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SPDEs driven by standard symmetric a-stable
cylindrical Lévy processes: Existence, Lyapunov
functionals and It6 formula
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Abstract

We investigate several aspects of solutions to stochastic evolution equations in Hilbert
spaces driven by a standard symmetric a-stable cylindrical noise. Similarly to cylin-
drical Brownian motion or Gaussian white noise, standard symmetric a-stable noise
exists only in a generalised sense in Hilbert spaces. The main results of this work are
the existence of a mild solution, long-term regularity of the solutions via Lyapunov
functional approach, and an It6 formula for mild solutions to evolution equations under
consideration. The main tools for establishing these results are Yosida approximations
and an It6 formula for Hilbert space-valued semi-martingales where the martingale
part is represented as an integral driven by cylindrical a-stable noise. While these
tools are standard in stochastic analysis, due to the cylindrical nature of our noise,
their application requires completely novel arguments and techniques.
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1 Introduction

Standard symmetric a-stable distributions are the natural generalisations of Gaussian
distributions for modelling random perturbations of finite dimensional dynamical systems.
They often meet various empirical requests, such as heavy tails, self-similarity and
infinite variance, but are at the same time analytically tractable and well-understood.
The importance of these models is reflected by the available vast literature on dynamical
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systems perturbed by random noises with a-stable distributions in various areas such as
economics, biology etc.

In the infinite dimensional setting of modelling random perturbations of partial
differential equations, much fewer results are known for systems perturbed by a-stable
distributions. In fact, only in the random field approach, based on the seminal work
by Walsh, one can find several publications on stochastic partial differential equations
(SPDEs) driven by multiplicative a-stable noise, e.g. Mueller [27], Mytnik [28], and more
recently Chong [7] and Chong et. al. [8]. However, in the semigroup approach, following
the spirit of Da Prato and Zabczyk, one can find several results for equations only with
additive driving noise distributed according to an a-stable law; see e.g. Brzezniak
and Zabczyk [6] and Riedle [34]. The only publication in the semigroup approach
for multiplicative a-stable perturbation is Kosmala and Riedle [22], where however
the assumptions are rather restrictive and do not correspond to the natural Lipschitz
continuity and linear growth conditions. The lack of results in the semigroup approach
is due to the fact that a random noise with a standard symmetric a-stable distribution
does not exist as an ordinary Hilbert space-valued process but only in the generalised
sense of Gel’fand and Vilenkin [13] or Segal [38].

In this work, we investigate several aspects of solutions to equations of the form

dX(t) = (AX(t) + F(X(t)) dt + G(X (¢t—)) dL(¢), (1.1)

where A is the generator of a Cy-semigroup in a separable Hilbert space H, the coeffi-
cients F: H — H and G: H — L2(U, H) are mappings with U being a separable Hilbert
space, and L is a standard symmetric a-stable cylindrical process in U for a € (1,2).

Analogously to the standard normal distribution, standard symmetric a-stable dis-
tributions in R¢ can only be generalised to infinite dimensional spaces as cylindrical
distributions. In particular, this means that the driving noise L in (1.1) exists only in
the generalised sense; see Schwartz [37]. Since such processes do not attain values
in the underlying Hilbert space, standard results for stochastic processes in infinite
dimensional spaces are not applicable. Most notably, complications arise from the
fact that while these processes are cylindrical semi-martingales, see Jakubowski et. al.
[17], they do not enjoy a semi-martingale decomposition in a cylindrical sense, since
semi-martingale decompositions are not invariant under linear transformations, see
Jakubowski and Riedle [18, Re. 2.2]. Nevertheless, the problem of stochastic integration
with respect to cylindrical Lévy processes was solved in Jakubowski and Riedle [18] by
arguments avoiding the usual Lévy-Itdo decomposition. This approach has been further
developed for standard symmetric a-stable cylindrical process by two of us in Bodd
and Riedle [5], which enables us to integrate predictable integrands and to derive a
dominated convergence theorem for stochastic integrals.

This work comprises of 3 main results: the existence of a mild solution to Equa-
tion (1.1), a Lypunov functional approach for long-term regularity for solutions to Equa-
tion (1.1), and an It6 formula for mild solutions to Equation (1.1). The main tools for
establishing these results are an It6 formula for Hilbert space-valued semi-martingales
driven by standard symmetric a-stable cylindrical Lévy noise and a Yosida approximation
of solutions to Equation (1.1). While these tools are standard in stochastic analysis, due
to the cylindrical nature of our noise, their application in our setting requires completely
novel arguments and techniques, which we highlight in the following.

A classical Ito formula for semi-martingales in Hilbert spaces is well known and easy
to derive; see e.g. Metivier [26, Th. 27.2]. However, applying this formula often requires
the identification of the martingale and bounded variation components of the process,
which in the classical situation of a semi-martingale driven by an ordinary Hilbert space-
valued process can easily be obtained via the semi-martingale decomposition of the
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driving process. Since in our case, the driving cylindrical process does not enjoy a semi-
martingale decomposition, one needs to identify the martingale part of the stochastic
integral process by carrying out a deep analysis of its jump structure.

The second major tool in our work is a Yosida approximation, which is an often-
utilised device in the classical situation with an ordinary Hilbert space-valued process as
driving noise; see e.g. Peszat and Zabczyk [31]. Convergence of the Yosida approxima-
tion is established by tightness arguments in the space C([0,T], L (2, H)) of p-th mean
continuous Hilbert space-valued processes for any p < «. It turns out that the space
C([0,T7], LP(§2, H)) is tailor-made for analysing equations driven by a standard symmetric
a-stable cylindrical process. The observation that the solution is continuous in the above
sense, despite having discontinuous paths, lies at the heart of this paper. To the best of
our knowledge, we are the first to use this in the context of SPDEs driven by cylindrical
stable noise.

These two tools, the It6 formula for semi-martingales driven by a standard symmetric
a-stable cylindrical process and convergence of the Yosida approximation, enable us to
establish the 3 main results of our work. For the existence result, we use tightness of
the Yosida approximation to establish existence of a mild solution to Equation (1.1). In
our setting, standard methods for establishing existence of a solution, such as fix point
arguments or Gronwall’s lemma are not applicable, since the integral operator with
a standard symmetric a-stable integrator maps to a larger space than its domain; see
Kosmala and Riedle [22] or Rosinski and Woyczynski [35].

By following the classical approach of Ichikawa in [15], we demonstrate the power
of the established tools by investigating the long-term regularity of the mild solution
to Equation (1.1) via the functional Lyapunov approach. The functional Lyapunov
approach can be used to establish various regularity properties; in this work, we focus on
exponential ultimate boundedness, but other quantitative properties can be investigated
similarly. As the mild solution is not a semi-martingale, the derived It6 formula for
semi-martingales cannot be applied directly. However, we successfully show that the
Yosida approximations are semi-martingales, and thus the It6 formula can be applied to
these, which immediately shows their exponential ultimate boundedness. It remains only
to show that this boundedness property carries over to the limit, for which we establish
convergence of the Markov generators in a suitable sense.

Mild solutions of SPDEs are not semi-martingales, and thus the classical It6 formula
cannot be applied. This lack of a powerful tool is often circumvented by a specific It6
formula for mild solutions of SPDEs. One of the first versions of such an It6 formula for
mild solutions can be found in Ichikawa [15] for the Gaussian case, and more recent
versions in Da Prato et. al. [9] for the Gaussian case and in Alberverio et. al. [1] for
the case of ordinary Lévy processes. In the last part of our work, we derive such an
It6 formula for mild solutions of equation (1.1) driven by a standard symmetric a-stable
cylindrical process.

We outline the structure of the paper. Selected preliminaries on standard symmetric
a-stable cylindrical processes, integration with respect to them and underlying results
on equations as well as the theory of predictable compensators are collected in Section 2.
In Sections 3 and 4, we identify the predictable compensator and quadratic variation
of the integral process. These observations lead us directly to the It6 formula for semi-
martingales driven by a standard symmetric a-stable cylindrical process in Section 5.
In Section 6, we prove existence of a mild solution under Lipschitz and boundedness
conditions in the space of continuous functions, where the main result is formulated in
Theorem 6.6. In Section 7, we establish conditions for exponential ultimate boundedness
in Theorem 7.1. Finally, in Section 8, an It6 formula for mild solutions is proved.
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2 Preliminaries

2.1 Standard symmetric a-stable cylindrical Lévy processes

Let U and H be separable Hilbert spaces with norm ||-|| and scalar product (-,-). By
Bp(r) we denote the closed ball in H with radius 7 > 0 and, in the special case when
r = 1, we write By := By(1). The space of Hilbert-Schmidt operators ®: U — H is
denoted by L»(U, H) and equipped with the norm [|-[| ., 7 sy

Let S be a subset of U. For each n € N, elements uq,...,u,, € S and Borel set
A € B(R™), we define

Cugy .y in; A) == {u e U ({u,ur), ..., (u, un)) € A}.

Such sets are called cylindrical sets with respect to S and the collection of all such
cylindrical sets is denoted by Z(U, S). It is a o-algebra if S is finite and otherwise an
algebra. We write shortly Z(U) for Z(U,U).

A set function p : Z(U) — [0, 00] is called a cylindrical measure on Z(U) if for each
finite subset S C U, the restriction of i to the o-algebra Z(U, S) is a o-additive measure.
A cylindrical measure is said to be a cylindrical probability measure if u(U) = 1.

Let (2, %, P) be a complete probability space. We will denote by L% (0, U) the space
of equivalence classes of measurable functions Y: 2 — U equipped with the topology
of convergence in probability. A cylindrical random variable X in U is a linear and
continuous mapping X : U — L% (2, R). It defines a cylindrical probability measure px
by

px: Z(U) —[0,1], px(Z) = P((Xuy,...,Xuy,) € A),

for cylindrical sets Z = C(uy, ..., un; A). The cylindrical probability measure px is called
the cylindrical distribution of X. We define the characteristic function of the cylindrical
random variable X by

ox: U — C, @X(u):E[eiX“].

LetT: U — H be a linear and continuous operator. By defining
TX:H— L%YQR), (TX)h=X(T*h),

we obtain a cylindrical random variable on H. In the special case when T is a Hilbert-
Schmidt operator and hence 0-Radonifying by [40, Th. VI.5.2], it follows from [40, Pr.
VI.5.3] that the cylindrical random variable T'X is induced by a genuine random variable
Y:Q — H,thatis (TX)h=(Y,h) forall h € H.

A family (L(t) : t > 0) of cylindrical random variables L(t): U — L%(Q, R) is called a
cylindrical (F;)-Lévy process if for each n € N and uy, ..., u,, € U, the stochastic process
((L(t)u1, ..., L(t)u,) : t > 0) is an (F;)-Lévy process in R™ and the filtration (F),,
satisfies the usual conditions. We denote by Z,(U) the collection -

{{u eU: ((u,ur),...,(u,un)) € B} :m € Nyuy,...,u, € U, B € BR™\ {O})}

of cylindrical sets, which forms an algebra of subsets of U. For fixed uy,...,u, € U,
let Ay,,...u, be the Lévy measure of ((L(t)us,...,L(t)u,) : t > 0). Define a function
A: Z.(U) = [0, 00] by

MC) =Xy, (B) for C={ueU: ((u,u1),...,{u,un)) € B},

for B € B(R"). It is shown in [3] that A is well defined. The set function X is called the
cylindrical Lévy measure of L.
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In this paper, we restrict our attention to standard symmetric a-stable cylindrical
Lévy processes for « € (1,2), which we simply call a-stable cylindrical Lévy processes in
the sequel. These are cylindrical Lévy processes with characteristic function ¢y, (u) =
exp(—t ||u||*) for each t > 0 and u € U. Let (ex)ren be an orthonormal basis of U.

The Lévy measure \ of an a-stable cylindrical Lévy process for a € (1, 2) satisfies

(Ao@ ') (By) < call®lF,wmy, @€ La(U,H) (2.1)

for some ¢, € (0,00) depending only on « where FTH denotes the complement of the
unit ball {h € H : ||h]| < 1}; see [22, Le. 1]. This enables us to conclude the following
technical Lemma:

Lemma 2.1. Let A be the cylindrical Lévy measure of an «-stable cylindrical Lévy
process for o € (1,2). For every m € IN there exists d}) < co, depending only on o and m,
such that

Lo geem@n s [ bl (o @) < a7 011, 22)

forall ® € L5(U, H). Moreover, we have lim,, ., d' = 0.

Proof. Let m € N be fixed. We approximate the integrand of the first integral in (2.2) by

m2" —1 . 2
foon: Br(2) SR, fun(h) = 3 ( Z ) 1 e o ().

m2n T2 man
=0

Since A o ®~! is a genuine a-stable measure in H, we have for each » > 0 that
Ao @ V) (By(r) =r (Ao ® ) (By); (2.3)

see [23, Th. 6.2.7]. This enables us to conclude for each n € IN that

/ D) e @7
oo ® S (5) () - () )

=m®2(Ao & 1)(BY) /O1 <m§:1 (;)2 1(;ﬁ7i;;](r)> ar~ @) dr.,

=0

The monotone convergence theorem implies

lim From(h) (Ao ®~1)(dR) = mo—2-—2

n— oo EH(I/m) 2—«

(Ao ® 1) (BY).

Since another application of the monotone convergence theorem shows

lim Frnn(h) ()\ocIfl)(dh):/ [A]> (Ao @) (dh),
7= JB (1 /m) Br(1/m)
we obtain from (2.1) that
B2 (Ao d 1) (dh) = m* 22— (Ao d ) (BS) < mo 22— ¢ D] .
L o T 0 @7)(@0) = me 2 82007 By 75 01

Applying similar arguments for the integrand in the second integral in (2.2) yields

«

/BH(m)C IIh]| (v o @~ 1)(dh) < ml—aﬁca ®N|Z 021y »
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for all @ € L5(U, H), which completes the proof as in (2.2) we can set

dm = (m* 2 4+ m'" e, — 0, m — oo. (2.4)

O

If L is an a-stable cylindrical Lévy process and T': H — U a Hilbert-Schmidt operator,
then the cylindrical random variable T'L(1) is induced by a genuine stable random
variable on U with Lévy measure A o 7~!. This Lévy measure depends continuously on 7'
in the following way:

Lemma 2.2. Let \ be the cylindrical Lévy measure of an a-stable cylindrical Lévy process
for o € (1,2). Then for each r > 0, the mapping ® — Ao <I>—1|§H(T)c is continuous from
L5(U, H) to the space of Borel measures on By (r)¢ equipped with the weak topology.

Proof. If yu is a cylindrical probability measure and (F,),en is a sequence converging to
Fin £5(U, H) then (po F;!),en converges weakly to o F~! according to [5, Le. 2.11.
From this, the assertion follows from [29, Th. 5.5]. O

2.2 Stochastic integration
We briefly recall some facts on stochastic integration with respect to an a-stable

cylindrical Lévy process L as introduced in [5]. A process G: Q x [0,T] — L2(U, H) is
called adapted and simple if it is of the form

N
G =l + > il .1, (2.5)
i=1
where N e N,0 =1ty <t < --- <ty =T and ®, is an F;,_,-measurable and L(U, H)-
valued random variable taking finitely many values. We denote by Sﬂisp the class of all
adapted, simple processes. The integral process fo G dL is defined as the sum of the
Radonified increments

t N
/ GAL =3 @;(L(t; At) — L(ti1 A1), t€[0,T]. (2.6)
0 i=1

Here, ®; (L(ti At) = L(ti—1 A t)) is defined as the H-valued random variable satisfying
(®;(L(t; Nt) — L(ti—1 At)),h) = (L(t; At) — L(ti—y At))(®;h)  forallh € H.

Let S;é(;p denote the class of adapted, simple £(H)-valued processes bounded in the
operator norm by 1 on [0, T]. An arbitrary predictable process G: Q x [0,T] — Lo(U, H)
is stochastically integrable if there exists a sequence of adapted simple processes

(Gp)nen C Sfdsp such that:

(i) (Gn)nen converges to G P ® Leb|(y rj-almost everywhere,

T
/ [(Gp — Gp) dL /\1] =0
0

In this case, [,GdL is defined as the limit of [j G, dL in the topology of uniform
convergence in probability on [0, 7.

It is shown in [5], that a predictable process G is stochastically integrable if and only
it is an element of L% (Q, L¢., ([0, T, £L2(G, H))). It follows from [22, Co. 3] that for every
0 < p < o we have

(ii) lim sup F

m,n— oo 1,0p
FGSadp

t P T p/a
E | sup / GdL ] <epa <]E / IGOIE, wm, dtD , 2.7)
tefo,7] |1J/0 0
EJP 29 (2024), paper 79. https://www.imstat.org/ejp
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for every stochastically integrable predictable process G, where e, , = QL_,,GQ,/ > for some

2.« € (0,00) that depends only on a.

Lemma 2.3. If G is a predictable stochastic process stochastically integrable with
respect to the «a-stable cylindrical Lévy process L for some « € (1,2) then fo GdL is a
local martingale.

Proof. Define the predictable stopping times 7,, = inf {t >0: fot G2y, pry ds > n}

for n € IN. It follows from Proposition 4.22(ii) and Lemma 1.3 in [10] that for each n € IN
there exists a sequence of adapted, simple processes (G, x)ken such that

lim E

k—o0

T
/0 ||G(S)]1[O,T,L](S) - Gn,k(s)HzZ(U,H) ds] =0. (2.8)

Since inequality (2.7) guarantees for each k,n € IN that
1/«

t T
/ Gnk dL‘ H < €la (E / |‘Gn,k(5)||32(U7H) d8‘|> < 09,
0 0

the same arguments as in [33, Th. 1:51] show that the processes fo Gy, dL are mar-
tingales. Equation (2.8) shows that [, G1jo , dL is a limit of martingales in LY(Q, H)
by (2.7), and thus a martingale. Since standard arguments, e.g. [33, Th. 1.12], establish

(/ GdL) :/ Gly.,, dL as., (2.9)
0 0

for the stopped integral process, the proof is completed. O

E[sup

0<t<T

Theorem 2.4 (Stochastic Fubini Theorem). Let L be the standard symmetric a-stable
cylindrical Lévy process for a € (1,2). If G: Q x [0,T)> — L5(U, H) is measurable,
G(t,-) is predictable for every t € [0,T], and fOT foT |Gt $)| 2,y dtds < oo a.s. then it
follows:

(a) G(t,-) is stochastically integrable for every t € [0,T]| and fOT G(-,s)dL(s) is a.s.

Bochner integrable;
(b) G(-,s) is a.s. Bochner integrable for every s € [0,T] and fOT G(t,-) dt is stochastically
integrable;
T T T T
(c) / / G(t,s)dt | dL(s) = / / G(t,s)dL(s) | dt a.s.
0 0 0 0
Proof. The proof is similar as in finite dimensions; see [43]. O

2.3 Random measures and compensators

In this section, we briefly recall some results on random measures and their compen-
sators from [16, Ch. II].

Definition 2.5 (Random measure). A family u = {u(w) : w € Q} is called a random
measure on [0,T] x H if u(w) is a measure on B([0,T]) ® B(H) for each w € Q. It is said
to be an integer-valued random measure if moreover, we have

(i) u({t} x H) <1 forallte|0,T] P-a.s.;

(ii) p takes values in N U {oc} P-a.s.
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We denote by P (resp. O) the predictable (resp. optional) o-algebra on € x [0, T x H
and call a function W : Q x [0,T] x H — R predictable (resp. optional) if it is P (resp.
(7)) measurable.

If 11 is a random measure and W is optional we define

(/ t / W (s, ) (. d) ) ()

jofH W(w, s, h) p(w)(ds,dh), lffofH\sth)“L( w)(ds,dh) < o0
0, otherwise.

A random measure p is called predictable (resp. optional) if (f(;f Sy W (s, h) u(ds,dh) : t e
[0,T) is predictable (resp. optional) for every predictable (resp. optional) function .
An optional random measure p is called o-finite if there exists a sequence (A,,)en C P
with [J>, A, = Q x [0,7] x H, such that E { I 1A, (s,h) u(ds,dh)} < o for each
n € IN.

For each o-finite, optional measure p on [0,7] x H there exists a predictable random
measure v on 5([0,7]) ® B(H) such that

[//W” ds‘“‘} [//Wsh dsdh)] (2.10)

for all t € [0,7], and any non-negative predictable function W. The measure v is deter-
mined uniquely up to a set of probability zero by (2.10) and is called the compensator of
u; see [16, th. I1.1.8].

If Y is an H-valued, adapted cadlag process then the integer-valued random measure
pY characterised by

pY((0,8]x B)= Y 1p(AY(s)), t€(0,T],B€B(H),0¢ B,
0<s<t

where AY (s) := Y (s) — limp\ 04 Y (s — h) for s € [0, 7], is an optional and o-finite random
measure on B([0,T]) ® B(H). Thus, its compensator exists which we denote by v/ .

Example 2.6. Let L be a genuine H-valued Lévy process with Lévy measure . Then
the compensator v of the jump measure ;” is given as the extension of u’((s,t] x B) =
(t—s)A(B),0<s<t<T,BeB(H)toB(0,T]) ® B(H).

In the sequel, we will make use of another characterisation of compensators of
jump-measures. We denote by C*(H) the class of non-negative, continuous functions
k : H — R bounded on H and vanishing inside a neighbourhood of 0.

Proposition 2.7. The compensator v¥ of the jump-measure ;¥ of an H-valued cadlag
semimartingale Y is characterised by being predictable and satisfying either of the
following:

(i) The process

<// Y (ds, dh) // Y (ds, dh) : [O,T])

is a local martingale for every k € C*(H).
(ii) If W is predictable and the process

</ / W(s, h) i (ds, dh) : [O,T}) 2.11)

EJP 29 (2024), paper 79. https://www.imstat.org/ejp
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is locally integrable, then so is

(/Ot/HW(S, h)vY(ds,dh): te [O,T])

</0t/HW(s’h)“Y(ds’dh)_/()tAIW(S7h)VY(ds7dh); ‘e [0,T]>

is a local martingale.

and

Proof. The equivalence between (i) and (ii) follows by the same argument as in the proof
of [16, Th. I1.2.21.]. The fact that (ii) is an equivalent definition of the compensator is
proved in [16, Th. II.1.8.]. O

Proposition 2.7 justifies the following standard notation: if W is predictable and
(2.11) is locally integrable, we define the following local martingale

/Ot/HW(s,h) (n¥ —vY)(ds,dh) := ./Ot/HW(s,h)pY(ds,dh)/Ot/HW(s,h) vY (ds, dh)

for each t € [0,T7].

3 Predictable compensator

For an a-stable cylindrical Lévy process L for some « € (1,2) and a stochastically
integrable predictable process GG, we define the integral process X = fo GdL and

v ((0,t] x B) := /Ot (AoG(s)™")(B)ds foreachte (0,T],B € B(H) with 0 ¢ B.
(3.1)

The main result of this section is that v extends to a random measure on B([0,7]) @ B(H)
and that the extension is the predictable compensator of the jump measure of X. We
will derive this result by a couple of Lemmata.

Lemma 3.1. The set function v defined in (3.1) is well defined and extends to a pre-
dictable random measure on B([0,T]) ® B(H). This extension is unique among the class
of o-finite random measures on B([0,T]) ® B(H) that assign 0 mass to the origin.

Proof. Step 1: We show that for all open sets B C H with 0 ¢ B the process
[:OQx[0,T) >R, f(w,t)=AoG(w,t)"")(B)

is predictable. Since the function h: L2(U, H) — R defined by h(®) = (Ao ®~1)(B) is
lower semicontinuous by Lemma 2.2 and the Portmonteau Theorem as the set B assumed
to be open, h is measurable. Since G: Q x [0,T] — L2(U, H) is predictable, it follows that
f = h oG is predictable.

Step 2: We show that f is predictable for all B € B(H \ {0}), which will immediately
imply that (3.1) is almost surely well defined and predictable as it is then just an integral
of a non-negative predictable process. We define

D={BeB(H\{0}): AoG(,)"(B) is predictable},

and claim that D is a A-system. Continuity of measures implies that H \ {0} € D since,
forall ¢ € (0,7] and w € 2, we have

(Ao Glw,t)™") (H\{0}) = lim (Ao G(w,t)™") (Bu (1/n)%),
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where the right hand side is the limit of processes that are predictable by Step 1. If
B € D then B¢ € D since

(Ao G(w,t) ™) (B) = (Ao G(w,t) ") (H\{0}) — (Ao G(w, 1)) (B).

The collection D is closed under union of increasing sequences, which follows as above
from continuity of measures and predictability of the pointwise limit. This concludes the
proof of the claim that D is a A-system.

We define the 7-system.

Z={BeB(H\{0}): B is open}.
The family Z is contained in D, since for each B € D we have

-1 o —1 7 c
(Ao G(w, t)™") (B) = nh_}rr;o (Ao G(w,t)™") (BN B (1/n)°),

and the right-hand side is predictable by Step 1. The Dynkin 7-)\ theorem for sets, see

e.g. [19, Th. 1.1] implies ¢(Z) C D, and thus D = B(H \ {0}).

Step 3: Let w € Q be such that fOT |G (w, $)|I2, sy ds < oo. Equation (3.1) defines the

set function v(w) on the semi-ring

S={(0,] x B:te[0,T] and B € B(H \ {0})}.

The set function v(w) is o-additive by its very definition and o-finite, since for n € IN we
have by (2.1) and (2.3) that

v(w) ((O,T] x B (1/n)) _/T (Ao Glw,s)™Y) (Egu/n)) ds

0

T —c
:na/ (Ao G(w,s)™) (BH> ds
0
T
<ne CQA 1Gw, 812, (0.0 ds < 0.

Carathéodory’s extension theorem, see e.g. [19, Th. 2.5], implies that the set function
v(w) extends uniquely to a measure on B([0,7]) ® B(H \ {0}) which we also denote by
v(w).

Step 4: It remains to show that v is predictable. Applying the monotone class
theorem as above shows that the process [, (Ao G(s)™!) (B) ds is predictable for each
B e B(H \ {0}). Since

/0 1wy ()14 (Ao G(u) ™) (B)du = /0 (Mo (L@ LaG(w) ) (B)du,

it follows that the process [ [,; W (u, h)#(du,dh)(-) is predictable for all functions W =
Isylalp with 0 < s <t < T, Aec F,and B € B(H \ {0}). An application of the
functional monotone class theorem (follows e.g. from [42, Th. 3.14]) extends this result
to all predictable processes W on 2 x [0, T x H, which shows predictability of the random
measure v on B([0,7]) ® B(H \ {0}). Defining v((s,t] x {0}) :=0forany0 < s <t < T
extends v to a predictable random measure on B([0,7]) ® B(H). O

To show that the random measure v characterised by (3.1) is the compensator of
the jump-measure ;X of the integral process X, we first consider the case when the
integrand is an adapted, simple process.

EJP 29 (2024), paper 79. https://www.imstat.org/ejp
Page 10/41


https://doi.org/10.1214/24-EJP1136
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

SPDEs driven by standard symmetric a-stable cylindrical Lévy processes

Lemma 3.2. Suppose that GG is an adapted, simple process in Sgisp. Then the random
measure v obtained in Lemma 3.1 is the predictable compensator of X .

Proof. Since Lemma 3.1 guarantees that v is predictable, it remains to show (2.10),
which by the functional monotone class theorem, e.g. [42, Th. 3.14], reduces to proving

E |14 Y 1p(AX(u)| =E {L,/t (Ao G(u)™") (B) du

s<u<t

forany0 < s <t<T, Ac F,and B € B(H) with 0 ¢ B. Let G be of the form (2.5), and
assume that the points of the partition contain s and ¢; otherwise these can be added.
Then X takes the form (2.6), and it follows

N
Ia Y 1p(AX(u) =14 > 15(AG(t;)L(uw))

s<u<t i=1 s<t;_1<u<t; <t

N
=14 > 15(A®;L(u)).

i=1 s<t; 1 <u<t;<t

For each ¢ € {1,..., N}, the random variable ®, is of the form ®; = ij:1 L4, ,¢:,; for
some pairwise disjoint sets A; ; € F;, , and ¢, ; € Lo(U, H) for j € {1,...,m;}. Since
0 ¢ B, we have

m;

E|1s Y 1pA%LwW)| =Y E |Lina, . 1s(Aei;L(w)
ti—1<u<t; j=1 ti—1<u<t;

m;

= Z(tz —ti-)E [1ana,, (Ao ¢; ) (B)]
j=1
=(t; —ti,)E [14 (Ao @) (B)],

because AN A, ; € F;,_, and the compensator of the jump measure of the Lévy process
¢; ;L in H is given by (X o ¢;}) dh dt since its Lévy measure is (Ao ¢;j1), see Example 2.6.
O

Before we show that the result of Lemma 3.2 can be extended to general integrands,
we need to prove some technical Lemmata. Recall the class of functions C*(H) used in
Proposition 2.7 (and defined just before) to determine the compensator.

Lemma 3.3. Let (f,)nen be a sequence of cadlag functions f,: [0,T] — H converging
uniformly to f: [0,T] — H. Then we have for any k € C*(H) that

lim sup | Y k(Afa(s) = Y k(Af(s))|=0. (3.2)

n—oo
te[0,T] |g< o<t 0<s<t

Proof. Both sums in (3.2) are finite by the cadlag property of f, f,, and since k£ vanishes
inside a neighbourhood of 0. The assumed uniform convergence implies

lim sup [|[Afu(t) = Af(t)[| = 0. (3.3)

n=00 t[0,T)
Denoting supp(k) := {h € H : k(h) # 0} and § := }dist(0,supp(k)), we obtain that
supp(k)s := {h € H,dist(h,supp(k)) < 0}, is bounded away from zero, i.e. 0 ¢ supp(k)s.
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It follows that the set D := {t € [0,T] : Af(t) € supp(k)s} is finite, which together with
continuity of k£ and (3.3) implies

lim sup [k(Afa(t)) — k(Af(2))] = 0. (3.4)

n—oo teD

Since (3.3) guarantees that there exists ny € IN such that we have Af,(¢) ¢ supp(k) for
alln >ngand ¢t € [0,7] \ D, we conclude from (3.4) for n > ng that

sup Z (Afn(s Z E(Af(s))| = sup Z E(Afn(s)) — Z E(Af(s))
te[0.T] |o<s<t 0<s<t t€l0.T] | se Do, ¢] seDN[0,1]

I sup [K(A (1)) ~ H(AF(B)] = 0. = oc.

The proof is complete. O

Lemma 3.4. Let g,,,g9 € L{,, ([0,T],L2(U, H)), n € IN, be such that g,, converges to g in
L¢ (10,77, L2(U, H)) and pointwise for almost every s € [0,T]. Then we obtain for each

k € CT(H) that
//k (Ao gn(s dhds—//k; (Nog(s)™ 1)dhds =0.

Proof. Lemma 2.2 implies for almost each s € [0,7] and every n € IN that

lim sup
N0 (0,7

lim k(h) ()\ogn(s)_1> dh = /Hk(h) ()\og(s)_l) dh.

n—0o0 H

Since k is bounded and vanishes in a neighbourhood of 0, we conclude from inequal-
ity (2.1)

/H k() (N0 gn(s)™1) dh < cha llgn (%0

for a constant ¢, ,, independent of s € [0,7] and n € IN. Since for each ¢ € [0, 7] we have

t t
T [ Nl s = [ la(6)1E, 0 s

the generalised Lebesgue’s dominated convergence theorem, see e.g. [36, Th. 4.19],

implies
73320// (Ao gn(s dhds—// (Aog(s)™!) dhds.

As the functions
t|—>//k /\Ogn )1)dhds

are continuous monotone and converge pointwise to a continuous limit on [0, 7], the
convergence is uniform by [32, p. 81/127] (or deuxieme théoréme de Dini). O

Now we can prove the main result of this section.

Theorem 3.5. Let L be an «a-stable cylindrical Lévy process L for some « € (1,2) and G
a stochastically integrable predictable process. Then the predictable compensator v~ of
the jump measure X of X := fo GdL is characterised by (3.1).
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Proof. In light of Proposition 2.7, it suffices to show that the process M* defined by

( // " (ds, dn) // ) (Ao Gls)” )dhds,te[o,T]),

is a local martingale for any ¥ € CT(H). Lemma 4.3 in [5] guarantees that there
exists a sequence (G,,).ecn of adapted, simple processes in Sgii converging both in
L§,([0,T], L2 (U, H)) a.s. and P @ Leb|jg ) — a.e. to G. Letting X,, := [ G,dL and
denoting the jump-measure of X,, by u*~, we define for each k € C*(H) and n € N a

process M by

(M,’j(t) = /Ot/Hk:(h)uX"(d&dh)—/Ot/Hk(h) (Ao Gp(s)™!) dhds, t € [O,T]).

Proposition 2.7 and Lemma 3.2 imply that MF is a local martingale for all n € IN. Since
for each n € IN and ¢ € [0, 7] we have that X~ ({t} x H) < 1 almost surely, it follows that

o ([ [ scsanan)| < i os.

which shows | AME(t)|| < ||k, a.s. forall n € IN.
Almost sure uniform convergence of X,, and Lemma 3.3 guarantee that there exists
an Q; C Q with P(Q;) = 1 such that, for all w € Q4, we have

// 1 X @) (dh, ds) // pX @ (dh, ds)

In the same way, by convergence of G,, both in L{  ([0,T], L2(U, H)) a.s. and P ®
Leb|jo,7) — a.e. and Lemma 3.4 there exists an Q0 C Q with P(£2;) = 1 such that, for all
w € €9, we have

/Ot/Hk(h) (Ao Gplw,s)™) dhds—/ot/Hk(h) (Ao G(w,s)7") dhds

Equations (3.5) and (3.6) show that ij converges uniformly to M k almost surely. As the
jumps of M} are a.s. uniformly bounded by ||k||, we conclude from [16, Co. IX.1.19]
that M* is a local martingale and the proof is complete. O

lim sup =0. (3.5)

n=00 +€[0,T]

lim sup =0.

n—oo te [O,T]

(3.6)

4 Quadratic variation of the integral process

The quadratic covariation of two real-valued cadlag semimartingales V; and V5
starting from zero is the process [V, V3] defined by

Vi, Val () := Va(t)Va(t) — / Va(s—) dVa(s) - / Va(s—)dVi(s), t € [0,T].

When V :=V; = V,, we call the process [V] := [V, V] the quadratic variation of V. The
continuous part of [V] is defined by

VI°(t) =[V](t)— Y (AV(s))® foreachte [0,T]. (4.1)

0<s<t

If [V]° = 0 we say that V is purely discontinuous; see e.g. [33, Se. I1.6].
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The concept of quadratic variation is generalised for a cadlag semimartingale Z
with values in the separable Hilbert space H in [26, Se. 26]. Let (f;);en denote an
orthonormal basis of H. There exists a unique stochastic process [[Z]] with values in the
Hilbert-Schmidt tensor product of H satisfying

<HZH i ® fj> = [Zi, Zj] forall i, j € IN,

where ® denotes the tensor product and Z;(t) = (Z(¢), f;) for ¢t € [0,T] are the projection
processes of Z; see [26, Se. 21.2] for brief introduction. The process [[Z]] does not
depend on the choice of the orthonormal basis (f;);cw. The process [[Z]] is called the
tensor quadratic variation of Z and its continuous part [[Z]]° is defined by

(1217 @), fio f) = (2] @), fio f;) = Y A(Z'(5)Z7(s)) forallt € [0,T],i,j € N.

0<s<t

We say that Z is purely discontinuous if [[Z]]° = 0.

Proposition 4.1. Let L be an a-stable cylindrical Lévy process for some « € (1,2) and G
a stochastically integrable predictable process with values in Lo(U, H). Then the integral
process X := fo G dL is purely discontinuous.

Proof. We proceed in three steps.

Step 1: Assume H = R and U = R¢ for some d € N. In this case, L is a U-valued
standard symmetric a-stable Lévy process, and therefore purely discontinuous; see e.g.
[33, p. 71]. Pure discontinuity is preserved also for the integral process; see e.g. [16, Se.
IX.5.5a] or [33, Th. II.29].

Step 2: Assume H = R, but without any further restrictions on U. In that case, by the
identification U ~ £5(U, R), the integrand G is a U-valued process satisfying

T
/ [|G#)||*dt < 0o a.s. (4.2)
0

Fix an orthonormal basis (f;)ren in U and define for each n € IN the projection

n

Tp: U_>U7 Wn(u):Z<uafk>fk
k=1
Since the projection 7, is a Hilbert-Schmidt operator, there exists a U-valued Lévy pro-
cess L,, with the property (L,,u) = L(n}u) for all u € U. We define the approximations

X, ::/ GdL,, neN.
0

Since L,, attains values in a finite-dimensional subspace and is a symmetric a-stable
process by [34, Le. 2.4], it follows that X, is purely discontinuous by Step 1.

Let M be a real-valued, continuous martingale and define for k£ € IN the stopping
times

t
TR = inf{t >0: / [|G(s)]|* ds > k} Ainf{t >0:|M(t)| >k} AT.
0
It follows that 7, — T as k£ — oo by (4.2). Since X,, is purely discontinuous, it follows

from [16, Le. 1.4.14] that (X,,M)™ is a local martingale for each k, n € IN. Since applying
inequality (2.7) and equality (2.9) shows
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Th
< kE {/ NGz, ds} < k? < o0,
0

we obtain that (X,,M)™ is a martingale by [33, Th. I:511].

Noting fo GdL, = fo Gr, dL, inequality (2.7) and equality (2.9) establish for each
t > 0 that

E [[(X,M — XM)™ ()] < kE H/Ot 1jo.r G — 1) dLH

< el,ak (E

It follows that the process (X M)™ as a limit of martingales is itself a martingale. Since
X is a local martingale according to Lemma 2.3 and M is an arbitrary real-valued
continuous martingale, it follows from [16, Le. 1.4.14] that X is purely discontinuous.
Step 3: For the general case, we fix an orthonormal basis (e¢;);cn in H and choose
any 4,j € IN. Since (X (t),¢;) = fot G*e; dL for every t > 0, the polarisation formula for
real-valued covariation shows

([X]], e @ e5) = [/ G*ezdL/G*eJdL}

([ v s o]

Linearity of the integral and binomial formula enable us to conclude

o<ZS:<tA<X(S)’ei><X(S)’€J‘>
<s< Z A (/ G*ezdL> (/ e, dL)
O;SS; <A </OS o +€j)dL)2 -8 (/05 Grei dL>2 —-Aa (/OS Gre; dL)2> :

The very definition (4.1) of the continuous part leads us to

T 1/«
/0 1G(3) (T = DII%, 010 dsD 50 asn— oo

(IX]° ei@e;) = (X, ei@e;) = Y A(X X(s),5)

0<s<t

o] ][]

Since Step 2 guarantees that the processes [; G*(e; +¢;) dL, [, G*e;dL and [; G*e; dL
are purely discontinuous, it follows that ([[X]]°,e; ® e;) = 0 for all 4,5 € IN which
completes the proof. O

5 Strong Ité formula

In this section, we establish an It6 formula for processes that are given by a differen-
tial driven by a standard symmetric a-stable cylindrical Lévy process L for a € (1,2) and
are of the form

dX(t) = F(t)dt + G(¢)dL(t) fort € [0,T], (5.1)
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where F': Q x [0,T] — H, G: Q x [0,T] — L2(U, H) are predictable and satisfy

T
| IFO1+ IGO0 e < 0 as. (5.2)

We denote by Cf(H ) the space of continuous functions f: H — R having bounded first
and second Fréchet derivatives, which are denoted by Df and D?f, respectively.

Theorem 5.1. Let X be a stochastic process of the form (5.1). It follows for each
f €C:(H) andt € [0,T] that

t

fFX(#) = f(X(0)) + /<Df(X(S*)),F(S)>dS+/ (G(s)"Df(X(s—)),-) dL(s) + M;(t)

0

/ [ (#XG=)+ ) = F(X(52) = (DFX(=).)) (Ao Gl ™) (dg) s,
where My := (My(t) : ¢ € [0,T)) is a local martingale defined by
/ / T R) = F(X(5)) — (DF(X(s-)), 1)) (1 — 1) (ds, dh).

Lemma 5.2. Let A\ be the cylindrical Lévy measure of an «-stable cylindrical Lévy
process for a € (1,2). Then we have for each f € C}(H), h € H, and ® € L»(U, H) that

_ 1 o
[ 1t =a0- (050 (v 0 tag) < b (200111 + 5 101 ) 1002y
where d., is a constant depending only on « as defined in Inequality (2.2).

Proof. Taylor’s remainder theorem in the integral form, see [2, Th. 5.8], and Inequal-
ity (2.2) imply

/E £(h+g) — F(h) — (Df(h).g)| (Ao @) (dg)
=/, /(DQf(th@g)g,g)(l—@)d@’ (Ao@™) (dg)
By 0
1
<ol [ ([t a-0a0) (ea ) )

= 51Dl [ ol (vo o) (ao)

1 a
< dii 1D f|. 1Pz, 0y - (5.3)

Similarly, Taylor’s remainder theorem in the integral form and Inequality 2.2 show

Lt g) = sl (o) (ag) = [
By BY

/O (DF(h + Hg),g)dﬁ‘ (Ao d) (dg)

<Upsl (/lngn 1) (o @) dg)

< dL||IDf]|o ||(I)||£2 (U,H) (5.4)

Another application of Inequality 2.2 shows

[ 1osm.0l (e o) @g) < 1071 [ 1lall (o2 (d)
B, B

H

< de [IDfll o @2, 0,y - (5.5)
Combining inequalities (5.3) to (5.5) completes the proof. O
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Proof of Theorem 5.1. The stochastic process X given by (5.1) is purely discontinuous
as it is the sum of a finite-variation process and a purely discontinuous process according
to Proposition 4.1. The It6 formula in [26, Th. 27.2] takes for all ¢ € [0, T the form

aF(X (1) = (DF(X(t=), ) dX (1)
+ [ (X + 1) = FX(0=) = (DFX (). 1) i (@t dh). (5.6)
One can show by approximating with simple integrands that
(DF(X(t-)), ) dX () = (DF(X (=), F(0) dt + (G()" DF(X (t-),-) dL (D),

where both integrals are well defined since (5.2) guarantees
T
| PSR PO+ G DI =) ) iy

T T
<|IDfll / |F()] dt + 1D SIS, / |G 1%, @ dt < oo as.

The definition of the compensator X and Lemma 5.2 imply

E

T
/0 /H F(X(5—) + h) — F(X(s-)) — (DF(X(5-)), h)| uX(ds,dm]

=k

T
/0 /H F(X(5—) + h) — F(X(s-)) — (DF(X(5-)), h)| uX<ds,dh>]

1
<di (2107l + 3110211 ) B

T
/0 IGN2 wm ds] . (5.7)

The stopping times 7, := inf {t >0: fot ||G(5)||22(U,H) ds > n} AT satisfy 7, — T as
n — oo by (5.2). Since inequality (5.7) guarantees for all n € IN that

. /OM" /H|f(X(s—)+h)—f(X(S—))_<Df(X(5_))7h>|NX(d5’dh)} < o0,

Proposition 2.7 shows that My is a local martingale. This concludes the proof, since the
claimed formula is just a different form of (5.6). O

6 Mild solutions for stochastic evolution equations

We recall that U and H are separable Hilbert spaces with norms |-|| and L is a
standard symmetric a-stable cylindrical (F;)-Lévy process in U with « € (1,2). In this
section we consider the mild solution of the stochastic evolution equation:

dX(t) = (AX(t) + F(X(t))) dt + G(X(t—))dL(t)  fort € [0,T],
X(0) = o, (6.1)
where A is a generator of a Cp-semigroup (S(t)),5, in H, 7o is an Fp-measurable H-

valued random variable, F': H — H and G: H — L5(U, H) are measurable mappings
and T > 0.

Definition 6.1. An H-valued predictable process X is a mild solution to (6.1) if

X(t) =S({t)xo + /Ot S(t—s)F(X(s))ds+ /Ot S(t—s)G(X(s—))dL(s) foreveryt e [0,T).
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We work under the following assumptions:

(A1) The Cy-semigroup (S()),>, is compact, analytic and a semigroup of contractions
and 0 is an element of the resolvent set of A.
(A2) The mapping F' is Lipschitz and bounded, i.e. there exists Kr € (0,00) such that

[F(h1) — F(h2)|| < Kp [[ha = hall,  [F(h)[| < KF (6.2)

for every hy,ho,h € H.
(A3) The mapping G is Lipschitz and bounded, i.e. there exists K¢ € (0, 00) such that

1G(h1) = G(ha)ll gy vy < Kl = hell, NG,y < K (6.3)

for every hq,ho,h € H.
(A4) The initial condition z has finite p-th moment for every p < a.

Remark 6.2. We shall use the notation D° := Dom((—A)?) for the domain of the frac-
tional generator (—A)° for § € [0,1], and equip D° with the norm |[|h||; := ||(—A)°h||. It
follows from Assumption (A1) that the embedding of Hilbert spaces D? < D is dense
and compact for every 0 < v < § < 1, cf. [4, Cor. 3.8.2].

Remark 6.3. Assumption (Al) implies, cf. [21, p. 289], that for every § > 0 there exists
a ¢; € (0,00) depending only on § such that
1Sl z(mr,psy < cst™®  for every t > 0. (6.4)

Remark 6.4. By considering the cases ||h; — h2|| < 1 and ||h; — hz|| > 1 separately, we
conclude from Assumptions (A2) and (A3) that there exist Kr, K¢ € (0, 00) such that for
any (3 € (0,1) we have

|F(h1) — F(ho)|| < Kp |y — hol|”,  |F(R)] < Kp, (6.5)
and
G (h1) = G(ha)ll gy oy < K lha = hall”, G0l g0y < K, (6.6)

for every hy, ho,h € H.

Example 6.5. The most important example of Equation (6.1) is a non-linear heat equa-
tion. For this purpose, the generator A is chosen as the Laplace operator A and
H = L*(O) for a bounded domain O C R? with smooth boundaries. Then the semigroup
generated by A satisfies Condition (A1) above.

Simple examples of the coefficients F' and G meeting Conditions (A2) and (A3) are
provided by some diagonal operators along an arbitrary orthonormal basis (e )ien of H.
Let g: H — U be functions satisfying that for each k£ € IN there exits ¢, > 0 with

lgr(h1) — gr(h2)|| < ci[lhy = holl, llgr(h) < e forevery hy, ho,h € H.

Assuming square-summability of (cx)rew enables us to define

o0
G(h)u = Z(gk(h),wek forallh € Hyu e U.
k=1
Since for all h € H we have
[G(h ||z:2 U,H) Z gk (R)[I”,

Condition (A3) is satisfied. This and other examples are extensively studied in [24].
In a similar way, an example for F' can be constructed. Other possible examples for
the coefficients F' and G are Nemytskii or superposition operators.
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The first main theorem of this article is the following existence result, which also
includes properties on the path regularity of the solution.

Theorem 6.6. Under the assumptions (A1)-(A4), there exists a mild solution X to (6.1).
The mild solution X is an element of C([0,T], L? (2, H)) for every p < « and has cadlag
paths in H.

We will obtain the solution to (6.1) by using the Yosida approximations. For this
purpose, we define R, = n (nl — Af1 for n € IN and denote by X, the mild solution to

X (1) = (AX, () + RuF(Xa (1)) dt + RuG(Xo(t=)) dL(2),
X,(0) = Ryxo. (6.7)

Before we establish existence of a mild solution to (6.7) we remark the following:
Remark 6.7. We recall that under Assumption (A1) we have for all § € [0, 1] that

[Bnllzpsy <1, neN.

This follows from the fact, that if an operator commutes with A then it commutes with
A7, see e.g. [14, Pr. 3.1.1], which enables us to conclude for every n € IN that

1Boll ooy = sup ln(n— A)H(=A)"h|| < sup [In(n— A)7 | = | Rl oy -
I A)yrhli<1 <1

Since (5(t))¢>0 is a contraction semigroup, Theorem 1.3.1 in [30] guarantees || Ry || ;) <
1foralln € IN.

Existence of the mild solution X,, to (6.7) is guaranteed by the following result, which
is based on [22, Th. 12].

Lemma 6.8. Under the Assumptions (A1), (A2) and (A3), there exists a mild solution
to (6.7) with cadlag paths.

Proof. We need to verify the 3 conditions in [22, Th. 12] which we denote by (B1), (B2)
and (B3) in the following.

Contractivity of the semigroup and the fact that zero is in the resolvent set of the
generator A is assumed directly. To show compactness of the embedding D' C H, we
observe that

{heD':||n]l, <1} = {he D' : || Ah| < 1}

={(-A)"'h:h € Hand ||Ah|| <1}

C{(-A) " he H |hl <[|(-A4)7"}
As (—A)*1 is a compact operator on H according to [30, Co. 2.3.5], the set in the last
line is compact in H, establishing compactness of the embedding D' C H. Finally, by
the analyticity of the semigroup we have by [30, Th. 2.5.2] that there exists & € (0, §)
such that {\ € C: |arg \| < § + @} is contained in the resolvent set of A and thus

{-2eC:larg)| < T +@}={Ae€C:w< |arg\| < 7}

with w = g — @& is contained in the resolvent set of —A and Condition (B1) is shown.

To verify Condition (B2), we conclude from contractivity of S and (A2), using similar
arguments as in Remark 6.7, that, foranyn € IN, § € (0,1], t > 0 and h € H, we have

ISR E(R)lls < NSOl z(psy 1Rall oz, psy IF R < 1Rull 21, p5) K-
Similarly, by using (A3), we obtain

1SRG (W)l 2,005y < NSOl 205y 1Bl .05y 1G22y < Bl 222,05y Kes
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which verifies (B2).
By very similar arguments, we obtain, forany n € IN, 6 € (0,1], t > 0 and hy, ho € H, that

IS@) B (F(hy) — F(h2))lls < 1 Bull 2osr,psy Kr 1ha = hall,

1S(t) B (G(h1) = G(h2))ll 2,0, oy < 1 Bnlloom,poy K llha — ha|l
establishing (B3) and completing the proof. O
The solution to (6.1) will be constructed as a limit of X,, in C([0, T}, LP(2, H)) for an

arbitrary but fixed p < «. In the first three Lemmata, we establish relative compactness
of the Yosida approximation {X,, : n € IN} in the space C([0,T], LP(£2, H)).

Lemma 6.9. The set {X,,(t) : n € N} is tight in H for everyt € [0, T].

Proof. The case t = 0 follows immediately from the strong convergence of R,,. For the
case t € (0,7] we first prove that for every 1 < ¢ < «, and 0 < ¢ < 1/« we have

sup E [|| X, (¢)]|3] < oc. (6.8)
nelN
Applying Holder’s inequality and inequality (2.7) shows for every n € IN that

E (X, (6)]4] < 37" (E [18(6) Ruol|2] + 191 [ [ 18- orre; ds}

rega (B 150t — ) RaG ()% 0 as)) 2) .

Commutativity of S and R,,, Remark 6.3 and Remark 6.7 verify

E [1S(0)Ruzolf] < ¢4t sup | Ra s B (o]} < oc.

Assumption (A2) on boundedness of F' together with Remark 6.3 and Remark 6.7 yield

1—qd

5[/ 150 - YR F (X)) as| <ty

sup || R, || K% < oo.
1_q6n€]1131|| n”c(Dé) F

Similarly, Assumption (A3) on boundedness of G implies

t o g tl—ozé %
(B[ [ 150 - 9m600 6z, 0 @] ) et (1) sup IRl K8 < o

Combining the above estimates establishes (6.8), which in turn gives the statement of
the Lemma. Indeed, choose any § € (0,1/«) and use Markov’s inequality and (6.8) for
q = 1 to obtain for each N > 0 that

C
sup P (| Xa ()5 > N) < +
nelN

for some constant ¢ € (0,00). Since the embedding D% — H is compact according to
Remark 6.2, we obtain tightness of {X,,(¢) : n € IN} by Prokhorov’s theorem. O

Lemma 6.10. The sequence {X,,(t) : n € N} is relatively compact in L% (2, H) for every
t e [0,7].
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Proof. First, we impose the additional assumption that
T12%e (Kg + K&) <1, (6.9)

where Kr, K¢ come from (6.5), (6.6) and e; ,, is defined just below (2.7). For 1 <p < «
and m,n € IN we estimate the p-th moment of the difference X,,(t) — X,,(¢) by

E [[| X () = Xn ()] <377 (E IS(t) (R — Rn)aoll”]

<gr1 (]E IS(#)(Rm — Rn)zo|”]

p

+E /0 S(t — 8) (R F(Xim(s)) — RnF(Xn(s)))ds

+E /0 S(t — 8)(RnG(Xm(s—)) — RnG(Xp(s—)))dL(s)

)

+E tS(t — ) (R — Rn)F(Xom(s))ds p]

+E / S(t — 8)Ru(F(Xn(s)) — F(Xn(s)))ds ]

+E /OS(t—s)(Rm—Rn)G(Xm(s—))dL(s) ]

+E /0S(t—s)Rn(G(Xm(s—))—G(Xn(s—)))dL(s) D
(6.10)

Furthermore, using Holder’s inequality, inequality (2.7), Remark 6.7, (Al) and esti-
mates (6.5) and (6.6) we obtain

E / S(t — 8)Ru(F(Xm(s)) — F(X,(s)))ds
0

<roe | [ 150t — )R (F(Xn(s)) ~ P17 ds]
<t (e 150 — )R (F(Xn(s)) — F(Xn<s>>>||“dsD§

<t (B | [ 10 - X0 as) )

and
P
. |

<o (B[ S0t — ) Ra(C(Xon(5)) — CXn(s))° as))

/0 S(t — $)Rn(G(Xpn(5—)) — G(X,(s—)))dL(s)

Qs

o

<ttt (B | [ 1Xn(s) — Xns)” )
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which together with (6.10) yield

E [| X (1) = Xa(8)[) <6771 <E S (R — Ri)aoll”]
| ]

, t %
iKY (E [/ X0 (5) —Xn(s)||pds]> (6.11)

0
t

p

+E /Ot S(t — $)(Rpn — Ry )F(Xom(s))ds

(t = )(Run — R)G(Xon(5—))L(s)
T epakh (JE [ / 1 Xn(s) —Xn<s>|pdsD )
If we define

Unmp(t) = (B [| X (t) — Xa(t)|IP])*

U = 57167 0D (tes[lép 1SNz ey (B (IR — Rn)ol"]) ™

sup
telo, T
sup
telo, T

Wy 1= 5%716%@71) (Ta_lK%v + e,f,aKg)

Rk

(t—s)( R, F (X (s))ds

(t—s) Rp)G(Xm(s—))dL(s)

for ¢t € [0,7], then after raising both sides of (6.11) to the power of «/p and simple
algebraic steps we obtain

t
p
Un,m,p(t) < u%,m,p + wp/o (Un,m,p(s)) = ds,

which in turn by Gronwall’s inequality in [41, Th. 2] gives

. o — a5 o .
Un,m,p(t) s 20 1 (ug,m,p + ( « ptwp> ) =2 u?z,m,p + 20w

(6.12)
If we show that
lim 25%7 <O‘ptw,,> = lim <2O‘ptw,,> o, (6.13)
p—a— o p—a— (0%
and forany 1 <p < «
im oy, , =0, (6.14)
then by (6.12), for each € € (0, 1) we can find p* € (1, @) such that
o a—p* ol
2o=p% tw,« < ,
< a Wp ) 2
EJP 29 (2024), paper 79. https://www.imstat.org/ejp

Page 22/41


https://doi.org/10.1214/24-EJP1136
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

SPDEs driven by standard symmetric a-stable cylindrical Lévy processes

and an N € IN such that for all m,n > N

a+1
a7 4,0 €
25 e <

Thus, for any m,n > N we obtain

P ([ Xm(t) = Xa(®)l 2 €) < -

A

B [ Xm() = X" ]

(un m,p* (t))

g (Ot+1) p* _60‘ < \[
which concludes the proof under the additional assumption (6.9).
Argument for (6.13): Recall that 1 < p and ¢, = ﬁ)eg{; for some ez, € (0,00)

independent of p. Thus, if p is sufficiently close to o we have 7%~ ! < e,?, o and estimate

A\ fa-
28 " Py -
( p p) (

<5% < a_p> ea,a(K%JrKca;))
«

ol
o (25

lim y? (T12%s,4 (K@ + K&))” =0

Y—r00 ’
by L'Hospital’s rule and (6.9).
Argument for (6.14): Let p € (1, «) be fixed. By strong convergence of R,, and Lebesgue’s
dominated convergence theorem we have

o
a—p

2(p—-1) (Ta 1KQ+6po¢KG)>

o
a—p

_o

) t12 e2a(KF+KG))

> (T12%e5,0 (K + K&))™ 7

Thus, (6.13) follows from

lim E [[[(Rm — Rn)zol"] = 0. (6.15)

m,n—co

Moreover, by Holder’s inequality, strong convergence of R,,, Lemma 9.1 and Lebesgue’s
dominated convergence theorem we have

T
/0 (B — Ro)F(Xon () s

P

/ S(t = $)(Ron — Bo)F(Xom(s))ds

lim < sup E

N0\ te0,T]

(6.16)

)-o

where the assumptions of Lemma 9.1 are satisfied by boundedness of F, see (6.2), and
tightness of {F(X,(s)), m € N} implied by Lemma 6.9 and continuity of F'. Similarly,
using inequality (2.7) and (6.6), we obtain

lim sup
m,n—00 tEOT
T
Sena 310 SO, 1 (E / <RmRn>G<Xm<s>>||“dsD 0.
(6.17)

<7Pr-1! bup St)|% lim |E
| <>||L(H)mmm<

p

/ S(t — 8) (R — Ru)G(Xom(5—))dL(s)

te[0,T
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To prove the general case without the assumption (6.9), we argue as follows. Fix a

time
Te (o 1 (6.18)
0 "122e5, (K& + K2) ) '

If t € [0, Ty, relative compactness in L% (2, H) follows from the previous arguments
and (6.18). On the other hand, when t € (Ty, 27y we write

Xm(t) = X, (t) =S (t—Tp) (S’ (To) (Rm — Rn)zo

To
+ |8 (T =) (R (X(s) = B (X, () s
To

+ 0 S (TO - S) (RmG(Xm(S_) - RnG(Xn(S_))) dL(5)>
b 80 = ) (R F (X () = RaF (X (5))) ds
+ ; S(t — 8)(RmG(Xm(s—) — RnG(X,(s—))) dL(s)

= 5(t = To) (Xm (To) — Xn (To))
80— )R F(Xin(5) = R F (X (5))) s

+ | S{t=8)(RnG(Xn(s—) — R,G(Xn(s—)))dL(s).
To
Since our choice of T implies that {S(t — To) X, (7o), n € IN} is relatively compact in
L%(, H), and by Equation (6.18) we have (¢t — Tp) 12%e2,, (K% + K&) < 1, we can use
the same argument as before to obtain relative compactness of (X,,(t))nen in L% (2, H)
for each ¢ € (Tp, 27p]. Using a standard induction argument, we can now cover intervals
of arbitrary length. This concludes the proof of the general case. O

We now step from relative compactness of {X,,(t) : n € N} in L% (2, H) for fixed
time ¢ to relative compactness of the processes {X,, : n € N} using the Arzela-Ascoli
Theorem.

Lemma 6.11. The collection {X,, : n € N} is relatively compact in C([0,T), L* (2, H)) for
any 0 < p < a.

Proof. We consider the case 1 < p < «a as the case p < 1 follows from the fact that relative
compactness in C([0, T, L”(2, H)) implies relative compactness in C([0, T], L? (2, H)) for
p > p’. In light of the Arzela-Ascoli Theorem, cf. e.g. [20, Th. 7.17]), it suffices to show
that

(a) {Xn(t) :n e NN} C LP(Q, H) is relatively compact for each ¢ € [0, T];
(b) {X,, : ne N} C C([0,T],LP(2, H)) is equicontinuous.

The claim in (a) follows from [12, Cor. 3.3] by Lemmata 6.9, 6.10 and the fact that
Equation (6.8) with 6 = 0 and any ¢ € (p, «) implies via the Vallee-Poussin Theorem [11,
Th. I1.22] that the collection {X,,(¢) : n € IN} is p-uniformly integrable and bounded
in LP(Q), H). Hence, it remains only to prove (b). To that end, we take ¢ € [0,7] and
h € (0,T — t], and estimate

||Xn(t + h) - Xn(t)”p
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P

t+h
<5t ( 1(S(h) — I) S(t) Ruao|” + /t S(t+h = s)RuF(Xn(s)) ds

p
+

p

4 /Hh S(t+h —s)R,G(X,(s—))dL(s)

/0 (S(h) — I) S(t — 8)RuF (X, (s)) ds

p
), (6.19)

Commutativity of R,, and S and contractivity of S implies

+‘ / (S(h) — I) S(t — 8)RuG(Xn(s—)) dL(s)
0

EII(S(h) = I) S(t) Rnol|"] < sup 1Rz ) B [I(S(R) = T) o] - (6.20)

Applying Holder’s inequality, boundedness of F' in Assumption (A2) and contractivity of
S we get

t+h P
E / S(t+h—8)R,F(X,(s))ds ] < h? sup ||Rn||1[)j(H) K% (6.21)
t nelN

We conclude from Inequality (2.7) by using boundedness of G in Assumption (A3) and
contractivity of S that

p

t+h
E / S(t + h — $)RpG(Xn(s—)) dL(s) (6.22)

< é€pa <E

It follows from Lemma 6.9 that {X,(s) : n € IN} is tight in H for every s € [0,t].
Lemma 9.1 implies

t+h p/o
| ISt h= G D dD < €y SUp [ Rl ) K71

Jim ignpqm [I(S(h) = 1) S(t — s)RuF(X,(s))[] = 0.

Lebesgue’s dominated convergence theorem shows
t
lim [ supE [||[(S(h) —I)S(t — s)R,F(X,(s))||"] ds = 0. (6.23)
N0 Jo neN

In the same way, after applying Inequality (2.7), we obtain from Lemma 9.1

Applying (6.20) — (6.24) to Inequality (6.19) shows uniform continuity from the right.
Similar arguments establish uniform continuity from the left, which proves (b), and thus
completes the proof. O

P

lim sup E =0. (6.24)

h\0 nelN /O (S(h) B I) S(t - S)RnG(Xn(S—)) dL(S)

Proof of Theorem 6.6. 1t is enough to consider the case p > af where [ is the Holder
exponent from (6.6). Lemma 6.11 guarantees that there is a subsequence (ny)%2,; such
that

lim sup E [||X,,(t)—Z®)|["]=0 (6.25)
k—oco e, 1]
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for some Z € C([0,T], LP(Q2, H)). The proof will be complete if we show that Z is a mild
solution to (6.1). Letting ¢ := 1 A 3*~!, we conclude for each k € N and ¢ € [0,7] from
Lipschitz continuity of F' and Hoélder continuity of  in (6.2) and (6.6) and contractivity
of S by applying Holder’s inequality and Inequality (2.7) that

T

Sc(E 11Z(t) = Xn, O]+ E 1
< c(E 112(t) = Xn, O] + TP7'E [/0 St = ) (F(Z(s)) = F(Xn, ()] [ dS]

e (E M)t HS(t —5)(G(Z(s)) — G(Xnk(s)))H(Zg(U,H) dSDp/a>

Sc<E 1200~ X, O1F)+ 777K s IS0 [/ 12() = X )" s

ek, s 151 (B [ [ 1209 X0 0 0 D/>

<c ((1 +TPKE) sup B [[|Z(t) — Xp, (8)]7]
te[o,T]

E

HZ(t)—S(t)xo—/OtS(t—s)F(Z(s))ds—/Ot S(t — s)G(Z(s—)) dL(s)

(t—5)(F(Z(s)) = F(Xn,(s))) ds

+E / S(t - 5)(G(Z(5-)) — G(Xny (s-))) dL(s)

a 8
+ o KGT" s (B [12(t) = Xn, (DII]) ) :
€10,

As the last line tends to 0 as k — oo by (6.25), it follows that Z is a mild solution to (6.1).

It remains to establish that Z has cadlag paths, but this follows immediately from the
following corollary as X,, has cadlag paths. O

At the end of this section, we present a stronger convergence result for Yosida
approximations that not only completes the proof of Theorem 6.6 but also turns out to
be useful in applications as will be seen in the following sections.

Corollary 6.12. For all 0 < p < « there exists a subsequence (X,, )ren of the Yosida
approximations, which converges to a solution to (6.1) both in C([0,T], L?(2, H)) and
uniformly on [0, T] almost surely.

Proof. Lemma 6.11 enables us to choose a subsequence (X,,),cn of the Yosida approxi-
mations which converges in C([0, 7], L?(€2, H)) to the mild solution X. To prove almost
sure convergence, we fix an arbitrary r > 0 and estimate

P( sup [[X(t) = X, (1) >r> sp( sup [|S()(1 — Ra)ao| > ;)

te[0,T] te[0,T]
sup > r (6.26)
te[0,T) 3

>7"
sup — 1.
te[0,T7] 3
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For the following arguments, we define m := sup,¢ (o, 1) [|S(¢)[| 2 (sr)- As I — Ry, converges
to zero strongly as n — oo we obtain

T T
P sup [|SU)I - Ro)ao| > - SP(m||(I—Rn)x0H>7) - 0.
te[0,T) 3 3

For estimating the second term in (6.26), we apply Markov’s inequality and Lipschitz
continuity of F' in (A2) to obtain

sup
te[0,T]

<P< / IF(X(s)) - RuF(X, ds>>
T
<P</o I~ Ra)F(X(s))]|ds > & ) ( |Ru(F <s>>—F<Xn<s>>>||ds>6’;;q)

T
/0 I~ R)F(X(s))]| ds

/ S(t—s)(F(X(s)) — RaF(Xn(s))) ds

6 6
< bmp + g

/0 I Ra(F(X(5)) = F(Xn(s)] ds]

< S

T
/0 I = Ry)F(X(s)] ds

+ T Kp sup | Roll g gy sup B [|X(t) — Xa (8]
nelN t€[0,T)

We conclude from the last inequality by Lebesgue’s dominated convergence theorem
and convergence of X,, to X in C([0,T], L*(2, H)) that
T
> - | =0.
3)

To estimate the last term in (6.26), we apply the dilation theorem for contraction semi-
groups, see [39, Th. 1.8.1]): there exists a Cy-group (S’(t))tE]R of unitary operators S‘(t) on
a larger Hilbert space H in which H is continuously embedded satisfying S(t) = 75(t)i
for all £ > 0, where 7 is the projection from H to H and i is the continuous embedding of
’ﬂs HL‘(H " o= Subse[-10) HS(S)Z L(H, A
we may estimate using Markov’s inequality, Inequality (2.7) and Holder continuity of G
in (6.6)

sup
t€[0,T]

< P| sup
t€[0,T]

lim P ( sup /0 S(t—s)(F(X(s)) — Ry, F(Xn(s)))ds

n—eo t€[0,T]

H into H. Thus, if we denote m = SUDPy¢[0,7)

/ S(t - 5) (G(X(5-)) — RaG(Xn(5-))) dL(s)

>z
6

/ S(t — ) (I - R) G(X(s—))dL(s)

0

+ P ( sup / S(t = s)Rn (G(X(s—)) — G(Xyu(s—))) dL(s)|| > g)
t€[0,T] 0
_p (ﬁfﬁ% /O 7§(t — 8)i (I — Ru) G(X (s—))dL(s)|| > 6)
e ( sup / 7St — 8)iR (G(X(5-)) — G(Xn(s—)) dL(s)| > g)
te[0,T)
_p (t:[%pT =St / (- Ry) G(X (s—))dL(s)|| > 6)
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wS(t) | S(=8)iRn (G(X(s—)) = G(Xa(s—))) dL(s)

0

+ P | sup
te[0,T)]

(tg[%pT /5 R.) G(X(s—))dL(s) g>6m>
(ﬁé% / $(=8)iRn (G(X(s-)) - G(Xn<s—>>>dL<s>ﬁ>6m>
<% | s | [*$-0)i 1 - R 60X (6 Dancs ]
t€(0,T) H
+ 25 | sup / S(=8)iRn (G(X(5)) = G(Xn(s-))) dL(s) ]
te[0,T] H
6m T N 1/«
<eramr (E | [s=sia =Ry b(U,H)dSD

1/
6m T a
< o=k (E /O (I = Rn) G(X (s=)) Iz, .11 dsD

1/«
6 a
+er o P RGT ( sup B [I(X(0) ~ X, (0] ﬁ]) .

t€[0,T]

We conclude from the last inequality by Lebesgue’s dominated convergence, strong
convergence of R, to I, boundedness G in (6.6) and convergence of X, to X in

C([0,T], L*#(Q, H)) that
> ;) =0,

We have shown that all the terms on the right hand side of (6.26) converge to zero as
n tends to infinity which gives uniform convergence of X,, to X in probability on [0, T7.
This concludes the proof, since uniform convergence in probability implies the existence
of a desired subsequence. O

/0 S(t — $)(G(X (5-)) — RaG(Xo(5—))) dL(s)

n—o0 t€[0,T

lim P ( sup

7 Moment boundedness for evolution equations

In this section, we investigate stability properties of the solution for the stochastic
evolution equation (6.1) by applying the Itd’s formula derived in Theorem 5.1. More
precisely, we shall derive conditions on the coefficients such that the mild solution X
is ultimately exponentially bounded in the p-th moment, that is there exist constants
m1,ma, m3 > 0 such that

E [|IX(#)]|P] < mie "™ E [||xo||’] + ms forallt > 0.

Recall that C?(H) denotes the space of continuous real-valued functions defined on H
with bounded first and second Fréchet derivatives. In what follows, our goal is to derive
a Lyapunov-type criterion using the following operator on CZ(H):

Cf(h) = (Df(h), Ah+ F(h))
T /H (F(h+g) = f(h) = (DF(R).g)) (Ao G(W)™") (dg), heD'  (7.1)
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for f € C}(H). Note that the right hand side of (7.1) is well defined by Lemma 5.2. We
can now state the main result of this section, the following general moment boundedness
criterion.

Theorem 7.1. Let p € (0,1) be fixed and V be a function in C}(H) satisfying for some
constants (1, B2, B3, k1, k3 > 0 the inequalities

Billh|[P — ki < V(h) < Ba||h||P forallh € H, (7.2)
LV (h) < —B3V(h) + ks forallh € D' (7.3)

Then the solution X to (6.1) is exponentially ultimately bounded in the p-th moment:

p & —pat p 1( k3)
E [[IX@®I] < 3,° E [[[zoll }Jrﬂl k1+53 :

Before we prove Theorem 7.1 we demonstrate its application by deriving conditions
for moment boundedness in terms of the coefficients of Equation (6.1).

Corollary 7.2. Suppose that there exists ¢ > 0 such that
(Ah + F(h),h) < —€||h||> forallh € D',

then the solution to (6.1) is exponentially ultimately bounded in the p-th moment for
everyp € (0,1).

Proof. Fix p € (0,1) and let ¢ be a function in C?([0, 0)) satisfying ((z) = x?/2 for x > 1
and ((z) < 1 for z < 1. By defining V (k) = ¢(||h||°) for all h € H, we obtain V C2(H)
and

V(h)=||h||’ forallhe By and 0<V(h)<1 forallhe By.

It follows that (7.2) holds with 5, = 83 = k; = 1. We show that (7.3) also holds. By the
definition of V, it follows for each h € D' N BY; that

(DV(h), Ah+ F(h)) = p||h|["~* (h, Ah + F(h)) < —ep||h||" = —epV/ (h).
For h € D' N By, one obtains by boundedness of F' in Assumption (A2) that
(DV(h), A+ F(R)) < IDV]]o, (1 4llzon) + Kr) -

Since Lemma 5.2 together with boundedness of G in Assumption (A3) implies for each
h € H that

/H (V(h+g) = V(h) = (DV(h),g)) (Ao G~1(h)) (dg) < d, (2|IDV ||, + 5 ||D*V]| ) K&,

we have verified Condition (7.3). O

In the remaining of this section, we prove Theorem 7.1 using the Yosida approxi-
mations established in the previous sections. For this purpose, let X,, denote the mild
solution to the approximating equations (6.7) for each n € IN. We may assume due
to Corollary 6.12, by passing to a subsequence if necessary, that X,, converges to the
solution X of (6.1) uniformly almost surely on [0, T]. In what follows, we will routinely
pass on to a subsequence without changing the indices.

Proposition 7.3. The mild solution X,, of (6.7) is a strong solution attaining values in
D!, that is, for each t € [0, T), it satisfies

t

X (t) = Ruao +/0 (AX,(5) + RuF(X,(5))) ds + /OIRnG(Xn(s—))dL(s).
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Proof. Our argument will follow closely the proof of [1, Th.2]. As mild solution, X,
satisfies

X,(t) = S(t)Ruzo + /O t S(t — $)RpF(Xn(s))ds + /0 t S(t — ) RaG(Xn(s—)) dL(s). (7.4)

The process X, is (F;)-measurable with cadlag paths and attains values in D'. First, we
obtain from (7.4) by interchanging integrals and A € £(D?!) for t > 0 that

t
AX,(t) = AS(t)R,xo + / AS(t — 8)) R, F(X,(s))ds
0
t
—|—/ AS(t — s)R,G(X,(s—)) dL(s). (7.5)
0
Each term on the right hand side of (7.5) is almost surely Bochner integrable. Indeed,
integrability of the first term is immediate from the uniform boundedness principle. For
the second term, boundedness of F' in Condition (A2) and commutativity of S and R,
implies
t S
/ / IAS(s — 1) Ru F(Xn(r))]l, drds
o Jo
t S
< lleqon WRall ey [ [ 1506 =P ()] drds <oc as.

Almost sure Bochner integrability of the stochastic integral in (7.5) follows from bound-
edness of G in Assumption(A3), commutativity of S and R,, and Theorem 2.4 via the
estimate

B[ [ [ 14806 RGO 010 dras]

t s
< 1AL o 12 B | [ [ 1806 = DG D0 7] <

Integrating both sides of (7.5) results in the equality
t
/ AX, (s )ds—/ AS(s)Ry, xods—l—/ / AS(s — )R, F(X,(r))drds
0
// AS(s —r)R,G(X,,(r—))dL(r)ds.

Applying Fubini’s theorems, see Theorem 2.4 for the stochastic version, and the equality
f(f AS(s)R,hds = S(t)R,h — R,h for all h € H enable us to conclude

/0 AX, (s )ds—/ AS ()R, xods—i—/ / AS(s — 1) R F (X (r)) ds dr
/ / AS(s — 1) RuG(Xo(r—)) ds dL(r)
— S() Ry — Ruzo + /0 S(t— 1) R F(Xn(r)) dr — /0 "R F(X, () dr

t

+/0 S(t—r)RnG(Xn(r—))dL(r)—/O R,G(X,(r—))dL(r)

¢
= X, (t) — Rpxo — / R, F(X,(r))dr — / R,.G(X,(r=))dL(r),
0
which verifies X, as a strong solution to (6.1). O
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We denote by £,, the usual generator associated with the Yosida approximations X,,,
n € IN, defined for f € CZ(H) and h € D! by

L.f(h) = (Df(h), Ah + R, F(h))
+/H(f(h+Rng)—f(h)—<Df(h),Rng>) (Ao G(h)™") (dg). (7.6)

The right hand side of (7.6) is well defined by Lemma 5.2. Recall that the counterpart to
L,, for the mild solution X denoted by £ was introduced in (7.1). The generators £,, and
L are related by the following crucial convergence result.

Lemma 7.4. Let (X,,)nen be solutions of (6.7) which a.s. converges uniformly to the
solution of (6.1). It follows for each f € Cf(H) that

/

Proof. Denoting Ag(s) := Ao G(h)~! for each h € D*, we obtain

lim E

n—oo

LT (X (8) ~£10X, (5| 5] =0

[Lf(h) = Lnf (W) < [IDfllo [I(T = Rn) F(R)]

+ /E |f(h+g) = f(h+ Rng) — (Df(h), (I = Rn) g)| Aa(n) (dg) (7.7)

+/7€ If(h+g)*f(h+Rn9)|AG<h>(dg)+/ﬂ [(Df(R), (I = Rn) )] Aa(n)(dg).-
B

H H

Taylor’s remainder theorem in the integral form implies

/§ F(h+ ) — F(h+ Rug) — (DF(h). (I - Ru) )] Ay (d9)
< ﬁ / (D f(h+ 0 (I~ Ry)g) (I — Ry) g, (I — Ra) g)(1 — 0) | 40 Az (dg)
By J0

<10l [0 =R ol A (o)

H
In the same way, we obtain
[ 150+ 9) = 10+ Bog) D 09) < 1011, [ 10 = B ] A (ag)
H BH

and also

J;

Applying the last three estimates to (7.7) and taking expectation on both sides, it follows
from Inequality (2.2) and for each n € IN that

c

c
H BH

(DF(R). (I - Ru) g)| Aen(dg) < 1D S]], [ (T = R gl Ay (dg).

T
E / Lo f(Xn(s)) = LF(Xn(s))] ds]
0
T T
<Dl B /O (I = Rn) F(Xn(s))l| ds| + cE /0 (I = Rn) G(Xn ()2, i) A8 5
where ¢ :=d}, (2/|Df|l, + 5 |[|D*f|]..)-
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To complete the proof, it remains to show that both

T
tw B | [ ||<I—R,L>F<Xn<s>>||ds]=o7 (7.8)
n— o0 O

T
Jmw | [0 Ry 6 <>>|LZ<U,H>ds]=0- (7.9)

Let t € [0,7] be arbitrary but fixed, and recall that we chose X,,(¢) almost surely
convergent and thus {X,,(¢)(w) : m € N} C H is compact for almost all w € Q. Strong
convergence of I — R,, to zero, see [30, Le. 1.3.2], continuity of ' and G and the fact that
continuous mapping converging pointwise to a continuous mapping converge uniformly
over compacts together imply for each ¢ € [0, T that, almost surely, we obtain

Jim [|(1 = Ry) F(Xa ()] < Tim sup ||(I = Ry) F(Xn(1))]| = 0,

n—=0 melN

Jim [1( = Ra) GO gy <l sup (17 = Re) GOXn )y = 0.

Since the boundedness conditions in (A2) and (A3) guarantee
(5= R PO < (sp T~ Rallo)) K as.
ne

(T~ Ru) GX )12y 011y < (sg; = RMZ(H)) K as.

an application of Lebesgue’s dominated convergence theorem verifies (7.8) and (7.9),
which completes the proof. O

Proof of Theorem 7.1. Let (X,)nen be the solutions of (6.7). Because of Corollary 6.12,
we can assume that (X,,),ecn converges uniformly to the solution of (6.1) a.s. Propo-
sition 7.3 enables us to apply the It6 formula in Theorem 5.1 to X,,, which results
in

V(Xa(t)) = / LV (X5 + [ (G52 RiDV (X, (5)). ) ()
// Y R) = V(Xn(s—)) — (DV(Xn(5—)), BY (X — v50) (ds, dh) (7.10)

almost surely for all ¢ > 0. Applying the product formula to the real-valued semi-
martingale V (X, (-)) and the function ¢ +— ¢”3* and taking expectations on both sides
of (7.10) shows

R V(X ()] =E [V(X,(0)] + E {/o P35 (BsV (X (5)) + LoV (Xn(s))ds| . (7.11)

Here, we used the fact that the last two integrals in (7.10) define martingales, and thus
have expectation zero. This follows from the observation that they are local martingales
according to Lemma 2.3 and Theorem 5.1 and are uniformly bounded. The latter is
guaranteed by the boundedness of G in (A3), since

U G (Xa(8)" RaDV (Xa(8)): ) 2,0y ds}

= { ; |G(Xn(s))" R, DV (X, (s))|* dS} < |Rullz e [IDVIIS, TEE < oo,
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and similarly, by using Lemma 5.2,
t
E [/ / V(X (s=)+h) = V(X,(s—)) — (DV(X,(s=), h)| v™5» (ds,dh)}
0o JH
1 o ! o
<t (21DVIL + 5 10V ) Il B [ [ IGEOODI2, 01 0] < o
The first term on the right hand side in (7.11) is finite since

E [V(Xn(0)] < B2 IRl gy B [llzoll”] < o0.

The same holds for the second term, which can be shown using the same arguments as
in the proof of Lemma 7.4. By applying Inequality (7.3) to (7.11), we conclude

BB [V (X, (1)] < E [V(X,(0))] + E

[

Lemma 7.4 together with Fatou’s lemma implies

/Ot o ( — LV(Xn(8)) + LoV (X0(5)) + k3>d51

< B [V(X,(0)] + *TE ds

L,V (Xn(s)) — LV(Xn(s))

ks 6t
+ 22 (Pt — 7).
5, (1)

E [V(X(0)] < Bninf E [V(X,(0)] < e [V ao)] + 5
n o0 3
Applying Assumption (7.2) completes the proof. O

8 Mild 1to formula

In this section, we prove an It6 formula for mild solutions of Equation (6.1) and
mappings f € C?(H) such that the second derivative D?f is not only continuous but
satisfies

nlergo\|gnfg|| =0 = nl;rréo sup ||D2f(gn+h)fDQf(g+h)||L(H) =0. (8.1)
h€Bgy

The subspace of all these functions is denoted by Cj, (H).

Theorem 8.1 (Itd formula for mild solutions). A mild solution X of (6.1) satisfies for each
feC,(H)andt>0 that

X)) = flao) + / (G(X(s—)" D (X (5-))),-) dL(s) (8.2)
+ / / (F(X(s=) +B) — F(X(s-)) — (DF(X(s=)), 1) (5 — %) (ds, dh)
0 H
+ i ([ 07066 A%, ) + [ 7K, ()

4 / / (F(X(s)+h) — F(X(5) — (DF(X(3)), b)) (Ao G(X(5))™) (dh) ds,
0 H

where the limit is taken in L% (Q, R).

Remark 8.2. Note that while X may not be a semimartingale, the compensated measure
uX — X in (8.2) still exists as X is both adapted and cadlag; see [16, Chap. III.

EJP 29 (2024), paper 79. https://www.imstat.org/ejp
Page 33/41


https://doi.org/10.1214/24-EJP1136
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

SPDEs driven by standard symmetric a-stable cylindrical Lévy processes

Remark 8.3. Unlike in similar situation with the driving noise being Gaussian e.g. in
[25] we do not identify the limit in (8.2) as then the imposed assumptions on f are very
restrictive. In many applications (see e.g. [1]), it is enough to identify some bound on

dim ([ 10560 A%, 5 )

which leads to natural assumptions on the generator A.

We divide the proof of the above theorem in some technical lemmas. To simplify the
notation, we introduce the function 7y: H x H — R for f € Cj ,(H) defined by

Ty(g,h) = f(g+h)— flg) — (Df(g9),h), g,he€H.

Lemma 8.4. Let \ be the cylindrial Lévy measure of L. It follows for every f € CZ(H),
¢ € Lo(U,H) and g,h € H that

/H T} (g,b) — Ty (hb)] (Ao 67) (db)
< 244 0112, .m0 (bsup ID*£(g+b) = D*f(h + )| 1 gy + 107 f ]| Nl9 = h||> :
€Bpy

Proof. Taylor’s remainder theorem in the integral form and Inequality (2.2) imply

/E 1T (g,b) — Ty(h,b)] (Ao 6~1) (db)

:/BH

1
A ((D*f(g 4 0b) — D? f(h 4 6b))b,b)(1 — ) d@’ (Aop™!) (db)

1
<3 s [D7(g+0) = D+ )y [ B (o 07) (a0
beBy By
1 a
< idi ( sup [|D*f(g+b) — D*f(h+ b)H[,(H)> 101l 2o,y - (8.3)
beBy

A similar argument yields

/E ITp(9.8) — Ty ()] (Ao 6™) (ab)

H

<),
.

H

/01<Df(g +0) — Df(h + 0b),b) d9’ (Aoo) (db)

+/,C (Df(g) — Df(R),b)| (A\op™") (db)

< (sup 101(0 +0) = D10+ 0+ 1050) - DIWI) [l (vo07) )
<2dy | D*f||. Mg = BINSNz, war - (8.4)
Combining Inequalities (8.3) and (8.4) completes the proof. O

Lemma 8.5. Let (X,,).cn be a sequence of cadlag processes in H which converges to
a process X both in C([0,T], LP(§, H)) and uniformly on [0,T] almost surely. Then it
follows for any f € C; ,(H) and t € [0,T] that

lim / / ,h) X (ds, dh) / / Tr(X pX(ds,dh)  in LS(Q, R).
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Proof. Theorem 3.5 guarantees for each n € IN that

[ [ (50850 = Ty (s 0) % a5, )|
/ / |Tr(X — Ty(X(s=),h)| p*(ds dh)]
=E / / | T (X —T(X(s), h)|uX"(ds,dh)}
=K / / T (X —Tr(X(s),h)| (Ao (R.G(Xy(s—)))"") (dh) ds} (8.5)
Since Remark 6.7 guarantees ¢ := 2dy K& sup,ey |[Rulzy < oo, we obtain from

Lemma 8.4 for P ® Leb-a.a. (w, s) € 2 x [0,7] that

/HITf(Xn(S)(w,h) = Tp(X(s)(w), )| (X0 (RnG(Xn(s—)(w)))™") (dh)

< c( sup HD2f(Xn(S)(W) +b) — D*f(X(s)(w) + b)Hﬁ(H)

beBy
+ | D2F|| £ (X () (w >>—f<X<s><w)>||>.

Since f satisfies (8.1), Lebesgue’s dominated convergence theorem implies

n—oo

lim E[

(Tr(Xp(s—),h) — Tp(X (s—), h)) pn (ds, dh)H =0. (8.6)
For the next step, fix ¢,¢ > 0, and use for any m,n € IN the decomposition

(

; Tr(X (s—),h) (W (ds,dh) — p* (ds, dh))’ > e)

0
€
<P -

(s—), h) ¥ (ds,dh)| > -

(s=), h) i (ds, dh)

0 JBu(1/m)
P (

€
+ P ( > 3) . (8.7)

Since Taylor’s remainder theorem in the integral form gurantees that |1 (X (s—), h)| <
s 11D 1| |h||? for all h € H, we obtain by applying Theorem 3.5 and Inequality (2.2)

that
t
Lo s m s s, dn
0 JBr(1/m)

[ Lo (re(raGes) ™) (dh)ds] S [ s
0 JBu(1/m)

B (1/m)

X(s=),h) (¥ (ds,dh) — p~(ds, dh))

B (1/m)e

1 2
<SPl B

Since the last line is independent of n € IN and d' — 0 as m — oo according to
Inequality (2.2), Markov’s inequality implies that there exists m; € IN such that for all

.

d
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Exactly the same arguments establish that for all m > m;

P ( > ;) <. (8.9)

For the last term in (8.7) we calculate for each m,n € IN that

X (s—),h) ™ (ds,dh)

/ L TH(X (s—), 1) (1 (ds, dR) — 1 (ds, d)
By (l/m)e

O;tTf ). DX ()15, (1 e (AXn(5))

—0<Z<tTf =), AX ()L, (1m)- (DX (5))

= 2 D), %) (180 (e (DX () = Ly 1o (AX ()

+Z (T7 (X (s=), AXn(s)) = Tr(X (s=), AX(5))) Lz, (1 mye (AX (5)). (8.10)

For estimating the first term in the last line, we use the equality L4(z) — La(y) =
La(x)Lac(y) — Lae(x)Lla(y). For the first term, resulting from the application of this
identity, we conclude from Taylor’s remainder theorem in the integral form that

Z Ty (X T AX ()15, (1/mye (AXn ()15, (1 /m) (AX(s))
0<s<t
< Z TH(X (=), AX0 ()| 15,5 (1 fmye (DX ()15, (1 jmy (A X (5))
0<s<t
1
iHDQfH Z IAX,(s)]? 15, (1 /mye(AXn ()15, (1 /m) (AX(s))
0<s<t
<cf Z (||AX(S)H2 + |AX,(s) — AX(5)||2) w(1ymye (AXn ()15, (1 /m) (AX(s)),
0<s<t
(8.11)
where we used the notation ¢y := ||[D?f||__. Applying Theorem 3.5 and using the

boundedness assumption on G in (A3) result in

E | 3 JAX(S) Lg, (1) (AX(s)

0<s<t

//BH . A1 o (ds,dh)]

FLo e (AoG<X<s>>1)<dh,ds>] < dITKE.
0 JBu/m)

Since d} — 0 as m — oo, Markov’s inequality implies that there exists my € IN with
mo > mq such that for all m > my and alln € IN

€ €
P 3 IAX G 15 1y (A () L1 0y (DX () 2 g | < 5

0<s<t

(8.12)

In the remaining part of the proof fix m > my > m; such that (8.12) is satisfied. There
exists n; € IN such that the set 4, := {sup ¢ [[AXn(s) = AX(s)[| < -} satisfies
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P(AS) < f—; for all n > ny. If sup,c 4 [AXn(s)]] > L then we obtain on 4, for n > n;
that
1
sup [|AX(s)| = — sup [|AX(s) = AXn(s)l| + sup [AXn(s)] = 5.
s€[0,t] s€0,t] s€]0,t]
Consequently, we obtain for all n > n; that
€
P S0 18Xa() = AXS) L, 1y (BXn ()L 1y (BX () = 53—
0<s<t f
€ €
<P AX, 15 AX —.
<P{ 30 IAX(e) = AXI L e (AX () 2 7 | + 5

Since X has only finitely many jumps in By (1/2m)¢ on [0,¢] and AX,,(s) converges to
AX(s) for all s € [0, ], there exists ny such that for all n > ns

P S AXa(s) = AX(3)* 15, (1)m)- <AX<>>n§,,<1/m><AX<s>>z2jcf <z
0<s<t

Applying this together with (8.12) to Inequality (8.11) proves that for m > ms there
exists ny such that for all n > ny

€ €
P Z Tf AX ( )) BH(l/TVL)C(AXn(S))II'EH(l/'rn)(AX(S)) Z E S Z'
0<s<t

(8.13)

As AX,, converges to AX uniformly on [0, 7] almost surely we obtain that for almost all
w € 2 we have

L5 (1 /m) (AXn(8) (@) 15, (1 mye (AX (s)(w)) = O

if n is large enough. Therefore

lim Y Tr(X(s=), AX0 ()15, (1) (DX () 15, 1 jmye (DX (5)) | =0 as.

n—oo
0<s<t
and thus we obtain that there exists n3 such that for all n > n3 we have
€
P D> Tp(X(s=), AXn(9) 15, (1 o) (AXn ()15, (1 jmye (AX () > ol <7
0<s<t

Combining this with (8.13) shows that for m > my and n > max{ns,n3} we have

P Y (X (5=) AXn(9)) (L1, 1 mye (BXn(5) = L1y (BX () = | <

0<s<t

<
5
(8.14)

Since X has only finitely many jumps in By (1/m)¢ on [0,t] and AX,,(s) converges to
AX(s) for all s € [0,t], there exits ny such that for all n > ny

a,
~

€
P30 (Tr(X(5=), AXa(s)) = Tr(X (s=) AX () Lz, 1 e (AX () = | < 5
0<s<t
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Applying this together with (8.14) to (8.10) shows

t - Xn S S
P(/O /BH(I/m)CTf(X(s ),h) (u¥(ds,dh) — p*(ds,dh)| >

By applying Equations (8.8), (8.9) and (8.15) to (8.7), the proof is now complete. O

w\m

) <. (8.15)

Proof of Theorem 8.1. Let (X,,),en be the solutions to (6.7). According to Corollary 6.12,
we can assume that (X,,)nen converges both in C([0, T], LP(£2, H)) and uniformly on [0, T
almost surely to the mild solution X, which has cadlag paths. Since X, is a strong
solution to (6.7) according to Proposition 7.3, the It6 formula in Theorem 5.1 implies for
allt > 0 and n € N that

F(Xn(t)) = f(Ruito) + / (G(X(5—)) REDF(Xn(s)). ) dL(s)
/ (DF(Xon(s)), AXo(s)) ds + / (DF(Xn(s)), RuP(Xo(s)ds  (8.16)

//( —)+h)— f(Xn(S—))—<Df(Xn(s—)),h>>MXn(ds,dh).

Continuity of f shows that f(X,(¢)) — f(X(¢)) and f(R,zo) — f(z0) a.s. Inequality (2.7)
implies for the first integral in (8.16) that

|

<ela ( [/ 1G(Xn(5))" Ry Df (Xn(s)) = G(X ()" DF(X ()2, v,y dSDWv

t

/ (G(Xn(s2))* REDF (X o(5-)), ) dL(s) — / (G(X(s-))* D(X(s-)),-) dL(s)

0 0

which tends to zero by a similar argument as in the proof of Lemma 7.4. It follows in
LL(Q,R) that

t

lim <G(X7:,(S*))*RZDf(Xn(S*)),~>dL(«9):/O (G(X(s=))"Df(X(s=)),-) dL(s).

n— oo 0

Lemma 8.5 implies in L% (02, R) that

lim / / )4 h) = F(Xn(s)) — (DF(Xn(s—)), B)) w (ds, dh)

N /0 /H (F(X(s=)+h) = f(X(s=)) = (DF(X(s=)), h)) p* (ds, dh).

Convergence of (X,,),cn and Lebesgue’s dominated convergence theorem yields

t

lim <Df(Xn(3))aRnF(Xn(3))>d5:/0<Df(X(3))aF(X(S))>dS a.s.

n—roo 0

As all terms in (8.16) converge in LS’,(Q, ]R), it follows that the remaining term
t
| a9 A%, () s
0
also converges in L%(Q, R), which completes the proof. O
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9 Appendix

Lemma 9.1. Let V' be a separable Hilbert space with the norm |-||,, and let A, € L(V)
be a sequence of operators converging strongly to 0. If (B,,).cn is a tight sequence of
uniformly bounded V -valued random variables, then it follows for all p > 0 that

lim sup E [||An,B,|}] = 0.

Mm—=0 pecN
Proof. Let ¢ > 0 be fixed. Our assumptions guarantee that there exists a constant
¢ > 0 such that sup,, ey [|AmBnllj, < ¢ a.s. and a compact set K. C V satisfying
P(B, ¢ K.) < ¢ for every n € IN. Since continuous mapping converging to zero
converges uniformly on compacts there exists m; € IN such that for all m > m; we have

sup/ | A Br (W)}, P(dw) < e.
neNJ{B, K.}

It follows for all n € IN and m > m; that

E(AnBulf)< [ AnBa@lf P+ [ Bl Pde) < 2,
{BneK} {BngKc}
which completes the proof. O
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