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Abstract

While many questions in robust finance can be posed in the martingale optimal
transport framework or its weak extension, others like the subreplication price of
VIX futures, the robust pricing of American options or the construction of shadow
couplings necessitate additional information to be incorporated into the optimization
problem beyond that of the underlying asset. In the present paper, we take into
account this extra information by introducing an additional parameter to the weak
martingale optimal transport problem. We prove the stability of the resulting problem
with respect to the risk neutral marginal distributions of the underlying asset, thus
extending the results in [9]. A key step is the generalization of the main result in
[7] to include the extra parameter into the setting. This result establishes that any
martingale coupling can be approximated by a sequence of martingale couplings with
specified marginals, provided that the marginals of this sequence converge to those of
the original coupling. Finally, we deduce stability of the three previously mentioned
motivating examples.
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1 Introduction

In mathematical finance, the evolution of an asset price in a financial market is mod-
eled by an adapted stochastic process (X;) in a filtered probability space (92, F, P, (F)).
To ensure the absence of arbitrage opportunities, risk-neutral measures (also known as
equivalent martingale measures) QQ are considered under which the asset price process
(X:) is a martingale, up to assuming zero interest rates. The reason why a transport-
type problem arises in robust finance is because the marginals of (X;) can be derived
from market information based on the celebrated observation of Breeden-Litzenberger
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[11]. According to this observation, the prices of traded vanilla options determine the
marginals (u:) of (X;) at their respective maturity times under every risk-neutral mea-
sure Q). Instead of considering one specific financial model, a robust approach is then to
consider all martingale measures that are compatible with this observation, that is, all
filtered probability spaces (2, F, Q, (F;)) and stochastic processes (X;) such that

X is a (Q, (F;))-martingale and X; ~ y; at all maturity times ¢. (1.1)

A reference measure is not needed. Then the robust price bounds for an option with
payoff ® are obtained by solving a transport-type problem [6, 14] where the optimization
takes place over the set of all risk-neutral measures that are compatible with the observed
prices of vanilla options:

inf /sup {Eq[®] : (Q, F,Q, (F1), (X:)) satisfying (1.1)}. (1.2)

However, as we can only observe the prices of a finite number of derivatives (up to a
bid-ask spread), the marginals (y;) are merely approximately known. Therefore, it is
crucial to establish the stability of the transport-type problem (1.2) with respect to the
marginals.

This article is concerned with the one time period setting, that is ¢ € {1,2}. Then,
when the payoff ® is written on the underlying asset X, (1.2) boils down to a martingale
optimal transport (MOT) problem

inf /sup /@(x,y) w(dz, dy), (1.3)
m €Il (p1,p2)

where I/ (141, o) denotes the set of martingale couplings with marginals p; and po, i.e.,
the set of laws of one-step martingales (X7, X3) with X; ~ ;. Continuity of the value
of (1.3) w.r.t. the marginal input, which is called stability, has been proved in [4, 28].

Weak martingale optimal transport (WMOT) is a nonlinear generalization of MOT
analogous to weak optimal transport, which is a nonlinear generalization of classical
optimal transport proposed by Gozlan, Roberto, Samson and Tetali [15], and was consid-
ered in [4, 9]. In WMOT one allows for more general payoffs ® which may depend on
the conditional law of X5 given X, in addition to X itself, and the corresponding WMOT
problem reads as

inf / sup /<I’ (x, ) pa(dx), (1.4)
me€llng (p1,p2)
where 7, comes from the desintegration 7 (dz, dy) = p1(dz)m,(dy). Stability of WMOT
has been studied in [9] and was therein used to establish stability of the superreplication
price of VIX futures and the stretched Brownian motion.

Even though many problems in robust finance are covered by WMOT, some important
examples require that information is included into the optimization problem beyond that
of the underlying asset. Accordingly these problems can not be properly treated in the
WMOT frameworks. For us, guiding examples of such problems are the subreplication
price of VIX futures (see [16]), the robust pricing of American options (see [17]) and
the construction of shadow couplings (see [10]). Through augmenting WMOT by an
additional parameter, we demonstrate how this extra information can be taken into
account, prove stability of the resulting problem, and consequently deduce stability of
the three guiding examples. A key step is the generalization of the main result in [7] to
our current setting. This result states that any martingale coupling can be approximated
by a sequence of martingale couplings with specified marginals, provided that the
marginals of this sequence converge to those of the original coupling. As a side product
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of our approach, we establish the very same result on the level of stochastic processes
with general filtrations (c.f. [5]): any one-step martingale on some filtered probability
space can be approximated w.r.t. the adapted Wasserstein distance by martingales
on (perhaps different) filtered probability spaces, provided that the marginals of this
sequence converge to those of the original martingale.

1.1 Notation

Let (X,dx) and (), dy) be Polish metric spaces and p > 1 We equip the product
X x Y with the product metric dxxy((z,v), (Z,7)) := (dx(z,%)? + dy(y,7)P)/P which
turns X x ) into a Polish metric space. The set of Borel probability measures on X
is denoted by P(X). For p € P(X) and v € P()), we write II(u, v) for the set of all
probability measures on X x ) with marginals ; and v. We denote by P,(X') the subset
of P(X) that finitely integrates = — d%.(z, () for some (thus any) 2y € X and endow
P,(X) with the p-Wasserstein distance W, so that (P,(X),W,) is a Polish metric space
where, for u,v € P,(X),

1/p
Wp(p,v) = ( inf /d;g(m7y)p7r(dx,dy)) . (1.5)

mell(p,v)

The set of continuous and bounded functions on & is denoted by C;(X) and we use the
shorthand notation u(f) to write the integral of a u-integrable function f: X — RU{+o0}
w.r.t. a Borel measure ; on X'. Given a measurable map f: X — ), we denote by f.u the
push-forward measure of p under f. For Polish spaces X, X, X3 and w € P(X; x Ao X X3)
and a non-empty subset I of {1,2, 3}, proj; 7 denotes the image of 7 by the projection to
the coordinates in I, for example, proj; = is the X;-marginal of 7. Further, we write 7, ,,
for the disintegration of 7(dx1, dvg, dx3) = proj; o 7(dv1, dxe)ms, 2, (drs). Frequently, we
use the injection (c.f. [3, Section 2])

J: P(Xl X Xo X Xg) — P(Xl X Xy X P(Xg))
T ((‘Tla X2, Ig) = (xlv €2, 7Tz1,z2))# T,
and remark that J(7%) — J(7) in P, (X1 x Xo x P, (X3)) implies 7 — 7 in P, (X1 x Ao x A3).
Unless stated otherwise, R is equipped with the Euclidean distance and Leb denotes

the Lebesgue measure on [0,1]. Two measures p,v € P;(R) are said to be in convex
order and we write y <., v, if

Veo: R — R convex, u(p) <v(p).
We write mean: P;(R) — R for mean(p) = [y p(dy) and denote by

Ap(p,v) = {P ePi(R xPi(R)): /537 ® p P(dx,dp) € T(u,v),

mean(p) = z P(dz, dp)-a.s. } .

1.2 Organization of the paper

Section 2 presents the main results of this paper. First, we introduce in Subsection 2.1
the setup with the additional parameter and state in Theorem 2.1 and Theorem 2.2 the
corresponding results related to stability. Furthermore, we present in Subsection 2.2
consequences of these results in the filtered process setting, namely Corollary 2.6.
Subsequently, we explain and state stability of the three guiding examples, that are,
robust pricing of American options (Subsection 2.3), subreplication of VIX futures
(Subsection 2.4), and shadow couplings (Subsection 2.5). Section 3 is concerned with
the proofs. In the appendix we collect measure-theoretic auxiliary results.
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2 Main results

2.1 An extension of martingale transport

We now introduce a framework that is sufficiently general to deal with the question
of stability of our guiding examples. From now on, let (i, dy) be a Polish metric
space that models an extra information parameter v € Y. Given i € P;(R x U) and
v € P1(R) with proj; & <., v, we denote by Il /(fi,v) the set of couplings = € II(f,v)
such that mean(n, ) = « , fi(dz, du)-a.e. Central to establishing the upper (resp. lower)
semicontinuity property in our stability results for minimization (resp. maximization)
problems is Theorem 3.2, which is a reinforced version of the result below:

Theorem 2.1. Let (i, v*)en, proj; i* <.. v, be a convergent sequence in P;(R x
U) x P1(R) with limit (i, v). Then, every coupling m € I/ (fi, v) is the weak limit of a
sequence (7%)ren with 7% € Ty (1%, V%) and J(r) is the weak limit of (J(7*))ren.

In the view of the counter-example by Briickerhoff and Juillet [12], this result does
not generalize to higher dimensions, i.e., when R is replaced by R¢ with d > 2. This
generalization of the main result of [7] to the present framework is also key to establish
the stability w.r.t. the marginals of the following variant of WMOT:

Ve(i,v) .= inf /C(a:,u, o) B(dz, du). (2.1)
m€ll s (f1,v)

As usual, it is necessary to impose regularity on the cost C in order to have a continuous

dependence of the optimal value of (2.1) w.r.t. the marginals. Thus, we will suppose the

following continuity assumption on the cost function:

Assumption A. We say C: R x U x P,(R) — R satisfies Assumption A if C is continuous
and there is K > 0 such that, for all (z,u, p) € R x U x P,(R) and some ug € U,

Clasu,p)| < K (1 Hlal? 4+ df ) + [ |y|pp<dy>> . (2.2)

Theorem 2.2. Let C satisfy Assumption A and C(x,u,-) be convex for all (x,u) € R x U.
Then the value function V¢ defined in (2.1) is attained and continuous on {(fi,v) :
proj; i <ex v} € Pp(R x U) x P,(R). Furthermore, when (ii*, v*)rew converges to (fi, v)
and for k € N, proj; i* <., v* and 7% € Tl (i, v*) is optimal for Vo (i, v*), we have:

(i) the accumulation points of (7*)cn are optimal for Ve (fi, v);

(ii) if additionally C(x,u,-) is strictly convex, then optimizers to (2.1) are unique.
Moreover, (7¥).ew and (J(7%))ren weakly converge to the optimizer of Vi (ji,v)
and its image under J, respectively.

2.2 Filtered processes

As explained in the introduction, in the robust approach it is natural to consider all
martingales that are compatible with market observations. For this reason, we follow
the approach in [5], and call in our setting a 5-tuple

X = (97]:7]]-)7 (]:t)tG{l,Q}aX = (Xt)te{l,Q}) )

consisting of a filtered probability space (€2, F, P, (F;):cf1,2y) and an (F;)-adapted pro-
cess X, a filtered process. We say that a filtered process X is a martingale if X is
a (F;)-martingale under P. When F; is larger than the o-field generated by X;, the
conditional distributions law(X3|F;) and law(X3|X;) may differ and then law (X3 |F;) is
not determined by the law of X. For p,v € P,(R) with p <., v, we write M(y, v) for the
set of all martingales X with X; ~ y and X5 ~ v.
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Assume that the payoff & of the option, which we want to price, depends on the
conditional law law(X>|F;) in addition to the price of the asset X: ® is a measur-
able function with domain R x R x P,(R) satisfying the existence of K > 0 such that
|® (21,22, p)] < K (1+|21|P + |22|? + [ [yl? p(dy)) for all (z1, 22, p) € R x R x Py(R). The
robust price upper bound is given by

Vo (p,v) = Xeizl(p )]E[<I)(X7 law (X5|F1))]. (2.3)
v

For C: R x P,(R) > (x,p) — [ ®(x,y,p) p(dy) € R, one has
E[(I)(X, laW(X2|]:1))‘]:1] = C(Xl,law(Xg\]:l)).

We connect the robust price bounds to the optimization problem

Ve(u,v) :=  sup /C(L p)P(dx,dp). (2.4)
PeAn (p,v)

Indeed, the values of (2.3) and (2.4) coincide. To see this, oberserve that for X € M(y, v),
we have law(X1,law(Xs|F1)) € An(p,v) and therefore Vi (u,v) < Veo(u,v). On the
other hand, for P € Ay (p,v), let us endow R x P,(R) x [0,1] with P ® Leb and set
(X1,X2): R x Py(R) x [0,1] 3 (2, p,u) = (2, F, ' (u)) € R?, where F,! denotes the (left-
continuous) quantile function of the probability measure p so that (¥, !).Leb = p by the

P
inverse transform sampling. Denoting by F; and JF; the respective Borel sigma-field on

R x Pp(R) and R x P,(R) x [0, 1], we have that
(R x Pp(R) x [0,1], P ® Leb, Fa, (Ft)teq1,2), (Xt)reqr,2y) € M(p,v).

Therefore, we also find Vi (1, v) > Ve (i, v).

In the current setting, we derive the following analogue to Theorem 2.1.
Corollary 2.3. Let (u*, v*)en, u* <.. v*, be a convergent sequence in P,(R) x P,(R)
with limit (u,v). Then, every P € Ay (p,v) is the W,-limit of a sequence (P*)ycn with
Pk S A]\{(pk,uk).
Remark 2.4. The adapted Wasserstein distance between two filtered processes X and
Y = (Q G,Q, (G)ieqray,Y = (Yt)tem}) is, by [5, Theorem 3.10], given by

AW, (X, Y) = W, (law (X1, law(X2|F1)), law (Y7, law(Y2|G1))).

Consequently, the map X — law(X7,law(X3|F1)) is a surjective isometry from M(u, v)
onto Aps(p, v). Therefore, we may rephrase Corollary 2.3 using .AW,, and obtain under
the same assumptions that every process X € M(u, v) is the AW,-limit of a sequence of
processes (X*)pen with X* € M(uF, v%).

Similar to Theorem 2.2 we get stability of (2.4).

Proposition 2.5. Let C': R x P,(R) — R be continuous and assume that there is a
constant K > 0 such that, for all (z,p) € R x P,(R),

Capl <& (1l + [ lPolan).

Then the value V; is attained and continuous on {(u,v) € Py(R) x Pp(R) : it <cx v}.
Moreover, if (u*,v*) e, pf <co v* converges to (u,v) in P,(R) x Pp(R) and (P*)ken,
P* € Ay (pF,vF) is a sequence of optimizers of Vo (u*, UF), then its accumulation points
are optimizers of Vo (ju, v).
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As in Remark 2.4, it is possible to phrase Proposition 2.5 in the language of filtered
processes. Since the map R x P,(R) 3 (z,p) — 6, ® p® 0, € Pp(R x R x P,(R)) is
continuous, adequate continuity and growth assumptions on ® will imply that C(z, p) :=
(0 ® p® 6,)(P) satisfies the assumptions of Proposition 2.5. Hence, we can deduce the
following stability result for (2.3).

Corollary 2.6. Let ®: R x R x P,(R) — R be continuous and assume that there is a
constant K > 0 such that, for all (z1,z2,p) € R xR x P,(R),

B o) < K (1ol + boal + [ loPotan)).
R
Then the value Vg is attained and continuous on {(u,v) € Pp(R) x Pp(R) : p <¢p v}.

2.3 American options

The robust pricing problem of American options as considered by Hobson and Norgi-
las [17, 18], can be cast in the setting of Subsection 2.2. Given a filtered process X, the
filtration (F;) models the information that is available to the buyer, who may exercise at
only two possible dates, t € {1,2}. Fort € {1,2}, let ®;: R — R be a path-dependent
payoff that she receives when exercising at time ¢. The model-independent price of this
American option is given by

Am(p,v) = sup price(®; X). (2.5)
XeM(p,v)
As the buyer can exercise the option at any (stopping) time, the price crucially depends
on the information that is available to the buyer and we have that the price of @ is given
by
price(®; X) := sup Ep [1;213®1(X1) + L0y P2(X)] . (2.6)
7 (F¢)-stopping time
In the case of a Put, that is (®;(z) = (K1 — )" and ®3(z,y) = (K2 — y)T), Hobson and
Norgilas [17] relate the above suprema to the left-curtain martingale coupling [8] when
1 does not weight points. By the Snell-envelope theorem, we have that

price(®; X) = E [max (P1(X1), E[®2( X1, X2)|F1])] ,

which allows us to apply here Proposition 2.5 with C(z, p) := max(®1 (), [ ®2(z,y) p(dy)),
and deduce the following stability result:

Corollary 2.7. Let &, and ®; be continuous and sup, ,)cg> (lqull(;_”‘l + 1+q‘>j‘(f_ﬁ;|p> < 0.

Then the model independent price Am is continuous on {(y,v) € Pp(R)? : p <cy v}.

2.4 VIX futures

The VIX is the implied volatility of the 30-day variance swap on the S&P 500. Accord-
ing to Guyon, Menegaux and Nutz [16], the subreplication price at time 0 for the VIX
futures contract expiring at 77 is given by

P (1, v) = sup{p(¢) +v(1)}, 2.7)

where 1 and v denote the risk neutral distributions of the S&P 500 at dates 77 and T,
, where T5 is equal to 77 plus 30 days, both inferred from the market prices of liquid
options. Moreover, the supremum is taken over all (¢,v) € L' (u) x L'(v) and measurable
maps A°, AT such that, for all (z,u,y) € (0,00) x [0,00) x (0, 00),

O(z) +(y) + A% (z,v)(y — z) + A% (z,u) (L (y) —v?) —u <0, (2.8)
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with £,(y) = TQETI In(z/y). Up to assuming zero interest rates, the S&P 500 is a
martingale under the risk neutral measure so that both, p and v, have finite first
moments and p is smaller than v for the convex order. To state the dual problem, we
define the set ITyx (i, v) of admissible martingale couplings as

{ﬂ- € P((Oa OO) X [Oa OO) X (0,00)) : pI‘Ojl =M, pI‘Oj37T =V,

mean(m,, ) = x and 7, ., (¢;) = u? for proj; o m-a.e. (v, u)},

where 7, ,(¢;) stands for f(O,oo) Ly (y)7z u(dy). Note that each 7 € Ilyix(u,v) satisfies
7 € Il (proj; o m,v) and we have, by concavity of the logarithm function and Jensen’s
inequality, for proj, , 7-a.e. (v, u) that m, ,(¢;) > 0. Given probability measures y,v on
(0, 00) that are in convex order and finitely integrate |In(x)
consists of

sub

Dgup (1, ) inf /1/7% u(lz) projy o m(dz, du). (2.9)
HVIX (1,v)

According to [16, Theorem 4.1], the values of P, (i, v) and Dgu,(p, v) coincide. In the
present paper, we are going to establish the following stability result with respect to the
risk-neutral marginal distributions i and v of the S&P 500 at dates 7} and Ts.

Proposition 2.8. Let (i, v¥)en, 1¥ <.. V¥, be a sequence in P((0,0)) x P((0,0)) that
converges weakly to (u,v) € P((0,00)) x P((0,00)). Iflimg_oo [ (| In(z)| + |2|) vF(dz) =

J (|In(z)] + |z|) v(dz), then
lim Dsub(,u/kv Vk) = Dsub(/fw V)~
k—o00

The analogous stability result for the superreplication price of the VIX futures contract
is stated in [9, Theorem 1.3] and relies on the reduction of its dual formulation to the
value function of a WMOT problem, see [16, Proposition 4.10]. Such a reduction step
is, in general, not possible for the dual formulation of the subreplication price and we
remark that with the approach in this paper, one can recover [9, Theorem 1.3] without
recasting the problem as a WMOT problem.

2.5 Shadow couplings

The shadow couplings introduced by Beiglbock and Juillet in [10] fit into this frame-
work. These couplings admit characterizations in terms of optimality, in terms of geom-
etry of their support sets, and as barrier-type solutions to the Skorokhod embedding
problem (c.f. [10, Theorem 1.11). Let &/ = [0, 1] and Leb denote the Lebesgue measure
on this set. For u,v € P;(R) such that x4 <., v, shadow couplings are solutions to weak
martingale transport problems of the form

inf /Cﬁ(l‘,ﬂ'z) w(dx), (2.10)

wella (p,v)

where ji € II(p, Leb) and Cj(z, p) := infyer,y 5, xp.p) J (1 — W)/ 1 +y? x(da', du, dy). The
unique solution 7* to (2.10) is called a shadow coupling with source ji. Attached to each
shadow coupling 7* with source [ is the (unique) lifted shadow coupling 7* € 1T, (&, v)
that satisfies proj; ; 7* = 7* and minimizes

Vsc(f,v) == inf / (1 —uw)v1+y?~v(dz, du, dy). (2.11)
Y€ (Av) JRx[0,1] xR

To emphasize the dependence of 7 on (fi,v), we denote by SC(ji,v) = n* the unique

optimizer of (2.11). According to [10, Theorem 1.1], there is a stochastic basis supporting
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an (F;)¢>o-Brownian motion B = (B,);>o and an Fy-measurable random variable U ,
uniformly distributed on [0, 1], so that 7* ~ (By, U, B;) where 7 is the hitting time of
the process (B;,U);co,1] into a left barrier, that is a Borel set R C R x [0, 1] such that
(x,u) € R, v < u implies (z,v) € R. Put differently, there exist two Borel measurable
maps T1,T»: R x [0,1] — R satisfying

VeeR, VO<v<u<l, Ti(z,u) <Ti(z,v) <z <Th(z,v) < Tr(z,u),

such that
7 (dx, du, dy) = p(dz, du)Ber(z, T1 (z, uw), To(z, u))(dy), (2.12)

where, for z,l,r € R, Ber(z,l,r) denotes the Bernoulli distribution

s+ ks, l<a <,
Oy else.

Ber(z,l,r) := {
Wl.o.g. we suppose that T(z,u) = = = Ty(z,u) as soon as either Ty(x,u) = = or
To(z,u) = .
Proposition 2.9. The optimal value map Vsc, the selector SC' of optimizers of (2.11),
and J o SC are continuous on the domain {(fi,v) : proj; i < V,projo i = Leb} C
Pp(R x [0,1]) x Pp(R) and with range R, Pp(R x [0,1] x R), and P,(R x [0, 1] x Pp(R)),
respectively.

Furthermore, when (ji*, v*)cn with proj, i* pr v* and proj, ii* = Leb is a sequence
converging to (fi,v) in P,(R x U) x P,(R) with i* — [ in total variation and (T}, T¥)
(resp. (Ti1,T,)) are the pairs of maps satisfying (2.12) for SC(i*,v*) (resp. SC(fi,v)),
then

(TF,TF) — (T1,Ty) in fi-probability on {T} # T},
|TF —T)| A |T¥ —To| — 0 in ji-probability on {T} = Ty}.

3 Proofs

3.1 Topological refinements

In order to prove Proposition 2.8, we introduce refinements of the weak topology as
detailed below, which we use to establish stronger versions of the results given in the
introduction. For the rest of the paper, let X and Y be (non-empty) Polish subsets of
R and consider two growth functions f: X x U — [1,4+o0) and g: J — [1,+oc) that are
both continuous and

liminf inf f(z,v) >0 and liminf M > 0. (3.1)
|z| =00 ueU |33| ly|— o0 |y|
TeEX yey

We define the sets P7(X x U) = {p € P(X xU) : p(f) < oo} and P,(Y) := {p € P(Y) :
p(g9) < oo} and endow them with the initial topology induced by Cy,(X x U) U {f} resp.
Cy(Y)U{g}, that is,

pF = pin Pr(X xU) <= p* — p weakly and p*(f) = p(f),
P’ = pin Py(Y) <= p* — p weakly and p"(g) — p(g).
Similarly, we define Prg, (X xU x V) = {p € P(X xU x V) : p(f & g) < oo} and

Prog(X xU X Py(P)) = {p € P(X xU X Py(Y)) : p(f & §) < oo} where (f & g)(z,u,y) =
f(z,u) + g(y) and (f @ §) (=, u, p) = f(z,u) + p(g). Again, these spaces are endowed with
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the topology induced by Cy(X x U x V) U{f @ g} resp. Cp(X x U x Py(V)) U{f ® g}, that
is,

) = p(f @ g),
) = p(f@3§).

pF = pin Prg, (X x U x V) <= p* — p weakly and p"(f @ g
pF = pin Prgs (X x U x Py(Y)) <= p* — p weakly and p*(f @ g
Note that when X = R = Y and f(z,u) = 1 + |z|? + d},(uo,u) for some uy € U and
g(y) = 1+ |y|?, we have Pp(X x U) = Pp(X x V), Py(Y) = Pp(Y), and the topologies on
the above introduced spaces coincide with the corresponding p-Wasserstein topologies.
Moreover, when dy, is bounded, the growth condition (3.1) provides that these topologies
are finer than the corresponding 1-Wasserstein topology. The reader may ignore these
refinements of the weak topology by substituting in every statement these refinements
with a p-Wasserstein topology.

Next, we define the injection

J: Prgg(X XU X V) = Pigg(X x U x Py(V)),

(3.2)
T (T, U, Ty ) T,

and observe that [ C(x,u,7zu) Projyyy 7(dz,du) = J(x)(C) for any J(r)-integrable
C: X xU xP(Y) - RU{oo}. In our specific setting we treat the X'- and U/-coordinates
similarly as we interpret the X-coordinate as the spatial state (at time 1) and the U-
coordinate as the information state (at time 1), whereas we think of the Y-coordinate
as the state at time 2. For this reason, we say a sequence (7%)zen in P(X x U x Y)
converges in the adapted weak topology to = if

J(@F) = J(@) in P(X xU x P)). (3.3)

The associated adapted p-Wasserstein distance of 7! and 7%, where m!, % € P, (X xU X)),
is given by

AWE (7! 7?) = eri(%E,;Z?) /d’;{(wl,xg) + dy (ug, uz) + WE Ty, s Ty ) dX (1,1, T2, us),
(3.4)

where ' = proj, , n’, and satisfies AW?(n!, 7%) = WE(J(x'), J(n?)) where W), is the
p-Wasserstein distance on P, (X x U x P,(Y)).

3.2 Approximation of extended martingale couplings: proof of Theorem 2.1

Before stating and proving a strengthened version of Theorem 2.1, let us deduce
stability of the set of martingale couplings with respect to the marginals. The Hausdorff
distance between two closed subsets A, B C P,(R x U x R) is denoted by dy (A, B) :=
max (sup,c 4 Whp(a, B), supyeg Wp(b, A)) where W, (a, B) := infyecz Wy (a,b). Note that for
(B,v) € Pp(R xU) x Pp(R), Har(fz,v) is a compact subset of P,(R x U x R).

Corollary 3.1. Let (i*, v¥)rew with proj; i* <., v* be convergent in P,(R x U) x P,(R)
to (i,v). Then

lim dy (H[w(ﬂk, l/k), H}\/[(,EL7 I/)) =0.

k—o0

The corresponding statement for couplings without the martingale constraint is
straightforward to see as in this case one even has

it (T, v), T, /) < (W2 1) + WE(0,)) " < Wy (1, 1) + Wy(w,0/).

Proof of Corollary 3.1. Assume that (7i*,v*),en converge in P, (R x U) x P,(R) to (i, v).
Note that [ J, . I (%, vF) is relatively compact as consequence of Prokhorov’s theorem.
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On the one hand, any subsequence of (7*)cn with 7% € T, (%, v*) admits a further
subsequence (7%);cn converging to some m € Iy (ji,v) in Pp(R x U x R) so that
lim; 00 W, (7%, I (i1, v)) = 0. Therefore,

lim sup W, (ﬂ'k,HM(ﬂ, V)) =0.
k—o0 ok eTI(k ,vk)

On the other hand, the map 7 — W,(m, Iy (¥, %)) is W,-continuous. Thus, by
compactness of the set of martingale couplings there is for every k € IN, #* € 1, (fi, )
with W, (7%, Tl (i, %)) = sup,eny, (a) Wo (7, 1l (%, v%)). Again by compactness, any
subsequence of (7*),cn admits a further subsequence (7%);cn converging to some
7 € Iy (@K, v) in P,(R x U x R). By Theorem 2.1 and convergence of the marginals in
Pp(R x U) x Pp(R), there exist a sequence (%) e with 7% € Iy, (%, %) such that
lim;_yo0 W (m%, 7*) = 0. Since

sup W (m Iar (5", 04)) = Wy (7 Tl (%, )
m€lln (B,v)

<W, (7%, 7%) < W, (7% %) + Wy (ki ),
one has lim; o0 SUP 11, (5,) Wo (7, s (2%, 0%7)) = 0. Consequently,

lim sup W, (7r, (", 1/’“)) =0. O
k=00 nelly (,v)

We will prove the following strengthened version of Theorem 2.1 which takes into
account general integrability conditions over Polish subsets of R and is, in fact, an
extension of the main result in [7]. For p € P(X) and v € Py(Y), it < v means that
the respective extensions u(- N X) and v(-NY) of 1 and v to the Borel sigma-field on R
satisfy pu(- N X) <z v(-N D).

Theorem 3.2. Let (i*,v*)ren, proj, i* <., v*, be a convergent sequence in Py(X x
U) x Py(Y) with limit (fi,v). Then, every coupling m € Il (R, v) is the limit in the adapted
weak topology of a sequence (%) e with 7% € Tl (%, vF).

The proof of Theorem 3.2 relies on the next three auxiliary results, that are Lemma 3.3,
Lemma 3.4, and Proposition 3.5.

Here we recall the notion of a pair of measures being irreducible and refer to [8,
Appendix A] for further details. When 1 € M;(R), we denote by v, its potential function,
that is the map defined by u,(y) = [ |y — | u(dx) for y € R. A pair (u, v) of finite positive
measures in convex order is called irreducible if I := {z € R : u,(z) < u,(x)} is an
interval and p(I) = p(R). For any pair (u,v) € P1(R)?, p <. v, there exists N C N and
a sequence (i, Vp)nen Of irreducible pairs of subprobability measures in convex order
such that

,u:n—i-Zun and I/:n—i—Zl/n, (3.5)
neN neN

where ({u,, < w, })nen are pairwise disjoint and 1 = p|(y,—u,}, .f. [8, Theorem A.4].
The sequence (pin, Vn)nen iS unique up to rearrangement of the pairs and is called
the decomposition of (u, ) into irreducible components. The next lemma generalizes
[7, Proposition 2.4] to the current setting where we have to keep track of the extra
coordinate u € U.

Lemma 3.3. Let (i*, v*)ren, proj; i* <.. v*, be a convergent sequence in P;(R x U) x
P1(R) with limit (fi,v) and write proj; i =: p. Let (tn,Vn)nen where N C IN be the
decomposition of (u,v) into irreducible components. Then, for every k € IN, there exists
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a decomposition of (ii*,v*) into pairs of subprobability measures (iX,vE),cn, (7%, 0F)
such that proj; i <. v for eachn € N, proj; 7* <. v* and

—k —k —k k k k
Ty =it vt Y v =
neN neN

tim (D7 WAL i) + W o) ) + Wil x i) + W (W8 m) =0,

k—o0
nenN

Proof. We set 7j(dx, du) = n(dx)fi,(du) and f,(dz,du) = p,(dz)i.(du) for n € N. Let us
select W, -optimal couplings #* € TI(fi, i*) and define

A (dx, du) = / 7% o(dz, du) fin, (d2, d), 7" (dx,du) = / %5 o (da, du) 7(dz, dit).

‘/1:7’[”’ z k] )
We have

Wl(ﬁk777) + Z Wl(ﬂﬁvﬂn) < Wl(/jkﬂﬁ) kjoo 0.
neN

Pick any 7% € Il (%, v%), set

v (dy) = / 75 (dy) 7 (de, du), oM (dy) = / 7% (dy) 7 (de, du),

U

7k (da, du, dy) = il (de, du)zl ,(dy) € Tar(af, vh).

Let n € N. Since (v = v* + 3 -y vF)ren converges to v in Wy, we have tightness
of (V¥)ren. As the marginals are tight, we can pass by Prokhorov’s theorem to a
subsequence and assume that, as k — 0o, (7¥),en converges weakly to 7, € as(fin, 7r)
where 7, € M;(R). At the same time, as (ji*)zecn and (v*)ren are W;-convergent, by
passing to a subsequence we can additionally assume convergence of (7)< in Wi to
some 7 € I/ (fi,v). Since 7% < #* for each k € IN, passing to weak limits, we have 7,, < 7,
which, in view of 7, (dx, du, R) = fi,(dz, du), implies 7, (dz, du, dy) = fin(dz, du)Ty . (dy)
so that 7, = v,. By Lemma A.4, we get that W, (7X,7,) goes to 0 as k — co. Hence,

W (vF,v,) also goes to 0. The same argument applies to deal with W (v, 7). O

In order to show Theorem 3.2, it turns out to be beneficial to first demonstrate
that a family of couplings with a simpler structure is already dense. We say that a
coupling 7 € Il (i, v) is simple if there is J € IN, a measurable partition (1;)7_, of U

into proj, fi-continuity sets and, for j € {1,...,J}, a martingale kernel (K ;).cr such
that
J
m(dx, du, dy) = Z Ly, (u) p(dx, du) K . (dy). (3.6)
j=1

Put differently, one may say = is simple if there exist (classical) martingale couplings 7/ €
O (p,vy), j € {1,...,J}, and a measurable partition (Z/{j)jzl of U in proj, fi-continuity

sets such that
J

m(da, du,dy) = 7 (dx, dy) fi (du O U;).
j=1
The next lemma establishes that these simple couplings are already dense in I (fi, V).

Lemma 3.4. Let i € P (R xU) and v € P1(R). Then, the set of couplings satisfying (3.6)
is dense in 11/ (fi, v) w.r:t. the adapted weak topology.
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Proof. We denote by A = proj, ii € P1(U). Let up € U and € > 0. We claim that there is a
finite partition (4;)7_,, J € IN, of U into A-continuity sets such that

sup{dy (u,@): u,a € U;} < % forje{l,...,J -1}, and / dy (u, ug) A(du) < (3.7)
Uy

1o

To this end, note that since the map u — dy(u, ug) is integrable w.r.t. A, we can choose
M. € [0, +00) with

dy(u, ug) A(du) <
{ueld: dy(u,uo)>Mc}

OO\FF)

By inner regularity of A there exists a compact subset K of A := {u € U: dyy(u,up) < M.}

such that A\(4\ K) < g

/ dy(u, ug) A(du) < ANA\K)M, <
A\K

| ™

Next, we choose for each u € K a radius r, € (0, {] such that the boundary of the ball
B, (u) = {t € U: dy(u,u) < r,} has zero measure under A\. The family (B, (u))ueck
is an open cover of the compact set K, which permits us to extract from this family a

finite subcover of K denoted by (A Yic, T €N Let J:=1+1,Uy:= ﬂ 1 A5 C KS,

and set recursively, U; := A; N { ! Ai} for j € {1,. — 1}. By this procedure we
have constructed a partition (U; ) _, of U into measurable sets. Moreover, as for each

i €{1,...,J} the boundary of I, is contained in the union of the boundarles of the balls

(A5))1, 1t must have zero A\-measure. Finally, for each j € {1,. — 1} we get

sup{dy (u,@): u,a € U;} < sup{dy(u,u): u,u € A;} < E,

[\]

and compute

/uJ dye(u, up) A(du) < /C dy(u, up) A(du) + /A\IC dy(u, ug) A(du) <

1o

ool m
|

We have shown the claim (3.7).

Let 7 € IIp(f1,v). Consider the disintegration kernel f, such that p(dz,du) =
p(dz)fy(du), and, for j € {1,...,J}, denote by f;(dr,du) the restrictions
Irxuy, (z,u)i(de, du). Since fij(dr, du)-a.e. fi,(U;) > 0 we can define

7 (dz, du, dy) - ZMJ dz, du) K, . (dy) where K ,(dy) = / T (dy) 22
j=1 Uj :uT(u])

and remark that 7/ € II,(ji, ). The last step is to estimate the AWV;-distance between
7 and 77.

Let Id denote the identity function. Using that (Id, Id)xz is an admissible coupling
in the minimization problem that constitutes the AW, -distance between 7 and 77, and
Jensen’s inequality (see for example [9, Proposition A.9]), we obtain the estimate

AW, (7, 77) < Z Wi (T, K o) i(d, du)
RxU;

= i/}RXu / Wi Tz, Ta,a) l}z(dﬂ) ji(dx, du)

= / Wi (g, Tas) Y(dz, du, dZ, di)
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where 7 := Z‘jjzl «; with the subprobability couplings ~; defined for j € {1,...,J} by

fiz (di)
[ (U;)

= (v ) o o)) (A8 o)) € 115,

We have v € II(f, ) and, by (3.7),

/duuu + |z—2| y(dx, du, dZ, d) /duuu v;(dx, du, dZ, di)
< - Z (RxUxRxU)+ /du(u, wo) + duy (uo, 00) v, (dx, du, di, dit)
j=1
€ € €
<-4+ -4 -==k¢ .
<3 + 1 + 1= (3.8)
Since € > 0 is arbitrary, Lemma A.1 gives the conclusion. O

Finally, we also require the following approximation result.

Proposition 3.5. Let (1", v¥)rew, u* <.. v*, be a sequence in P;(R) x P;(R) with limit
(1, v) being irreducible. For1 < j < J € N, let (uf)ke]N be a convergent sequence in

M (R) with limit p1; and Zj Vb = pP. Let (vj)]_, pj <co v;, be a family in M;(R)

such thatv = Zj vj. Then, for 1 < j < J, there exist a convergent sequence (V})ren
in M;(R) with 11m1t v;j such that

,u? <c yj/; and Zu]k =k (3.9)

The proof of Proposition 3.5 is rather technical and therefore postponed to Sub-
section 3.7. On closer inspection of the statement, this technicality is not completely
surprising: in the setting of Proposition 3.5, let (1), 5—1 and (uj) be families of mea-
sures with y1;({z;}) = p;(R) and pj ({zk}) (IR) for some :cj,x e R so that the points
(z;)7_, are distinct. For = € Il (i, v), we deﬁne z/j := 7,,. Invoking Proposition 3.5 we
obtain (v ’“)3’ , and set 7% := Z] 1 uj ® V . Since u] is concentrated on a single pomt and
Mj <cx z/j , 7" defines a martingale couphng in I (p*, %) and, as VJ — v; and uj — 1
in M;(R), (7*)rew converges in AW, to 7. Hence, we recover in this particular setting
the main result of [7], which states that, as long as p* <., v*, u* — p, v* — vin Wy, any
martingale coupling in ITy;(u, V) can be approximated in AW, by a sequence (7*)rcn
with 7% € Ty (p*, vF).

Proof of Theorem 3.2. By following the reasoning outlined in [7, Lemma 5.2], incorpo-
rating the additional coordinate and replacing [7, Proposition 2.5] by Lemma 3.3, one
can confirm that it suffices to establish the conclusion when (i, v) is such that (proj; fi, v)
is irreducible. As the argument runs almost verbatim to the proof of [7, Lemma 5.2], we
omit the details and assume from now on that (proj, fi, ») is irreducible.

Let us suppose that d;; denotes some bounded complete metric compatible with
the topology on U and check that we may suppose w.l.o.g. that ¥ = R =), f(z, u) =
1 + |z| + dy(u,up) for some ug € U and g(y) = 1 + |y|. The convergence of (ii*);
(resp. (v¥)i) to i in Pr(X x U) (resp. v in Py(Y)) implies that (z*(- N X x U)); (resp.
(vk(- N Y))r) converges to ji(- N X x U) in P1(R x U) (resp. v(-N y) in Pi1(R)). We
set 7(1) = (N XxUXY) € Uy(p(-NX xU),v(-NY)). Let (7%)x be a sequence
such that 7% € TI(7*(- N X x U),v*(- N Y)) and (J(7*) = (=, u,7* ,)47")r converges to

’ T,u
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J(7) = (z,u,7pu)p7 in Pr(R x U x P;(R)). Since X, U and Y are Polish, the Borel
sigma-fields satisfy

B(X xU xY)=B(X)®BU)=B(Y)
=c({{ANX} xBx{CnNnY}: A,CeBR),BeBU)})
={DNXxUxY:DeBR)®BU)2BMR)}
={DNXxUxY:DeBRxUXxR)}.

By Alexandrov’s theorem, X and ) are countable intersections of open subsets of R.
Hence X,Y € B(R)and X x U x Y € B(R x U x R) so that B(X) C B(R), B(X) C B(R)
and B(X x U x Y) C B(R x U x R). Let 7* € II(zz*, *) be defined by 7" = 7% | xx1xy)-
By [9, Lemma A.7], the sequence (J(7¥))y is relatively compact in Pjq, (X x U x Py(Y)).
Let (J(7*7)); denote some subsequence converging to (. Since the injection i : X x U x
P) > (x,u,p) — (z,u,p(-NY)) € R x U x P(R) is continuous, iy J(7*) = J(7*) and
iy J(m) = J(7), we have for any continuous and bounded function ¢ on R x U x P(R),

Qpoi) = lim J(x")(poi) = lim J(7%)(p) = J(7) () = J(m) (0 0 9).
Jj—oo Jj—o0

The equality between the left-most and right-most terms remains valid when ¢ is measur-
able and bounded. Let A € B(X), B € B({) and C € B(P(}))). Since P(R) 3 p > p(Y) is
measurable, Py(R) = {n € P(R) : n())) = 1} is a Borel subset of P(R). Since P()) 3 p —
p(-NY) € Py(R) is an homeomorphism with inverse 7 : Py,(R) > p — p|g(y) € P(Y) when
Py(R) is endowed with the topology induced by P(R), r—(C) € B(Py(R)) C B(P(R)).
For the choice ¢ = 1 44 px,-1(¢), we deduce that Q(A x B x C) = J(r)(A x B x C). Since
B(X xU x P(Y)) =B(X)® BU)®B(P(Y)), this implies that Q = J(r). Therefore the
sequence (J(7")); converges to J(m) in Pra, (X x U X Py(V)).

Therefore, we assume from now on that X = R =Y, f(z,u) = 1 + |z| + dyy(u,uo) and
9(y) =1+ 1yl

Moreover, by using Lemma 3.4 we may assume that 7 admits the representation (3.6).
Let (U;) 3—’:1 be the associated finite measurable partition of /. Without loss of generality,
e.g. by replacing one element of the partition U, such that (R x ) > 0 with the union
of Uy, with all elements U/, that satisfy a(R x ¢/;) = 0 and removing the latter, we can
assume that min;<;<; a(R x U;) > 0. For j € {1,...,J} and k € IN, we define

fij = Lps i, iy = Lrwuy i, pj o= proj; iy and p¥ := proj, it

As (Z/{j);]:l is comprised of continuity sets for the first marginal of ji;, the weak con-
vergence of (fi*)ren to fi implies that (i%)ren converges weakly to fi; and, due to the

continuity of the first coordinate mapping, (M?)kem converges weakly to y; for each

j € {1,---,J}. Al the requirements of Proposition 3.5 are satisfied, allowing us to
identify, for each j € {1,...,J}, a sequence of subprobability measures (u]’?')ke]N such
that

J

k ) k k k_ k

v; kjwyj, ,ujgcl/j and Eluj—l/.
=

From now on we will assume that k is large enough so that min; << u%(R) > 0. Weak
convergence of the original sequences yields, for each j € {1,---, J}, that the normalized
sequence (fi¥/u¥(R))ren (resp. (vF/u¥(R))ren) converges weakly to fi;/p;(R) (resp.
v;/uj(R)) as k — oo. As (i*)ren and (v*)ren are Wi-convergent sequences, it then
follows easily from Lemmas A.3 and A.4 that the normalized sequences converge in W;.
Thus, we can apply [7, Theorem 2.6] and obtain an .AW;-convergent sequence (’yf)kem
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of martingale couplings with limit v; where

k k
1 QK o ( 14 2 ) K 1 v
R et LR § | , and eIl , ,
7T T (R) M\ (R) 1y (R) 7T\ R ik (R)

where we write n ® K (dx,dy) := n(dz)K,(dy) for the gluing of a measure n € P(X) with
a measurable kernel K: X — P()). Further, write

k. ﬁ§®7§w

3§ =
T uE(R)

Irxu; xrT QK.
i (R) i (R)

To prove that (Wf)kem converges in AW; to ¥;, we choose

i Ay I 1

k J J ok J J

x; €| ——, resp. x; e€ll ,

’ (u?(]R) 1 (]R)> ’ (u?(R) 1 (IR))

that are W, -optimal between their marginals resp. optimal for AWl(’yJ’?, ~;). For ease of

notation, we moreover define X} as X¥(dz, du, di, di, dz) == X (dx, du, dz, di) R ,(dz) and
compute

and 7; :=

—k _
~k = Hj 122 k k PN
AW (55, 5) < W J f) /W K 3) x Y (de, du, di, d
1355 75) < 1<u§-‘(1R) ) T e Kia) G (de, du, di, da)

_k _
1 M k k PN
< W <M§(JR)7 Mg&ﬂ) + / (W1 (7j7:v’ K;.)+Wi(Kj, KJZ)) X; (dz, du, dz, dii, dz)

—k _
u, 'u b k R "
< W1<u§(j]R)’ Mj(]IR)> + AW1(VF, ) +/W1(Kj,z,Kj,,i)Xj (dx, du, di, di, dz). (3.10)

By Lemma A.1 and since

iy Iy
ph(R) p1(R)

the right-hand side of (3.10) goes to 0 as k — .
In the next step, we revert the normalization by setting

/ |2 — &l X5 (dz, du, d, di, dz) < Wy ( ) AW 22, 0

J
=Y b (R)S € Ty (k, vh).
j=1

Let € € (0,min;<j<s p1;(R)) be arbitrary and assume that & is sufficiently large so that
maxi << |5 (R) — p;(R)| < e. We split each of 7% and 7 into two parts:

J J J J
=" (u(R) —6)7f+z (1F(R) = pj(R) +¢) f and = > (1;(R) —s)%+eZ%.

j=1 j=1

Because (ﬁj)le are pairwise singular, we can apply [7, Lemma 3.7] to deduce that

J

J
Jim AW (1(R) =€) 75, D (5 (R) =€) 5 | =0.

j=1 j=1
With the help of [7, Lemma 3.6] and [7, Lemma 3.1 (a)(c)], we conclude that

limsup AW, (7%, 7) < C (I} () + I}.(v)), (3.11)

k— o0
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where C > 0 is a constant that does not depend on (k, ¢) and, for a Polish space X, § > 0,
zo € X, and n € M;(X), I}(n) is given by

I5(n) = sup / d(z,20) T(dx).
TEM(X),7<n,7(X)<sJ X

As € > 0 was arbitrary and we have by [7, Lemma 3.1 (b)] that limew o (17, (72) + I}, (v))
0, we can infer from (3.11) that (7*),cw converges to 7@ in AW;.

m]

3.3 Proofs of Corollary 2.3 and Proposition 2.5

We are first going to prove the following stronger variants of Corollary 2.3 and
Proposition 2.5 before deducing Proposition 2.8. Let f: X — [1,4+00) be a continuous
growth function such that

f(z)

lim inf > 0.

rzeX

The topological space P;(X) is defined like P,()) with X and f replacing Y and g. The
topological space Pyq (X x Py())) is defined analogously to Prg, (X x U x Py(Y)) but
without the u coordinate.

Corollary 3.6. Let (u*,v*)en, p* <., v*, be a convergent sequence in Ps(X) x Py(Y)
with limit (p,v). Then, every P € Ay(p,v) is the limit in Prgg(X x Py())) of a sequence
(Pk)ke]N with PF ¢ A]w(,u,k, l/k).

Proof. Let P = p(dx)P,(dp) € Ap(p,v). By Lemma 3.22 [23], there exists a measurable
mapping R x [0,1] 5 (z,u) + 7. € P1(R) such that 7., Leb(du) = P,. Then for ji =
p ® Leb, (dx, du,dy) = ji(dz,du)r, . (dy) € Iy (f1,v). The sequence (ji* = p* ® Leb)ren
converges to f in P7(X x [0,1]) where f(z,u) = f(x). By Theorem 3.2, 7 is the limit in the
adapted weak topology of a sequence (7%),ew with 7% € Iy, (i*, v*). Therefore, we have
P* = J(7*) € Ay (¥, V%) and get that (P*),en converges to P in Prgs (X x Py(Y)). O

Proposition 3.7. Assume that C: X x Py(Y) — R is continuous and that there is a
constant K > 0 such that, for all (z, p) € X x Py(Y),

[C(z,p)| < K (14 f(z) +p(9)) -

Then, the value Vi defined in (2.4) is attained and continuous on {(u,v) € Ps(X)x P, (V) :
t <ex v}. Moreover if (u*, v*)gew with p* <., v* converges to (u,v) in P¢(X) x Py(Y)
and P* € Ay (u¥,v*) is a sequence of optimizers of Vo (u*,v*), then its accumulation
points are optimizers of Vc(u, V).

Proof. Note that the mapping Prgy(X x Py(Y)) > P — P(C) is continuous. Using [9,
Lemma A.7] for the relative compactness, we easily check that for (i, ) € Ps(X) x Py(Y)
with p <., v, Ap(p,v) is compact and non-empty. Therefore V¢ is attained.

Let (u*, %) en with p* <., v* be convergent in P;(X) x P,()) with limit (u, v). Let
P* € Ay(p,v) be optimal for Vi (u, v). By Corollary 3.6, there exists a sequence (P*)ien
with P* € Ay (u*, v*) that converges to P* in Pra;(X x Py(Y)). Therefore

Velp,v) = P*(C) = lim P*(C) < liminf Vo (u*, v%). (3.12)
k—o0 k—o0
Now choosing P** € Ay (u*,v¥) such that Vo (u¥, %) = P**(C), we may extract a
subsequence (PFi*);cn converging to some P> in Prg;(X x Py(Y)) and such that
lim; 0o P**(C) = limsupy,_, oo Vo (u*, ). Then P> € Ay (u,v) and
Vo(p,v) > P®(C) = lim Pk (C) = limsup Vo (u*, v¥).

J—o0 k—o0
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With (3.12), we deduce that Vo (g, v) = limy_, Vo (14, v¥) so that Vi is continuous on
{(n,8) : 1 <gp 0} C Ps(X) x Pyg(Y). Moreover Vo(p,v) = P*(C) and this equality
remains true for any accumulation point P> of (P**);cn. O

3.4 Proof of Proposition 2.8 about the stability of the VIX futures subreplica-
tion price

Proof of Proposition 2.8. Set X = (0,4+00), f : X 3 x — |In(z)| + |z|] and Cyix : X x

Pi(X) 3 (x,p) = —y/p(£z) VO where we recall that X 3 y — £, (y) = ﬁln(m/y) for
z € X. Let p,v € Pp(X). For m € Ilyix(p, v), we have that (z, 7, )xm = P € Ap(p,v)

with
/‘/meu(&;) proj; o m(dx, du) = —P(Cvix). (3.13)

Therefore Dy, (11, ) > — Vo (1, V).
On the other hand, if P € Ap/(u,v) then

= ((x,p,y) — (‘Tv \/M»y))#})@/) € HVIX(N?”))

since we have, by Jensen’s inequality combined with [ p(f)P(dz,dp) = v(f) < oo,
p(L:) € [0,400) P(dz,dp)-a.e. and, for p: X x Ry — R measurable and bounded,

/ (e, 0)(u? — Ly (y))(de, du, dy)
XXRyxX

J

Therefore (3.13) again holds. We conclude that Dy, (p, v) = —VCVIX (u,v) and deduce
from Proposition 3.7 applied with ) = X = (0,00) and g = f the continuity of Dy,,. O

(@, v/o00)) /X (p(Ls) — L2 () pldy) P(de,dp) = 0.

o (X XP(X))

3.5 Stability of extended weak martingale optimal transport problems: proof
of Theorem 2.2

This section is dedicated to the proof of a stronger variant of Theorem 2.2, that is
Theorem 3.8 below.

Assumption B. We say that a cost function C': X xU xP4()) — R satisfies Assumption B
if C'is continuous and there is a constant K > 0 such that, for all (z, u, p) € X XU x Py (Y),

|C(z,u,p)| < K (1+ f(z,u)+ p(g)) - (3.14)

Theorem 3.8. Let C satisfy Assumption B and C(z,u,-) be convex. Then the value
function V¢ defined in (2.1) is attained and continuous on {(ji,v) : proj; i <¢ v} C
PrX xU) x Pg(Y).

Furthermore, when (fi*,v*),en converges to (ji,v) in Py(X x U) x Py(Y) and for
k € N, proj, ji* <., v* and 7% € T, (ii*,v*) is optimal for Vo (ji*, v*), we have:

(i) the accumulation points of (7*)cn are optimal for Vg (fi,v);

(i) if C(x,u,-) is strictly convex, then optimizers of (2.1) are unique and (7*)yew
converges to the optimizer of Vo (f, v) in the adapted weak topology.

Proof. By [9, Proposition A.12 (b)], the map

Pf®g(X XUXY)DTH /C(x,u,m,u) proj; o m(dz, du)
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is lower semicontinuous. Since Ilj/(ji,v) is a compact subset of Prg, (X' x U x V), we
deduce that the value function is attained.

Let (2", v%))ren in {(7,0) : proj; 7 <ce 0} C P5(X x U) x Py(Y) be convergent with
limit (@, v). Let 7* € IIM(fi,v) be such that Vo (fi,v) = J(7*)(C). By Theorem 3.2,
there exists a sequence (7%),en with 7% € Iy (ii*,v*) such that J(7*) — J(7*) in
Prag(X xUxPy(Y)). Since the mapping Py, (X xU x Py(Y)) > P — P(C) is continuous,
we deduce that

lim sup Ve (7%, %) < lim J(7%)(C) = J(7*)(C) = Ve (i, v). (3.15)
k—o00 k—o0
Choosing now m** € Iy (jii*, v¥) such that Vo (i*, %) = [ C(z,u, 7k u i* (dx, du), we may

extract a subsequence (7%*) ;< such that (7" *)7611\1 converges to 7°° in Pyg (X xU x V)

and lim; o, [ C(x, u, T )i% (dz, du) = lim infj,_, o0 Ve (i, v¥). The limit 7> belongs to
1Ty (i, v) and, by lower semicontinuity of

Pf®g(X XUXY)D 7T /C(m,u,ﬂ'w,u) proj; » m(dx, du),

we deduce that

/C’ T, u, To,) f(dr, du)

< lim [ O(z,u, 7%5;*) @ (dz, du) = hmmf Vo (u*, v").

T j—ooo P

With (3.15), we deduce that limy_, Vo (ii*, v*) = Vo (i, v) so that V¢ is continuous on
{(77,0) : proj, 1 <ce 0} € P(X xU) x Py(Y). Moreover, Vo (i1, v) = [ C(x,u, 75°,)i(dx, du)
and this equality remains true for any accumulation point 7> of (7¥*),en in Prag(X x
Uxy).

Let us now assume that C(z,u, ) is strictly convex and prove (ii). When 7 € Tl (i, v)
is another optimizer of Vo (fi, v), then £ € ITy (i, v) and [ C(xz, u, (55), ) fi(dz, du) >
Ve (i, v) so that

Mo+ T3y 1 -
/ (C’(x,u, f) - 5(C’(x,u,wm,u) + C(x,u, 7y u))) p(dx, du) > 0.

With the strict convexity, this implies that ji(dz, du)-a.e., 7, , = 7 , and ™ = 7*.

Let us finally assume that the sequence (7%),cw of optimizers of Vo (i, v*) admits a
subsequence which does not have 7* as an accumulation point w.r.t. the adapted weak
topology. By [9, Lemma A.7], this particular subsequence admits a subsequence (7*+) jeN
such that (J(7*7));en converges in Pf@g(X X U x Py(Y)) to P. We define 7 € Iy (fz, v)
by & = i X 7y, With 7, = [ p(dy) Py (dp). As C(z,u,-) is convex and continuous, we
have by Jensen’s inequality

/C(w,u,fr%u)ﬂ(dm,du) < /C(:C,u,p) P(dzx,du,dp)

= lim [ C(x,u,7; k) ER(dx, du) = Ve (i, v).
k—o0
In particular, 7 is an optimizer of Vo (i, v) and, by strict convexity of C(z, u, -), we have
J(7) = P and uniqueness of optimizers. Thus, 7 = 7*, and we also get J(n*) = P. Hence,
(mhs) jen converges in the adapted weak topology to 7*, which is a contradiction and
completes the proof. O
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3.6 Stability of the shadow couplings: proof of Proposition 2.9

Let us first state a consequence of Proposition 2.9 concerning the shadow couplings.

In view of Sklar’s theorem, it is natural to parametrize the dependence structure
between p and the Lebesgue measure on [0, 1] in the lift 7 € II(u, Leb) of u by copulas i.e.
probability measures on [0, 1] x [0, 1] with both marginals equal to the Lebesgue measure.
We call shadow coupling between p and v with copula y the shadow coupling between
p and v with source equal to the image fi,, of x by [0,1] x [0,1] 3 (v,u) = (F,*(v),u) €
R x [0,1], where Fr ! denotes the quantile function of 11, i.e., the left-continuous pseudo-

inverse of its cumulative distribution function.

Corollary 3.9. The shadow coupling with copula x is continuous on the domain {(u,v) :
p<ep v} € Pp(R) x Pp(R) and with range (P,(R x R),W,) and even continuous in AW,
at each couple (u,v) such that i does not weight points.

The proof of this corollary is postponed after the one of Proposition 2.9. For the
Hoeffding-Fréchet copula, x(dv,du) = Leb(du)d,(dv), we recover the stability w.r.t.
the marginals p and v of the left-curtain coupling proved by Juillet in [22]. For the
independence copula x(dv,du) = Leb(dv) ® Leb(du), we deduce the continuity of the
sunset coupling.

The proof that the selector SC of the lifted shadow coupling is continuous when the
codomain P,(R x [0,1] x R) is endowed with the adapted Wasserstein distance AW,
relies on the fact that, by (2.12), the selector SC takes values in the following extremal
set of extended martingale couplings

57, == {7 € Po(R XU x R) : # Supp(mz,) € {1,2} and mean(r, ) = = 7-a.s.}.

The set IT}', is extremal in the following sense: when 7 € TI§}’, and P € P,(RxUxP,(R))
with I(P) = m, where I(P) is the unique measure that satisfies

/fxuy P)(dz, du, dy) = //fxuy)(dy) (dz, du, dp),

for all f € Cy(R x U x R) and mean(p) = x P-a.s., then we already have P = J(r).
Proceeding from this observation, the next lemma shows that on H‘}\}fp the p-Wasserstein
topology coincides with the p-adapted Wasserstein topology, which we in turn use to
prove Proposition 2.9.

Lemma 3.10. The identity map Id on P,(R x U x R) is (W,, AW,)-continuous at any
Pe Hﬁ}'jp. In particular, the metric spaces (H*}\j}fp, W,) and (H(jc;fp, AW,) are topologically
equivalent.

Proof. We follow a similar line of reasoning as used in [26, Lemma 1.9]. As W, < AW,,
it suffices to show that, given a sequence (7*)ren in Pp(R x U x R) with mean(zf ) ==

k_ ext
m¥-a.s. and m € Ly,

lim W, (7%, 7) =0 = lim AW, (7", 1) = 0.
k— o0 k—o00
So, let (7*)ren and 7 be as above and assume that 7% — 7 in W,. Observe that Jlmexe is
sP
bijective onto

JASGHE,) = {P € Po(R x U x Pp(R)) : I(P) € 113", and mean(p) = = P(dz,du,dp)-a.e.},

(3.16)
with inverse I. Using [3, Lemma 2.3], we find that the sequence (J(7"))rcn is Wp-
relatively compact in P,(R x U x P,(R)). Therefore, there is a subsequence (7%),cn
such that J(7%) — P. Since 7% — I(P) = r € TI$§* and mean(p) = = P(dx, du, dp)-a.e.,
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we get by (3.16) that P € J(H‘}@ﬁp) which yields by bijectivity of J‘H?C}F,, that P = J(m).
Hence, J(7*i) — J(r) in W, which means that 7% — 7 in AW,

Since any subsequence of (%)< admits, by above reasoning, an AW ,-convergent
subsequence with limit 7, we conclude that 7% — 7 in AW,,. O

The proof of Proposition 2.9 also relies on the following lemma, the proof of which is
postponed to the end of the current section.

Lemma 3.11. Let z,y,2 € R withy < x < z, and ((y*, 2¥))ren be a (—o0, 2] X [z, +00)-

valued sequence such that for each k, either y* < z < 2¥ or y* = x = 2*. Then we

have
(1) Wi(Ber(z,y", 2*), Ber(z,y,2)) = 0 <= [y* —y|+ [z —2[ =0,
(i) Wi (Ber(z, 9", 2%),0,) = 0 <= (¥ —z) A (z —y*) — 0.

Proof of Proposition 2.9. As optimizers of Vg¢ are unique, we immediately obtain from
Theorem 3.8, applied with C(xz,u, p) = [ (1 —u)\/1+ 32p(dy) , continuity of

Vsc: {(f,v) € Pp(R x [0,1]) X Pp(R) : proj; i <cq v,proj, i = Leb} — R, (3.17)
SC: {(@r,v) € Pp(R x [0,1]) x Pp(R) : proj; it <cz v, proj, it = Leb} = Pp(R x [0,1] x R),
(3.18)

when the domain is endowed with the product of the corresponding Wasserstein p-
topologies. Since SC is a continuous function taking values in II§}*, Lemma 3.10 ensures
that it is still continuous when the codomain is endowed with the stronger AW, -distance.
Therefore we have that

SC(a*, v*) = SC(a,v) in AWy,

which is equivalent to W;-convergence of
(Id, Ber (X, T{, T3)) i* = J(SC (", v*)) — J(SC (i, v)) = (1d, Bex(X, Ty, T)) g,
where X: R x [0,1] 2 (z,u) — = € R. Applying Lemma A.2 in the setting

V=Rx[0,1], Z=7Pi(R), 6*"=rpF,
0=p, o =Ber(X,TF,Ty) and ¢ = Ber(X,Ty,Ts),

yields Ber(X, TF, T) — Ber(X, Ty, T») in ji-probability. There exists a subsequence such
that this convergence holds ji-a.s. Hence, we can invoke Lemma 3.11 and derive the as-
sertion in the second statement of the proposition for this particular subsequence. By the
above reasoning any subsequence admits a subsubsequence which fulfills the conclusion
of the second statement of the proposition, which readily implies the statement. O

Proof of Corollary 3.9. For the continuity in W,, it is enough to combine Proposition 2.9
with

Vi, 1" € Pp(R), W (fix, ity,) < /[O oo I (0) = F M (0)[Px(dv, du) = W (u, i),
1] X 10,

vr, ' € Pp(R x [0,1] X R), W,(proj; 3m, proj; 3 m') < Wy(m, ') < AW, (m, ).

To prove the reinforced continuity in AW,, we consider a sequence ((u*,v*);) in
Pp(R) x Pp(R) with pF <., v* converging to (u,v) where u does not weight points.
As seen in the proof of Proposition 2.9, the function SC' is still continuous when the
codomain is endowed with the AW ,-distance, so that AW, (SC(ik,v*), SC(fy,v)) — 0.
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For notational simplicity, we now denote SC* and SC respectively in place of SC (ﬂi, vk)
and SC(fiy,v). Let n* € TI(7i%, i, ) be optimal for AW, (SC*, SC). We have

/ Wp(sok l(v)u,sc o)X (AU, du) < 227V AWE(SCF, SC)
[0,1]x[0,1]

v /[0 1]x[0,1] xR x[0,1] W5 Caa SCF;I W du)nF e @) U(d% )

The second term on the right-hand side goes to 0 according to Lemma A.1 since ﬁx is the

image of x by [0,1] x [0,1] 3 (v,u) = (F,*(v),u) € R x [0,1] and, using |z — F,; ' (v)[P <
207 |z — F i (0)P + |F,, (v) = F ' (0)7), we have

/ o= F @) + o — (v, durfes ) (de,dw)
[0,1]2x R x[0,1] pk 00U

< or-1 (Awg(sck‘, SC) + W (", u)) =0
Hence,

k
/[071]”071] wp (SC 14, wSC P10, ) x(dv,du) = 0
Let 7* (resp. ) denote the shadow coupling with copula y between x* and v* (resp. u
and v) and for (z,w) € R x [0,1], 9*(v,w) = F, (FJ}(U)—) + wu"“({FH}l (v)}). The image
of the Lebesgue measure on [0, 1] x [0, 1] by ¥* is the Lebesgue measure on [0, 1] and for
each v € (0,1), F;k1 (9% (v, w)) = Fl;f(v), dw a.e.. Hence dv a.e.,

n

k
T, | = SC’ Xk (du)dw.
PRl /[O o) Fat 0¥ ) w X0 (00)

Since  does not weight points, F, ! is one-to-one and Tt = Jo.a) SC 1 (), Xo (W),
dv a.e.. By the triangle inequality, we have

4
Wy ( OO M (v))

-1 k
=7 /[o 1x[0,1] e (SCFMMk(v,uJ)),u’SCF#‘l(ﬁk(v,w))v“) Xk oy () o

+2H/ W (/ SCF1 (9% (v,0)).u X% (v,0) (1) / SCp- Xu(dU)) dw.
(0,1] [0,1] 0.1]

Using again that the image of the Lebesgue measure on [0, 1] x [0, 1] by ¥* is the Lebesgue
measure on [0, 1], we deduce that

g ) < [ B0~ B P W 7))

< WE(p, 1¥) + 2p‘1/
[0,1]x[0,1]

21771/ wy </ SC’ L (9% (0,0)) 0 Xﬂk(v.’w)(du)7/ SC X,,(du)) dw dv.
[0,1]x[0,1] [0,1] [0,1]

The sum of the first two terms on the right-hand side goes to 0 as n — oo. Since, by the
proof of [19, Proposition 4.2] (see the equation just above (4.12) where G(Fu_l(v), w) =v
since F), is continuous), dvdw -a.e., 9% (v, w) — v, we have Joayxo.1] |9F (v, w)—v|P dv dw —
0 by Lebesgue’s theorem, so that the third term on the right-hand side also goes to 0 by
Lemma A.1. O

4% (SC’C ), u7SCF;1(U)7u) x(dv, du)+
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Remark 3.12. Like in the proof of [19, Proposition 4.2], we could check that AWp(ﬁ’“, )
still goes to 0 as n — oo when
Vo € R, pF({z}) > 0= 3(a"), € RN, Fu(z") A Fu(z) — For(a"=) Vv Fu(z—)—p({z}).

Proof of Lemma 3.11. To show (i) and (ii) we may assume w.l.0.g. that y* < z < z*, since

y* = z = 2* implies Ber(z, y*, 2*) = §, # Ber(z,y, 2). Then we compute

k +
Wi (Bex(w, g%, ), Ber(w,y,2)) = (522 A 5% ) Iy — 0¥l + (32— 3% ) ()

zZ=yY Yy zZ=y
k_ N\t . Lk
+ (5 -=2) G-y (A )l — 2 (B.19)

When |y* — y| + |2* — 2| — 0 then each summand in (3.19) also vanishes, showing the
reverse implication of (i).

Conversely, when W, (Ber(z,y*, z*), Ber(x,y, z)) — 0 then all four summands on the
right-hand side of (3.19) have to go to 0 individually as k¥ — co. Thus, since 2% —y >
x—y>0and z — yk > z —x > 0, we find, due to the second and third terms in (3.19),

k_

that ﬁ — 2=, Then using that the first and fourth terms also have to converge to 0,

z—

we get |y* — y| + |2¥ — 2| — 0, which completes the proof of (i).
On the other hand, we have

Wi (Ber(z,y*, 2%), 6,) _ (F =) —y*) (P —2)V(z—yF)

2 2k —yk - oy (" =) A (@ =yh)).

Since zF — y* > (2F —2) v (z — y*) > 1(2* — y¥), we deduce that

k Lk
1< Wl (Ber(x,y )y % )7693) <9
G RN Gl O

which yields (ii) and completes the proof. O

3.7 Proof of Proposition 3.5

The proof of Proposition 3.5 relies on Lemma 3.13 below and Wasserstein projections
in convex order. By [1, Proposition 4.2] there is a map J: P;(R) x P1(R) — P1(R)
satisfying

1% Sc j(/”'a V) and Wl(j(,u? V)7 V) = ,uigfn Wl(na V)7 (320)

which is called a Wasserstein projection in convex order. According to [20, Theorem 1.1],
J is Lipschitz continuous: for p,v, 1/, v’ € P,(R) with p > 1, we have

Wp(T (1,v), T (W', V')) < Wy, 1) +2Wy (v, V). (3.21)

For i, v € P1(RR) which share the same mean, we also denote by p A, v the minimum of
and v in the convex order (see [24]). Its potential function is given by u ., = co(uu Auy)
where co denotes the convex hull operator.

Lemma 3.13. Leta,b € RU{—00, 400}, a < b, and p € P1(R) be concentrated on [a, b]
with mean x € R. Let (a™)men, (0"™)men, a < a™ < z < b™ < b, be monotone sequences
with a™ — a and b™ — b. Then

b —x x—am
Wi (P Ae (bm —aqm dam + pm — gm 5bm> ’p> — 0.
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Proof of Lemma 3.13. Let for eachm € N, n™ bm o L Dgm + 7= bm 5bm and p™ = pA.n™
Let us check that lim,eo SUPyc(—o0,am)(Up(y) — (z — y)) = 0. “Ifa= —oo, this is a
consequence of limy,_, o (u,(y) — (r —y)) = 0. If a > —o0, u,(y) =2 —y for y < a and
since u,, is 1-Lipschitz,

Yy € la,a™], up(y) Supla) + (y—a) =z —at+y—a<z—y+2a™ —a)

Since u,m(y) =  —y for y € (—o0,a™] and using a symmetric reasoning to deal
with the supremum over [b™, +00) we deduce that limy,— o SUPy e (—oo,am|upm,+o0) (Up(Y) —
uym(y)) = 0. By convexity of u, and since u,~ is affine on [a™,b™], sup,cp(u,(y) —
U (Y)) = SUPye(—o0,am]ufpm, +o0) (Up(Y) — Uuym (y)) sO that

lim sup(u,(y) — upm(y)) = 0.

m—0o0 ER
Since the convex function u, — sup, g (u,(y) — uym (y)) is not greater than u, A w,m,

Up — Sug(up(y) —Uym (y)) < co(tp A tpgm) = upm < up.
ye

Hence u,~ converges uniformly to u, as m — oo, which implies that W;(p™, p) mjoo

0. O

Proof of Proposition 3.5. Forevery j =1,...,.J, we have u¥ — p; in M, (R) with 11;(R) >
0, so that y%(R) — p;(R) > 0 and, for k large enough, min; << u¥(R) > 0. We are going
to check the existence of M < oo such that for each ¢ € (0,1), we can find sequences
(uf’a)kem in M;(R) that satisfy

k.e
ke _ & Vi vj
,u <c V v;" =v" and limsup wi (R)YW; - , < Me. (3.22)
’ Z k%Jrooj; ! py(R)" iy (R)

As ¢ is arbitrary, the conclusion follows easily from (3.22).

Before jumping into the various steps of proving (3.22), we fix the following notation:
Let a € {—oo} UR and b € RU{+o00} be the endpoints of the irreducible component (a, b)
of (u,v). Further, let

4 Hj i M Vj
o= Mg em,, ( ) .
i (R) 1i(R) " v (R)

Up to modifying z + 72 on a p-null set, we suppose w.l.o.g. that for all = € (a,b), 7 is
concentrated on [a, b] and mean(7Z) = x. Finally, for m € IN, pick a™,b™ € (a,b),a™ < b™,
with ™ N\, a, and b™ b, so that p;([a™,b™]) > 0 and p;({a™,0™}) = 0 for each
j=1,...,J.

Step 1: We claim that when m is sufficiently large, there exists 7; € M;(R) with

Wl (Dj, Uj) < €, ﬂj Sc Vj, /,Lj'[am’bm] SC ﬁ]“[am’bm] and ﬁj'R\[anl}bnl] = /,le]R\[am,’bm,].
(3.23)
To show (3.23) we define ¢ as the unique probability measure supported on {a™, b™}
with mean(¢?*) = z when = € [a™,b™], and §, otherwise, i.e.,

’VY'L_ . ”
m bl; 2 0am + " Sym ifx € (@™, b™),
Ox else.

Set ™ (dx, dy) := pj(dz) (7l A. ¢™)(dy). The measure 7™ is a martingale coupling
between y; and its second marginal, which we denote by v; ,,, and thus v; ,, <. v;. Thanks
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to Lemma 3.13 we have for every = € (a,b) that Wi (72, 72 A. ¢™) — 0. Furthermore, by
the triangle inequality and convexity of the absolute value we have

Wi, Ae g7) < Wi(xl, 60) + Wi (80, 75 Ae ¢) < 2Wi (i, &),

T’ xr
where the right-hand side is ;1j-integrable. Hence, we get by dominated convergence

AWl(wi,wj’m)g/wl(wg;,w; Ae @) pj(dz) — 0. (3.24)
R

m——+oo

Letting m be sufficiently large, (3.24) yields that 7; := v, ,, satisfies Wi (7;,v;) < e.
Since, for z € [a™,b™], (74 Ac ¢7)([a™,b™]) = 1 and for € R\[a™,b™], 7 Ae ¢ = 0,
Ujl{am pm) is the second marginal of ju;|jgm pm@(72 Ac ¢*) and (3.23) holds. Observe that
v;([a™,b™]) = p;([a™,b™]) implies that

:u’j‘[a”l,b”l] ) ( l/jl[gjn’b?n] ) —m
mean | ————< | =mean | ——— | = T, .
(Mj([am’bm]) pj([a™, b™]) ’

Step 2: Next we construct, for j € {1,...,.J}, sequences (7})rew in M;(R) such that

i ey ) vy St and i o (1-ap + ey in Mi(R). (3.25)
j=1

Since pj({a™,b™}) = 0, we have for every h € Cy(RR) that the discontinuities of h1{zm pm)
are a p;-null set, whence we get by Portmanteau’s theorem

/ L ) (@)h () 45 () — / Ljqm gm(@)h() 1 (de).

With Lemma A.4, we deduce that ,ug? [am pm] CONvVerges to juj|gm pm) in Mi(R) as k — oo.
When £ is sufficiently large, we have u?([am, b™]) > 0 and define

k k ~
k,m MJ |[amvbm] ~k /j'J |[amvbm] Vj|[amvbm] m
z.” i=mean | —0—"—— and =0T , Ne @ km -
’ (u?([a”% me) ’ (umam, o))" g (fam b)) )

To simplify notation, we use the above definitions also when u?([am, b™]) = 0 under the

M?'[a7u7h7n]
w5 (fa™ b))
and W;-Lipschitz continuity of 7, c.f. (3.21), we have

convention that the undefined term is replaced by ”‘7|[“m"bm]) . By Lemma A.3

il o) Djlam . < Hglam om  Piliam pm) ) _ Pjllampm)

15 ([am,0m]) " py(fam, b)) ) k=too ™ \ g ([, 7)) i ([am,0m]) ) p([am™, 0m])
in W, where the last equality follows from the fact that jgm ym) <c 7j|[gm pm]. Again
by Lemma A.3, we obtain that xfm — 5:;” and therefore qz}“" — ¢4 in Wy, Thus, [7,

: J
Lemma 4.1], i.e., continuity of A., provides that ’
~k ﬁj | [a™,b™] m s
P A, qon  in W)
iz wree 11, ([, b)) c dar 1
Since #j|(gm ym) is concentrated on [a™, b™] with mass p;([a™, b™]) and mean 77", we have
7l i) <o ([, 5"])q. . Hence,

. ﬂj|[am,bm]

—— < in W;. (3.26)
Sty om])

ph
J
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We set
jk =(1- e) (,uj |RA\[am ,bm] + MJ([ a™ b™))w ) + e,uj (3.27)
By definition of © 1/ and since k([am ) < q b we have k([am bm]) <. P*, which yields
b = (1 =€) (1R fam pm) + 15 |@m pm)) + b <o 7F. (3.28)

In order to complete step 2, it remains to show that, when £ is sufficiently large, then

J
> k< vk, (3.29)
j=1

As uf — u; and uﬂ[am’bm] — fi5][am pm) in M1 (IR) and by (3.26) and (3.23), we also obtain

that 7¥ — (1 — €)7; + e in My (R). In turn, this implies locally uniform convergence of

the sequence of potential functions (u;x)ren to U(1—e)i;+ep, - Al the same time, as vk =
J

in P1(R), we have uniform convergence of u,x to u,. Thus, we find, for each 6 > 0, an
index k(9) € IN such that for all k > k() and j € {1,--- , J} we have

0
u,;];;“,lm’bm] <(1- 6)’&,7]. |[am7bm] + euy,; |[am7bm] + 7 and wu, < wu,k + 9. (3.30)
As (p,v) is irreducible with component (a,b) D [a™,b™], we can fix a § > 0 such that

EUIL“a?n’bWL] S Gul,ha'm)b'm] — 25. (3.31)

Let k > k(9), and compute, for y € [a™,d™],

where the first and last inequalities follow from (3.30), the second from Zj LM = [,

Z}'le v <c Z}']:1 v; = v and (3.31). Next, let y € R\ [a™,b™]. Since p¥([a™,b™])0F and
uﬂ[am)bm] are both concentrated on [a™,b™] with the same mass and barycentre, we

obtain that their potential functions take the same value at y. We have

Zu,;;c( 1 76
j=1

J
(s )+ 8D ) + €350

M~

Jj=1

<

= (1= D (g 8) Wty () + €00 (0) = 200 (0) < w0 ().

<.
—

Summarizing, we have Z —1 Uk < uyn for k > k(9), which yields (3.29).
Step 3: The final step con31sts in modifying (7}){_, to (v; k) 5 that fulfills (3.22).

Denote by \* € HM(Z =1 y]k, v*) the inverse transform martmgale coupling (see [21]),

which by [21, Theorem 2.11] satisfies

J
/ ly — @ x*(da, dy) <2omy | D00 (3.32)
RxR =1
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We define uf’s as the second marginal of 7¥®x%, that is

Ve (dy) :=/xm(dy) 7 (de).

Using (3.28) we have
ph <. oF < v and Zy’”: : (3.33)

To prove the remaining claim in (3.22), we estimate

ke
| vt wiR) ) (ke wR) o
i (R)W1 (u?(]R)’uj(]R)> < ﬂf(]R)Wl ( i ]) + Wi (u?(lR) (i ) + Wi (75,v5) .

(3.34)

Because of (3.25), Z _, I} converges to (1 —¢) Z}]:l Ui+ 52}']:1 i in Wi. We compute

IR
hmsupZM] ®) ( ’?’87 ]) _hmsupzwl ( Jk, Jkg)

k—o0 k—o0

< limsup/ ly — x| X" (dw, dy)
RxR

k— 400

J
< 2limsup Wy Z N]k,l/

k—+oo j=1
J J
<2W [ (1—¢) Z v
j=1 j=1
J
2(1—2) Y Wi, v5) + 2eWh (n, v)
j=1

2(J+Wi(u,v))e,

where the first equality is due to uf(R) — 1;(R), the first inequality holds because
Z; 175 k@x® = x*, the second due to (3.32), the second last by the convexity of the
1-Wasserstein distance and v = Z'jjzl v;, and the last by (3.23). As ¢ < 1, we obtain
by (3.25) and convexity of the 1-Wasserstein distance that

lim sup Wy <Mi(R) 77

X

17
k—o0 5 (]R) ’

> S €W1(/Lj,ﬁj) § €(W1(uj,uj) + E) S €(W1(,Ltj, l/j) + 1)
Plugging these estimates into (3.34) yields
k,e J

7

V. Vi

limsup Y pu;(RWy | —2—, — 2~ | < [ 4T +2W1(p,v) + Y Wi(uj,vg) | e
2 m®) 1<u§<R> 1y () i)+ 2 Wilasovy)

so that (3.22) holds with M = 4.J + 2W; (u,v) + Y7, Wi (5, ;). =

A Measure-theoretic auxiliary results

Throughout the paper we make repeat use of the following reformulation of [13,
Lemma 2.7].
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Lemma A.1l. Let (V,dy) and (Z,dz) be Polish metric spaces, (1 € P,(V) and ¢: V —Z
be a measurable function such that 4 € Pp(Z). Then

M) 37 | dhp(v),0(0)) n(dv, db)
2e%

vanishes when ||, ,, d},(v,?) n(dv,dd) goes to 0.

Proof. It was shown in [13, Lemma 2.7] that

Sup {/VW d%z(p(v), p(0)) m(dv, dd) : m € I(j, p1) with / (v, 0) 7(dv, dv) < 5}

12°9%

goes to 0 as § N\, 0, which proves our claim. O

To comment on our use of Lemma A.1, we typically apply it in the specific setting
where ¢ is a disintegration kernel of some fixed coupling, cf. for example the end of the
proof of Lemma 3.4. For this reason, the lemma proves very useful to check convergence
in the adapted Wasserstein topology. For more details on the adapted weak topologies
and the adapted Wasserstein distance, we refer the interested reader to [2, 5, 26].

The next result relates weak convergence of couplings concentrated on the graph of
measurable functions, to convergence in probability of said functions. This lemma is a
generalization of the classical result [25, Lemma 1].

Lemma A.2. Let V, Z be Polish spaces, (6*),cn be a sequence in P(V) that converges
in total variation to 6, and let p*: V — Z, k € N, and ¢: V — Z be measurable functions.
Then

(Id, ") 40" — (Id, )40 in P(V x Z) = ¢* — ¢ in O-probability.

Proof. As 6% — 6 in total variation, we have that the total variation distance between
(Id, p*) 0% and (Id, ¢*) 40 vanishes as k — oo. Thus, since the sequence ((Id, p*)40%)ren
converges to (Id, p) 40 =: nin P(V x Z), the same holds for the sequence (7*),c where
n* = (Id, p*)40. W.l.o.g. we assume that the metrics dx and dy are both bounded, so
that n* — n in W, and can pick couplings x* € TI(6, §) such that

Wi, ) = /v |y (u.8) + dz (e (). 0(0) x (. ).

By the triangle inequality we have

— W) + / 0z ((v), 9(0)) x* (do, db). (A1)

The first summand in (A.1) vanishes as k — oo since ¥ — 7 in WW;, whereas the second
summand vanishes as consequence of Lemma A.1 since [ dy (v, 9) x*(dv, dd) — 0. O

A.1 Convergence of subprobability measures

Occasionally it is advantageous to work with subprobability measures. Therefore, we
denote by M, (X) the set of finite non-negative Borel measures on X' that have finite
p-th moments and by M;‘,(X ) the subset of measures with positive mass. We say that a
sequence (p*)ren converges in M, (X) to p if one of the following equivalent conditions
holds:
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(@ (p )kE]N converges weakly to p and, for some zy € X, limy_,o0 [ db (2, z0) p*(dz) =
J &5 (z, o) p(da);

(b) for every continuous function ¢: X — R such that, for some zyp € X and all x € X,
lp()] <14 d5(x,20), limg 00 p* () = p(gp).

Further, when p,p € M;(X ) have equal mass, we can consider their p-Wasserstein

distance given by
~ 1 p p
Wyp(p, p) == p(X)? W, ( - )
P PL =P ey 5
and similarly define the p-adapted Wasserstein distance AW, between measures 7,7 €
M; (X x U x V) that have equal mass.

Lemma A3.Let p > 1, p € M3(X), and (p")ren be a sequence in M;(X) with
limy, 00 p¥(X) = p(X). Then the following are equivalent:

(i) (p*)rew converges in M, (X) to p;
(ii) the normalized sequence (,f’ik) converges to inP ( ).
14 (X) kEN

Proof. Since limy_,, p*(X) = p(X), we have in either case that (p*),cn and the normal-
ized sequence (p*/p*(X))rew are weakly convergent with limit p and p/p(X), respectively.
For some zy € X, we then have

lim | dx(z,20)? p(dz) = /d;((az,mo)p p(dx)

k—o0

if and only if

] k(dx dx
klgrolo dx(z,z0)P ppk((/'\,’)) = /dx(x,fﬂo)p it )

Thus, the equivalence of (i) and (ii) follows from [27, Definition 6.8]. O

Lemma A.4. Let p > 1 and X be a Polish space. Let (p*)rcn be a convergent sequence
in M, (X) and (¢*)ren be a weakly convergent sequence with ¢* < p* for every k € IN.
Then, (¢")ren converges in M, (X).

Proof. Write p and q for the weak limits of (p*)rew and (¢F)rew respectively. Consider
the sequence §* := pF — ¢* € M, (X), k € IN, which is also weakly convergent with limit
q := p — q. By Portmanteau’s theorem we have

/d;((x,xo)p q(dz) < liIIliIlf/dX(.T,ZO)p ¢"(dzx),

k— o0

/d;((x, 20)? §(dz) <liminf [ dy(z,z0)? G"(dz).

k—o0

Hence,

limsup/dx(fﬁ,iﬁo)p q"(dx) =

k—o0

yields limy,, o0 [ dx (2, 20)P ¢ (dz) =
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