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Abstract

A distributional equation as a criterion for invariant measures of Markov processes
associated to Lévy-type operators is established. This is obtained via a characterization
of infinitesimally invariant measures of the associated generators. Particular focus is
put on the one-dimensional case where the distributional equation becomes a Volterra-
Fredholm integral equation, and on solutions to Lévy-driven stochastic differential
equations. The results are accompanied by various illustrative examples.
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1 Introduction

One of the most fundamental questions regarding stochastic systems is the descrip-
tion of their long-time behavior, i.e. the question whether the respective system admits
one or more invariant distributions, and under which conditions these are obtained on
the long run.

Given a Markov process (X;);>o with generator (A, 2(.A)) it is well-known that, under
suitable regularity conditions, a measure 7 is invariant for (X;);>¢ if and only if

/Afdnzo (1.1)

for all f in some subset D of the domain Z(.A). For example, this equivalence holds true
if  is finite, (X;):>¢ is a Feller process, (A, Z(A)) is its Feller generator, and D is a core
of (A,2(A)), cf. [21, Sec. 3]. In general, however, (1.1) is not equivalent to n being
an invariant measure of a Markov process, in which case solutions of (1.1) are called
infinitesimally invariant. More precisely, given a Banach space (&, | - ||) of functions
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f:R? — R, and a linear operator (A, Z(A)) on € such that the smooth functions with
compact support C°(R¢) are contained in the domain Z(.A) of the generator, a measure
n on R? is called infinitesimally invariant for (A, Z(A)) if and only if (1.1) holds for
all f € C°(R%). Note at this point that (1.1) only requires that Af € L'(n) for all
f € C°(RY), and in particular (infinitesimal) invariant measures  may be infinite.

This article focusses on Markov processes on R¢ whose generator is a Lévy-type
operator. Heuristically speaking, these processes behave locally like Lévy processes, and
their class most notably includes rich Feller processes, i.e. Feller processes for which
C>*(R%) C 2(A). These in turn include Lévy processes, Feller diffusions, and solutions
to certain stochastic differential equations (SDEs) such as e.g. Ornstein-Uhlenbeck-type
processes (OUT) or generalized Ornstein-Uhlenbeck (GOU) processes. Nonetheless, the
class we consider in this article also contains processes which are not necessarily rich
Feller processes, e.g. many solutions to Lévy-driven SDEs.

Lévy-type operators and the associated Markov processes have been an active area
of research for the last two to three decades. For a general introduction to this field
see [8, 14] and the references therein. Some more recent articles such as [18, 19] are
concerned with the questions, whether a given Lévy-type operator is the generator of
a rich Feller process, and under which conditions the solution of a Lévy-driven SDE
is a rich Feller process. General stability properties of processes associated to Lévy-
type operators, such as non-explosion, recurrence, and ergodicity, are discussed in
[24, 30, 29]. In certain special cases such as e.g. GOU or OUT processes, integro-
differential equations for invariant measures have been derived, see [4, 20, 26]. In
[1, 2] (infinitesimally) invariant measures of solutions to certain classes of Lévy-driven
SDEs are described. Other related sources such as [7] focus on the infinite-dimensional
case, while [28] considers inifinitesimally invariant measures for operators without jump
component. Lastly we mention that in [5, 6] invariant measures of It0 processes (of
which rich Feller processes are a strict subclass) are described via the characteristic
function.

In this article we aim to derive a general criterion for (infinitesimally) invariant
measures of Lévy-type operators and their associated Markov processes. These criteria
will be formulated as a distributional equation for the invariant measure and our methods
are closely related to those used in [4, 20, 26]. We start our article with the preliminaries
where we recapitulate distribution theory as far as we need it for our purposes, and fix our
notation. In Section 3 we then derive a new representation of a Lévy-type operator which
we use in Section 4 to prove a distributional equation for the infinitesimally invariant
measures of a Lévy-type operator. Here we also highlight the one-dimensional case in
which the distributional equation can be transformed into a Volterra-Fredholm integral
equation. Section 5 then deals with the application of the prior results to invariant
distributions of Markov processes associated to Lévy-type operators. Section 6 focuses
on solutions to Lévy-driven SDEs and provides a necessary and sufficient condition for
an invariant probability law of a solution of an SDE, if the solution process is a Feller
process. Moreover, the applicability to more general SDEs is demonstrated. Finally, in
Section 7 we discuss an implication of our results on the adjoint of a Lévy-type operator.

2 Preliminaries

2.1 Notations

Throughout this article we write B,(R?) for the Banach space of bounded Borel
measurable functions f : R — R equipped with the sup norm || - ||.. Further we write
Cy(RY) C By(R?) for the subspace of bounded continuous functions on R¢, C*(R?) C
Cp(R%), k € N, for the subspaces of k-times continuously differentiable functions with
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compact support, C°(R?) c C¥(R?) for the subspace of test functions on R?, that is the
space of smooth functions with compact support, and C..(R?) C C,(R?) for the subspace
of continuous functions vanishing at infinity, i.e., continuous functions f : R — R such
that for all ¢ > 0 there exists a compact set K C R? such that for all z € R¢\ K it holds
|f(z)| < e. For an open set Q C RY we denote B,(Q2), C=°(£2), and alike for the respective
subspaces of functions with support in €.

For any measure 7 we write LP(n) and W*®(n) for the classic Lebesgue and Sobolev
spaces w.r.t. 7.

Open and closed balls with radius » > 0 centered around z € R? are denoted by
B(z,r) :=={y € R?: |y — x| < r} and B(xz,r) := {y € R?: |y — | < r}, respectively.

Partial derivatives of a function f : R? — R will be written as 9;f, i = 1,....d,
while the gradient operator is denoted by V := (8;)__, _,, and the Hessian operator
by H := (9;0;)i j=1,...4. Directional derivatives along a given vector y € R\ {0} are
denoted by 9, :=y - V.

Moreover, given two vectors v,z € R, y -z = Zle y;2; is their scalar product.
Likewise, given a vector-valued function f : R? — R% z +— (fi(z))i=1...a we write
V. fi= Zle 0 fi, and similarly, H- M := Z;l,j=1 0;0;M;; for a matrix-valued function
M Rd — RdXd, T — (Mij(m))i)jzl}m’d.

2.2 Distribution theory

Let  C RY be open, and abbreviate D(f2) := C°(2). Then we write D’(Q) for the
space of all distributions 7' : D(Q?) — R, f — T'(f) = (T, f), i.e. the space of all linear
functionals that are continuous w.r.t. uniform convergence on compact subsets of all
derivatives. If Q = R?, which will be the case most of the time, we write D’ := D'(R?).

As it is well known, T' € D'(Q) if for all compact sets K C 2 there exist a constant
Ck > 0 and a number Nx € IN such that for all functions f € D(2) with supp f C K it
holds

(T, f)] < Cx max{[|[0% f||oo : |a] < Nk} 2.1)
This allows to define the order Ny € INU {oo} of T' as
Nrp :=inf{n € N: (2.1) holds for all K C Q2 compact with Nx = n}.

IfT € D'(Q) is of order k € NN, it can be uniquely extended to a linear functional on
DF(Q) := C¥(2) which is continuous w.r.t. uniform convergence on compact subsets of
all derivatives up to order k. We write D’*((Q2) for the space of these extensions.

Distributions of order 0 can be represented by Radon measures: A measure m on
(Q, B(22)) which is inner regular and locally finite, i.e. for which

m(QY) = sup{m(K) : K C Q' compact} for any open set Q' C Q,

and such that for all = € Q there exists an open set 2’ such that x € " and m(Q") < oo,
is called a Radon measure on ({2, B(Q2)). The difference m := m; — ms of two Radon
measures mj, mo is called a real-valued Radon measure on (2, 3(Q?)), and we write
|m| = mq + mao.

By the Riesz representation theorem, for every distribution 7' € D’'°(Q) there exists a
real-valued Radon measure m on (2, B(Q?)) such that

(T, f) = / f(@)m(dz) 2.2)

for all f € DY(). Vice versa, every real-valued Radon measure on ({2, B(Q2)) defines a
distribution in D’'°(Q) via the mapping (2.2).
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Further, a distribution T € D’'(Q) is called regular if there exists a function g €
Ll .(R%) such that

(T.5)= | [flx)g(x)dz
Rd

for all f € D(2). From the above it is clear that all regular distributions are of order 0.
We refer to [9, 12] for references of the above and further background information.
Since we can identify

* a distribution of order k£ € IN with its unique continuous extension in D’ k
¢ a distribution of order 0 with its associated real-valued Radon measure, and
e aregular distribution with its associated locally integrable function,

we will sometimes abuse notation and use the same symbol for the two respective objects.
The correct interpretation will always be clear from the given context.

We will frequently deal with the question whether the multiplication of a function
g : R —» R and a distribution € D'?, i.e. the mapping gn : f — Jga f(@)g(z)n(dz)
remains a distribution. The following Lemma provides conditions for this. Its elementary
proof is included as we were unable to find a suitable reference.

Lemma 2.1. Let ) be a real-valued Radon measure on R¢.
(i) Ifg € L\ (n), then gn € D'°.

loc

(ii) If g € VVlicl(n) i.e. if all first weak derivatives of g exist and are in Llloc(n), then
gom € D't foralli e {1,...,d}.

Proof. (i) Let f € C.(R?) = D° and let K C R be compact such that supp f C K. By
assumption | [, f(2)g(x)n(dz)| < ||fllso| [ 9(x)n(dz)| < oo, which implies the claim.

(ii) Assume ¢ € Wﬁ)’cl (n). From (i) it follows that gn € D’° and (9;9)n € D'° for all
i € {1,...,d}. Moreover, the product rule 9;(gn) = (9;9)n + gd;in applies. Indeed, let
f € C*(RY), then we have

o). 1) == [ a5@alm(da)
= [ (¢ @0@) = atr@at)niaa)
= ((@ig)n, [) + (90in; [),

because the product rule holds for f and g, see [23, Sec. 6.15]. Since 9;(gn) € D'! and
(0;9)n € D'V assertion (ii) follows. O

3 Lévy-type operators

Let £ be some Banach space of functions f : R — R. A Lévy-type operator is
a pair (A, 2(A)) consisting of a subset Z(.A) C £ and an integro-differential operator
A: 2(A) — £ of the form

Af(@) = a(e) V(@) + 3V b)Y f(2)

+ [ ) = f@) = V@) Lyl dn). 2, @D
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where a is an R?-valued Borel measurable function, b is a symmetric positive semidefinite
R%*4.valued Borel measurable function, and II is a Lévy kernel in R, i.e. II(z,dz) is
a d-dimensional Lévy measure for all fixed 2 € R?, and II(-, B) is Borel measurable for
all B C B(RY). For notational convenience we assume throughout that II(x, {0}) = 0
for all z € R%. We call (a, b, 1I) the x-dependent Lévy triplet or characteristic triplet
of (A,2(A)). Whenever needed, we address the components of a and b by writing
a(r) = (a(r)i)i=1,...a and b(z) = (b(z)ij)ij=1...d-

To characterise the (infinitesimally) invariant measures associated to the Lévy-type
operator (A, Z(.A)), we intend to interpret (1.1) in a distributional sense. To this aim, in
this section we derive a slightly different representation of A that allows to isolate the
test functions f € £.

Our derivation relies on some preparatory concepts, and we start with a decomposi-
tion of the Lévy kernel as it is often used in the special case of Lévy processes, i.e. of
Markov processes generated by Lévy-type operators for which the three components
of the characteristic triplet (a,b,II) are constant in x € R?. However, other than in the
context of Lévy processes, where a suitable cut-off function typically separates the jump
measure into two measures, we will go one step further and separate the Lévy kernel
into three different kernels.

Definition 3.1. Let Il be a Lévy kernel in R¢ and let h,, h,, h, € C(RY) be three non-
negative, continuous functions such that

(z,dy) = h, (y)1(2,dy) + h,(y)(z, dy) + h,(y)(z,dy) forall = € R

Setting v := h I, p := h,II, and p := h,II, we call the decomposition m = (v, p, p)
convenient, if

(i) [pav(z,dy) < oo forallz € RY,
(i) [ra(L Ayl p(z, dy) < oo for all z € RY,
(i) [ga(lyl A ly|?)p(x,dy) < oo for all z € RY.

For any convenient decomposition, the components v, i1, and p are referred to as the
large, medium, and small jump kernel of 11, respectively.

To avoid confusion we will throughout this text use the Greek letters v, u, p, and «
exclusively in their respective roles in the previous definition.

Remark 3.2. Note that for any Lévyzkernel II in R¢ there exists a convenient decompo-
sition. For example set h, (y) = W, hu(y) = W and h,(y) = m

Moreover, one can always find a convenient decomposition such that at least one of
the three components vanishes. For example, the medium jump kernel can be discarded
by setting h, (y) := wl‘y?% hu(y) = 0 and h,(y) := 77- However, it will sometimes be
preferable to work with, say, the medium jump kernel instead of the small jump kernel
or vice versa, if both options are available.

Besides the above decomposition w.r.t. the jump sizes, we also need to establish a
polar decomposition of the jump kernel. To start with this, note that, by [25, Lem. 59.3],
for any o-finite measure II on R? satisfying I1({0}) = 0, there exist a finite measure II,, on
S4=1 = {¢ € RY; €] = 1} with TI,(S9"!) > 0 and a family (Il¢ )¢ ga—1 of o-finite measures
on (0, co) with IT¢((0, 00)) > 0 such that II¢(B) is measurable in ¢ for each B € 5((0, c0))
and

nm) = [ aseondanm, @
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Any such pair (II,, (Il¢)¢cga-1) is called a polar decomposition of II with II, being
referred to as spherical part and (Il¢)¢css-1 as radial part of II. Again by [25, Lem.
59.3], the pair (IL,, (IT¢)¢cga-1) is unique up to multiplication with a measurable function,
i.e. for any other polar decomposition (ﬂo, (ﬁg) ¢esd—1) there exists a measurable function
¢ : 841 — (0,00) such that ¢(¢)I1,(d¢) = I1,(d¢), and II¢(dr) = (&) (dr) for II,-a.e.
£ e 81,

The following Lemma implies in particular, that for any Lévy measure we can even find
a polar decomposition, such that the radial part is again a collection of Lévy measures:

Lemma 3.3. Let I be a o-finite measure on R¢ with TI({0}) = 0. Let f : (0,00) — R4
be a function such that [, f(|z[)II(dz) < co. Then there exists a polar decomposition
(IL,, (T¢)¢ega-1) of IT such that [, . f(r)l¢(dr) < oo forall§ € S*1.

Proof. Clearly, there exists a polar decomposition (Il,, (Il¢)¢cga-1) of II. By virtue of the
assumption on II it holds

/ / F)TIe(dr) TL,(dE) < oo.
Sd—=1.J(0,00)

Thus, I := {¢ € S471; f(o 00) f(r)g(dr) = oo} is a II,-nullset, and in particular measur-
able. We may therefore set II; = 0 on [ to obtain the required polar decomposition. O

The factorization into polar coordinates can now be applied pointwise to a Lévy kernel
in R%. This enables the following definition.

Definition 3.4. Let II be a Lévy kernel in R? and for all fixed x € R¢ choose a polar
decomposition (IL,(z, -), (Il¢(x,-))¢cga-1) of I(x,-) as in Lemma 3.3. Then we define II,
the integrated radial tail of 11, by

TI(z,B) := /Sdlf(om) 15(2£) /(Z’oo) ¢ (z,dr) dz y(z,dE), B € B(R?).

Moreover, if [p.(Jyl A |y*)II(z,dy) < oo for all z € RY, we set for all B € B(RY)

ﬁ(x,B) ::/ / 13(2:2{)/ / e (z, dr) dz1 dzo I, (2, dE),
Sd—=1J(0,00) (z2,00) J (21,00)

and call TI the double-integrated radial tail of I1.
The following Lemma proves well-definedness of the (double-)integrated radial tail.

Lemma 3.5. Let II be a Lévy kernel in R%. Then the integrated radial tail II of II is
independent of the choice of the polar decomposition, II(x,dz) is a d-dimensional o-
finite measure with I1(z,{0}) = 0 for all z € R%, and I1(-, B) is Borel measurable for all
B € B(RY).

The same holds true for the double-integrated radial tail if [p,(|y| A |y|*)I(x, dy) < co.

Proof. Fix z € R, then clearly II(x, {0}) = 0, and for all £ € S¢~! the radial part II¢(z, -)
is a one-dimensional Lévy measure. Therefore, z — [, (2,00) Il (z, dr) is a locally bounded

function on (0,00). Hence, Il¢(z,B) := [, f(z ooy He(2,dr) dz is a o-finite measure for
fixed ¢ € S9! and, as Il, is a finite measure, II(x, dz) is also a o-finite measure.
For any fixed B € B(R?) by Tonelli’s theorem we derive

Ti(z, B) = [3 B /(Om) /MnB(zg)dznf(x,dr)no(x,dg)
:/ / 15 (zy)dz(z,dy)
R J(0,1]
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which is independent of the choice of the polar decomposition.
Further, approximating f : y — f(o 1 (zy)dz by simple functions, the measurabil-

ity of II(-, B) now follows from the measurability of II(-, B) and f, and the monotone
convergence theorem.

For the double-integrated radial tail simply note that, due to ... (Jy[Aly|*)II(z, dy) < co
for all z € RY, we obtain

/ / I (z,dr)dz, = / / dz g (z,dr) = / rHe(x,dr) < oo
(z2700) (zlvoo) (z2voo) (O’T) (Z27OO)

for all zo > 0 and II,(z,-)-a.e. £ € S?~!. The rest follows analogously. O

We are now in the position to formulate the desired representation of the operator A.

Lemma 3.6. Let (A, Z(A)) be a Lévy-type operator with characteristic triplet (a,b,II)
and convenient decomposition m = (v, u,p) of the Lévy kernel 11. Then for any [ €
C2(R%) N 2(A) it holds

AJ(@) = (ale) + ax(2)) - VI (@) + 5V - b(2)V(2)

T e f@+y)v(z,dy) — f(z)v(z, R?)

+ [ oyt wte.dn)+ [ 8,0+ u)ae.du).

where ax(z) = — [, ., yv(z, dy) — [, oyl dy) + [, 5, yp(2,dy).

Proof. Inserting the convenient decomposition of II on (3.1) yields

Af(@) = ala) - V() + 3V () V (2)
+ [ Uty - s vy - [ vt i) 95
# [ Uy = s pean — [ yntedy)- 91
+ [ U0 =10 = 91w ) o)+ [ ot ) 95

— (a(2) + ax(2)) - VF(2) + %v @)V @)+ T+ L+ 1,

where the integral terms of a, are finite for all 2 € R? due to the assumptions on v, ;1
and p.
First, since v(z, R%) < oo for all x € RY, we immediately obtain

L= |ty dy) = fpe RY.

Next, consider I,,. The integrand’s argument y € R\ {0} can be uniquely written as
y = r¢ for some r > 0 and ¢ € S4~!. Using a polar decomposition (i, (ti¢)¢esa-1) Of fu,
and the fact that f(z +r¢) — f(z) = [, 9¢f(x + 2§)dz, this yields

I, = / / (@ + 7€) — () e, dr) rol, )
54-1 J(0,00)

-] Oe (@ + 2€)dz pe(, dr) o, d€)
Sd—=1.J(0,00) J/(0,r)

/ / 35f(:6+z§)/ pe (@, dr) dz po(z, dE), (3.2)
Sd=1J(0,00) (z,00)
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where we applied Fubini’s theorem to interchange the two inner integrals. This is
possible since 0; f is bounded and with compact support, i.e. for fixed z € R? and
¢ € S9! there are constants C,C’ > 0 such that |9 f(z + 2£)| < C'1{j,|<cy}. Therefore,
to show I, < oo, it suffices to verify that the area of integration

By :={(r,z) eR*:0<z<r<C}

has finite mass w.r.t. the product measure s (x, ) x A, where A denotes the Lebesgue
measure. This however follows due to the fact that f]Rd ly|u(z, dy) < oo which implies by
Lemma 3.3 that f(o o) THE (z,dr) < oo and hence

/B1 (e (z,dr) x dz) :/ rpe(z,dr) < oo

(0,C)

Lastly, converting z¢£ back into Cartesian coordinates in (3.2) yields the desired result,
namely

y;ﬁO

It remains to rewrite I,. Again, writing y = 7§ with 7 > 0 and ¢ € S?~1, we observe that

fle+y) = flx) =Vf(x)-y=flz+7rE) — flx) = Vf(x)-(rf)
(O f(z + 218) — Oc f(z))d21

0,r)

J
_ / / O2f(x + 26)dz dzy.
(0,r) J(0,21)

We obtain

I, = / / (& + 7€) — F(z) = V() - (r€))pe(,dr) pol, dE)
54-1.J(0,00)

/Sd 1/0 o) /O ) /0 . O f (& + 228)dzp Az pe(, dr) po(, dE)

-/ / O2f(x + 26) / pe(ar,dr) dzy dzs po(e, d),
Sd=1J(0,00) (z2,00) V (21,00)

where we again used Fubini’s theorem, the applicability of which is shown by a similar
argumentation as above: The area of integration

By :={(r,z1,) €ER3*:0< 20 < 21 <r < C}

is finite w.r.t the product measure p¢(z,-) X A X A since fo o) (r Ar?)pe(z,dr) < oo for all

z € R? due to Lemma 3.3. By the assumption on p, the double-integrated radial tail 5 of
p is well-defined. Converting 22£ back into Cartesian coordinates thereby yields

I, = / 31,1/ (= + y)p(z, dy),
y#0
and the proof is complete. O

In the following, if we use the notation a,, we will always mean the function defined
in Lemma 3.6.
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4 Infinitesimally invariant measures of Lévy-type operators

4.1 A distributional equation for infinitesimally invariant measures

Let (A, Z(A)) be a Lévy-type operator with characteristic triplet (a, b, IT) as defined
in (3.1), and assume C>*(R%) C Z(A). Given a convenient decomposition m = (v, u1, p) of
IT it then follows from Lemma 3.6 and the definition of infinitesimal invariance that a
measure 7 is infinitesimally invariant for (A, Z(A)) if and only if

1
0= [ ((a@)+ ar(@) - V1) + 5V -Ha) V(@) ()

X 14W¥4 — T )V\T d i
(] s pean) - e R naa) -

+ /R /R Ay /1y f(z + y)i(z, dy) n(dx)
+ /]R O f @+ ), dy) n(de)

for all f € C°(R?) C C2(RY) N Z(A).
From this we derive a distributional equation of n in Theorem 4.2 below. In order to
state our result in a compact way we first introduce the following notation.

Definition 4.1. Let (A, 2(A)) be a Lévy-type operator in R¢, and let 7 = (v, u, p) be
a convenient decomposition of II. Let n be a measure on R?. We define the jump
functionals U™ (1), V™ (n) = (V" (n))i=1,...s, and W™ (n) = (W[i(n))ij=1,...a Of Il w.r.t. 7
and n, by setting

wrnfy= [ ([ s e - st R ) o),

e sy = [ [ e e, i1

W= [ [ et e ade). =1

for all f € C>*(R?) for which the respective right-hand side is well-defined.
Moreover, we set

1
M(A, 7)== {measures n on R* s.t. V - ((a + ax)n), iv oV, U™ (n),V - V™ (n),
and H- W™ () define distributions}.

We are now ready to state the main result of this section.

Theorem 4.2. Let (A, 2(A)) be a Lévy-type operator in R? with characteristic triplet
(a,b,11), and assume that C=°*(R%) C Z(A). Let = = (v, i1, p) be a convenient decomposi-
tion of II. A measure n € M(A, r) is infinitesimally invariant for (A, Z(A)) if and only if
n solves the distributional equation

V- ((a+az)) + 5V 0V UT() =V V) A HWT) =0, (4.2)

where U™ (n), V™ (n) and W™ (n) denote the jump functionals of Il w.r.t. = and 7.

Note that for measures ¢ M (A, 7) we cannot interpret (4.2) in a distributional sense.
Consequently, the criterion fails for infinitesimally invariant measures 7 ¢ M(A, ).
However, in many cases mild regularity assumptions on the characteristic triplet (a, b, II)
already guarantee that M (A, 7) contains a sufficiently large class of measures. General
conditions for a measure 7 to be contained in M(A, 7) will be discussed in Section 4.3
below.
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Proof. We consider (4.1) and transform the summands one-by-one. First of all, abbrevi-
ating a(x) := a(z) + a,(z) we observe

d
f i@ Vi =3 [ a@asema)

= Z (@) n(dz)) = —(V - (@n), f), 4.3)

]Rd

where the latter is by assumption a distribution. Likewise

SV @)V f (@)n(d) Z/ 04 (biy ()0, () n(ck)

R4 1,7=1

1 1
(V- bTVn, f) = (V- bV, f), (4.4)

and again this is a distribution.
Since U™ (n) appears in both (4.1) and (4.2) in the same form and is by assumption a

distribution, it needs no further discussion.
For the term in the third line in (4.1) we note that by definition 0/, f(z +y) =

ijl 9 f(x +y){: and hence

//5y/\y|fx+y) A(z, dy) n(dz) Z/}Rd/ afx+y ‘ A(z, dy) n(dx)
= Z<V;f<n),a,»f> ==(V-VT).f). (@45

Here, the second line is well-defined as V - V™ () is a distribution by assumption.
To consider the final term, we first observe that

d
Oyl @+y) =3 0(0uf (@ +y i |) |ny|
=1 i=1
Jd - | d
-3 pose o) S ase (i)l e
j=11:=1 s
where
81& = Zf?jgy[’ =17
i L i#E

which implies that the second term in (4.6) is 0. Thus

Ad4d3§/|y|f(x+y)ﬁ(x dy) n(dz) Z/Rd/ 0,0 f(z + )2 || p(x,dy) n(dzx)

7,7=1

d
E: ), 0:0,f) = (H-W™(n), ). (4.7)

Again this is well-defined as H - W7 (n) is a distribution by assumption.
Summing up (4.3), (4.4), (4.5), (4.7) and U(n) thus yields the equivalence of (4.1)
and (4.2) and finishes the proof. O
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4.2 Volterra-Fredholm integral equations

In this section we will embed the distributional equation (4.2) into the theory of
Volterra-Fredholm integral equations: Under the restriction that d = 1, in Theorem 4.3
we present integral kernels x5 : R x R — R and functions I} 5 : R — R, such that (4.2)
is equivalent to the Volterra-Fredholm integral equation

Fy (2)(dz) = (Fm) + /R (2, 2)n(dz) + /

(0,7]

Koz, z)n(dz)) dz, (4.8)

where for 2 < 0 the integral f(O,x] ko(z, z)n(dz) is interpreted as — f(r,o} ko(z, z)n(dz).

Thus, roughly speaking, a measure n on R is infinitesimally invariant for a given
Lévy-type operator, if and only if it solves the corresponding Volterra-Fredholm integral
equation. For a detailed introduction and overview of such (and more general) equations
see e.g. [10, 13, 31].

Although theory on multidimensional integral equations exists, cf. [3, 10], and certain
special cases such as OUT processes, cf. [26], even yield such integral equations, it is not
possible to simply translate the steps of the proof of Theorem 4.3 to the multidimensional
case. Thus, in order to avoid an overload of technicalities, we stick to the one-dimensional
case.

In the following, for any Lévy kernel Il(z, ), € R, in R we denote

f(z,oo) H(Jf,d’l“) :H(J?, (2700))a z > 0,
f[(x, z) = f(foo,z) I(z,dr) =(x, (—00,2)), 2z<0, (4.9)
0, z=0.

Theorem 4.3. Let (A, Z(A)) be a Lévy-type operator in R with characteristic triplet
(a,b,1I) and assume C*(R) C Z(A). Further, let = = (v,u,p) be a convenient de-
composition of 11 and let n € M(A, ) be a positive Radon measure on R such that
a+ax € Ly (n),b € Wik (n), and U™ (n), V™ (n), W™ (n) € D'°.

Then 7 is infinitesimally invariant for (A, 2(A)) if and only if there exist constants

c1,c2 € R such that n solves (4.8) with
1
Fi(x) = ib(x), Fy(z) = 12 + ca,

~ Jrom) Jrowg V(s dy = 2)du+ [ senly — )i,y — 2)dy — plza - 2),
x>0,

o) Jre V(s dy = 2)du— [, o senly — 2,y — 2)dy — plz,2 — 2),
<0,

ki(z, z) :=

ka(z,2) == a(z) + ax(2) + %b’(z) + (z — 2)v(z, R),

for all x,z € R, and where the densities ji1 and 5 are defined according to (4.9).

For the proof of this theorem we need two additional lemmas, the first of which shows
that the (double) integrated radial tails of a Lévy kernel as defined in 3.4 have an explicit
representation in the one-dimensional case.

Lemma 4.4. Let I1 be a Lévy kernel in R. Then for all fixed z € R the measure II(z, ) is
absolutely continuous and

I(z,B) = /BH({E, {u € R:usgn(z) > zsgn(z),z # 0})dz = /BH(Lz)dz, (4.10)
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for all B € B(R). Moreover, ifﬁ(:a -) is well-defined, then it is absolutely continuous as
well and

II(x,B) = / I(z,{u € R : usgn(z) > zsgn(z), z # 0})dz = / II(x, z)dz, (4.11)
B B
forallz € R and B € B(R).

Proof. Since S° = {—1,1} is discrete we obtain

Mes) = [ [ o [ eedn i)
{-1,1} J(0,00) (z,00)
:/ ]lB(z)/ I(x,dr) dz—|—/ ]lB(z)/ I(xz,dr)dz,
(0,00) (z,00) (—,00,0) (—00,2)

forall z € R and B € B(R). This already implies that for fixed « € R the measure I1(z, -)
is absolutely continuous with density II(z, -) in agreement with (4.10).

Further, if Tis well-defined, we have by definition

Tes)= [ [ s [ [ ledn)dadae.dg
{_1-,1} (0,00) (Z2700) (21700)
= / ]13(22)/ / I(x,dr) dz; dzg
(0700) (Z2’oo) (Zhoo)
+/ ]13(2’2)/ / I(z,dr) dz; dzg
(—00,0) (—00,22) J(—00,21)

for all z € R and B € B(R). Thus, the density of the double-integrated radial tail I can
be written as

B f(z,cc) (z, (y,00))dy = II(x, (2, 00)), z >0,
(x,2) = f(_OOJ) I(z, (—o00,y))dy = H(x, (—00,2)), z <0,
0, z2=0,
in agreement with (4.11). O

Lemma 4.5. Let T € D'°(R) and let m be the associated real-valued Radon measure as
in (2.2). Then the function

m((0,x]) =: (T, 1(0,4), x>0,

M:R—-R:z— m(dy) == § —m((x,0]) =: —(T, L5 q)), z <0,
(0,2]

0, z=0,

is locally integrable. Moreover, for every f € C:°(R) it holds

T.) =~ [ @M@)ds = -1, £),
R
i.e. M defines a distributional primitive of T'.
Proof. By definition m is the difference of two (positive) Radon measures and we can

assume w.l.0.g. that m > 0. Then M is non-decreasing and as M(z) € R forall z € R
this implies the local integrability.
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Further, for f € C2°(R) we compute by Fubini’s theorem

<MJSaAW@Mwa
f/ f@/@}@wmfwmﬂﬂ/ m(du) do
:/0C>o /uoo x)dz m(du) — /000]/ o x)dz m(du)

—/ fwmmw—/ f(uym(du) = (T, f). O
(0,00) (—00,0]

Proof of Theorem 4.3. First of all note that by Lemma 2.1 (see also Corollary 4.8 below)
our assumptions imply that n € M(A,n).
As d = 1, Equation (4.2) simplifies to

(@ ann)’ + 5 onfY +UT () = V() + W7 ()" =0, (4.12)

where we emphasize that differentiation and integration is to be understood in the
distributional sense By assumption, 2(bn) defines a distribution, and therefore it
admlts a primitive 3 (bn ) which again defines a distribution. Moreover, as n € D’Y and

e Whl(n) the product rule bn’ = (bn)’ — b'n applies as seen in the proof of Lemma 2.1.

loc
In particular, bn and b'n define distributions as well. Hence, integrating (4.12) twice

yields
1 1 / s T s
§bﬂ—/<a+aﬂ+§b)ﬂ+/ U (77)_/L () +W7(n) = Fz, (4.13)

where F; denotes the distribution associated to the locally integrable function F»(x) =
Cc1T + Ca.

Since primitives of distributions are unique only up to a constant, leaving c1,c3 € R
unspecified allows us to freely choose the primitives on the left-hand side of (4.13). We
can therefore associate the first integral term to the locally integrable function

— fio (aly) + ax(y) + 3 @)n(dy), @ >0,
2= 4 Jeo(a) +ax(y) + 30 (y)n(dy), <0,
0, xz=0.

With the notational convention introduced in the beginning of this section this mapping
simply reads as

T — (a(y) + ax(y) + %b’(y))n(dy)-
(0,]

To derive the second-order primitive of U™ (7), first use Lemma 4.5 to observe that we
obtain a locally integrable function associated to a distributional primitive of U™ (7)) by

mapping
u / / v(z,dy — z)n(dz) — / v(z,R)n(dz).
R J(0,u] (0,u]

Integrating once again and swapping the order of integration by Tonelli’s theorem we

obtain
/ / / v(z,dy — z)n(dz)du = / / / v(z,dy — z) dun(dz).
(0,2] /R J(0,u] R J(0,z] J/(0,u]
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Likewise

/ / v(z,R)n(dz)du = / v(z,R)dun(dz) = / (x — 2)v(z, R) n(dz).
0,z] J(0,u] (0,z] J[z,x] (0,z]

Thus, the locally integrable function

T /]R/(OJ] /(o,u]\{z} v(z,dy — z) dun(dz) — /(O,w] (z = 2)v(z,R)n(dz)

is associated to a second order primitive of U™ (7).
In the same spirit, applying Lemma 4.4 on the Lévy kernel 7,

T /R/(M] sgn(y — 2)i(z,dy — 2) n(dz) = /]R/(O@] sgn(y — 2)fi(z,y — z)dy n(dz),

is a locally integrable function associated to a primitive of V7 (7).
Lastly, we compute, again via Lemma 4.4,

//f 5(z,z — 2)dzn(dz) = /f /(zxfz) (dz)dz

for all f € C°(R), due to the Fubini-Tonelli theorem.

We have thereby shown that all terms of (4.13) are distributions of order 0, and thus,
written in terms of the associated real-valued Radon measures, (4.13) becomes (4.8)
with FY, F5, k1, ke as given in the statement of the theorem. O

Remark 4.6. In many cases one can use additional assumptions on the invariant measure
(e.g. it being a probability law) to specify one or both of the constants ¢; and c¢; in
Theorem 4.3; see e.g. [4] or the upcoming example in Section 6.2. However, there seems
to be no general method to deal with them.

The following corollary addresses absolute continuity of solutions to (4.8).

Corollary 4.7. Let n be an infinitesimally invariant measure under the assumptions of
Theorem 4.3. Set 1y := {z € R : b(x) > 0} and let Q; C R be an open set such that

(i) a(x) + ar(z) # 0 for all x € s, and
(i) (W™ (n), f) =0 for all f € C(Qy).

Then there exist an absolutely continuous measure 7., and a measure 1, with supp(nq) C
R\ (€1 USy) such thatn = n. + nq.

Proof. We prove that n is absolutely continuous on 2; and €2,. Setting 7, then
implies the statement.
First, note that as Fy(z) = lb(;zc) > 0 for all z € Q;, we derive from (4.8) for all

2
fe Cfo(Ql) that

/ f(@n(dz) / fa ( (2) + /R i (, 2)(dz) + /(] n2<x7z>n<dz>> az,

where the term in brackets on the right-hand is locally integrable. Thus 7 is absolutely
continuous on ;.

Second, by assumption, U™ (n) and V™ (n) have associated real-valued Radon measures
on . Denoting the associated measure of V™ (n) by V, and integrating (4.12) once, on
)5 we obtain

= 77|S21U§22

(a(z) + ax(@))n(dz) = (U™ (1), Lo,a) + ¢) dz = V(dz), x>0,
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for some constant ¢ € R, and a similar equality holds for x < 0. Thus,

foremtan = [ o Zhen e [ Vi)

for all f € C°(£22). By definition and Lemma 4.4 we have

(V™(n) / >Of z +y)fi(w, y)dy n(dzr) / <0f x +y)ji(x, y)dy n(dz)

/y>0/fx+y (z,y)n(dz)dy — /y<0/fx+y ,y)n(dz) dy
= [ 1) [ sen(z = a)ite. =~ o)n(an) =

where in the penultimate step we used the Fubini-Tonelli theorem for the integrals w.r.t.
the positive and negative part of V. Thus, V is absolutely continuous which finishes the
proof. O

4.3 On the space M(A,7)

Although we have not been able to find an example of a Lévy-type operator (A, 2(A))
with an infinitesimally invariant measure 7 such that n ¢ M(A, ), the assumption that
n € M(A,r) in Theorem 4.2 is not automatically fulfilled for all measures one might
wish to consider. For instance, let n(dz) = 1>z~ "?dz and (a + ar)(2) = Lz~ 2
Then ((a + a-)n)’ is not a distribution.

Nonetheless, from Lemma 2.1 we immediately obtain the following simple conditions
under which the terms V - ((a + a-)n) and 3V - bVn define distributions. Recall that
we write gn € D'* if gn defines a distribution via (2.2), i.e. if f — [ f(z)g(x)n(dz) is a
distribution in D’*.

Corollary 4.8. Let 1 be a real-valued Radon measure on R“.
(i) Ifa+a, € L (n) thenV - ((a+ az)n € D'L.
(ii) Ifb € Wbl (n), then 1V - bV € D'2.

loc

Unfortunately, the jump functionals U™ (n), V7 (n) and W™ (n) of a Lévy kernel II
w.r.t. a convenient decomposition 7 = (v, u,p) and a measure 7 are not necessarily
distributions either. This is illustrated by the following counterexample.

Example 4.9. Let d = 1 and consider the kernel II(z, dy) = % where «, 5 € (0, 1).

Then |, ;éO (z,dy) < oo and we can choose m = (II,0,0) as convenient decomposition.
Fix some real numbers a < b. Then we obtain for all z > (1+b) V0

/[a ©,b—2x] M, dy) = $1+:+5((I b))~ (zr—a)" )= ﬁ (ﬂ) - (m) |

L'Hospital’s rule shows

. « . «@ . a—1 b . a—1 a
(ﬂ) - (mfa) . @ (H) (z—b)2 (zfa) (x—a)?

lim — = lim —
T—00 €T T—00 T
— fim a( )a_l bax? 3 ( T )a_l ar?
z—o0 \x—b (x — b)? xT—a (x —a)?
=a(b—a)
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which implies that f[afx b (. dy) ~ (b~ a)z® as r — oo.
Therefore, choosing any probability measure n for which =z — ﬂ{z>1}|l‘|’8 is not
integrable, we observe that

<Uﬂ(n)71[a,b]> = /

R (/[a_m .- H(z, dy) — 1q (2)(2, ]R))n(dx)

does not converge. This implies that U™ (n) : B(R?) — R is not locally finite and hence
U™ (n) can neither be a real-valued Radon measure, nor a distribution of order 0.

Moreover, since a < b in the above consideration were chosen arbitrarily, we may
even conclude that for all test function f € C°(R) with f > 0 and supp(f) # 0 it holds
U™(n)(f) = oco. Thus, U™(n) cannot be a distribution of any order for the chosen measure
1 and the chosen decomposition of II.

Still, the question remains whether another convenient decomposition can be found
such that the jump functionals w.r.t. the new decomposition are distributions. However,
if the passing to another decomposition is possible, we are essentially dealing with the
same objects.

To see this, observe that for the given Lévy kernel another suitable choice would
be given by 7’ = (0,1II,0). However, via Lemma 4.4 one observes that for this choice
V- V™ (n) = U (n) for any real-valued Radon measure for which either side is defined.
Thus also V- V™ (n) cannot be a distribution of any order for n as above.

Example 4.9 implies that — apart from the conditions stated in Corollary 4.8 - criteria
for n € M(A,n) are needed. We therefore provide sufficient conditions to guarantee
that U™ (n), V - V™ (n), and H- W7 (n) are distributions in Lemma 4.10 and the subsequent
corollaries.

Recall that for any real-valued Radon measure n there exist two positive Radon
measures 7, 7_ such that n =, —n_, and that |n| :=ny +n_.

Lemma 4.10. Let IT be a d-dimensional Lévy kernel with convenient decomposition
7 = (v, u, p) and let n) be a real-valued Radon measure on R?. Denote the jump functionals
of Il writ. w and n by U™(n), V™ (n), W™ (n).

(i) Assume that
/]Rd (v(z, B(—2,7)) + L{jzj<mv(z, RY)) |n|(dz) < o0 (4.14)
for allr > 0. Then U™ (n) € D'°.
(ii) Assume that
/le i(x, B(—z,r))n(dz) < co (4.15)
forallr > 0. Then V;" € D' for everyi € {1,...,d}.
(iii) Assume that
/}Rd p(z, B(—z,7))n(dr) < o0 (4.16)
for all r > 0. Then W € D'° for everyi,j € {1,...,d}.

Proof. Fix r > 0 and consider f € C.(B(0,r)), then

i n< [ ([ 1@k -0+ @l R ) i)

R4

<l | (oo Bl=.1) + Loy ()l BY) ).
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By the characterization (2.1) this implies that U™ () is a distribution of order 0.
<1land ’% <1 forall
y € R%. O

Assertions (ii) and (iii) are shown similarly using that ‘ijl

Conditions (4.15) and (4.16) are formulated in terms of the integrated radial tail
and the double-integrated radial tail p, respectively. The following lemma presents two
similar conditions that are stated in terms of p and p directly.

Lemma 4.11. Let II be a d-dimensional Lévy kernel with convenient decomposition
7 = (v, u, p) and let ) be a real-valued Radon measure on R?. Denote the jump functionals
of Il wrrt. w and n by U™(n), V™ (n), W™ (n).

(1) If [pa [ga(LA [y|)p(z, dy) n(dz) < oo, then Vi(n) € D'° for every i€ {1,...,d}.
(i1) If [z Jra(lyl A ly1?)p(z, dy) n(dz) < oo, then W;;(n) € D'° foralli,j € {1,...,d}.

Proof. For this proof we use the notational convention f; = f(a b) to avoid lengthy
formulas.

By the definition of 7 and the fact that B(—x,r) C B(0, |z| + )\ B(0, (|z| — r) vV 0) we
obtain

ﬂ(m,B(—x,r)) = /Sdi1 /OO 13(71,7“)(215) /OO Mﬁ(xadZQ) dz /-lo(-r’df)

z]|+r
§/ / / pe(x,dzg) dzr po(z, dE).
Sd=1 J(|z|—r)V0 J 21

Swapping the order of the inner two integrals using Tonelli’s theorem this implies

(lzl+7)Az2
a(z, B(—x,r) / / / dzy pe(x, dze) po(z, d§)
Sd=1 J(|z|—-r)V0

(Iz|=r)

</ / (2r A 20)pe(a, dz2) po(a, d€)
<c [ an .y

for some C' > 0. Thus, the condition in (i) implies (4.15) which proves the claim.
For (ii) we use a similar approach and compute

plx, B(—z,1)) :/Sdil/ ]lB(—ac,r)(zqf)/ / pe(x, dzg) dze dz1 po(dE)
|z|+r o) 00
: /Sd 1/<|av ) vo/ pe(w, dzg) dzp 2y po(dE)

00 (Jz|+r)Az2
/ / / dzy dzg pe(x, dzg) po(dE)
Sd=1 J(|z|-r)V0 J(|z|—r)V0 J(|z|—r)VO

/ / (2r A z2)dza pe(z, dzs) po(dE)

d=1 J(lz|]—r)v0 JO

[ [ (o )t

<c / (o] A Jy2)p(z, dy)

IA
0

IN

for some C' > 0. Therefore, the condition in (ii) implies (4.16) and the proof is complete.
O
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We end this section with two corollaries that cover special cases. First we consider
Lévy kernels that are space-invariant.

Corollary 4.12. Let Il be a d-dimensional Lévy measure, i.e. a Lévy kernel independent
of z, and let m = (v, u, p) be a convenient decomposition of II. Then for any finite measure
n on R? the jump functionals U™ (n), V;" (), W7(n) are in D'° for everyi,j € {1,...,d}.

Proof. Note that in the present situation
v(B(=,7)) + 1{jzj<rv(R?) < 20(R7)

for all # € R¢. Thus the integrand in (4.14) is bounded, and hence the integral converges.
This implies U™ () € D’°. For the other two jump functionals we may apply Corollary 4.11
observing that both [.(1 A |y|)u(dy) and [p.(|y| A |y|*)p(dy) are finite and independent
of x. O

Lastly we consider Lévy kernels of a form as it often appears in the context of SDEs;
see Section 6 below for more details.

Corollary 4.13. Let ¢ : R? — R%*" be a function and let II be a finite n-dimensional
Lévy measure. For z € R? and B € B(R?) set

I({y :€ R ¢(z)y € BY), o(x)#0

Iy(z, B) == {0’ o(z) =

Then 7 = (114, 0,0) is a convenient decomposition of the Lévy kernel I14. If 7 is a finite
measure on R?, then the jump functional U™ (n) of Il, w.r.t. 7 and 7 is in D'°.

Proof. From II being finite it follows that I14(z, -) is finite for all z € R?. Thus, 7 is a
convenient decomposition of II,. Moreover, I, (z, B(—x,r)) < II(R™) < co forall r > 0
which implies that z — Ig(z, B(—,7)) 4+ 1{jz)<r} 114 (R?) is bounded. Thus, Lemma 4.10
(i) applies which proves the claim. O

5 Invariant measures of Markov processes associated to Lévy-
type operators

This section deals with the application of our results to Markov processes associated
to Lévy-type operators. As mentioned in the introduction, this class of processes contains
many important cases such as Feller processes with sufficiently rich domain, or solutions
of SDEs driven by Lévy processes.

Throughout this section, let (X;);>o be a time-homogeneous Markov process in R
with transition kernels (p;):>0 given by

pi(@, B) = P*(X, € B) = E* [1p(X,)] i= E[Lp(X,)|Xo = 2], t> 0,2 € R, B € BRY),
and associated transition semigroup
Pf(z) :=E"[f(Xy)], t>0,2€R% feCu(RY).

It is well-known that (P,);>o forms a contractive semigroup, i.e. || P, f||« < ||f||c for all
f € Coo(R?) and ¢ > 0, and that the Markov property implies P, P; = P,,; forall 0 < s < t.
The pointwise (infinitesimal) generator of (X;);>¢ is the pair (A, Z(A)) defined by

Af(z) = lim 2@ = @)

d
i " , R feP(A),
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where

P _
D(A) = {f € Coo(RY) : IESM exists for all x € ]Rd} . (5.1)
Assuming additionally that (X;):;>¢ is a Feller process, i.e. that the associated
transition semigroup has the Feller properties

(i) Pif € Coo(R?) forallt > 0, f € Coo(R?), and
(ii) limypo ||Pif — flloo = 0 for all f € Coo (RY),
the pair (&7, 2(<7)) defined by

o f(2) = lim D@ = F@) g p e o),

where

D) = {f € COO(]Rd) : ltlfglw exists in || - |Oo} ,

is called the Feller generator of (X;);>. Clearly, (&) C Z(A) and &/ = A|g () since
uniform convergence implies pointwise convergence.

A Feller process is called rich if C°(R%) C Z(<). In this case, by the Courrége-von
Waldenfels theorem [8, Thm. 2.21], the operator (&%|C?(Rd),C§°(Rd)) is a Lévy-type
operator. In some sources, e.g. [24], rich Feller processes are therefore also called
Lévy-type processes. However, since other authors define Lévy-type processes via its
probabilistic symbol, cf. [8, 17], yielding a larger class of processes, or as a solution to
martingale problems of Lévy-type operators, cf. [29, 30], we avoid this terminology.

Let n be a (positive) measure on R®. Then 7n is called invariant for the Markov
process (X;);>o in R? if and only if

/ pi(x, Byn(dz) = n(B) forallt >0, B € B(RY). (5.2)
Rd

If (X;)1>0 is a Feller process with Feller generator (<7, Z(<7)) and 7 is finite, it is further
well-known, cf. [Liggett, Thm 3.37], that (5.2) is equivalent to

A f(z)n(de) =0 forall f e D, (5.3)
R4
where D is a core of (&, Z(</)). Together with Theorem 4.2 this implies the following
corollary.

Corollary 5.1. Let (X;):>0 be a rich Feller process such that its generator (<, 2(</)) is
a Lévy-type operator in R? with characteristic triplet (a, b,11) and convenient decomposi-
tion T = (v, u, p) of the Lévy kernel 1. Letn € M(A, ) be finite. If a core of (<, (<))
is contained in C°(RY), and 0 solves (4.2), then 1) is invariant for (X;);>o. Conversely, if
n is invariant for (X;):>o, then it solves (4.2).

With the next corollary we demonstrate that stronger assumptions on the characteris-
tic triplet yield a larger space in which a core is to be found. Indeed, simply observe that
each step in the proof of Theorem 4.2 equally works if f € C2(R¢) instead of f € C>*(R%),
if we assume that all occurring distributions are of order 2.

Corollary 5.2. Let (X;);>o be a Feller process whose Feller generator (&, 2 (<)) is a
Lévy-type operator in R with characteristic triplet (a,b,II) and convenient decompo-
sition m = (v, i, p) of Il. Let n be a measure on R? such that V - ((a + ax)n), £V -bVn,
U™(n),V -V™(n) € D'2. If a core of (7, 9(</)) is contained in C2(R?) and 7 solves (4.2),
then it is invariant for (X;);>o.
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Since we aim to use a relation as in (5.3) also in the context of processes that do not
necessarily have the Feller properties, we state the following lemma.

Lemma 5.3. Let (X;):>0 be a Markov process in R¢ with pointwise generator (A, Z(A)),
and let ) be an invariant measure for (X,);>o. For all functions f € 2(.A) for which there

exists g € L'(n) and T > 0 such that w < g(z) forallz € R and t < T, it holds

Af(z)n(dx) = 0. (5.4)
Rd
Proof. First of all note that (5.2) is equivalent to [, P;f(x)n(dz) = [. f(x)n(dz) for all
f € Coo(RY). Thus

0= lim (Ptf(:c)—f(x))n(dx):/ i S (@) = (@)

im [ [t R ) = [ (@)

for all f as in the statement of the lemma, since the assumption on f ensures the
applicability of Lebesgue’s theorem in the second step. O

Combining Theorem 4.2, the definition of invariant measures, and Lemma 5.3 yields
the following corollary.

Corollary 5.4. Let (X,);>0 be a Markov process whose pointwise generator (A, Z(A))
is a Lévy-type operator with characteristic triplet (a,b,1I) and convenient decomposition
7 = (v, i, p) of the Lévy kernel I1. Assume C°(RY) € 2(A) and letn € M(A, 7). Ifn is
invariant for (X;);>o0, and all f € C2°(R¢) fulfill the additional assumption of Lemma 5.3,
then n solves (4.2).

6 Lévy-driven SDEs

Markov processes associated to Lévy-type operators as discussed in the previous
section often appear as solutions of Lévy-driven SDEs; cf. [1, 5, 8, 19]. In this section we
therefore consider SDEs of the form

dX; = ¢(X,_)dL, (6.1)

where ¢ : R — R4*" is a function and (L¢)1>0 is a Lévy process in R™ with character-
istic triplet (v,%,T). Note that solutions of (6.1), if existent, are in general not Feller
processes. In fact, a solution to (6.1) may even fail to be a Markov process, cf. [11, Ex.
3.10 and subsequent Remark].

In Section 6.1 we discuss a quite general setting in which solutions of (6.1) are
Feller processes and Corollary 5.2 is applicable. Thereafter we present an explicit
example in Section 6.2 where the solution of (6.1) is not necessarily a Feller process but
Corollary 5.4 is applicable, and we can still derive an equation for the invariant measure.

6.1 Lipschitz continuous coefficients with sublinear growth

In order to apply our results we first need to ensure that (6.1) has a (unique) Markov
solution (X;);>0 with pointwise generator (A, Z(A)) such that C>*(R%) C 2(A). To this
end, we assume that

(@) ¢ is Lipschitz continuous,

(b) there exists C' > 0 such that |¢(z)| < C(1 + |z|) for all z € R?, and

|| =00

(c) Y({y € R"; ¢(x)y € B(—z,1)}) —— 0 forall r > 0.
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These assumptions supply (X;);>o with additional nice properties as stated in the follow-
ing theorem which is a summary of [27, Thms. 2.46 & 2.47] and [19, Thm. 1.1].

Theorem 6.1. If (a) - (c) hold, then (6.1) possesses a unique strong solution (X;);>o-.
Moreover, (X,);>o is a Feller process with Feller generator (<7, %(</)) with C2(R%) C
2(«/), and such that

1) = (6001 = 57+ @I ) - T1(0) + 57 - (@0 F (o)
+ [ ()= £@) = 9 1) yLgyien) Tolo,do), 6.2)
Rd
for all f € C*(R?) C (<), where Y is a Lévy kernel in R¢ defined by

T({y € R"; ¢(z)y € B}), o(x) # 0,

z € RY, B € B(RY).
0, ¢(x) =0,

T¢(l‘, B) = {

In view of the discussion in Section 4.3, the main obstacle in the application of
Theorem 4.2 to the solution of the SDE (6.1) is to check, whether a candidate measure 7
is in M(A, ). Note that if T is finite and ¢ € C?, it follows from Corollaries 4.8 and 4.13
that all finite measures 7, and in particular all probability measures, are contained in
M( ).

In general, a combination of Corollary 5.2 and Theorem 6.1 immediately yields the
following main result of this section.

Theorem 6.2. In the setting of Theorem 6.1, let * = (v, i, p) be a convenient decompo-
sition of Y 4. Let n € M(</, ) be finite. If a core of (<7, %(</)) is contained in C°(R?),
then n is invariant for (X;);>¢ if and only if

0=+ ((ofay ~ 57 (G)S0@)T) + axte) ) 1) + 57 - (@IS0 )
+U () =V-V7(n) +H-W7(n) (6.3)

on R?, where a.(z) = = Jy<vr(@.dy) = [, o (@, dy) + [, 15, ye(z, dy), and U™ (n),
V™(n), and W™ (n) denote the jump functionals of T, w.r.t. m and 7.

If (Xi)i>0 is a one-dimensional process the distributional equation (6.3) can be
transformed into a Volterra-Fredholm integral equation as we have seen in Section 4.2.
In the following we present this in a special case for which the respective integral
equation turns out to be particularly nice.

Consider the SDE

dX; = o(X,_)dB, + dS,, (6.4)

where ¢ : R — R'*™ is a function fulfilling (a) and (b), (B;)¢>0 is an n-dimensional
Brownian motion with drift having the characteristic triplet (v, %,0), and (S;):>0 is a
one-dimensional pure-jump Lévy process with characteristic exponent

v = [ (=l + [ (1= inp(y)

where 1 and p are Lévy measures such that fy¢0(1 Ay u(dy) + fy¢0(|y\ Alyl?)p(dy) < oo.
In particular, this implies that we can set a,(z) = 0.

Note that (c) is automatically fulfilled for (6.4) as the jumps of (Xt)tzo are space-
homogeneous.
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In this case, the Volterra-Fredholm integral equation (4.8) for an infinitesimally
invariant measure of the associated Lévy-type operator (&, 2(</)) takes the form

1 -
3D e = (cztest [ [ sy = )ity = )@
- /Rﬁ(z,x — 2)n(dz) + /(O@] o(2) ~’yn(dz))dm. (6.5)

Specifying some of the constants then yields rather simple equations as illustrated in
the following corollary.

Corollary 6.3. Let (X;);>o be the unique solution of (6.4) and let ) be a finite measure.

(i) Assume v = 0 and p = 0. Ifn) is invariant for (X,);>o, then there exist constants
c1,co € R such that

STl n(de) = (er + ez (o) (2))do

on R. Additionally, if p(z)Xp(z)T # 0 for all * € R, then 7 is absolutely continuous.

(ii) Assume o2 =0 and p = 0. Ifn) is invariant for (X;):>o, then there exists a constant
c3 € R such that

p(@) - yn(dz) = (cs — ((sgn()f2) * n)(x))da
on R. Additionally, if p(x) - v # 0 for all z € R, then 7 is absolutely continuous.

Proof. Note that in both cases n € M(«, ) can be shown with Corollaries 4.8 and 4.12,
while the given equations are special cases of (6.5) except that for (ii) (6.3) needs to be
integrated only once to obtain the desired result. That an invariant measure solves the
respective equation is a consequence of Theorem 4.3, Corollary 5.1, and Theorem 6.1.
The absolute continuity in both cases follows by Corollary 4.7. O

Example 6.4 (Stable process + space dependent drift). In (6.4), let ¥ = 0 and let
(St)i>0 be a spectrally positive stable process with parameter « € (0,1), i.e. p = 0 and
pu(dz) = ]l{z>0}x_(1+a)dx, cf. [25, Thm. 14.3]. Hence, we are in case (ii) of Corollary 6.3
with fi(z) = 1{z>0pa” '2~*. Suppose that ¢(0)-v = 0, and ¢(z) -y < 0 for all z > 0 and let
Xo > 0. Then X; > 0 for all ¢ > 0 and by Corollary 4.7 any invariant probability measure
n of (X)i>0 is absolutely continuous with density n(z) on (0, o).

By Corollary 6.3(ii) this density solves for some constant c € R

() = () = L n(y) _P0-a) ey
(o) ) = o) = ¢ [ Ty = RS @), 2 >0, (66

with the Riemann-Liouville fractional integral

(x—y)t=

(I8 ) (x) ;:F(la)/(o . n(y)

Thus, solving (6.6) amounts to solving a fractional integral equation.

6.2 Coefficients of superlinear growth

In this section we consider an SDE that does not fulfill assumption (b) of the previous
subsection and hence its solution is not necessarily a Feller process. Nonetheless, we
are still able to derive a necessary criterion for an invariant probability measure of a

EJP 29 (2024), paper 59. https://www.imstat.org/ejp
Page 22/29


https://doi.org/10.1214/24-EJP1116
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Invariant measures of Lévy-type operators and their associated Markov processes

solution of the SDE below. Thus the growth condition (b) is, in general, not necessary to
obtain an equation for the invariant measure of a Lévy-driven SDE.
Consider the SDE

AX? = @1 (XP)dB, 4 @2 XP)AN;, X§ =z €R, (6.7)

with 0 < @2 € C°(R), p1 € C®(R) such that ¢;(z) > C(1 + |z|*®) for some C,a > 0,
(Bt)t>0 is a standard Brownian motion in R, and (NV¢);>¢ a Poisson process with intensity
A =1, independent of (B;);>o.

Theorem 6.5. Equation (6.7) has a unique strong solution (X,):>o, and, if a probability
measure 1 is invariant for (X,),;>¢, it is absolutely continuous, i.e. n(dz) = n(x)dz, where
the density n(-) solves the equation

(=) = - /}R 1 pcscaton(oy(2)de. (6.8)

| =

Moreover, there exist M,C,,Cy > 0 such that

() Apzci(lz), l‘>]\47
n(z) =1 “
%7 T < —M.

Remark 6.6. The behaviour of  on [— M, M]° has a particular consequence concerning
a closely related necessary criterion for invariance: Denote by ¢ : R x R — C the symbol
of A4, i.e.

Af(x) = — /R 1@, ©)f(©)eEde, [ eCE(R),

where f denotes the Fourier transform of f. In [5, Thm. 3.1] it is shown that, for a
probability measure 7 to be invariant for (X;);>o, it is necessary that

R

However, a condition for this to be true is that [} |¢(z,&)|n(dz) < oo for all £ € R.
From (6.10) it is quickly derived that, in our case, ¢(z, &) = S¢1(z)%¢% + (1 —e'#2(®)¢), and
thus, [ l¢(z,&)|n(dz) does not converge. Hence, the results from [5] are not applicable
here.

Proof of Theorem 6.5. We divide the proof into several steps.

(1) Equation (6.7) has a unique strong solution (X;);>o for allt > 0.

Let z € R be fixed and let (X7);>o denote a solution of the SDE (6.7) with X, = =
as long as it exists. Indeed, by [22, Thm. V.38] there exists a unique (strong) solution
(X7F)t>0 of (6.7) up to an z-dependent stopping time 7,, called the explosion time of
(X{)t>0, for which limsup,_,, [X{| = oo on {7, < co}. To prove the claim we thus intend
to show 7, = oo IP,-a.s.

Since @3 € C°(R) there exists M’ > 0 such that supp(¢2) C [-M',M']. Let M :=
1+ M’ + |lp2]|o and consider a function h € C°(R) with h(z) = 1 on [-M, M]. Let the
auxiliary process (Y;*)¢>o solve

dYy" = h(Yi2 )1 (V2 )dBe + MY, )2 (V2 )AN:, Yy =@ € [-M, M].

By [22, Thm. V.32], (Y;*):>0 exists, and is a (pathwise) unique and non-explosive strong
Markov process, because the coefficients hop; and hys are globally Lipschitz continuous.
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Letz € [-M, M]. Then X7 =Y;* a.s. forallt € [0,9) where ¥ :=inf{s > 0: | XT| > M}
by the uniqueness of solutions. Moreover 9 < 7, since otherwise limsup, ,, |X{| < M,
and in particular if © = co then 7, = oo. Further, as Y;* and X} cannot enter [—M, M]°
via jumps, they creep across the barrier {—M, M} and we have X§ =Y € {—M, M} ass.
on {¥ < co}.

Conditioning on {¢ < co} we obtain

I+t I+t
X&¢=x+/' meQMBy+/' 2(X7 )dN,
0 0
I+t I+t
:X$+/° wﬂXiMBy+/ 2(X7 )N,
9 9

t
= X5 +/ ©1(X{y46)-)d(Bo+s — By)
0

forallt +9 < 0 :=inf{s > :|XZ?| < M'}. Moreover, conditioned on {¥ < co}, we have
that (By+s — By)s>o is a Brownian motion independent of o (X,; s < ¢). We thus consider
the equation

w:ma/wwwwy (6.9)
(0,2]

By the Engelbert-Schmidt theorem, see [16, Thms. 5.5.4 and 5.5.7], there exists a unique
weak solution (ZF):>o of (6.9) which is non-explosive. Since X7 is a unique strong
solution up to the explosion time, there exists an equivalent version of (Z7);>o such
that X§,, = Z} a.s. forall ¢t € [0,0 — ¥J). Again by continuity we obtain Xj_ , = Z7 €
{=M',M'} a.s. on {6 < o0}.

Now, if § = oo we have 7, = oo due to (Z;):>o being non-explosive. Since X3 , €
[-M, M] on {# < co} we can reiterate this argument to obtain a sequence (V,, 0, )nen,
with ¥,, < 6,, < 9,41 for all n € Ny, defined by ¥y =9, 6y = 6, and

0, == inf{t > o, : | X]7| < M'},
Opy1 = 1nf{t > 0, : | X7| > M},

foralln > 1.

Due to the fact that (B,);>0 and (NV;);>o have stationary and independent increments,
and as X7 always creeps into [—-M’, M’] or out of [M, M], it follows that the durations of
the excursions (9,, — 0,,—1)nen form a sequence of independent identically distributed
random variables. Further, there exist ¢, > 0 such that P(¢,, — 6,,_1 > ¢) > § for all
n € IN as otherwise 4,, = 6,, a.s. for all n € IN. By the same arguments as before it holds
Y, 0, < 1, for all n € Ny if 7, < co. Fix N € N, then

m (m—N)VO
P(r, < Ne) <P (an —6,1) < Ns) < JI PWn—Ona<e)<(@—8)tmNVO
n=1

n=1

for all m € IN, since at most IV out of the variables (¢, — 6,,—1)n=1,... », are allowed to be
larger than e. But letting m — oo, the right-hand side of this inequality tends to 0. Since
N € N was arbitrary this implies that {7, < oo} is a P*-null set for « € [-M, M].
Clearly, the same arguments work for x € [—M, M|° as well by simply omitting the
first stopping time 4.
(2) The domain of the pointwise generator of (X,;);>o contains C°(R).

EJP 29 (2024), paper 59. https://www.imstat.org/ejp
Page 24/29


https://doi.org/10.1214/24-EJP1116
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Invariant measures of Lévy-type operators and their associated Markov processes

Let f € C°(R) and fix x € R and t € R4. By Itd’s formula and (6.7) we obtain
E*[f(X¢) — f(2)]
=B [ F(X)e (X )dB] + B [ (X,)ea(X,)aN]

(0,t] (0,t]

+ [ IO (X aB B

LB / / F(Xo + 92(Xe)y) — F(Xos) = F/(Xo)pa(Xo)y) 1 (-, ds, dy)|,
0,t]

where ¥ (w; A, B), A € B(R;),B € B(R) denotes the jump measure of (N;);>0. As
f'¢1 is bounded, the first summand is the expected value of a martingale and vanishes.
Moreover, we note that [B, B]¢ = [B, B]; = s. Thus, merging the integral term w.r.t. N;
with the last term we obtain

B~ f@) = 8 [ (X s

1B //] (Xom (X)) = (X)) ¥ (- ds,dy) -

Since f, 2 € C°(R) the integrand of the second integral is bounded. We can therefore
write the integral under the expectation in terms of the compensator of ;" and swap
the order of integration which yields

EI[/]R/w,t] (F(Xa +oa(Xa ) = FX) ¥ (- ds, dy)|
- Ez{/w,t] /R(f(Xs_ T ea(X ) — F(Xa0)) 6y (dy) s
=B {/(O,t] (f(Xs— + 92(Xs-)) — f(Xso)) ds]

Hence, setting

o) = S @) + fla + eale)) - f(2), 7 E€R, (6.10)

we observe that

Bl — S = B[ [ g0nas] <[ [ g0xas

Clearly, g € C°(R). Since the process g(X) is bounded and right continuous at zero we
obtain

1
lim —-E*
tl0 t

/ g(XS)ds] =g(z), z€R, (6.11)
(0,¢]

by [27, Lem. 2.51]. Therefore f € Z(A) and Af = g.
(3) For any f € C°(R), the function (t,z) — 1 (P, f(z) — f(z)) is bounded.
We know that g as defined in (6.10) is a test function and therefore bounded. Thus

P ~ f@) 2 2 \E [ / tg(ngs} <t/ "B [lg(X,) 15 < llgllo < oo

(4) Derive a necessary criterion for 7.
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As 7 is assumed to be a probability measure, all bounded functions are contained in
L'(n). Thus the condition in Lemma 5.3 is fulfilled for all f € C:°(R), and if 7 is invariant,
necessarily for all f € C°(R)

/ Af(z)n(dx) = 0. (6.12)
R

Hereby, for all f € C>°(R), the operator (A, Z(A)) can be rewritten in the form of a
Lévy-type operator as in Lemma 3.6, namely

1

Af(@) = 9(a) = =@t @) (@) + 5 (A@) S @) + [ sl @+ ). dy),

with
1z, dy) = 10,0y () (¥)dy.

The corresponding jump functional is therefore given by
wenn)= [ [ s+ )
R J(0,¢2(x))
z/f(z)/]l{$<z<$+¢2($)}77(da:) dz zz/f(z)V(n,z)dz,
R R R

which, in this case, is a regular distribution, associated with the locally integrable
function V (n,-). By Theorem 4.2 7 therefore solves

(W2n)" =V(n,-) (6.13)

DN =

in the distributional sense.
(5) Any invariant probability measure ) is absolutely continuous, and for |x| > M its
density is inverse proportional to (p%.
The absolute continuity of 1 follows from Corollary 4.7 since ¢1(x) # 0 on R.
Setting n(dz) = n(x)dz and integrating (6.13) twice yields

1
—pi(x)n(z) = / V(n,y)dy + c1z + ca.
2 (0,2]

As supp(yp2) C [-M', M'] we observe that for y ¢ [—M, M] it holds V(n,y) = 0 and in
particular f(O,x] V(n,y)dy is constant outside of [—M, M]. From this we conclude that, if
c1 # 0, the right-hand side would turn be negative for either + < —M or x > M. As the
left-hand side is non-negative for all € R this implies ¢; = 0. Differentiating again on
both sides yields (6.8).

Moreover, it follows that there exist constants C 2 > 0 such that

() %, x> M,
xr prnd
K o r < —M.

Lastly, for any compact interval [a, ] C R the process (X[);>o with z € (a,b), conditioned
on the event that no jump occurs until the exit time 7,, := inf{t > 0 : X ¢ [a,b]},
behaves like a regular diffusion on natural scale for ¢ € [0, Ta7b], see [15, Chap. 33] for
details. As this implies that any open interval can be reached in finite time with positive
probability, it follows that C; 5 > 0.

This finishes the proof. O
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7 The adjoint of a Lévy-type operator

In this final section we discuss the implications of our results on the adjoint operator
of a Lévy-type operator.

Let &1, &; be two Banach spaces over R and denote their dual spaces by &7 and &,
respectively. Given a linear operator A : Z(A) — & with Z(A) C & dense, the adjoint
operator (A, 7(A")) of (A, 2(A)) is defined as the linear operator A’ : 2(A") — &£] with
domain

DAY = {p € & :3e>0:6(Af)] < cllflle, Vf € D(A)} C & (7.1)
and such that

(A'9)(f) = o(Af) (7.2)

holds for all f € Z(A) and ¢ € Z(A').

The relation (7.2) is the reason why sometimes adjoint operators are used to charac-
terize infinitesimally invariant measures of Lévy-type operators; cf [1, 2] for Lévy-type
operators acting on L?(R%), or [26] for the generators of OUT processes. Indeed, let
(A, 2(A)) be a Lévy-type operator with adjoint (A’, Z(A’)), assume C°(R?) C Z(A) and
let n € 2(A’) be an infinitesimally invariant measure of (A4, 2(A)). Then

(An)(f) =0 forall f e CX(RY),
i.e. n is a weak solution of
A'n=0. (7.3)

Our main result, Theorem 4.2, can be seen in this context as it indirectly provides a
(partial) representation of the adjoint of a Lévy-type operator (A, Z(.A)) on the subdomain
2(A") N M(A, ). Note that, in our setting, we always assume & = &, =: £

Corollary 7.1. Let A : 2(A) — & with Z2(A) C € dense be a Lévy-type operator with
characteristic triplet (a,b,1I), and assume C*(R%) C 2(A). Let = = (v,u,p) be a
convenient decomposition of the Lévy kernel I1. For all measures ¢ € 2(A’) N M(A, )
on RY it holds

()] e gy = =V ((a+ az)g) + %v Vo +UT () =V -V (¢) +H-WT™(¢). (7.4)

Without further knowledge of the space £ and the operator (A, Z(A)), it seems
impossible to obtain a general representation of the adjoint of a Lévy-type operator.

Note that throughout the literature various choices for £ have been used, and
ultimately, the decision depends on the desired results and the respective situation. To
name a few examples: If the goal is to use Hilbert space techniques, a good option is
& = L*(R%), cf. [1, 2]. For a very general viewpoint one may set £ = B,(R%), cf. [8, 24].
In the context of Markov processes, in particular Feller processes, one typically either
sees this choice, i.e. £ = By(R?), or £ = Cso (RY), cf. [21].

We conclude this section with two simple examples, both of which illustrate that the
choice of the underlying Banach spaces may decide upon whether an (infinitesimally)
invariant measure of a Lévy-type operator is contained in the domain of the adjoint
operator or not.

Example 7.2. Let e(y) := e Y1, and set
o f(@) = /R (F(z +y) — f@)e(y)dy = [ *e(x) — ().
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Then 7 is the Feller generator of a compound Poisson process (X;);>o with exponentially
distributed jumps and C°(R) C 2(«), cf. [25, Thm. 31.5 and Ex. 31.8]. Clearly, the
Lebesgue measure dx is infinitesimally invariant for (<7, 2(</)) since

/]Rf*e(x)d:r:/]Rf(:c)d:c/Re(y)dy:/]Rf(x)dx’

by Fubini and due to the translation invariance of the Lebesgue measure. Further, it is
invariant for (X;):>o as well, cf. [25, Thm 24.24].

However, as mentioned above, in the context of Feller processes one often chooses
E =B,(R) or £ = C(R), and as both of their dual spaces are subspaces of the space of
bounded measures on R, in both cases dz ¢ &’.

Example 7.3. Consider the SDE
dX; = ¢(Xe—)dNy, Xo €R, (7.5)

where (N;):>0 is a Poisson process with intensity A = 1, and ¢ € C*°(R) such that ¢(x) = 2
forallz < —1, ¢(z) = —2forall z > 1, and ¢(z) € [-2,2] for all z € [, 1]. Then (a) -
(c) of Section 6.1 are fulfilled, and thus by Theorem 6.1 the SDE (7.5) possesses a unique
solution (X;);>o which is a Feller process and has the pointwise generator (A, Z(A))

given by
Af(z) = flx+ o)) — f(x)

for at least f € C2°(R). In fact, using It6’s formula and proceeding as in (2) of the proof
of Theorem 6.5, we can show that Z(A) = C(R). Moreover, with [8, Lem. 1.31], we
even get (7, 2()) = (A, 2(A)).

It is easy to see that, since (X;);>¢ is not irreducible, it has multiple different invariant
distributions, which might be limiting distributions depending on X,. One such example
is ) := £(6_1 + 61). Indeed, for this choice one easily verifies that

(f(1) = f(=1) + f(-1) = f(1)) =0.

N |

/ o F(x)(dz) =
R

As n € Co(R)’ the above described approach via the adjoint operator would be feasible
here to obtain this (and other) invariant measures.

However, e.g. considering the Lévy-type operator («7,C(R) N L?(R)) as operator
on £ = L?(R), yields that 7 is infinitesimally invariant for («7,C.(R) N L?(R)), but
n ¢ & = L*(R). To eliminate solutions that are not contained in £’, the authors of [2], in
which the Hilbert space setting is used, introduce the notion of regular infinitesimally
invariant measures, which are assumed to be absolutely continuous with twice integrable
densities.
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