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Expansion and attraction of RDS: long time behavior
of the solution to singular SDE*

Chengcheng Ling® Michael Scheutzow?

Abstract

We provide a framework for studying the expansion rate of the image of a bounded set
under a semi-flow in Euclidean space and apply it to stochastic differential equations
(SDEs for short) with singular coefficients. If the singular drift of the SDE can be split
into two terms, one of which is singular and the radial component of the other term is
negative then, under suitable conditions, the random dynamical system generated by
the SDE admits a pullback attractor.
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1 Introduction

Regularization by noise, i.e. existence and uniqueness of solutions under the assump-
tion of non-degenerate noise, has been established for a large class of singular stochastic
differential equations (SDEs). It was shown recently that these equations also generate
a random dynamical system (RDS), see [20], and like in the classical (non-singular) case
it therefore seems natural to establish asymptotic properties of these RDS for large
times, like expansion rates of bounded sets and the existence of attractors or even
synchronization (meaning that the attractor is a single random point).

We consider an SDE on R? with time homogeneous coefficients

dX; = b(X;) dt + o(X,) dW,, X,=z€cR% t>s, (1.1)
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RDSs induced by singular SDEs

where d > 1, b : R —» R? and 0 = (04;)1<i,j<a : RY = L(R?) (:= d x d real valued
matrices) are measurable, and (W;);cr is a standard two-sided d-dimensional Brownian
motion. We assume that b € I:p(]Rd) (defined in Section 2.1), so b does not have to be
continuous nor bounded, and oo* (¢* denotes the matrix transpose of ¢) is bounded
and uniformly elliptic and Vo € ip(]Rd) with p > d (time homogeneous Krylov-Réckner
condition). These are sufficient conditions for the well-posedness of the equation (1.1),
see [16] and [27]. They also imply the existence of a flow and random dynamical system
(RDS) generated by the solution to (1.1) [20].

First we analyse the linear expansion rate of the flow generated by a singular SDE. In
simple stochastic models for the spread of passive tracers in a turbulent fluid, simulations
supporting the conjecture that the expansion rate of a bounded set under a flow is linear
in some non-singular models were first done in [2]. Later, this conjecture was proved in
[4, 5, 23, 8] for various classes of stochastic flows. In classical results, see e.g. [23], [8],
Lipschitz continuity or one-sided Lipschitz continuity of the coefficients of the SDE is
assumed to obtain bounds on the expansion rate. Obviously we lack these properties
in our current setting. Instead, we assume the noise to be non-degenerate, so we can
apply the Zvonkin transformation to get an SDE which has Lipschitz-like coefficients and
this SDE is (in an appropriate sense) equivalent to the original one (1.1). The Zvonkin
transformation was invented by A. K. Zvonkin in [36] for d = 1 and then generalized
by A. Yu. Veretennikov in [26] to d > 1. It has become a rather standard tool to study
well-posedness of singular SDEs, see e.g. [30, 28] and [27]. This tool heavily relies on
regularity estimates of the solution to Kolmogorov’s equation corresponding to (1.1)
which can be found for instance in [15] in the classical setting. In this paper we adapt
the method to the study of the RDS induced by singular SDEs. We show that the flow
expands linearly (see Theorem 5.4), a property which was established for non-singular
SDEs with not necessarily non-degenerate noise in [4, 5, 21, 22, 23]. Our proof mainly
depends on stability estimates (see Theorem 5.2). These kind of estimates were studied
before, see for instance [13], [30] and [31], but the dependence of the constants on
the coefficients was not specified. We give a formula in Theorem 5.2 which states this
dependence explicitly. It also yields the expansion rate constant in Theorem 5.4.

Secondly, we aim at conditions which guarantee the existence of an attractor for the
RDS generated by a singular SDE. Clearly, one can not expect that an attractor exists
without further conditions (an example without attractor is the case in which the drift is
zero and the diffusion is constant). Since [6], numerous papers appeared in which the
existence of attractors for various finite and infinite dimensional RDS was shown, e.g.
[3,9,10,11,12, 8,17, 35]. A common way to prove the existence of an attractor is to
show the existence of a random compact absorbing set and then to apply the criterion
from [6, Theorem 3.11]. Just like [8], we will use a different and more probabilistic
criterion from [7] (Proposition 2.8). Roughly speaking, all one has to show is that the
image of a very large ball will be contained inside a fixed large ball after a (deterministic)
long time with high probability. In [8] this was shown under the assumption that the
diffusion is bounded and Lipschitz and the drift b(z) has a component of sufficient
strength (compared to the diffusion) in the direction of the origin for large |z|. In our
set-up, this condition is too restrictive. Instead, we assume that the drift can be written
in the form b = by + b,, in which b, is singular and b, is non-singular and has a component
of sufficient strength (compared to the diffusion and the localized L,-norm of b,) in the
direction of the origin for large |z|. Contrary to the non-singular case, adding a drift b, to
a given function b; (which is bounded in the non-singular case and in f/p in the singular
case) will however not guarantee the existence of an attractor, no matter how strongly
bs points towards the origin. We will explain this in Theorem 2.13 and Theorem 2.14.
Roughly speaking, adding such a drift b, may cause solutions to spend more time in
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regions in which b; is “particularly singular” and pushes solutions more strongly away
from the origin than b, pushes towards the origin.

The idea of splitting the drift b of a singular SDE into two parts b; and b, was also
used in [32] where they assumed that b; is essentially as in our set-up and b, is Lipschitz.
They showed well-posedness of the SDE (which is not covered by our assumptions). We
decided not to work in this (essentially) more general set-up since this requires a new
proof that the SDE generates a global RDS.

It seems to be an interesting and challenging question to study the attractor in more
detail, e.g. to find sufficient conditions for synchronization (meaning that the attractor is
a singleton). We will, however, not address these questions in this work.

Structure of the paper

We introduce notation and the main results in Section 2. In Section 3 we study the
expansion rate of the diameter of the image of a bounded set under a flow under rather
general conditions. These results are minor modifications of results contained in [23]
which are proved by chaining techniques. Section 4 contains estimates on functionals
of the solution to the singular SDE, namely quantitative versions of Krylov’s estimates
and Khasminskii’s lemma. The first part of the main results of this paper is presented
in Section 5, i.e. the linear expansion rate of the diameter of the image of a bounded
set under the flow generated by the solution to a singular SDE. In Section 6 we show
the existence of an attractor of the RDS generated by the singular SDE. In Appendix A
we study regularity estimates of elliptic partial differential equations with emphasis on
the dependence on the coefficients. We believe that these estimates are of independent
interest.

2 Notation and main results

2.1 Notation

We denote the Euclidean norm on R? by |.| and the induced norm on L(R?) or
on L(L(RY)) by |.||. Recall that the trace of a := (a;;)1<i j<a = oo satisfies tr(a) =
Eij:l o7, where o* denotes the transpose of o € L(R%). For p € [1,00), let L,(R%)
denote the space of all real Borel measurable functions on R equipped with the norm

112, = ([ 1@l dz) " < 4o

and L., denotes the space of all bounded and measurable functions equipped with the
norm

[flloe = I fllLe == sup [f(2)].

zeR4

We introduce the notion of a localized L,-space for p € [1, o0]: for fixed § > 0,
Ly(RY) :=={f : || fllz, == sup 15 fllz, < oo}, (2.1)

where &5(z) := £(%) and &f(z) := &(x — 2) for 2,2 € RY, € € C°(R%[0,1]) is a smooth
function with ¢(x) = 1 for |x| < 1/2, and £(z) = 0 for |z| > 1. For (a,p) € R x [1,0), let
H*P(RY) be the usual Bessel potential space with norm

1f o = 1@ = 2)*2f |1,
where (I — A)*/2f is defined via Fourier’s transform

(L= 2)*2f = F YA+ P)2Ff).
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The localized H*P-space is defined as
HP = {2 | fll o := sup |5 fll trew < 00}

From [27, Section 2] and [34, Proposition 4.1] we know that the space H*? does not
depend on the choice of £ and ¢, but the norm does, of course. More precisely, by [34,
Proposition 4.1], for the f;p-norms with different §, say §; and d, and §; < ds, if we use
the notation (ip)(; to denote the Iip space with support radius ¢ for localization, then

P

Nl lizyys, < 1 lityysy < Na (5

d
5) 1 ik, 2.2)

where Ny, N, are constants independent of 41, §>. For convenience we take 6 = 1 in the
following. For further properties of these spaces we refer to [27]. In the following, all
derivatives should be interpreted in the weak sense. Occasionally we will use Einstein’s
summation convention (omitting the summation sign for indices appearing twice). We
will often use the notation ;. = max{r, 0} for the positive part of r € R, a Vb := max{a, b}
and a A b := min{a, b}.

2.2 Preliminaries

In the following, all random processes will be defined on a given probability space
(Q,F,P).

Definition 2.1. A semi-flow ¢ on a Polish (i.e. separable and completely metrizable)
space X equipped with its Borel-c-algebra X = B(X) is a measurable map

o {(s,t,z,w) ER*x X x Q:s<t<oo} =X
such that, for each w € €2,

(1) ¢ss(x) =z forallz € X and s € R,
(2) (s,t,x) — ¢s,.(x) is continuous,
(3) forall s <t <wandx € X, the following identity holds

¢s,u (:C) = (bt,u((bs,t(ir))'

Next, we define the concepts of a metric dynamical system and a random dynamical
system.

Definition 2.2. A metric dynamical system (MDS for short) § = (0, F,P,{0; }+cr) is a
probability space (2, F,P) with a family of measure preserving transformations {6; :
Q2 — Q,t € R} such that

(1) 90 = id,@t o 95 = 9t+5 for all t,S € ]R,‘
(2) the map (t,w) — 6w is measurable and 0, = P for allt € R.

Definition 2.3 (RDS, [1]). A (global) random dynamical system (RDS) (6, ¢) on a Polish
space (X, d) over an MDS 0 is a mapping

v :{(s,z,w) €[0,00) x X x Q} = X
such that, for eachw € (),
(1) measurability: ¢ is (B([0,00)) ® X ® F, X)-measurable,

(2) (t,z) — oi(x) is continuous,
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(3) o satisfies the following (perfect) cocycle property: forallt,s >0, x € X,
wolyw) =1d, @irs(x,w) = or(ps(z,w), Osw) (2.3)
In order to obtain a one-to-one correspondence between RDS ¢ and semi-flows ¢ via
bs,t(2,w) 1= @ s(7,05w), s < 8 o1z, w) = ¢o¢(7,w), t >0,

we will require from now on that, in addition to (1)-(3) in Theorem 2.1, a semi-flow
satisfies ¢ (2, w) = @Psinin(x,0pw) for all s < ¢ and all h € R and, for an RDS ¢,
we will require that the map (s,¢,x) — ¢i—s(z,0,w), 0 < s < t is continuous, see [25,
p.609]. We say that an SDE generates a semi-flow resp. an RDS if its solution map has
a modification which is a semi-flow resp. an RDS. The following study is based on the
semi-flow generated by the solution to the SDE with singular drift. Therefore we state
the result from [20, Theorem 4.3, Corollary 4.2] on the existence of a global semi-flow
and a global RDS for singular SDEs under the following condition.

Assumption 2.4. For p, p € (2d,o0) assume

(i) b€ L,(RY), o : R? — L(R?) is measurable, |Vo| € L,(R?).
(i) There exist K1, Ko > 0 such that for a := oo* we have

K1|¢)? < (a(2)¢,¢) < Kal¢]?, V¢,x € RY

Remark 2.5. Note that L, C L,, whenever p > p'. Therefore, if Theorem 2.4 holds with
different values of p and p, then it also holds with the larger of the two numbers replaced
by the smaller one. In particular, the following result which was formulated for p = p
can still be applied.

Theorem 2.6. [20, Theorem 4.3, Corollary 4.2] If Theorem 2.4 holds, then the SDE (1.1)
admits a semi-flow ¢ and a corresponding RDS .

We will often write ¢, (x) instead of ¢ ,(z). Abusing notation we will sometimes say
“Let () (or just 1) be a flow...” instead of “Let ¢ (), € R% s < t < 0o be a semi-flow
and ¥y (z) == ¢o4(x), t > 0,2 € RL...".

Definition 2.7 (Attractor, [6]). Let ¢ be an RDS over the MDS 0 = (Q, F,P,{0;}icr)-
The random set A(w) is a (pullback) attractor if

(1) measurability: A(w) is a random element in the metric space of nonempty compact
subsets of X equipped with the Hausdorff distance,

(2) invariance property: fort > 0 there exists a set ); with full measure such that
o(t,w)(Aw)) = A(biw), Yw e Qy,
(3) pull-back limit: almost surely, for all bounded closed sets B C X,

lim sup dist(o(t, 0_iw)(x), A(w)) = 0.
t—o0 z€B
One way to verify the existence of an attractor is the following criterion.
Proposition 2.8. ([7], [8, Proposition 2.3]) Let ¢ be an RDS over the MDS 6 = (Q, F, P,
{6:}+er). Then the following are equivalent:
(i) ¢ has an attractor,
(i) ¥ r > 0, limp oo P(w € 0 By € U Moy 9 (1 Br,0-w)) = 1.
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2.3 Main results

Based on general estimates on the speed of dispersion of random sets in Section 3
(cf. Theorem 3.3) and on quantitative estimates of the solution to singular SDE in Sec-
tion 4, we will show the following result in Section 5.

Theorem 2.9. If Theorem 2.4 holds, then there exists a constant x > 0 such that for the
flow v generated by the solution to (1.1) we have, for any compact X C R?,

limsup( sup sup l|1pt(ac)\) <k a.s.

T—oo “te[0,7]zex 1

The precise statement including a formula for « will be given in Theorem 5.4. There,
we can see that K — oo as K; — 0 (when all other parameters remain unchanged). The
following example explains this fact: as the noise becomes more and more degenerate,
the linear bound on the dispersion of a bounded set under the flow approaches infinity,
so our non-degeneracy assumption on the noise cannot be avoided.

Example 2.10. In R?, for € > 0, we consider the system

{ dX; =B(Y:) dt+edW!, Xo€R, (2.4)

dY; =h(Y;) dt+edW?, Y, €eR,

where

_ W™ ify#0, 1 —((— _

soy={ W' TAEY ge0 . m) = (o v )L

and W', W? are two independent 1:dimensiona1 Brownian motions. Notice that for
b(z,y) := (B(y),h(y))*, we have b € L,(R?) for p € (4, %) Clearly there exists a unique
solution (X,Y) to (2.4) and

t
Xt:X0+/B(YS)ds+Wt1, t>0.
0

By the ergodic theorem, almost surely,

1 t [e%e]
Am 5 | BYs) ds= /m B(y)me(dy),
where 7. is the invariant probability measure of Y (an explicit formula for its density
can be found in [14, p.353]). Since 7. converges to the point measure §, weakly as € | 0,
we see that the linear expansion rate of (X,Y’) converges to oo when ¢ | 0. In particular,
we can not expect to have a linear expansion rate for the solution to a singular SDE with
degenerate noise in general.

W~e will now assume that the singular drift b in (1.1) is of the form b = b; + by, with
b1 € L,(R?) and b, satisfies one of the following conditions.

Assumption 2.11. For a given 3 € R, by(z) : R — R satisfies

U”) Hm sup 4 00 757 cba(z) < B
or
Ugs) liminf ;o0 ﬁ “ba(z) > .

Theorem 2.12. Let Theorem 2.4 hold and let ¢ be the flow generated by the solution
to (1.1). If there exist vector fields b; and by such that b = by + by, with b; € Ep(]Rd), by is
bounded and b, and o are Lipschitz continuous, then there exist positive constants 3,
(see Theorem 6.2) and (35 (see Theorem 6.3) such that
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1. if by satisfies Theorem 2.11 (Ug) for 8 > (1, then for any v € [0, 8 — 1) we have

lim IP(BW C dou(Br) V t> 0) =1 (2.5)

T—>00
2. if by satisfies Theorem 2.11 (U”) for 3 < —f35, then for any ~ € [0, —3 — B,) we have

lim P(By © 6}o(B,) V t20)=1. (2.6)

r—00

In particular, ¢ (or the corresponding RDS ) has a random attractor.

Correspondingly, the detailed results are presented in Theorem 6.2 and Theorem 6.3.

Remark 2.13. In Theorem 6.3, the bound 55 (or (y as it is called there) will not only
depend on by and o but also (via I') on |[bz[|; which may look strange and raises the
question whether, for given b; and o, there exists any bounded and Lipschitz continuous
function by which satisfies (U”) for some 3 < —3;. Observing that ||bs|| i, = P2c where
c= |1 i, one can easily see that there are cases in which no such b, exists and other
cases in which it does. In particular, the explicit bound in Theorem 6.3 shows that for
given ¢ and Lipschitz constant L; of b; there exists some B > 0 such that an attractor
exists for any by satisfying (U”) for some 3 > 3 and for all b; with sufficiently small
Ep(]Rd) norm. The fact that, for given b;, Theorem 6.3 does not guarantee the existence
of an attractor even for a b, satisfying (U”) for some very large f3, is not just an artefact
of our approach. The following example illustrates what is going on.

Example 2.14. Define B and h as in Theorem 2.10 and consider the SDE

dX; = 6B(Y;) dt + yih(X,) dt + dW}
dY; = yh(Y;) dt + dW2,

where 71,72 > 0 and § > 0. The 1d diffusion Y has an invariant probability measure for
every strictly positive value of v, and it converges to a Dirac measure at 0 as y2 — oo (see
[14, p.353] for a formula for the density of the invariant probability measure). Arguing as
in Theorem 2.10 we see that X converges to oo as long as ; is not too large (compared
to 7). If we split the drift into

o= () o= (245)

then we see that for every negative value of 3, there are (large) positive numbers 1, 7
for which b, satisfies (U B ) and X converges to co so, in particular, the RDS does not
have an attractor. Further, for any pair (1, 72) for which the RDS has an attractor, we
find a pair of larger values for which no attractor exists, so an attractor can even be
destroyed by adding a strong drift towards the origin. Note that our sufficient condition
for an attractor is, for example, satisfied provided that v; = - is sufficiently large and
4 > 0 is sufficiently small.

We now state what the upper bounds look like in the special case when the drift b is
bounded (i.e. p= ).
Example 2.15 (A case study: bounded coefficients). We consider the flow ¢ generated
by the solution to (1.1) when b, Vo are simply bounded, i.e., Theorem 2.4 holds with
arbitrary p = p € (1, 00).

1. Expansion rate of the flow: Theorem 5.4 shows that for each ¢ > 0 there exist
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constants C} (depending on d and ¢) such that for each compact subset X C R¢
limsup( sup sup — \qi)Ot( )|) < C (Kg + ||b||L K2 + Vol )

T—oo “Nte[o,7)zex T
Ko\ 16d°+¢ Vo2, \ 324 +e 1]l 7\ 32d%+e
) ) )
K Ky K
(2.7)

2. Existence of the attractor: if b = by + b, and by and o are Lipschitz continuous with
Lipschitz constants L, and L, respectively. Further assume that b, satisfies (U”)
in Theorem 2.11 with

(oallF + Kallbrllz, )\ 1/ Foy168%4e /|| Vo2 \ 825+ /b2l \ 824>+
p< _02( K, )[(E) + ( K, ) + ( K, ) }
~Cs(V/(d = )Ks(Ly + Lo)) + Ka(d - 1)), (2.8)

where € > 0 and Cs,C3 > 0 are appropriate functions depending on d and ¢ only,
then from Theorem 6.3 we know that ¢ (or the associated RDS ¢) has an attractor.

3 Expansion of sets under a flow

In this section, we assume that v : [0,0) x R? x Q — R¢ is measurable such that
t > 1y (x,w) is continuous for every z € R? and w € 2 (we do not require that ¢ has any
kind of flow property).
Lemma 3.1. Assume that there exist a > 0 and a constant ¢; > 0 such that for each
r > d, there exists ¢ = c¢(r) > 0 such that for all z,y € R? and T > 0, we have

1/r
(B suwp (la(@) = @))) " < cla =yl (3.1)
0<t<T

Then 1 has a modification (which we denote by the same symbol) which is jointly
continuous in (t,z) and for each v > 0 and u > 0,

1
limsup 7 suplog P sup  sup v (@) — vaily)| = u) < ~1(3), (3.2)

T—o0 XT,~ T, yeXT,~ 0<t<T

where sup,, ~means that we take the supremum over all cubes 1, in R? with side
length e=7T, and I : [0,00) — R is defined as

Yl ag(1 4 o)1= Vae e if v>ci(a+1)d
I(v):= d(y — c1d®) if ¢d*<y<ca(a+1)d” (3.3)
0 if v < c1d”.

Proof. We follow the argument in [23, Proof of Theorem 3.1]. Without loss of generality
we take x := x7, = [0,e777]? and define Z;(z) := ¢;(e 7Tz), x € R%. From (3.1) we get

1/r o
(B sup (1Zi(x) = Zy)l") " < ce Tw— ylerT.
0<t<T
By Kolmogorov’s Theorem (see, e.g. [23, Lemma 2.1]), ¢ admits a jointly continuous
modification and for any p € (0, ==%):

r

IP( sup  sup |¢(z) — Y (y)| > u) < Ee(clrn*V)TTu*T, (3.4)

TYEXT,~ 0<t<T

where ¢ depends on 7, d, p only. Taking logarithms, dividing by 7, then letting 7" — oo
and optimizing over r > d we get the desired result (3.2). O
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Remark 3.2. Since I(y) = sup,~ 4 {r(y — c17*)} is the supremum of affine functions, the
map v — I() is convex. Further, I grows faster than linearly.

The following theorem is a reformulation of [23, Theorem 2.3].
Theorem 3.3. Let ¢ : [0,00) x R x Q — R? be jointly continuous and satisfy the
assumptions of Theorem 3.1 and (3.1) hold with constants c; and a. Assume further,
that there exist co and cs > 0 such that, for each k > 0 and each bounded set S C R?,
the following holds

1
lim sup — log supIP( sup | (x)| > kT) < —cok? + 5. (3.5)
T—o0 z€S  NO<t<T

Let X be a compact subset of R? with box (or upper entropy) dimension A > 0. Then

1
limsup( sup sup —|wt(x)\) <k a.s., (3.6)
T—oo “telo,T]zex L
where
1
LWA) oaflo<a+1 dot1
K= ( 2 =4 with ~ = 3_ A y Y2 = Cl(Oflﬁ)a(l + a)Ha'

Nl

ca

(M) otherwise,

Remark 3.4. In addition to the assumptions of the previous theorem, let us assume that
V() = ¢o.(x) where ¢ is a semi-flow (later, we will only consider this case). Let X C R¢
be any compact set and let B be a ball in R? containing X. Clearly, the boundary 9B
of B has box dimension d — 1. The flow property of ¢ implies that for each ¢t > 0, the
boundary of ¢ ((B) is contained in ¢, (0B) and therefore any almost sure upper bound
k for the linear expansion rate of the set 9B is at the same time an upper bound for the
linear expansion rate of the set B and hence of X'. This means that in the case of a flow,
the formula for x in the theorem always holds with A replaced by d — 1 (or the minimum
of Aand d — 1).

4 Quantitative version of Krylov estimates

We will show a quantitative version of Krylov estimates (4.1). One can find similar
results in the literature with implicit constants, for instance [16], [30] and [27], which
however do not fit our needs since some proofs in later sections rely on the explicit
dependence of the constants on the coefficients of the SDE. In the following lemma,
a constant C,y appears which depends on g, p, p,d only. While we will regard p, p, d
as fixed throughout, we will apply the formula with different values of ¢ and we will
therefore write Ck.y(gq) for clarity. We denote the filtration generated by W, ¢t > 0 by F;,
t>0.

Lemma 4.1. If Theorem 2.4 holds and (X;):>o solves (1.1), then, for f € L,(R%) with
q € (d, o], there exists a constant Ck,y(q) > 0 depending on g, p, p,d only such that for
0<s<t,

1
2

B[ 1FC0)]dr|7]) < Cen @D (R H e =)+ (= o) Iflls,, @)

402 IVol|? | a2

. (K2\1=a %p T—d HbHip 1—4((11
where I := (£2) 777 4 (— Lo )T 4 (o) Tdr,

Proof. It is sufficient to show the estimate for positive f. (4.1) clearly holds when ¢ = oo,
so we assume q € (d, o). All positive constants C;, i = 0,--- ,7 appearing in the proof
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Page 9/33


https://doi.org/10.1214/24-EJP1118
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

RDSs induced by singular SDEs

only depend on p, p,q,d. We will regard p, p and d as fixed but we will vary ¢ in the
following proof and we will therefore highlight the dependence of constants on ¢ in some
cases (for Cy and Cy). First we show that a := go* is 1 — %-Hélder continuous using

Sobolev’s embedding theorem and the condition that o € H'* with p > d. Indeed

|a(x) — a(y)ll
wi—a/p(a) == sup o 1—d/p
/e z,yeRe z#y,|z—y|<1 |z —y|t=d/e
< sup [(oo™) () _f,(f/)a 2l N lo(z)o™(y) 1(3/@ )(y)ll)
z,y€R4 wH#y, |z —y|<1 |z =yl r |z =yl r
< sup |o*(x) = o*(W)llllo]lo n |o(x) — U(y)HHUHoo)
. 2,y€R%,aAy Jo—y|<1 |z —y[t=d/e |z — y[t=d/e
<CpaVEa||Vol 7, 4.2)

We follow the idea from [33, Theoreim 3.4]. Applying Theorem A.3 with p’ = oo, we see
that there is a unique solution v € H?9 to

1
AU — §aij8¢ju = f (43)
Ki+vVE:|Vo|;
provided that A > Og(q)%(%)l—?i/o =: Ao(q). Further, for A > X\o(q), we
have
_ Ky, + VEKs||Vol; d
_2-d/q _d 1 2 L
sup |u(z)] < Cr(gA™ 2 Ky 2 ( e )N fllg, = Ura W fllz,
rcR4 1
Caeaye _1tare K+ VK|Vl d
su]ngW(x)l <SCigA~ = K 7 X L) N g, = Uza W fllz,-
xTE

(4.4)

Fix t > s > 0 and define the stopping time
Th ::inf{§>s:/ [b(X,)| dr = R}, 0<R<oc.
S

By the generalized It6’s formula (see e.g. [27, Lemma 4.1 (iii)])

u(Xt/\TR) - U‘(XS/\TR)

1 tATR tATR «
_ / ai (X,)0u(X,) dr + / (Vu(X,)) o (X,) dW,
2 SATR SATR
tATR
+/ b(X,) - Vu(X,)dr.
SATR

Using (4.3), the mean value theorem, (4.4) and BDG’s inequality, we get that

tATR
E[/ f(Xr)dr’]-"s]
SATR
tATR
—E[(u(Xoprg) — u(Xt/\TR))‘fs] + IE[)\/ u(X,) dr’]-'s]
SAT.
tATR "
+E[/ b(X,) - Vu(X,) dr‘}'s]
SATR
tATR tATR
< sup |Vu(z)|E[| b(X,) dr—|—/ o(X,) dWT‘ Fs] + At — s) sup |u(z)|
rcRd SATR SATR z€R?
EJP 29 (2024), paper 60. https://www.imstat.org/ejp
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+ sup |Vu($)|IE)[/ - ’b(Xr)‘dT‘]:s:I

zeR? ATR

< sup |Vu(z)|Cay/Ka(t — )% + A(t — s) sup |u(z)]
reR4 r€R4

tATR
+2 sup |Vu(x)|E[/ \b(XT)|dr‘.7:S]
z€R4 SATR

<CoV/Ks(t = ) Uae W flz, + Mt — )00, flz,

tATR
+ 205,011z, B[ [

SATR

b, dr| 7], (4.5)

Here, the constant C5 > 0 comes from BDG’s inequality. We apply this inequality to
f = |b| with ¢ = p. Then, for A > A\y(p),

tATR 1
B[ 100 ar] 7] <CoV/Ralt )50, Vbl + X 0,00,

ATR
tATR

+20a, Wb B[ b dr] 7.

SATR

1—d/p _1+d/p K Ks||Vol 7 d
I£ A > A(p) is so large that Us,,(\) b7, = Ca(pA— 52 Ky 2 (B lvoli, ) =i

lbll;, <1 ie.

_1_2d/p (K1 + \V K2||VU||[_,p

A > (4C1(p) Ky I

_—d 2
)T bllz,) T (4.6)

then we get
tATR Cy 1
E[[ )R] < VRt - )} + 20— )00l
SATR

Plugging this into (4.5), observing that, by definition, U; ,(A\)Usz,4(A) = Uy ¢(A\)Uz,(A),
and using (4.6) yields, for A > A\y(p) V \o(¢) satisfying (4.6),

B[ 106) arf)

ATR

<Cs(VEs(t = 5)2Uz,(N) + At = ) (U1,4(A) + Urp(N T2, N8l ) 1117,
<205 (V/Ka(t — )2 Us,g(N) + At = $)U14(N) | Iz, -

K Kq||Vol —1— K Ko |Vel >
Let A = O (4 (M2 ee y iy (a0 (p) Ky~ (R e
with Cy > Co(p) V Co(q) V 1, which implies

)41—d//1 ||bHEp)71—d/p)
1 K1 4*\/[(2HV0'||~ _d
VEUs 4(N) = Ci(q) v Kz()\K1)7§(/\K1_1)%( @ Le )

1 K1+ VEKs||Vol|5
< C5Ky P (AKTY) % (— ;””%
1

) 1*(2/9

—1 (Ko 22 Vo3 bll +
< 06K2 é ((Ff) 1le/p + (Tll’/’) 1fz/p + (”I(fp) 174;/1))

and
K1+ VE3|Voll;
EEINECA 1 2 L
Ag(A) = Crla) AR )2 ()
EJP 29 (2024), paper 60. https://www.imstat.org/ejp
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Vo2 ~
sc7((?)14zip+(%)l4@ip +(%)%).
1

K K
In the above estimates we used the fact that p > 2d and ¢ > d. Therefore,
tATR
E[/ F(X0) dr| 7]
SATR
2
Ky a2 VOl a2 bl 1 1
< Cey @) () ™7+ (e ) 7 4 () T ) IKy H (1= 9)E (= )l
4.7)
Letting R — oo we therefore get (4.1). O

The following corollary is a quantitative version of Khasminskii’s lemma. The constant
Ckury(q) appearing in there is the same as in the previous lemma.
Corollary 4.2. Let Theorem 2.4 hold, letT := ((@)%H%) fﬁ%ﬁ/w(%) %)
2. . 8 : e 7 7 .
Then, for any f € L,(R?) with q € (d,o0], any 0 < § < T, and any 0 < \ < oo, the solution
(X¢)e>0 of (1.1) satisfies

T
Eexp ()\/ \f(XT)|dr> <2. Q(T—S)(%K;1/2+\/%K51+H)2 <2. Q(T_S)(;—Zwm)’ (4.8)
S

where k := 2Ck.y (¢)AT'[|f] 7, -

Proof. The second inequality is an application of the general inequality (A + B)? <
2A% 4+ 2B2,

Theorem 4.1 shows that there exists some positive integer n such that, for j =
0,---,n—1,

(T—-8)(G+1)
M| /( e

and the proof of [29, Lemma 3.5] shows that for any such n we have

1
3 (4.9)

dr‘fw} <

EE exp ()\/ST |f(Xr)|dT) <2

(see also [19, Lemma 3.5]). By Theorem 4.1, any n such that
T—-S\3 T-5 1
@Iz, [ () J<3
Gy @ISz, [ () + =] < 3

satisfies (4.9). In particular, we can take

n= L(T—S)(%K;l/%r \/%21(2_1 +H)2J +1

Here, | x| is the largest integer that is smaller than or equal to z € R. Therefore (4.8)
holds. -

Remark 4.3. Note that the right hand side of our version of Krylov’s estimate contains
the factor (t — s)/2 + (¢ — s) instead of C(T)(t —s)'~ % in [33, Theorem 3.4 (3.8)]), where
C(T) depends on the final time 7. Further, we require the condition ¢ > d instead of
q > d/2 in [33, Theorem 3.4 (3.8)]). The reason for our restriction to ¢ > d is that we
use (4.4) which only holds for ¢ > d. Since we will later apply Krylov’'s estimate to
f:=|b* - 071> which is in L, , we will have to assume p > 2d.

Remark 4.4. More general versions of the quantitative Khasminskii’s Lemma (but with
less explicit constants) can be found in [18].
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5 Upper bounds for the dispersion of sets induced by the flow
generated by the solution to SDE

This section is devoted to providing upper bounds for the dispersion of bounded sets
induced by the flow generated by the solution to a singular SDE. It essentially follows
from Theorem 3.3 once we verify the stability estimate (3.1). To establish (3.1), we
treat the special case of weakly differentiable coefficients in Section 5.1 and then use
Zvonkin’s transformation in Section 5.2 to prove the general case.

5.1 Stability estimates of the SDE with weakly differentiable coefficients

Consider the equation
Ay = b(Y}) dt 4+ 6(Yy) dW,, Y=y e R, i=1,2. (5.1)
For b and & we assume:
Assumption 5.1. Forp, p € (2d, c0),

1. bll s < 007
2. HV5||ﬂp < 00,

3. fora := 66*, there exist some f{l, f(g > 0 such that for all z € R¢,

Ki[¢P < (a(x)¢, ¢) < Kal¢]?, V¢ e RY

Theorem 5.2. Let Theorem 5.1 hold. There exist constants kg, k1 > 0 depending only
onp,d, p, such that foranyr > 1, T > 0, y; € R%, i = 1,2, the solutions Y* := Y'(y;) to
equations (5.1) satisfy

[ s[up ] [V (y1) — Y2 (y2)|"] < Kolyr — y2|" exp(k1T0), (5.2)
te[0,T

where

0= 1Bl + 151 + (FIVBI, )R + BV, + FVallL Ky +F|val? |,
(5.3)

e A (VB | s

and T := ((Kf)m + (7 22) T + (”b[!fp)%)

x

Proof. Again, all constants C, ... depend on p, p, d only. By It6’s formula we get for any
r>1,

t
Y2 V2Pl — a4 [V Y24 M < o ol
0
t —
+/ [V — Y2 dA, + My, (5.4)
0
where M, is an (F;)-local martingale defined as

t
M, = / or|YD — Y22 2[5(VY) — 5(Y2) (V) — Y2) AW,
0

1since b € H1'P, we can find a continuous and bounded version b € H"?. Due to the uniformly elliptic
noise, the solutions Y%, i = 1, 2 with drift b are indistinguishable from those with drift b. Therefore will always
assume that b is bounded and continuous.

EJP 29 (2024), paper 60. https://www.imstat.org/ejp
Page 13/33


https://doi.org/10.1214/24-EJP1118
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

RDSs induced by singular SDEs

and
A, - / 2r(Vy = Y2, b(V) —b(Y2)) + rllo (V) = sV
0 Yl -vePp
N / 2r(r = DI[6(Y) = (VA (VL = Y2)I?
0 iyl
and
A / 2r (V) = Y2, b)) = b))+ rllo (V) — (Y2
0 Yi-vePp
N / 2r(r = DI[6(Y)) = (VA (VL = YDI? o
0 Yl -v2p

There exists C; > 0 such that for each z,y € R?

|6(x) —a(y)l < Cilz — y[(M|Val(z) + M|V5|(y) + [|5]]),
[b(2) = b(y)| < Cilz — y|(M|Vbl(x) + M|VBI(y) + [[b]l),

where Mf is defined as M f(x) := sup,e(,1) 157 S5, f (% + y) dy, which satisfies
[Mfllp, <COv.dllfllg, for y>1, (5.5)

see [27, Lemma 2.1].
Using these estimates and the Cauchy-Schwarz inequality, we get

A

o+

t
scz(r(/ MISB|(Y,) + MIVBI(Y2) ds + 1B
0
t
+r(/ MY + MIVa (V) ds + 152
0

t
o= ([ MV + MIVEP(Y2) ds + 512 )
0
=tCo (r[|blloo + (2r% —17)|15113,)

2 t
+Cy Z/ rMIVB|(Y]) + (2% = r)M|VE (YY) ds.
i=170

Applying Theorem 4.2 and (5.5) we get, fora > 0and ¢t > 0,
Elexp(aA;)] < 16exp [Cs0at], (5.6)
where
00 =a(r[Blloc +r25]1%) + (ral||Vb|; )? Ky + ral || V5|,
+ (arszV5||2ip)2f(;1 + (aerHV&H%p). (5.7)

Choosing a = 1 and applying stochastic Gronwall’s inequality (see [24, Theorem 4] or
[29, Lemma 3.7]) to (5.4) we get

1 2 T 1/2 1
E[ sup Y, —Y7|"] < Calyr — yQ\T<E[exp (AT)]) < 4C4ly1 — yo|" exp (§C3Q1T>.
t€[0,T]

Observing that ¢, is at most equal to gy defined in (5.3) and defining kg = 4C,; and
k1 = 3Cs, (5.2) follows. O
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Remark 5.3. If 7 is even globally Lipschitz continuous with Lipschitz constant L, then
there is no need to use Khasminskii’'s Lemma for the integral over ¢ and we easily
get (5.2) with

= 2 [blloe + (FIVBI 7, K5 + 9Bl + L]

and

P ((§)4d2+ ~£)4d2+ ”bHL Py = E )
K K K,

5.2 Linear expansion rate of the SDE with singular coefficients

Theorem 5.4. Let Theorem 2.4 hold. Let 1) denote the flow generated by the solution
to (1.1). Let X be a compact subset of R¢. Then there exists a positive constant C .d
depending on p,d, p only such that

1imsup< sup sup — |1/)t( )|) <k* as., (5.8)
T—oo “te[0,T]zeX L'

where
K =Cppa (K2 +11b]2 K2 + Vel )
[(&)W N (”Z’”LP)% N <||VU|2LP)M/<;)%5M}
K K K '

Proof. The idea is to apply Theorem 3.3. All following constants C7, ..., C'; will depend
on p, p,d only.

Step 1. We check the assumptions of Theorem 3.1.

To verify (3.1) we apply Zvonkin’s transformation and Theorem 5.2. Since, by (4.2),
the map = — a(z) = o(x)o*(x) is 1 —d/p-Holder continuous and wy_4/,(a) < C, vV K;||Va
I i, Theorem A.3 and Theorem A.4 show that there exists a constant C such that for

2 . N B
/\::O*Kl(KQ (Kl + VKQHVUHLP ) 173/”_(K1 + VKQHVUHLp)7(17(”;)2)'(117[1/1)) (Hb“Lp ) ljl/p)
1 K2 K, Ky Ky ’

the equation

%82 Db vl - =W 1=1... 4,
has a unique solution U := (u®);<;<4, u¥ € H*>? and
®(z) :==x+U(x) forzeR? (5.9

is a C''-diffeomorphism on R? (see also [33]), which is also known as Zvonkin’s transfor-
mation map. Let ¥ := (®)~!. Then, by the generalized It6’s formula ([27]), Y; := ® (¢4 (z))
satisfies the following equation

AY; = b(Y;) dt +&(Y;) dW;, Yo =y e R? (5.10)

with 3
b(x) := AU (x)), (x):=[VP 0o (¥(x)), y= ().
From [27, (4.5)] we know that

1 1
[U]loo < 3 VU |l < 3 (5.11)
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Furthermore, by (A.17) and (A.4) we have

1 Ki, 4 1 1 1\ =/ 1
o< (2N < - o< (2T o< 2
IVUllz, < 5(50)* <50 WU, <5(5) 7 <35
1 VK|Vl
2[711- < OF—(1 =7 12
VU, < O3 g (U ———) 77 Il (5.12)
Hence, by (5.11) (see also e.g. [27, p. 15]),
1 3
3 <|VO|=T1+VU| < 2 [VI| <2
which implies that for all 2 € R,
1 s 9
ZK1|£‘2 < <GU ($)§,§> < ZK2|§|27 v& € Rd7 (513)
and
~ 1 ~ 1
[Blloe < MUlloo < 57 [Blz, < AIUIIE, < 52,
~ 1
[Vbl[z, < Alldet(V®)[|& VU], < A (5.14)

Moreover for p’ = min(p, p) we have by embedding
IV3lz, = I((V*® -0+ VoV VE) 0 0]
<|((v*e- U)V\Il) oWz, +I((VOVo) V) 0 0,

< 2||det(V®) HW \/K2||v2<1>||L +[Ve-V¥|[Val)

Vi, VElVoll,
<9032 (L =) T b, + 9| Vol 7, (5.15)

If (¢¢(x))i>0 is the flow generated by the solution to (5.10), then by definition of ®(¢,(z))
from (5.9) and the fact that U is uniformly bounded from (5.11), we get that

1
limsup< sup sup —|wt(x)|) = limsup( sup sup —|¢5t( )|>
T—oo “te[0,7]zex 1 T—oo “telo,T]zex T

Usmg the estimates (5.13), (5.14) and (5.15) we will establish (5.2) for Y. Indeed, let
K1 = le and K2 fKQ in Theorem 5.1. Then we define

Vol2
P ((K2)14g’;‘p +(|| ~||Lp,)%+(||b||1: N ad )
K, K, K,
bl|2 'K
<C d<(K2)1_d4/d(iAm+([{2| ||Lp(1+ ||VO'||Lp) d/ )W(f%p)+()\)p4fdd>
=Ered\\gg) K, K2 K, K,

16l 7, Vo2
K, K,
Using Theorem 5.2 and the fact that |[V¥| < 2 together with (5.13), (5.14) and (5.15),

for the flows correspondingly v} (1), %7 (x2) generated by the solutions X} (z1), X} (x2)
to (1.1) we get

E[ sup ¢y (21) — ¥ (22)|"] = B[ sup [T(Y} (1)) — C(Y{(y2))I]

Ko, 8a® _ 1642 _ 1ead
§0p7p7d((z) (1—d/(pAp))(1—d/p) + ( )1—d/(p/\p) + ( )(1—d/(pAp))(1—d/p)>. (516)

te[0,T) t€[0,T]
< 2'E[ sup [V, (y1) = Y2 (y2)|"] < 2"Cflyr — yo|"exp(C5T0)
t€[0,T]
(5.17)
EJP 29 (2024), paper 60. https://www.imstat.org/ejp
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with

~ ~ 1 me, Ko _ = Ky

0:i=rt [A + Ko +TA+ (TN)?K; 1+F2(ﬁ||b|\%p + ||Va||2ip)2K2 1y F(ﬁHbH%p + ||V0H2Ep) )
1 1

(5.18)

Step 2. Verification of estimate (3.5) in Theorem 3.3.
Let
t 1 t L
poi=exp ([ 007 (pr(@) AW, = 5 [ b (00") blpr (@) dr),
0 0

where ¢, (z) is the flow generated by the solution to
do; = o(pr) AW, po(z) = 2 € R%

It follows from (4.8) that, for any 8 > 0,

T
F exp (3/ b (00") " blp () dr) 2 exp (TC3 (KEER) (B2 blE + 8K [b]%))
0
(5.19)
where

2
& 442 N ||VUHEP

4d?
T=a7r =i 5.20
Kl) I ) (5.20)

o

Therefore (p;);>0 is a martingale. Let P? := ppP. By Girsanov’s theorem and Hoélder’s
inequality,

IP( sup |Ye(z) — x| > k:T) :IP”( sup |oi(z) — x| > kT)
0<t<T 0<t<T

=Elprlecup, ., or o0 (@) -al>k1}]

<[Ep2)2P[ sup |g,(x) — x| > kT].
0<t<T

Applying Markov’s inequality we obtain, for each € R? and ¢ > 0,

)f. (5.21)

1/2 ¢
IP( sup |oi(z) —z| > kT) < e 2GkT [E exp (C sup ‘ / o(r(z)) dW,
0<t<T o<t<T | Jo

(5.19) shows

B3] = [Bew (2 [ 007 (a2 [ oo oo an

1/2

+/0T b*(aa*)’lb(gor(x))dr)}

1/4

< (B[exp (2 /OT b*(o_l)*(cpT(x))dWT—Q/OT b*(aa*)_lb(gpr(x))drr)

1/4

[E exp ( /O t 2" (00*) " 1b(r () dr)]

1/4

< [Eexp (2 /OT b*(aa*)—lb(ﬁﬁr(ﬂﬁ))drﬂ

< 2exp (C3T((KEK2) T2 bll2 + K 'T|b]2 ) ) =+ 2exp(Tha)
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and by time change fo (r))dW, = Wit |6 (o (2)))2 ars WE @lsO have

lo(er(2))

D] < VE2en(CulolZT) = Viesp(TCry)

[Eexp 2¢ sup ‘/ o(pr(x

0<t<T

Inserting these estimate into (5.21) and optimizing over { > 0 yields, for any k£ > 0,

P( sup [vo(w) — 2l 2 kT) < 2exp (CGT (1 + KaC® — CK))
0<t<T

<2exp (G57( - 4—2k2 +m)). (5.22)

With estimates (5.17) and (5.22) at hand we are ready to apply Theorem 3.3 by taking

1 o K
B2+ [Vol2 2R + (A

. e
¢t = A+ Ky +TA+ (TN)?K; D+ T2 (=2 el
1

el b2 +11Vol2 ).
1

Cy i = ——F—
Afloll3’

c3 == C7 (KT Ko) ' T2 |bll§ + K 'T|bl3 . =3, (5.23)
with T from (5.16) and I from (5.20). Note that we can take A = d — 1 by Remark 3.4.
The linear expansion rate x can now be estimated as follows (no matter which of the two
cases in the definition of x in Theorem 3.3 applies):

C1 +C3)1/2
C2

< Cppallollos (VA+ VI + VIA+TAKG V2 + T (KoK 22 +(IVol2 )i 2

k< C'a,d(

+ VI (VEK b, + Vo) + (KEK2) ™20 b2
+ (KT 2ol )

K K5 1 o+
<Cp, K( K+ K>+ + ||b)|? + b
/R (VR4 R+ T+ b1}, (ot )+ L
+[IVoll;
P
2
N ||VU||£p) [(&)M/(z?}\id)?)’(ld/m N <||b||i,,)% N (HbHi,,)ljl/p
VK3 K, K K,
||VU||% 3243 HVUH2~ 8d HVUH2~ 8
+ Lﬁ)(l—d/(mp)m—d/p) +( LP) = =17 4 ( LP) 1—d/p]
K, K K

< Cppa(Ka-+ 101, 23+ 19913, )

~ 2 2 3
K&)m N (”b”Lp)% N <||V0HL,J>%]

Ky Ky Ky
(5.24)
. . 3242 324>
In the last 31nequa11ty we used that max(m71 d/p) S T and
32d° 8d 32d3
WaX((=g7GAn =75 T=am =7 T=a7) < T=arGama=ars- 1 the end we get ©-9

As a by-product from the proof of Theorem 5.4 we also have

Proposition 5.5. Let v denote the flow generated by the solution to (1.1). Let xr be
cubes of R¢ with side length exp(—~T), v > 0. If Theorem 2.4 holds then for any k > 0

. 1
limsup - suplog P sup  sup [vy(z) — du(y)] = k) < ~1()

T—o0 XT z,yext 0<t<T
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where
YFYea(1 4 a) TtV Ve if o y>ealat1)de
I(v) = d(y — e1d®) if ¢d® <y <ei(a+1)d” (5.25)
0 if v < cpd®.

with o and ¢y as in (5.23).

Proof. This follows easily from (5.18) and Theorem 3.1. O

6 Existence of random attractors to SDEs with singular drift

Inspired by the work [8], we are interested in the question whether there exists a
random attractor of the RDS generated by the solution to the singular SDE. To formulate
our results, we assume that the drift b can be decomposed into b = b; + b, where
|b1] € L,(R?%) and b, is non-singular and points towards the origin. In order to be able
to use results from [8] we assume, in addition to the previous assumptions, that b, and
o are both globally Lipschitz continuous and that b5 is bounded. We will obtain the
required bounds for the one-point motion of the flow i by using the corresponding
bounds for the flow generated by the SDE without drift ; and apply Girsanov’s theorem.
To obtain Theorem 6.2 and Theorem 6.3 we use the chaining technique to control the
two-point motion and hence the growth of sets under the action of the solution flow. We
start with estimates of the one-point motion (items 1-5 of the following lemma) and then
move to estimates for the dispersion of sets (items 6 and 7).

Lemma 6.1. Let Theorem 2.4 hold. Further assume that there exist vector fields b; and
by such that b = by + by with by € L,(R?) and by and o Lipschitz with constants Ly, and L,
respectively. We also assume b, to be bounded (which implies by € L,,(]Rd)). Let i) be the

442 vaH% 4d?
flow generated by the solution to (1.1). LetT := CKry(g)((%) =d/p 4 (TL”) =d/p 4
boll = 4d
(%) 1*‘1/?) where Cx.y (%) is from (4.1) with ¢ = § depending on p, p and d only.

1. Let1 <r,andry,re > r. If by satisfies Theorem 2.11 (Uﬁ) for some (8 € R, then, for
each |z| = ro,

P(jvr(@)] = 1. inf i(x)| > )

0
Pt + K3TIbIE,

ro—r1 VIS (r)\?2
<2ew (7 K7K, i~ vmr - vm )
with
o x - ba(x) N
B*(r) = |il|lzpr ] +(d 1)727“ . (6.1)

2. Ifb, satisfies Theorem 2.11 (U”) for some 3 < 0 and ro > 1 is such that 3*(rg) < 0
where *(ry) is from (6.1), then for every R > r > ry and every = € R?, we have

P2[ball7 + KT (R — )2

> i <r|)< - .
P(lvr(@)| > R, Inf lpi(2)l < r) <dexp (T K7K, 16K,T )

3. If by satisfies Theorem 2.11 (U®) for some 3 < 0 and o > 1 such that 3*(ry) < 0
where 8*(ro) is from (6.1) and if R > r¢, then for every |z| = R, §,6; > 0, we have

P P TFszlH% + K303 52
sup|uy(a)| = R+06) < Gexp ( . 2 _ ).
(Ogsgél |z/] ( )| P K12K2 16K251
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4. Let1 <r, and ry,ry > r. If by satisfies Theorem 2.11 (Ug) for some 3 € R, then for
each |z| =,
IP( <1y, inf > )
[vr(z)| < ra dof [Pe(x)] > 7
C2lbully + K302
K2K,

71(@5*(7’) 77'2*T1>2)
4\ VK, VET 7+

< 2exp (T
with

B.(r) == inf z-by(@) (6.2)

lej>r x|
5. If by satisfies Theorem 2.11 (Ug) for some 3 € R, then for each |z| = ry, for
1<r<mn

P2 a4+ K3Tbi 12 B(r)

P (jaf o) < v) < 2o (TPt — -0 )

with B.(r1) defined as (6.2).
6. Assume that by satisfies Theorem 2.11 (Ug) for

el 0 Kb, VT

B> By = I (2¢/3(d — 1)Ko(Ly + Lo) + 6K5(d — 1)).
1
Let h : [1,00) — [l,00) be strictly increasing such that lim,_, @ = 0 and
]imx_)oo 8t — . Letn € (0,4) andy > 0 withn+~ < 8 — By. For R > 2, define

h(z) —
=h(R),r=(1—n)R and r1 :== R+ vh(R). Then

1
I log P
s n(R) BT

= limsup ;e h(R) logIPKBn ¢ sz(BR)) UUsefo) (B,, ¢ wt(BR))] <0.

7. Assume that b, satisfies Theorem 2.11 (U") for

||bl|\%pF+K2||bl||ip\F
K

B < —fo:i=— (24/3(d — 1) Ko(Ly + L) + 6K2(d — 1)).

Let h(R) = R* for some 1 € (0,3%). Letn € (0,3) and v > 0 with n+ v < = — f.

For R > 2, defineT := h(R), r = (1 —n)R and r1 := R+ ~vh(R). Then

1
lim sup—— log P
> .
= limsup s logﬂl}_{ ((wr@)l = Ry nt ()] 2 7)) | <0
Proof. Let

pi=en{ [0y @i am - 5 [ o) ) ar),

0

where 9?(r) is the flow generated by the solution to

Ay} = bo(¢7) dt + o (¢7) dW;, ¢ =2 € R™.
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From (4.8) we get for 7" > 1 and any A > 0

T
E exp ()\/0 (bl)*(ao*)_lbl(wf(sc))dr)
< 2exp (T((K2G) " ON i + K7 AT ) ). ©.3)

(since log2 < 1). Therefore, (p;);>0 is a martingale. Fix T' > 0 and let P? := prP. Gir-
sanov’s theorem and Hélder’s inequality show for each measurable set A C C([0, 7], RY)

P(y [0,7] € A)=P* (1/’2|[0,T] S A)
=Elpr: v2|pr € A < [Ep2] P4 0.17 € A)

<[Eew(2] L)) W) Y, -2 / L0 (o) b ) ar

1/2

1/2

+ [ 0oz ar)] [P € 4)

< (B[ew (2 | (o) @) a2 [ oo ad’) "

1/2
o € 4)]

[Eexp (/T 2b1)" (00") " (U3 (2)) )] v Py

0
1/4

< [Eexp (2 /OT(bl)*(oa*)_lbl(l/Jf(x))dr)} {IP(z/P“QT] e A)T/Q

1/2

< 2exp (T((KZK2) T2 bill2 + KTl ) [P (0100 € 4)] (6.4)

If A; denotes the set inside P on the left side of item i in the Lemma (i = 1,...,5), then

P2t + K32 12

K?K,

P([jo,r € Ai) < 2exp (T ) [IPWQHO’T] € Ai)}

1/2
finishing the first step in cases 1-5. It remains to estimate [IP (1/12|[07T] € Az)} . Inserting

the estimate in [8, Proposition 4.2 a)] under (U”), we obtain statement 1. Inserting the
estimate in [8, Proposition 4.5] under (Uﬂ ), we obtain statement 2. Inserting the estimate
in [8, Proposition 4.6] under (U B ), we obtain statement 3. Inserting the estimate in [8,
Proposition 4.2 b)] under (Uz), we obtain statement 4. and inserting the estimate in [8,
Proposition 4.3] under (Ug), we obtain statement 5.

Finally we show items 6 and 7. Without loss of generality we assume % < R. For
a ball Br with radius R we can cover its boundary 9B by N = N, < C’d(g)d‘1 balls
with radius e centered on 0By, for any € € (0, 1]. Here we take ¢ = exp(—kh(R)) for some
x > 0 which will be chosen later and we label the balls by Ly, --- , L with corresponding
centers x1,--- ,xy. Note that

N < C4R " exp ((d - 1)lﬁ:h(R)).

Then
< < i ;
P <N max [P(jor(e) <rit1, inf ()] >r+1)
+ JP( inf [opy(z:)| < 7+ 1) + JP( sup diam ¢ (L;) > 1)}
t€[0,T7] t€[0,T)
=:N(Pi(R) + P2(R) + P3(R)).
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Item 5. shows forr = (1 — )R

T2(|by |2+ K3T|b1]3
i L, Ba(r+1)
P <2 T P L —r—-1)—-
2 (R) < 2exp KK, (f=r=U=F, )
T2(|by |2+ K3T|01]3
L L Ba(r+1)
= 2 P L - 1 .
Hence
T2||by |4+ K2T||bs |2
1 Lilg 2+ 1191l nR —1B.(r+1)
———log(NP2(R)) < (d—1 P P _ 6.5
h(R) 08(NP2(R)) < (d —1)r K2K, hR) Ko (6.5)
which is tending to —oo since %jl) > 0and limp_, ’;f};)l = 00.
By [8, (4.2)], choosing x > (Ly + L) + 3Ka(d — 1),
1 1
li loeNP3(R) < (d— 1)k — —(k — (L L < 0. 6.6
msup o 1og 3(1) < ( )k 2KQ(H (Ly + Ly))* < (6.6)

Further, item 4. gives us the following upper bound (note 7' = h(R))

Pl + KIOIE 1 ) Toirad) rad— Rr2
P1(R)§2exp(T Ly Ly _i(fﬂ*(T‘F ) T+t R)+>

K?K, VK> VKT
P2bull7 + K3TI0al?  pR) Ly
= P L * 1 - - N
2 exp (h(R) K, e (5 (r+1) h(R))+)
So
li log(NP1(R)) < (d—1) +F2Hb1”%”+K22PHb1H%” (B
ey s =l KT i

For x > (Ly + L) + 3K2(d — 1), notice

o217, T + Kalba [, VT

= +(24/3(d — 1) Ko(Ly + Lo) + 6K2(d — 1)).
1

B—v>po+n=>4

Then we have
2 4 2 2
Dby, + K, 4
K2?K, Ko

limsup ———

Ao h(R) log(NP1(R)) < (d—1)x +

(6.7)

Therefore, by (6.7), (6.5) and (6.6), it follows that, for x > (Ly + L,) + 3K2(d — 1),

lim sup logPr <limsup

1 1
— log NP{(R),log NIP3(R),log NP3(R)) < 0.
s gy 108 P < Hmsu ey mas (1og NBA(R),log NPa(), log NPy (1))

(6.8)

Therefore part 6. holds.
We show part 7. in a similar way. We again cover dB,, by N < Cgri@ler(d=DT
balls centered on dB,, with radius e *? for some k > 0 chosen later. Label the balls by

Lq,---, Ly with corresponding centers x1,--- ,zy. Then

Pr <N max [P(WT(Q:,»N >R41, inf |th(zi)] > 7+ 1)
i t€[0,T]
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+P(\¢T(xi)|2R+1, inf |wt(aji)|§7‘—|—1)+IP< sup diam 1, (L )>1)}
te[0,T] t€[0,T)

=:N(P1(R) + P2(R) + P3(R)).

From case 1 we then get (note 7' = h(R))

L2lball7 + KUl p(R) (R +1-1y

Pi(R) <2exp (h(R) R B*(r+ 1))i>

K2K, 4K,
P2bully + K3T00l2 Ry 1
<2 h(R L P —~ = B)?%).
= eXp( (R) KK, 4K2(h(R) v 5))
Therefore,
T2[bu]|7 + K3T(|ba |1

1 1l 2 1l 1 1 9
log P,(R) < 2 r e — v —B)?).
h(R) °® 1(R) < 2( KK, 4K2(h(R) 7= F))

Under (U?), taking x > (Ly + L,) + 3K2(d — 1),

P2l + K32
K7

(=7 =B8)* > (=Bo—n)* +12(d - DrK>—2(k — (Ly + Ly))?,

which implies that

L2[[by||2 + K3T||by |12 1 1
Lo Lo 2) 4 (d— 1)k < 0.

(6.9)

1
h(R)

Analogously, case 2 implies for R such that » = (1 — n)R > ro where $*(ry) <0,

T2ba]l7 + K5Tba 17 2
1 HIE 25117 (R—r)
log NPy(R) < £ £ — d—1 — R .
h(R) o8 »(R) < e 16K 5h(R) + ( )k — —00 as R — oo
(6.10)
By (6.9), (6.10) and (6.6) we conclude that limsupp_, ., R )logIPR < 0. O

Now we are ready to state the first main theorem of this section.

Theorem 6.2. Let Theorem 2.4 hold. Furth~er assume that there exist vector fields
by and by such that b = by + by with by € Lp(]Rd), by is bounded and b, and o are
Lipschitz continuous with Lipschitz constants L, and L, respectively. Let denote the

_aa? Vo2
flow generated by the solution to (1.1). LetT := CKry(§)<(%) =d/p | (TL") i +
o211z,

4d
(T) I*d/P) where Cx.y (%) is from (4.1) with ¢ = § depending on p, p and d only. ¢ is
from (5.23). If by satisfies Theorem 2.11 (Ug) for

o, T + el T

B> fy:=4 L % (2¢/3(d — 1) Ky(Ly, + Ly) + 6K2(d — 1)),

then for any v € [0, 8 — Bo) we have

rlin;OP(th C(B,) YV t> 0) —1. (6.11)
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Proof. Forv € [0,8 — ), let n € (0,3) such that v +n < 8 — f3y. Let Ry > 2, Riy1 = R; +
~vh(R;) by iteration, where h : [1,00) — [1,00) is strictly increasing and lim,_, h(;) =0
and lim,_, l}f(ng =0.Fori=0,1,---, take r; = (1 —n)R;, 7 = R+ vh(R;). Define

Pgr, =P KBﬁ ¢ 'l/]T(BRi)) U Uselo, 1) (Bm ¢ "/}t(BRi))}

Then Theorem 6.1 case 6 shows that
Z]PRi < oo, if Zexp(—/{h(Ri)) < oo, K£>0.

If we take h(R;) = RY for some a € (0,1), then Borel-Cantelli Lemma and time-
homogeneity of flow 1 yield the result (6.11). O

Finally, we state the following theorem on the existence of random attractors.

Theorem 6.3. Let Theorem 2.4 hold. Fyrther assume that there exist vector fields by
and by such that b = by + by with by € Lp(]Rd) and b, and o are Lipschitz continuous
with Lipschitz constants L; and L, respectively. Let ¢ denote the flow generated by the

2

' o (Ko TR Vel el bl dd
solution to (1.1). LetI' := CKry(*)((ff>l g (Tp)l /P+(Tp)l /P) where

CKﬂrY( £) is from (4.1) with ¢ = § depending on p, p and d only. If b, satisfies Theorem 2.11
(U*) for

[b1]2 T + K2||b1||ip\f

B < —fy:=—4 P I (24/3(d — 1) Ko(Ly 4+ Lo) + 6K5(d — 1)),
1

then, for any v € [0,—(3 — fBy), we have
lim P(By € 61o(B,) ¥ t20)=1. (6.12)

In particular, ¢ has a random attractor.

Proof. The existence of an attractor is an easy observation from Theorem 2.8 if we
have (6.12). So we only need to show (6.12). The argument is essentially the same as [8,
Proof of Theorem 3.1 a)]. We give the outline of the proof emphasising those arguments
which are different.

For v € [0,—8 — Bo), let n € (0,1) such that v + n < —8 — fBo. Let h(y) = y* for
some o € (0,%). Notice that such & is strictly increasing and lim, hy) — 0 and

Ty
limy o0 % =0. ForT € (1,00), take R := T, r; = R+~T and r = (1 — n)R. Define

Pp:=P [(Bn ¢ ¢(;1T(BR)) U Urefo.] (Br ¢ ¢;%(BR))]-
Once we show that

li log P 0, 6.13
Rgnoo h(R) 08TR < ( )
then, by the same argument as in the proof of Theorem 6.2, we can finish the proof by
the Borel-Cantelli Lemma and time-homogeneity of the flow .
To show (6.13), notice that

Pr < P[Unier, (0@ > RN (L [00,@)] 2 0)] +P(swp sup [60r(z)] > )
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For P;(R), we get from Theorem 6.1, case 7 that (note ' = R* = h(R))

li log P; :
A i s Fi(R) <0
In the following we show
1
lim ———log P =— .14
A, gy s P2 () = oo, (614

which is sufficient to get (6.13).

Let & = (sup|y=y |¢s,7(2)| = 1)+, (s 1= (SUP|y|=r4 Ry2 |@s,7(2)| — 7)+. Then, as shown
in [8, p.1205-1206], we have

1
lim sup—— log P»(R)

. n
<1 1 P(¢, >nR) +P s > R
- lgl_;sip h(R) o8 SIEI%?,)I(“] [ (C =1 ) + (tg[sslili,s] \§:1|1=pr ‘(bt’ (x)| Tt 2 ):|

1
=: limsup —— [ P. R P R)).
msup 3 o Ogsgﬁ%( 2,1(8, R) + P22(s, R))

To estimate P, 1(s, R), for fixed 0 < s < T, denote ¢ := 7 + 3 R, we cover 0B, by N <
Card=1er(@=1T balls of radius e *7 centered on dB,, withfor x > (L + L,) + 3K2(d — 1),
(the same choice as in the proof of Theorem 6.1 case 7. Label the balls by Ly, --- , Ly and
their centers correspondingly by z1,--- ,zx. Then for a number ry such that 5*(r2) <0
where §*(r2) is from (6.1), we have

Poi(s, ) < N max [P (|6 ()] = 7+ R — 1) + P(diam ¢or(Ls) > 1)]
< Nmax [P(Jour(@)] 2 r+nR~ 1, inf_|6.u(w)| > ra)
+P(|our(@)| = r+nR -1, inf |osi(a)| <r2)
+ IP(diam bs (L) > 1)} =

By the same argument from Theorem 6.1 case 7 with A(R) = R* =T, and Theorem 6.1
case 2, and Theorem 5.5 we get

1
limsup —— log max P» (s, R) = —o0.
ISP ) [O8 e P (e )
Up to here, in order to get (6.14), we only need to show
1
lim sup = log n%ax P272(S7T1/a) = —00. (6.15)

T—00 s€[1,T]

In [8, Proof of Theorem 3.1 a)], this is shown by using three statements: [8, (4.7)], [8,
Proposition 4.5] and [8, Proposition 4.6]. In our setting, we already showed the second
and the third statements: these are Theorem 6.1 case 2 and case 3 correspondingly.
Therefore it is sufficient to show the estimate corresponding to [8, (4.7)] in our setting.
In order to do so we first apply Girsanov Theorem as we did in Theorem 6.1. Let

¢ * —1\*x/ 7 1 ¢ * *\ — 0
pr = exp(/ b0 (qs,n(x))dwﬁi/ b (00") " b(G,(2)) dr),
0 0
where ¢ is the flow generated by the solution to

déy = o(¢) AWy,  ¢o(z) = = € RY.
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Following from (4.8) we get for 7" > 1 and any A > 0

T _ [6lI7 (AL")? + KZ|[b]|5 ALY
Eexp ()\/0 b*(aa*)flb((br(x))dT) < exp (T Le K, Lo )
1

Vol2
Vo3,

442 4d2
where TV = CKry(%)((%) 1=d/p ( 2@l >l_d/p) and CKry(g) is from (4.1) with p = g
and b = 0. Therefore (pt)fzg is a martingale. Let P? := p;IP. As we already did in (6.4),
by Girsanov theorem and Hélder’s inequality, for € > 0, for any =, z € R?,

P (1804 e (@) = 6p4 g1 (2)] = 5)
:]Pp<|¢§t+%,1($) — i1 1(2)] > %)

ST s

—E[p I, )
o1 {160 g @6, 3, )25}

bl T2+ K303 T
K2K,

€

) {P<|(l§t+ﬁ,1($) - ¢3t+2%71(z)| > 5)} 1/2~
(6.16)

<2exp (

Let Bi(z) := Wit \612(6, (2))ar then by time change and the fact that for £, 52 € R

2 2
K K3

1
P(Wi2 i) < 3™, PsupW, =) < e,

s<t

we know for z, 2 € R? and |z — 2| < § with § > 0
_ _ en11/2
[P (1914 e 1(@) = 1 g 2 ()] 2 5 )]

<[B(1Bis o (0) ~ By (9] = £ —0)]

ex _ (/6*25)2 1 2
<l (- e T e )
gexp<— ‘ _156) K, iK1>'

Accordingly by (6.16) for any ¢, > 0 and for any z, z € R? with |z — 2| < § we have

¢ DI T2+ K3[BIZ T (e —25)2 1
_ > )< L P _
P(WH%J(@ Pere 1 (2)] 2 2) = QeXp( K2K, 16 Kp— Kl)
(e — 26)2 1
< _
NGXP( 16 KQ—KI)

corresponding to [8, (4.7)]. Applying the argument from [8, Proof of Theorem 3.1 a)] we
get that P, »(s, T @) decays super exponentially in 7', therefore (6.15) holds. The proof
is complete. O

A Bounds for solutions of elliptic PDEs
Consider the following elliptic equation on R¢ (recall the summation convention):

where A > 0, a(-) : R? - R@R%is a symmetric matrix-valued Borel measurable function,
and b(-) : R? — R and f : R? — R are Borel measurable functions such that f € L,(R%)
with p € (1,00). The definition of the solution to equation (A.1) is as follows:
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Definition A.1. Let A > 0. We callu € H?? a strong solution to (A.1) if for a.e. x € R,
Nu(z) — ai;(2)dyu(x) + blz) - Vu(z) = f(2).

We assume
Assumption A.2. (H®) there exist 0 < K1 < K5 such that for all x € R4,

Ki[¢? < (a(2)¢,¢) < Kal¢, V¢ e RY, (A.2)

and a(-) is a-Hélder continuous with

lla(z) — a(y)]]

wa(a) := sup — <™ (A.3)
z,yeRY w#y, lv—y|<1 |z —y|

for some « € (0,1].
(H®) b € L, (R?) for some p; € (d, cc].

In this section we will show estimates of the solution of the elliptic PDE above. Such
estimates were obtained in [33, Theorem 3.3] in the case where « is uniformly elliptic
and uniformly continuous and b € L,,, for some p; > d. These estimates were, however,
not explicit in terms of the coefficients a, b and f. We prove the following theorem which
shows this dependence since we need it (and also Corollary A.4) in the main text for the
proofs of Theorem 4.1 and Theorem 5.4, but it may also be of independent interest.

Theorem A.3. Suppose Theorem A.2 holds. There exists a constant Cy > 0 depending

d 2

on p, pi, a and d only, such that for A > COK1<§—§(K1++{”(H))% + (Kl%f(a))g“d/m
1

bl ; -
(HL&) 1—3/171) and for any f € L,(R?) with p € (d/2 V 1,p;], there is a unique solution

1
uw € H%*? to (A.1). Further, forp' € [1,00] there exists a constant C' depending on o, p, d, p’
and p, only, such that

1 we(a)\d/«
2 . < @ B
||v U‘HLP —CKl (1+ Kl ) HfHLp?

wa(a)

A(lﬁ—%)/z”W”ip/ < CK1<5‘%‘1)/2(1+ ~
1

d/o . d d
L

4_a 4_a o(a)yd/o d d
AT =D 2y < oK, T2 (14 20l @) Iflz i 24— —=>0. (Ad4)
P Ky P p p

Proof. Assume u € H?? is a solution to (A.1). We first show the a priori estimates (A.4).
Then the continuity method, as shown in [15], is a standard way to conclude the existence
and uniqueness of the solution to (A.1) for those A for which (A.4) holds. We divide the
proof into three steps. Note that all positive constants C;,7 = 1,--- appearing in the
proof only depend on d, p, p1,p’,« (and not on \, f, b, a, and w,(a)).

Step 1. Assume that a is a constant (positive definite) matrix, b= 0 and f € L,,.
For A > 0, let v € H?P be the solution to the following equation
M—Av=f, f(z):=f(ox), zecR%
where ¢ is the unique positive definite matrix satisfying co* = a. Then v = (A — A)~! f is
the unique solution in H??. From [33, (3.3)] we know that, for each p’ € [1, o], there are

constants C1, Cs, C5 such that

IV20llz, < Cillfllz,,
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d _d f i d ’
AT T, < Col flln,, i i
2+5-4)/2 f i -
|2+ ||’U||Lp/ < C3Hf||Lp if 2+ 17 - 5 > 0. (A.5)

Let u(z) := v(c '), i.e. v(z) = u(ox). Observe that
O0iv(x) = Opu(ox)og:, 03v(x) = Okru(0x)0ki0y;.
Therefore
(A= A)o(@) = (A - ay;0%5)u(0w)

and hence u solves (A.1). Uniqueness of a solution under the conditions of Step 1
holds since the map v — u is a bijection between solutions of the corresponding PDEs.
Considering

1

/2
KV

1 2 —11v2 / -1 !
KT)”V vy, = deto™ [ V7ul7 IVolly, , = deto™ [ Vull ,

171, = deto | £ .

then (A.5) yields

1
2 <Ch—
[VZul|z, < 1K1|\f||L,ﬂ

d_d 1_1 1
A+ =572 Vulr, < Cy(deto™1)r 7
IVl < Cafdeto )3 —

4 _a 1 d d
\@+ Z>/2||u\|Lp, < Cy(dete™) 7 7 || fllp, if 2+ b 0. (A.6)

d d
Iflle,, if 1+=—=>0,
pop

We know that deto = Hle vA; where \; > 0,i = 1,---,d, are the eigenvalues of a.
From (A.2) we get \; € [K1, K3]. Therefore
_d
2

deto~! € [K, 2, K; %), (A7)

Using (A.6) and (A.7), we finally get

1
v? <Ci—
VZullL, < e Iz,

d_d 4 _d_ d d
A5 ;i)/2‘|vU||Lp, < CK WU f|L, i 1 i 0,
4 _d d_d ) d d
P ”)/ZHUHLP/ < O3K, % p)/2||f||Lp it 24— - v > 0. (A.8)

Step 2. a satisfies Theorem A.2 (H®), b= 0 and f € L,.

Here we apply the freezing coefficient argument. For § > 0 which will be determined
later, let £°(-) := () where ¢ is the same function which we used to define the localized
spaces. For z € R? denote

&) =& (x—2), a”:=alz), v(z):=E"(@ulz), [*(x):=E"()f(z)
Observe that
Au® — afj(‘?ijuz =h,
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where
h, =f*+ (aijﬁiju)gz"; — afj&juz
=f*+ (aij — afj)aiju . 62’5 — afj(aiuﬁjfz"; + @u@zfz’é + Uaijfz’é).

From [15, p18, 2. Corollary], we know that there exists some Ny > 0 such that for any
@ € H*P and € > 0 we have

IVl L, < €llV2alz, + Noe |ul L, -
Therefore

Ihzllz, <Ca(llf7Ilz, +wa(@)s®|VPu - €°||L, + Kol Vu - VE 1, + Kallu- V2¢°|,)
<Cu(IF7 1|z, + 2wala@)8*(IV? (u- 7)1, + (Kz + 2wa(a)d®)[|Vu - VEX| 1,
+ (Ka + 2wa (a)0%) lu- V26?1,
<Cs(1F7 ]|z, + 2wala)8*(|V?u| L, + (Ks 4 2wa(a)8*)6 | Vu - €|,
+ (Ko + 2wa(a)6®)6 2 ||lu - €°||1,)
<Cs (17111, + 2wa(a)d* | V2 ||1, + (Ks + 2wa(a)6)6 ™ (| VU] 1, +[lu - VE | 1,)
+ (Ko + 2wa(a)6*)6 2 |lu - €2°||1,)
<Cs (|11, + (2wala)d® + e(Kz + 2wa (a)d)6 )| V20|,
+ (Kg 4 2wa (a)6%) (e 161 + (5_2)||u . 52"5||LP)7 (A.9)

where w, (a) is from (A.3). Assuming (without loss of generality) that Cs > 1/6, we define

6= ( 7 )< e K16
T GCG(Kl + 2wa(a)) ’ o GCG(KQ + 2wa(a)5a) '

(A.10)

It is easy to see that Cg - (2wa(a)0” + €(Ka + 2wa(a)d*)s ") < 3, and

K3
Ky

K1 + wa(a)

(Ka + 2wa(a)d®) (e o7 +67%) < Cr IR
1

( )&

So we get from (A.8) and (A.9) that

ﬁ K1 + wa(a)

1
2zp< - z
1920 o < Cagem (17, + (2

)a |5, ) (A.11)

Plugging this into (A.9) yields

Cs
2Cs
Ky +wa(a) 2. 2

S R L Y}

Using the second inequality in (A.8) we get for 1 + g - % >0

L
(17 0e, + 22

K1 + wa(a)

< z % z
Itz < Co (157, + )R, )

K2
C, =2
+ 7K1(

d_d d_d_ K2 K o
N D2 e <CoB, G E R (7, 4 B2 (K @y, ) a)
P Kl Kl p
Similarly;, for2+§—%>0
K722 K1 4+ wa(a)

d_d d_d 2.,
/\(2+pr p)/2||uz||Lpl ScloKl(pl p)/2(||fZHLp+ e (T)inu HLp>' (A.13)
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Let p’ = p. Then

z K2K+Woza2 -
1570, + R ey, ). (n14)

Alw*||z, < Cio e

/N

Taking A > 2010%(%‘*(“))% =: Cjok We obtain

K1
Cho K2 Ki+wy(a), 2
Il € T g e T D, < 1,
- VY10, K1 *

Together with (A.11), (A.13), and (A.12), we have
2 z 1 z
[V=u*| e SCHEHf Iz,
1+5-9/2) 9, T D/2) 2 - d_d
S P S i

4_4a 4_4a d d
AGH5r 2)/2||u2|\Lp, <O, ZWHJ‘ZIIL,,, if 2+z7_5>0' (A.15)

From definition (2.1) we know that, for each z € R,
so we get from (A.15) that for any A > Ci9x we have

u*|lr, < lullz, < 0~ ¢sup; [[u*L,2

d_d d_dyjg : d d
At p>/2||u||£p,30151(1 R i 24 =2 >0,

d _d d _d
A=D1 9u)|p < AR sup (| V|, + [evVe I, )

4_1

< Cro(K, 7702 4 A_1/2K1(ﬁ_%)m)(s_dHfHLp
< 01K, 5*%*1)/25—‘1”]””% if 1+ ]% - g >0,

IV2ullz, < Sgp(IIVQuZIIL,J + [Vt |, + 2 VuVESt|L,)
< Cus(g + AT XTI )

1
< 019E57d|‘f||ip. (A.16)

Step 3. a is Hélder continuous and Theorem A.2 (H®) holds,

b€ L, and f € L,.
By (A.16) and Hoélder’s inequality, we have for A > Cgx and 1 + % — % >0

da _d d _d_ _
)\(1+p/ p)/2||vu||ip, §017K1(p/ P 1)/25 d||f+bv“”ip

d_d_q1)/2._
<Cir KW TR f g, + b, 1Vl
where p1,ps € (p,00) and p% + p% = . Letp’ = p,. Then we get
1—-4)/2 —4_1)/2,—
AR Sl <CooknTE V2SS g, + (Bl IVl )-

Choosing X so large such that

—d/p;—1

_d _
)\(1 p1)/2 > C20K1 z 5 d||b||ip17

2Recall that in Section 2 we assumed that the localized spaces are defined using the function £1.
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we get
(—&-1)/2
CypKy' 7 d
IVulz,, < s S 171z,
A — Gk, 5oz,
Moreover,
-V Ll | P
Vull; < o=y =
Ly )\(1—%)/2 7020[{1(_%_1)/257(1“()”@, Ly Ly

Using (A.16) we see that for any A such that A > Cgx and A5 /2 > Cy K4 —= 5

||b||ip1' we have

IV2ullf, < Cor(1+7)0" 7||f||Lv

d_d d_d_ . d d
XTIy, < On(1 )T, e 1 >0

44 _dy d_d . d d
/\(2 » b /2Hu”L / <023(1+,Y)K1(p p)/Q(S*dHf”Ep if 2+]775 > 0.

Define 024 = (2010)\/020. Then, for A > 024H and 024)\7( P1 1)/ Kl(iiil /2 d”b”
b -
% e A> C24K1(5*d%)1*d2/m ) by taking
o bllz, o
X - N/ 1—d/py (———P\1—d/p
)B4 (e (e i )

1

K2 K+ wa 2 Ky Fwa(a). a
)\>024K1(K (1T() 1 (a)
1

we get that there exists finite positive constant Cs5 such that 1 + v < Cy5, which finally
shows the desired result (A.4) after plugging in the value of ¢ from (A.10). O

Corollary A.4. Let Theorem A.2 hold and f = b',i = 1,--- ,d in (A.1), let p' € [1,00].
There eXists some Cy > 0 depending on «, p; and d only, such that if we choose

a_ 2 |bll; .
A>CoK ( (K1+;?1”(a))% + (Kﬁ?l‘*(“))i = (%) l—dz/m) then for the solution u’ to
equation (A.1) we have

. 1 a4 2
IVul,, < 527 K

IN

d d
i1+ —=>0,
Poop

_1xdsy! Lid/p’

1
2
1
lullz,, < 5) A

IN

/

d d
if 24+ —=-->0. (A.17)
p p

Proof. Notice that for such A we have CoA~ 7 )/2K1(7**1)/2(m++1"‘m)* ||b||£p1 <
so by (A.4) for f = b,

vd/p'vd/py | —i=d/ptdse’ K 4 we(a)

i = : g
[Vuil,, < AT TE TR T () ], <

—2_d/p’ d/p’'—d/
With the similar argument we get ||ul|; , < CA G o SR (Kl%f(a))g 1oz,

!
14d/p  1td/p’
K, ?

1y 1td/p’
§§>\ 2 1 . O
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