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A partial rough path space for rough volatility

Masaaki Fukasawa* Ryoji Takano’

Abstract

We develop a variant of rough path theory tailor-made for analyzing a class of financial
asset price models known as rough volatility models. As an application, we prove a
pathwise large deviation principle (LDP) for a certain class of rough volatility models,
which in turn describes the limiting behavior of implied volatility for short maturity
under those models. First, we introduce a partial rough path space and an integration
map on it and then investigate several fundamental properties including local Lipschitz
continuity of the integration map from the partial rough path space to a rough path
space. Second, we construct a rough path lift of a rough volatility model. Finally, we
prove an LDP on the partial rough path space, and the LDP for rough volatility then
follows by the continuity of the solution map of rough differential equations.
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1 Introduction

A rough volatility model is a stochastic volatility model for an asset price process
with volatility being rough, meaning that the Holder regularity of the volatility path is
less than half. Recently, such models have been attracting attention in mathematical
finance because of their unique consistency to market data. Indeed, rough volatility
models are the only class of continuous price models that are consistent to a power
law of implied volatility term structure typically observed in equity option markets, as
shown by [19]. One way to derive the power law under rough volatility models is to
prove a large deviation principle (LDP) as done by many authors [11, 4, 3, 13, 14, 31,
33, 34, 38, 35, 39, 32] using various methods. An introduction to LDP and some of its
applications to finance and insurance problems can be found in [44, 15]. In the context
of the implied volatility, a short-time LDP under local volatility models provides a validity
proof for a precise approximation known as the BBF formula [6, 1]. The SABR formula,
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which is of daily use in financial practice, is also proved as a valid approximation under
the SABR model by means of LDP [43]. From these successes in classical (non-rough)
volatility models, we expect LDP for rough volatility models to provide in particular
a useful implied volatility approximation formula for financial practice such as model
calibration.

For the classical models that are described by standard stochastic differential equa-
tions (SDEs), an elegant way to prove an LDP is to apply the contraction principle in the
framework of rough path analysis [17, 18]. Under rough volatility models, the volatility of
an asset price has a lower Holder regularity than the asset price process. The stochastic
integrands are therefore not controlled by the stochastic integrators in the sense of
[28]. Hence, a rough volatility model is beyond the scope of rough path theory, which
motivated [3] to develop a regularity structure for rough volatility. For classical SDEs,
the Freidlin-Wentzell LDP can be obtained as a consequence of the continuity of the
solution map (the Lyons-Itd6 map) that is the core of rough path theory. In [3], the LDP
for rough volatility models is obtained using the continuity of Hairer’s reconstruction
map. Herein, we take an approach that is similar to that of [3] in spirit but differs
somewhat. Instead of embedding a rough volatility model into the abstract framework of
regularity structure, we develop a minimal extension of rough path theory to incorporate
rough volatility models. Besides the relatively elementary construction, an advantage of
our theory is that it ensures the continuity of the integration map between rough path
spaces, which enables us to treat a more general model than [3].

We focus on a model of the following form:

dS, = o(Sy) (X, t)dX,, SpeR, (1.1)

where X is a d-dimensional Brownian motion, X is an e-dimensional stochastic process of
which components include fot #(t—s)d X, with a deterministic L? kernel x. The stochastic
integration is in the It6 sense. An example is the rough Bergomi model (x = kg is the
Riemann-Liouville kernel (3.1), f is exponential, and o(s) = s in (1.1)) introduced by
[2]. When k = ky or more generally x has a similar singularity to kg with H < 1/4,
beyond the case of o(s) = 1 or o(s) = s, no LDP is available in the literature so far,
including [3]. As mentioned above, the difference between classical SDEs and (1.1) is
that the volatility process X is not controlled by X because of its lower regularity. From
empirical evidence, we are particularly interested in the case where X is correlated
with X and H < 1/4[26, 5, 24, 7]. Unfortunately, the application of existing rough path
theory involves iterated integrals of X while, as is well-known, the standard rough path
lift of (X, X) that is amenable to LDP does not work when H < 1/4; see e.g., [18].

Our idea, inspired by [3], is to consider a partial rough path space in which we lack
the iterated integrals of X but are still able to treat (1.1). More precisely, we define
the space of a triplet of iterated integrals driven by X (we do not consider iterated
integrals driven by X) and rederive analytical results obtained in existing rough path
theory. The notion of a partial rough path was introduced in [30] to prove the existence
of global solutions for differential equations driven by a rough path with vector fields
of linear growth. Our motivation is different and requires a space of higher-level paths.
In contrast to [3], our method does not rely on the theory of regularity structure and
enables us to treat not only the rough Bergomi model but also the following rough
volatility models:

the rough SABR model [22, 41, 23, 20];

the mixed rough Bergomi model [8];

rough local stochastic volatility [37];

the two-factor fractional volatility model [25].
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To the best of our knowledge, no LDP for these models is established so far in the
literature.

To explain the idea of the partial rough path, here, we argue for how such a partial
rough path space should be. Suppose that d,e > 1, z : [0,7] — R%, & : [0,7] — R*, and
f : R® — R are good enough. By the Taylor expansion, for s < ¢ (which are close enough),
we have

/ fla)de, ~ fE) (e — ) + % 307 () [ / (@ — @s)idxr}

and

()

1 ) t T ]
= 3 Gt [ at ([ @ apan) e s,
k S S
where y; 1= fo (Z,)dz,, i, j, k are multi-indices, and we use the following notation:

e e e e 0
|i] := Zil, il = Hil!, = 1_[(351)’”7 o = H <8axl)
=1 =1 1=1

=1

for i = (i1,...,4.), * = (z1,...,x.). Therefore, following the idea of rough path theory, we
would be able to define a rough path integral f f(&,)dz, if we could define

1

) 1 [t . ; k
x® ::ﬁ/s (Xy)ida,, XU .= o

t
/ (Xor)* XY @ da,

for Xsr := I, — Is. By the linearity of the integration and the binomial theorem (see
Section 8.1 in [10]), X and X ¥ should satisfy the following formulas respectively:
foranyi,j,k € Z¢ ands Su <t,

= X0 + yirx (1.2)
and
ng) jk) +Z “m)k qX(J) ®X(q)
o (1.3)
+ XS Jj+k—p— qxupq7
PSS k

where, for i,j € Z¢, ¢ < j means for all | € {1,...,e}, 4 < j;, and Z, is the set of the
nonnegative integers. Our partial rough space is a space for X, X(© and XU*), where
the formulas (1.2) and (1.3) should play the role of Chen’s identity.

In Section 2, we formulate such a partial rough path space and state some fundamen-
tal properties including the continuity of the integration map. In Section 3, we construct
a rough path lift of our rough volatility model and state an LDP. Proofs are relegated to
Section 4.
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2 A partial rough path space

2.1 Definition
Throughout this article, we fix a € (3,1], 8 € (0,3), T > 0 and denote

Ap:={(s5,t)[0Ss<t<T}, TI:={icZ||i|f+a1},

and

J:={(j,k) € Z, x Z| |j + k[B + 2a = 1}.
Extending the notion of an a-Holder rough path in rough path theory, here we define an
(o, 8) rough path.

Definition 2.1. An (o, ) rough path X = (X, X X(ﬂ“)) o is a triplet of func-
iel,(j,k)e]
tions on At satisfying the following conditions for anyi € I, (j, k) € J, and s £ u < t.
(i) X is Re-valued, X is R%-valued, and X% is R? © R%-valued.
(i) Modified Chen’s relation: Xy = Xy, + Xut, and X and XU satisfy (1.2) and
(1.3), respectively.
(iii) Hélder regularity:

|Xst| N s|ﬁ, |XS(?‘ <t - S||i\3+0¢’ \ngtk)l <|t- S‘|j+/€|5+2a.

Let Q(,,p)-uia denote the set of (o, ) rough paths. We define a metric function d(, ) on
Q(a,p)-u1a and a homogeneous norm |||X|||(,5) respectively by

(o, (X, YY) := || X — ?HB-HId + Z X - Y(i)||\i|ﬁ+a-H1d
i€l (j,k)ET

+ ||X(jk) - Y<jk)”|j+k|,@+2oz-Hld
and

5 . 1/(lil+1)
X0y = 1K sma+ > (1XDlljy51acena)
i€l,(j,k)eT
. 1/(|5+k[4+2)
+ (|‘X(Jk)”|j+k|/3+2a-H1d)

bl

where || - ||,-r1d is the y-Hélder norm for two-parameter functions for v € (0, 1]:

‘Xstl
[| X||y-m1a := sup .
K 0<s<t<r [t — |7

Remark 2.2. The modified Chen’s relation and the Hoélder regularity of X (9 and XU*)
are from the following correspondence:

; 1Yo\ ik 1T [Pya Nk
il J, /s
when X and X have Hélder regularity a and 3, respectively. Note also that (X (?), X(00))
is an a-Holder rough path with the first level X(©) and the second level X (%9 in the usual
rough path terminology. An («, §) rough path has two first-level paths: X (©) and X.

Remark 2.3. Our modified Chen’s relation is a particular form of the algebraic structure
of branched rough paths studied in [29]. However, because X is not a controlled path of
X, the novel framework of (a, 8) rough paths is essential for establishing the rough path
integral stated in the Introduction.
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Remark 2.4 (A comparison with [3]). The iterated integral XS) = % St ()A(s,»>Z dX,EO)
plays a key role also in [3] (see section 3.1 in [3], where XS(? = Wlt in their notation). In
[3], its derivative %Wit appears in the structure space of regularity structure. Our («, j3)
rough path consists of not only X i? but also ng) The latter is required to construct a
rough path integral as an element of a rough path space, while in [3] the corresponding
integral is constructed as merely a distribution and such terms as X( *) are not necessary
for that purpose. As mentioned in Introduction, the key to treat (1.1) with a general
function ¢ is to construct f f(Xt, t)dX; as an element of a rough path space.

2.2 (a,f) rough path integration

Extending the rough path integration, here we introduce an integration with respect
to an («, 8) rough path.

Definition 2.5. Fix X € Q(, g).ma. We define YV and Y as follows if they exist:

Y= \%H%ZZW B, )X e,

p=1iel
N
2 . 1 1 k
V= i S (V0L 0V #3800 1 X |
p=1 (j,k)EJ

where i, := Xo,, and P = {s =ty < t; < ... < tyy = t} is a partition of the interval [s,].
The mesh size |P| is defined by |P| = max, |t, — t,—1|. If they exist on Ar, we denote
(Y Yy @) by [ f(X)dX, and we call this the («, 3) rough path integral of f.

Denote by Q,.mq the a-Holder rough path space, and denote by d,, the metric function
on Q..m1a; see [16], for example. Here, we state our first main result, the proof of which
is given in Section 4.1.

Theorem 2.6. Let n := max{|i| : i € I} and assume that f : R — R is C"2.

(i) For any X € Q(,_g)-rqa, the («, 8) rough path integral | f(X)dX is well-defined, and
[ F(X)dX € Q4 pa-

(ii) The integration map f : Q(a,8)-H1d — a-H1d 1S locally Lipschitz continuous. More
precisely, for any M > 0, the map f |e,,, restricted on the set

En = {X € Qap)-mal X0, S M},

is Lipschitz continuous; that is, there exists a positive constant C' > 0 such that
do ([ 10009, [ $OR)QW ) £ Oy (VW) VW e .

3 Large deviation

3.1 A lift to the partial rough path space

We now construct an («, 5) rough path, which plays an important role in this paper.
For notational simplicity we focus on a low dimensional case (both x and W below are
one-dimensional) but extensions to higher dimensional cases are straightforward. The
proof is deferred to Section 4.2. Let x : (0,7] — [0,00) as

k(t) == g(t)t*™", te€(0,T),
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where v,¢ € (0,1) and g is a Lipschitz function. For example, the Riemann-Liouville
kernel

tH—1/2

SRR T)

te (0,T), H € (0,1/2) (3.1)

has the above form (( = H — §,y=1/2 -4, g(t) = 1/T(H + 1/2), where 6 € (0,1/2)). For
a € (0,1], let C*Hd denote the space of a-Hélder continuous functions on [0,T]. Let
K o Hld  OocHd 5

e—0

KF(t) = lim {w O = FONT+ [ ()~ e - s)ds}
= w070~ 10D + [ (7(6) = FO)R' 6~ 5)s.

Proposition 3.1. Let (0, F,P,{F:},>,) be a filtered probability space, and fix o €
(1/3,1/2], B € (0,1/2), and~,¢ € (0,1) withy < 1/2, 3 < (. Suppose that X = (X!, ..., X%)
is a d-dimensional (possibly correlated) Brownian motion, and W is a one-dimensional
Brownian motion possibly correlated to X. Using the It integration, define X, X@, and
XU*) as follows: for (s,t) € Ar,i € I and (j,k) € J,

XV = KkwW(t) — KW (s),

Xs(f) =15 — 54,
o _ L[ %Y G _ L[V yo
X§ = / (X) O / (X) X9 @ dx,.
il S, 'y
Let kg (r) := (k(t — ) — K(5 — r)1(0,5) (7)) 1(0,¢)(r) and assume that

||Hst||2Lz(]R+) <Clt- $|2(<,7)H.

Then we have the following.

(i) Foras. we Q, X(w) := (X(w),X(i)(w), X(jk)(w))l o is an (o, B) rough path.
1el,(g,k)€E

( / f(X)dX> () -/ F(Ko)dX, 0.

where the left-hand side is the first level of the («, ) rough path integral and the
right-hand side is the It6 integral.

(ii) It holds that

3.2 The large deviation principle on Q(m 8)-Hld

We now discuss the LDP on ), g).mq. Following [38, 35], we use Garcia’s theorem
[27]. Let (W, Wl) be a two-dimensional standard Brownian motion and X := pW +
V1= p2 WL, pe[-1,1]. Define X, X XUk as in Proposition 3.1 with d = 1, e = 2. We
state our second main result, the proof of which is given in Section 4.3.

Theorem 3.2. Let X = (X, X9, X(*)) be the random variable taking values on
(2(a,p)-H1d> d(,3)) defined as above. Then, the sequence of triplets

XE© = (61/2)3, lilHD/2 X (6) 6<|j+k|+2>/2x<jk>>

EJP 29 (2024), paper 18. https://www.imstat.org/ejp
Page 6/28


https://doi.org/10.1214/24-EJP1080
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A partial rough path space for rough volatility

-1

satisfies the LDP on (§(4 g)-Hid, d(a,3)) With speed ¢~ with good rate function

## (2,20, xUR) .= inf {f#(f})‘ﬁ eH, (&2®,x0P) = Lo ]K(ﬁ)} :
where H is the Cameron-Martin space from [0, T to R?,

K(v) := ((/ w(- —r)ydatl, 0) , oo + ﬂ;,(z))

0

and
L(u,v) := (du,u-v,u*xv), wu,v€ Cor), vEH,

OUgy = Up — Us, -V = (U V), uxv = (ux*j,v), and

t t
(wv)st := / (ur —us)'dvy,  (Ujp 0)s i= / (u-j v)sr(ur — us)kdvr.
S S
Here, I# : C' — [0,00) is the rate function of two-dimensional Brownian motion:

T#H () -— %HT)H%—L’ v EH,
I7(0) := .
00, otherwise.

Theorem 3.3. The sequence of the processes {Y6 = f f(}i{e)dxe} - satisfies the LDP
0

€=

on (Qe.ma, do ) with speed ¢! with good rate function
P(y) it { 9450 | X € e v = [ 100

= inf {f#(ﬁ)

ﬁéﬂwmw=K@%y:/ﬂMwwﬁMwm}

where [## is defined in Theorem 3.2.

Proof. By Theorems 2.6 and 3.2 together with the contraction principle, we have the
claim. O

3.3 Rough differential equation driven by an (¢, ) rough path integral and the
Freidlin-Wentzell LDP
We now discuss the following type of rough differential equation (RDE) (in Lyons
sense; see Section 8.8 of [16], for example):

’

t
S, = / 7(S,)dYy,, (3.2)
0
where S; = S; — Sp, 7(s) = (S + s) and
Y — /f(X)dX € Qoma([0,7],RY), X € Q4 p)H1a- (3.3)

Theorem 3.4. Leto € C}.
(i) RDE (3.2) driven by (3.3) has a unique solution ®(Y) = (Y, 5), where
® : Qoomia([0, T, RY) x R — Qu-pa([0, T), R

is the solution map of (3.2) that is locally Lipschitz continuous with respect to d,,.
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(ii) The first level of the last component S of the solution to RDE (3.2) for (3.3) with
X = X(w) defined in Proposition 3.1 gives the solution S(w) = Sy + S to the Ité
SDE (1.1).

Proof. (i) is a standard result from rough path theory; see e.g., Theorem 1 in [40] or
Chapter 8 in [16]. (ii) follows from Proposition 3.1; see Chapter 9 in [16]. O

Theorem 3.5. Let 0 € C} and S¢ := ®(Y*), where ® is the solution map of Theorem 3.4.
Then the sequence of the processes {5‘6}620 satisfies the LDP on Q. gq with speed ¢!
with good rate function

I(3) := inf {f###(Y)‘ Y € Qupia, 5= <I>(Y)}

= inf {f#(@)

beH, (uv) = K@), 5= /a(g)f(li(u,v))dm(u, v)} .

Proof. Because the solution map @ is continuous, Theorem 3.4 and the contraction
theorem imply the claim. O

3.4 Short-time asymptotics

We consider the case kK = kg (see (3.1)). By the scaling property of the Riemann-
Liouville fractional Brownian motion X and the standard Brownian motion X, we have

Xet ~ EHXt, th ~ 61/2Xt.
This implies
et t
Vem e [ f(Rax, ~ [ r(Rax;,
0 0
where (X¢, X¢) = ¢ (X, X), of which the rough path lift is X¢ of Theorem 3.2. Letting

e SE*S ~€ —
Si ="l () = a(So+e > Ms),

we have
t
55 = / 54(55)dY:,
0

and we can derive an LDP for S¢ by an extended contraction principle [45].

Theorem 3.6. Let 0 € C}. Then {S'E}(Kegl satisfies the LDP on ,.piq as € — 0 with
speed 2" with good rate function

J(5) := inf {f#(ﬁ)

vEeH, (u,v) =K(v), §= U(So)/f(]i(u,v))d]L(u,v)} :

Proof. Denote by ®. the solution map of the RDE (3.2) with ¢ = 6°. We are going to
show that &, is locally equicontinuous. Because for all: € Z,

IV'6loc < (1+6)'[[V'0]loc < 2|V 0|0,

the local Lipschitz constants of ®. can be taken uniformly in ¢ by Theorem 4 in [40].
Therefore @, is equicontinuous on bounded sets, and we conclude ®.(Y.) — ®¢(Y") for any
converging sequence Y, — Y for any Y with [###(Y") < co. Then by Theorem 3.3 and
an extended contraction principle [45][Theorem 2.1], we have the desired results. O
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Remark 3.7. By the usual argument, adding a drift term to the above RDE is straight-
forward. The result then generalizes the existing LDP for the rough Bergomi model:

1 N N
dlog Sy = —§f2(Xt)dt + f(X¢)d X,

in[11, 3, 31, 38, 35]. To deal with the mixed rough Bergomi model [8] or the two-factor
fractional volatility model [25], we need an extension with higher dimensional x and W
that is also straightforward.

An LDP for the marginal distribution S‘f follows from the contraction principle, and
the corresponding one-dimensional rate function extends the one obtained by [11] as
follows.

Theorem 3.8. Assume o € C} and |p| < 1. Then t"'~'/25, satisfies the LDP ast — 0 with
speed t—2H with good rate function

2
i /| e {2 = po(S0) fy | (Knug(r),0) grar}
Gr

J#(2):= inf 5
geL2([0,1]) ) (S)? fo f(Kug(r),0)"dr

where Kpg(t) fo kp(t —r)gedr.
Proof. See Appendix B. O

A short-time asymptotic formula of the implied volatility (regarding S as a price or a
log-price process) then follows from Theorem 3.8 as in [11]. From the rate function of
Theorem 3.8, we observe that the effect of the function ¢ to the short-time asymptotics
is only through the constant ¢(Sp). In particular, the local volatility function o does not
add any flexibility to the asymptotic shape of the implied volatility surface.

4 Proofs of main theorems

4.1 Proof of Theorem 2.6

Proof. By a localizing argument, we can assume without loss of generality that the
derivatives of f are bounded. For brevity, let K := ||f‘|cg"+2 and M := |[|X]||(q,p). Let

R IS SESERP ORI PR S ER U ER )
iel (j.k)EJT

where #, := X,. Below, we follow the standard argument of rough path theory with
Chen’s identity replaced by our modified version (1.2), (1.3).

(Claim 1) The first level of the («, 5) rough path integral Ys(tl) is well-defined and has
the following inequality:

YV < KCy|t - 8], 4.1)

where

€1 = (n 175 (1 4 MY™2(1 4 708 {14 204050 4 1)5 4 o))
and ¢(r) := 207, =
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Proof. By Taylor expansion, we have

S or@xE =3 X o) (%) X+ R

i€l iel | Ipl<n—lil

=Y o)y ﬁ (Xgu)i*p xP 4+ S RXY, @2

i€l p<i iel

where
1 1— n—+1—|i| 1—14 R .
R=RX)i= Y (/ QO 1= 1 oo s, + exw)(w) (Ko
lpl=nt1-lil \/O s ws)
By the modified Chen’s relation (1.2) and (4.2), for any s < u < ¢,
JW+JD g =S o'y (ngj ) + 30 () X
el iel
i A 1 O P z i
== 0'f(#) Zﬁ(XsO X o+ 0@
iel < p)! iel
pSi
il

Because forall i € I,

(n+1)°(L+ M)" 2|t — s|nFDEFe,

(%)

[pl=n+1—i]

we have

I+ I = IP| S K+ 104 M) st

For any partition P = {s =ty < t1 < ... <ty = t}, let Js(tl)(’P) = E;\le ijzltp. By
Lemma A.1, there exists p € {1,..., N} such that

2
[tpt1 — tpa| S N_1|t—s|. (4.5)
Then we have

1 1 1 1 1
D P) = ID P = |10, + I, = I
é K(n+ 1)26(1 +M>n+2|tp+1 o tpfll(n-'—l)ﬁ-i_a

9 (n+1)B+a
N —1

§ K(n+ 1)26(1 +M)n+2 ( |t _ S|(n—%—1),ﬁ+o¢7

and this implies (note that (n + 1)3 + a > 1)

TP P) = IP| € K(n+1)%(1 + M)" 2204 08%0¢ (0 4 1) 8 + a) [t — 5| DB+,
(4.6)

(Claim 1a) {Js(tl)(”P)}p is a Cauchy sequence with [P| N\, 0.
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Let Q be any subdivision of P: Q ={s=7 <7 < ..<7, =t,},L > N. Consider
the subsequence {7, < 7, < ... < 7} with 7, =t,, and let Q, := QN [t, 1,1p].
Then Q,, is a partition of [t,_1,¢ ] By using (4. 6) we have that

JPQ) - IV P)

I Q) — J

tp—1tp

WE

1

]
Il

N
K(n+1)2°(1+ M) 2205080 (04 1)8 4 a) S|t — tyy [T
p=1

K(n+1)%(1 + M)"220+0540¢ (0 + 1) + ) T ( sup_ |1~ sl(”“w_l) |

A

A

t—s<|P

Hence for any partition P, P’ with |P| Vv |P’| < 6, we have that

PPy - I8P )

< 1P @) - IP@PuP)| + TP PuP) - PP

< K(n+1)2(1+ M)™220mD8+o41¢ (0 £ 1) 4 o) T ( sup |t - s|<”“)“a1> ,
t—s<6§

and because (n + 1) + a > 1, we conclude that {Jé(,i)(P)}p is a Cauchy sequence.

Therefore, Ys(tl) is well-defined. Furthermore, by (4.6), we have
VOIS P+ Y = I S KOyt - s)

Thus we have proved the statement of Claim 1. O

(Claim 2) Let m := max; »)cs |[j + k|. Then the second level of the (o, 3) rough path
integral Ys(f) is well-defined and has the following inequality:

VP S K200t — s>,
where
Cy:=(1+m)>*M(1+T)™" + (02 + 2012T<"—m>5) 2(mFADBF20¢ (4 1)8 + 2a1)

and
Cy =21 +n+m)*(1 + M) 3 (1 + T)@—m=D8,

In particular, we have f f (X)dX € Qu-Hd-

Proof. By the modified Chen’s relation (1.3), forall s < u < ¢,
J§3> + J(Q) +IV oIy - I
9+ D [0 F@)08 () (XD = XGN) + 07 f(@)0" F ()X |

(4,k)ed
= Sl + 527
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where
1 o Nk— )
S1=51(X) = JWes P -3 o' 2 | 2 gy () xR @ XY
(4,k)eT <k )
and
=3 (80" f(#)XGY
(d:.k)eJ
= P50 ) | L X e (Ra) X
4 s q)' su ut .
(4,k)eJ p<j q<k
Note that

JW @I = | S0 (i) XY (Za’f X(k)>

jeI kel

= 3N 0 (300" F(2) XY © X

jel kel

Z aj )X(J)®X(k)
(4,k)eJ

+ Y V()0 )X @ X
(j,k)EIXI\J

By Taylor expansion, we have

o ot (3)X9) @ X
(4,k)ed

= Z { Z l,ajf(;zs)akﬂf(;gs)( X)IXD @ x®
(G.R)ET \g|Sm—|j+kl|

+ 0 f( )R XD @ XY }

. 1 A~ \k—a _ . q
-y {an Ef(3s) (Z(k_q)' (%) X ®X7§t))

(4,k)eJd q<k

+ 7 f (@) R XE) © X3 }

where

R =m0

_ Z </1 (1— 9)m+1—|j+k;('m +1—1]j+ k|)a,€+qf(£s N eXsu)d0> (Xo),

lq|l=m+1—|j+k|

and so we obtain that

_ () 1 i £0a \ak £ 1 >\ ) (a)
Sl - Jsu ® Jut Z 8Jf(xs)8 f(xs) Z (k — q)' (Xsu> Xsi ® Xut
(4,k)eJ q<k
= Y Vra)RYXPDeox{ + Y @) f(a)XD o X @)
(4,k)eJ (G, k)EIXI\NJT
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DO f(@)XD @ x

and
|S1] = Z ‘53 R(I)X(J) ®X(k)‘ + Z ‘83
(3,k)eJ (4,k)eIXI\J
<> Y KE)XGexPl+ > KX ex{)
(J,k)E€T |ql=m+1—]j+k| (j,k)EIXI\J
S K21+ m)3e (1 + M)™ 3|t — g|(mH1B+2a
s|(mFD)B+2a

+ K2(14n)%(1+ M)?(1 +T)@—m=DB)
—m= (4.8)

< 2K2( +n+m)3@(1 +M)m+3(1 +T)(2n m 1)B‘t— S|(m+1)[3+2a
1)8+ a > 1, we have (n + 1)8 + 2a: > 1, and the

Here we use m < n (because (
definition of m implies m < n).
On the other hand, one can show that

' (4.9)

So= 38 Y SOTREIR, (X XG4 0 () R XY
(G:k)eJ \ IplEm—|j+kl
by using the Taylor expansion

37 f(aa)0F Faa)XGY

(J,k)eJ
> 3 ];a”pf( D(Xe)? + R 3 0% ()X EY
(4,k)eJ \ Ip|Em—|j+k|
1 ) R .
> S ()0 () (X)X Y
GRVE |p|Sm—|j+k| lal<m—|j+ktp] E L
1 .. ik
O (&) Ry (X)X

+ZZ;

(4.k)EJ |p|Sm—|j+k|
+ 3 RPakfa,)xXP,
(4,k)€J
where
= )
(1 —@)ymt1=litkl(m + 1 — |5 + k‘)(‘?j"'pf(is + QXSu)d9> (Xsu)pa

> </01 »

[pl=m+1—|j+k|

(m+1—j+k +p)6k+qf(gj«s+0f(su)d9>

3 3
R, = Rip,(X)
ol
— '
lal=mA1—|j+k-+p| E
X (X))l
Because forall (j,k) € Jand 0 < |p| S m —|j + k|,
, o (3) s " . "
O f (i) R, (XX 0| < K2 (KX G
lgl=m+1—|j+k+pl|
|(m+1)[3+2a7

S K21+ m)e(1+ M)™ 2|t —
https://www.imstat.org/ejp
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and
~ 13 S ik
IGARIICN) Sl S D SN [C M ¢/l
|p|=m+1—|j+k|
S K21 +m)e(1 4+ M) 2|t — (DT
we have
1 ~ > ik N ik
1520 3 N 0 F@) R (X PXE Y (08 F(aa) R XY

(Gk)ET |p|Sm—|j+k] (Gk)ed
< K21+ m)* (14 M) 2|t — s|(mrDit2e
+ K2(1 +m)%¢(1 + M)+t — |(mtDA+2e
<2K2(1 4 m)*e(1 4+ M) 2|t — g (mFDE+2a (4.10)

By (4.8) and (4.10), we have

JD 4+ 2 4 b g J

1
su u

1) - Js(tz)‘ S IS1 4+ S| £ K2C~'2|t — 3|(m+1)5+20¢7

where Cy = 2(1 4+ n 4+ m)*(1 4+ M)™3(1 + T)2»=m-18_ Moreover, by (4.1) and
(4.6), we have

I

YW oy - aQ e | < v Y -0

é 2K2012|t _ 8|(n+1)/3+2a'

1 1
e

Let Js(f) (P) := ZZ=1 Y;E)ltl_l ® Y;(pl_)ltp + Jt(letp. By Lemma A.1, there exists p €

{1,..., N} such that (4.5) holds. Note that m < n. Then, the above inequalities
imply that

IS P) - 1P P\

=

I 4y + I

tptpt1

+ YO, ov) g

tptpt1 tp—1tpt+1

=

T2t + Ty + T, ® T = I

tplpt1 p+1 tp—1lpt1
&) &) 1) 1)
+ Ytpfltp ® Y;pthrl ity ® Jtptp+1

< K202|tp+1 —tp1 |(m+1)5+2a + 2K2012‘tp+1 —tp1 |(n+1)'8+2a

9 > (m+1)B+2«

< K2 (C*Z + QCfTWm)B) <N —

|t N s|(m+1),3+2a.

This implies that (note that (m + 1)3 + 2a > 1)

TP (P) — JD| < K20yt — s|(mFDB+2a, (4.11)
This shows that {JS) (P)}p is a Cauchy sequence when |P| \, 0 (one can adapt
the argument of Claim 1a in the proof of Claim 1 by using (4.11) instead of (4.6)).
Hence, Ys(f) is well-defined. We also obtain that

VP < Q)+ [P — I < K20o|t - o

Next, we prove that [ f (X)dX satisfies Chen’s relation. Fix ¢ > 0 and s < u < t. By
taking a partition P = {s =ty < t1 < ... < tiy =t} of [s,t] small enough (which has

EJP 29 (2024), paper 18. https://www.imstat.org/ejp
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the point ¢ 5 = u), we have

v -y -y ’ < +lyw - ZJU

tp—1tp

v — Z a0

Y(l Z Jp 1tp

p= N+1
< 3e

and so the first level of [ f (X)dX satisfies Chen’s relation. Note that this result
implies that

N
1 1 1 1
ZYVtE)tl 1 ® ifti )1tq = Z }/t(p )1t1) ® th(q )ltq
g=1 0<p<qSN
Note also that
N N
1 (1) _ (1) (1)
}/S(u) ®Y1“5 B Z}/tp tp ® Z Y;q 1lq
p=1 q:N+1
1 1 1 1
- Z Y;“(P—)ltp ® thEz—)ltq o Z Y;(ﬂ—)ltp ® YE; )1 tq
0<p<g<N 0<p<q<N
1 1
o Z Yt(rijltp ® th )1tq
N<p<q<N
N N
1 1 1 1 1
ZY;(O% 1 ® ( ) Zyotp 1 ® Y;E?—)ltp o Z }/;“(1\7%?—1 ® Y;En—)ltp’
p=1 p:N+1
and so we have
@) _y® _y® _ymg Yjﬁ\ <lY@ _ s+ [v® - 8]+ [v® —sul < 3e,

where

%
i
WE

1 - ~ k
V) e ST @ f(a, )00 f(a, )XPY,
(J,k)eJ

S
Il
—

)

A%

IS

i
M=

YO ey N 9, )08 f(a, )XY,

p

p=1 (j,k)eJ
N
1 ya k
Suw= > |V eV ST (e, )0 @, )X,
p=N+1 (4,k)ed

Therefore, the second level of [ f (X)dX also satisfies Chen’s relation. The above
argument proves statement (i) of Theorem 2.6. O

(Claim 3) Suppose that there exist M > 0 and € > 0 such that
Vel V [Wat| < Mt — s, [V VW] £ Mt — s[5,

VA1V WG| < Mt — slltirse,

EJP 29 (2024), paper 18. https://www.imstat.org/ejp
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Vo= W] < elt—sl?, [V W < eft—s]ll5+e |VID W] < g —slithlo+20,

Then, there exists C3 > 0 such that

() = (f o)

< KeCslt — s|%, (4.12)

where

Cy = (1+n)2 (1 + 1)V 4 (3e + 2)(1 + M)"H22(nFDB e ((n 4 1)8 + o)}

Proof. By the assumption and the mean value theorem, we have

J(l)( ) (1) Z al Vg(t't) Z az Wg(:)
iel el
<> {|al =0 @IV + 10" @)V~ w1
el
< Ke(1+eM)(1+n)*(1+T)" D8t — |, (4.13)

By (4.3), (4.4), and the mean value theorem, forall s < u < ¢,
[TOW) 0+ TO V) = TOV ) = {TO W)+ T W)y = TD (W), }|
<3[RV - Riw)

i€l

< [R(V) = R(WIIVEY |+ R W)V — Wy
i€l

< (26 + 1)Ke(1 —l—n)26+1(1 —l—T)B(l + M)”+2|t _ Sl(n+1)ﬂ+a
_|_K6(1 _|_n)2€(1 _|_M)n+1|t N s|(n+1)ﬁ+a
S (2e+ 2)Ke(1+n)* T 1+ T)P(1 4+ M)" 2|t — 5| TDEe,

By Lemma A.1, there exists p € {1,..., N} such that (4.5) holds. By the above
inequality, we have that

[TOWV)a(P) = TO W) (P\tp}) = { IO (W)at(P) = JO (W), (P\{t,1) }
N ‘J(l)(v)tpltp + J(l) (V)tptp+l - J(l) (V)tpfltp+l
- {J(l)(W)tp_ltp + J(l)(w)tptp+1 - J(l)(w)tp—ltpH}

S 2e+2)Ke(1+n)* T 1+ T)P (14 M) 2|ty — b [ FDIF
2 >(n+1)ﬁ+a

|t — s|(ntDA+e

< (2e +2)Ke(1 +n)? (1 +T)°(1 + M)"*? <N_1

This implies that (note that (n +1)8 +« > 1)

JD (V) (P) = TP (V) = {TD (W) (P) — JH (W)}

<(2e + 2)Ke(1 +n)> (1 4+ T)° (1 + M) 2200+ D%l (n +1)8 + a)|t — s| DA+,
(4.14)
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Therefore, by (4.13) and (4.14), we conclude that

|TO (V) at(P) = TH (W) o (P)]
S |IDWV) = JDW) | + |[TD (V) (P) = TH (V)
- {J(l)(w)st(P) - J(l)(w)stH
< Ke(1+eM)(1+n)(1+T)" D8 — 5|«
+ (2e 4+ 2)Ke(1 +n)2 (1 +T)%(1 + M)+
x 20D (4 1) 4 )t — 5| D
< KeCslt — s|°.
Taking |P| N\, 0, we prove (4.12). O
(Claim 4) Suppose that there exist M > 0 and ¢ > 0 such that

Vit V [Wie| € Mt — s, [V v W] < Mt — 115+,
VAPV WGP < Mt — s tHe2e,

Ve = Wee| S eft — s, [V =W | < et — 5117+,
IVEP — WP < ¢t — s|lithls+ze,

(o) = ([ )

Cy := (1 +m)?*(1 + 2eM)(1 + T)m D8
+ (1 +TM=m8)(Cy + 401 C5)20m D20 (m 4 1) 8 + 200),

Then

< K2eCylt — s, (4.15)

where

Cy = (15e + 7)(1 +n 4+ m)>*(1 + M) F3(1 4 T) =8,
In particular, the integration map is Lipschitz continuous.
Proof. The assumption and the mean value theorem imply that
JOV) e = JOW)| £ 37 [0 F(0)0" F(0,) VY = 0 fla) 0 (o, WY

(G.k)eJ
< K2e(14m)%(2eM + 1)(1 + 7)™ +HD8)t — 522 (4.16)

On the other hand, by (4.7) and (4.9), we can calculate
1S1(V) — S1 (W)
< ST 1@ F)RG) VIV @ VP - 07 ) RG) (W)W @ Wi
G,k)e

+ > P (0" f(0)VE @ VY — & f (i) (i)W @ W
(j,k)eIxI\J

< K2e(1 +m)* (1 + M)™3(1 + T)°(5e + 2)|t — s|(mH1)o+2
+ K2e(14n)%(1+ M)?(1 +T)®=m8(2e 4 2)|t — s|(MmFTDA+20
< K2e(1+n4m)3 (1 + M) 3 (1 4+ T)2=m8(7e 4 4)|t — s|(mFTDE+2e
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and

|52(V) - 52(W)|

<> )R, (VI (V)P VEE — 0 (i) RS, (W) (W)WY
(4,k)€J |p|=m—|j+k|

~ 15 N |k
+ > > 0 )R (VVEY - 0k () R (W)yw P
(. k)EJ |p|Sm—j+k|
< K2e(5e +2)(1+m)* T (1 4+ T)° (1 4 M)™ 2|t — s|(m Do+
—|—K26(36+ 1)<1 +m)3€+1(1 + M)m+2|t _ S|(m+1)ﬁ+2a
< K2e(8e + 3)(1 +m)* T (14 T)° (1 + M) 2|t — s (mDA+2e
Therefore, we have
I2(V)sut — DW)gue| < [S1(V) = S1(W)| + |S2(V) — So(W)| < K2eCy|t — s|(mH1o+2e

where

Yot (V) = T (V) + TDV) iy + TV (V) @ T (Vg = JP(V)y, s<u <t

and
Cy = (15e + 7)(1 + n+m) (1 + M)™3(1 4 T)En—mP,
Let

T(V)sur =YD V)eu @ YD (V) = Y (V) @ SV (V)e, sSust.

Then by (4.1), (4.6), (4.12), and (4.14), we have

‘F(V)sut - F(W)sut|
< PY D (V) @ (YO (V) = TD(V)or) = YO (W), @ (YO (W) — JD(W),t) |
+ (YO (V) = TD(V)g0) @ TO (V) = (YO (W) = TD(W)i) © T (W)t

< [YOV)gu| [y O V)it = TO V)t = YO (Wt + O (W),

YO g0 = YO (W | [¥ O (W) = T (W),

YO V) = TD (V) = YO (Wit + TDW) | |70 (V)

YO W) = IO W] [ 7D (V) = IO (W)

§ K2640103|t - S|(n+1),8+2o¢.

By Lemma A.1, there exists p € {1, ..., N} such that (4.5) holds. Then we have

7O (V)ou(P) = TO(V)u(P\tp}) = { IO (W) (P) = TO(W)ot(P\ (1)) |

S |BV)iyitptyes = EW)ty stptpin | + TVt sttyir = TV )iy st |
< K2€é4|ti+1 _ ti_1|(m+1)ﬁ+2a + K2€40103|ti+1 _ ti_1|(n+1)ﬂ+2a

9 ) (m+1)B+2«

< K2€(1 + T(nim)ﬁ)(éﬁ +4C,C3) <

t— (m+1)ﬁ+2a.
N1 |t — s
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This implies that (note that (m + 1)3 + 2a > 1)
[TOV)u(P) = TO (V) = { T (W) (P) = T (W)t }|

< K2e(1 4 T ™P)(Cy + 4C1C3)20m DO ((m 4 1) B + 2a) |t — 5| (D20
(4.17)

Therefore, by (4.16) and (4.17) we conclude that
|[JE(V)st(P) = JE (W) (P)]
< TP W) = TP (W)
+[TEW)(P) = T (V) = {JP(W)e(P) = T (W), }|
< K2eCylt — s>,
Taking |P| \, 0, we have (4.15).
For any V, W € &y, take € := d(4,3)(V, W). Then we have
VetV IWael < Mt = sl VOV W] S Mt — s[5+,
‘V(Jk |V |W(Jk | < M|t — 5|\j+k|,6’+2a7
and
Vit = Watl < elt—s)”, Vi = W] < elt=s 1752, [WED - WD < el sl TH4 20,

Therefore, by (4.12) and (4.15) we conclude that for all V, W € &,,,
da (/f(V)dV,/f(W)dw) < KCze + K2Cye £ K(Cs + KCy)dg 5 (V, W),
and this is the claim. O

Claims 1-4 complete the proof of Theorem 2.6. O

4.2 Proof of Proposition 3.1
We use the following lemmas.
Lemma 4.1 ([42] Proposition 1.1.2).

(9 1p(g%7) = L1 (9P )) +pllgllF2 T, (9®P7Y), ge L*(Ry), p2 1.
Lemma 4.2 ([36] Corollary 9.7). Let Y belong to the m-th Wiener chaos and p 2 2. Then

we have
1Y, £ Vm+1(p—1)™?(|Y]2.

Proof of Propos1t1on 3.1. (i) Because v < 1/2, X is well-defined and one can prove that
fo (t —r)dW,.. The modified Chen’s relation follows from the binomial theorem

as 111ustrated in the Introduction. For the Holder property, by Kolmogorov’s continuity

theorem (see Theorem 3.1 in [16]), it is sufficient to prove the following inequalities:

X 1lp < Cle=s| 112, [[XGP |, S Clt—s| I p22 i€ 1, (k) € J, (5,1) € Ar.

Fix s < r < t. Note that Xs(p = for Ksr(u)dW,,. Then by using Lemma 4.1 repeatedly, we
have that for allm € Z.,

m

(X‘E},))Zmizclm]m( ®2l)|| 9T||2m 2l’

=0

2m—+1
X(l) m chmIQl—i-l ®(2l+1))|| ér||2m 2l’
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where ¢y =1,

Co,m—1 l= 0,
El,m =94 C-1,m-1+ (2l + 1)Cl,m71 l=1,...m-—1,
1 otherwise,

and
Com+2(l4+1)é41m 1=0,...,m—1,
Clym = )
1 otherwise.

Then the assumption v < 1/2 and Lemma 4.2 imply that for all m € Z,

e s 2 - ! l 2m—21 i
‘ [ ()" (@) x| < el,m‘ [ Bl 22 = sl
s P 1=0 s P
m t
<3 G p®H D2 / L (K& esr | |75 r = 5|2 X,
=0 s 2
< pli+1)/2 <Z El)mpl—m> It — S||i\{+1/2—i1/2(27—1)
1=0
< oplinth/2 (Z & mplm> It — 8|‘i|€+1/27
1=0
and
t m 7
[ )™ (o
S P
m t
<D cm ‘ / L1 (5D |l |75 — s/¢2d X,
1=0 s P
m t
g ch,mp(2l+2)/2 / I2l+1(”§«(2l+1))‘|Hsr‘|irzn72l|7' _ s|(i2dXT
1=0 s 2
< plin+1)/2 (Z Clmplm) It — s|lilcH1/2=01/2(20-1)
1=0
< Cp(z'1+1)/2 <Z Cl,mpl_m> |t _ s\|i|¢+1/2,
1=0
Therefore, we conclude that for all ¢ = (iq,142) € Z%r,
, L i i ) .
Xl = | [ ()" (32 ax|| sepermee-spenn @
s P

and this implies the claim. By the same argument, we have
XS], < CpUr a2l — g T (k) = (1, o), (k, ko)) € 22 x 23 (4.19)
(ii) By (i) and Theorem 2.6, for a.s. w, the limit
2 W . i (Y (i)
(freax) - i S0 ()X,

exists. Because

¢ N
| Eax, = tim (%, )X,
s q=1
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in the sense of the convergence in probability, it is sufficient to prove that for all i € I\ {0},

N
lim S0t f(X, )XY, =0

N—o00 ta-1tq
q=1

in probability. Fix i € I'\{0}. We can assume f € C;""? without loss of generality. By the
result (i), we have

AN 2 .
E {(Xﬁ?) ] — Ot — 216 < oo,

and so taking K := ||f] |C:+2, we conclude that

) :
S e[ (160382, ]

q=1

N 2
E (Zaif@tqnxxl,tq)
qg=1

A

N
K23l — P

q=1
2[4[¢
=K? sup |t — s|> T
[t—s|=|P|
=0 (as [P[\0),

and this indicates the L? convergence. O

4.3 Proof of Theorem 3.2

Denote by Cj 1 the set of the R-valued continuous functions on [0, 7] equipped with
the uniform topology. Let Ca,. be the set of continuous functions on Ar, taking values in
RP, equipped with the uniform topology for the metric

d(X,Y):= sup |Xs—Ys|, X, Y €Ca,.
(s,;t)eAT

We use the same notation Ca, for different dimensions D, more specifically any one
of D=1, D =max{|i|| : € I}, or D = max{|j + k|| (j, k) € J}. Let Sy be the set of the
R-valued {F;}-adapted simple processes on [0,7] x € and

S:{ZGS@

sup [Z=1¢.
t€[0,T]

Definition 4.3 ([27]). Let {V"} be a sequence of R-valued semimartingales on [0, T] x §2.
We say that the sequence is uniformly exponentially tight (UET) if for every T' > 0 and
every a > 0 there is Kt , such that

1
limsup —logsup P | sup [(Z_ V") 2 K| £ —a, (4.20)
n—oo N zZeS t€[0,T

where Z_ -V is the It6 integral of Z with respect to V :

t
(Z_ V)= / Z,_dV,,
0

For a one-dimensional Brownian motion W, V" = n~'/2WW is an example of a UET
sequence; see Lemma 2.4 of [27].
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Theorem 4.4. Let {U"} be a UET sequence of R-valued semimartingales and {V"}
a sequence of R-valued continuous adapted processes. Assume that the sequence
{(U™,v™)} satisfies the LDP on Co 1) % Cjo ) with speed n~! and good rate function J*.
Then the sequence {(U", V", (U" -; V");c1)} satisfies the LDP on Cjo 1) X Cjo, 1) X Cap
with speed n~! and good rate function

- J*(u,v), veBV,VielLz® =u-;v,
I (u,v,x) =

0, otherwise, (4.21)

:inf{j*(u,v)‘ u,v € Clo1),v € BV, Vi e I,2® :u~iv},

where BV is the set of the functions of bounded variation on [0,T], x = (x(i))iel € Ca,
and

t
(U5 v)st ;:/ (uy — us)'do,.

Proof. By the assumption and the contraction principle, {(U", V"™, ((U")%),cr)} satisfies
the LDP with good rate function

A (u,v,p) = inf{j*(u,v)‘ Viel,pW = ui}.

Therefore, by [27][Theorem 1.2], we have that {(U", V", (U™)},U" ®; V");cr)} satisfies
the LDP with good rate function

As(u, v, p,x) = inf {j*(u,v)

u,v € Clo,1), v € BV, (ga(i),:c(i)) = (u',u©; v)},

where (u ®; v); := (u-; v)o;. Note that by the modified Chen’s relation (1.2), we have

(uv)se =(u®;0) — (WO; v)s — Z ﬁ(us — uo)i_l’(u p V) st-

Hence, by the contraction principle again with the aid of induction, we see that
{(U™, V™, (U™ -; V™)cr)} satisfies the LDP with good rate function (4.21). O

Theorem 4.5. Under the same conditions as in Theorem 4.4, the sequence
{@U", (U™ i V™)ier, (U™ % V™) ryes )}

satisfies the LDP on Ca, x Ca, x Ca, with speed n~! with good rate function

j***(i:,x,x) = inf {j*(u, v)

u,v € Clo ), v € BV,
Vi€ 1,Y(j,k) € J, (&2, x0%) = (§u,u -5 v,u s, 0) |
(4.22)

where (du)st 1= us — us and

t
(u %)k v)st 1= / (w5 v)or(up — us)kdvr.
Proof. By Theorem 4.4 and the contraction principle, the sequence
{(U™ V" (U™ V™ier, (U™ 0; VU™ ) Gmes) }
satisfies the LDP with good rate function

As(u,v,x,p) = inf {j*(u, v)

u,v € Clo,), v € BV, (2D, pUR) = (u v, (u O, v)uk)} .
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Therefore, by [27][Theorem 1.2], we have that
(U™ W™ V™) ier, (U™ @1 V) kyes) b
satisfies the LDP with good rate function

As(u, z, @) = inf {j*(u, v)

u,v € Cpo,), v € BV, (x(i),gp(jk)) = (u-v,u®ji v)} ,
where (U ®,, V)¢ = (U % V)o:. Note that by the modified Chen’s relation (1.3), we have
(Un *jk Vn)st = (Un @jk Vn)t - (Un ®jk Vn)os

= 3 G T Ve @ (0 V)

q<k
1 4
— Y e (TR AU s V.,
- (G-plk—1q)!
p+q<j+k

Hence, by the contraction principle again with the aid of induction, we see that
{U™, (U™ s V™)ier, (U™ %k V") (jkes)} satisfies the LDP on Ca, X Ca, X Ca, with
good rate function (4.22). O

Lemma 4.6. (i) The (o, 3) rough path X of Theorem 3.2 has exponential integrability,
i.e., there exists n > 0 such that

E [exp {nll XI5} < o
(ii) Assume that the family of random variables
X€ = (2%, eli+D/2 X (0 (5+K+2)/2 (F))
taking values in €, g).uiq Satisfies the LDP on Ca,. x Ca, X Ca,. (with the uniform

topology). Then, X¢ satisfies the LDP on (), g).ma (in the d(, gy topology) with the
same good rate function.

Proof. (i) Let Z := [||X]|[(a,5)- By the inequality (4.18), (4.19), we have that for all
P E [2,00),

XD, < CpatD/2)p — g|lilct1/2 XU < oplnthtD/2)p _ g|litklctt

and this inequality and Kolmogorov’s continuity theorem (see Theorem 3.1 in [16]) imply
that for p = &,

11X llsamall, < &/F: XD Nosasmall, < 072,

H|X(jk)\|\j+k|ﬁ+2a-md"p < Ep(jl+k1+2)/27

where ¢ = [£1] + max;er[&1] + maX(j,k)lefﬁl]' §:=C-B&=il(C-B)+(1/2—a),
Eik =17+ E|(C—B) + (1 —2a), ¢ := ¢+ max;es ¢; + Max(; y)es Cjk, and

. 2C 20 °C
= T TNy GiT —, Cjk = .
ey T I amEEen T T e

Then Jensen’s inequality implies that

)1/(\i\+1) 1/(li+1)

H(|X(i)|iﬁ+a-Hld < 51/(|i\+1)\/13,

p

<[
p
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and similarly

)1/('”’“'”) < AN g

p

([T
Therefore, we have that
1Zll, = ev/p, p 2§,

where ¢:= ¢+ >, /(i) 437 @/ (TR Then we have that

> n n 2e2n\" ,
Eexo(nz?)] =3 Tz < 3 Tz - 3 B

. . n
n=0 2n<e 2n>¢

and so taking 1 > 0 small enough (2¢?ne < 1), Stirling’s formula implies the claim.

(ii) We adapt the argument of [18][Proposition 13.43]. By the inverse contraction
principle (see Theorem 4.2.4 of [9]), it is sufficient to prove that {X¢} is exponentially
tight on Q4 gy.ma- By (i), there exists ¢ > 0 such that

P (11X 6r) > 1] < exp (—cl?)

for any o’ € (a,1/2) and 8’ € (8,1/2), and this implies that for all M > 0, there exists a
precompact set

Kar = {X € Qo gpana| Xl ) < VI

on (4, g)-H1q Such that

M M
elogP [X® € K§;] = elogP l”lXGH(a/’ﬁ/) > ”c} =elogP [||X||(a/ﬁ/) >4/ 061 < M,

from which we conclude the claim. O

The inverse contraction principle (see Theorem 4.2.4 of [9]) implies that {e/2(W, W 1)}
satisfies the LDP on C"Hd with speed ¢ ! with good rate function I# (note that
v € (0,1/2)). By Theorem 1 in [21], the map f + Kf is continuous from C7Hd to C¢-HId,
Then the contraction principle implies that {¢'/2(X (1), X) = ¢/2(KW, pW ++/1 — p2W 1)}
satisfies the LDP on Cjo 1) x CJo 1) with speed e~ 1 with good rate function

IM (w,v) = inf {f#(f))

veH, (w,v) = (/ k(- — 7)o, poM) 4 /1 — p217(2)) } .

0

Let F, : C[O,T] X C[O,T] — C[O,T] X C[O,T} XC[O’T] and F': C[O,T] X C[07T] — C[O,T] X C[O,T] X C[07T]
as F.(w,v); == ((wg, e /?t),v;) and F(w,v); := ((w;,0),v;). Then F is continuous and
F.(w¢,v¢) — F(w,v) for all converging sequences (w¢,v¢) — (w,v) with I (w,v) < co.
Hence the extended contraction principle [45][Theorem 2.1] implies that {61/2(X, X)}
satisfies the LDP on Cjo 1) x Cjo,1] X CJo,7) With speed ¢! with good rate function

J*(u,v) := inf {f#(ﬁ)’f; eH, (u,0) = ]K(f))} .

As mentioned earlier, { X¢ = el/QX} is UET by Lemma 2.4 of [27] with n = ¢~!. Therefore,
by Lemma 4.6 (ii) and Theorem 4.5 (regarding n = e, U=XandV = X), we have
proved Theorem 3.2.

EJP 29 (2024), paper 18. https://www.imstat.org/ejp
Page 24/28


https://doi.org/10.1214/24-EJP1080
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A partial rough path space for rough volatility

A A lemma from rough path theory

Lemma A.1 ([36] Proposition 1.6). Let w be a control function, i.e.,
w(s,u) +w(u,t) Sw(s,t), 0SsSust<T,

and P ={s =ty <t <..<ty =t} bea partition on [s,t] (N = 2). Then there exists an
integeri (1 £ i < N) such that

2

t1tien) <
wlti-1,tiv1) S

w(s,t).

Proof. By the definition of w, we have

N

—1
Yo wltiontivn) = Y wltioitir1) + Y wltior,tirn) S 2w(s,1).

p=1 i:0dd i:even

Therefore, there exists such ¢ that satisfies the desired inequality. O

B Proof of Theorem 3.8

Proof. For brevity, let o := o(Sp). By Theorem 3.6 and the contraction principle, -1/2g,
satisfies the LDP with speed ¢ 2 with good rate function
_ ~ . 1)
J(3) = inf{ I* (D)o eH, 5= <a/f(]L o K(9)dL o ]K(ﬁ)) .

01

Let o = (h', h?) € H(R) x H(R). Then

5= (o [ ek OK“’)):

1 t
/ f (/ kg (t —r)hidr, 0) d (ph% ++v1- thf)
0 0
1 t 1 t
= po/o f </0 kg (t —r)hidr, O) dhf +/1— p20/0 f (/0 kg (t —r)hidr, O) dhZ,

and so
5—po fol f (fot kg (t— r)h,{dr, 0) dh} 1 t _
= a/ f (/ kg (t —r)hldr, 0> dh?. (B.1)
V1= p? 0 0
Fix hy, and minimize %H@H?{(Rg) with respect to he € H(R) under the condition ( B.1).
Let / be the minimizer. Take e > 0 and h € H(R), and consider h+ eh. Because h satisfies

the condition (B.1), )
. t
/ f (/ kg (t — r)hldr, 0> dh; = 0. (B.2)
0 0

Because h is the minimizer, we have

d
de

Il
Q

1

1. . 1. .
f/ (hy 4 €h,)2dr =0, i.e., / hyphdr =0,
e=0 2 0 0

for any h with (B.2). Therefore, there exists ¢ € R such that

h=cf (/0 k(- — r)hldr, 0) .
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Hence

5—po fol f (fot kg (t —r)hldr, O) dh} 1 t .
= ca/ f? (/ ko (t —r)hldr, O) dt,
0 0

1—p2
and we conclude that
. 2
{5 — po fol f (fg Ky (t —r)hldr, O) dh%}
%Lm%ﬁﬁf%ﬁmﬂhwmﬁﬁ®&7

- - 1 /1.
ﬂ@:ﬁ@:§AMW®+

which is the claim. O
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