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Abstract

We prove, under mild conditions on fixed points and 2-cycles, the asymptotic normality
of vincular pattern counts for a permutation chosen uniformly at random in a conjugacy
class. Additionally, we prove that the limiting variance is always non-degenerate for
classical pattern counts. The proof uses weighted dependency graphs.
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1 Introduction

1.1 Background

A natural question in the context of random combinatorial structures is the asymptotic
behaviour of the number of substructures of a given type. In general, we expect such
numbers to be asymptotically normal or Poisson distributed, but proving it might be
difficult. For permutations, a good notion of substructures is that of permutation patterns.
Unsurprisingly, the asymptotic normality of patterns counts (either classical, consecutive
or vincular patters) in uniform random permutations has been extensively studied. We
refer for example to [2, 4, 10, 12, 13] for such results.

More recently, there has been some interest in extending these results to other
models of random permutations, and in particular to uniform random permutations in
some conjugacy classes. In this spirit, asymptotic normality results have been obtained
for specific patterns: see [7, 16] for descent counts and [8] for the number of peaks (the
latter is a sum of vincular pattern counts). These results use minimal assumptions on the
conjugacy class under consideration. In another direction, the second author [15] and
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Pattern counts in conjugacy classes

independently Hamaker and Rhoades, [9, Theorem 8.8] have both proved asymptotic
normality results for general patterns, but with some restrictions on the chosen conjugacy
classes. In the latter reference, the problem was raised of proving the asymptotic
normality of pattern counts assuming only the convergence of the proportion of fixed
points and 2-cycles in our permutations [9, Problem 9.9]. We solve this problem in the
present paper; see Theorem 1.2 below. Additionally, we prove that the limiting Gaussian
distribution is always non-degenerate for classical pattern counts (Theorem 1.3).

Note: In parallel to this work, the asymptotic normality of classical pattern counts
in random permutations in conjugacy classes has been obtained by Dubach [3] by a
different method. His method only applies to classical patterns (and not to the general
case of vincular patterns that we treat here), but can provide stronger results in this
case (speed of convergence and large deviation estimates). It can also be used to analyze
other types of statistics on random permutations in conjugacy classes, such as longest
monotone subsequences, the Robinson-Schensted shape, and the number of records; all
of these are out of reach with the method of weighted dependency graphs used in this

paper.

1.2 Vincular patterns

We use the notation [r] to represent the set {1,2,...,n}. Additionally, we utilize the
one-line notation for permutations ¢ = 0105 ... 0,.

Definition 1.1. Let m be a permutation of size k and A a subset of [k — 1|. Then an
occurrence of the vincular pattern (w, A) in a permutation o is a tuple (i1, -+ ,i)) with
i1 < --- < i such that:

 (i1,---,1x) is an occurrence of w in o, i.e.

op o, < <05 4.
1 Tk

e forall sin A, we have i5,1 = is + 1.

In words, the subsequence (o;,,- -+ ,0;,) is in the same relative order as (7, ..., Tx)
and A indicates entries of the subsequence which must be consecutive in o. For example,
let us consider the permutation ¢ = 2173456 and the triple (i1,42,i3) = (2,3,7) (the
corresponding subsequence (0,,0i,,0:,) = (1,7,6) is in blue in o).

* The triple (i1,i2,i3) = (2,3,7) is an occurrence of (v = 132,() since 7 = 132 is
the permutation with the same relative order as the subsequence (0;,,0;,,0:,) =
(1,7,6). Equivalently,

UZ'W71 =04 = 1< Ui_”,l =043 = 6 < O'i"71 =0, = 7.
1 2 3

* The triple (2, 3,7) is also an occurrence of (132, {1}). Indeed, it is an occurrence of
132 as explained before, and it satisfies i = 7; + 1 (i.e. the two first elements in the
corresponding subsequence (1,7,6) are adjacent in o).

* The triple (2, 3,7) is however not an occurrence of (132, {2}) since i3 # is + 1; said
otherwise, the elements 7 and 6 in the corresponding subsequence (1,7, 6) are not
adjacent in o.

Vincular patterns have been introduced in [1]. They encompass the notions of
classical and consecutive patterns. Indeed, when A = (), there are no constraints on
indices being consecutive, and we recover the notion of classical patterns. On the other
hand, when A = [k — 1], all indices must be consecutive, and we recover consecutive
patterns. Here are some examples of occurrences of vincular patterns in the literature.
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* An occurrence of (21,0) is a classical occurrence of 21, i.e. an inversion.

* An occurrence of (21,{1}) is a consecutive occurrence of 21, i.e. a descent.

* An occurrence of (123...k,()) is an increasing subsequence of length k.

» A peak is an occurrence of (132, {1,2}) or (231, {1,2}). Symmetrically, a valley is an
occurrence of (213, {1,2}) or (312,{1,2}).

* The longest alternating subsequence of a permutation equals, up to an additive
term equal to 1 or 2, the number of valleys, plus the number of peaks of the
permutation. In other terms, it is almost a linear combination of vincular patterns
(in that case, consecutive patterns). This result and some equivalent variants were
obtained separately by different authors. We refer for example to Houdré and
Restrepo [11] and Romik [17].

» The generating function of the vincular pattern (312, {1}) (together with other
statistics) occurs as partition function of a model of statistical physics called PASEP
(partially asymmetric simple exclusion process); see [14].

1.3 Our main result: asymptotic normality of vincular pattern counts for uni-
form random permutation in conjugacy classes

Throughout this article, we fix a vincular pattern (7, A) such that 7 is of size k. We let
X (™4) () be the number of the occurrences of (7, A) in o and we define m by m = k— | 4|,
which is the number of blocks in (7, A). For an (integer) partition X of n, we let C) be the
conjugacy class indexed by A in the symmetric group S,,, and o) be a uniform random
permutation in C,. Our main result is the following statement, where m;(A") denotes the
number of parts of size 7 in \".

Theorem 1.2. For any vincular pattern (w, A), there exist two polynomial functions f

omp (™) mao(A™)
and g such that if >~ — p; and ™2 ~~ — p,, then

n

X0 (o) ~ BXTD0r)) _dy pio, ) + paglon). (1.1)

nm—z n— o0

Moreover, we have convergence of all moments.

We prove Theorem 1.2 in Section 4. A difficulty, compared to the case of uniform
random permutations in the whole symmetric group 5, is that, when working in a
given conjugacy class, occurrences of patterns at disjoint sets of positions are no longer
independent events. Our proof thus relies then on a technique known as weighted
dependency graphs introduced in [5] in order to control higher cumulants for sums of
random dependent variables. The main ingredient is Theorem 3.2 (proved in Section 3),
which states the existence of a weighted dependency graph structure for the random
permutation o~. Both the proofs of Theorem 3.2 and of Theorem 1.2, starting from The-
orem 3.2, require delicate combinatorial arguments, to bound complicated multi-indexed
sums.

We believe that Theorem 3.2 is interesting in itself. It can be used to prove that other
classes of permutation statistics are asymptotically normal: for example, it is immediate
to adapt the proof of Theorem 1.2 to the number of excedances’, peaks and/or valleys
(and thus to the length of the longest alternating subsequence). Also, the proof is readily
adapted to establish joint convergence in Theorem 1.2, i.e. the limiting joint distribution
of

T geeey 1
nm1—2 nmr 3

<X(7T1,A1)(U>\") CEXTHAY (g40) XA (gyn) = E(X(”T’AT)(UA"))>

is a multivariate Gaussian distribution for any family of patterns.

1An excedance is a position 4 such that (i) > i.
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1.4 Non-degeneracy of the limiting Gaussian law for classical patterns

A natural problem following Theorem 1.2 is to determine whether the limiting law is
degenerate or not, i.e. whether the limiting variance f(p1) + p2g(p1) is positive or equal
to 0. In the case of a uniform permutation in S,,, which corresponds? to p; = py = 0, it is
known that the limiting variance, f(0) in this case, is always positive; see [10, 13]. Since
f and g are polynomial functions, this implies that f(p1) + p2g(p1) can only vanish when
(p1,p2) lives in a subvariety of codimension 1 of {(p1,p2) € R? : p1 + 2ps < 1}. In other
terms, we know that the limiting variance is generically positive. It would nevertheless
be desirable to have a complete characterization of the degeneracy cases.

We could solve the question in the case of classical patterns, i.e. the case A = (), for
which we prove that the limiting Gaussian law is always non-degenerate (except in the
trivial case p; = 1, where most points of the permutation are fixed). For simplicity, we
write 7 instead of (7, (}). Our second main result is the following.

Theorem 1.3. For any classical pattern = and any (p1,p2) € ]Ri with p1 + 2ps < 1,
except (p1,p2) = (1,0), we have f(p1) + p2g(p1) > 0.

Note that in the case p; = 1, po = 0, we can choose A" = (1"), i.e. o~ is a.s. the
identity permutation. Thus, in this case, the limiting variance f(1) is indeed 0.

The proof of this non-degeneracy statement is rather involved. It uses a method
introduced in [10]; see also [6]. The basic idea is to use a recursive construction of the
random objects, say o, under consideration. Typically, such a recursive construction
uses a random object of smaller size, say 0,,_1, and an extra source of randomness, say
I. Then one can compute the variance of the quantity of interest, X (o,,), by conditioning
on [ and using the law of total variance. If the recursive construction is well-chosen,
then some terms in the law of total variance involve the variance of X(o,,_1), i.e., one
can compute, or at least bound from below, the variance recursively. This is the basic
principle, the details being quite subtle; see Section 5.

2 Preliminaries: weighted dependency graphs

In this section, we present the notion of weighted dependency graphs, which is the
main tool in the proof of Theorem 1.2. The results presented in this section are taken
from [5].

2.1 Definition

We start by recalling the notion of mixed cumulants. The mixed cumulant of a family
of random variables X1, Xo,..., X, defined on the same probability space and having
finite moments is defined as

(X1, X0, ..., Xp) = [t1 -t ] log Elexp(t1 X1 + - - - + . X,)]. (2.1)

If X; = X for all 4, we abbreviate (X, Xs,...,X,) as k-(X). This is the standard
cumulant of a random variable.

An important property of cumulants is the following: if {X;, X5,...,X,} can be
written as a disjoint union of two mutually independent sets of random variables, then
k(X1,Xs,...,X,) = 0. Hence, cumulants can be seen as a kind of measure of dependency,
and the definition of weighted dependency graphs is based on these heuristics. Another
important and elementary property of cumulants is that X follows the normal distribution
if and only if k,.(X) = 0 for every r > 3.

2Uniform random permutations in the whole symmetric group Sy, are of course not a special case of random
permutations in conjugacy classes. However, it follows easily from the results of [9, Section 8] that the limiting
variance for uniform random permutations is the same as for any conjugacy class with proportions of fixed
points and 2 cycles tending to 0.
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In the sequel, a weighted graph is a graph with weights on its edges, belonging to
(0,1]. Non-edges can be interpreted as edges of weight 0, so that a weighted graph can
be equivalently seen as an assignment of weights in [0, 1] to the edges of the complete
graph. All our definitions are compatible with this convention.

For a weighted graph H, we define M(H) to be the maximal weight of a spanning
tree of H, the weight of a spanning tree being the product of the weights of its edges
(if H is disconnected, there is no spanning tree and as a consequence of the above
convention, we have M(H) = 0). For example, for ¢ < 1, the weighted graph H of Fig. 1
satisfies M(H) = ¢*. The following definition was introduced in [5].

(3 52
1 52 1 53
9 9

Figure 1: Example of a weighted graph H with a marked spanning tree of maximum
weight in red.

Definition 2.1. Let V be a finite set and let {Y,,v € V'} be a family of random variables
with finite moments, defined on the same probability space. We fix a sequence C =
(C1,Cs, - - ) of positive real numbers and a real-valued function ¥ defined on multisets
of elements of V.

A weighted graph L with vertex set V is a (¥, C) weighted dependency graph for
{Y,,v € V'} if, for any multiset U = {vy,...,v,} of elements of V, one has

k(Yyv e U)’ < C. U (U) M(L[U)). (2.2)

Here, L[U] is the weighted graph with vertex set U and the same weights as L. In
examples of weighted dependency graphs, ¥ and C are simple or universal quantities,
so that the meaningful term is M(L[U]). Note that the smaller the weights on edges are,
the smaller M(L[U]) is, i.e. the closer to independence are the corresponding random
variables {Y,,v € U}. Hence, the edge weights in a weighted dependency graph quantify
in some sense the dependency between the random variables {Y,,v € V'}.

2.2 A useful example: uniform random permutations in 5,

Let n > 1 be an integer, and 7 be a uniform random permutation in the symmetric
group S,. For (i,j) in [n]?, we let A, ; = 1[r; = j]. Note that variables A; ; and Ay,
cannot be both equal to 1 if (i, j) # (k,¢) but eitheri =k orj =¢. If i # k and j # ¢, we

have
1

P[A; j Ak = wn=1)’

which is close but different from P[A; ;] - P[Ay ¢] = 1/n?. Hence, variables A4; ; and Ay, ¢
are weakly dependent. It turns out that this family of random variables admits a nice
weighted dependency graph. This was shown in [5, Proposition 8.1], which we copy here.
(We use the symbol # for the number of distinct elements in a set or multiset.)

Proposition 2.2. Consider the weighted graph L on vertex set [n]? defined as follows:
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e if two pairs vi = (i1,71) and vy = (i, jo) satisfy either i; =iy or j; = jo, then they
are linked in L by an edge of weight 1.
 otherwise, they are linked in L by an edge of weight 1/n.

Then L is a (¥, C) weighted dependency graph, for the family {Y; ;, (i,j) € [n]*},
where

» U(U) = n~#W) for any multiset U of elements of [n]?;
e C = (C,),>1 is a sequence that does not depend on n.

2.3 Cumulant bounds

Weighted dependency graphs are useful to bound cumulants and prove asymptotic
normality results. In particular, in this paper, we will use the following lemma [5, Lemma
4.10]

Lemma 2.3. Let L be a (¥,C = (C,),>1) weighted dependency graph for a family of
variables {Y,,v € V}. Define R and T, (for ¢ > 1) as follows:

R=3 W({v}; 2.3)
veV
= . \II({’UL'” 5U€7U})
Te=, My L;/ (?é?}fw(uwz)) V(o o)) | (2.4)

where w(u,v) is the weight of the edge (u,v) in L. Then, for r > 1, we have

“(57)

2.4 Power of weighted dependency graphs

<O, P \RTy - Th_,.

An important property of weighted dependency graphs is the following stability
property. Consider a family of random variables {Y,,v € V} with a (¥, C) weighted
dependency graph L and fix some integer d > 1. We are interested in monomials
Y; = Hvel Y, of degree at most d, i.e. where I € V¢ is a list of elements of V' of length d
(possibly with repetitions). This defines a new family of random variables {Y7,I € V¢}.
It turns out that this family admits a natural weighted dependency graph inherited from
that of {Y,,v € V}.

To state this formally, we need to introduce some more notation. Let L be a weighted
graph with vertex set V. The d-th power L? of L is a weighted graph with vertex set V<.
If I and J are in V¢, the weight between vertices I and J is

W(l,J) = uérlliéJw(u,v),
where w(u,v) is the weight between v and v in L.

Besides, we say that a function ¥ defined on multisets of elements of a set V is
super-multiplicative if U(U; & Uy) > ¥(U;)¥(Us) for all multisets U; and U, (here and
throughout the paper, W is the disjoint union of multisets, i.e. if an element belongs
to both U; and U, with multiplicity m; and mo, it belongs to ; W Us with multiplicity
m1+ms). Finally, a function ¥ defined on lists of V induces a function on lists of multisets
of elements of V' by setting

UL, L) = V(LW W) (2.5)

The following proposition was proved in [5, Proposition 5.11].
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Proposition 2.4. Consider random variables {Y,,v € V'} with a (¥, C) weighted depen-
dency graph L and assume that VU is super-multiplicative.

We fix some integer d > 1. Then L? is a (¥, D,) weighted dependency graph for the
family {Y7, I € V4}, where the constants D, = (Dgy,,),>1 depend only on d, r and C.

3 A weighted dependency graph structure for uniform random
permutation in conjugacy classes

2

Fix an integer partition A" of size n, for (4,j) in [n]?, we introduce the random

variables
Bij = 1o (i) = j].

Note that the law of B; ; depends on A\". Given a subset o = {(it,j;),t < T} of [n]?,
we write S(«) = {i1,...,ir,j1,.-.,J7} for the support of a. Furthermore, we denote by
cc(V, E) the number of connected components of the graph (V, E). We also write CC(«)
instead of cc(S(a), a); this is the number of components of the graph with edge set «
and no isolated vertices. We now let

() = nCCl@)=#5(), (3.1)

We define similarly ¥ on lists of elements of [n]?, and it is insensitive to the order and
repetitions of arguments.

The choice of ¥ may seem surprising, but in fact, it is quite natural. Indeed, the joint
moments M, := E([]; ; ¢, Bi,;j) are nonzero if and only if (S(a), o) is a disjoint union of
directed paths and cycles. In this case, M, is O(¥(«)), and this is optimal (in the sense
that M, = O(¥(«)) if my(A) = ©(n) for any fixed k). Furthermore, as proved in the next
lemma, ¥ has been chosen to be super-multiplicative, so that we can use Proposition 2.4.

Lemma 3.1. The function ¥ defined by (3.1) is super-multiplicative.
Proof. Let a = {(it,j:),t < T} and o = {(i},4;),t <T'}. We want to prove that
CC(OZUO/) +#{i17"'7iTaj17"'ajT}+#{illv'~~vi{1”vjiv‘~'aj’/]”}
> CC() + CC(Q) + F i1y ooy 0Ty J1s e oo s JTs 8y ooy loprsy 1y oy Jor b (3.2)

When « contains a cycle C' of length at least 2, removing an edge of C from « does
not change any quantity of (3.2). By symmetry, we may assume that neither a nor o’
contain a cycle, except possibly loops. Then, writing loops(«) for the number of loops in
a (counted with multiplicity), one has

CC(O() +T = #{ilv s 7iT7j17 s 7.jT} + IOOpS(OZ)

and
CO() + T’ = #{i, .. i jhs - Ji} + loops(a).

Consequently, (3.2) is equivalent to
CClaUd )+ T+T > #{i1, . yimy 1y ey JTs 0oy ipy d1s -+ i} + loops(a) + loops(a).
The latter holds true since for any multigraph G = (V, E), one has

cc(G) + |E| > |V]| + loops(E). O

The goal of this section is to prove the following proposition.
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4
(7,4) 7 .
(9’7) 9 7
( :)A 7
9,9) 04 9 (S(@), @)
Ly[a] Kila]

Figure 2: From left to right: the three graphs L;[a], Ki[a] and (S(a), «) associated with
ther =3,i1 = jo =7, j1 =4, is = i3 = j3 = 9. Edges of the first kind in K [«] are plotted
in blue. In this case, all three graphs are connected.

Theorem 3.2. There is a universal sequence C = (C,.),>1 such that the following holds.
For any n > 1 and any \ - n, the complete graph L on [n]? with weights

Lf{i,g d{k, ¢ disjoint;
w((i,5), (k, 0)) = {n if{i,j} and {k, ¢} are disjoin (3.3)

1 otherwise,
is a (¥, C) weighted dependency graph for the family {B ;, (i, j) € [n]?}.
Fix r > 1 and let a = {{(i,j:), 1 <t < r}}, be a multiset of size r of elements of [n]2.
We want to show that
|K(B’i17j1’ cey Biwjr)
where M(L[a]) is defined in Section 2.1. We start with a lemma.
Lemma 3.3. For any o = { (i1, j1),. .., (ir, jr)}, we have M(L[a]) = n— CC@)+1,

< G ¥(a) M(L[a]), (3.4)

Proof. By definition, the weighted graph L, and therefore also L[a], have only edges with
weight 1 or n~!. To form a spanning tree of maximal weight, we need to use as many
edges of weight 1 as possible. It follows that M(L[a]) = n=¢"!, where c is the number of
connected components of the subgraph L;[«a] of L[«] obtained by keeping only edges of
weight 1.

It remains to relate connected components of L;[«] to those of (S(«a),«). By construc-
tion, L1[a] has r vertices decorated with pairs (i, j;) and edges between pairs with a
non-empty intersection. Consider a variant, denoted K;[«], where we have 2r vertices
with decorations i; and j; (f running from 1 to ) and with two kinds of edges

» for each ¢, the vertex decorated with i; is connected to that decorated with j;;
» vertices with equal decorations are connected.

See Fig. 2 for an example. Contracting the first type of edges in K;[a] gives Li[q].
Contracting the second type of edges instead gives the graph (S(«), «) considered above.
Hence, both have the same number of connected components and the lemma follows. O

Using Lemma 3.3 and the definition of ¥ (Eq. (3.1)), Eq. (3.4) reduces to
|%(Biy gr»- -+ Bi,j,)

We now prove this inequality. The idea is to represent oy as 7~ o po 7, where p is a
fixed permutation in C) and 7 a uniform random permutation in S,,. As in Section 2.2,
we write A4, ; = 1[r; = j] and we have

< Oy~ # il L (3.5)

n
Bij=> AikAj,,.
k=1
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By multilinearity of cumulants, one has

R(Bihju"'vBimjr) = Z K:(AilaklAjlvl)kl7' Ak, AJmﬂk ) (3.6)
1<k1,....kr<n

Combining Proposition 2.2 together with Proposition 2.4 for m = 2, we know that L% is a
(¥, D) weighted dependency graph for the family {A4; x A; x/, (i, k, j, k') € [n]*}, where

» L2 is the second power of the graph L defined in Proposition 2.2; namely, in the
graph L?, the vertex associated with A;_ ., A;, ./ is linked to that of A;, , A;, »; by
an edge of weight 1 if {is, js} N {is, j+} # 0 or {ks, k.} N {ks, k} # 0, and by an edge
of weight 1/n otherwise.

© U((ir, ki, g1, K)oy (i oy Gy L)) = n G ke), t<ryU{(Geky), t<r}

* D = (D,),>1 is a universal sequence.

In particular, for any (i1,...,%), (j1,...,4-) and (ki,..., k.), we have

’K(Ail,kl Ajhpkl RN 7Air,krAjv~,pk,.)‘ <D, - n*#{(it,kt%tSr}U{(jt,Pkt)ytST}
ML [(iry ks s pra)s - o5 (s s s i, )]) . (B.7)

The weighted graph L? has only edges with weight 1 and 1/n. Therefore for any subgraph
L2[U], we have M(L2[U]) = n~ <(AlUD+1 where L2[U] is the subgraph of L2[U] formed
by its edges of weight 1.

In the case we are interested in, we get

M(L2 I:(ih klajl? pk1)7 seey (iT> krajr7 pk,)]) =n CC(G?I’””,CT)JFla (38)

where Gﬁh._, x, is the graph with vertex set [r] and, for each s, in [r], it has an edge
between s and ¢ if and only if {is,js} N {4, 75:} # 0 or {ks, pr,} N {kt, p,} # 0. We note
that G,‘;‘1 _____ k, depends on iy, ... i, j1,. .., jr, but since these indices are fixed throughout
the proof, we keep this dependence implicit in the notation. Only the dependence in
ki,...,k, is made explicit.

Let us illustrate this definition with an example. We take A = (6,2, 1) and choose
p to be (1,2,3,4,5,6)(7,8)(9) (in the product of cycle notation). As in Fig. 2, we let
r=31 = jJo =17 751 =4, 13 = i3 = j3 = 9. We consider the term indexed by
(k1, ke, k3) = (9,5,4), yielding (pk,, Pkss Pks) = (9,6,5). Then 1 is linked to 2 in G,~C
because {i1,j1} N {is, jo} = {7} # 0. Likewise {i2,j2} N {i3,73} = {9} # 0 and {kg,ka} N
{ks,prs} = {5} # 0, implying that 2 is linked to 3 in G %:..x, (n fact, only one of
these intersections being nonempty would suffice for 2 to be linked to 3). One can
check however that 1 is not linked to 3 since {i1,j1} N {i3,73} = {4,7} N {9} = 0 and
{k1, e, } N {ks, prs } = {9} N {4,5} = 0. Hence, G}, is the path 2 3.

To help us in our analy51s we now introduce, for each r-tuple kq,- - - , k,., four (loop-
free) graphs denoted G e G,(fl) ko Gy, and Gy allon vertex set [r] x {1,2}.
For all these graphs, the idea is to label the vertex (s 1) ‘with the pair (is, ks) and (s, 2)
with the pair (js, px, ). Then we put an edge between two vertices labelled by (z,y) and

(@' y)
* in G,(Cll)__. x, if ¥ = 2/, i.e. if the first coordinates in the labels coincide;
e in G,(fl) g, fy= y’, i.e. if the second coordinates in the labels coincide;
* in Gy,

« inG) . ifeither 2 =2’ ory = ¢/, i.e. if one coordinate in the labels coincide.

ok, i (z,y) = (2',y), i.e. if the labels coincide;

EJP 29 (2024), paper 56. https://www.imstat.org/ejp
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(7,9) N (4,9) (7,9) e—— (4,9) (7,9) @ e (4,9) (7,9) (4,9)
(9,5) I (7.6) (9,5) X (7.6) (9,5) N (7.6) (9,5) (7.6)
(9,4) ey (9,5) (9.4) e (9,5) (9,4) an (95)  (9,4)¢ o (9:5)

Figure 3: From left to right: the four graphs G’Sl)w ey G’,(fl)m ko Giog, and Gpoo g
associated with the particular values of iy, ..., %, j1,-- -, jr, k1, - - - , k- given on page 9.

o

’’’’’ r, @and G, we add edges between (s, 1) and (s,2) for any s <r
(for clarity, these extra edges will be drawn in blue). We continue our example above by
representing the four associated graphs Ggl{...,kr' G,(Czl?,..,kT, Gy, . andGp . inFig. 3.
We note that a coincidence between a value in {i1,...,%,j1,...,j-} and a value in the
set {k1,...,kr, Pky,- -, Pk, } has no influence on any of the graphs considered here.
Comparing their definitions, we immediately see that thm, %, can be obtained from
____ x, by merging, for each s < r, the vertices (s,1) and (s,2) into a single vertex s.
Since G, has edges between (s, 1) and (s,2) for any s < r, this merge operation
does not change the number of connected components. Besides, again directly from
definition, we see that connected components of G}, correspond to distinct pairs in
the set {(it, kt), t <7} U{(t, pr,), t <1}
With these observations, Egs. (3.7) and (3.8) imply

.....

—cc(Ghp —cc(GY, 1
‘”(Au,klAjhpw...,Air,krAjr,pk,\)\ < Dy~ Gk ) el Gy ) (3.9)

We now need the following easy, possibly well-known, graph theoretical lemma.
Lemma 3.4. Let V be a vertex set and E1, F» be two sets of edges on V. Then

cc(V,E1 U Ey) + cc(V, Ey N Ey) > ce(V, Ey) + ce(V, Es). (3.10)

Proof. Assume E; contains a cycle C. If E5 contains C as well, we can remove any edge
of C from FE; without changing any of the quantities appearing in (3.10). If Fs does not
contain C, removing from E; an edge of C which is not in F» does not change any of the
quantities appearing in (3.10) either. Hence, it is enough to prove (3.10) when F; does
not contain any cycle. With the same argument, we can assume that F5 does not contain
any cycle as well. In this case, we have

cc(V,Ey) =|V| = |E1|, cc(V,Ey)=|V|—|Es|, cc(V,E1NEy)=|V|—|ELNEs|.
The union F; U E; may however contain cycles, so we only have an inequality
CC(‘/7 E1 U EQ) Z |V| — |E1 U E2|

Together with the standard inclusion-exclusion principle |E; U Es|+|E1 N Es| = |Eq|+]|E2],
this proves the lemma. O

...........

.....

..........
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of the bottom edge in Fig. 3). Consequently, G, ;. has more connected components
than this intersection. Combining these observations with Lemma 3.4, for any kq, ..., k,,
we have

yeeey yeeny yeeskRpp /0 TTNT R,

1 2
> ce(G) i) +eeGR) ).
Back to (3.9), we get that, for any k1,..., k.,
_ e ee(G®
‘H(A,-l,klAjh% e Ak A ) ] < Doy elGL) ) mee(G )+ (3.11)
At this stage, we observe the graph Géll) k, is independent of k1, ..., k, (it compares the
first coordinates of the labels, which are either i’s or j’s). Its number of connected compo-
nents is the number of distinct elements in {41, ...,%:,j1,...,j-}. Hence, summing (3.11)

over ki,..., k. and recalling (3.6), we obtain

<D, - n—#{h,“.,imjl,4..7.7'ry~}+1 . Z n- CC(GEczl),uqkr). (3.12)

1<ks,...kr<n

5B B )

We need a final lemma.

Lemma 3.5. Fix p in S,,. For any graph G on vertex set [r] x {1,2}, the number of lists
(kla T 7k'r‘) in [n]r with Gg) k= G is at most n°(@,

.....

is determined by that of k;; they should either be equal if h = &/, or they should satisfy
ks = pi, if h=1and b’ =2, or ky = pj_ if h = 2 and ' = 1. Hence, a list (ky,--- , k) in
[n]" with G,(fl) r, = G is determined by the value of one £; in each component of G. This
proves the lemma. O

Consequently, for any graph G on vertex set [r] x {1,2}, the lists (k1,--- , k) in [n]"
2

— ce(G! )

with ij) x, = G contributes at most 1 tothesum » ;, ., . n k1) Thus the

latter sum is bounded by a constant depending only on r, namely 2(2;). Inserting this
inequality in (3.12), this proves (3.5) and thus Proposition 3.2.

4 Proof of asymptotic normality of vincular pattern counts

By the method of moments, convergence (1.1), together with moment convergence,
hold if

* Var(X™(oan)) = n®™ =1 (f(p1) + pag(p1))(1 + o(1));
« and higher cumulants tend to 0 after normalization, i.e. x,(X™(cxn)) = o(n"(m~2))
for r > 3.

The existence of polynomial functions f and g such that the first item holds is proven in
[9] (see Proposition 7.2 and Theorem 8.14 there). We will bound the cumulants using
the weighted dependency graph structure of Section 3.

Note that we have

XNy = X S BunBu

i <o <ip G1eedk
isp1=istlIors€A J o1y < <i 1 (g

We denote by Z(™) the set of tuples (i1,...,ix,j1,--.,Jjx) as in the above sum. To bound

the cumulant of X(”’A)(UM), we need a weighted dependency graph for the family of

EJP 29 (2024), paper 56. https://www.imstat.org/ejp
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products B;, ;, --- By, ;.. This is given by applying the stability property of weighted
dependency graphs of Proposition 2.4 to the specific dependency graph of Proposition 3.2,
as we now explain.

Let us recall the notation from Section 2.4, adapted to the present situation. If each
of ay, ...,y is a list of k elements (or k-list for short) of [n]?, we define

\Il(al,...,ae):\II(O(1U"'UOQ)7

where in the right-hand side, lists are seen as sets, and we recall that ¥ is defined
in (3.1). We also consider the k-th power L* of the weighted graph L from Proposition 3.2.
Concretely, L* has vertices indexed by k-lists of [n]? and its edge weights are given by

w(a, B) : w((i,€)7(j,£’)) _ {n ifS(Oé)ﬂS(ﬁ) =0;

= max
(i,0)€a; (j,')€B 1  otherwise.

Using Proposition 2.4, there is a universal sequence D), = (C¥),>; such that L* is a
(¥, D) weighted dependency graph for the set of random variables Hle B, j,, indexed
by k-lists a = ((i1,51), - -, (ix, ji)) of elements of [n]>. We shall consider the restriction
of this weighted graph to k-lists in Z(™4): this is a (¥, D) weighted dependency graph
for the set of random variables Hle B, j,, indexed by Z(™4),

To use Lemma 2.3, we want to bound the quantities R and (77)¢>1, whose definitions
are now recalled for this specific weighted dependency graph.

R— Z T(a) = Z nCC ((i17j1)7~~~7(ik7jk)) _#{i11-~~vik»jla-~~7jk}’ 4.1)
o (81 5ee ik 5 G150 J k) EZTHA)
and
\I’(Oél,. . '7a€aﬁ)

Ty = . _ 4.2
¢ a?,l-?‘?;z %:W({ﬂ}’{al, 70[5}) \Il(al,...,ag) ’ ( )

where, in the indices, each of a1, ..., a, 8 is a k-list in Z(™4)  and where

L 9fS(B) N (S(a)U---US(ap)) = 0;
WY fan,- - ar}) = maxuy(Braq) = { o) N (S() ) =0y 3
i 1 otherwise.

We start by bounding R.
2k
2

Lemma 4.1. R < 2( )nm.

Proof. As in Section 3, we introduce two graphs G/) and G associated with a sequence
(i1y..yikyJ1,---,Jk) (the dependence in (i1,..., ik, j1,- .., jx) is implicit in the notation).
Both have vertex set [k] x {1,2}, where the vertex (s, 1), resp. (s,2), is labelled with i,
resp. js. Edges are chosen as follows:

+ in GU), we connect (s, 1) and (s,2) for all s < k;
+ in G, we connect (s,1) and (s + 1,1) for s € A;

* in both graphs, we additionally connect vertices with equal labels.

With the same arguments as Lemma 3.3, we see that connected components of G()
correspond to that of (S((i1,J1),---, (ik,Jk))s {(41,71)s - - - » (8%, Jk)}), implying

ce(GW)) = CC ((i1,41), - - (ir, ji))-

EJP 29 (2024), paper 56. https://www.imstat.org/ejp
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Furthermore, let G(™) be the intersection of G(!) and G(*; it only has edges connecting
vertices with equal labels, and hence its number of components is the number of distinct
values in {i1,...,%, j1,- .., jk}- Thus (4.1) can be rewritten as

R= 3 pee(GD)—ee(G), (4.4)

(015 eyTk 551550k ) EL(TA)

We now introduce the union GV of G¥) and G (union in terms of edge-set). Since
it contains the edges {((s,1),(s,2)), s < k} U {((s,1),(s + 1,1)), s € A}, it has at most
m = k — # A connected components. Using Eq. (4.4) and Lemma 3.4, we get

R< Z ncc(G’(U))fcc(G(A)) < nm Z n*CC(G(A))_

(0150 eyTk 5515050k ) EL(TA) (015 eyTk 5515050k ) EL(TA)

But, for a given graph G, there are at most n°°(%) lists (G1y ey lky J1y - ooy Jr) D Z(m4) such

that G = G. Indeed, choosing a value i, or j, corresponding to a vertex of G forces
2k

the values of variables i; or j, in the same component. We finally get R < 2(%)pm, O

The next step is to bound 7} for all ¢ > 1.

Lemma 4.2. For any { > 1, there exists C}/, (depending on the size k of the pattern
(m, A) and on ¢, but not on n) such that, the following holds true

T[ S C]/clyenm_l .

To prove this lemma, we need the following simple combinatorial fact to control the
various terms in (4.2).

Lemma 4.3. For any k-lists a1, ..., and 3 = ((i1,51), - -, (i, jx)) of elements of [n]?,
one has
CClayU---Uayup)—CClay U---Uay) <k—1I(8),

where I(f3) is the number of pairs (is, js) in S which intersect S(a; U --- U ay).

Proof. We can see the graph with edge set a; U--- Uy U 8 (and no isolated vertex) as
obtained from that with edge set oy U - - - U ay adding successively the edges (i1,51), ...,
(ik,jx) (with their extremity as new vertices if needed). When adding the edge (i, js), if
(is,Js) intersects S(ay U- - -Uay), the number of components does not increase, otherwise
it might increase by 1. This proves the lemma. O

Proof of Lemma 4.2. We first fix a1, ..., ay and write S(a) = S(a1)U---US(ay). We split
the sum in (4.2) according to the intersection S(5) N S(«) being empty or not. When
S(B)N S(a) =0, we have W({B},{u,...,}) = L (Equation (4.3)) and I(8) = 0. Thus
Lemma 4.3 gives

‘I’(O{l,. .. 705@76)
W(ag,...,qp)
_ nCC(alu---UagUB)7CC(a1U»--Uag)f(#S(oqUmUag,,B)f#S(alu---Uag)) < nkf#S(B).

This yields the following bound:

\I’(Oél,-.-,aé,ﬁ) 2k k—i—1
E wW{st {oa,...,a}) """ < E E n .
' B W(ay,...,qp) — »
B:S(B)NS(a)=0 i=1 B:#S(B)=i
EJP 29 (2024), paper 56. https://www.imstat.org/ejp
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But the number of k-lists 3 in Z(™4) with #S5(3) = i is bounded by Cj ;n*~14l for some
constant C; (to construct such a 3, one chooses i — | A| values, the other being forced by
the adjacencies conditions 51 = is+ 1 for s € A). This yields, recalling that m = k — #A,

U(ay,...,ap, 08 b m—1
Z W({ﬁ}v{ah'“vaf})w < (;Ck,z> n .

B:S(B)NS (a)=0

Let us now consider the summands in (4.2) indexed by terms [ in Z(m4) guch that
S(B) N S(a) # 0. In this case, we have W ({3}, {a1,...,a;}) = 1 (see Equation (4.3)) and
the analysis is more subtle.

We write as usual 8 = ((i1,71), -, (i, jx)). First we recall that the constraints
isy1 = is + 1 for s € A splits the sequence (i1, - ,ix) into m blocks of necessary
consecutive values. This allows to define F,, () (F stands for forced) as the number of
indices s such that i, is not in S(«), but either i5_; is in the same block as i; (i.e. is;—1 € A),
or one i; in the same block is in S(«). Then, for fixed «,,j, the number of lists § in
(™4 with F,(8) = j and #(5(8) \ S(a1 U---Uay)) = i is bounded by C} ,, n*~7 for
some constant Cj , ; ;. Indeed, to construct 3, one needs i new values, but j of them are
forced by the constraints i;, 1 = is for s € A.

On the other hand, in each block of indices, all but possibly one i in the block are
in F,,(8) W S(«). Therefore, |F,(8)| + |S(a) N {i1,...,ix}| > k —m. Equality occurs if
and only if |S(«) N {i1,...,ik}| = 0. Looking at the definition of I(3) in Lemma 4.3, we
trivially have |I(5)| > |S(a) N {i1,...,ix}|- Putting both inequalities together, we have
|Fo(B)| + |I(B)| > k —m, with equality if and only if |I(5)| = 0. But |I(8)| = 0 implies
S(B)NS(a) = 0. Since we are considering the case S(3)NS(«) # 0, the inequality above
must be strict and we have in fact |F,(8)| + [I(8)| > k —m + 1.

Using the definition of ¥ (Eq. (3.1)), Lemma 4.3 and the inequality above, we have

o, 500 8) ko 1(8)|~#S(B\(@rUUan)) <yl Fa(B)+m—1-#5(8\ (@1 U-Ua))
Plar,. a0 = <

This yields the following bound:

‘I’(Oél,~ .. ,abﬂ)
2 WA e g

B:S(B)NS(ax)#£0
< Z Z pim—1-i

i<2m—1 B:#(S(B)\S(a1U---Uay))=1
J<|A] [Fa(B)=3j

Recalling that there are at most Cj; n'~J terms in the latter sum, we conclude that

Lyi,j

Z W ({B}, {ou, .. m})w < Z Choiy | nm 2.

8:5(8)NS ()20 P(an,..., o) i<2m—1,j<|A|

Bringing everything together, we get that

U(ag,...,qp8)
WHBY, {an,. .. ap)) o2 A D) o ym—1
DIW B oo g <
Since this holds for any tuple (a,...,ar), we have T; < C’,’c”énm_l, as wanted. O
EJP 29 (2024), paper 56. https://www.imstat.org/ejp
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Back to the proof of Theorem 1.2, Lemma 2.3 gives us
r—1
‘KT(X(MA) (O’)\n))‘ <D,R H T, < C«I/C/,/an(m—l)-‘,—l’
i=1

for some constants C},.. Consequently, if r > 2, we get:

(A (ger) — B XA (g
. <X (UA ) ]E(X (0_)\ ))) _ O(nlfi) = 0.

m—3z

This concludes the proof of Theorem 1.2.

5 Non-degeneracy of the limiting law

In this section, we prove Theorem 1.3. Recall that this theorem only considers
classical patterns, i.e. the case A = (), and that we write 7 instead of (, () for simplicity.
Note that in this case, the parameter m in Theorem 1.2 is simply equal to the size k of
the pattern.

Let us define p3 = (1 — py — 2p2) > 0. For n > 0, we set m; = |np;] for i € {2,3} and
mi = n — 2my — 3ms, so that (1™1,2™2 3™3) is a partition of n, which we denote by \".
From [9, Theorem 8.14], it holds that

Var (X™(0xn)) = (f(p1) + p2g(p1)) n** =1 + O(n*"72). (5.1)

In fact, in [9, Theorem 8.14], the error term is o(n?*~!) and this is best possible assuming
only m;/n — p;, but a quick inspection of the proof reveals that if m;/n = p; + O(1/n)
for i € {1,2}, then the error term is O(n?*~2), as claimed.

We shall prove that Var (X™(ox»)) > K1n?=3/2, for some constant K; = K/ (p1, p2) >
0. Comparing with Eq. (5.1), this forces f(p;) + p2g(p1) > 0. The method of proof is
inspired from [10, Section 4] and [6, Section 3.4]. The idea is to establish a recursive
inequality on Var (X “(oun)), using a recursive construction of oy~ and the law of total
variance. We first consider the case p» > 0 (in Sections 5.1 to 5.4) and indicate later
(in Section 5.5) the appropriate modifications in the case ps = 0,p; < 1.

5.1 Preliminary: one point conditional pattern densities

In this section, we introduce some quantity which will be useful later. Let P; = (x;,y;),
for i < k, be points in the unit square with distinct coordinates, i.e. the x;’s are distinct
and the y;’s are distinct, but we allow here some z; to be equal to some y;. We reorder the
points (P;)i<k as Py = (x(;),y(;)) such that 2(;y < --- < (). Then there exists a unique
permutation 7 such that Yrrty < 0 < Y(aty and we set Perm(Py,..., P;) := m. For
example, if P, = (0.1,0.5), P, = (0.7,0.2) and P3 = (0,0.33) then P;) = P; = (0,0.333),
Py =Py =(0.1,0.5), B3y = P> = (0.7,0.2) and Perm(Py, P, P3) = 231.

Let us introduce some randomness. We denote by A the Lebesgue measure on [0, 1]2
and by A that on the diagonal {(z,z),z € [0,1]} with total mass 1. In particular, for
any p; € [0,1], p1A + (1 — p1)A has uniform marginals. We then let Py,..., P,_1 be
ii.d. random points with distribution p; A 4+ (1 — p;)A and set

90;1 (‘T7y) = P[Perm(Plv s 7Pk—17 (Iay)) = ﬂ-] . (52)
Lemma 5.1. Assume 7 has size at least 2 and p; < 1. Then the function
(z,y) = wp, (2, y) + ¢p, (y, @)

is non constant.

EJP 29 (2024), paper 56. https://www.imstat.org/ejp
Page 15/22


https://doi.org/10.1214/24-EJP1113
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Pattern counts in conjugacy classes

Proof. Let m be the pattern obtained from 7 by removing the first entry, and standardizing.
We look at ¢7 ((0, 3)), i.e the probability that random points Py, ..., P,_; together with
(0, %) induce the pattern w. This event is equivalent to the fact that P;,..., P,_; induce
7 and that exactly 7; — 1 points among P, ..., P._; have a y-coordinate smaller than %
Hence, we have

¢r (0,3) =P[Perm(Py,... . Po1) =7 AN #{i<k—1:y <3} =m —1]
>P[Perm(Py,... . Poq) =7, N#{i<k—1:y; <3} =m —1 A Vi,z; #y].

The latter event “Vi,z; # y;” is a.s. equivalent to the P;’s being sampled according
to A and hence has probability (1 — p;)*~! (recall that Py,..., P,_; have distribution
p1A + (1 — p1)A). Conditionally to “Vi, x; # y;”, the events

Perm(Py,...,P,_1) =7 and #{igk—l: yi<%}:7r1—1

are independent (in general, the pattern induced by uniform random points is inde-
pendent of the set of its y-coordinates). These events occur with probability ﬁ and

(]

) 27k +1 respectively. Thus we get

(1 _pl)k—l
(7'('1 — 1)' (k — 71)!2]@71.

™ 1
@pl (07 §) >

In particular, when p; < 1, we have ¢7 (0, 3) > 0. On the other hand,

» If 1y # 1, then o7 (0,0) = 0;
* If m; = 1 and if 7 has size at least 2, then o] (0,1) = 7 (1,0) = 0.

In both cases, we can conclude that the function ¢} (z,y) + ¢7, (v, ) is not constant. [

We also note that |¢] (z,y) — ¢7, (¢',y)| is bounded from above by the probability
that at least one of P, ..., P,_1 has its z-coordinate between x and z’ or its y-coordinate
between y and 3. Using a union bound, this implies

lop, (z,y) — @5 (@,9)] < (B =1)(|lz —2'| + |y — '),

i.e. 7 is (k — 1)-Lipschitz when using the L; norm on [0, 1].

5.2 A recursive inequality on the variance

Let )\ be a partition with at least one part equal to 2 and denote by )\ the partition
obtained by removing a part of length 2 to A\. Then a uniform random permutation o = o),
in C, can be constructed as follows.

e Choose two distinct indices 7 and j uniformly at random between 1 and n, and set
o, =] and 0 = 7
 Take a uniform random permutation o’ of [n] \ {i,;} of cycle type X, independent
of {i,;j}, and set oy, = o}, for k ¢ {3, j}.
Using the law of total variance, we have

v(\) := Var(X"(0)) = E[ Var(X™(0)|i, j)] + Var [E(X™(0)li, j)].

Moreover, the quantity X7 (o) can be decomposed as X™ (o) = X" (¢’) + C, where C is
the number of occurrences of 7 in ¢, using position ¢ or j (or both). Note that X™(¢”) is
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independent of i, j, so that E(X™(¢")|i, j) is the constant random variable a.s. equal to
E(X™(0’)). This implies that

Var [E(X™(0)li, )] = Var [E(X™ (")) + E(C|i, )] = Var [E(Cli, j)].
In particular, we get an initial bound
v(\) > Var [E(C’\z,])} (5.3)

On the other hand, from Cauchy-Schwarz and Jensen inequalities, since X™(¢’) and ¢, j
are independent, we have

’E[COV(XTF(U/); C|i,j)] ‘ < E[\/Var(X”(U’))\/Vﬂf(C”aj)]
< v/ Var(X~(c')) /E[Var(Cli, j)].

Expanding Var(X™(o)|i, j) = Var(X™ (o) + C|i, j) by bilinearity, we find that

]E[Var(X”(a)ﬁ,j)] = Var(X7(¢")) + 2IE[COV(X”(0’), C|i,j)] + E[Var(0|i,j)]
> Var(X™(0")) — 2¢/Var(X7(0"))/E[Var(Cli, j)].

Note that Var(X™(0’)) = v()\’), since ¢’ is a uniform random permutation of cycle-type X'
Summing up, we get the following recursive inequality on v(\):

v(A) > v(N) (1 —2 ]E[V((f)'”]) + Var [E(C)i, )] (5.4)

5.3 Analysing the initial bound (5.3)

Recall that C' counts the number of occurrences of 7 in ¢ that use position ¢ or j (or
both). We first consider the number C; of those using ¢ but not j.

Lemma 5.2. Let z,y be in [0,1] and i = i(n) and j = j(n) be two sequences chosen such
that i = 2n + o(n) and j = yn + o(n). Then we have

. 1 1 _
B(Ciling) = Gy o (o) + ol ),

where g is defined in Eq. (5.2) and the error term is uniform on i and j.

We start with some estimates on the distribution of finitely tuples (o(i1),...,0(im)),
where ¢ is a uniform random permutation of cycle type .

Lemma 5.3. 1. Fixm >1 and letiy,...,i, be distinct indices in {1,...,n}. Then

P(3s#t:0;. =i;) = O(n™t).

2. Let ji,...,jm also be distinct indices in {1,...,n}. We assume that there isno s #t
such that i, = j; and we let r = |{t : iy = j;}|. Then

P(Vs <m, 0;, = js) = (p1)" (52)" "1+ 0(n™).
In both estimates, the error terms depend on m, but are uniform in (i1, ..., 4m,j1, -« Jm)
and in A\. Moreover, the same estimates hold conditionally to i,j in the construction
of Section 5.2, provided that the tuple (i1,...,%m,J1,---,jm) does not contain i or j.
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Proof. For the first item, let us note that a given index i, is a fixed point of o with
probability m4 (\)/n. Conditionally of i; not being a fixed point, by conjugation invariance,
its image o;, is uniformly distributed on [n] \ {is}, and thus for fixed s # ¢, we have

n —mi(\) 1 1

< .
n n—1"n-1

P(o;, =it) =

The first item in the lemma follows by a simple union bound.

Let us consider the second item. By symmetry, we can assume that i = j; for s <r
and is # js for s > r. Recalling that the set F'(c) of fixed points of ¢ is a uniform random
subset of [n] of size m(\), we have

iy —r)
()

Now, conditionally on ¢y, ..., being fixed points, the probability that i,;1,...,%,, are
not fixed points is

P[Vs <r, o(is) = is] = P[{i1,...,i,} C F(0)] = =p;+0(n1).

(n—'rn)

Gy = =)+ 0™,

mq—T
Combining this computation with item i), the probability of i1, ..., i, being fixed points, of
ir41,.-.,im being not fixed points and of (o3, ,, ..., 0, ) being disjoint from (i,41,...,%m)

is
pi(l—p)" "+ 0.
But under this event, by conjugation invariance, the tuple (o;, . ,,...,0;,, ) is @ uniform

random tuple of distinct values in [n] \ {71, ...,%,}. Hence, the conditional probability
that is equal to (jr11, - ,jm) is 1/n™ " (1 + O(n~')). We finally get

r(1 _ m—r nfl
P(Vs <m, o(is) = js) = pl(;m_jzl()l T O—(i_n?f)) )»

which proves the second item.

The conditional statement in the lemma follows easily from the unconditional one
since for h ¢ {i,j}, we have o5, = 0}, where ¢’ is a uniform random permutation of
cycle-type X of the set [n] \ {7,j}. O

Proof of Lemma 5.2. Recall that C is the number of occurrences of 7 in ¢ using position
¢ but not j. Denoting by ¢1,...,7;—1 the other positions of such an occurrence of 7 (in
any order, hence the symmetry factor in the next formula) and jy, ..., jx_1 their images
by o, we can write C; as follows:

1
“ =G > >

i1,0ip—1 €EMIN{G,5} d1sedp—1€MMIN{E, 5}
distinct distinct

<1[perm(<g, ), (B, ) (2, 4)) = 7]

1o(ie) =je,V1 <<k — 1)]) . (5.5)

By Lemma 5.3, item i), for each iy, ...,%;_1, the total contribution of terms with some
ji # iy, but jy € {i1,...,ir_1,1}, is O(n~!) in expectation. Hence, the total contribution
of such terms to the double sum in (5.5) is O(nk_z) in expectation.
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Furthermore, from Lemma 5.3, item ii), if (j1,...,jx—1) is such that for each ¢, either
Jt =i¢ or jy & {i1,...,ix—1,7}, we have, conditionally to 4, j,

Plo(ie) = jo,¥1 < £ <k — 1] i,j] = (py)#(iemiet (Lopy HEWAIeh (g 4 o1y)

1
n n
This gives

E(C4 i, ) = > >

i1sig—1 €MIN{EG} d1,edk—1 €MIN{4,5}
distinct distinct

(1[P<ﬂ"m (8,2, (2, femt), (8 2)) = 7] '(pn#”:”‘-“}(l:f“)“““*“)
+0(n*%). (5.6)

We let (P-("))igk,l be a vector of independent random variables with the following

(2
distribution, conditioned not to share coordinates:

+ with probability p;, we set Pl(") = (h/n,h/n), where h is uniform in [n] \ {4, j};

» with probability 1 — p;, we set Pl(") = (h/n,h’/n), where h,h’ are uniform in
[n] \ {i,7} conditioned to satisfy h # h’;

Using this, (5.6) rewrites as

n*~! P[Perm (Pl(n), e ,P,gT_L)l, (£, 1)) = 7] +O(n*2).

(k—1)!

But the tuple (Pl(”), el P,Ei)l, (i,1)) converges in distribution to (Pi,..., Py,_1, (z,y)) as
in Eq. (5.2). Since (Pl, ey Pr—q, (2, y)) have distinct coordinates with probability 1, and
since the map 1[Perm (-, S 7~) = 7] is continuous on the set of k-tuples of points with

distinct coordinates, we get

1
(k- 1)

E(Cyli,5) = n*~! P[Perm (P1,..., Py_1, (2,y)) = 7] + o(n* ).
It is easy to check that the error term is uniform in i, j, concluding the proof of the
lemma. O

Symmetrically, letting Cs be the number of occurrences of 7 in ¢ that use the position

J but not i, we have
k—1

(k—1)!

E(Coli, j) = .

op, (Y, ) +o(n
Moreover, it is easy to see that there are less than n*~2 occurrences of 7 in ¢ using
simultaneously i and j, so that C = C; + Cy + O(n*~2). Summing up, we get that,
provided that i = zn + O(1) and j = yn + O(1),

k—1

h(% (2,9) + ¢, (y,2)) +o(n* ). (5.7)

E(Cli,j) =
Since i, j are a uniform random pair of distinct integers in [n], one can couple them with
i.i.d. random uniform variables (U, V) in [0, 1] such that i = Un+ O(1) and j = Vn + O(1).
Hence,

n2k—2 - . B
s Var (@7 (U, V) + @5 (V,U)) + o(n®*?2).

Var [E(Cli, j)] = =12

EJP 29 (2024), paper 56. https://www.imstat.org/ejp
Page 19/22


https://doi.org/10.1214/24-EJP1113
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Pattern counts in conjugacy classes

Using Lemma 5.1 and the fact that ¢, is (k — 1)-Lipschitz, we know that
Ky = Var(pp (V,U) + ¢y, (U, V)) > 0.
Setting K = K, /(k!)?, Eq. (5.3) implies that for any n sufficiently large,
v(\) > Var [E(Cli, j)] > Kjn®*2. (5.8)

5.4 Improving the initial lower bound

Suppose that p; # 0. The lower bound (5.8), is not sufficient to prove that the limiting
variance does not vanish. We will use the recursive inequality Eq. (5.4) to improve it. To
this end, we first need to analyse the term E[ Var(Cl|i, j)].

Lemma 5.4. There exist K3, K4 > 0 such that for any n > Kj,
E[ Var(Cli, j)] < Kyn®*2.

Proof. Conditionally on ¢, j, we have

k
C= Z Z Z Bi, ;. H Bi, j,

r=1 i1 < <ip€In\{I} J —1(qy < <dp 1 €N LF£Tr
et Jr=j
k
+ E § E B;, j. HBu,jz
r=1 i1<---<igp€[n]\{i} j,\,71<1)<'--<J'ﬂ,71(k)€["]\{j} bF#r
r=d Jr=i
k k
+ : : : : : Bi7‘17j7‘lBiT‘27j)"2 H Biivjé'
ri=1 r2=l iy <o <ig€ln] G gy < <d o1 gy €0l L¢{ri,r2}

TRFTL iy =i,irg =] vy =didrg =i

Conditionally on ¢, j, we have, in the two first term B; ; = B;; = 1, and in the third
one B;, ;. =B;j=1=DB;;,=B The other B factors have indices different from ¢
and j. Since ¢’ is a uniform permutation on the conjugacy class indexed by \’ we have
(¥, Dy,_,) weighted dependency graph for the random variables Hf;ll B, ;..

One can easily adapt the proof of Section 4 to obtain that the quantities R and
T, associated with the above dependency graph satisfy R < 32(2(k5 1>)(n —2)~1 and
T, < K 7’kn’“_2 (note that the product Hf;ll B;, ;. under consideration have degree k — 1).
From Lemma 2.3, this implies Var(Cli,j) < K4n?*~3. One can conclude since K, is
independent of the choice of 7 and j. O

i v

Plugging in Eq. (5.8) and Theorem 5.4 in Eq. (5.4), we get that, for some constant
K5 >0,
v(\) > o(N)(1 — Ksn~V/?) + Kjn? 2, (5.9)

For, i < my()\), we denote by A() = ((\’)---)’ the partition obtained by removing i blocks
of size 2 from \. For ¢ < K6n1/2 (where Kjg is a positive constant), the inequality (5.9)
holds substituting A by A and we have

vAD) > o AD) (1 = K5(n — 2i)~Y2) + Kj(n — 2i)?% 2.

We start from the initial inequality (5.8), namely v(A(5sV™) > K (n — K¢\/n)?*~2, and
iterate the above recursive inequality: we get

Kgyv/n—1
v(A) = Y Kj(n—20)* (1= Ks(n —2i)"1/?) - (1 - Ksn~'/?)
=0
EJP 29 (2024), paper 56. https://www.imstat.org/ejp
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For Kg sufficiently small, e.g. Kg = (2K5) ™1, all products
(1—Ks(n—2))"Y2) ... (1 — Kzn~'/?)

are bounded away from 0, so that each of the ©(y/n) terms in the sum behaves as
©(n?k=2). Therefore, there exists a constant K7 > 0 such that

v(A) > Kon?k—3/2, (5.10)

Comparing with (5.1), we conclude that f(p1) + p2g(p1) > 0.

5.5 The case without cycles of size 2

When p, = 0 and p; < 1, the proof can be easily adapted. In such cases, one has
ps = 3(1 — p1 — 2p2) > 0. In particular, for n > ﬁ, A contains a block of size 3, and we

let \ be the partition obtained by removing a block of size 3 from \. One can construct
oy as follows:
* Choose i, j, h distinct uniformly at random in [n] and set 0, = j, 0; = h and o}, = 1.
* Take a uniform random permutation & of [n]\ {i, j, h} of cycle type A and set o, = 6
for any ¢ € [n] \ {¢,7,h}
Let C be the number of occurrences of 7 that contains i or j or h. The counterpart
of (5.7) is the following.
Lemma 5.5. Let x,y, z be in [0,1] and i = i(n), j = j(n) and h = h(n) be three sequences
of positive integers chosen such that i = xn+o(n), j = yn+o(n) and h = zn+o(n). Then
k—1

h (5, (2, 9) + @p, (4, 2) + ¢, (2,2)) + o(nF=1),

E(Cli,j,h) =
where gogl is defined in Eq. (5.2).

The remainder of the proof is the same. One need only to check the following variant
of Lemma 5.1.

Lemma 5.6. Assume 7 has size at least 2 and p; < 1. Then the function
[y, 2) = op, (2,9) + op, (v, 2) + 95, (2,2)
is not constant.

Proof. Assume, for the sake of contradiction, that f is constant. Then f(z,y,y) =
f(z,z,y) for any = and y. This implies that 7 (z,z) = ¢} (y,y) for any = and y, i.e. that
the function z +— ¢7 (v, ) is constant. As a consequence, the expression

(amy) = f(xaxvy) - 30;1 (LC,.’E) = 90;1 (x,y) + 90;1 (y7x)

should also be constant, leading to a contradiction with Lemma 5.1. O
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