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Abstract: The composite quantile regression (CQR) was introduced by
Zou and Yuan [Ann. Statist. 36 (2008) 1108-1126] as a robust regres-
sion method for linear models with heavy-tailed errors while achieving
high efficiency. Its penalized counterpart for high-dimensional sparse mod-
els was recently studied in Gu and Zou [IEEE Trans. Inf. Theory 66 (2020)
7132-7154], along with a specialized optimization algorithm based on the
alternating direct method of multipliers (ADMM). Compared to the vari-
ous first-order algorithms for penalized least squares, ADMM-based algo-
rithms are not well-adapted to large-scale problems. To overcome this com-
putational hardness, in this paper we employ a convolution-smoothed tech-
nique to CQR, complemented with iteratively reweighted ¢;-regularization.
The smoothed composite loss function is convex, twice continuously differ-
entiable, and locally strong convex with high probability. We propose a
gradient-based algorithm for penalized smoothed CQR via a variant of the
majorize-minimization principal, which gains substantial computational ef-
ficiency over ADMM. Theoretically, we show that the iteratively reweighted
£1-penalized smoothed CQR estimator achieves near-minimax optimal con-
vergence rate under heavy-tailed errors without any moment constraint,
and further achieves near-oracle convergence rate under a weaker mini-
mum signal strength condition than needed in Gu and Zou (2020). Nu-
merical studies demonstrate that the proposed method exhibits significant
computational advantages without compromising statistical performance
compared to two state-of-the-art methods that achieve robustness and high
efficiency simultaneously.
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1. Introduction

Consider a sparse linear regression model y = 85 + ™8* + ¢, where y € R is
the response variable, € = (x1,...,2p)" is the p-vector of explanatory variables
(covariates), and € € R is the observation noise. In high-dimensional settings
where the number of covariates considerably exceeds the number of observations,
a common practice is to impose a low-dimensional structure on 8*, the p-vector
of regression coefficients. Over the last three decades, various penalized regres-
sion methods have been developed for fitting high-dimensional models with low
intrinsic dimensions, typified by the Li-penalized least squares method, also
known as the Lasso [34, 9]. We refer to the monographs [8], [18], [37] and [13]
for comprehensive expositions of high-dimensional statistical methods and the-
ory.

One of the main challenges in high-dimensional linear regression is that the
maximum spurious correlation between the covariates and the realized noise can
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be large even when the population counterpart is small. Therefore, the penal-
ized least squares methods are sensitive to the tails of the error distribution,
or equivalently, the response distribution. The statistical properties are often
derived under exponentially light-tailed error distributions [4, 8], including but
not limited to Gaussian, sub-Gaussian or sub-exponential distributions. Heavy-
tailedness, however, has been frequently observed in empirical data, such as the
high-dimensional microarray data as well as financial and economic data. To
cope with heavy-tailed error contamination in high dimensions, many robust
penalized regression methods have been proposed; see, for example, [38], [40],
[27], [26], [11], [1] and [32]. A common thread in these methods is the use of
a robust loss function (that replaces the Lo loss) to achieve either high break-
down point under arbitrary contamination or near-optimal error bounds under
heavy-tailed errors. For the latter, [26] considered the case where ¢ has a sym-
metric distribution, including the standard Cauchy; [11] and [32] provided a
concentration study for penalized Huber regression with a properly tuned cut-
off parameter when ¢ has a bounded variance but can be skewed/asymmetric.
To achieve robustness against gross outliers, we refer to [29] the most recent
advance and the references therein.

In this work, we focus on heavy-tailed error contamination in a more general
scenario. When the error distribution is not only heavy-tailed but also asym-
metric, using a classical robust loss function, such as the L, loss, the Huber
loss and the Tukey loss, may induce non-negligible bias. The impact of this
bias can be alleviated by letting the cut-off parameter in the Huber/Tukey loss
grow with the sample size, yet we still need ¢ to have finite variance in order
to achieve (near-)optimal convergence rate, and the parameter tuning is quite
delicate in practice. Although the least absolute deviation (LAD) regression
requires no moment condition on &, the relative efficiency of the LAD can be
arbitrarily small when compared with the least squares [46]. To overcome the
efficiency loss while being robust against heavy-tailed errors, [46] introduced
the composite quantile regression (CQR), as a robust regression method, by
combining quantile information across various quantile levels. The asymptotic
efficiency of the CQR relative to the least squares has a universal lower bound
86.4% [21]. Theoretically, CQR requires the existence of an everywhere non-
vanishing density function of ¢ without any moment constraint, thus allowing
the infinite variance case. By complementing a composite loss function with
sparsity-inducing penalties, [7] and [17] further proposed penalized composite
quasi-likelihood and quantile regression estimators, respectively.

While the CQR method inherits the robustness property of quantile regres-
sion [22], it also inherits the computational hardness especially in high dimen-
sions. Note that the Li-penalized quantile regression can be recast as a lin-
ear program (LP) [38, 25], solvable by general-purpose optimization toolboxes.
These toolboxes are convenient to use yet are only adapted to small-scale prob-
lems [2]. [42] and [16] proposed more efficient algorithms based on the alternating
direction method of multipliers (ADMM). For penalized CQR, [17] proposed an
ADMM-based algorithm which we will revisit in Section 4.1. The computational
complexity of each ADMM update is of order O(png + (p + ¢)?), where ¢ > 1
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is the number of quantile levels used in the CQR. This can be computationally
intensive when applied to large-scale datasets; see Section 4 for more detailed
discussions.

To extend the capability of CQR with large-scale data, in this paper we
propose a convolution-smoothed CQR (SCQR) method, complemented with
iteratively reweighted Li-penalization for fitting sparse models. Convolution
smoothing turns the piecewise linear check function into a twice continuously
differentiable, convex and locally strongly convex surrogate. Its success has re-
cently been witnessed in the context of quantile regression in both statistical
and computational aspects [15, 19].

Under a Lipschitz continuity condition on the density of ¢ and sub-Gaussian
(stochastic) designs, we show that the Li-penalized SCQR (SCQR-Lasso) esti-
mator achieves the same rate of convergence as the Lasso estimator when ¢ is
sub-Gaussian. We do not require the symmetry of the error distribution nor the
existence of any moment, including the mean. Moreover, under a mild minimum
signal strength (also known as the beta-min) condition, we show that the itera-
tively reweighted Li-penalized SCQR estimator converges at a near-oracle rate
O(4/(s + log q)/n). This reveals the advantage of folded-concave penalization in
terms of its adaptivity to strong signals. Heuristically, the L; penalty applies
soft-thresholding to all signals ignoring their magnitudes, thus creating a bias
that is of order A for all non-zero signals, where A > 0 is the regularization
parameter. Furthermore, we employ a variant of the local adaptive majorize-
minimization (LAMM) algorithm [14] for solving weighted L;-penalized SCQR
estimator. The main idea is to construct an isotropic quadratic objective func-
tion that locally majorizes the smoothed composite quantile loss such that
closed-form updates are available at each iteration. The quadratic coefficient
is adaptively chosen so that the objective function is non-increasing along the
iteration path. Compared to ADMM, LAMM is a simpler gradient-based algo-
rithm that is particularly suited for large-scale problems, where the dominant
computational effort is a relatively cheap matrix-vector multiplication at each
step. The (local) strong convexity of the convolution smoothed loss facilitates
the convergence of such a first order method.

Our work complements [17] in two aspects. The theoretical results in [17] are
derived in the case of fixed designs satisfying conditions (C1) and (C2) therein.
It is unclear whether these conditions hold with high probability for Gaussian or
sub-Gaussian covariates. We provide a random design analysis for sub-Gaussian
covariates. To achieve oracle convergence rate, our beta-min condition is weaker
than that in [17] by relaxing the /s-factor, where s denotes the model spar-
sity. Computationally, we develop a fast algorithm for penalized CQR without
sacrificing statistical efficiency by means of convolution smoothing. We believe
that this paper introduces an interesting compromise between robustness, sta-
tistical performance and numerical efficiency for sparse linear regression with
heavy-tailed errors.

This work is also closely related to [39], in which a new robust regres-
sion method is proposed along with a simulation-based procedure for choosing
the regularization parameter. In low dimensions, we refer to [39]’s method as
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pairwise-LAD as it applies LAD regression to the pairwise differences of the
observations, namely, {(y; —y;, i — ;) 1<izj<n. Although CQR and pairwise-
LAD are motivated quite differently, an intriguing connection is that the asymp-
totic relative efficiency of pairwise-LAD is equivalent to that of CQR (compared
to the least squares) when ¢, the number of quantile levels, goes to infinity. Com-
putationally, [39] reformulates Li-penalized pairwise-LAD as a linear program
with 2n? + 2p variables and O(n? + p) constraints. Due to the high computa-
tional complexity and storage cost, generic LP solvers can be extremely slow
in practice. To alleviate the computational burden, [39] suggested using the re-
sampling technique [10] that is able to reduce the effective sample size O(n?)
(for pairwise differences) to O(n).

The rest of the paper is organized as follows. Section 2 starts with a brief
review of (penalized) composite quantile regression, followed by the proposed
convolution smoothed CQR with iteratively reweighted Lj-penalization. The
selection of tuning parameters is discussed in Section 2.3. Section 3 provides
the statistical guarantees for penalized SCQR, including a bias analysis and
rates of convergence of the solution path. In Section 4, we first revisit the
ADMM-based algorithm proposed in [17], and then introduce a gradient-based
LAMM algorithm for convolution smoothed CQR. Numerical comparisons of
the three methods, CQR, SCQR and pairwise-LAD, are conducted in Section 5.
All the proofs are placed in the appendix. The Python code for the proposed
method and our implementation of the methods in [17] and [39] is available at
https://github.com/hsmoonjohn/scqr.

2. Sparse composite quantile regression
2.1. Preliminaries

Suppose we observe n independent samples {(z;,y;)}; of a random variable
(x,y) € RP x R satisfying the linear model

p
y=0+x B +e=05+> ;B +e, (2.1)
j=1

where f§ is the intercept, f* = (6{2...,5;)11 € RP is the p-vector of slope
coefficients, and ¢ denotes the observation noise. Assume that ¢ is independent
of x, and has cumulative distribution function F(-) and probability density
function f(-). Without loss of generality, we assume 3§ = 0; otherwise we set
€ = [} + € so that the model becomes y = " 8* + €. Under these assumptions,
the conditional 7-quantile (0 < 7 < 1) of y|x is

p
FN 1)+ > @8,
j=1

where F~1(7) :=inf{u € R: F(u) > 7} is the T-quantile of .
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To robustly estimate 8* in model (2.1), we consider the composite quantile
regression (CQR) approach proposed in [46], which delivers consistent estimates
even when the error distribution has infinite variance and enjoys high efficiency
otherwise [46, 21]. Given a positive integer ¢, let {73 }{_; C (0,1) be an increas-
ing sequence of quantile indexes and write af = F~!(7;). When p < n, the
canonical CQR estimator of 8*, denoted by ,@CQR, is defined as

A : I ¢~v
(@i,...,0,, BOW) € argmin — Z Z pr(Yi — o — i B),  (2.2)

_ n
astonagTexe. Mo

= Q(a,B)

where p,(u) = {7—1I(u < 0)}u is the check function. In the special case of ¢ = 1,
this becomes the usual quantile regression [22]. [46] established the asymptotic
normality of BCQR when the density function f(-) of € is non-vanishing at the se-
lected quantile levels. Therefore, the root-n consistency of B CQR yrequires no mo-
ment condition on ¢, thus allowing very heavy-tailed errors such as the Cauchy
erTor.

For high-dimensional sparse models in which 8* is s-sparse with s < n, [17]
proposed the penalized CQR estimator, defined as the global optimum to the
optimization problem

BEE D 9) SYMUENOE RS DY [T NEEE)

i=1 k=1 j=1

where Py\(:) := A2P(-/)\) for some penalty function P : [0,00) — [0,00) and
regularization parameter A > 0. The regularizer P(-) is allowed to be non-convex
(concave), which helps reduce the bias and leads to oracle estimators when the
signals are sufficiently strong [44]. The most commonly used sparsity-inducing
penalty functions are

(i) Ly function [34]: P(t) =t for t > 0.
(ii) Smoothly clipped absolute deviation (SCAD) penalty [12]: P(0) = 0 and
P)=1t<1)+ %I(t > 1) for t > 0 and some constant a > 2.
(iif) Minimax concave (MC) penalty [43]: P(0) = 0 and P'(t) = (1 —¢/a)4 for
t > 0 and some constant a > 1.

Computationally, [17] employed the local linear approximation (LLA) algo-
rithm [45] to obtain an approximate solution to the nonconvex problem (2.3),
which enjoys desirable statistical properties. The LLA algorithm for the opti-
mization problem (2.3) is iterative, starting at iteration 0 with an initial estimate
BO € RP. At iteration ¢ = 1,2,..., it combines a weighted L;-penalty with the
composite quantile loss to obtain the updated estimates (&, 3t). The procedure
involves two steps.

1) Using the previous estimate ,@t_l = (B\fl, .. ,Bf,_l)T, compute the penalty
weights

Wit = BB = AP/(B/N 20, j=1,....p.
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2) Solve the convex optimization problem

p
i T t—1
a1,‘..,oglel%,ﬂe]1§p { Z ZPT’C i — X — &y IB) + ij |ﬂj} (24)

i=1 k=1 j=1
to obtain @' = (af,...,af)T and B' € R,

Under the following “beta-min” (minimum signal strength) condition

1
min_ |87 >/ 2L (2.5)
1<j<p:B;#0 n

among other regularity conditions on the non-stochastic design matrix X =
(x1,...,2,)T € R"™*P [17] showed that initialized with the L;-penalized CQR
(CQR-Lasso) estimator, the LLA algorithm converges to the oracle estimator
in two iterations with high probability.

2.2. Convolution smoothed composite quantile regression

Motivated by the smoothed QR approach [15] that has attractive statistical
properties and computational benefits [19, 33], we propose a penalized smoothed
CQR estimator by complementing the convolution-smoothed composite quan-
tile loss with a folded concave regularizer. We show that the proposed estimator,
computed by a combination of the LLA and the iterative local adaptive majorize-
minimization (LAMM) [14] algorithms, achieves oracle statistical properties un-
der a relaxed “beta-min” condition compared to (2.5). We refer to Section 4 for
a computational comparison between ADMM and LAMM.

For every B € RP, let F(-; 8) be the empirical cumulative distribution func-
tion of the residuals {r;(8) := y; — ] B} ;. Then, the empirical composite
quantile loss in (2.2) can be written as

Q(a, B) / Zpﬂc ap)dF (u; B),

k=1

where @ = (a1,...,a4)" € R%. Let K : R — [0,00) be a symmetric, non-
negative kernel function (a function that integrates to 1). For a given sequence
of bandwidth parameters h = h,, > 0, we smooth the loss Q(-,-) by

=N 1 q o0
Onle. B) = 6,; / o= as)dF (u.B) (2.6)
n q [e's)
- niq gj: / pn K-+ g = (@),

where

Z/ Kn(v—rs(B))dv and Kn(u) = h K(u/h).
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For each k = 1,...,m, define the convolution smoothed counterpart of p,, (-) as
(oo}

() = (pr # Kn)w) = [ pry (0)Kn(u = o), (2.7)
—o0

where * denotes the convolution operator. Consequently, the smoothed compos-
ite loss Qn(ax, B) defined in (2.6) can be equivalently written as

n

a
@h(au@) _ L Z Zéhk(yv — o — i B).

T
q i=1 k=1

Starting with an initial estimate 32 € RP, we define a sequence of iteratively
reweighted L;-penalized smoothed CQR estimators
~t ~t ~t a3t at ot
{@h = @h1- @)% Bl = Bhas 2 Brp) } o

as follows. At iteration ¢t = 1,2,..., (62}2,,@2) is defined as a solution to the
convex optimization problem

P
aeﬂgzl,ige]}gp {Qh(amg) + J;P;\(‘/BZ,_JH) ’ |f8]|}a (2.8)

where A > 0 is the regularization parameter. Section 3 establishes the statistical
properties of the solution path {(a%,8!)}:>1 in the stochastic design setting.
Specifically, we assume that the random covariate vectors x;’s are sub-Gaussian;
see Condition (A3) below. Recall that the theoretical results in [17] are derived
in the case of fixed designs satisfying conditions (C1) and (C2) therein. It is
natural to question whether or not these conditions hold with high probability
for Gaussian or sub-Gaussian covariates. In Section 3.2, we describe a variant of
the LAMM algorithm for solving (2.8), which will be compared to the ADMM
algorithm for solving (2.4) in terms of statistical accuracy and computation
time; see Section 5.

2.3. Selection of tuning parameters

The penalized smoothed CQR method relies primarily on two key tuning param-
eters, the regularization parameter A\ and the bandwith h. As for the quantile
indexes, we follow the suggestion in [46] and take 7, = k/(¢+ 1), k =1,...,q
with ¢ = 19. The resulting estimator thus combines the strength across multiple
QR estimators at levels 5%, 10%, . .., 90%, 95%.

[19] and [33] demonstrated numerically that the convolution-smoothed QR
estimator is rather insensitive to the choice of the bandwidth as long as it
is in a reasonable range (neither too small nor too large). Motivated by [33],
we set the default value of h as max{0.01,+/7(1 — 7){log(p)/n}'/*}, where
T =q 'Y }_, 7. The penalty level A, on the other hand, has a more visible im-
pact on the performance as it directly controls the sparsity of the solution. One
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general approach is to use K-fold cross-validation (e.g. K = 5 or 10) when given
a set of X\ values. If model selection is of more interest than prediction, infor-
mation criteria typically produce much smaller models and thus are preferable.
As a variant of the high-dimensional Bayesian information criterion (BIC) for
penalized QR [24], [17] considered the following BIC in the context of composite

QR:

BICO) = 1og (1303 pr s~ 610 ~ 21 B00) ) + 181 L, o)

i=1 k=1

where (@()), B (N)) is a penalized CQR estimator with regularization parameter
A, 3‘,\ is the support of 3()\), and C), is a positive number depending on n.
Typically C,, is chosen as a slowly growing function of n, e.g., C,, = log(logn).

Motivated by the simulation-based method proposed by [3], we further de-
scribe a A-tuning procedure that is computationally much cheaper than the
cross-validation and BIC methods. The key is to utilize the the pivotal property
of the L;-loss [3].

As we shall see from the theoretical results in Section 3, the magnitude of
A depends in theory on [|w*| s, where w* = (ng)~t Y1, Zzzl{f(((a,’;’k -
g;)/h) — 1 }x;, and f(((a}‘hk —e&;)/h) serves as a smoothed proxy of I(g; < o).
Recall that P(e; < af) = 7 for each k = 1,...,q. Therefore, we consider a
pivotal proxy of w*, defined as

™ Ly iid oo .
fapys SO {T(uig < 7) — T, wie < Unif (0, 1).
i=1 k=1

For some constant ¢ > 1 and o € (0,1), we set

* * —1
A=A\ (C,O{) :C-Fl‘a*l‘oclx(l—a), (210)
where FII_CJI*Hoolx(l — «) denotes the (1 — a)-quantile of ||w*||~ given X =
(x1,...,2,)". We can calculate A* numerically with any specified precision by

simulation. In particular, we choose (c,a) = (1.9,0.05) for SCQR-Lasso and
(¢,a) = (3.1,0.05) for SCQR-SCAD, and simulate the conditional distribution
of ||@*]|s given X based on 200 replications.

3. Statistical analysis

In this section, we establish the statistical properties of the penalized smoothed
CQR estimators {(a}, B} ) }+>1 initialized at B} = 0 and for an ordered sequence
of quantile indexes 0 < 71 < --- < 73 < 1 with ¢ > 1. To begin with, Section 3.1
provides non-asymptotic upper bounds on the smoothing bias. Throughout the
section, we assume that 8* € RP in model (2.1) is s-sparse, that is, its support
§={1<j<p:pB;#0} has cardinality s.
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3.1. Smoothing bias

For any h > 0, define the population composite quantile loss Qn(a,B) =
E{Qn(ca,B)} for @ € R? and B € RP, and its minimizer

(o, Br) € argmin Qp(a, B). (3.1)
a€RY, BERP

We first show that Qj : R9™” — R is convex under mild regularity conditions.

Lemma 3.1. Assume that the random covariate vector € R” is non-degenerate
with ¥ = E(zz™) >~ 0, where & = (1,2")". Moreover, let the kernel function
K () and bandwidth h > 0 be such that

k:rrlli?’q /_0; K(u)f(F~ (1) + hu)du > 0, (3.2)

where F' and f denote the CDF and density function of €, respectively. Then,
the population smoothed composite quantile loss Qp, : RTP — R is convex and

strictly convex at (a*, 8*), where a* = (o, ..., a})" with aj = F~!(7).

Condition (3.2) can easily be verified if either the kernel function K (-) or the
density function f(-) is positive everywhere. Without loss of much generality, we
assume the former throughout this section. Intuitively, convolution smoothing
induces bias which allows us to think (e}, 8;) # (a*, 8*) for any given h >
0. By exploiting the independence of ¢ and x and a strictly positive kernel
(e.g., Gaussian, Laplacian or logistic), we find that 8 = g* for any h > 0,
and therefore the proposed smoothing mechanism only generates bias on the
intercepts af, ..., ay that are of less interest.

To obtain explicit upper bounds on the (smoothing) bias, we impose the
following regularity conditions of the density function f(-) of ¢ as well as the
kernel function K(-).

(A1) There exist constants f,ly > 0 such that ming—y __, f(F (%)) > f and
|f(w) — f(v)] < lolu — vl for all u,v € R. -

(A2) The kernel function K(-) is symmetric around zero and positive every-
where. Moreover, ki = [* |ul/"K(u)du < oo for k < 2, and K =
min,|<; K(u) > 0.

Define the function
1
mp(b) = E{g > il — bk)}, b=(bi,...,b,)" € RY, (3.3)
k=1

where ¢, = pr, * K. Under assumptions (A1) and (A2), we will show that
my, : R? — R is strictly convex with a unique minimizer by, = (bp,1,...,bn,q)",
satisfying maxi<x<q |bnx — F ()| < h%. Consequently, the smoothed popula-
tion composite quantile loss @, : R97P — R also has a unique minimizer, which
is (o, B;) = (bp, B*) and satisfies ||a} — a*[|oo < B2
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Proposition 3.1. Suppose assumptions (A1) and (A2) hold and that ¥ is
positive definite. Then, the smoothed population composite quantile loss @y, :
R9*? — R for any h > 0 is strictly convex and has a unique minimizer given
by (bg, B*), where by, = (bp1,...,bn,4)" € R? is the unique minimizer of the
function my, defined in (3.3). Furthermore, provided 0 < h < f/(2n;/2lo), we
have

2!%2[0
< FF )

The proposition above suggests that the smoothing bias primarily affects
intercept terms, but this statement only holds true under the assumption of a
homoskedastic error distribution. It is important to note that the theoretical
properties we discuss in the next section rely on this assumption, and therefore
do not apply to data with heteroskedastic errors. We acknowledge that future
work is needed to explore theoretical properties in such cases.

bk, ke — f(F~ () h? for k=1,...,q. (3.4)

3.2. Oracle rate of convergence

Initialized at 32 =0, let {(a},, Afl)}tzl be a sequence of penalized smoothed
CQR estimators defined in (2.8). Without loss of generality, we assume p =
E(x) = 0; otherwise, we can rewrite model (2.1) as y = 5 + (x — p)"B* + ¢
with 8% := 5 +p" B*. Hence, it suffices to work with the centered data {(y;, x;—
w) ;. In addition, we assume that the random covariate @ is sub-Gaussian;
see condition (A3) below. For the regularizer Py : [0,00) — [0,00), we impose
the following conditions that encompass the L, SCAD and MC penalties.

(A3) (sub-Gaussian covariates) The covariance matrix ¥ = (0jr)i<jr<p =
E(xx™) is positive definite. There exist constants vg,co > 1 such that
P(|z"u| > vollullz - u) < coe™*/2 for all u € RPT! and u > 0, where
zZ=%"12% and

> = E(zz") = [ 1 01“’] .
0,01 2
For simplicity, we assume ¢y = 1 and write 02 = maxi<;<p 0j;. Moreover,
let 1 > 1 > 7, > 0 be the largest and smallest eigenvalues of X.

(A4) Py(u) = A2P(u/)) for u > 0, where the function P : [0,00) — [0, 00) is
non-decreasing, differentiable almost everywhere on (0,00), and satisfies
P(0) =0,0 < P'(u) <1, lim, 0P (u) =1 and P'(u1) < P'(ug) for all
(5] Z U Z 0.

Under condition (A4), (&}, B}L) is essentially the L;-penalized smoothed CQR
estimator (SCQR-Lasso), that is,

(@h,B}) € argmin {Qn(a, B) + A8 }- (3.5)

a€RI,BERP

Without smoothing, [17] obtained the convergence rates (under Lo-loss) for the
L;-penalized CQR (CQR-Lasso) estimator (&, 8) € argminegq gege {Q(, B)+
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A||Bl1} under fixed designs. For sub-Gaussian (stochastic) designs, we first es-
tablish estimation error bounds for (aj},3},), which complement the results in
[17].

Recall from Proposition 3.1 that (aj,B*) is the unique minimizer of the
population loss Q. Write o, = (o}, 4,..., ;)7 € RY. For the smoothed loss

@h(a, B), define its partial gradient vectors at (o, 8*) as

o [K((ag —ei)/h) —n

¢ = VaQu(ej. 87) iq > : € R, (3.6)
=t LK (0, —e)/h) 7
DD {K (g — ) /h) — mywi € RP, - (3.7)

i=1 k=1

3

3

1
VﬂQh(aha =g
where K (u f K(t

The key elements of our analysis are (1) a cone-like property for B}l — B*, and

(ii) a local restricted strong convexity (RSC) property for the empirical loss Qp,
which is based on the function

For any regularization parameter A > 0, define the event

G\ = {lI¢"lle < 3M/(29), w [l < A/2} (3.9)

and the restricted (cone-like) set

c=c(s)={[&] R Jase I <31Ash + 323} (@.10)

It can be shown that [;’f ~ g} € C(S) conditioned on G(A). Proposition 3.2
below validates that for all sufficiently large A, the event G(\) holds with high
probability.

Proposition 3.2. Under assumption (A3), the event G(\) holds with proba-
bility at least 1 — 2qexp(—9nA?/2) — 2pexp{—nA?/(32v302)}.

Due to high dimensionality, the empirical loss @h : RI7xRP — R does not have
a curvature along all directions. In fact, there exists a subspace with dimension
at least p—n of directions in which it is completely flat. Instead, it can be shown
that the cone-like subset C = C(S) is well-aligned with the curved directions of
the Hessian of @h in a local region with high probability, which we refer to as
the local RSC property. For r,1 > 0, define the (rescaled) ¢2-ball and ¢;-cone as

Bo(r) = {m € RIP - [|(87, AT) | < 7’} (3.11)
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and  Ca(l) == {[g} ERT (87, A7), < Z||<6T,AT>T|Q}, (3.12)

where
0= Iy Ogxp e Ra+p)x(a+p)
0pxq
Here, for a matrix A, || - ||a denote the vector norm induced by A : |jul|a =

|A*/?u||5. For any curvature parameter ¢ > 0, radius parameter r > 0, and
cone parameter [ > 0, define the event

Rie,r.1) = {D(e, B) = c(|AlE + g "[8]3) for all [2] € Bo(r)NCa(D) },
(3.13)

where § = a — o € R?, A = 8 — B* € RP. The following proposition shows
that under certain conditions on (s,p,n) and h, there exists some curvature
parameter ¢ > 0 such that event R(c,r,!) occurs with high probability.

Proposition 3.3. Let assumptions (A1), (A2), and (A3) hold. Furthermore,
assume maxy—1,. 4 f(F (7)) < f for some constant f > 0. Then, the event
R(c,r,1) with ¢ = 0.5f - & holds with probability at least 1 — ¢/(2p) as long as

1202r < h < i/{max(élﬁéﬂlo, 2lp)} and n > C(vo,l/fr)* fhlog(2p),

where C' > 0 is a constant independent of (n, s, p, h).

Based on the above preparations, we are now ready to present the first main
result of this subsection regarding the estimation error of the SCQR-Lasso es-
timator defined in (3.5).

Theorem 3.1. Assume maxg_1,__, f(F~1(7;)) < f for some constant f > 0.
Under assumptions (A1)—(A3), the SCQR-Lasso estimator (ah,ﬁh) with A =<
Voo +/log(2p)/n satisfies the following error bound

ap—aj
Ve
Bn — B*

<COftst2N (3.14)
Q

with probability at least 1 — ¢/p, provided that the bandwidth h satisfies

e {% /5q log(2p)7 ?_jmw(s,q) ~10g(2p)} <h< S/,

where C' > 0 is a constant independent of (n, s, p, h).

The above theorem shows that the Li-penalized SCQR estimator achieves
the same rate of convergence as the Lj-penalized quantile regression estima-
tor [3], with a proper choice of the bandwidth parameter h, which is yet flex-
ible. Moreover, Theorem 3.1 indicates that, the regularization parameter A =<
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Voo ;+/10g(2p)/n is independent of the error distibution, which alleviates the dif-
ficulty of tuning parameter selection of the LS estimator that typically depends
on the standard deviation of the error distribution, and of the high-dimensional
CQR estimator by [17] that is dependent on the minimum density of the error
distribution at each quantile level.

As we can observe from Proposition 3.1 and Theorem 3.1, the bandwidth pa-
rameter h adapts to the sample size n, quantile parameter ¢ and dimensionality
p to achieve a tradeoff between statistical accuracy and computational stability.
When error distribution is independent of covariates, the larger the bandwidth,
the bias on the intercept terms gets larger while making the sample size re-
quirement in Theorem 3.1 more lenient. Also, when the dimension p and the
quantile parameter g get larger, the bandwidth should get larger to adapt to the
requirement in Theorem 3.1, which makes the bias larger. On the other hand,
when the bandwith parameter is small, the bias gets smaller. However, smaller
bandwidth require more sample size to satisfy the sample size requirement in
Theorem 3.1, and makes gradient term less stable computaionally dut to 1/h
term inside it.

In [33], they have assumed sub-exponential random vector for the design
matrix when deriving the error rate, which is arguably the weakest moment
condition in high-dimensional regression analysis under random design. This
random design plays crucial role for deriving probability bound of restrictive
strong convexity. We expect the sub-Gaussian condition can be relaxed to sub-
exponential condition by following the proof of Theorem 4.2 of [33]. However,
to derive a prediction error bound for our estimator, sub-Gaussianity is crucial,
as well as for the strong oracle property which will be discussed in the follow-
ing section. For the sake of brevity, only sub-Gaussian design is considered for
deriving the error bound. As a corollary, we derive a prediction error bound for
Br, which is a direct consequence of Theorem 3.1.

Corollary 3.1. Under the conditions of Theorem 3.1, it holds

1/2
Br — B2 < £ oo /? (lﬁ) (3.15)

1
Tn X .
with probability at least 1 — (¢ + 2)/p.

Next, we investigate the statistical properties of the iteratively reweighted
L-penalized estimators (aj,, B) when ¢ > 2. Define the error vectors

&y —ap
ot = Va

= ERITP. =12, ....
B — B*

The following result characterizes the dependence of the estimation error |||
at t-th step on [|@*~1||y from the previous step. It reveals how iteratively re-
weighted Li-penalization refines the statistical rate when the signals are suf-
ficiently strong. We first derive a deterministic bound of the estimation error,
conditioned on some “good” events.
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Theorem 3.2. Suppose assumptions (Al)—(A4) hold, and let ag, ¢ > 0 be such
that

P'(ap) >0 and /14 {P'(ag)}?/2 < apcyp. (3.16)

Furthermore, let b > 0 satisfy

b2 +1
V ;r P'(ag) +2 = agcyy - b, (3.17)

and define ropy = agb(v,s)/2\. Then, conditioned on G(P'(ag)\) N R(c,r,1)

with r > ql/zropt and [ = 47;1/2\/2~max(3,q), the sequence of solutions
{(a}, Bl )}i>1 to programs (2.4) satisfies

160 < 8- 16" o + ™ {5 2P (1851 = ao)+) 2 + w3l }

=:Tora

+ e allg e (3.18)
where § := /1 + {P’(ao)}?/2/(apcyp) € (0,1). In addition, it holds for for any

t > 2 that

HetHQ < (St_lrom + (1 - 6)_1(T0ra + 0_1\/§||C*||2)- (3.19)

The above theorem shows that under proper conditions on the curvature
parameter ¢ and penalty function, the estimation error, at least its leading
term, can be refined iteratively via reweighted L;-penalization. From (3.18) we
see that there are three terms on the right-hand side that cannot be improved,
which are

Iwsllz,  IPA((185] = aoA) )]z and  /glI¢"[l2-

The first term, ||w¥||2, determines the oracle convergence rate because it cor-
responds to the estimation error of the oracle SCQR estimator when only the
significant covariates (indexed by &) are used in the fitting. The oracle SCQR
estimator is formally defined as

(@°, B°) = argmin Qn(c, B), (3.20)
(o,B)ER? XRP
Bsc=0

where subscript & is ommited for the brevity of notation. The second term
| PL((|B%] —aoX)+)]|2 is the shrinkage bias induced by the penalty function. For
the Ly-penalty Py(t) = At (t > 0), it is easy to see that this term is of order s'/2\
regardless of how large the non-zero coordinates of 8* are (in magnitude). For a
concave penalty that has a decreasing Py, there is a chance that this shrinkage
bias might be reduced when the signals are sufficiently strong. A concave penalty
function P\ satisfying (A4) is called folded concave if it further satisfies the
following property.



2082 H. Moon and W.-X. Zhou

(A5) a, :=inf{a > 0: P'(a) = 0} is finite.

Under assumption (A5) and the minimum signal strength condition (also
known as the beta-min condition) that ||8%||min > (a0 + a«)A, the shrinkage
bias becomes zero. The third term, ,/q|[¢*||2, depends on the partial gradient
of the empirical loss with respect to . Therefore, its order is independent of p
and only scales with q.

Recall that Theorem 3.2 is a deterministic result conditioned on some “good”
event related to the local RSC structure and the magnitude of the gradient of
the empirical loss. Combining Theorem 3.2 with Propositions 3.2 and 3.3, we
further provide a complete result characterizing the oracle convergence rate of
the iteratively reweighted L;-penalized SCQR estimator under a weaker beta-
min condition than needed in [17].

Theorem 3.3. Suppose assumptions (A1)—(A5) hold, and that there exist a; >
as > ag > 0 such that

P'(ag) >0 and 44 2{P'(ao)}? < apvptf. (3.21)

Moreover, let the regularization parameter A and bandwidth A satisfy A =

voo+/log(2p)/n and

max {Cl > 105(2‘”) , Ca max(s, qil. log(2p) } Shs f/l,

where Cy = 0,13 and Cy = Jgug?i_Q. Then, for any z > 0, under the beta-min
condition ||B%||min > (ao + a1)A, the iteratively reweighted L-penalized SCQR
estimator (ad,, B}) with ¢ 2 loglog(2p)/log(1/§) satisfies the bounds

~ N _1 [s+1logg+=
181 = B°lle S 71—
~ _ 1
&, - alls S £ 1q1/2(\/L °gq+z+h2)
- n

with probability at least 1 — ¢/p — 2e~(512) as long as n 2 slogp + logq + t,
where 0 = /4 + 2{P"(ao) }?/(aopf) € (0,1).

Theorem 3.3 shows that under a beta-min condition ||8%||min 2 v/10g(p)/n,

the proposed estimator (of 8*) achieves a near-oracle rate /(s + logq)/n after
as many as log(log p) steps, where ¢ > 1 is a predetermined number of quantile
levels. This complements the strong oracle property established in [17], which
requires the minimum signal strength to be of order /s log(p)/n.

3.3. Strong oracle property

To establish the strong oracle property of our proposed multi-step estimator
(a},B}), we need to show that the estimator equals to the oracle estimator
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defined in (3.20) for sufficiently large t. We define a similar event that resembles
the local RSC property. Let

(VQn(a1, B1) — VQi(as, Ba), (f — af, BT — BI)")
181 — B2llE + ¢ lar — a3 '

Drsc(al, 1317 Qo, 132) =
(3.22)

Given radius parameters r,l > 0 and a curvature parameter ¢ > 0, define

Royse(r,1,¢) i= { Drsele1, B, 02, B2) = ¢ for all (e, 1, a2, B2) € A(r,1) },

(3.23)

where
A(r, 1) i= 0 Ag(r, 1) N {(@r, B2, a2, Ba) : [%z B Z‘ZL] € Ba(r/2), (B2)se = 0},
Ag(r,1) := {(cu, B1, 2, B2) : [aﬂ“; - gﬂ €Bs(r) N Cs (1)} (3.24)

Theorem 3.4. Suppose assumptions (A1)—(A5) hold, and for some predeter-
mined § € (0,1) and ¢ > 0, there exist constants a; > ag > 0 such that

P'(a1) =0, P'(ap) > 0, and agdcy, > /1 + P'(ag)?/2. (3.25)
Moreover, let r > ql/zv;/anbsl/z)\ and | = v2{2 4+ 2/P'(ao)} - [max{q, (1 +
b?)s} /) 1/2, where b > 0 is a constant that satisfies

1+0?
2

Assume ||B%|lmin > (a0 + a1)A. Then, conditioned on the event

{IV5Qn(@°, Bl < A2} N {110°l < 7/2} N Ryse(r, 1)

a {II@O — B < [ao VI {P’(ao)/2}2])\}

dcyp

P'(ap) + 1 = apcrypb. (3.26)

(3.27)

where

the strong oracle property holds: B¢ = B° provided ¢ > log(s'/2/§)/log(1/6).

Similar to the Theorem 3.2, Theorem 3.4 is a deterministic result that de-
pends on the event described in (3.27). Thus, our next goal is to control the
probability of the event (3.27). To control such probability, we require devia-
tion bound and a non-asymptotic Kiefer-Bahadur representation of the oracle
estimator that are of independent interest.
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(A1’) In addition to Condition (A1), assume sup,cg | fe(u)| < f for some con-
stant f > 0.

(A2’) In addition to Condition (A2), assume sup,cp K (u) < k,, for some x, €
(0,1].

Since the oracle estimator is essentially an unpenalized smoothed CQR esti-
mator in the low-dimensional regime where s < n, we need to derive relevant
results for the low-dimensional smoothed CQR estimator. The following propo-
sition summarizes those results about the oracle estimator that is essential to
deriving necessary conditions for the strong oracle property. Same result has
been derived in low dimensional smoothed CQR paper by [41], we refer their
paper for detailed proof of the following result.

Proposition 3.4. Assume Conditions (A1), (A2’), and (A3) hold. Then, for
any t > 0, the oracle estimator (a®, 3°) defined in (3.20) satisfies

t
gfﬂ/sz (3.28)
with probability at least 1 — 2ge~".

Moreover, let S = E(zsz%), and D :=¢ ' > 7_, f.(F~(7))S. Then,

HD(B" - B+ niq DY AK((af — &) /h) = Ti}mis

1=1 k=1 2
(s+1) 32 Jals+t) 4
< h1/2n+h/ T th

with probability at least 1 — 3ge™¢.

Before presenting our final theorem that characterizes the strong oracle prop-
erty, there is one more event that we need to make sure that it holds with high
probability, which is R,s.(r,l,c). The following Proposition characterizes the
event and its probability bound.

Proposition 3.5. Let r, [, and h satisfy

24131 < h < i/{max(éln%mlo, 2lp)} and nh> Cfi_z max{s, *log(p)},
(3.29)

for some sufficiently large constant C' independent of (n, s,p, h). Then, the event
Ryse(r, 1, ¢) holds with probability at least 1 — ¢/(2p) with ¢ = 0.5k - f.

With the above preparations, we finally establish the strong oracle property
of our iterative estimator.

Theorem 3.5. Assume (Al’), (A2’), and (A3)—(A5) hold. Assume also that

max || Jjs(Jss) 1 < Ao (3.30)
jES*
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for some Ay > 1, where J := ¢ ' > 1_| fo(F~!(7))E. Moreover, let pq :=
SUPycsr E|X 722 ul? < oo. For a predetermmed d € (0,1), suppose there
exist a; > ao satisfying (3.25) with ¢ = 0.5xf, and the beta-min condition
| B% lmin > (ao+a1)A. Let the smoothing bandwidth 2 < {log(p)/n}'/* and \ =<
Vog(p)/n. Then, Bt = B° for all ¢t > [log(s'/2/8)/log(1/8)] with probability
at least 1 — 2¢/p — (5¢ + 1)/n, provided that the sample size satisfies n >
max{s%/3/(log p)®/3, s*/3 log(p)}.

The above strong oracle property theorem, the required beta-min condition

is || B%]|min 2 v/1og(p)/n which further complements the strong oracle property
established in [17].

4. Algorithms

In this section, we discuss the computational methods for penalized composite
quantile regression, with a particular focus on the weighted Li-penalty. We
first revisit the ADMM-based algorithm proposed in [17], and then describe a
local adaptive majorize-minimization (LAMM) for convolution-smoothed CQR.
Complexities of the two algorithms are also discussed.

4.1. An alternating direction method of multipliers algorithm

The computation of either L;-penalized or folded concave penalized composite
quantile regression boils down to solving a weighted L;-penalized problem

mm{ ZZM —ay, —x; B) +Z/\j|ﬁj|}’ (4.1)

11k1

where \; > 0 for j = 1,...,d. A conventional strategy is to formulate (4.1)
as a linear program, solvable by general-purpose optimization toolboxes. These
toolboxes are convenient to use yet are only adapted to small-scale problems. To
solve (4.1) more efficiently under high-dimensional settings, [17] proposed an al-
gorithm based on the alternating direction method of multipliers (ADMM). The
idea is to cast (4.1) as an equivalent program solvable by ADMM. Specifically,
they consider the following reformulation

minimize — Z Z P (Zik) + Z Al

=1 k=1
subject to Z =1; @y — 1n®a -1,®(XB),y=p,
where Z = (2ik)nxq € R with 2, = y; —o —x] 8, X = (1, %2,...,2,)" €

R™ P and v = (71,...,7)". Here ® denotes the Kronecker product. Let ¢ =
(a™,BT)" € RPT be the total vector of parameters (of interest). The augmented
Lagrangian of the above problem is

Lo(9, Z,7,U,v) Zzpm +ZA 5] + (vec(U), vee(Z) + Xy0)
i=1 k=1
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o o
+ (v, 7 = Xap) + S llvec(2) + Xup = Vi + S Iy — Xeopl3,

(4.2)

where U = (u;) € R"*? and v = (vq,...,v,)" are the Lagrangian multipliers,

Y =1, ® y is an (ng)-dimensional vector that stacks g copies of y € R™ one
underneath the other, o > 0 is a optimization parameter and

1, ... 0 X
X, =1: - : | e RPOX(HD) X, = (Opxy L)€ RP*(p+a)
0 ... 1, X
Moreover, let us define Prox,(v,a) := v — max{(r — 1)/a, min(v,7/a)}, and

Shrink (v, a) := sign(v)(Jv| — a)4. The former is the proximity operator of the
check loss p, with respect to parameter a > 0, and the latter is the proximity
operator of ||, also known as the soft-thresholding operator. The ADMM-based
algorithm [17] for solving problem (4.1) is summarized in Algorithm 1.

Algorithm 1 The ADMM Algorithm for Solving Weighted L;-penalized CQR

Input: Initialize with (¢°, Z%,~4°, U, v0), where ¢° = ((a®)T, (8°)T)T
For t =0,1,..., repeat the following steps until convergence.
1. Update

1
Pttt = ;(erxl +XIX2) 7 - [XT{oY — ovec(Z") — vec(U')} + X3 (o' + v")]

4.3)
2. Update
t
24! = Proxy, <yi —att —af gttt - “gi’“,nqo)l <i<n1<k<gq  (44)
vt \d.
= Shrink(ﬁﬁ“ -, —J>,1 <j<p (4.5)
o

3. Update
vec(UH) = vec(U?) + o{vec(Z'T1) + X3! Tt — Y},
v+l = ot 4 o(ytt! - Xppttl).

4.2. A local adaptive majorize-minimization algorithm for smoothed

CQR

In this section, we focus on solving a smoothed version of (4.1) with each p,,
replaced by ¢, = pr, o Kp. To take advantage of the smoothness and the
local strong convexity of the smoothed loss, we employ a variant of the local
adaptive majorize-minimization algorithm (LAMM) proposed by [14]. The main
idea of LAMM is to construct an isotropic quadratic objective function that
locally majorizes the smoothed composite quantile loss such that closed-form
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updates are available at each iteration. To see this, recall the smoothed objective
function Qp(c, B) = (ng) ' Yi > f 1 bhp(yi—ax—xIB). For k =1,2,..., let
@" = ((a®)7, (B*)™)" be the iterate after the k iteration. At the k-th iteration,
for some sufficiently large quadratic parameter ¢ > 0, we define a locally
majorizing isotropic quadratic function

Fp; 0,071 = Qu(@™™ ) + (VQu(" 1), 0 — 0" 1) + %Ilw — "3,
(4.6)

satisfying F (@1 ¢p, 0" 1) = Qn(@"1). For a large enough ¢y, say no less
than the largest eigenvalue of Vzéh(apk_l), we have F(@; ¢p, %~ 1) > @Mcp)
for all ¢. Then, we define the updated iterate @* = ((a®)T,(B8¥)")" as the
solution to

HgH{F(so;c%sok*l) + [IAeBl}, (4.7)
where A = (A1,...,Ap)". It is easy to see that

Qn(@") + X0 B¥|l < F(9"; b1, " 1) + A 0 ¥4 (4.8)
< F(@" L ") 4 [X 0 857N = Qu(e™ ) + Ao 85711

This ensures that the objective function (with penalty) decreases after each it-
eration. From the first-order optimality condition we obtain the following closed
forms for a* and B*:

of =k — 6,10, Qu(F ), F=1.2,....q,
B = Shrink (8" — ¢, 05,Qn(@" 1), 6" N), G=1,...,p.

To choose a sufficiently large quadratic coefficient ¢, that ensures majorization
property, we start from a relatively small number, say ¢g = 0.01, and succes-
sively inflate it by a factor v > 1, denoted by ¢x; = 7'¢o for | = 1,2,.... If the
solution ¢*! to (4.7) with ¢ = ¢y satisfies (4.8) for some [ > 0, we stop the
search and set ¢, = @1 ;. Therefore, the quadratic coefficient ¢y, is automatically
determined at each step. By default, we set the optimization parameters to be
(¢o,7) = (0.01,1.25). We summarize the whole procedure in Algorithm 2.

From Algorithms 1 and 2 we see that the dominant computational effort of
each LAMM update is the multiplication of a pxng matrix and (ng)-dimensional
vectors, which can be implemented in O(png) operations. In addition to this,
each ADMM update also involves the multiplication of a (p + ¢q) x (p + q)
matrix and (p + q)-dimensional vectors with a complexity O(png + (p + ¢)?).
Moreover, the ADMM needs to compute and store the inverse of XTX; +X7Xs €
R(P+2)x(#+9) hence incurring extra computational cost and memory allocation.
Via the Sherman-Morrison-Woodbury formula, the real computational effort of
this step is to evaluate the inverse of an n x n matrix (with complexity O(n?)),
which is still expensive when n is large.
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Algorithm 2 The LAMM Algorithm for Smoothed CQR with Weighted L1-
penalization

Input: Initialize with a® = 0 and 8% =0
For k =0,1,..., repeat the following steps until convergence.

1. Set ¢ = max{po, px_1/7}
2. Update

af =af =100, Qn(e" ), i=1,2,... .0,
B = Shrink(8F ! — 6,105, Qn (1), 65" N;), i=1....,p.

3 I F(¢%; on, " 1) < QnleF), set ¢y = vy, and repeat Step 2 until F(oF; gy, 1) >
Qn(e").

Figure 1 shows a preliminary comparison between the ADMM and LAMM
algorithms for computing L;-penalized CQR estimators on a simulated dataset
with increasing n,p subject to p = 5n. To make comparisons that are as fair
as possible, each algorithm is implemented in Python, using the NumPy library
for basic linear algebra operations. On the statistical aspect, the CQR-Lasso
(by ADMM) and SCQR-Lasso (by LAMM) estimators exhibit nearly identical
estimation errors (under squared model error); in a speed comparison, the run-
time of ADMM grows significantly faster than that of LAMM as the sample
size and dimension increase. These preliminary numerical results show evidence
that LAMM can also be faster than ADMM by several orders of magnitude.
More empirical evidence will be given in the next section.

5. Numerical studies

Recall that composite quantile regression was introduced by [46] as a robust
regression method for linear models with heavy-tailed errors that may have in-
finite variance. The relative efficiency of CQR compared to the least squares
is at least 70% regardless the error distribution, could be arbitrarily close to
95.5% in the Gaussian model and arbitrarily large with very heavy-tailed er-
rors. The least absolute deviation (LAD) regression, however, may have an ar-
bitrarily small relative efficiency with respect to the least squares. Recently, [39]
introduced a new robust method for high-dimensional regression along with a
simulation-based procedure for choosing the regularization parameter. In the
Gaussian model, their oracle estimator achieves the same asymptotic relative
efficiency (with respect to the least squares) as the CQR.

In the following simulation study, we first compare the penalized SCQR
method with its non-smoothed counterpart [17], and then with the robust re-
gression method proposed by [39] when the tuning parameters are automatically
chosen for both methods. Data are generated independently from the linear
model

y=z"f"4+¢, x~Ny0,5%), (5.1)
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F1G 1. A numerical comparison between CQR via ADMM and SCQR via LAMM. Panels (a)
and (b) display, respectively, the “model error versus sample size” curve and the “runtime
versus sample size” curve. The sample size n increases from 20 to 200, and the dimension p
is set as 5n.

where 8* = (3,1.5,0,0,2,0,...,0)" € RP and ¥ = (0.5”"“')19);63,. Indepen-
dent of x, the observation noise ¢ is generated from one of following four distri-
butions:

(a) The normal distribution with mean 0 and variance 3—N (0, 3).

(b) The mixture normal (MN) distribution—+/6x {0.5N (0, 1)4+0.5N(0,0.5%)}.
(¢) The t-distribution with 3 degrees of freedom—+;.

(d) The standard Cauchy distribution with the density f(t) = 1/{n(1 + t2)}.

We consider two moderate-scale settings with (n,p) = (100,600) and (n,p) =
(200, 1200).

The statistical performance of each method is measured via the (average)
squared model error (with the standard error in the parenthesis), which is
||§ — B*||3, the number of false positive results (FP), which is the number
of spurious covariates that are selected, and the number of true positive results
(TP), which is the number of significant covariates that are selected. For the
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implementation of CQR, we set ¢ = 19 and choose quantile levels 7, = k/20 for
k=1,...,19.

The theoretical bandwidth requirements suggested in Theorem 3.1 is not scale
invariant, which is not a good property in applications. In [15], the authors have
evaluated their smoothed quantile regression estimator at the rule-of-thumb
bandwidth of [30], which is hror = 1.065n~'/%, where 5 is the minimum be-
tween the sample standard deviation and the interquartile range (divided by
1.38898) of the standard median regression estimator’s residuals. In [33], they
have shown that the results are insensitive to the choice of the bandwith pro-
vided that it is in a reasonable range (neither too small nor too large). In our
numerical simulation, we endorsed their choice of the bandwidth parameter
h = max {0.05, \/7(1 — 7){log(p)/n}'/*} which is scale invariant, with slight
modification that we put 7 = ¢! ZZ:1 Tk

Table 1 summarizes the simulation results for CQR-Lasso, SCQR-Lasso and
SCQR-SCAD that uses the SCAD penalty to compute the weights in (2.8).
For a fair comparison between the two methods in terms of statistical and
numerical efficiency, we first compute an “oracle” A value based on the true
model error || — B*||x for each estimator. To be specific, we first compute
each estimator along a predetermined sequence of A values, and choose the A
that minimizes the true model error averaged over 50 replications. Next, we
run 100 additional simulations for each method using the optimally chosen A,
and report the results in Table 1. When the L, penalty is used, the SCQR has
slightly lower model errors than the CQR yet at the cost of more false positives.
From the runtime comparison we see a significant computational advantage of
the SCQR via LAMM over the CQR via ADMM. As mentioned in Section 3.2,
both algorithms are implemented in Python using the NumPy library for basic
linear algebra operations. Moreover, with the optimally chosen A, the SCQR-
SCAD estimator considerably outperforms the Lasso counterparts and achieves
oracle-like performance.

We further implement both methods with A chosen by two data-driven pro-
cedures, the (five-fold) cross-validation and a modified BIC method; see Sec-
tion 2.3 for details. Under the four error distributions, Tables 2 and 3 show
the simulation results for CQR-Lasso, SCQR-Lasso and SCQR-SCAD with A
chosen by five-fold cross-validation and BIC, respectively. Statistically, the L;-
penalized CQR and SCQR methods perform similarly in terms of model se-
lection accuracy and estimation accuracy (for 8*). This empirically validates
the theoretical results that smoothing only affects the intercept terms and thus
does not compromise the estimation of 8*. The runtime comparison, on the
other hand, shows that the computational cost of ADMM, combined with either
cross-validation or BIC, becomes prohibitive as soon as the data has moderately
large scales.

We end this section with a numerical comparison of the (smoothed) compos-
ite quantile regression method and the robust regression method proposed by
[39]. The latter is a combination of the pairwise difference technique and LAD
regression. For simplicity, we focus on Li-penalization. Following the terminol-
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Statistical performance comparison between the CQR (via ADMM) and the SCQR (via
LAMM) estimators under linear model (5.1) with four error distributions. Optimally chosen
A values are used for both methods.

n = 100, p = 600 n = 200, p = 1200
Error Method ME TP FP Runtime ME TP FP Runtime
N(0,3)| CQR (Lasso) [0.7680 (0.41) 3 11.62 21.05 [0.3581 (0.14) 3 14.66 166.01
SCQR (Lasso) | 0.6617 (0.26) 3 18.37 0.88 0.3317 (0.15) 3 24.31 1.21
SCQR (SCAD) [0.1096 (0.99) 3 0.06 0.46 0.0474 (0.04) 3 0.04 0.81
MN CQR (Lasso) [0.3871 (0.18) 3 10.15 18.95 [0.1940 (0.08) 3 12.65 147.39
SCQR (Lasso) |0.3298 (0.16) 3 17.87 0.72 0.1808 (0.06) 3 23.89 1.08
SCQR (SCAD) [ 0.0484 (0.04) 3 0.06 0.44 0.0290 (0.02) 3 0.03 0.79
ts CQR (Lasso) [0.4131 (0.23) 3 10.3 19.78 [0.2196 (0.09) 3 12.78 150.94
SCQR (Lasso) |0.3661 (0.17) 3 17.57 0.81 0.1839 (0.08) 3 23.58 1.15
SCQR (SCAD) [ 0.0561 (0.05) 3 0.04 0.52 0.0246 (0.02) 3 0.03 0.88
Cauchy | CQR (Lasso) [1.3223 (0.99) 3 13.33 24.64 [0.6289 (0.38) 3 17.92 190.73
SCQR (Lasso) |1.0474 (0.68) 3 17.57 0.96 0.4655 (0.26) 3 23.36 1.40
SCQR (SCAD) | 0.2350 (0.39) 3 0.41 0.64 0.1174 (0.16) 3 0.69 1.11
TABLE 2

Statistical performance comparison between the CQR (via ADMM) and the SCQR (via
LAMM) estimators under linear model (5.1) with four error distributions—N (0, 3), mizture
normal, t3 and Cauchy. The average of the squared model Lo error (and standard error),
true positives (TP), and false positives (FP), and runtime (in seconds), over 100
replications, are reported. 5-fold CV is used to select .

n = 100, p = 600
Error Method ME TP FP Runtime
N(0,3) CQR (Lasso) 0.7924 (0.36) 3 3.52 768.38
SCQR (Lasso) 0.8066 (0.43) 3 8.77 52.41
SCQR (SCAD) | 0.2074 (0.24) 3 0.31 49.94
MN CQR (Lasso) 0.4110 (0.20) 3 4.14 626.67
SCQR (Lasso) 0.5066 (0.29) 3 9.69 46.29
SCQR (SCAD) | 0.1383 (0.13) 3 0.29 44.05
ts3 CQR (Lasso) 0.4125 (0.23) 3 4.27 722.36
SCQR (Lasso) 0.4966 (0.34) 3 8.60 48.12
SCQR (SCAD) | 0.1395 (0.12) 3 0.35 47.68
Cauchy CQR (Lasso) 1.2951(1.12) 3 4.74 1158.31
SCQR (Lasso) 1.2584 (1.06) 3 6.32 63.46
SCQR (SCAD) 0.3848 (0.48) 2.96 0.22 79.90

TABLE 3

Statistical performance comparison between the CQR (via ADMM) and the SCQR (via
LAMM) estimators under linear model (5.1) with four error distributions—N (0, 3), mizture
normal, t3 and Cauchy. The average of the squared model Ly error (and standard error),
true positives (TP), false positives (FP) and runtime (in seconds), over 200 replications,
are reported. The BIC (2.9) is used to select \.

n = 100, p = 600
Error Method ME TP FP Runtime
N(0,3) CQR (Lasso) 1.0595 (0.64) 3 0.64 197.86
SCQR (Lasso) 0.9438 (0.54) 3 0.62 9.51
SCQR (SCAD) 0.3394 (0.49) 3 0.95 8.18
MN CQR (Lasso) 0.5632 (0.27) 3 0.75 157.95
SCQR (Lasso) | 0.5159 (0.24) 3 0.67 8.48
SCQR (SCAD) 0.1208 (0.17) 3 0.49 7.28
t3 CQR (Lasso) 0.6291 (0.39) 3 0.54 173.23
SCQR (Lasso) 0.5659 (0.34) 3 0.53 8.81
SCQR (SCAD) 0.0876 (0.13) 3 0.22 7.81
Cauchy CQR (Lasso) 2.7542 (2.64) 2.83 0.30 283.25
SCQR (Lasso) | 2.1228 (1.81) 2.93  0.27 11.51
SCQR (SCAD) 0.4055 (0.94) 2.88 0.03 12.60
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ogy in [39], we refer to their estimator as Rank Lasso, defined as

a . 1 S T T .
BH(N) = af%’é}in{m m_zl:,#j (yi —x;B) — (y; — = B)| + AkZ:l |5k|}-
(5.2)

By utilizing the pivotal property of the Lj-loss [3], they further proposed a
simulation-based procedure to choose A automatically from the data. Compu-
tationally, [39] reformulate the optimization problem (5.2) as a linear program
(LP), and then use general-purpose optimization toolboxes. We thus follow this
route and implement Rank Lasso using the SciPy library with method “highs”
[20]. In the following simulation study, we use equation (7) in [39] with ¢ = 1.01
and o = 0.1 to compute the A in (5.2); for SCQR-Lasso, we simulate A via (2.10)
with ¢ = 1.9 and a = 0.05.

For data-driven Rank Lasso and SCQR-Lasso estimators, we summarize re-
sults on the statistical and computational performance in Table 4 under the four
error distributions when (n,p) = (100,600). The data-driven SCQR typically
has much smaller estimation errors but more false positives than the data-driven
Rank Lasso. This could just be a consequence of the different tuning procedures.
The runtime comparison confirms SCQR as a practical and computational effi-
cient approach to robust regression. The linear program reformulation of (5.2),
on the other hand, involves 2n? + 2p variables and O(n? + p) constraints. Even
the state-of-the-art LP solvers are not adapted to large-scale problems.

TABLE 4
Statistical and computational performance comparison of the Rank Lasso and the SCQR
methods, among four error distributions: N(0,3), MN, t3, and the standard Cauchy, under
model (5.1). The mean (and standard error) of the model estimation error, true positives
(TP), false positives (FP), and runtime (in seconds) are reported.

n = 100, p = 600
Error Method ME TP FP Runtime
N(0,3) Rank Lasso 1.5222(0.52) 3 0.30 249.28
SCQR (Lasso) | 0.6970(0.24) 3 17.95 0.62
SCQR (SCAD) 0.1237(0.13) 3 0.05 0.34
MN Rank Lasso 0.8145(0.51) 3 0.55 247.97
SCQR (Lasso) 0.3478(0.22) 3 18.30 0.60
SCQR (SCAD) 0.0726(0.05) 3 0.05 0.38
t3 Rank Lasso 0.8324(0.48) 3 0.35 241.71
3
3
3
3
.9

SCQR (Lasso) 0.3660(0.21) 16.20 0.56
SCQR (SCAD) | 0.0551(0.042) 0.05 0.40
Cauchy Rank Lasso 4.6628(2.89) 0.40 241.81
SCQR (Lasso) | 1.3241(0.84) 17.55 0.82
SCQR (SCAD) | 0.4395(1.47) 2.95  0.20 0.43

Appendix A: Proof of main results

By a change of variable, we can rewrite the smoothed composite quantile loss
Qpn :RI™P - R in (2.6) as
q

Qnle.p)=-3" {(1—m> / ODO Fy(u+ay; B)du-t 7y / m<1—ﬁh<u+ak;ﬂ>>du}.

k=1
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Using this expression, we obtain

n

00, @ (0 B) = qin S (Kulow = (@) =) K=1oa (A
Vau(a ) = - 3" Kilow ~ () - i, (A2)
k 1i=1

where

:/j K(v)dv and f(h(u):f((u/h)

In this notation, we have K (u) = Kp,(u) = (1/h)K (u/h).

A.1. Proof of Lemma 3.1

Combining (A.1) and (A.2), we see that the full gradient of Q) with respect to
(a™,B")T € R7*P s

Kn(oq —ri(B)) — 7
VOn(a, B) = in 3 & : ) ERIP, (A3)
i=1 h\Qq — T4 — Tq
Soh— {EKn(ar —7i(B)) — i}

where 7;(8) = y; — ] 8. For the Hessian, note that for any 1 < k,1 < g and
1<j<p,

3

82@h _ 82@]1 1 =
Do doy _ZKh (B))kt, 98,000, q_n;Kh(ak —ri(B))zi;

with 5kl = I(k = Z), and

For every B € RP, write

v; = v;(B) = (Kp(agr —r4(B8)), -+, Kp(ag —ri(B))Y, i=1,...,n,
v =(v1,..,0)" = 0(B) = (Kn(ea =7(B)),-- -, Knlag = 7(8)))",

where r(8) = y — ™ 8. It follows that

v2©h<a7ﬁ>=i§nj(diag(¥” vz ) (A4)
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and
9 1 (E(diag(v)) E(vz™)
Vi@nleB) = q ( IE(:C%)T) E(1jv - il::L‘T)) ’ (A.5)

where 1, = (1,...,1)" € R%.
For any @ = (a1,...,aq)" € R? and b € RP?, note that

(@™, b")V?Qn (v, B)(a”, b")" = % S E{v(ar +27b)%} > 0,
k=1

where vy, = Kp(ar — 7(8)).

This verifies the positive semidefiniteness of V2Qj(c, 8) and so is the con-
vexity of Qn. At (a, B) = (o, B%), vi = Kn(aj, — 5 — ) = Kn(F~ (1) — ).
Using the independence of ¢ and «, and condition (3.2), we obtain that

(aTa bT)Vth(a, /B)(aTa bT>T|(a7ﬂ)=(a*7B*)

= LS R(ox + 270)?  ERA(F 1 (ry) — )
q k=1

1 q
:62 ak+.’13 / K (Tk)fhv)dv>0
k=1

for all @ € R? and b € RP, where the second equality follows from integration
by parts and a change of variable. This proves the strict convexity of @} at
(o, B°).

Turning to the sample Hessian, for any a = (a1,...,a4)" € R%,b € RP we
have

<aT,bT)V2©h(a7ﬁ><aT7bTT=—ZZKh o = 1i(B))(ax + 2[b)* 2 0.

zlkl

Hence, the empirical composite quantile loss @h is twice-differentiable and con-
vex. O

A.2. Proof of Proposition 3.1
We first show that the function my : R? — R has a unique minimizer, denoted

by by,. For each 1 < k < g, define the univariate function my, 1 (b) = E&j, (e — b)
whose first and second-order derivatives are

mj, 1 (b) / K()F(b—hv)dv — 7, mj, . / K(v)F(b— hv)dv.

Since K is positive everywhere, we have mj ; (b) > 0 for all b. Therefore, my, (-)
is strictly convex and has a unique minimizer, denoted by by, ;. Noting further
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that V2my,(b) = ¢~ diag({mj, , (b1), ..., my, ,(bg)}), the function my, : R? — R
is also strictly convex with a unique minimizer by, = (bp1,...,bn,q)".
For any a € R?, 8 € RP, we write A, = " (8 — 8*) and obtain that

q
Qn(a, B) = é > Elui(e+ 55 — ar — Ag)

k=1
q
=K {é ZE{Eh,k(e + 65 — ak — Am)|w}
k=1
:E{mh(al +Az 7567"'7aq+Am 758)}
> mp(bn) = Qn(By + ba, B7).

In other words, the function @y, : R9™P — R is minimized at (3§ + by, 8*). With
a everywhere positive kernel, Q) is strictly convex so that (53 + bn, 8*) is the
unique minimizer, implying af = 8§ + by, and B;, = B* as claimed.

Finally, it remains to bound |b, x — F~!(7x)|. For each k = 1,...,q, define
gk = F_l(Tk;) + tk{bh,k — F_I(Tk)} with

ty = sup{t € [0,1] : t|bps, — F ()| < K%ﬂh}.

When |by, — F~Y(m)| < n§/2h, we have t, = 1, otherwise t;, € (0,1). Set
8k = by, — F~Y(7y), satisfying |0x| < Hémh and in particular, |0x| = lié/2h if
bk — F~Y(mi)| > némh. By Lemma 3.1 and the fact that mj, ; (b)) = 0, we
have

{mi, 1 (br) — My o (F 71 (73)) Yok < {mf o (b)) — my o (F 7 (7)) YO
< |mj, j (F~ (7)) - |0
For the left-hand side,

- b
i plB) = i (P m) = [ i)

F=1(mk)

Zk oo
- / / K(u)f(t — hu) du dt
F-1(7) J —oc0
b 00
— s st [ [ K@ ) - 5 (00) dudt,
F~1(r) J—o0
This, together with the Lipschitz continuity of f, implies
~ l
{mi, (b)) — mpy x (F~H (7)) Y0k = f(F~(73))0% — §0|5k\3 — lokrh - 63

On the other hand, we have

i 1 (F = (7)) = I/_oo K (u){F(F~}(r) —hu) = F(F~' (7))} dul < lorah® /2.
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Putting together the pieces, we conclude that
_ l 1 _
FF~ ()07 < §n2h2|5k| + G106 + lomihd < raloh®|6e] + o f(F (7))o

provided 0 < h < f(F~ ( k))/ (2/{2/ lo), where the second inequality follows
from the fact that x1 < KQ . Canceling out |0| from both sides yields

2k %1oh

2Ry’ o 12y 172
FOE-T(m) Ky “h < Ky “h.

|0k | <

By the definition of by, we must have |bh ik — F~H(m)| < Hé/Qh; otherwise x| =
/21 which contradicts the above inequality. Consequently, tx, = 1 and by =
bp k., thus implying the claimed bound (3.4). O

A.3. Proof of Proposition 3.2

We first consider ||(*||cc = maxi<g<q |¢}], where

G = = SR (0h s — ) /h) — )

n
q i=1

is the k-th coordinate of ¢*. Note that K((O‘Z,k —&i)/h) — T € [Tk, 1 — 7).
Hence, applying Hoeffding’s inequality yields

P{|Ci| > 3X/(29)} < 202n(3)0/2)* _ 9,—9nA?/2

Taking the union bound over k = 1,. .., q, it follows that P{||¢*||« > 3X/(2¢9)} <

2(]6_9")‘2/2.
For w* = (w7, ...,w;)" € RP, let
q —
:#ZK (ah, —€i)/h) — i},
k=1

so that wy = (1/n) Y ", z;. Note that E(z;;) = 0, |zi;| < |2i], and by as-
sumption (A3), P(|x;;| > 1/001]/2 ) < e /2 for all t > 0. It thus follows from
Proposition 2.5 of [37] that

1 n
#(fn 2

=1

> t) < 2exp{-nt*/(8vicj;)}. (A.6)

Finally, taking ¢ = A/2 and applying the union bound over j = 1,...,p prove
the claimed bound. O
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A.4. Proof of Proposition 3.3

We have

_ %ZZ {K(ak - W)) - K(M)}mmmx
(A.7)

by letting «; = (1, )", where d = o — aj,, A = g — B*.
We restrict our focus on the symmetrized Bregmann divergence with each
quantile index k =1,...,q, by letting

Duto )= 1 3 (B2) - (B

where Ay := (dk, A).
We first claim that, when ||Ag|ls < r, we have the following lower bound

Dy(at, B) > cl| Axll3,

with high probability for some positive ¢ > 0, so that we can combine all the
bounds for each k to derive the desired result of the Proposition 3.3. Let us
define an event in the neighborhood of the true parameter, & . := {|e; —aj ;| <
h/2yN{ {2, AR)|/|Aklls < h/(2r)}, with 7 > 0. We can lower bound Dy,(a, B)

by
K i _
— > (@i, Ag) e, (A.8)
=1

where £ := min|;|<; K (z). Also, by using similar smoothing technique from [26],
we define a Lipshitz continuous function for R > 0, as

pr(u) = wI(|ul < R/2)+ (jul = R2I(R/2 < [u| < R).  (A.9)

Then, we can further lower bound (A.8) by

b|'3

Z T, Ag)? e, > K — Z@hm (Ak, Zi)) - Xiks (A.10)

1=1

=:Do x(,B)

where xix = I(le; — o, ;| < h/2).
To prove our claim, now it suffices to show that when ||A|ls = or, for each
(6 € (0,1]), we have

I - _
= Pan/2) (A ) ik > c(or)”. (A.11)
i=1
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If it holds for § = 1, then

K — B
— Do (Ar/0.8:) - Xix > er?,
i=1

which gives
K _
ﬁ Z @sny2)((Ak, T3)) - Xap > c(0r)>.
i=1

Hence, we only need to prove when ||A||s = r. Suppose ||Ag||s = r, we have

[Exi s — hf(af )] < / () — folag)ldt <

2 p2
a;‘l,kfh/Q 4

with Proposition 3.1. Moreover, we have the following lower bound
. lo, o s o 3
Exix > hfe(aj ) — Zh > h(f —loCph” — Zh) > Z‘ih (A.12)

when h < min{j/(4n;/2lo),i/(2l0)}, where Cy, := 2k2lg/f is an upper bound
of the bias |byx — f(F~!(7))| that derived in the Proposition 3.1. Then, using
above results, we get

B oo (A Z)Xek} >  [Bonol(As, 7))
> 3 1~ B{An 2Tk @) > h/9)]

The last term of the above inequality is equal to

3
147 (1= B{ER Tiga, 12h/(m }), (A.13)

where §a, = (Ag, i) /|| A 5.
Since we have sub-Gaussian covariates, for any u > 0, we get

E{€A, 1(1€a,] > u)} = 2]E{ /Ooot I(l€ail > )I(1€ail > U)dt}

s / t-I(€ay| > I(€a, | > u)dt
0

+ QIE/ tI(€a,| > t)dt

—2P(€,| > u) +2 / £ P(€a,| > f)dt

u
oo

< w2e—(u/VE0)? zyg/ t-P(€a,| > vot)dt

u/vo

< (u®+ 21/3)6_(”/\/5”0)2,
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where we use the condition (A3) to establish the last two inequalities.

To simplify, define Ls := min {L : E(v™@)? - I([v"&| > L) < § for all v €
RPF |lvflg = 1}. Then, we get L1z < h/(4r) when h/(4r) > 313., which leads
to

21
inf  E{Dy(a,B)} > = fr2. A.14
ot {Do.x(c,8)} 357 (A.14)

Now, we need to bound |Dg (e, B) —E{Dy 1 (cx, 8)}|. The domain of interest
is Ba(r) N Cq(l), in particular |[(6", AT)"||q < r. Thus, when ||Ak|ls = r, it
also satisfies that ||Ag|l1 <||Ag|s. Let us define

Zn(l) == sup [Dok(e,B) —E{Dox(c,B)}|
Ak <ir

Then, we have 0 < h_lgoh/(gr) (€a,) < (4r)72h, and

E{h™ %0} jar)(a,)Xik} < (h/4r)°h*E(€A, - Xik)

(4r)7% - {fe(af, i) + loh? 4}

< (4r)72(5fh/4), (A.15)
where the last inequality follows from Proposition 3.1.

To control Z,(l) defined above, let us divide it by 72 for convenience, which
gives

IN

i : Zn(l) = sup

1 n
— W (EaL) = Egn o (€a, ‘ A.16
r2 Ik <t Axls | 7R 2_Aenan(€ar) = Bonan(€al]. - (A10)

i=1

With (A.15) and above preparations on Z’ := Z,,(1)/r?, we can apply Theorem
7.3 of [6], a refined Talagrand’s inequality, which gives

P{Z’ <E(Z)+ h/(16r2n)\/40n77"2x/h +2E(Z")x + hm/(48r2n)} <e~

(A.17)
We further simplify the inequality above as
hz 1 =172 [hx hx
Z' <E(Z') + {E(Z")}V/? 4r)~t .2 — 4 —
<B(Z) +{B(Z)2 1o + ()72 B
5 fha hx
< ZE(Z) + A18
4 (Z') + 4r2n  3r?n ( )

with probability at least 1 — e™®, where the last inequality follows from ab <
a’/4+ b2,

By taking expectation on the right-hand side of (A.16), we apply Talagrand’s
contraction principle in Theorem 4.12 of [23], which leads to

§ €iXi, kmz

E(Z') < , (A.19)

L g
;
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where e;’s are independent Rademacher random variables. _
We have E(e;xi ki) = 0 and E(e;x; ,2ij)? < ojjcn, where ¢, = (9/8)fh +
loh?/4. Also, for k= 3.4, ...,

Ele;xixzij|F < cn - k:/ uF TP (|| > w)du
0
< chugal-c-/2 . k:/ P(|zsj] > uoajl-]/zt)dt
0
k/2 < e
< Chy(’)fg,,/ k/ o—t2/24k=1q4
0
k!
< 3 Vaojich - (21/0031-]/2)]“72. (A.20)

Then, following the proof of Theorem 2.10 in [5], letting v = v3o2cpn, ¢ = 2v0,
and using Bernstein’s inequality, we get

(A.21)

E(Z) §2V00r1< Jhlog(2p) log(2p)>.
T n n

Hence, combining bounds (A.18) and (A.21) with x = log(2p), we get

fhlog(2p)
20

log(2p) n hlog(2p)
™

7' <
- 3rin

(14 5vp0,1) + 2.5190,1 (A.22)

N | =

with probability at least 1 — (2p)~*. B
Then, provided that n > C(vyo,l/ fr)? fhlog(2p) for some large constant C,
we get

Dy(er, B) > c|| Al (A.23)

with probability at least 1 — (2p)~! where ¢ = 0.5 f - £. Summing up these
results for k = 1...,¢q, we get the desired RSC property with probability at
least 1 — ¢/ (2p). O

A.5. Proof of Theorem 3.1

Throughout the proof, we write @ = &y, and B = Bh for simplicity. To prove
Theorem 3.1, we first derive an upper bound on the symmetrized Bregman
divergence given in (3.8), along with a cone property for the estimator. Next,
we prove a local RSC property based on Proposition 3.3, which in turns implies
a lower bound on the Bregman divergence. Combining these upper and lower
bounds yields the claimed estimation error bound.

Set d = a—aj, € R? and A = 3 — B* € RP. Conditioned on the event G(\)
defined in (3.9), we have

SN ~ ~ B\~ A~ 3A,~ e
D(a,B) < A(|[|[Aslli = [[Ase[l1) + leélll +5llAl < 7(||A5|\1 +q|o]1)-
(A.24)
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Recall from Proposition 3.2 that a lower bound for D(e, 8) holds when (67, A™)™
is in a cone-like set, where 6 = a — af, and A = 8 — 8*. We thus need to show
that the estimator satisfies a cone-like property (with high probability). Using

-~

the optimality of (&, 8) and the convexity of Qp, we have

0> Qn(a,B) — Quled;, B%) + A(IBl: — 1187 [11) (A.25)
> M@ - ap) +w (B - B+ MBI - 1871h)
> —[I¢* ool — el — [w*llocllB = B2 + A Bse — Biellr — IBs — BEllh)-
It follows that

(A = [l ls)[1Bse — Biellr < (A + w0 1Bs — Bll1 + 1€ o & — a1,
(A.26)

which further implies
1Bse — Biell < 311Bs — Bl + 34726 — o |12 (A.27)

conditioned on G()). Using the above bound and Cauchy-Schwarz inequality,
we get

187, A" ||y < sV Asl2 + (42 + 347 2) 0]
< 4max(s,q)1/2(||38||2 + ||5A||2)
< 4v/2 - max(s, q)1/2%;1/2||(3Ta Ao,

so that (8T, AT)T € Cq(l) with I = 47, */?\/2 - max(s, q), where C(1) is defined
in (3.12).

Note further that the RSC property only holds in a local neighborhood of
aj and B*, for which (&, ) does not necessarily satisfy. We thus employ a
localized argument complemented with proof by contradiction. For some r > 0
to be determined, define 1 := sup {u € [0,1] : u(d,A) € Bo(r)}, where Bo(r)
is defined in (3.11). By definition, n = 1 when (5,3) € Bq(r), and n € (0,1)
otherwise. Then define an intermediate “estimate” (a, B) = (a,B%)+ 77(3, 3),
which satisfies (i) (&, 8) = (&, B) if (§,A) € Bq(r), and (i) (&, B) lies on
the boundary of (aj, 8*) + Ba(r) if (3,3) ¢ Bq(r). Moreover, (&, B) inherits
the cone property of (&, ,@) conditioned on G(A). Applying Proposition 3.3, we
obtain that

D(@&B) > c(IIKII% n gnﬁns) (A.28)

with probability at least 1 — ¢/(2p) conditioned on G(X), where ¢ = 0.5f - k.
On the other hand, Lemma F.2 in the supplementary material of [14] states
that D(&, 8) < nD(&, B). Combining the upper and lower bounds in (A.24)
and (A.28), we obtain

~ 1, ~ 3A [~ 1~
(11 + 21815 ) < 5 (1Bslh -+ =131
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3\
( 2| All +7||6||2>

| /\

2

3 1/2 T T
7 N (RN

3 1212 5 A
< 5 212N (87 /g AT o

IN

Canceling out the common factor H(ST /4 A7T)||q from both sides yields

167/ A" o < o 251 = V2 Gey s (a2)

f’f’)’p
In view of Proposition 3.3, we choose r = h/(1212) so that ||(87, A")|q < r
provided
3\/_ —1/2( )1/2)\ < — h
fI<L 1202

In this case, (&, 3) falls into the interior of Bo(r) and we claim that (S, 3) €
Bg(r) and thus n = 1. Otherwise if (8, A) ¢ Ba(r), (&, B) is constructed to be
on the boundary of (o, 8*) + Bq(r) so that (87, A™)||, = 7. This contradicts
the above, and therefore proves the claim. The desired estimation error bound
then holds on the event R(c, r,1)NG (). Finally, from Propositions 3.2 and 3.3 we
see that event R(c, r, 1)NG(\) with A < vyo,4/log(2p)/n occurs with probability
at least 1 — ¢/p as long as n 2 sqlog(p). |

A.6. Proof of Corollary 3.1

From (A.26), we know that ||Bsc — B%.|1 < 3|Bs — Bl + 3¢~ '|& — a1
Also, we have 3¢~ |a—aj |1 < 3|a; —aj, | for some j € {1, ...,q}, and assume
J = 1 satisfy the condition without loss of generality. Let &} := (¢ -1/2 xl), X =
(&1,...,2,)" € RP>*PH) 3 .= Eg;&7, which notation w111 be only used in this
proof. Moreover let ¥ = XX 1/2 A =3%Y2 and Af = (01*01;11,,3;1 B*T).
Then, Definition 1 in [28] holds w1th So=5 ko =3,A= A, and K (so, ko, A) =
{min(vp7 1/q)}~'/2. Then, by using Theorem 16 of [28], we obtain that, with
probability at least 1 — 2p~1!,

ap— h

-
ﬂh—ﬂ*

1 ~
—= X (Br = B )2 < —IIXA1||2 <2|AA| <2
Vn Vvn

Then, the result follows from Theorem 3.1.

A.7. Proof of Theorem 3.2

The idea behind this proof is that we need to control the magnitude of false
discoveries at each step to refine the estimation error. The larger value of A;
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with j € §¢ tends to penalize the false discoveries harder. Throughout the proof,
we write @' = al, and B* = B} for simplicity. Let us define a sequence of sets
for t > 1 as follows

S =8SU{1<j<p: X7 =P{(BY) < P'(ag)A}- (A.30)

Each set depends on the estimator of the previous iterative step. Using above
definition of the index set S;, we claim that

Si] < (0* +1)s,  and  [IAG [[min > P'(ag). (A.31)

We first assume that the above claime holds. On G(P’(ag)A), using (A.26),

we can derive that (8%, A?) € Cq(l) with | = 4v, "/*\/2 - max(s, q), where
(8%, Af) = (&' — o, B" — B*), and Cq(l) is defined in (3.12). Consider the

symmetrized Bregmann divergence
D@, B') = (~Xog. A") + (~¢7.8") + (~w", A"),

where g € || Bt |l1. For the first term of the right-hand side of the equality above,
we split it into three parts, which leads to

(Aog,A") = ((Aog)s, AL) + (Ao g)sns, Ab,s) + (Ao g)ss, Aly)
> —[Asll2 Asllz +0 + I Asg llminl| A

1-

The inequality above is derived using 8%. = 0 and the property of subdifferen-
tial. Then, combining above result with Holder’s inequality, we get the following
upper bound of the symmetrized Bregmann divergence

D(@",B") < ¢ 12118 [l2 + w3, [2l1AK, 12 + [ As 2| As]l2
+ (lwielloo = s lmin) 1A e |3
< (¢ (1201812 + w3, 12| AL, ll2 + [As 2 As (A.32)
< qll¢ 1o 18"/ v/allz + (0.5P (a0)s™*V/b? + 1+ 5/ A| A2

< 7;1/281/2)\(]3/(%) (2 +1)/2+ 2)||¢9t||Q —c- Topt”at”Q.
(A.33)

As in the proof of Theorem 3.1, define an intermediate vector (&f,B!) :=
(ap, B%) + n(8, At) with 5 := sup {u e 0,1] : u(8t, Al) € B (r)}, where
Bq(r) is defined in (3.11). On event R(e,r,1) N G(P'(ap)A), we can ensure that
n = 1, since D(at,Bt) < nD(at,Bt) from Lemma F.2 in the supplementary
material of [14] combined with the RSC property gives ||0¢||q < Topt, Which
implies (gt, A') € Bq(r), thus ensuring 1 = 1 via proof by contradiction.

Now, we need to verify the claim (A.31). For the second part of the claim, it
holds trivially for ¢t = 1. Assume that it holds for 1,...,¢. Using the definition of
the index set, for j € Sf,, we have s > P’(ag)\, which verifies the second part
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of (A.31). For the first part of (A.31), since S; = S, it holds for ¢ = 1 trivially.
Suppose it holds for some ¢ > 1. Then, we get P5(|55]) < P'(ag)A = P5(ao))
for j € S¢11\ S, which implies that |B]t| > apA due to the monotonicity of P’(-).
Thus, we get an upper bound for the size of the set as follows.

[Se41 \ SIY2 < (aoN) (B = B )sinnsllz < (@A) ™y 2ropy = bs'/2.
(A.34)

Hence, we get [Siy1]| = |S| + [Si41 \ S| < s+ b%s, which verifies the first part of
the claim (A.31).

To refine the rate at each step, we need to control the terms in (A.32). For each
J, we consider two cases, where the first case is when | 3;-71 — B]*| > agA which
gives agl\B;fl —Bil>A> )\3471, and the other case is when |B§71 — Bj] < aoA
which gives )\;71 < Py((|187| — aoA)+) due to the monotonicity of P'(-) and the

fact that |57 |—aoA < | §§_1| using the triangle inequality. Then, we get following
bounds

IAsll2 < IP5((185] — aoX) 1)l + ag I AL, (A.35)
and

lwog, 1z < wsllz + 180\ SV lwe oo
< [lwsllz + (aoX) M lwse ool AT s 2

x P'(ao)
< flwsllz + THA&\5”2 (A.36)
0

Substituting above results into (A.32), we get
D@5, B) < {VAIC lar+ ot 435205 TF (PTaa) 2R, o f 16T
Then, combining with the RSC property, we get

160 < 6- (16" Mo + rora + ¢~ V/all ¢ 2, (A.37)

where § = \/1+ {P'(ag)/2}?/(capvp) € (0,1). O

A.8. Proof of Theorem 3.3

Let A = 8P'(ag) voos+/log(2p)/n, and Ay = P'(ag) ~'/{s +log(q) + z}/n <
A. If the inequality does not hold, then let A = P’(ag)~*+/{s + log(q) + z}/n.

Then, with slight modification of the proof of Proposition 3.2, the event
{II¢* oo < 3P (a0)A1/(29), |w*|leo < P'(a0)A/2} C G(P'(ap))) holds with prob-
ability at least 1 — gq/(2p) — e~2(s12),
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On G(P’(ag)\), we can use the results from Proposition 3.3 and Theorem 3.2.
Consider ¢ = 0.5f - k, [ = 4%_1/2\/2 -max(s, q) and b such that satisfies

V2P (ag)(b? + 1)1% + 4 = aok fypb.

Also, let r > q1/27’0pt = aob(’ypsq)l/z)\. Then, using Proposition 3.3 with proper
conditions of sample size and the smoothing parameter decribed therein, the
event R(c,r,1) holds with probability at least 1 — ¢/(2p). With above prepa-
rations, we get the following estimation error bound using Theorem 3.2 on
event {[|¢*[|loc < 3P"(a0)A1/(2q), [|w*[lec < P'(a0)A/2}VR(c,7,1) C G(F'(ag))N
R(e,m 1),

HgtHQ < 6t_1T0pt +(1 - 5)_1(Tora + C_lx/ﬁllc*\\z) (A.38)

where rop, = 0*1{71,_1/2||P)'\((|Bf§\ — apA)4)|l2 + [|w%l2} is defined in Theo-

rem 3.2. Since we have ¢ > log{log(2p)}/log(1/4), we get 0" 'ropy < \/5/n.
Remaining quantity to bound is ropa 4+ ¢~11/q|¢*]|2 from (A.38). The second

term ¢ /g||¢* |2 is bounded by (3/2)P’(ag) ¢! /{s + log(q) + z}/n on the

event {||¢*|loo < 3P (a0)A1/(29), [|[w*|leo < P'(ag)A/2} C G(P'(ap)A). By using

the beta-min condition, the shrinkage bias term || P ((|B%| — aoA)+ )2 vanishes.
The only term remaining to bound is ||w¥]|2.
Consider

1 - s
1871 *wglls = Hn—q YD {Ku(ahp—e) —m}S  mis
i=1 k=1

, (A.39)

where S := E(zsz%). Since we have |(S™/2w%);| = [¢ 1 >4, {I_(h(a;;k—gi)—
T (ST 22i5);] < (871 2@;s)5], we get |51 Pwlla < [ 3002, 87V @i 5o

Then, since each S—1/ 2:13@3 is an s-dimensional sub-Gaussian random vector

with parameter 2v/21y0,, we get

2 2log(1
1812w, < 81/00961/5 + 41/0%,/% (A.40)

with probability at least 1 — e. By letting ¢ = e~ (512 and combining all the
bounds we have for (3.19), we get the desired bound with probability at least
1—q/p—2e~(*2)_ Seperate bounds comes from ||/§}?L—B*||g, (@), —a)/vallz <
|6l q2- Finally, the h? bias term comes from ||a} — a*||2, which was derived in
the Proposition 3.1. U

A.9. Proof of Theorem 3.4

For t =1,2,...,let T, = SU{l1 < j < p: X! = P{(|B"!]) < P'(ao)A}, and
k = |T¢|. By using the optimality we get

0= <v62h(at,ﬁt> +og, [g] >
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> —[1€°oo 107111 = llew®lloo | A1 + [[ATe [lmin | ATl = [[A7: [[oo | AT [l1,

where 8°=at—a°, A°=pt—° ¢° = VoQn(a°, B°), and w® = Vﬁ@h(ao,,@o).
By rearranging terms and using the optimality (||¢°||cc = 0), we get
(IA7ellmin = @’ lloc) ATl < (lwlloo + AT o) | AT 11, (A.41)

which leads to

1A% < {1+2/P'(a)}| A% .

thus
3\0 / <o NG
Aol = {2+2/P(a0)} (8% + 1A% 1)
1
172 || %
<{2+2/P’(a0)}{w} o\ (A.42)
Tp A Q

which explains the choice of [ in the theorem.
Now, using the optimality and properties of subdifferential, we get

o o A 50 N o B 50
VQ}L(atuBt) _th(a 7/8 )a XN o = _Aog_th(a 7/8 )7 Ao
A A

< w21l A% ll2 = (IA7e lnin — w7 o) |AG I + [Asl2 A%l (A.43)

< (52 4+ 0.5P (ag)k"/?)A|A°l|2 < V2(s'/2 + 0.5 (ag)k'/?) My, /2(16° |
(A.44)

Using the similar argument given in the proof of Theorem 3.2, we can get |T;| <
(1+b%)s and ¢/2|6°||q < r, which makes

<r.

Hat _ao
Q

B\t _B\o

Now, define S; :={1<j<p: \@ — B7| > agA}, which makes Sp = S. We have
A= BL(1857) < P18 = aod)
if j € SNSf_;., and Ai™! < A for remaining j. Thus, we get

INS Iz < [1PA(185] — aoM)ll2 + AS N S /2 = AIS N S [V2. (A45)
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For each j € T, \ S, B; = 0 and X7 = Pj\(|§§_1|) < Pj(ap)), which leads
to \3;71 — Bi| > aoA, thus we get 7, \'S C §;—1 \ S. Then, we get [[wF.|l2 <
|w®]l0o| TE \S|? < [|w®]|oo|Si—1\S|*/? since wg = 0. Then, by combining above
results with (A.43), we get

cll0° 13 < {[w°lloolSt—1 \ SIY2 + NS N Si-a| 2}y, 1210 |, (A.46)
which leads to

L+ {P'(a0)/2}?
Yp

18" = B2 < 7, /11610 < [Se—1['/2. (A.47)

By the definition of S;, we have minj¢g, |B\§ - Bﬂ > agA — ||B° — B*||oe. Thus,
provided that

I {P'<a0>/2}1 A}7

{mo Bl < [0 - YA

we have

At_ 20
”(/3 ,3 )StH2 <5‘St—1|1/2,

|St|1/2 < _ <
ap — ||,80 - IB*HOO

which completes the proof.

A.10. Proof of Proposition 3.

We need to first establish the estimation error bound of the oracle estimator,
which is essentially the estimation error bound of low dimensional smoothed
CQR estimator. In this proof, with abuse of notations, use same notaion we
used for the high-dmensional estiamtion error bound, except for the dimension
which is now s < n. Proof strategy is similar to the proof of Theorem 3.1,
but now it is low dimensional, so that some steps can be omitted. We establish
upper and lower bounds of D(a, 8) in low dimension. Here, let

Rie,r) = {Dle. ) = (| Al +g7"]|6]3) for all |2] € Ba(r)}.

We first prove that R(c,r) holds with high probability. We follow the proof of
Proposition 3.3 until (A.18), with slight modification that we no longer require
Cq(l), thus taking supremum only on ||Ag||s = r. Thus, just denote Z,,(I) as Z,
in this proof. Then, we need to bound E(Z’) to establish the RSC property. Using
Rademacher symmetrization and Talagrand’s contraction principle on (A.16),

we get
—1/2 | h
< —_. A4
<7\ 5 (A.48)

2

E(Z) <! E
r

n
1 _
— E €iXi, kT
n <

i=1
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Thus, as long as n > Cfhs/r? for sufficiently large C' > 0, we get the desired
RSC property with probability at least 1 — ge~ (). Next, we need to get an
upper bound of D(e, ). Using the optimality, we get D(a@°, 8°) < ||¢*]|||@° —
ajllh + ||Z_1/2w*|\2||,§0 — B*|ls- Then, using the result of the Proposition 3.2,
we have [|¢*||oo]|@® — afll1 < 2M\|[(@° — af)/q"/?|l2 with probability at least
1-— 2qe‘8"/\2. Setting A = /(s + t)/n gives the desired probability bound. Now
it remains to bound ||X~/2w* ||y. Let & := ¢! Zzl{l_(((a;’k—ai)/h)—m}. We
have |&] < 1. Then, ||[S7Y2w*||2 = [|(1/n) Y1, &will2, where w; = 12z,
Using a covering argument, for any € € (0, 1), there exist an e-net A, of the unit
sphere with cardinality |A;| < (1 + 2/€)® such that

1 n
—1/2, o —1 - .
2712w, < (1 —¢) ma <u - ;1 §1w1>. (A.49)

Then, we have, for k = 2,3,...
E(|(u, &wi)|*) < E|(u, w;)|*

<o [ RG] > vt
0
S l/ok/ tk—le—tdt
0
k!
< EVg(QVo)k_z.

Now, using Bernstein’s inequality and applying union bound over N, we get

2 2
1S~ 2w* ||, < 1”f (\/—“ + —“) (A.50)
€ n n

with probability at least 1 — el°8(1+2/€)s=u  Choosing ¢ = 2/(e? — 1) ahaend
u = 2s -+t gives the desired upper bound with probability at least 1 —e~*. Thus,
following the similar argument used in the Theorem 3.1 to combine the lower
and upper bounds of the Bregmann divergence, we get the desired estimation
error bound for the oracle estimator. For the Bahadur representation part, we
refer to the Theorem 2 of [41].

A.11. Proof of Proposition 3.5

We restrict our focus on the symmetrized Bregmann divergence with each quan-
tile index kK =1, ..., q, by letting

Dfsc(alnghaZMBZ)
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where Ay := (a1 — gk, BT — B3)". Then, we have

K n ~
Dfo(en, Br 0z, ) > — > (&, Ar) I, (A.51)

i=1

where

Ein = {lei —apl < h/2y n{l@:" ALl < h/4} 0 {[(@i, Ap)l/[|Axlls < h/(4r)},

* Qo — Ol;kl,k
k" ( 182 _ B* ) . (A52)

In addition to ¢g, let
¢r(u) == I(|lu] < R/2) +2{1 — |[u|/R}(R/2 < |u| < R).

Then, we can further lower bound (A.51) by

1 & s
Dy,.(au, Br, 0z, B2) > K[| Al - " > Xik - oy (€ay) bnya(E7AL)
=1

=:DYf (a1,B1,02,82)

(A.53)

We have 3fh/4 < Ex;r < 5fh/4 almost surely, which is similar to the proof
of the Proposition 3.3. Using the sub-Gaussianity and the similar analyses fol-
lowing (A.13), we have

E{Xi,k0n)ar) (T Ak/ | Akll5) onya (€T AF)
3 _ _ *
> Zihﬂf{%/@r) (2" A/ Aklls) pnja (" AF) }

3 9
= Zih(l —E{€A, Liea, 12n/sr)} — B{EA, LwTarj>n/s)) > ﬁih (A.54)

when h/(8r) > 3142.
Now, we need to bound | — D% (auy, B, aa, B) + E{D%r (a1, B1, a2, B2)}]
uniformly over A(r,1). Let

Zi(r,1) = S(Up | — D%k (a1, B1, 2, B2) + E{DE (cxy, B, s, B2) }.
A(r,l)

If we denote D% (v, B1, a2, B2) = (1/n) Y., wi(x;, €;), where

w(5,€:) = (Xi,e/P) - Onyar) (BT Ar/ | Ak|ls) dnya(TiTAS),
we have

0 < wi(xi, ) < h/(8r)?, and Ewi(xie;) < (8r)72-5fh/4.
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Again using Talagrand’s inequality as in the proof of Proposition 3.3, for any

t > 0, we get
5 fht ht
< - < .
Zi(r,l) < JEZ(r ) +1\| 155 + 15,3, (A.55)

with probability at least 1—e~*. From here, we closely follow the proof of Lemma,
E.2 of [33] to bound EZ(r,1). With Rademacher symmetrization and using the
connection between Gaussian and Rademacher complexities that in Lemma 4.5
of [23], we get

EZ(r,1) < 2\/§E{ sup Gk(abﬂuazﬁz)} (A.56)

A(r,D)

where Gy (o, B1, a2, B2) = (nh)™ 30" 1 GikXik - Phyar)(Eay ) Pnya(Ti"AL),
and g; ; are independent standard normal random variables. Denote E* be the
conditional expectation given data {(y;, z;) }j= . Then, {G (a1, B1, 2, B2) } a(r1)
is a Gaussian process, zero at the true parameter. Now, apply the Gaussian com-
parison theorem to bound E* {supA(,.,l) Gr(a, B1, a2, B2)}.

Let 47 = (af,81),7 = (ad,B3), and denote 77, = (au, BT). 72, =
(a2k, B3), v i = (@45 B17), Yoy = (@, B5"), and abbreviate the notation
to Gr (71,5 7Y2,k)-

Let A" = (o), — aby, B, — B5T), AL = (o, — a;?k,BéT — B*"). Then,
we have

Gk(’Yl,k772,k) - Gk(’ﬁ,kﬁé,k)
= Gr(Y1,k:Y2,0) — Gk(’YLk + AZ,’YQ,;@) + Gk(’YLk + A:h’)’é,k) - Gk(’)’i,kﬂ’é,k)

1 & i _ .
= h Zgi,kXi,k ) @h/(4r)(£Ak){¢h/4($iTAk> - ¢h/4($iTA;c )}
i=1

1 o _ .
+ > gikXik - Onja(ET AL nyany(€ar) — nyan(€ar)}-
=1

Now, using the Lipshitz continuity of ¢r, pr and pr < (R/2)?, we get

% 2
E*{Gr(v1.6,72.) — G (Vi1 + AL 72 1) }

1 &~ h2 /8\2 ) 1\° )
< = ;:1 &) (E) (T3, Yo,k — Yor) Xik = (87%) 1<.fcu“/z,;c Vo k) Xik

n

?

(A.57)

and

* 2
E {Gk(’)’i,k + AL, o) — Gk(’)’i,kﬁé,k)}

1 - _ _ 2
> {enyun @ AR/ I1AK]5) = @nyan (@7 AL/ ALIS)} Xk

<
~ (nh)? <
i=1

—~
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1 2 n . .
3( ) Do (@ A/ Aklls — &AL ALlls) Xik (A.58)

drn ) 4
i=1
Now, we have an inequality

E{Gr(v1,k,Y2,5) — Gk(’)’i,kv’Yé,k)}Z
< 2B {Gr(v1,ksV2,k) — Gr(Vi o + AZa’Yé,k)}z
+ 2]E*{Gk:(’71,k + AL Yo k) = Gr(71 4 7§,k)}2
which can be bounded by using (A.57) and (A.58). Define another Gaussian
process {Zg(v1,72) fa(ry) a8

n

Z = (@i AR Xk + 5 AT X
k(71a72) ;gz,k<w k>X Jk + . Zgz,k HAkHi Xi,k

8r2n ,
=1
V2 &, V2 & (x;, Ay)
= L F e AT RS el Z 1o \TL SR
Sr2n, ;@h,k 1,8 k,,S>Xl,k 4rn v ik ||Ak:||f) Xi k>
where Z; s = (1,2} 5)", A} g = (a2r — 0} 4, B35 —B*")", and g 4, ..., g, , are

i.i.d. standard normal random variable that are independent of other variables..
We can also abbreviate the notation as Zg (1 k, ¥2,k)- Then, we have an inequal-
ity B {Gr (1,5, ¥2.0) = G (V1,100 Yo, < EAZi (Y100 ¥2.0) — Zi(1 o Yo, -
Applying Sudakov-Fernique’s Gaussian comparison inequality (see, e.g. Theo-
rem 7.2.11 in [36]), we get

]E*{ sup Gk(’hﬁz)} < E*{ sup Zk(’hﬁz)}- (A.59)
A(r,l) A(rl)

The above remains valid if we replace E* by E. We use the cone-like constraint
|AkllL <I|Aglls, and [|Af]ls < r/2, which leads to

Eq sup Zg(v1,72) ¢ < —\/i]E L En g ixinS V2, s
Al ’ — 16r ||n &0 ’
( 7) =1 2
V2l 1 & _
—E||— E i kX kT
+ 4r n ik Xi,k® oo

V2 [5fhs V21 |1 < _
< =S4+ TR - X kT A.
= 167 4 n + Ar n izzlgz,le,sz . ( 60)
where S := Ezsz5. Then, from (A.56), (A.59), and (A.60), we get
VE [hs 1|1~ , B
< Yo == + —E||- ! XikEi|| P :
EZy(r0) < \/E{ 16 V r2n + ZTEHTL ;gz,sz,sz oo} (4.61)
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To bound the second term of the right-hand side of (A.61), define G; =
> 9ikXikTij for j =1,...,p+ 1. Using the sub-Gaussianity (A3), for k > 3,
we have

E|z;]* <2yoak/2k/ th=te=t/2qt = 2¥/2pf o2k (k/2).
By using the identity I'(k)T'(k + 1/2) = 2172k, /7T'(2k), we get
It k/2 k/2
E|g; xZi;] < 2’f/27 ob/2yE P kT (k/2) = 20k ot kL.

Thus, for any 0 < A < (2V00’1/ )7L

o 1 57h 5T S A
Agl, Xi,kTij - 2 S 2](7 2](3
Ee EXi,k <1+ 2 1 ()'J])\ kz_g (Qk‘)' 05 (2k)
1 5f ad 9
<1+ 3 0” Z QVOU
k=2
<1+1.5ﬂ. Y5055\’
T2 4 1 ayePA
which leads to log Ee*s < 1. % . % We can apply same to —G; using

symmetry. By Corollary 2.6 in [5], we have

1 — _ 5 [fhlog(2 21og(2
]EHEZ;QZ'“XZ"’“% <1/00m{2\/f 5( r) i( p)} (A.62)

. Then, taking » = h/(2413) and combining above result, we get Zi(r,1) < f/16
with probability at least 1 —¢q/(2p), which leads to the conclusion by combining
those forall k =1,...,¢q

A.12. Proof of Theorem 3.5

To prove Theorem 3.5, we need to verify the event in Theorem 3.4 holds with
high probability. We closely follow the proof of Lemma E.3 in [33]. First, we

bound [|VQn(@°, B°)|lse- Let wh(ar, B) = VQn(a, B) — VsQn(ar, B) We have

IVsQn(6°, B°) |0 < llwn (62, B°)—wn (), B) oo+ V 8Qn (@, B)lloo+ ]|l c-
Let 4" = (", 87),v;" = (e, B*"). Define the oracle neighborhood @%(r) =

{7y € v} + Ba(r), Bse = 0}. Conditioned on the event {¥° € v; + Bq(r)}, we
have

lwn (@, B°) = walaj, B7)ll < sup [lwn (e, B) — wn(ag, B[l (A-63)

e5(r
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Then, we can bound the above term by bounding it for each quantile index k =

1....,q Let Al g = (O"“ B O‘h;kk). Also, let Wi (A% ) = (1/n) X0, (wik; —
’ Bs — ﬂs ’

Ew;i;) where

= aﬁk —& + <ii737 AZ,S> = a;kl,k — & T
Wikj = {K( N -K W 1;2 (A.64)

Then, we have

q

k % 1 *
sup [lwp (e, B) —wi(a, B)|lw < 0x= )  max sup [Wi;(Af s
ex(r) q 5 1sise A gli<r

(A.65)

Using (A1) and (A2’), we get |wir;| < h_1|x¢j<:ii73,AZ)S>/UJ1-;2|,|E(wikj)| <
THAZ,S”S' It can be also shown that

E(wfjk|mi) < 7}171(90123‘/%3')(531,5, AZ,$>2
using Minkowski’s integral inequality. Above inequalities lead to
E{ (wijr — Bwijr)|e:} < 272||AZ,3H% +2fh (a3 /0;)(®is, Ak s)?
For A € Rlet A, = N/[|A] slls, and let A}'s = Aj 5/[|Af sllg. Then, using

le* — 1 —u| < (u?/2)e*V? we obtain

n
Wi (AL s) — 22 (wik; —Ewik;)
Ee e
i=1

. A2 wins —Ewis
< HE{1+W(U)M — Buwiyy)’e w10 —F “”l}

n 2 _
< H {1 + XS 6¥E6%|2“<@v5’AZTSH

27 _
A Al 1o - * ok
n ’ ’

where Z;; = x;;/ 0]1.]/ 2 Applying Hoélder’s inequality, we get, for any ¢ > 0,
B2, (3,5, Afs) el (005.A10)]
< {Eﬁfgjetﬁj}lﬂ ) (E<§3i,87 A/*c,*s>4€t<ii’S7A:’*s>2)l/2

and
Eetl®ii(i,s,A87s)] < (Eeﬁ?j)l/z . (Eet<5i,s7AZTs>2)1/2.
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For a unit vector u € SPlet Z, = (2"u)?/(413), where z = £ ~1/2z.
Then, using sub-Gaussianity, we can show that

Ee» =1+ /000 e"P(Zy > u)du < 3,
REZ2e%w = /Ooo(u2 + 2u)e"P(Z,, > u)du < 8.
Then, we obtain
B Wi (8i.5) < T] {1+ CuiF/(n2h)} < T/,
i=1
for |\ < min{nh/(4v2),n/f}, where C >0 is an absolute constant.
Similarily, for each pair (A} 5, Aj ), we have a bound

EeMWis (Afs) Wiy (AL )Y/ 18] s~ Bilslls < (CriF/(nh),

Then, we can use Corollary 2.2 in [31] since above result satisfies condition (€d)
of [31]. Thus, with probability at least 1 —e™*,

—1/2 S+ u
sup Wi (AL )| S f owr —
a; sli<r n

provided nh > (s + u)'/? Taking u = log(2p) and combining bounds for k =
1,...,q, we get

s+ logp

sup [lwn (e, B) — wi (e, B7)|loo S ar (A.66)

ex(r) nh

with probability at least 1 — q/(2p) as long as nh > (s + logp)'/2.
Now, we need to bound ||VgQ (@, 8°)|/«- Since VgQp(@®, 8%)s = 0, only
need to bound S§¢ part. For v € @%(r), we have

VaQu(a, B)se —VgQu(ag,B")se

q o0
— % ZIE/ K(u){F.(®5A} s + F- ' (k) — hu) — F.(F7 ' (k) — hu) }asedu
k=1 Y7

Using Taylor expansion, we get

Fo(@5A7 s +F. () — hu) = Fo(F! (1) — )

g

BIAL s
= f(FZ (1)) - 25A% s +/0 {f(t = hu+ F7 (7)) — f-(FZ (7)) }dt.

Let Jses = ¢ > 4y fo(F~(7k))E(xs-xs), note that Ezse = 0, then above
displays imply

IVeQn(at, B)se — VpQn(ag, B )se — Jses(B — B7)ll
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1< 1<
< 0.5l maXE{— Z(:EEA% s*)2$j|} + max (— Z k1hE|z;z5 A, 5|>
1= 7 i 7

jeS*° jeS*°

1/2

(@ —ap)/ vl

< 0.5lgo 2ty Bs — B
S Qs

1 ax
+ lok1hog - p Z 1ALsls:

Thus, it gives
IVQn(a° B%)se — Jses(B® — B )slloe < 05100y’ *r? + lokihogr. (A.67)

Now. it remains to bound. ||J3c3(3" — B*)s|loo- Using the condition given in
the statement of the theorem, we obtain

1 Tse5(B° = B)slloe = IT5e5(Jss) " Tss(B° — B*)sll
< max |55 (Tses) " 1 - 1Tss(B° = B%)sllse < Ao+ 1T5s(B° = B)s oo
(A.68)

Instead of using the trivial ¢5 bound for /,.-norm, we have Proposition 3.4,
which gives a Bahadur representation of the oracle estimator

HD(ﬂ — 5—}——22{]( r—€i)/h) — T}Tis

zlkl

2

< B0 gz, JAS D) g (A.69)

t

with probability at least 1 — 3ge™", where D = Jss. This gives

HD(ﬂO— B)slloo
< ||D( B*)s + VaQu(ag, B%)sll + IVQn (e, B)sllx
1
+h3/2 fas+0) /og +t (A70)
where
~ log(s) + ¢
IVsQn(edt, B)s e </ 2ELH!

with probability at least 1 — e™! by using the proof of Proposition 3.2. Then,
combining all results above, we get

195000, B )OON\/log(Zp)+\/s+10gp\/ q(s +1)

log(s +t (s+1) 32 [a(s +1)
Faod L 0
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with probability at least 1 —q/p—(5g+1)e™t, provided that /(s V1ogp +t)/n <
h<1.

Now, take ¢ = log(n). Using the conditions from Theorem 3.4 and Proposi-
tion 3.5, set r = h/(2413), | = V2{2 + 2/P'(ao)} - [max{q, (1 + b2)s/v,}] ">,
¢ = 0.5xf, and choose the bandwidth parameter h < {log(p)/n}/*, we get,
with probability at least 1 — 2¢/p — (5g + 1)/n,

~ 0 Bo lo o s+log(n) | 5, . lo
1V50n(@% B oo < 1/ 252 o0 < /2718 50 e, </ 108P)
n n n

provided that n > max{s%/3/(logp)®/3,log(p)}. Then, as in (3.27) required in
Theorem 3.4, choosing A = C+/log(p)/n with sufficiently large C' > 0, we
have (3.27) with probability at least 1 — 2¢/p — (5¢ + 1)/n, provided that
n > max{s%/3/(logp)®/3, s*/?log(p)}, thus provind the strong oracle property.

A.13. Lemma F.2 of [14]

Lemma F.2 of [14] has been used multiple times throughout the technical proofs.
Here, we include the statement of the Lemma.

Lemma F.2. Let Dy(B81,82) = L(B1) — L(B2) — (L(B2), 81 — B2) and
D.L*(B1,B2) = D.(B1, B2) + Dr(B2, B1). For B(t) = B* +t(B — B*) with
t € (0,1], we have that

Dz(B(t),8%) <tD%(B,B").

The above lemma applies to general differentiable convex loss functions, so
we can apply in our smoothed loss function as well.
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