n b
Electr® 8biljty

Electron. J. Probab. 29 (2024), article no. 30, 1-27.
ISSN: 1083-6489 https://doi.org/10.1214/24-EJP1092

A conditional scaling limit of the KPZ fixed point with
height tending to infinity at one location®
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Abstract

We consider the asymptotic behavior of the KPZ fixed point {H(x,t)}zer,t>0 condi-
tioned on H(0,7) = L as L goes to infinity. The main result is a conditional limit
theorem for the fluctuations of H in the region near the line segment connecting
the origin (0,0) and (0, T) for both step and flat initial conditions. The limit random
field can be represented as a functional of two independent Brownian bridges, and in
addition the limit random field depends also on the initial law of the KPZ fixed point.
In particular for temporal fluctuations, the limit process indexed by line segment
between (0,0) and (0,7"), when the KPZ is with step initial condition, has the law of
the minimum of two independent Brownian bridges; and when the KPZ is with flat
initial condition the limit process has the law of the minimum of two independent
Brownian bridges, each in addition perturbed by a common Gaussian random vari-
able. For spatial-temporal fluctuations, the conditional limit theorem sheds light on
the asymptotic behaviors of the point-to-point geodesic of the directed landscape
conditioned on its length and as the length tends to infinity.
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1 Introduction and main results

1.1 The model and main results

The object of this paper is the so-called Kardar-Parisi-Zhang (KPZ) fixed point, a
random two-dimensional field that arises from various models (random growth models,
last passage percolations and directed polymers) that are loosely called the KPZ univer-
sality class (e.g. [BDJ99, Joh00, Joh03, BFPS07, TW08, TW09, BC14, MQR21, DOV18,
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QS20, Vir20]). Throughout, we let {H(z,t)},cr,:>0 denote the KPZ fixed point, where z
and t are the spatial and temporal parameters respectively. The field H also depends
on the initial condition H(z,0) = hg(x) for some function hy. The KPZ fixed point was
conjectured to be the universal space-time limiting field of the height functions in all
the models in the KPZ universality class, while its first characterization was obtained
in [MQR21] only recently. Therein, the authors defined H as the limit of the rescaled
height function of an exactly solvable model in the KPZ universality class, the totally
asymmetric simple exclusion process (TASEP), and then characterized H as the unique
Markov process taking values in the space of upper-semicontinuous functions with
explicit formula for transition probability.

In general, it is challenging to obtain explicit formulas for the distributions of H.
Such formulas are usually quite involved and obtained by exploiting the connections
between certain exactly solvable models and the KPZ fixed point. Seminal works
[BDJ99, Joh0O0] revealed the role of Tracy-Widom distributions for marginal (one-point)
distributions. The finite-dimensional (multi-point) distribution in the spatial direction
(i.e., the law of (H(xz1,t),...,H(xq4,t))) for a fixed time point ¢) were obtained afterwards
[PS02, Joh03, BFPS07, MQR21]. Most recently, the explicit formulas for joint cumulative
distribution function of finite-dimensional distributions in general, with possibly different
time points, with were obtained in [Joh17] (two-dimensional) and [JR21, Liu22a] (finite-
dimensional). The latter two newly developed formulas in fact take quite different
expressions, and a direct proof of their equivalence remains an interesting open question
at this moment.

With explicit formulas at hand, it becomes now possible to carry out detailed analysis
of path fluctuations of the KPZ fixed point. The main contribution of this paper is
to characterize a local extremal behavior of the KPZ fixed point, using the recently
developed formula [Liu22a]. More precisely, for some fixed T' > 0 we investigate the
asymptotic joint behavior of {H(x,t)},cr te(0,r) when the value of H(0, T) tends to infinity.
Note that H depends on the initial condition H(z,0) = hg(x). We will focus on two
specific initial conditions: the step initial condition hg(z) = —00l;+0), and the flat initial
condition ho(z) = 0. When needed, we will use Hgep, and Hga, to denote the KPZ fixed
point with the step and flat initial conditions respectively.

Our main results are the following. We let Ldd, Jenote convergence of finite-
dimensional distributions.

Theorem 1.1. Forall T >0, as L — oo,
X 3/4
H(ﬁ, TT) — TH(O,T)

Law \/§T1/4L1/4

H(0,T) = L

x€R,7€(0,1)

Law ({min {]Blfr(T) + X, Bgr(T) - X}}xe]R,-re(O,l)> ’

if H = Hggep,
£d.d. (1.1)
Law {min {]Blfr(r) +x+ 1_77—Z By (1) — x — 1_7-Z}}
\/5 \/i x€R,7€(0,1)
if H = Hgat,

where on the right-hand side, {B}"(7)},c[o,1] and {B5"(7)},¢[0,1) denote two i.i.d. Brown-
ian bridges over interval [0, 1], and in the case with flat initial condition Z is a standard
normal random variable independent from BY*, Bb.

Remark 1.2. An alternative interpretation of the limit random field is as follows. For
fixed 7, we describe the function f.(x) := min {B}"(7) 4+ x, B5(7) — x} as a shifted down-
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ward right angle. Tt is convenient to describe this function via its graph (x, f, (x))xer C R2.

Introduce the function f*(x) = —|x| as the ‘downward right angle with vertex at (0,0)’
(again think of its graph). Then, we can relate the graph of the two functions via
06 Fr ()wer = 06T (X))xer + (Vi (7),va(7)) = (x +va (1), (x) + va(7) e - (1.2)

where the graph of j* is shifted to the vertex at

-Blf) £ BY(r) Be) B,

() va(r)) = (LRI BEO (.3

As a bivariate process, the vertex process {vi(7),va(7)},¢(0,1) given by (1.3) has the law
of a bivariate Brownian bridge: each coordinate process is an independent Brownian
bridge scaled by 1//2.

Then, we can view the limiting random field as a moving downwards right angle,
with the vertex process following the law of a bivariate Brownian bridge for the case of
step initial condition. For the case of flat initial condition the limit random field can be
interpreted similarly: if we set f,(x) = min{B} (1) +x+ (1 — 7)Z/v2, By (1) —x — (1 —
T)Z/ \@} accordingly, then (1.2) remains to hold with the same {* and now the vertex
process becomes

_ br,r br,r —r brT brT
R e e e

Remark 1.3. We understand
P(-|H(O,T)=1L) := lifgIP(- | H(0,T) € (L —¢,L+¢)),
and the proof is based on the formula
]P(H(xlvtl) > h’la R H(xm—latm—l) > hm—l | H(xmatm) = hm)
0 0
= — —P(H t hm).
O an, L (H(@m tm) > fim)

The marginal distribution of Hgp (Haat respectively) is the GUE (GOE resp.) Tracy-
Widom distribution, and the formula of joint cumulative distribution function we use was
obtained in [Liu22a].

The convergence (1.1) is understood similarly; see (3.1) and (3.3) below for a precise
statement.

P(H(Il,tl) > hl, ceey H($m,tm) > hm)/

Remark 1.4. Note that our limit theorem does not include the endpoints 7 = 0,1. We
do not include 7 = 0 as the random field Hs:cp is not continuous at 7 = 0+, and in fact
the formula we work with does not include 7 = 0.

We do not include 7 = 1 in the present work, however, for a different reason. There is
in fact a phase transition at 7 = 1 for the conditional limit theorem of our interest. Indeed,
in an upcoming work [NZ22], the authors proved that for fixed = > 1, the conditional
limit distribution of Hgep(x, 77"), properly normalized, given Hge,(0,7) = L as L — oo is
the GUE Tracy-Widom distribution, again by exploiting the formula from [Liu22a].

By exploiting the same formula, we expect that there is a different scaling limit
when 7 = 7, depends on L and 7;, — 0 (or 1) as L — oo. We leave the two cases for
investigations in the future.

Remark 1.5. For the step initial condition, using the following invariance property of
the KPZ fixed point (see the skew stationary property of Lemma 10.2 in [DOV18])

g X 1 X\
{Hstep (x,t)}mem7t>0 = {Hstep (1' + Tt,t) — E ((m + Tt) — X
z€R,t>0

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
Page 3/27


https://doi.org/10.1214/24-EJP1092
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A conditional scaling limit of the KPZ fixed point

for any fixed X € R and T > 0, we have

Hatep (2L 47X, 7T) — THgep (X, T)

\[Ll/zl =
Law \[T1/4L1/4 HStep(X’ T=L
x€R,7€(0,1)
fd.d. n br
=22 Law ({mln{]B) +x,By"(7) X}}xeR,re(o,l)) ’
as L — oo.

For the flat initial condition, since {Hqat(z,t)}zer >0 has the same law as {Hga¢(z +
¢, t) }zer,i>0 for any fixed constant ¢ € R, our theorem implies

xT3/4
Haat (22777 + X, 7T) = mHaae (X, T)

\/§T1/4L1/4

Law Haat (X, T) = L

x€R,7€(0,1)

£d.d. 1—-71

fdd. 4o ({min{]Blfr( )+ x+ L \/5 2, By (7 )_X_ﬁ'z}}xeﬁ,rem,l))’

as L — oo.

Remark 1.6. We are not aware of any similar conditional (second order) scaling limit
theorems, but we mention two relevant results on conditional limit theorems on the
(first order) shape by proving certain concentration phenomena. The first is the recent
work by [GH22]. Their interest comes from a different aspect, and they proved various
interesting results. The most relevant result to our setup is [GH22, Theorem 1.9], where
in our setup they considered 7 = 1 and proved

> M7y,

sup

P [Hotep (2, T) — L + 2/ L1/2|
[7L1/2,L1/2] L1/4

Hetep (0, T) = L) < exp (—ClME)

with M < C,L3/* for some constants C';,C> > 0. Note that they are interested in a
different scaling in the space parameter z, of order L'/? away from the line segment
between (0,0) and (0,7 of out interest, and also their result concerns the case 7 = 1
that we exclude in this paper.

Another relevant and recent result is due to [LLT21], who identified the first order
space-time limit shape of the so-called KPZ equation in the weak noise regime, also
conditioning on the value at a fixed location being large and tending to infinite. The model
considered therein is loosely related to but not exactly the KPZ fixed point investigated
here, and also they are interested in the shape away from the line segment as in [GH22].

In principle, our methodology can yield second order limit fluctuations at the different
scaling order considered in the two papers above, away from the nearby region of the
line segment between (0,0) and (0, T"), although the analysis could be more involved. We
leave this task for a future work.

We searched for a simple explanation on why the limit involves the minimum of two
independent Brownian bridges, but without success yet. Nevertheless, our result is
consistent with, and actually provides insight to, some recent discoveries and conjectures
on point-to-point geodesics of directed landscape, as we explain now. Actually, the
previous Remark 1.2 on the moving downward right angle is inspired by this connection:
compare with Conjecture 1.8 below.
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1.2 Comments and conjectures regarding directed landscape

We discuss a few conjectures suggested by our Theorem 1.1, and the most interesting
conjectures concern the recently introduced directed landscape and its geodesics, to be
introduced in a moment. Originally, a main motivation of the present work was to better
understand the local extrema behavior around the so-called point-to-point geodesic,
when its length tends to infinity.

We shall start with a quick remark on Theorem 1.1. Our theorem is in the sense
of convergence of the finite-dimensional distributions, and a natural question is to
enhance the convergence to one in the space of C((0,1)) x C((0,1)) (C denotes the space
of continuous functions defined on the given interval). The only missing piece is the
tightness of the normalized processes with respect to the conditional laws. We do not
know how to prove this, but expect it to hold.

To simplify the notation we introduce

oL1/1>
Ti/411/4

Hstep (XTB/4 TT) — 7L
Hstep,L(Xy T) =

(The reason for the slightly different normalization as in Theorem 1.1 will become clear
in (1.5) below.) Then, we are interested in the argmax process and the max process

{argmaxHStepﬁL(x, T)} and {maXHStepﬁL(x, T)} ,
xeR 7€(0,1) x€ER 7€(0,1)

respectively. The motivation of considering these two processes shall be clear, once we
introduce the directed landscape and its geodesics.

Recall that the KPZ fixed point has continuous sample path when restricted to ¢ > 0.
The definition of the argmax process is delicate and actually nontrivial, as explained in
the next remark.

Remark 1.7. It has been known that for every fixed 7 € (0, 1), almost surely the argmax
of ﬁsmp(~, 7) exists and is unique [CH14, MFQR13, Pim14]. However, it has been recently
shown [CHHM?21, Dau22] that almost surely, there exists a non-empty fractal subset
say T of (0,1) so that for 7 € 7, the maximum of Hgp(-,7) is not achieved uniquely.
Therefore, while the maximum is always achieved for all 7 € (0,1) (so we can write
max,cR instead of sup, ), to define the argmax process jointly in 7 would require some
work.

Instead, to define the argmax process (without conditioning), one could first define
it via its finite-dimensional distributions (for every choice of fixed 74,...,7y and they
are known to exist uniquely as aforementioned), which form a consistent family. Then,
this family in turn determines the argmax process as a random element in D((0, 1)),
the space of cadlag functions [Bil99]. We let {argmax,cg Hstep, (X, 7)}r(0,1) denote the
so-defined process.

Now, to define the argmax process with respect to the conditional law, one should
also be careful regarding the uniqueness issue. In view of the discussions above and
Remark 1.3, the conditional law of argmax process given Hgep(0,7) € (L — ¢, L +¢) is
again well-defined (first for fixed 71, ..., 7; and then they determine the law on D((0,1))),
and therefore taking the limit € | 0 we obtain the conditional law of the argmax process
given Hgep(0,T) = L. Strictly speaking, we need to show there is a well-defined limit
when € | 0. We expect this to hold.

Then, the following conjecture can be proved if one shows the tightness for Theo-
rem 1.1 with step initial condition.
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Conjecture 1.8. Forall T > 0, as L — oo,

xeR

Law <{argmaxHStep,L(x, 7), maxﬁstep’L(x, T)} Hstep (0, 7) = L)
x€R 7€(0,1)

— Law ({BY'(7), By (7)} (1.4)

TE(O,l)) ’
where B?" and B denote two independent Brownian bridges, and where the conver-
gence is in distribution in the space of D((0,1),R) x D((0,1),R).

Indeed, applying the continuous mapping theorem to Theorem 1.1, it would follow
that the limit of the left-hand side of (1.4) is

{argmax min{\/ﬁB?r(T) + X, ﬁBSr(T) - X}v

x€ER
max Inin{ V2B (1) + x, vV2BY (1) — X} }
xER
7€(0,1)

s {BB%) ~BY'(r) BY'(r) + BY'(r) } ws)
ﬁ 7 \/§ re(o,l)7
which has the claimed joint distribution. It is remarkable that the argmax process and

max process, two dependent objects, are asymptotically conditionally independent when
L — .

Conjecture 1.8 sheds light on the behavior of a closely related object, the geodesics
of directed landscape, under a similar rare event of our consideration. To understand
the extremal behavior of geodesics of directed landscape [DOV18] was in fact our main
motivation of the current work, following a recent result by one of us [Liu22b].

We first review some background exclusively regarding the directed landscape,
denoted by £. We then explain how our result and the Conjecture 1.8 above are relevant
to L. The directed landscape was introduced as the random field arising in limit theorems
for Brownian last passage percolation [DOV18]. Since then it has been proved to be
the limiting field for several other KPZ models [DV21]. A directed landscape is a four-
parameter random field

{[I(a:,s;y,t)}]R% with R := {(z,s;9,t) e R*: s < t},

with continuous sample path. Then, for any s < ¢, and continuous function = € C([s, t]),
one can define the length of m with respect to the directed landscape L (see, for example
[RV21]) as

gs,t(ﬂ—) := inf inf _tZAC(ﬂ'(ti,ﬂ,tifl;ﬂ(ti)ﬁi), with 7 = {W(r)}re[s,t] S C([S,f])
=1

nelN s=to<---<t,,

The geodesic of the directed landscape L between two fixed points (z,s) to (y, 1),
with (z,s;9,t) € R}, is a continuous path = € C([s,]), with n(s) = « and 7(t) = y,
which has the maximal length ¢, ,(w) with respect to £. It has been proved that the
geodesic exists and is unique almost surely [DOV18]. For such a geodesic 7, we refer to
{L(x,s;7(r),7)}refs,y @s the directed landscape along the geodesic T between (z,s) and
(y,t).

From now on, we let

7= argmax {or(m) (1.6)
TeC([0,T])
w(0)=0,7(T)=0
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denote the geodesic £ from (0,0) and (0,7). It was proved that in [Liu22b] when
£(0,0;0,T) = L goes to infinity, the geodesic 7* becomes very rigid and has fluctuations
of order L='/%, and the directed landscape along the geodesic £(0,0; 7*(t),t) fluctuates
of order L'/4. Here we have the same issue regarding the definition of conditioning
on the event £(0,0;0,7) = L, and again it is understood as P(- | £(0,0;0,7) = L) =
lime o P(- | £(0,0;0,T) € (L —¢,L +¢)). See [Liu22b]. (In [Liu22b], an exact formula for
the density function of 7*(t) for a fixed ¢ without conditioning is known, and hence as
€ | 0 it has a well-defined limit by examining the density formula. For our conjectures
later, we need to assume the joint density of (7*(t1),...,7*(tq)) exists.
More precisely, the marginal conditional convergence was established as follows.

Theorem 1.9 ([Liu22b]). For any 7 € (0,1),7 > 0, as L — oo,

2L1/47r*(TT) £(0,0; 7% (rT),7T) — 7L
N (( e T/AL1/A ) ‘5(070;0,T) =L>

— Law ((\/T(l —1)Z1,/7(1 —T)Z2)> )

where Z; and Z, are two independent standard Gaussian random variables.

Now, we relate the KPZ fixed point H to the directed landscape £. Then the KPZ fixed
point H(z, t) can be expressed as (see [NQR20, Corollary 4.2])

H(z,t) = sup{ho(y) + L(y,0;z,1)}, z€R,t>0,
yeR

where hg(y) is the initial condition, and the above is understood as equal in distribution
for two processes indexed by ¢ taking values in the space of upper-semicontinuous
functions. In particular, with the step initial condition hg(y) = —oc - 14,0y, we have the
following representation of Hgp in terms of £

d
{Hstep (2, ) }1em 150 = {£(0,052,8)} e 40 - (1.7)

Note that we restrict to ¢ > 0 so the above is understood as equal in distribution for

random elements in the space C(R x (0,00)). Similarly, 2 in the sequel stands for

equal in distribution with respect to the corresponding space of continuous functions.
Moreover, the conditional law of {Hgcp (2, ) }oecr t>0 given Hgep(0,T) = L is the same as
the conditional law of {£(0,0; z,t) }ser >0 given £(0,0;0,T) = L.

Now, thanks to (1.7),

xT3/4 xT3/4
{ L(O,O;;M,TT)TL} d { Hstep(£1/47TT)TL}
T€(0,1) 7€(0,1)

rfgé{ T1/4AT1/4 = rfgﬁf T1/AT1/4

Conjecture 1.8 says that the left-hand side above converges in distribution to a Brownian
bridge, with respect to the conditional law given £(0,0;0,7) = L, as L — .

As we argued in Remark 1.7, the argmax process of Hg., with respect to the con-
ditional law is expected to exist uniquely. Therefore, so is the corresponding argmax

process for L. Set x*(77T") = argmax, £(0, 0; %7 7T). So we now know

£(0,0;x* (rT) 2% +T) — 7L £(0,0;7*(T), 7T) — 7L
T/A1/4 an T/A1/4

have the same conditional limit distribution (for the convergence of the second, recall
Theorem 1.9). In view of the uniqueness of the argmax process, it is plausible to expect
the following.
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Conjecture 1.10. For every 7 € (0,1),7 > 0, conditionally given £(0,0;0,7) = L, as
L — o0,

2L A* (1T xT3/4

—en ar;gérﬁl{axﬁ (O, 0; SLi/A" TT) — 0,
in probability.

The above conjecture would elaborate the rigidity phenomenon from a different
aspect: the definition of the geodesic 7* via (1.6) is much more involved than the argmax
process, and yet they become the same in the limit.

Now, following Conjectures 1.8 and 1.10 we arrive at the following conjecture. This
would extend the marginal convergence (for fixed 7 € (0,1)) in Theorem 1.9.

Conjecture 1.11. Forall T > 0, as L — oo,

0 2LV A (rT)  L£(0,0;7*(7T),7T) — 7L
aw T3/4 ’ T1/411/4 re(0,1)

£(0,0;0,T) = L>

— Law ({]Blfr(T)v Bgr(T)}re(OJ)) ’

where BY* and BY are two i.i.d. Brownian bridges over interval [0, 1].

Remark 1.12. In [BG19, right before Section 9], the authors suggested that for the
closely related exponential last passage percolation on Z?2, Brownian bridge might arise
as the scaling limit of the transversal fluctuations of the geodesic in the upper large
deviation regime.

Remark 1.13. Later in [GHZ23, Theorem 1.1], the authors considered the geodesic in
the directed landscape and proved 2L'/47* conditioned on a positive probability event
£(0,0;0,1) > L converges to a standard Brownian bridge weakly in the topology of
uniform convergence as L — oco.

The paper is organized as follows. In Section 2, we recall the formula we shall work
with from [Liu22a]. In Sections 3 and 4 we prove Theorem 1.1 for the step and flat initial
conditions, respectively.

2 Preliminaries

Recall that we let H denote the KPZ fixed point with hg its initial condition, and it
satisfies the famous 1 : 2 : 3-scaling-invariance property. Namely,
_ _ _ d
{MH (A2, AP HA o (V) b g oo = {H (@ 5o () }er im0 - (2.1)
The invariance property holds for general hy. We shall work with Hgep (with hg(z) =
—001z20}) and Hgyy (with ho(x) = 0) specifically in this paper.

2.1 Explicit formulas for marginal distributions

In the spatial direction, for fixed ¢ > 0, [PS02] proved that {Hgtep(z,t) }zer is the so-
called Airy, process (minus a parabola). The process {Hstep (2, 1) }zer + 2 is a stationary
process, and it is well-known that the marginal law, say, Hstep(0,1), has the Tracy-Widom
GUE distribution. Namely, let the function « = u(x) be the Hastings-McLeod solution to
the Painlevé-II equation v’ = 2u® + zu that satisfies the boundary condition u(z) ~ Ai(z)
as ¢ — oo, where Ai(z) is the Airy function satisfying Ai”(z) = zAi(z). Then, it is
well-known that

_2,3/2

. 1
U,(.T) ~ AI(SC) ~ W@ s

as r — oQ.
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Throughout, we write a(z) ~ b(x) as x — oo if lim,_, a(x)/b(z) = 1. Then,

P (Huop 01) < £) = Fen(Z) = exp (- [ (0= Do),

See [BBDO08] for more details and more related asymptotics. In particular, the corre-
sponding probability density function pgep,0,1(L) satisfies

1 4 13/2
8L

We also need later the GOE Tracy-Widom distribution, which has cumulative distribu-
tion function

Pstep,0,1(L) = paur(L) ~ as L — oo. (2.2)

1 o0
Foos(L) = Fi2 (L) exp (2 / u(s)ds) ,
L
with the function u as before. Therefore, its probability density function satisfies

—23/2
pcor(L) 74\/7?L1/46 as L — oo.

This distribution is related to Hg,; via P(Hgat(0,1) < L) = Fgor(2%/°L), and hence

473/2
_EL/

Phat0,1(L) = 223pcor (2¥/°L) ~ as L — oo.

1
(8mV/L)1/2 €

2.2 Explicit formulas for joint distributions

For the rest of this section we focus on H,. The corresponding derivation for
Hgat is similar and provided later in Section 4 when needed. Throughout we write
h=(hy,...,hm) €ER™ &= (21,...,2,) € R™, and

T:(Tl,...77'm) with 0:7-0<71<"'<Tm,-

Since we are proving for convergence of conditional distributions, we shall work with
the conditional tail probability

P(Hstep(xjaTj) > hj,j = ].,. Lo, m = 1 | Hstep(l'm,’rm) = hm), (23)

of which we derive an expression for the rest of this section. The formula we shall work
with is summarized at the end in Lemma 2.2. The derivation below is already quite
involved. The reason of not working directly with possibly equal time points is that the
corresponding formula would become even more sophisticated; see [Liu22a, Section
2.2.3].

We start with following formula (2.4) from [Liu22a]. The formula was not provided
explicitly therein, but can be derived from [Liu22a, Proposition 2.9, Definition 2.25]. (We
point out that the corresponding formula was first derived for TASEP therein, and then
the fact that TASEP converges to KPZ fixed point was used.) We have

P (H(thl) > hla ) Im 1, Tm— 1) > hm 1, H(InLva) < hm,)

dz; dzm—1

m 1 m

- s (z,h S . (2.4
7{1 ]{>1 tep, @, 7 )27r121(1 —21) 2mizim—1(1 — 2m—1) (24)

where each f>1 is integrated over a circle around the origin in the counter-clockwise
direction with radii strictly larger than 1,

1 n
DSteP@’T(Z7 h’) = Z WDéte)IJ,mJ(Z? h)7
nelNg® :

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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with Ny := {0,1,...} and
D("ﬂ) (z,h) = (— )n1+ AN

step,x@,T
H | / o / de? H / d,)’
5 i 1_Zj—l y,)left 27T1 1_Zj—1 C";_)‘li\;ft 27‘[’1 =1 Cl,lcft 27‘(1

Z]‘—l

53

<.
[

(7) dn)

1
/ dn% - Zj—l / an ﬁ / ( )
1 — ZJ 1 in 2mi 1-— ij]_ C]U,:gght Cr i B

j,right

5(]) (+1) )A (n(j).s(j+1)) 1\ Wit
! 1—z)%(1— =
A(EW; gU+D )A(n(j)'n(j“))( %) ( zj>

s(J) m  nj fx],TJ ’E)
(e

E(J) T’(] et IJ,TJ(V(J) h)

u::]H H::j:

and the notations are further explained as follows.

First, the second and third lines above are understood as a compact form of linear

combinations of 2(n; + - - - + n,,)-multiple contour integrals with respect to §§J ), nz(] ), j =

1,...,m,i; =1,...,n;, and the fourth and fifth row are the integrands. Here and below,
we fixn = (ni,...,nm,) € NT, and for each j, £€9) = (¢, . ,g,%)),n(j) =\, .. ,nﬁﬂj)) €
C™. Throughout we write, with w = (w1, ..., w;) and w’ = (wi,...,w},),
A(w) := H (wj —w;) and A(w;w'):= HH
1<i<j<k i=1i'=1

with the convention H?:1(~ -+) = 1. Moreover,
~ 1~ _ ~
fz7(C,h) i=exp (—3743 + 3¢ + hg) : (2.5)
We also set
Tji=1Tj — Tj—1, &j:=a;—Tj_1, i~zj i=h; —hj_1, j=1,...,m,

and g = hg = 79 = 0. In particular, Z;ﬂ | Tj = Tm and Z;”:l ﬁj = hm
The choice of the contours C’;r’lé (f)tl}tmght is delicate and plays a crucial role in our

analysis later, and we summarize some key features in the following remark.

Remark 2.1. Throughout we only need and work with the formula with 7; > 0 for all
7 =1,...,m. We describe the choice of the contours (actually, only the direction towards
infinity matters regarding integrability of the multiple integrals), starting with

1i-rrzl7left7 HERE) Ci2?left’ Clq,left’ Cg:lléfm . Cn;lfeft

These contours in the left half-plane are non-intersecting. To guarantee integrability,
we may take each starting from e~ 2"/300 to €27/300, located from left to the right. The

choice of the angle is such that the leading term —?J(gfj ))3 in the exponential function
has a negative real part as f ) tends to infinity along the contour (in both directions).
% nt> Clrights Cavignts - - - Com Ligne @re contours in

771'1/300 to e7ri/3

Similarly, one can pick, Co'tipir - - »

the right half-plane, non-intersecting, each starting from e
from left to the right.
See Figure 2.2 for an illustration of the contours when m = 2.

0o, and located

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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C1 right
out
C3 tignt

Figure 1: Illustrations of the contours in the formula of Dg:le)p or(2,h) when m = 2.

From the above we derive an expression of the tail probability that we work with.
The formula takes a similar form as in (2.4). Introduce

_‘(m) —(m m
Pyt | T A n““’)A(n(” gt 5 )\’
= (-1 H €(J+1))A 9);mU+D) 1;[ 5(]) T’(] )
MNm
>0 (g a2
im=1
and
0
Dgz‘;)p:cr(z’h) = Ol Di?e)pmc,h(z7h)
m 1 nj
- H (1= zj—1)™" <1 )
j=2 Kt
" 1 / a’ L / dg) 1”—[ / dg/)
X —_— — - — | x -
e 11—z in 2mi 1—2z;1 cout, 2mi i1 e 2mi
} ﬁ 1 / dn(J) 1 / dm(J]) . ﬁ/ d’r](l)
Py’ 11—z in e 2mi l—zj,l cout 2mi 121/ O i omi
fz,7, €7 hy)
an( "’(m)xHH 7
Jj=1li;=1 GJJ,TJ(U(]) h)
(2.7)
Lemma 2.2. We have
@step,z,‘r(h)

IP(HStep(:E]—,Tj) > hj,j = 1, oo, = 1 | Hstep(xnuTm) = hm) =

Pstep,0,7.m (hm)’
forall h € R™, (2.8)

where psiep 0,7, 1S the probability density function of Hgep (0, 74 ),

@step,w,‘r(h> = Z ( ) Qstep,w ‘r( )

nelNg®
with
~ dz dzp,—
1 1 1
Qé:gp@;"'(h = m j{ % step,:c 7- )2 . 1 T o 7711 ’
>1 >1 ’/TlZl( — Zl) 7TIZm_1( — Zm_(lz) 9)
EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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for each n € N, where where each f>1 is integrated over a contour around the origin
in the counter-clockwise direction.

Proof. Note that the function @step,wﬂ. can be defined as

~ 0
Qstep,w,‘r (h) :

= oh P (H(l’laTl) > hy,. .., H('Tm—laTm—l) > hp-1, H(l‘m,Tm) < h"”)'

One then readily checks the stated formula. Note that the only difference between
D(") and D(") is the extra factor in the second line of (2.6) (note that we are

step,xz,T step,x,T

differentiating with respect to h,,, not Em = hy — hm—1). O

3 Proof for the case with step initial condition

Thanks to the scaling invariance property of the KPZ fixed point in (2.1), it is sufficient
to prove (1.1) in Theorem 1.1 for the case of T' = 1, which we assume throughout this
section. We shall then prove the following restatement of Theorem 1.1 in the case with
step initial condition:

Hstep(m7 T) - THstep(07 1)
\/§L1/4 Hstep(oa 1) =L
x€R,7€(0,1)

fd.d. r ({min {Btfr(T) Tx, lBSr(T) _ X}}xE]RJ’E(Ovl)) , (3.1)

as L — oo, where B}™ and B are two independent Brownian bridges.

We shall prove the above in two steps. For most part of this section before Section 3.5,
we consider convergence of finite-dimensional distributions at distinct time points
To, ..., Tm. Then in Section 3.5, we prove the general case when some time points may
be the same.

Fix m > 2, and set

O=mg<n < <Tm=1,
hi,...;hpmo1 €R, hg=hy =0,

X1yeeesXm—1 € R, X0 =X =0,
and
1
4 .
hLJ:TJL“i’h]\/iLl/ and xL,j :Xj.m7 ]:1,...,771, L>0. (32)
We also write x = (x1,...,xm-1), h = (h,...;hn1), &L = (zr1,...,2Lm), hp =
(hei,---,hrm)and 7 = (71,..., 7). Then, in accordance to (2.3) we consider,

As ep,ar,r (P
]P(Hstep(IL,jvTj)>hL,j7j:17"'am71 | Hstep(ovl):L): Qtp7 L ( L)
paur(L)

with @Step@b.,.(h 1) in Lemma 2.2. Recall the asymptotic probability density function of
pcuk in (2.2). Write the corresponding tail probability in the limit as

Q.+ (h) =P (min {IBlfr(Tj) —I—Xj,IBgr(Tj) — xj} >hj,i=1,...,m— 1) .

Therefore, (3.1) is equivalent to

@step xr T(hL) @Step xr -,-(hL)
»ZL, ~ »TL, — Qx h) as L — oo. (33
pcur(L) (87L)~texp (_%L3/2) ~(h) )
EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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The goal of the rest of thls section is to prove (3.3). We start by recalling
@steparr(hL) = P peny (n,)Q Qstep z, ~(hr) in Lemma 2.2. Then, (3.3) follows imme-
diately from the followmg three lemmas, with 7; all distinct.

Lemma 3.1. If n € INg* \ IN™, that is, n; = 0 for some j =1,...,m, then thep wr(h)=0.
Lemma 3.2. As L — oo, with1 =(1,...,1) € N™,

1 4 1r3/2
—— 73l !

Qo r(hr) ~ o= X Qu.r (h).

Lemma 3.3. For every € € (0,minj—;, , 7;) (recall that 7; = 7; — 7;_1), there exists a
constant C' > 0 such that

>

nelN™\{1}

step,xr,T

(n.) o' (h )‘ < Cexp <4(13+6/)L3/2) ’

for all L large enough.

We prove the three lemmas in Sections 3.2, 3.3 and 3.4 respectively. For the case 7;
are not all distinct, the theorem then follows from a bootstrap argument by combining
the above and a general lemma in Section 3.5, which is of its own interest.

Before, in Section 3.1 we present some auxiliary results on Brownian bridges.
Throughout, we let C > 0 denote a constant that may change from line to line, but
not depending on n nor L.

3.1 Auxiliary formula of Brownian bridge

Let ¢o(x) = ( QWJ)*le*w2/(2”2) denote the probability density function of a centered
Gaussian random variable with variance o%,0 > 0. It is well-known that the joint
probability density function of a Brownian bridge B at times 0 = ag < a1 < --- <
am—_1 < @y, = 1 has the formula

pgi,...,am,l (bla-” m— 1 V2 H¢aj—a] 1 —bj—l),

for by,...,b;m_1 € R,bg = b,,, = 0.
We will need a formula for the joint cumulative distribution function of B" at different
times, as shown in the following lemma. Define

1
f(u;a,b) := exp <2au2 + bu) , u€eC,a,beR. (3.4)

du
b) = /Ff(u,a,b)fﬂiv (3.5)

if a > 0 and I is an arbitrary contour parallel to the y-axis with upward orientation.

Note the simple identity

Lemma 3.4. Let I'y,..., I, be disjoint contours listed from left to right, each parallel
to the y-axis with upwards orientation. We have forall0 =ag < a; < --- < a,, = 1 and
biy....bpm—1 €R, by =0b,, =0,

f(uj;a; —aj—1,b; —bj_ d
V2 / [Tj= fn I b B ) S P (BY(a) > by j=1,...,m—1),
[T 5 (wyn — uy) (2mi)™

(3.6)
with abbreviation I’ =I'; x --- x I',, and du = du; - - - du,, (with the convention u; €

Tiyeenstim € Tiy).

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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Proof. We view the left-hand side of (3.6) as a function of by,...,b,,_1, denoted by
Q(by,...,byu_1) below. First we note that Q(b1,...,b,_1) is well-defined since the inte-
grand is uniformly bounded and decays super-exponentially fast along the integration
contours. The function () is continuous on each b;. Moreover, if we write the integrand
of left-hand side of (3.6) as

[T, flugsa; —aj1,
—1
IS (w1 — uy)

we can see that the integrand converges to 0 uniformly if one of b; — +oo since
Re(—uj4+1 + u;) < 0 by our choice of the contours. Hence Q(b1,...,b,-1) — 0 and

O m—1
DT e (s + 3. 37
j=1

Qb1,....bm_1) =P (B™(aj) > b;,j=1,...,m—1) =0 (3.8)

as any of b; — +oo.
Now we consider (9™~1/db; - - - 9b,,_1)Q. We use the form (3.7) of the integrand of
(), and change the order of derivative and integral to obtain

8’"—1Q(b1 ..,b _1) 1 i du
Lo = 2m(—-1)™ f(uj;a; —aj—1,b; —bj_1)—~—. 3.9
Oby - Oby, 1 m(=1) /fg (ujsa; —aj—1,b; — b 1)(27ri)m (3.9)
To justify the change of the order of integration and differentiation, it suffices to notice
that the product [[j", f(u;;a; — a;j—1,b; — b;j—1) is continuous in b;’s and in u;’s, and
decays super-exponentially fast along the integration contours.

Now we combine (3.9) and (3.5), and obtain

O™ rQ(by, ..., bym_1)
6b1 o '6bm—1

= m(—l)m_l H ¢a]'7aj71(bj - bjfl)
j=1

= (_l)m_lpsf,~»- A —1 (bla ey bWZ*l)
O (B (ay) > byyj = 1,...,m— 1)
N Oby -+ - 0by,_1 '

This and (3.8) then imply Q(by, ..., by—1) = P (B"(a;) > b;,j =1,...,m — 1). This com-
pletes the proof. O

3.2 Proof of Lemma 3.1
(m) (m)

The case n,, = 0 is trivial since the last factor Z?jzl( i —m; ) in (2.6) becomes
zero. Note that if n,, # 0 and n € INJ* \ IN"", then necessarily for some j = 2,...,m,
(nj—1,n;) = (0,n;) with n; € IN. Consider such a j. We have

~ dz;_1 dz;_1q
B h ; :j{ j
il btep,:c,‘r(z’ )27Ti'2j71(]. _ijl) >1 27Ti'2j71(1 _ijl)

Ao ) ﬁ 1 / ey o / a¢”
Zj—1 i=1 172]'—1 C 2mi 172’]‘_1 C;? 27

in ut
j,left Jleft

R / s / d? ()
1 — Zj—l Cin 27‘(1 1 — Zj—l Cout 271'1 ’

j,right j,right

where we skipped the factor without the variable z;_;. To see that this integral is zero,
it suffices to increase the radius of the contour. Note that the factor involving z;_; is of
order O(|zj_1|~?) as the radius of the contour tends to infinite. It then follows that the
integral equals to zero.

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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3.3 Proof of Lemma 3 2

We first simplify Q (recalling (2.9)) in Lemma 3.5 below. Now with n = 1, for

step,xz,T
eachj=1,...,m, &Y = (§§])) is one-dimensional. So we simply write (@) = ¢ j =
1,...,m and similarly for n(), and

g’(m) — (é‘(l), . ’g(m)) and 'f/’(m) = (’17(1)7 A ,’I’](m))

Lemma 3.5. We have

m- Frn (€9 hr ) AEU dig™)
Qlilps.r(hr) = (=1) 1/C~H1(§ h) 1;[ Fro 7 @, hyy)  (2mi)?m (5:10)
with .
C = O lesr X C;H::ft X X mlleft X C1 right % O3 right X C’r?’;,lt"lght’
and
(W) — DY () — glHD) 1 1

II Tm), 7)) = (—1)™ . - . - . - X .
1(€ ") (=1) H (5(3) — g(J-H))(n(J) — 77(3+1)) (g(a) — 77(J))2 glm) — p(m)

(3.11)

Proof. We first remark that (3.11) is the same as II,, in (2.6) when n = 1. For (3.10),
recall (2.9) and we choose the contours to be |z1| = |z3] = -+ = |z;,] = R and let R
become large. Note that if we expand the product of the integrals in (2.7) withn =1
as a summation of 2m-multiple integrals, we find that Dgte)p «.~(%, h) has the following
leading term of order O(R™~1) from the integral corresponding to c,

m—1 7 Fm m
H (1 . Zj)/ Hl(é’(m) —'(m) >< H fTJaTg (E ’Ej) df(. ) dﬁ(. ) 7
e e f5, 7 (n@), hy) (2mi)™ (271)™

plus an error term (the sum of the remaining integrals) of order O(R™~2). The integration
of the leading term above with respect to z;,j = 1,...,m — 1 yields desired right-hand
side of (3.10). Similarly, the integration of each of the rest 2m-multiple integrals is
bounded by

_ dz | |dzm—1] _
O(R™ 2 | — O(R!
]{ZI_R szm—R ( )271'R\1 —z1l  27R|1 — zp—1] (B™)

since 2|=R |1 = is bounded by a constant for large R. Letting R — oo, we see that the
upper bound goes to zero, and hence the integration of the error term must be zero. We
have proved (3.10). O

Since we do not have any contours C‘ Teft OF cin ivight 10 the formula (3.10), we drop
the superscripts out in the integration contours of (3 10) in this subsection for notation
simplification. In other words, Cjeti = C§\y; and Cjrighe = C§yiyy,, for j = 2,...,m in this
subsection.

In the next step, we compute the asymptotics of thep - +(hz) using (3.10) and
prove Lemma 3.2. We need to deform the integration contours in (3.10) as follows (now
depending on L): forj=1,...,m

Ciete,r = —VL+27 V2LV 1ep, Chigne,r = VL + 2720745 g
where

Sitets = {j —m —1+7eF™/3 1 >0}, and ¥ pigne := — 2 1efi- (3.12)
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The orientations of Yjef, and Y,ig1,¢ in the integrals below are from coe™27/3 to coe?™/3,

—7i/3 wi/3

and from oce to ooe respectively. With these contours, for §2j) € Cjlest,r, and

1 € C;igns.L. We can parametrize
(Lj) = (Lj)(uj) =—VL+ 271/2L*1/4uj, 7](LJ) = n(LJ)( vj) = VL + 271/2L*1/4vj,

for some u; € ¥j et @and v; € ¥; 1i0n¢. Recall the definitions of f in (2.5) and f in (3.4),
and note the scaling of the parameters (3.2). We have, after a direct computation,

o (60 Te) = e (€ + 6 + el 319
2. X, ~ -~ ~ -~
= exp <—3TjL3/2 + (\X/% — \/5 hJ> L3/4> 'f(Uj;Tj, hj — Xj) -gL(uj;Tj,xj),
and similarly,
foJ;rJ (n(j) hL,j)

2. 132 (ij T /4 1 .
—exp (=7 L2+ (L 4+V2-h )L . — - g1.(v5; T4, %;),
<3J V2 ’ o7 b, —x) )

where T =T; —Tj—1, L5 = T5 — Tj-1, hj = h]‘ — hj—l: and Xj = X5 — Xj-1, hj = hj — hj—l:

and 1 -
LAY ~ 3 X 92\ r—3/4
w;T,X) 1= ex — TW + w* | L .
91 ) p(< 6v2 2V2 ) )

We see that g1, (w; 7,%) decays super-exponentially fast when w € X, oy — 00 and grows
super-exponentially fast when w € X; 1igne — 00, if 7 > 0.

Note that >3/ | 7j = 7op = 1, 3201 X; = X = 0@and 37, h; = h,,, = 0. Hence taking
the product over j = 1,...,m we have

M e 232 o~ .

Hsz,j,a (i(ﬁ)vhm) =e 3t Hf(uj%7j>hj—Xj)'gL(uj%%Xj% (3.14)

Hsz,,r7 (né)th,j) =30’ H gL (v 75, %;5). (3.15)
UJ7TJ7_h —X;j)

We also write (3.11) as
Ty (8™, 7™y = 27202 g (uy, g, 01, - U (3.16)

where

JL(ul,...,um,vl,... Upm,)
H 1_2 312y — 0,0 ) L3 (1 4 2-2(0; — uy 1) L3/
—uj1)(vj — vjq1)(1 =27 3/2(u] —v;)L~ 3/4)2
1
X .
1— 2-3/2(u,, — vp)L-3/4

(3.17)

Note also that d&i™dij™) = 2-m[-m/2qudv. By inserting (3.14), (3.15) and (3.16)
in (3.10), we arrive at

@g‘:clgp xr ‘r(hL) 1/ ~ ~
e =2n(-1)"" Il(fuj, P — f(vj; 75, —h; = X;
(SWL)*le_%Lsm (1) B xS 1 35T x;) - f(v;: 75, —h; ]))
9r(u;7j,%5) du  do

9L (vj; 75, %;) (2mi)™ (2mi)™”

X Jp (U1, ey Uy U1y e o Upp)
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With Zieg /right = S1,left/right X - - X X loft /right- Note that T[T, (F(uy; 75, hy—X;)-f(v;5 75, hji+
X;)) is uniformly bounded, integrable along the integration contours, and not depending
on L. Note that for fixed u; and v;, 1 < j < m, we have

1

i — 1) (v; = vip1)’

m—1
JL(ul,...,um,vl,...,vm)—> H (u
j=1
gr(uy;7j,%5) — 1, gr.(v;75,%5) = 1,
as L — oo. Moreover, we can see that

m ~ ~
g1 (v 75, %;)
sup  sup JL(ul,...,um,vl,...,vm)Hf < 0. (3.18)
L €% e, g1 (vj3 75, %;)
V; €35 right s
j=1,....m

J=1

Indeed, we have |uj—u;j 1| > dist(Z; efr, Sj41.0et) = V3/2 and similarly |v; —v; 1| > v/3/2.
Moreover, |1 —273/2(u; — v;)L73/4| > Re(1 — 27%/%(u; — v;)L3/*) > 1. Plugging these
bounds to (3.17) and using the simple inequality |1 + a + b| < (1 + |a|)(1 + |b|), we obtain

[T (U1, i, w1, o) < C T+ 2732 g [L734)2(1+ 273/2(0, | L73/4)2 (3.19)
j=1

for some constant C' independent of L. Both functions (1 + 27%/2|u;|L=%/%)2gy (u;; 7;,%;)
and (1 + 273/2|v;|L=3/%)2 /g1 (v;;7;,%;) are uniformly bounded because of the super-
exponential decay of gz, (u;;7;,%;) when u; € ¥, e — 00 and 1/gy,(v;;7;,%;) when v; €
Y right — 00. Together with (3.19) we obtain (3.18).

Now we apply the bounded convergence theorem, and have

A1
Qéte)p,ml,,‘r(h’lz)
Lo (8 L)~ le~3L%?
[12, fug; 75,0 = %) du / [T5%, fvs 75, —h; = %) dw
ileft H;rL:_ll (u] - u]-‘,-l) (271—1)77?« iright H;n:_ll(’l}] — ’U]_;’_l) (27T1)m

(3.20)

=2m(-1)™"!

We remark that now in the expression of the right-hand side of (3.20), we are free to
deform the contours ¥; ity and X; i1 on the right-hand side of the above equation to
vertical lines as long as the order of the contours are not changed. Therefore, we apply
Lemma 3.4 and obtain
\/% H;nzl f(uj;?jvhj 7;(11') du

S 1[5 (g —uygr) (277

=P (B"(rj) > hj —x;,j =1,...,m—1).

Applying Lemma 3.4 again but with the indices j — m + 1 — j (due to the different order
of the contours), we obtain

\/ﬂ(—l)mil/ H;n=1 f(vj;:]v_]ﬁ*hj 732]') dv
b

right H;‘n:_ll(vj _Uj+1) (27Ti)m
=PB"(1-7)>hj+x;,j=1,....m—1)
:IP(IBbr(Tj)>hj+Xj,j:1,...,m71),

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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where the last step follows by the reversibility of Brownian bridge. Inserting the above
formulas to (3.20), we obtain

(1
Q:Ete)p,mL,‘r(hL)

L—oo (87TL)—16’%L3/2
:IP(IBbr(Tj)>hj—xj,j:1,...,m—1)IP(IBbr(Tj)>hj—|—xj,j:1,...,m—1)
= Qx,-r(h)7

as desired.

3.4 Proof of Lemma 3.3

Recall Qstepm +(h) in (2.9) and Ditep o i1 (2.7). For every n € IN™ \ {1}, we first
control
1 1
|d5< d |dnf )

ni
A(n)
‘Dstcp,mL \Z; hL | < H H

ir=1" C1.lett C1 right

1
H [H =z

- |25-1]

nj

1—

) H jdet?| Lzl jde?|
1—2:] 1| Cln 2 |1—Zj,1‘ C;'),Lllgft 271’

ij=1

1 Idnﬂ)l 21| jdn?|
% 3J + J— J
|]. — Z] 1‘ Cin 2 ‘1 — Z] 1| cout 2

j,right ,right

< [ (€, 70 HH

Jj=1li;=1

flI?L ]17—] zJ h’LJ)

0 7 . (3.21)
waJ,TJ(nz L])

Again, the above is a compact way of writing the sum of 271+ +%m number of (2ny +--- +
2n,,)-multiple integrals with respect to 51(]), 771(]),] =1,...,m,i; = 1,...,n;. This time we
consider .

Cl.n/out _ { f+ 9- 1/2L 1/4U ue Eln/out}

j,left 7,left

with each E;nl{;f’tu * defined as before in (3.12). The contours are then disjoint, and the
minimal distance among all the pairs is denoted by caist L~ /* with cqist = V3 3/2.

As argued in [Liu22b], the first two factors in the definition of Hn(g(L ,ﬁ(Lm ) in (2.6),
where we recall

g j in g
&L :((Ll),..., (Lm)) with ¢ = ((L],)l,...,E(LJ)m) (CjJé‘f’t“t) i=1,...,m,

can be re-written as

mH A€V ) AMD;€5) T ( AED)AMD) " _ AEM)AmD)
L AED €T AmDne) 5\ AED ) AEM5n)

T AV )ARD: ) AEV)AMY) AEU)AMT) AE)AE™)
L AT T 0 ) AT ) BE ) AE )

Jj=1

and each of the three terms can be interpreted as, up to a possible sign depending on n,
a determinant. Then by Hadamard’s inequality, we have (e.g. compare with By, By, Bs in

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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[Liu21, Section 3.11),

AEAGM )| (1 \"
A€oy | =" \eawl 1)

and
A(ED; nUTDA(n©); U+D) A(€D)A (@) A(ETTDYA(nGHD)
A€V ETAMDi D) AEin) - AETTnUt)

( ) 1 i
< (n: 4+ ns njtngi)/2 (- i =1...,m—1.
< (ng +141) caistL1/4 ’

AE)AR™)|
AE™);m0m))

We also bound | S0, (¢ — ™) )| < [Ty ((1+ €5 (1 + [} ). Therefore,

Tm=1

m—1
2 o &
W (€, 7" )l = ny’ H (nj +mnjp1)” 2 N (cdlstLl/Q)nlJr T
j=1

)(1+ |77L Jim

X H <1+|§le

im=1

)) . (3.22)

Next, we examine the last term in (3.21). We eventually shall integral over X; icf; /right
and we view

éﬁ E(L])Z]( (7)) \FL+2_1/2L_1/4u§j) foru D g yinjout 5 L...,myi;=1,...,nj,

j,left >

(J)

as a function of (O . Recalling the analysis of fz, ;7 in (3.13), we have

—~ m n; 2~ ;(/ N
[ 62 = (53 (G« (- ve) )

Q=1 j=1i;=1
XHH ( by TJ, §j>gL (uij),ﬂ—ij)
j=1lij=1
We see that for every ¢ > 0, one can take L large enough so that
2 X; ~ . 20 —€) - .59 .
—gTjL?’/2 + (\/% — V2. hj) L3/4 < = L2 =1,...,m.

We shall assume the‘ above holds in the sequel. Moreover, we have seen that
SUD; _ ) - exsin/out |gL(u§‘J7_);7-j — X;j)| < oo (see (3.18)). Similar analysis applies to
yUj j,left

Hz_le Jer 75 ( g)lj , ELJ). We have, for every ¢ > 0 fixed and then for L large enough,

‘Dstep,wL ‘r(zv hL)| < C’exp njL3/2 (3.23)
1™
X 1—zjq|" 1|1 =
H 1= 2]
ny (ML njtngiq n
xn? [ J] 0y +np0)™ 2 | nad O™ X € (L)D, (L),
j=1
EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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ny

e.(L) =] /2

’Ll*l

X H H/ ‘f( ; T],h —xj>‘d|u(j)|
Ussout

j=2 i;=1 iefe Y57 ere

= ~
8 H / usout ’f( (m) Fm,hm _;(/m)’ (1 + |£L zm( im )|> d|UE:L)|7

im=1 m,left

f(ugll),ﬁ,hl —xl)‘d|u |

and a similar expression for ©,,(L). Note that we have canceled the factor L1+ +nm)/2
from (3.22) and those from dfl(j_) = 2*1/2L*1/4dug) and dng) = 2*1/2L*1/4dv§j). Then,

Co(L) < Crattrim i /2,

The same upper bound for ©,,(L) holds.
Therefore, for every ¢ > 0, there exists C' > 0 such that for L large enough,

]{ 7{ N T Gt
- . step,zr,T L 27‘(121(1*21) QWiZm_l(lfzm—l)

m—1

ny nj+njqq
<n? | [Ty +nj0)" = n
j=1

e

4(1 — €) &
x Qmat e nm o /2 axp [ - 3 ;?jnjﬁﬂ ,

for all n € N™ \ {1}. We also have, for L large enough,

N 4(1 =€) A 4(1 — 2€)
L"m/2 exp —— 3 ;TjnjL3/2 <exp —— 3 ;TjnjL3/2

< exp (4(126) (1 + min ﬁ) L3/2) .

3 j=1,....m

In the last step, we used the fact that Z;”Zl 7, =17, >0andn; >1forj=1,...,m,
and at least for one j, n; > 2. We write 1 + ¢ = (1 — 2¢)(1 + minj—; ., 7;). Notice that
in this way, by taking e > 0 small enough, we have ¢’ € (0, min;—;, ., 7;) as desired.

It remains to show that the factors involving ni,...,n,, above are summable. For
n <---<n,, we have

m—1
n1 R m 2 m
| L (g ) 550 g < gmattmn g ppe g2,
j=1
Therefore, by Stirling’s formula, with n! = ny!-- - n,,!,
"T m—1 njtnipq 71%
n® (IS (ng+nje1) ™ 2 ) nmg
Z X Cn1+"'+nm
(n!)?
nelNm\{1}
nnnl/Q
<Cm! Y omtrtte <o
1<n; Sni v
Combining the above we have proved the desired estimate.
EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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3.5 Joint convergence in general: with time points not necessarily distinct

The following general fact is of its own interest. This section does not require specific
laws of the models involved earlier. Let, for each n € IN, {Y,,(,?) } ,cRr te(0,7) be a random
field, and we are interested in the convergence of finite-dimensional distributions to
another random field {Y (2, 1) },eRr,tc(0,7), @8 n — co. We impose a general condition for
the limit random field as follows. Consider the joint cumulative distribution function of
the limit random field {Y (x,t)},cr te(0, 1),

F’cl,...,xd,tl,...,td(yh s 7yd) = IP(Y('TH t?,) < yh?’ = 1a teey d)a

viewed as a function of ¢4,...,%4,%1,...,yq: We assume that this is a continuous function
from (0,7)% x R? to [0,1], for all zy, ..., x4 fixed.

Lemma 3.6. Assume that

Yo(@iti)izy a= Y (@itid)hizy 4

asn—ooforallde N, z; € R,t; € (0,T7),i=1,...,d, such that all ¢4,...,t, are distinct.
Assume also that the joint cumulative distribution function is continuous in the sense
above. Then, as n — oo

gy

£d.d.
Yoz, )} per, te(0,T) {Y(z, 1)} er, t€(0,T) *

Proof. We first prove the case d = 2. We shall prove

lim P (Y, (x1,t) > y1, Yn(za,t) > y2) = P (Y (z1,t) > y1, Y (22,t) > y2),

n—oo

for all x1,x9,y1,y2 € R,t € (0,T). First, we write, for ¢ € R such that ¢t + ¢ € (0,7) and
0>0,

( n(T1,1) > y17 n(z2,t) > y2)
P (Yo(x1,t) > y1, Ya(x2,t) > y2, Yo (xa,t +€) > y2 +6)
P (Yo (z1,t) > y1, Yo(w2,t +€) > yo + 0)
—P (Y, (21,t) > y1, Y (2, t) < o, Vo(xa, t +€) > yo + 0)
> P (Ya(ert) > g1, Ya(wa, t 4 €) > yo +60) = P (Va(ea,t) < 2, V(e t +6) > yo +0).

Note that in the last expression above, each probability concerns the joint law of random
field at distinct time points. Therefore, we have

liminf P (Y, (z1,t) > y1, Ya(x2,t) > y2)

n—oo

>P(Y(x1,t) >y1,Y(zo,t+€) >ys+0) = P (YV(xa,t) <yo,Y(xo,t+€) >y2+9).
Letting €, 6 | 0, by continuity of the joint law we have

lim lanP( (xl,t) > y17Yn(x2,t) > yg) >P (Y(ml,t) > yl,Y(ZEQ,t) > yg) . (3.24)

n—oo

For the other direction, write

P (Yi(x1,t) > y1, Ya(xa,t) > y2)
=P (Ya(z1,t) > y1, Yo(22,t) > y2, Yo(22,t +€) > y2 — )
+ P (Yo(z1,t) > y1, Yo(xa,t) > y2, Yy (22, t +€) < yo — 0)
<P (Yo(z1,t) > y1, Ya(za, t+€) > ya — 0) + P (Y (z2,t) > yo, Yoo, t +€) <yo —9).

EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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Again, first taking lim sup as n — oo, and then letting ¢, | 0, we have

limsup P (Y (21,t) > y1, Yo (zo,t) > y2) <P (Y(x1,t) > y1, Y (22,t) > y2).

n—oo

Combining with (3.24), we have proved the convergence for d = 2. For larger d € N, the
proof can be carried out by the same method and induction on the number of ¢; that take
the same values. The details are omitted. O

4 Proof for the case with flat initial condition

Assume that Z is a standard normal random variable, and let ]B?“Z/ ¥2 be a Brownian

bridge with initial value Z/ V2 att = 0 and value 0 at ¢ = 1, and IBSI’Z/ V2 be another pro-
cess defined similarly, and the two are conditionally independent given Z. Equivalently,
the two processes can be defined via

1—7
V2

B?r’z/ﬂ(T) = IB:Dr(T) + Z, TE [07 1];i = 1a 27

where BY", BY* are two i.i.d. standard Brownian bridge, independent from Z. We shall
prove the following restatement of Theorem 1.1 in the case with flat initial condition:

Heat (===, 7) — THaat (0, 1)
{ at \/ﬁLl/if o at Hﬂat(07 1) -7
2L x€R,7€(0,1)

fdd, p ({min {B?r’z/\/ﬁ(ﬂ + X, ]BS“‘Z/ﬁ(r) — x}} ) ,
x€R,7€(0,1)

as L — oo.

The proof follows the same strategy as in the case of step initial condition. So we
only sketch the key calculations. We use the same notation for x, 7, h, x, hy asin (3.2).
Again we prove the case 7, ..., 7, are all distinct and then apply Lemma 3.6. This time,
we consider

_ Q\ﬁat,mL,T(hL)

IP(Hﬂat(:cL,j,Tj) > hLJ,j = 1, NN (e 1 | Hﬂat(O,l) = L)
Dflat,0,1(L)

The derivation of the expression of @ﬂat’mﬂ. is similar to the one of (2.8) as before
following [Liu22a, Proposition 2.9 and Definition 2.26]. More precisely, we have

Q\ﬂat,m,‘r(h) =P (Hﬂat(xj; Tj) > hjaj = 15 cee, M — 17 Hﬂat(Ianm) = hm)
1 =~
= > apr @ ():

neNg

where

O™ (B) = (-1 m—lf j{ D™ dz dzm—1
Qﬂat,w,‘r( ) ( ) - o ﬂat,w,f( ) )27rizl(1—21) 27TiZ7n,1(1—Zm,1),
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with

S(n) de,)’ dn;” (1) (1)
plr Ty et {5 M, } )
flat,x, ‘r H /C'l ore ~/C1.rig1,¢ 2 ( ( nk ¢ ) k=1 n

i1=1 ) EEREE)

nj
anl_zf 1,”1(1_2 1)
Jj—

nj

(@) (7)
<]1 / ) - / %,
1 — Zj—1 i_nl 2mi 1-— Zj—1 qulltf 27

J,le 2,1€

ij=1

. 1 / dn(]) 21 / dn(])
1-— Zj—1 in 2mi 1 — Zj—1 Joout 27T1

Jj,right Jj,right

(J)
~ —»(m) _‘(m fzJ7TJ g )
x I, H H
j= 17,171 zj, Tg(n(j) h; )

with

~ =2(m)

I (&

2(m)

n\m =(m 7 A é( ); 77(1)
777( )) — Hn<£ ’,,7( )) % (—1)"1( 114+1)/2 ( )

A(EM)Am™)
In particular, the same factor II,, in the previous section appears again, and the only

difference is the second factor on the right-hand side above. Moreover, the above
multiple integrals assume the additional assumption that

C1 et = —C1 right
(equality as two sets), and the J function is such that

d¢

2mi

L, amose -

d
= f(*Tl), for all f € L2 (Cl,lefta é'> 1€ Cl,right~ (41)

Throughout, we follow the same notations as in Section 3. Again, we have similarly as
before the following:

(i) the term Qﬂat oL, ,(hr) has the desired asymptotic behavior.

(ii) when n € INj* \ IN™, (1 (h) = 0.

flat,z, T

(iii) the remainder is negligible:

A ()
S Qe (o0 (). (4.2)

|
nemqy (W’

The proof for the second fact above is the same as in the proof of Lemma 3.1. The proof
for (4.2) follows closely the proof of Lemma 3.3, and the difference is on the estimates of
I, and also on the estimate of |Dﬂag #,.+(% )| in place of (3.23), of which the details
are omitted. So we arrive at
@ﬂat,mL,‘r(hL) Qig'lzc JEL, 7-( L)
Poat,0,1(L) Poat,0,1(L)

as L — oo,
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and we only focus on the contributing term. By (4.1),

) dn® 1
Bftrerzm) = [ G [ |0 =20 (1- 2
1,right ;

Zj—1

. ( 1 / W) / dg(i))
L=z Jom, 21 1= 21 Jeoy, 27

y ( 1 / dn®) _ zia / d77(j)>1
L=z Jom  2m  1— 21 Joou  2m

,right

_ moe o e()
iy (@), gty T 22 0),
i1 fz7 () hy)
with £m) = (¢ ¢M)) and 7™ = (n®, ... pm),
Ty (§0), ™)) = Ty (87, 7)) x (n®) — €M),

and the convention
5(1) — _77(1)_
We have, in place of (3.10) for the case with step initial condition, by the same derivation,

Qb r )= 0 f o f B oo
>1 >1

le dZm_1

27i- 21(1 — z1) o Zm-1(1— zm—1)

) ﬁ froy5 (€ e ) A€l digm)
ffL,j,Fj(n(j)’hij) (27-(-1)2m_1 s

o N GRN
C7 1o X OL right j=1

with

S .__ oout
ClLaett = C3L et X - Cm L,left>

~ o ou
CL,right = Cl,L,right X OQ,L,right - X Om L,right>»

and £(m)* = (¢@ . ¢(m), We shall work with

S(Lj)z—\/f and n(]) VL

1 1
AL TR

as before as functions of u;,v;, respectively. Write if‘c& = Yojeft X -+ X Xy lefr and
du* = dus - - - du,, accordingly. When writing u; in the sequel we follow the convention
u1 = —v1, so that several key calculations in the case of step initial condition can be
borrowed directly.

In place of (3.16) we have

ﬁl(ng), 77“(Lm)) = 27"_2Lm/2_1JL(u17 ey Uy ULy e ey Uy ) X (2\/E—|— 21/2L_1/4v1)
~ Qm_lL(m_l)/QJL(ul, e Uy ULy - e Un)s

the same formulas and hence asymptotics for f as in (3.14), (3.15) hold. This time,
dgtm)xqgim) = 9=(@m-1)/21=(2m=1)/4qy*dv. Then, in place of (3.20) we arrive at

A1)
Qﬂat J &L ,T ( L) ~ Qﬂa,t L, T( L)
Pfat,0,1(L) (8mV/L)~1/2 exp(—4L3/?)
. \/7/ 1)m—1Hjm:1 f(uj;;ﬁhj _gj)f(vj;;jv_hj _;j) du*dv 4.3)
o X Zﬁ“ht H;n:_ll (UJ U’J+1)( - Uj+1) (2mi)2m=t
EJP 29 (2024), paper 30. https://www.imstat.org/ejp
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as L — oco. (We only explained the pointwise convergence and omitted the details for
dominated convergence.) Notice that the factorization into two m-multiple integrals as
in (3.20) no longer holds here. Some extra work is needed.

To arrive at the desired formula, we first write the integrand of (4.3) as, for
ULy e e ey Um, V1, - - -, Uy fixed,

(~1)m-1 H;nzl fuy; ?jyﬁj —X;)f(vj; 75, _Ej —%;)
H;”:_ll(ug Ujr1)(v; — Vj41)
[T, f(uys 75, 0)F(vg575,0)

—1
IS (w1 — ug) (v —vig1) 55

exp ((hy —x;j)(=uj1 +uy) + (=hj —x;)(=vj41 +v5))

m
= /bj<2hﬁ-—xj H f(”j; 7-]; Ugy'rga H exp —Ujt1 + Uj) + Cj(—vj+1 + 'Uj)) dbde
<- X

<.
Il
s

where b; =b; —b;_1,¢; =c¢; —c¢j_1,7=1,...,mand by = ¢g = by, = ¢, = 0 as usual, and

in the first equality we used the fact that Re(u; — u;41) < 0 and Re(v; — v;41) > 0. Next,
we recognize

. du*dv
. Hf U’J’TJ’ UJ’T]7CJ)(-7
5

271 2m—1
ore X Exight j=1 )

dv
=/ f(—vl;Tubl)f(m;ﬁ,cl)Q—?
31, right

Tl
x ﬁ/ F(u; 75, b))t x H/ UJ;FJ-,Ej)d—”Jj
j=2 3 left 27“ X right 2mi
= ¢, (c xH@ XH%@ (4.4)

where in the last step for each integral the identity (3.5). Also, by the semigroup property
$2r, (€1 = b1) = [ &r, (2 = b1)¢r, (c1 — 2)dz, (4.4) becomes

A%( H@ ) X 6 (c H%g

/4151 PE:,Z g (D15 b 1)pEf,z g (€1 Cm1)d

\ﬁ/ O1/2(2)P oy (B )P (e o)z,

where p?»* _ s the conditional joint probability density function of B""#, given Z = z,
at time pomts TlyeeesTin—1-
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Now, combining all the above, we have shown

(1
O, (ko)
hm _—

L—o0 pﬂat(L)

= \/E/ (_1)m—1 H?Zl f(uj;?-ﬁ hj _Szj)f(vj;?j, —hj —F)\(ij) du*dv
S X5

1 . _
left X >right HTZl (uj - ujJrl)(Uj B ijrl) (2mi)2m =t
m
oy ~ 7 ~ ~, du*dv
= 47 ijhj —X; [ . H f(u], Tj, bj)f(’l)j; Tj, Cj)i(Qﬂ_i)Qm_l dbdc
?1%—hj—><j1 Loy X Vright j—1
j=1,....m—

=P (IBll)nZ/ﬁ(Tj) > hj — Xj,IBgr?Z/ﬂ(Tj) < —hj — Xj,j = 1, cee, M — 1)

=P (B2 (1) = hy =g, B () 2 vy kg = 1 m = 1)
where the last step follows by symmetry (—B"%/V2 has the same law as BP"—%/v2),
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