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Abstract

In this note, we complete the analysis of the Martingale Wasserstein Inequality started
in [5] by checking that this inequality fails in dimension d > 2 when the integrabil-
ity parameter p belongs to [1,2) while a stronger Maximal Martingale Wasserstein
Inequality holds whatever the dimension d when p > 2.
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1 Introduction
The present paper elaborates on the convergence to 0 as n — oo of

inf —z|PM(dx, d
il /R Lyl M(dn.dy)

when the Wassertein distance Wp(u", Vn) goes to 0 and for each n € IN, u,, and v,, belong
to the set P,(R?) of probability measures on R? with a finite moment of order p € [1, +oc)
and p, is smaller than v, in the convex order. The convex order between p,v € Pl(]Rd)
which is denoted by p <., ¥ amounts to

» f(z) pdx) < » f(y) v(dy) for each convex function f : R — R, (1.1)

and, by Strassen’s theorem [7], is equivalent to the non emptyness of the set of martingale
couplings between p and v defined by

™ (p,v) = {M(dx,dy) = u(dz)m(z,dy) € I(p,v) | p(dx)-a.e., /

ym(z,dy) = w}
Rd

where

M(p,v) = {m € PL(R? x RY) | VA € B(R?), n(A x R?) = pu(A) and 7(R¢ x A) = v(A)}.
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The Wasserstein distance with index p is defined by

1/p
W) = (ot [ ey etana)
R4 xRd

m€M(p,v)

and we also introduce M (1, v) and M, (u,v) respectively defined by

o = inf —ylPM(dz,d 1.2
My =t [ o=y M(de,dy), (1.2
MZ(M, v)=  sup / |z —y|? M(dx,dy). (1.3)

MelM(p,v) JR2d

In dimension d = 1, the optimization problems defining M, and ﬂp are the respective
subjects of [3] and [4] when p = 1, while the general case p € (0,400) is studied in [6].

The question of interest is related to the stability of Martingale Optimal Transport
problems with respect to the marginal distributions x4 and v established in dimension
d =11n[1, 8] while it fails in higher dimension according to [2]. A quantitative answer
is given in dimension d = 1 by the Martingale Wasserstein inequality established in [5,
Proposition 1] for p € [1, +00),

3C (1 <00, Vi, v € P,(R) with p <., v, MZ(u,l/) < Q(mp),le(u,V)Jz*l(u), (1.4)

where the central moment o,(v) of v is defined by

1/p
op(v) = inf (/ ly — cpu(dy)> when p € [1,+00),
ceR4 Rd

and

0o(v) = inf v —esssuply — c|.
ceERA yERA

The proposition also states that W,(u,v) and o,(v) have the right exponent in this

. i My (p,v)
inequality in the sense that for 1 < s < p, sup =5 = +4o0. The
wver,® Ws(p,v)op " (v)
p e Vs pFV

generalization of (1.4) to higher dimensions d is also investigated in [5] where it is
proved that for any d > 2,

M (1, v)
C = sup L
=(p,p),d —1
ne w,vEP,(RE) Wp(:uv V)Ug (V)
P ca Vs pFY

is infinite when p € [1, 1+2‘/5), while the one-dimensional constant C, , ; is preserved

when p and v are products of one-dimensional probability measures or when, for X
distributed according to u, the conditional expectation of X given the direction of
X —E[X]is a.s. equal to E[X] and v is the distribution of X + A(X —E[X]) for some X > 0.
The present paper answers the question of the finiteness of C' (p,0),d when p € [”2‘6, +00)
and d > 2, which remained open. It turns out that C, , ; = +oo for d > 2 when p € [1,2)
while for p € [2,+00) the inequality (1.4) generalizes in any dimension d into a Maximal
Martingale Wasserstein inequality with the left-hand side M/ (u, v) replaced by the larger

ﬂz(u, v). We even replace conjugate exponents p and # leading to the respective

indices p = px 1 and p = % X (p — 1) in the factors W and o in (1.4) by general

conjugate exponents ¢ € [1, +oo] and 3 € [1, +-00] leading to indices ¢ and % (equal
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to +o0o0 and p — 1 when q is respectively equal to 1 and +o0) and define

S, Mp(p.v)
=(p,q),d " p—1
7 nveP <p,1)q(Rd)W (V)0 2 (v)
qvﬁ q—1
H oV hFV
and
P
i im sup M, (V)
psq),d -1 )
M‘UEP (p 1)q (RD) W (lu’ ) q(/J 1) (V)
1
,“'<cml’7,“'5‘éu -
with
Woo(p,v) = inf 7 — esssup |z —yl.
m€(p,v) (z,y) ERIXRE

Since Mp < ﬂp, one has Q(pyq%d < 6(/]7,1),(1. These constants of course depend on the

norm | - | on R (even if we do not make this dependence explicit), but, by equivalence of

the norms, their finiteness does not. Since the Euclidean norm plays a particular role,

we will denote it by || - || rather than | - |.

Theorem 1.1. (i) Letp € [1,2). Forq € [1, 5~ p} (and even q € [1,+o00] when p = 1), one
has Q(,J7q)71 < K, < +oo where the constant K, is studied in [5, Proposition 1]
while, for q € [1,+oc], C, 4.1 = +oc and C, ;) 4 = +00 ford > 2.

(i) Let p € [2,400) and q € [1,+oc]. One has C(, .4 < +oo whatever d. Moreover,
when each vector space R? is endowed with the Euclidean norm, C 5,4 4 = 2 and
SUPg>1 é(p,q),d < +o00.

Remark 1.2. * The fact that p = 2 appears as a threshold is related to the equality
Jrasma Iy = 2|?M(dz, dy) = [ lly|*v(dy) — [ga ll2]*p(dz) for M € T (4, v) when
w,v e Pg(]Rd) are such that u <., v, which implies that when R? is endowed with
the Euclidean norm

M) = Ry = [ ooy = [ felPuae).

* For p € [1,2) and ¢ € [1,4o0], since C(, 4.4 = C(y,q),1, one has C(, . 4 = +oo by
Theorem 1.1 (¢), while

M, (p,v) =
sup £ < Ca,q),a < +0
o EP v%l(]t{d) Wq(;“v’/)a 1(”)
M<czvq,u7$l/

since M, < M.

2 Proof

The proof of Theorem 1.1 (i¢) relies on the next lemma, the proof of the lemma is
postponed after the proof of the theorem. In what follows, to avoid making distinc-
tions in case ¢ € {1,+c0}, we use the convention that for any probability measure v

and any measurable function f on the same probability space ([ |f (z)\qy(dz))l/ 7 (resp.

(¢=1)/ alp— (¢=1)/q
(i@ (F1re @) ")) s cqual to 5 — esssup. 1(2)
(resp. (y —esssup, |f(z)],y — esssup, | f(2)]?~!)) when g = +oco (resp. ¢ = 1).
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Lemma 2.1. Given p € [2,+c0), there exist constants k,, i, € [0,+00) such that for all
d>1andz,y € R4,

Iz =yl < 5 (0 = Vel + Iyl = pllzl* =, 9)) @.1)
- -1 -1
Il = lall” < Aplly — o (el ™" + ol ™). 2.2)

Remark 2.2. When p = 2, then (2.1) holds as an equality with x, = 1 while, by the
Cauchy-Schwarz and the triangle inequalities,

lyll® = llz)* < (y — 2,y + ) < ly — 2| x [ly + =/l < ly — |l (=] + [ly])
so that (2.2) holds with 5, = 1.

Proof of Theorem 1.1. (i) In dimension d = 1, one has M; < K;W; with K; = 2 ac-
cording to [5, Proposition 1] and we deduce that C, ,y; < K; for ¢ € [1,+00] since

Wi < W,. Now, let p € (1,2) and ¢ € [1, 52]. One has Q(q’i U > 1 since, when ¢ > 1,

_ 1 2-p 1 .
qﬂ—l =1+ =1 > 1+ pff =7 For p,v € quqg,:l) (R) with respective quantile functions

Fljl and F !, by optimality of the comonotonic coupling and Holder’s inequality, one has

1
=A\EWM—EWMXMTW%FTWW*w

-1 p—1

(7 ) — () ) - E 4 )
<(f ) )

Since, by the triangle inequality and 4 <., v, one has forc € R
1 1 _ a(p—1) Q(qp;jl)
([ 1t - Ft 5 au)
1 -1 =y
a%p e 1 a(p—1) alp—1
< </ |7 () — | " f’du> (/ |F7 () — of 0T du>
0
1
a(p—1) Q(p 1)
§2</ [F () cqudu) :
0

we deduce by minimizing over the constant c that

Wh (1, v) < Wylpv) x 207 ol L) (v).

q—1

With this inequality replacing (30) in the proof of [5, Proposition 1] and the general
inequality

' - - — — ! _ alp—1) ‘1%
/ w;%m—PL%mualww—¢7wu<maw»o(4|ﬂﬁ<>—da1(m) ,

replacing the special case ¢ = p in the second equation p840 in this proof, we deduce
-1
that Mf(u,v) < K, W,(p, V)O'/;(p:ll) (v).

To check that C, 4,1 = 400 for p € [1,+00) and ¢ € [1,+oc], let us introduce for n > 2
and z > 0,

1 n—1
Hn,z = m <(1 +2) (01 + 6n) + 22 Z 51)

1=2
1 n—1
and =————— |0 +6 61+ 0. 2 0 | -
Un,z 2((7171)24»1) (1 =+ n+z+z(1+ n)+ Z; z)
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This example generalizes the one introduced by Brickerhoff and Juillet in [2] which
corresponds to the choice z = 1. Since

n—1
1
’ 2((n—1)z+1)<<1=1 ) T 20,2 + 20(mn—1) + (,+>+Zi§:2:((, 1y + <,+1>)>

belongs to 1™ (u,, ., vn ), we have

— n—1)z+z°
Mp n,zr Vn,z >/ 71’pand£L’,d :(7
p(tn,zVn,2) > RX]RIy |” M- (dz, dy) 1) i1
On the other hand, by optimality of the comonotonic coupling Wg(umz, Un,z) = ﬁ

n—142z
2

for p € [1,400) and W (ftn 2, Vn,») = 2. Last 0o (Vn,2) = and, when p € [1, +00),

L25)
(n—=14+22)4+2(n—1)"+ 2z Z (n+1-=20)"1,
i=2

1

O'g(l/n,z) = m

nt1 ,
where 2 ZZL; Y41 - 20y ~ % asn — oo. Let a € [0,1). The sequence n'~* goes to
oo with n and for p € [1,+00) and ¢ € [1, +o0], we have

(A—q) 1

/ |y - z|pMn,n*a(dz7dy) - 17 Wq(ﬂn,nfavyn,n*"‘) ~ na a a
RxR

g—1

. — where (1 + M) ‘ =1 by convention when

p—1 nf
and o)~ (Vpp—a) ~

q—1 2p—1(1+q(qp:11))T
q = 1 so that

q—1

Wq(,un,n*”‘ayn,n*"‘)o-[qlanl—l) (Vn,n*"‘) q-— 1
q—1

g=1
f]RxIR ly — x‘pMn,n‘“(dx’dy) ~ 9p—1 (1 + q(p — 1)) ? n%la+§+1—p'

Let p € [1,2). For ¢ = 1, the exponent of n in the equivalent of the ratio is equal to
2 — p > 0 so that the right-hand side goes to +oo with n. For ¢ € (1,+o00], we may

choose a € (%, 1) (with left boundary equal to p — 1 when ¢ = +o0) so that

q;—la + % 4+ 1 — p > 0 and the right-hand side still goes to +oco with n. Therefore,
5@7(1)71 = +o00. To prove that Q(pyq)yd = +oo for d > 2 it is enough by [5, Lemma 1] to
deal with the case d = 2, in which we use the rotation argument in [2]. For n > 2 and
0 1 :
S (0,7'('), Mn defined as (n-Dn-ot1) times
8((1,0),(1=n—a cos 6,—n—sin9)) TN “6((1,0,(14cos 0,5in0)) T 1 “0((n,0),(n—cos ,— sin 0))
n—1

+ 5((71,0),(71-&-71_0‘ cos 0,n~ < sin 0)) +n"“ Z (6((i,0),(i—cos 0,— sin 0)) + 5((i,0),(i+cos 0,sin 0)))
=2

which is a martingale coupling between the image p, of ji,, ,-« by R 3 2 — (,0) € R?
and its second marginal v/ which, as # — 0, converges in any W, with ¢ € [1,400] to
the image of v, ,—» by the same mapping. According to the proof of [2, Lemma 1.1],
M (i, 1v8) = {Mf} so that M (pun, 15) = [go, ge [y — 2|? MY (dx, dy) and

lim M () _ Jrwly —@l" My e (da, dy)
—1

=0 Wq(/ffn» Vﬁ)ﬂln (V’IGL) Wq(:ufmn—”a Vn,n—")o—z(p—l) (an—”) .

q—1 q—1
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With the above analysis of the asymptotic behaviour of the right-hand side as n — oo, we
conclude that C, ;) 4 = +00.

(ii) Now, let p € [2,4+00) and M € ITM (i, v). Applying Equation (2.1) in Lemma 2.1
for the inequality and then using the martingale property of M, we obtain that for ¢ € R?,
we have

/ iz — yll° M(dz, dy) = / I —¢) — (y — O)I° M(dz, dy)
R4 xR RI xR
<k, /R = Dlle =l + = el = plle = 2o = ey = )) M(do.d)
_ ( / ly — cllPv(dy) - / IIx—CII”u(dw))>~ (2.3)
R4 R4

Denoting by = € II(11, v) an optimal coupling for W, (u, ), we have using Equation (2.2)
in Lemma 2.1 for the inequality

/ ly — ellPw(dy) - / & — el p(dz) = / (ly = ell” — |1z — €l|?) m(dz, dy)
R Ra R xR

<ty [yl (o=l el ) wld ). @)
R4 xR4

By the fact that all norms are equivalent in finite dimensional vector spaces, there exists
A € [1,00) such that for all z € R?, we have

BV <z < e

Therefore, using (2.3) and (2.4) for the second inequality, Holder’s inequality for the
fourth, the triangle inequality for the fifth and p <., v for the sixth, we get that for
c e R4,

/ @ — yl° M(de,dy) < \° / iz — yl|* M(dz, dy)
R xR R4 xR

~ —1 -1
<V [ eyl (o=l g —ell™) wldo.dy)
X

<woih? [ o=yl (Jo— e ly ") mlda.dy)
R4 xR4

g—1
q

<m0 Wyer) ([ (lo= e =) ()
X

~ \2 a(p—=1) (a=1)/q a(p=1) (a=1)/a
< W) ([ o= uan) ([ - vt

q—1

~ a(p—1) Ta
< 26, R NP Wy (11, v) (/}Rd ly —c| ot V(dy)) :

By taking the infimum with respect to ¢ € R?, we conclude that the statement holds
with C, ¢),a < 2k,%,A% . Finally, let us suppose that R? is endowed with the Euclidean
norm. Then we can choose A = 1, so that C, 4) 4 < 2k,k, with the right-hand side not
depending on d according to Lemma 2.1. Moreover, by Remark 2.2, 6(2,(1),,1 < 2 and

since for « € [0, 1),
-2
. MQ(,“n,nfuvl/n,n*a) _
lim =2,
n—roo \/Wl (:un,n_o‘ yVnn—«a )UOO(VTL,7L_“)

we have C(2,4).4 = 2. O
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Proof of Lemma 2.1. We suppose that p > 2 since the case p = 2 has been addressed in
Remark 2.2.

Suppose = # 0 and y # = and set e = H%\I and z = % The vector H%II — ze is
orthogonal to e and can be rewritten as we' with w > 0 and e* € R? such that |let| =1
and (e,et) = 0. One then has o = ze + wet and since y # =, (z,w) # (1,0).

The first inequality (2.1) divided by ||z||” writes:

L

(1—2)+w?)? <k, ((p_1)+(22+w2)§ —pz).

Let us define

L
2

<p(z,w)=p—1—|—(22—|—w2)§—pz:—p(z—l)—1+(1—|—2(z—1)+(z—1)2+w2)

as the second factor in the right-hand side. Applying a second order Taylor’s expansion

3 3
att=0tot~ (1+t)% and using that, by Young’s inequality, |(z — 1)w?| < % + % =
o((z — 1)? + w?), we obtain

plaw) == plz=1) = 1+1+5 (2= -1+ (-1 +u?)

+ W(m — 1)+ (z - 1)? + w?)?
+0(2( =1+ (z = 1)* +w*)?)

=20+ L= Dz = 1)? + of(z = 1)* +u?),

Since p > 2, we conclude that

(1= 2 +w?)

im =0.
(2,w)—(1,0) o(z,w)

As |(z,w)| = +00, p(z,w) ~ (22 + w?) % ~ ((z — 1)2 + w?)”. Therefore,

(2 = 12 +w?)

im =1.
|(z,w)| =400 o(z,w)

P
The function (z,w) — % being continuous on R? \ {(1,0)}, we deduce that

_1\2 2\2
1< sup ((z 1) +w)z

< < +00.
(2.w)#£(1,0) o(z,w)

Since when z = 0 or y = z, (2.1) holds with x, replaced by 1, we conclude that the

2, 2\&
optimal constant is , = sup(, (1,0 %.

For the second inequality (2.2), we can apply the same approach: divided by ||z
writes

P, it

(z2+w2)§ —1<k&, ((2—1)2+w2)% ((22—1—0.;2)%1 +1>.

L L
2 2

As (z,w) = (1,0), (224 w?)? 1= (1+2(z = 1)+ (¢ = 1)2 +w?) > -1~ £ (2(z — 1) + w?)

S

2 2 -1 -1
lim sup (Z v ) :limsupw—g.

(20)=(10) ((z — 1)2 + w?)? (1 ¥ (22 _Huz)'%l) o1 2lz—1 2
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On the other hand,

L
2

. (22 +w2) -1
lim 1 Y =
zw)l=oo (5 —1)2 4 w2)? (1 Ty +w2)T>

By continuity of the considered function over R?\ {(1,0)}, we deduce that

(22 + w2)§ -1
V1< sup n - < 400.
()21.0) (2 —1)2 + w?)? (1 Y2 w2)7)

[N

Since when z = 0 or y = z, (2.2) holds with &, replaced by 1, we conclude that the

. - (2 +w?)% -1
optimal constantis 5, =  sup T N
200 (= D2+ )t (14 (2 + )
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