwall’s inequality to (5.8), and we obtain
Efj¥ (s |”+C/ PP212(r) r]
. T (5.9)
< CE@(BF Ly )P + [ IF(B,0.0. L d)Par] + [ [77(r) s
Then in view of inequalities (5.7) and (5.5), choosing ¢ sufficiently small, we have
T
Y(IP < [B(BF Ly )P+ Gy [ 17(B,0.0. L 80) P
s (5.10)

+/ Cvpar+ / e [ v zease)

Applying Burkholder-Davis-Gundy inequality to the right hand side of inequality (5.10),
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we obtain

T
El sup |V(5)") < B[|0(BF Lpp)P| + G B [ 1£(B.0.0, Ly b)lPdr
s€[t,T) T t
T

T
—|—C'p]E/ |\Ym(r)\|g2dr+opm/ Y () Pdr
S t

(/T |Y|2p‘2|Z|2dr)%
t

T
<E[|0(BY Lpp)P| + o [ 17(B,0.0.Lpp 00)Pdr
t

+C,F

(5.11)

T T
+CE [ YOI+ CB [y (par
s t

T
beB | sup [V(s)P / VP22 2dr | .
t

1
+ —E
s€[t,T] de

Then in view of (5.9), (4.14) and (5.11), for sufficiently small ¢, we have

E| sup [Y(s)

sEt,T]

IN

T
CyE [|0(B Ly )I?] +c,,E/t |£(BY,0,0, L, 60)[Pdr

(5.12)

T
OB / 1Y ()L dr

Cy (1+ ELB™ 7]+ 1 B™ Ey, + ndI7,)
Cy (1+ BB+ )]+ B [(IBI+ Inel)?] * + Nl )
Cp (1+ Iull” + Nl

IN A

IN

Let f(Y, Z) = f(B},Y,Z,Lgnt, Lyn: (ry). Using a standard argument of BSDEs, we have

T T T
Bl [ 2P <G |[0(B] Lop)l + [ 1F0.0Par+C, [ IIY(T)IIisz]

+C,E | sup [Y(s)|”

s€[t,T]

< Cp(L+[1well® + MimelllIZ,),

and thus (4.15).
It remains to prove (4.17). Note that (§Y,07) := (Y —Y’', Z — Z’) solves the following
linearized BSDE

T T
6Y(s):<1>—<1>’+/ [f(@r,ﬁegt)—f(@;,ﬁ@,r,;)]dr—/ 5Z(r)dB(r)

T T (5.13)
— 50 + / (aréY(r) VB, 8Z(r) + Shy + 6 fr>dr - / §Z(r)dB(r),
where
1
oy = / 8,/ (BI,Y' +0(Y —Y'), Z, Lo, )do,
0
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/ O.f(BY.Y' Z+0(Z—2"),Le,)db, 5Y":=YT YT,
5h7" = f th Y’ Z/v‘cB;”’aEY”t) - f(BZt’Y/7Z/7‘CBgt7‘CY7l{)a and

Ofr = f(BT%,Y/, Zlv‘CBﬁ‘wCyn(,) - f( 77t7yla Z/a‘CB:,QwCyné)'

Using the Lipschitz continuity of f in (y, z) and standard estimate for linear BSDEs (see
e.g. [4]), we have

T » T P
E[ sup 6Y(s)P+ ([ [62()Pas)%] < G, (Blgop + E| [ (@b, +35ar]). G14)
seft,T) t t

Then, in view of estimate (4.16), we have
T T
E|0®[P + ]E|/ Shydr|P + ]E|/ 8 frdrP < Cr(llve = vilIP + Wa(Ly,, Ly)P),  (5.15)
t t
and thus the desired estimate (4.17).

5.2 An extension of [46, Theorem 4.5] without assumption of local Lipschitz
continuity in time

Lemma 5.1. Let non-anticipative functional f : [0,T] x Dz 4 x R x R% — R lie in €2:2:2:2,

Assume that for any ¢ € [0,7] and 7 < ¢, f and all its derivatives are locally Lipschitz

continuous on Dr 4: for ¢(¢, ) = (I1,0,,..,02 ) f(t,-,0,0),

wWr W

|6(t,w) = o(t,w)| < O+ [lwel® + llwp|*) (lwe = will), ¥ (w,o') € D7y, (5.16)

for some constant C' and integer k. Moreover, suppose that the first-order derivatives in
(y, z), as well as their first-order derivatives w.r.t. (w;,y, z) are uniformly bounded. If ®
satisfies (4.23), there is a unique classical solution of the following PPDE

Ayu(t,) + 3Tr [02u(t, )] + f(t, v, u(t, ), Ouu(t,y)) =0,
(5.17)

’LL(T, ’Y) = ®(7T)7 (t7’7) € [07T] X CT,d~

Proof. The uniqueness is a consequence of that of the following non-Markovian BSDE
T T
Y7t (s) = ®(B)) + / f(r, B, Y7 (r), Z7(r))dr — / Z7(r)dB(r). (5.18)
We now sketch the proof of the existence. Set
u(t,y) := Y (). (5.19)
Similar to that of [46, Theorems 3.9 and 3.10], we have u € 4;? and moreover,
u(s, B") =Y"(s), Oyu(s,B")=2"(s), s>t. (5.20)
Then, applying the partial It6 formula (3.26), we have that for any § > 0,
U(t + 6a ’Yt) - U(t, ’Yt)
=u(t+96,v) — E[lu(t + 9, B")] + Elu(t + 6, B™)] — u(t, v¢)

t+5 1 o
=E 7/ 0w, u(t + 6, B)")dB(r) — 5/ Tr[02 u(t + 6, B)")|dr
t t

+ B

t+6
—/t flr, B Y (r), Z7 (r))dr] .

Dividing both sides of the above identity by ¢ and taking § — 0, we complete the proof.
O
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