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Abstract

We provide new bounds for the rate of convergence of the multivariate Central Limit
Theorem in Wasserstein distances of order p > 2. In particular, we obtain what we
conjecture to be the asymptotically optimal rate in the identically distributed case
whenever the measure of the summands admits a non-zero continuous component and
has a non-zero third moment.
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1 Introduction and main result

Let X1,..., X, beii.d. random variables drawn from a measure x on R? and such that
E[X;] = 0 and E[X; X] = I;. By the Central Limit Theorem, we know that the measure
Wy of S, = ﬁ >, X; converges to the d-dimensional standard normal distribution .
In this work, we wish to quantify this convergence for the family of Wasserstein distances
of order p > 2, defined between any two measures v and v’ on R? by

W,(v, /)P = inf/

Hy - me dﬂ'(l‘,y),
R xR

where 7 has marginals v and v/ and || - || is the traditional Euclidean norm.
In recent years, multiple works provided non-asymptotic bounds for W, (u,, y). For
instance as long as E[||X1]|*] < oo, Theorem 1 [2] gives

T 2
W) < C\/ VB, XT |1 |7 s 0

n
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Rates of convergence in the CLT in Wasserstein distances

where C > 0 and || - ||zs denotes the Hilbert-Schmidt norm. Similar results were also
obtained for other W, distances [2, 5]. However, this bound is not sharp with respect
to the dimension. Indeed, if X; has i.i.d. components, (1.1) scales with d3/* while an
optimal bound would scale with v/d. Sharper bounds have been obtained under additional
assumptions on the measure u. For instance, if i satisfies a Poincaré inequality with
constant K > 1, Theorem 4.1 [3] gives

(K —1)d

Wa(pn,v) < C (1.2)
and similar results have been obtained for any W, distances with p > 1 in Theorem 1.2
[6] under the additional assumption that y is log-concave. As a consequence of (1.2), if p
is log-concave then it admits a Poincaré constant K < C'y/logd for some C > 0 [8] and if
the Kannan-Lovasz-Simonovits isoperimetric conjecture is true then K < C. Finally, for
uniformly log-concave measures, the optimal dependency on v/d is obtained in Theorem
3.4 [7] without any further assumptions.

Some insight on the conditions required to obtain this optimal dependency on the
dimension in a more general case can be obtained from Proposition 1.2 [13] which states
that, if X; takes value in the lattice hZ¢ with h > 0, then

lim inf /nWa(pn,v) > @
n—oo

In particular, if % is of order v/d then liminf \/nWa(pi,,,7) > Cd. Therefore, if one wants
n— oo

Wo(pn,7y) to scale with the square root of the dimension, one would require h to be
independent of d, or X; to not be lattice-distributed. Such a result does not come as
surprising in the light of known asymptotic results obtained in the univariate setting.
Indeed, according to Theorem 1.2 [12], if X; takes values in {a + kh | k € Z} for some
a € R,h > 0 and has a finite moment of order p + 2 with p €]1, 2], then

1
tim inf /AW, (1n,7) = 2 [EIXE(Z2 = 1) + AU, (1.3)

where Z ~ +,U is a uniform random variable on [—1/2,1/2] independent of Z and
| -1l, = E[|| - |’]*/?. On the other hand, as long as X; is not lattice-distributed, one has

1
lim inf VAtV (1, 7) = S IBXE(Z2 = 1) (1.4)

Furthermore, faster rates of convergence have been obtained for all p > 1 whenever the
first moments of 1 and v are equal and p satisfies the Cramer’s condition [1].

One can thus expect the rate of convergence for the central limit theorem in Wasser-
stein distance in a high-dimensional setting to not only be determined by the moments
of X, but to also depend on whether the measure is lattice-distributed. In other words,
along with the large-scale behaviour of i, described by its moments, we expect a tight
bound on W, (u,, ) to include a term corresponding to the small-scale behaviour of (.
In this work, we provide a first instance of such a result in the multidimensional setting.
In particular, we obtain the following asymptotic bound.

Corollary 1.1. Letp > 2 and X4,...,X,, beii.d. centered random variables drawn from
a measure p on R? with identity covariance matrix and finite moment of order p + 2.
Suppose there exists h > 0 such that the matrix

E[(X2 — X1)(X2 — X1)" 1x,—x, <n)
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is positive-definite. Then, the measure u,, of S, = ﬁ Z,?zl X, verifies

1
VAW, 7) < SIBIXFN(Z9% = L)l + CphVd + Cy ., O <1Og(n)fl/p) ,

where C' > 0 is a generic constant, Cy ), is a constant depending on d,p and p, Z is
drawn from the d-dimensional standard normal distribution v and E[X?*](Z®? — I,) is a
vector whose i-th coordinate is given by

(BIXP?)(Z92 = 10)i = > BI(X1)i(X1);(X1)k)(Z; 2k — 1j=¢).
J.k
Furthermore, if ;4 has a non-zero absolutely continuous component with respect to the
Lebesgues measure then,

1
\/ﬁWp(umv) < EHE[X?g](Z@Q - Id)Hp + Cd,p,uo (1) . (1.5)

Whenever p admits a non-zero continuous component and has a non-zero third
moment, we conjecture our result to be asymptotically optimal as it is a natural multidi-
mensional generalization of (1.4). In particular, if X; has i.i.d. components we recover
the correct dependency on v/d since, by Lemma 6.2,

E[(X1)i]V(p—1)d
3v2

Our bound is also asymptotically sharper than known existing bounds. Indeed, using
Lemma 6.2 and Lemma 6.5, we obtain

VaWp(in, )

IN

+ C’dm,uo (1) .

IBXT)(Z%2 — Lo, < \/2(p ~ DVAELOXT X012 a5,

thus recovering (1.1) in the asymptotic setting. In particular, this means that if || X || < M
almost surely then, for any p > 1,

[(p—1)d
\/EWP(,UM’V) <M % + Cd,mto(l) .

Remark that this bound scales with at least d as M must be of order at least v/d. On the
other hand, if ;1 admits a Stein kernel 7 as defined in [9], combining Lemmas 6.2 and 6.6
gives

IBXF?1(Z29% — La)llp < 2¢/2(p — DBl — La1].

Hence, following the work of [3], if 4 admits a Poincaré constant K > 1 we can generalize
(1.2)toallp > 1:

V20 -1 (K -1)d
3

Let us note that, asymptotically, this bound depends only on /p — 1, thus improving on
the bound obtained in Theorem 1.2 [6] which scales with p? while lifting the requirement
for p to be log-concave.

For lattice-distributed measures, our bound is close to matching a multidimensional
equivalent of (1.3) but still requires improvements. However, obtaining the optimal rate
of convergence for discrete but non lattice-distributed random variables is still an open
issue. In any case, let us note that the remainder term is likely sub-optimal.

Corollary 1.1 is derived from a non-asymptotic bound obtained in Theorem 3.1 which
also deals with non-identically distributed random variables. Our result is derived
through refinements on a variant of Stein’s method used in [2] which might be of interest
in other contexts.

VW (pin, ) <

+ Cd’p#O (1) .
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2 Notations

Let d be a positive integer. For any k € I, let (R?)®* be the set of elements of the
form (;);eq1,. ayx € RY". For x € R? and k € IN, we denote by = the element of
(R%)®* such that

k
VJ c {]., ceey d}k, ((E®k)j = ijl
i=1

For any z,y € (R%)®*, we denote by < z,y > the Hilbert-Schmidt scalar product between
x and y defined by

<z,y>= Z ZiYi,
ie{l,...,d}*

and, by extension, we write

lz|]? =< z,2 > .

Furthermore, for any 2 € (R?)®(*+1) and y € (R%)®*, let xy be the vector defined by

Vi € {1,,d},(.’L’y)Z = Z T 5Yj-

JE{L,...,d}*

For any k € IN, any function ¢ with partial derivatives of order k and any = € R¢, we
denote by V*¢(z) € (R%)®* the k-th gradient of ¢ at x:

ok

al’jl N 83:‘7»,6

Vi€ {1,...,d}*, (VFé(x)), ().

For any k£ € N, let H;, be the d-dimensional Hermite polynomial, defined by

Vo € RY, Hy(z) = (—l)ke%vkef%.

Finally, for any random variable X on R?, we denote by || X |, the L,-norm of X, that is

I1X 1l = (I X[}/

3 Main result

Let n > 0 and W1,...,W,, be independent centered random variables on R¢ such
that W = " | W; has identity covariance matrix and max;e(q,.. n} IEWE?)|| < 1. We
denote by v the measure of W. For any i € {1,...,n}, let D; = W/ — W,, where W/ is
an independent copy of W,. Let us define a set of features describing the large-scale
behaviour of the variables (W;)i<i<n:

. Vie{l,...,n},& = — log(|E[W?]
* Vg>0,L, =" E[|W;]9;
* Vg >2,Ny =Y, £ E[|| D)

@27y,
« Nj=3T" LD W LI D (1]

= VIEWE? e

Now, for any 8 > 0, let D; 3 = D;1p,<g. If E [Z?:l D?g} is positive-definite, we
consider the following small-scale feature:

);

q/2*1]

’

—1
1y p,jzemwez)es T &)

q

n -1

®2
> 02| o
i=1

Vg>0,8=Y E||E
=1
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Theorem 3.1. Let p > 2 such that p < minje(1,.. ) |E[W2?]|~* and suppose L,z < cc.
Let € == max;c 1,y |[E[W2?)||>/3. If there exists 0 < 8 < /€ such that E [2?21 D%} is

positive-definite, then, for any q,r > p such that % +1= %, we have

o) 6 (p—1)e

+Cp (e (VB(VBz + V) +p (Y7 + L)) + VN1 + (pNps2) /7 + ;)
In order to prove Corollary 1.1 from this result, we take

X
Vie{l,...,n},Wi:—

N
h ; : IB[X P28 gi/s
and 8 = —t and let us assume n is sufficiently large so that § < ——Lz— = 755. In

the following, we denote by C' a positive constant depending on properties of u but
independent of n. First, we have

VP(\/ B2+ Vd) +p (6;/1’ + L;/P) <C

WS, |, <Bp\/3+ (2r = 1B W, v, v))

c

and, since € = 7,

e (VB(V/Bz + V) +p (87 + Li/7)) < %

Then,
C

N = ——
nlog(n)

and, since we have lim ne&; = 400,
n—oo

1
VNg +p PN — o [ ———— ).
PV r2 = 2\ Vnlog(n) /7
Furthermore, since X; has finite moment of order p + 2, we can use Theorem 6 from [2]

to obtain c .
Wpt1/2(pn,7) < nl/2—1/ap = ,3/8"

Thus, since |[E[W®3]|| = %
BV Wy 1/2(in:y) €
NG = s

which concludes the proof whenever p does not admit an absolutely continuous com-
ponent with respect to the Lebesgues measure. If it does, let us denote by p. this
continuous component. For any h > 0, there must exist a ball B with radius h and
non-zero mass for p.. Remark that

/ (&' — 2)®2dpe () dpse(a)
B2

must be positive definite. Otherwise the dimension of the support of p. on this ball would
be lower than d which is impossible since . is absolutely continuous with respect to the
Lebesgues measure. Thus,

]
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must be finite. Therefore, for n sufficiently large, we can take h,, as

:w&w»+@mﬂ”§””?‘

S|

hn:inf{hz

Then lim A, =0 and
n— o0

€ (ﬁ(\/ﬁg(hn) + \/E) +p (ﬁp(hn)l/p + L;/p)) -0 (n1/772/3) — 0 <1> 7

which yields the desired result.

Remark 3.2. Note that we restricted ourselves to the existence of a moment of order
p + 2 for the summands to simplify computations. Let us note that one could only
consider existence of a moment of order p + [ with [ < 2 only in order to obtain the rate
o (n=1/2+1/P=l/2P]og(n)~!/?P) for the ii.d. case which would slightly improve on Theorem
6 [2] in which the rate O (n*1/2+1/p*l/2p) was obtained. Our approach would also be
able to deal with varying moment assumption where each variable W; admits a finite
moment of order p + [; for non identically distributed summands.

4 Diffusion interpolation approach

Let p > 0 and W be a random variable drawn from a measure v on R?. In the
following, we assume v admits a density h with respect to the Gaussian measure which
is both bounded and with bounded gradient. These additional assumptions can later be
lifted to obtain Theorem 3.1 using approximation arguments similar to those developed
in Section 8 [2].

Let t > 0 and let us consider the random variable F} := e W + /1 — e~2tZ, where Z
is a random variable drawn from the d-dimensional standard Gaussian measure v and
independent of IW. We denote by v; the measure of F;. Due to our assumptions on h, v,
admits a smooth density h; with respect to . We can thus consider the score function of
F; defined by

pe = Vlog hi(Fy).

Then, by Equation (3.8) [9], we have

t
W) < [ el
0
and, since lim vy =7,
t—o0
Wy < [ ol
0

We are thus left with bounding ||p||, for all ¢ > 0.
One can first remark that this score function verifies the following formula (see e.g.
Lemma IV.1 [10]):

a.s., “4.1)

pr =e 'R W—L | Fy
A(?)

where A(t) == e¢* — 1. A first, somewhat trivial, bound on |/p;||, can then be obtained by
applying Jensen’s and the triangular inequalities:

- [E[Z | F]| - 1Z]
<e ' |EW | F]|l, + Pl <e t [ W], + L. (4.2)
Il @[ | Fillly+ = A Wi+~ 25
EJP 29 (2024), paper 78. https://www.imstat.org/ejp
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Note that this bound can still be nearly optimal for small values of t. Indeed, whenever
W takes values in hZ¢, one has, for small enough values of t < h,

- b Z
Walts 1) = [Fi=Wla = (1=~ [ W, +VI— e 2], = [ e t<||W||2+ ” A”&) .
0

However, for continuous measures v or for higher values of ¢, it is usually possible to
obtain better bounds on ||p;||,. For instance, (1.1) is obtained by combining (4.2) with
another bound on ||p;||, which holds for large values of ¢. A similar approach was used
in [5] to provide quantitative results for normal approximation in various frameworks
such as Wiener chaos or homogeneous sums. In this work, we refine this approach by
using three different bounds: (4.2) for small values of ¢, a bound for medium values of
t highlighting the small-scale behaviour of the measure v and a last bound for larger
values of ¢t which depends on the large-scale structure of v through its moments.

5 Bounding ||,

5.1 Small times

Letp>2andlet W = Z?zl W; where the (W;)i<;<» are centered and independent
random variables on R? with finite moment of order p. If E[W®2] = I, there exists C' > 0
such that

1
lpelly < T1(t) = Ce™ <\/% <1 + A(t)> +pL}/p) : (5.1)

Indeed, since the (W;)1<;<, are independent and centered, we can use Rosenthal’s
inequality (see Lemma 6.1) to obtain

Wi, < € (Ve +pLY") .
On the other hand, by Lemma 6.2,

12]lp < Vd(p—1).

Injecting these bounds into (4.2) then yields (5.1).

5.2 Medium times

When looking at (4.2), we can see that, for small values of ¢, the main contributor
of this bound is [|E[Z | F}]||,/+/A(¢). In the previous Section, we upper bounded this
quantity somewhat crudely by using Jensen’s inequality. In this Section, we establish
a sharper bound on ||p:||, by proving a variant of Proposition 6.1 [5] leveraging the
small scale features of W. We start by covering the more general exchangeable pair
framework, a standard framework for applying Stein’s method, before tackling the
specific Central Limit Theorem case.

5.2.1 Exchangeable pairs framework

Proposition 5.1. Let p > 2 and (W, W') be a pair of random variables on R such that
(W,W') and (W', W) follow the same law. For anyt > 0, let n,(t) = A(t)/(p — 1) and
Dy = (W' — W)1yw'—w/|z2<y,)- Forany0 < s <t such that E[D$?] is positive-definite,
we have

c CVdny(s)
pellp < e [ IE[AsDs + W [ W]||, + ——==|E[[s | W] = E[[]|l, + —— 575" | -
! T Vm(t) P p(t)3/2
where C > 0 is a generic constant, A, = E[D®?]~! and 'y = 1A, D%?.
EJP 29 (2024), paper 78. https://www.imstat.org/ejp
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The proof of this result mostly follows the proof of Proposition 6.1 [5].

Proof. Let 0 < s <t and let

DE*Np (7
JFZ k s @ )k/z) ( )>,

(AD+\/7

with a = % — m. A small modification of Lemma 6.5 [4] (see also the proof of
Lemma 5.4) gives
E[Tt | Ft] =0.

Therefore,
Pt = pt+ e_tE[Tt | F4

and using (4.1) along with the triangle inequality yields

e'llpelly < |E[AsDs + W | B, + IE[(Ts — Ia) Z | F]|,

1
A(t)

oo
i 0.0 20 5|
E[(T, ® D¢ Hi(Z) | Fyl|| .
Then, since Z and W are independent, we have, by Jensen’s inequality,

1
et”pt”p < |E[A:Ds + W [ W], + m I(ETs | W] = Ia) Z”p

Z k/2 |EIr. @ D2 | wimHL(2)

p

and, by Lemma 6.2,

1
e'loclly < IB[ADs + W | W]||, + NCRO) [ETs [ W] = La|,
p

v e o pen w|
o k/2 »
k=3 P
Since I'; is positive-definite, we have, for any k > 3,
HIE I, @ DE(k- 1>|WH BT D[ | W]
< np(s) "2 E[L, | W],
< () =072 (JIBID | W] = Lall, + 7))

< () %72 (IBID | W) = Lull, + V) -

Thus, since Y 4 ; axVE! < oo and 7,(s) < 1,(t), we obtain that there exists C' > 0 such
that

C CVdn,(s)
t <EB[A D, + W | W], + ——— B[y | W] — L], + —25)
e llpellp < |IE] | W1llp 0 |ELs | W] — 1|, SNOE

Finally, one can remark that, by definition of [,
E[ls] = 14,

concluding the proof. O
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5.2.2 Sum of independent variables

Proposition 5.2. Let W = Z?zl W, where the (W;)1<i<, are independent random
variables on R¢ with finite moment of order p > 2. For any i € {1,...,n} and 8 >0, let
D; g = (W] — Wi)l)p, < where W/ is an independent copy of W;. Suppose there exists

B > 0 such that
-3 B0

is positive-definite. Then, for any t such that A(t) > (p — 1)/3%, there exists C' > 0 such
that

1 1 3/2\/(?52
ol < w2ty = O (VB (VB +VE2) 40 (87 + 13/7) + P |
where "
Vg > 0,8, =Y E[|AsDisl]
i=1
and .
Vg > 0,Ly =) E[|Wi|].
i=1
In the following, we denote by C a generic positive constant. Let s be such that
A(s) = (p—1)B? and let t > s. Let W/ = W + (W] — W;) where I is a uniform random

variable on {1,...,n}. Since (W,W’) and (W', W) follow the same law, we can apply
Proposition 5.1 to obtain

t 1 (p— 1)3/2/dp?
llpully < IEIASD, | W]l + W), + \/%HE[FS W1 =B+ O

with A; = nAg. First, following the proof of (5.1), we have

Wl < € (VoLz + L")

Then, by definition of D, and since I is independent of W,

BID | W] = 5 S EIDis | W],

Hence,
IE[AD: | Wi, = ||As Y E[Dip | W]
i=1 »
and, by Jensen'’s inequality,
IE[ADs | W], < ZAﬁDz 8
Leti € {1,...,n}. Since W/ and W, are independent, we have
E[D; g] = 0.

We can thus apply Rosenthal’s inequality (see Lemma 6.1) to obtain

n 1/2 n 1/13
[E[ADs | W], < Cy/p <Z IIAﬂDz‘,Mg) +Cp (Z ||A5Di,5||§>

=1 i=1

<C (\/]Tﬁﬁpﬁg/f)) .
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Similarly;,

1/2

n » 1/p
Lop (Z HABD?;;HP)
i=1

and, since ||D; g|| < 8 < v/A(t)/(p — 1), we can use Cauchy-Schwarz inequality to obtain

A(t)
Di < —=|A Di .
hl ,BH—\/p_lH sDigl
Therefore,

n 1/2 " 1/p
p—1
MIIE[H | W] =E[l][l, <Cvp <Z AﬁDi,@Hi) +Cp (Z [AsDs g 2)
i=1

i=1

< C (VB2 +pBy/")

|E[Ls | W] = E[L][l, <Cyp (i HABD%H2>
=1

HAﬂDf?gz ’ <|[[AgDig

which concludes the proof.

5.3 Large times

Finally, we are left with bounding | ||, for “large” values of ¢ by using large-scale
features of the (W;)1<;<,. In practice, we improve on Proposition 6.1 [5]. However, while
this result was derived in the general exchangeable pairs framework, our improvements
require dealing with sums of independent random variables and thus to the Central Limit
Theorem case.

Proposition 5.3. Suppose W = Z?zl W, where the (W;)1<;<» are centered independent

random variables on R¢ with finite moment of order p + 2 such that E[W®2] = I,. There
exists C > 0 such that for any p < ¢ < p+2 and r verifying ; + ; = - and anyt such that

A(t) > (p— D) maxieqr,... .y [EWZ]],

e BWSHy (2) ], CIEW25|[Wy (v, 7)

[pellp < Ws(t) = D) N (£)3/2
PNa(t) | ([ Npwa ()P | Ni(®)
+C< () o () ) )* 0’
where

* &i(t) = log (%);

n BUD*Qyp, 25 060 +E(O )27
Vg >2,Ny(t) =>4 1D 12> 2()3( ) .

fie _ xan IEDE Wil Dall)l
Nat) =2z VIEW2] | (6)3/2

Foranyi € {1,...,n}and any ¢t > 0, let D; ; = D;1|p,|2<n,(t)c,(t)- Let us first rewrite
p¢ with the help of the following result.

Lemma 5.4. For anyi € {1,...,n}, the quantity

< E[(W] ® D®k) H.(Z) | F]
Tie = E[Di¢ | Ft] +Z KIA(t)k/2

verifies
]E[Ti’t | Ft} = 0

EJP 29 (2024), paper 78. https://www.imstat.org/ejp
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Proof. Leti € {1,...,n} and let ¢ be a smooth test function. Since ¢ : x — E[p(e 'z +
V1 —e~2tZ)] is real analytic (see e.g. Lemma 1 [2] or Lemma 6.4 [5]), we have

EW/6(F; + ¢ Di )1p, 2 <nyve 0] = O B [WL (DEF, VEo(Fy))]

= fj —E [(W] @ DEF)VFe(F)] .

Thus, by performing multiple integrations by parts with respect to the Gaussian measure
(see e.g. Equation (16) [2]), we obtain

= E[(W] @ DEF)H(Z)b(F,)]
EW/(F; + ¢ ™" Di) 1, 2<n, (nen] = D k,A’t(t)k/g
k=0 :

Finally, since W; and W/ are independent and identically distributed, we have
EWi¢(F; + ™" D) 1pi2<n, (e (0] = EIWib(F) 1D )2 <ny s )]
concluding the proof. O
We are now ready to start the proof of Proposition 5.3. Using Lemma 5.4, we obtain
Pt = Pt + e_t ZE[Ti,t | Ft}
i=1
Then, since 31 | E[W*? = I, and 3"} | E[W®?] = E[W®3], we can write

[W®2} [W®3] .
A(t) Z— ZA( ) HQ(Z) +T17t ‘ Ft

_ e 'E[W®IE[H(2Z) |Ft ot
pr= 2A (1) ZE

Thus, combining the triangle inequality, Jensen’s inequality and Lemma 6.2, we obtain

e | BEW®3Hy(Z) | F]ll,

Hpt”p S QA(t) + €_tA(t),
where
o] n 2 p/2 e
At =E [ ZA;H
k=0 || =1
with

o Ay =E[D; +W; | Wy|;
EW/®@DEF |W;]-EW2 D]

k€ {12), s = S,
E[W;@DE [Wi]
d V/{: > 27Ak~7i - W
First, by Lemmas 6.3 and 6.4, we have
e '[EEW* Hy(Z) | Filll, _ e C|E[W3]|[We(v,v)
< E[W®3|Hy(Z AN
QA(t) = 9 H [ ] 2( )”PJr 7727-(t)3/2
where ¢ > p and r is such that
1 1
-4 - = -,
q T p
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Let D;; = Dilyp,|2>n,(t)e: (). In order to deal with A(t), let us first remark that, since
E[W;] = 0 and since W and W, are independent, we have

Ao =E[Diy +W; | W;] =E[D;, — D; | Wi] = —E[D;, | W]
And similarly,
E[W; [ Di,t | Wz]

A =—
np(t)

Let us also note that -
E[W] © D]
21y (t)

Then, viewing A(t) as the p-norm of an infinite-dimensional vector, we can apply Rosen-
thal’s inequality (see Lemma 6.1) to obtain
) 1/2
n

+Cp (Y E (ZHBlm
=1 k=0

IE[AQ,Z‘] = —

> IBeal?

k=0

PSS (Z |E[Ak,i]||2> N (ZE

i=1 \k=0 i=1

1/p

p/2
|2)

where

Ay ifk #2
Vk € N,1<i<mn,By;=1q EW oD W, ik — 2
RO

Let us conclude the proof by bounding these quantities.

5.3.1 Bounding the first term

Leti € {1,...,n}. First, let us note that since W, and W/ are independent,
E[Ao;] = E[D;4] = 0.

On the other hand, since E[W;] = 0 and E[W*?] = I,, we have E[W/ @ D, ;] = ~E[W; ®
D; ;). Hence,
E[DF/]

E[WZI ® Di,t] =

and
IEDE® _ |EDZIDPIE _ DD Wil

X (R TR0 0 I TN O0)E

&(1).

On the other hand,

o o IEDZIWAIP _ JEIDZ DIl &)
ST T mos0r 2

[E[Az,;]

Finally, for any k£ > 3,

1B A2 < VERE Dl 2IWGllI> _ JE(DE2 DI WLl i(t)*
T Kl (£)* T (m®&(®)? k!
EJP 29 (2024), paper 78. https://www.imstat.org/ejp
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Therefore, by definition of &;(t),

®2
Z”E IR < [ELD; ||D||||W|| Z

(np ()€
< ||]E[Dz®2||Di||IIWill]II2 et
- (p(£)&:(2))?

~ IBDZ* [ Dil[Iwil]1*
W, (8)26 ()

and thus

n . 1/2 ,
> (Z ||E[Ak,w> < Malt),
= \= (t)

5.3.2 Bounding the last two terms

Leti € {1,...,n},q € [2,p]. First, by Jensen’ inequality and by definition of D, ,,

E[||Di(||***/ | W]
(np(t)&(t))2/a

Let W/’ and Dj, be a conditionally independent copies of W and D; ; with respect to W;.
We have

1Bo,il* < IB[Die | Will|* < B[ Dy]|* | Wi] <

[E[W] @ Di | Will|* = B(W; ® Diy, W' ® Dj,) | Wi]
= E[(W}, W) (Di, Di;) | Wi]

and, by Cauchy-Schwarz’s inequality,

— = =, 02
BV, & Dy | WiIP < BUW/, WYY | WiY2B((Dyy, DL, | Wi/
< B(W/™2, /™) | Wi Y2E(( D2, D) | Wil /2

1,t 7

< [BW;=* | WllIELDEE | Wil

Since W i BW;* | Wil = [[EW;**)|| = [E[W?]||. Thus,

|EW, @ D; 4 | Wi]||?
np(t)
< NEWEEID:.0|* | Wi]
- Mp(t)
< NEWEE(ID, >4/ | W]
(mp()&i(t))1+2/a

1B l|* =

&i(t).

On the other hand,

IEW] © DEZ | Wi)|?
27717( )
_ IEW | Ds|* | W)
B 2np()?
_ W2 IEB|D: >+ | Wi & (1)
(np(1)& (1)) 112/ 2

1B2l|* <

EJP 29 (2024), paper 78. https://www.imstat.org/ejp
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Finally, for any k£ > 3,

IEWNEN D | | Wil _ [BIW2IB[| Di[* 4/ | Wi] &i(1)*
Felip (£)* - (np(1)&i(£)) 4274 kL

Combining both these bounds yields, by definition of & ()

Z | B.i

1B.qll* <

< LEIVERED> /0 | Wi] & (¢
(1o ()& (0)) 1727 Z
_ IEWVEEND>H9 | Wi e,
SN CROTAI RS
[|Di >4/ | W)
= &) i, ()20

Thus,

= E[[|D;||2**/9(1) b, |20, (e 1) + E(t) ™) | W]
B ; 2 < ill“Z2"p i
2 1Bl < (1o (06, (1)2/

and, by Jensen’s inequality,

q/2
- E[|| Di[|*"2 (1) b, 230, )0 + &) V2]
B ; 2 < ZNp )
(Z | B, ||> < OTAG)

Therefore,
1/q

n [e’e) q/2 1/q
12 Nyt2(t)
> E (I;)an,Zn) <( e ) .

5.4 Combining times

We are now ready to conclude the proof of Theorem 3.1. Let ¢; and e; such that

np(€1) = p—el) 3% and e, be such that 7, (e2) = Ap(_ql) = €= MaX;e(1,...,n} ||E[Wi®2ﬂ|2/3.

Remark that, by assumption, €; < €5. In the following computations, we will rely on the
fact that A(t) > 2t. By (5.1) and Propositions 5.2 and 5.3 we have

00 €1 €2 o0
/ ||Pt||pdt§/ Wy (t) dt‘f‘/ W (t) dt"i‘/ W3 (t) dt.
0 0 €1 €2

First, since 5% < ¢

/(:1\1/1(15)dt C(p\/m-i-pnp (e1) (f+pL1/p>>
C(ﬁf+p€(\/>+le/p))

Then,

/62 Uy (t) dt < Cpnp(e2 ( (/B2 + Vd) _|_p(51/p+L1/p)) CP52\/(3

€1 np(€1)
< Cpe (\/fa(\/ﬁ: +Vd) +p (5;,/” + L}/P)) + CpBVa.

Finally, let t > €. Since 7,(t) > max;cq1, ) [E[W??]||*?, we have, for any i €
{1,...,n},&(t) > C&. On the other hand, since p < min;c(;, . |[E[W??]| 7!, we have

.....
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—log(e2) < —log(np(e2)) —log(p — 1) < C§;. Hence, since Ny(.), Npt2(.) and Nj(.) are
decreasing functions,

[ wstar < IO, | O 1)/2 B[ )W (v.7)
€2 B 6 (p = 1)np(e2)
+ Cp (VNalea) + (0Npea(e2))/7 = Nij(e2) log(e2))
_ WS Hy(2)], | C(ar — 12 B Wy ()
N 6 (p—1)e
+Cp (\/174 + (pNpy2)/? + Ng) .

which concludes the proof of Theorem 3.1.

6 Technical lemmas

Lemma 6.1 (Rosenthal inequality, Theorem 5.2 [11]). There exists C' > 0 such that, for
any p > 2 and any independent random variables (U;)1<;<y, with finite moment of order
p taking values in a Hilbert space H, we have

1/p

n 1/2 n
< Cp (Z ||Ui||%,2> +Cp (Z ||Ui||€{7,,> :
i=1 i=1

where, for any random variable X taking values in H and any q > 0,

Zn:Ui — E[U}]

H,p

X 134,q = EIX5,]-

Proof. By Theorem 5.2 [11],

n 1/2 n 1/p
<Cyp (Z 1U; — E[Ui]||§{’2> +Cp (Z 1U; — E[Ui]H%,p) :
=1

i=1

iUi — E[UJ]

H,p
Now for ¢ € [2,p], combining the triangle and Jensen'’s inequalities yields

Ui = E[Uilll3,g < Uills.q + 1E[U:]l2 < 2[|Usll34,q,
concluding the proof. O

Lemma 6.2 (Lemma 3 [2]). Let Z be a d-dimensional standard normal random variable.
Foranyp>2,k €N and M € (R%)®**!, we have

IMHK(Z)II} < (p— 1)"kY M.

Lemma 6.3. Let X,Y and Z be three random variables on R such that Z is drawn from
the Gaussian measure v and is independent from (X,Y’). Let ¢ > p > 2 and suppose that
X and Y have finite moment of order q. Then, for any k > 0 and any i € {1,...,d}*,

IE[H:(Z) | X + 2] = E[Hi(2) | Y + Z]||, < C\/(2’r = DFH R+ DY = X,

where C > 0 is a generic constant, H; = (Hy); and r is such that 1 + % = %.

Proof. Lete =Y — X. We have

E[H,(Z) | X+ Z]=FE[Hi(2)|Y + Z + €]

EJP 29 (2024), paper 78. https://www.imstat.org/ejp
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and )
EH(Z2)|Y+Z|-EH;(2)| X+ Z] = /0 %E[Hi(Z) |'Y + Z + te] dt.
Let us denote the density of Z by f, and the measure of (Y, ¢) by . For any ¢ € [0, 1], let
£ = [PVt (24 —of +t{e= ) duly'. ),
where V;- = (V*.);. We then have
f(t) = / (=€, (“D)"VVify (Z+Y =y +t(e =€) duly',€).

Similarly, letting
0= [£Z+Y g +tle—)duty. ),

we have
J(t) = / (=€ VI (Z+Y —y +t(e— ) duy/,€).

By definition of the conditional expectation,

» {8 =E[H(2)|Y + 2 +te);

« IO _F(e, Z) | Y + Z +te] — (¢, B[Z | Y + Z + te]) and

o LU — (e, Hiy 1 (2)) | Y + Z +te] — (6, B[Hi11 (Z) | Y + Z + te]),

g9(¢)
where H;41(z) = (—1)’““%’2)@”). Therefore, letting Gy =Y + Z + te, we obtain
d £\
GEH(2)| G = (7 ) (0= (€ ElZ | GIBLH(Z) | G - E[Hi (2) | Gi)

— (E[{e, Z) | G{|E[H(Z) | Gi] — E[(e, Hi41(Z)) | G4]) -

Applying the triangle inequality along with Cauchy-Schwarz, Holder’s and Jensen’s
inequalities then yields

H Z) | G| < Cllellg(1Hixa (Z)]lr + [ Z]20 |1 Hi(2)]]2r),
P
where
1 1 1
4 ==
qg T P
Finally applying Lemma 6.2 yields
H 2)|Y +Z+1td|| < Cy/(@r - D&+ 1) e],,
p
concluding the proof. O

Lemma 6.4. Let Y and Z be two independent standard normal random variables on R¢.
Then, for any k > 1 and any a > 0, we have

E[Hy(Z) | oY + V1 —a2Z] = (1 — ®)*2H(aY + V1 — a22).
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Proof. Let ¢ be a smooth function with compact support. By performing multiple
integrations by parts with respect to the Gaussian measure (see e.g. Equation (16) [2]),
we obtain

E[E[H,(Z) | Y + V1 —a?Z]p(aY + V1 —a?Z)]
=E[H(Z)p(aY + V1 —a2Z)]
= (1 - ) E[VFo(aY + V1 - a2Z)]
= (1 - A2 E[Hi(aY + V1 —a?22)p(aY + /1 —a?Z)],
concluding the proof. O
Lemma 6.5. Let X be a random variable on R? with identity covariance matrix. Then,
IB[X %1 < VA|[E[X®?)| X 2.

Proof. Let X’ be an independent copy of X. By Cauchy-Schwarz’s inequality, we have

(X, X’)Q} " [(X, X’ﬂ 2

<X®2,X’®2>]1/2 E [<X®2,X'®2> ||X||2||X’||2]1/2
IEX 2B 22 X1

IE[Za] I[IIELX 221X |2]]

< VA|EX 2| X7]].

O

Lemma 6.6. Let X be a centered random variable on R? with identity covariance matrix
and suppose there exists 7 : RY — (R%)®? such that, for any smooth test function
¢:R* — R4,

E[(X, ¢(X))] = E[{r(X), Vo(X))]. (6.1)
Then

IBLX =] < 2E[|lm(X) — La]l)"/2.

Proof. The proof follows the proof of Equation (3.14) [8], except we use (6.1) in place of
the Poincaré inequality.
Let B = E[X®3]. We have

IB]* =B [(X, BX®*)].
By definition of 7, we obtain

IB]* = B [{7(X), V(BX®%))]
= 2E[{r(X), BX)],

where

d
(BX)ij =Y BijsXe.
k=1
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Since X is centered, we have E[BX]| =0 and
IB]|* = 2B [{r(X) — L4, BX)].
Finally, by Cauchy-Schwarz’s inequality and since E[X®?] = I,

I1BI* < E[ll7(X) — L|*]/*E[|BX|*] /2
< 2||BI[E[|(X) — Lal*]"/2,

concluding the proof. O
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