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Abstract

In this paper, we establish the Hausdorff dimensions of inverse images and collision
time sets for a large class of symmetric Markov processes on metric measure spaces.
We apply the approach in the works by Hawkes and Jain-Pruitt, and make full use of
heat kernel estimates. In particular, the results efficiently apply to symmetric diffusion
processes, symmetric stable-like processes, and symmetric diffusion processes with
jumps in d-sets.
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1 Introduction

Sample path properties of Markov processes have been extensively studied in the
literature, in particular, for Lévy processes. The readers are referred to the survey paper
[38] and the references therein for more details. Nowadays, there are a few develop-
ments in the extensions of part of results from Lévy processes to Lévy-type processes.
For example, based on two-sided heat kernel estimates for a class of symmetric jump
processes on metric measure spaces, the laws of the iterated logarithm (LILs) for sample
paths, local times and ranges are established in [25]. We also obtained in [36] the integral
tests on the escape rates, which are quantitative expressions of recurrence, transience
and conservativeness. By applying the behavior of the symbol of the corresponding
generator, Schilling established in [32] the results on the Hausdorff dimensions of the
image sets for Lévy-type processes, see also the monograph [7, Chapter 5.2]. Recently, a
general method is provided in [37] to establish uniform Hausdorff and packing dimension
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Inverse images and collision time sets for symmetric Markov processes

results for the images of more general Markov processes, including stable jump diffusion
processes and non-symmetric stable-type processes.

The main purpose of this paper is devoted to the Hausdorff dimensions of level sets,
inverse images and collision time sets for a large class of symmetric Markov processes
on metric measure spaces. Here, if we let X := (X,);>0 be a symmetric Markov process
on the metric measure space (M, d, i), then the inverse image is referred to be

{t>0: X, € D} foranyBorelsetD C M.

In particular, when D = {z} with some = € M, this is reduced into the level set; on the
other hand, the collision time set is defined by

{t>0: X} = X2},

where X := (X/);>0, i = 1,2, are two independent copies of X. Concrete examples of
the Markov processes included in the framework of the present paper are symmetric
diffusion processes, symmetric stable-like processes, symmetric diffusion processes with
jumps in d-sets, and so on. Note that, as seen from the survey paper [38, Sections 6 and
71, dimension results and their proofs for level sets, inverse images and collision time
sets are more complex than those for images.

This work is inspired by the Hausdorff dimension results of the inverse images
and collision time sets for stable processes on Euclidean space. Jain and Pruitt [16]
established the Hausdorff dimensions on the collision sets of two independent stable
processes X! := (X});>0 and X? := (X});>0 on R possibly with different indices. Their
idea is to regard the collision of X' and X? as their direct product process X' ® X2
hitting the diagonal set in R?, and to compare the polarity of X! ® X? with that of some
stable process in R2. Jain and Pruitt [16, Introduction] also pointed out that, if X 1 and
X? have the common index « € (1,2), then the collision time set of X! and X? has
the same Hausdorff dimension as that of the level set of the one-dimensional a-stable
process. This property follows from the fact that the difference process (X} — X?):>o
is also a a-stable process. However, if the indices of X! and X 2 are different, then it is
unclear how to establish the Hausdorff dimension of the collision time set.

Motivated by [16], Hawkes [21, 22] established the Hausdorff dimension of the
inverse image for one-dimensional a-stable processes with « € (1,2). The idea of these
works is to parametrize the stable indices by using the stable subordinators, and to
utilize the regularity and polarity properties of the stable processes. Liu [27] applied
this idea to the inverse images of compact sets for Lévy processes on Euclidean space.
Benjamini, Chen and Rohde [4, Remark 4.4] utilized this idea to the boundary occupation
time of symmetric stable-like processes on open d-sets in the d-dimensional Euclidean
space. Recently, Knopova and Schilling [26] further applied this idea to the inverse
image of Feller processes on Euclidean space, with application to the collision time sets
of the two independent copies.

Our approach is based on heat kernel estimates for the associated Markov processes,
together with the development of the ideas of [16, 21, 22, 26] as mentioned before. More
precisely, we will make full use of the subordinate processes and the associated potential
theory. However, since the present paper is concerned with symmetric Markov processes
on metric measure spaces, there are a few difficulties and differences compared with
the papers cited above. For instance,

(i) Concerning the inverse image, we follow the idea of Hawkes [21, 22] to make use
of the stable subordinator. However, since the subordinate process of a Markov
process is not a stable process in general, we can not utilize the polarity property
of stable processes as [21, 22].
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(ii) Inspired by [16] and [21, 22], we determine the Hausdorff dimension of the collision
time set by studying the regularity and polarity of the stable subordinate process
of the direct product process. However, we need further consideration on the
regularity property; it should be noted that, even for the direct product process
of the two independent stable processes on R, its stable subordinate process is
not a stable process on R? in general. Moreover, since the state space is a metric
measure space, the approach with aid of the difference process is not applicable to
the collision time set.

Due to these difficulties and differences above, we need some new ideas and some
efforts in the present paper. To state the contribution of our paper, let us restrict on the
following special setting.

Theorem 1.1. Let (M,d, ) be a connected d-set such that any closed ball in M is
compact. For a subset F' of M, let dimy (F') denote its Hausdorff dimension. Let X :=
(X¢)i>0 be the pu-symmetric diffusion process with walk dimension « or the symmetric
a-stable-like process (that is, the associated scaling function of each process is ¢(r) = %)
on M. Then the following statements hold.

(1) Suppose that d < «. Then, for any a € M,

d
dimy{t >0: Xy =a}=1—-—, P,as.foranyze M.
a

More generally, if ' C M is a Borel set such that dimy/(F') > 0, then

d—di F
dimy{t>0: X, € F}=1- %, P,-a.s. forany x € M.
a

(2) Suppose that d < a. Let FF C M be an s-set with some s > 0 (in particular,
dimy (F) = s > 0). If dimy (F) > max{2d — «, 0}, then
2d — dimy (F)

dimy{t>0: X}/ =X?€F}=1-"—"——-""2 P,as.foranyz € M x M,
«

where X' := (X/);>¢, i = 1,2, are two independent copies of X. In particular,
. 1 2 d
dimy{t>0:X; =X;}=1——, Psas.foranyze M x M.
«

As mentioned above, the proof of Theorem 1.1 is partly based on heat kernel estimates
for symmetric Markov processes, which are now developed greatly in recent years (see,
e.g., [1,10, 11, 12, 13, 14, 20]). Indeed, according to general results of our paper, we
also can get by Remark 2.7 below and [12, Remark 1.12(iii) and Example 7.2] that —

Let (M,d, 1) be a connected d-set such that any closed ball in M is compact. Let
X = (X¢)t>0 be the p-symmetric diffusion process with jumps on M, where the scaling
functions of diffusion part and jump part are given respectively by ¢.(r) = r® and
oi(r) = r# for some 0 < B < «. Then, the conclusion (1) of Theorem 1.1 holds when
d < B, and the conclusion (2) of Theorem 1.1 still holds when d < 3.

We make some comments on how to overcome the difficulties mentioned in (i) and (ii).
For the inverse images, we derive the polarity of the subordinate processes by employing
the Frostman lemma on the complete separable metric space in Subsection A.1. For the
collision time sets, we first prove the zero-one law for the tail events (Proposition B.3),
and then establish the Wiener tests for the recurrence and regularity of X! ® X?
(Propositions B.6 and B.9). Under our general setting, we can see from Examples 3.12
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and 4.11 that, the local properties of the volume growth and walk dimensions determine
the Hausdorff dimensions of the inverse images and collision time sets. With regard
to the collision time sets, our general results in Subsection 4.2 allow two independent
symmetric Markov processes to be different. We also note that, as far as the authors
know, the Wiener tests are unavailable for general symmetric Markov processes, even
though those are well known for Brownian motion or other Lévy processes on Euclidean
spaces (see, e.g., [31]).

We mention that Shieh [33, 34] studied the possibility of collisions of two independent
Hunt processes in terms of the heat kernels, with applications to Lévy processes on
Euclidean space and Brownian motions on fractals. Our results in the present paper
provide quantitative information on the collision times, and are applicable to symmetric
jump processes of variable order on d-sets, fractals and ultra-metric spaces. We also
characterize the Hausdorff dimension of the set of collision times on a given set by its
Hausdorff dimension.

The rest of the paper is arranged as follows. In the next section, we present prelimi-
naries and assumptions used in the paper. In Section 3, we obtain Hausdorff dimensions
of level sets and inverse images, where we will first consider heat kernel and resolvent
for the stable-subordinate process. In Section 4, we study Hausdorff dimensions of the
collision time sets. For this, we establish estimates for the resolvent of stable-subordinate
direct-product process. In the appendix, we collect some statements used in the proofs
of our results, which include the Wiener tests for the recurrence and regularity of
symmetric Markov processes on metric measure spaces.

We close this introduction with some words on notations. For nonnegative functions
f and g on a set T, we write f(¢) = g(¢) (resp. f(t) = g(t)) for any t € T if there exists
a constant ¢ > 0 such that f(¢) < cg(t) (resp. f(t) > cg(t)) for any t € T. We write
f(t) =~ g(t) forany t € T if f(t) = g(t) and f(t) = g(¢) forany t € T.

2 Preliminaries and assumptions

2.1 Dirichlet form, transience, recurrence and capacity

We first recall from [18] the notions of Dirichlet forms and global properties of the
associated Markovian semigroups. Let (M, d) be a locally compact separable metric
space, and u a positive Radon measure on M with full support. For u,v € LQ(M; ),
let (u,v) = [,,uvdy be the L?-inner product. Let {7}};~o be a strongly continuous
Markovian semigroup on L?(M;pu), and (€, F) the associated Dirichlet form. More
precisely, (£, F) is a closed Markovian symmetric form on L?(M; ) defined by

t—0

1 1
E(u,u) = lim ;(u—Ttu,u), ueF = {u € L*(M;pu): %in(l);(u—Ttu,u) < oo} (2.1)
—
(see [18, Lemma 1.3.4]). For a > 0, let
Ea(u,v) = E(u,v) + au,v), u,veF.

Fort > 0 and f € L?(M; 1), we can define the integral

Stf:/OtTSfds

as the L?-strong convergence limit of the Riemann sum. Then, by [18, p. 371, T; and
S; are bounded symmetric operators on L?(M; u). They are further extended uniquely
from LY'(M;u) N L3(M;p) to LY(M; ). We can also extend T; from L2(M; ) N L (M; )
to L>°(M:; ) (see [18, p. 56]). We will use the same notation 7; for the corresponding
operators on L!(M;p) and on L>(M; p).
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Let L} (M;p) = {u € L'(M;p) : w>0, p-a.e.on M} and Gf = limy_,oo Sy f for
fe LL(M;p).
Definition 2.1. Let {7}};-( be a strongly continuous Markovian semigroup on L?(M; ),
and (&, F) the associated Dirichlet form.

(i) (&,F) is conservative if T;1 = 1, p-a.e. for any ¢ > 0.
(ii) (€, F) is transient if Gf < oo, p-a.e. for any f € L} (M; ), and recurrent if Gf = 0
or oo, p-a.e. for any f € L (M;p).
(iii) A p-measurable set A C M is invariant, if for any f € L?(M;p) andt > 0, T,(1af) =
14T:f, p-a.e. If any invariant set A C M satisfies u(A) = 0 or u(M \ A) = 0, then
(€, F) is called irreducible.

We know by [18, Lemma 1.6.4 (iii)] that any irreducible Dirichlet form is either
transient or recurrent.

Let F. denote the totality of y-measurable functions « on M such that |u| < co u-a.e.
on M and there exists a sequence {u,} C F such that lim, o, u, = u p-a.e. on M
and limy, p—oo (U — U, Un — uy) = 0. The sequence {u,} is called an approximat-
ing sequence of u. For any u € F, and its approximating sequence {u,}, the limit
E(u,u) = lim,, o0 E(un, uy,) exists, and does not depend on the choice of the approximat-
ing sequence for u ([18, Theorem 1.5.2]). We call (F,, &) the extended Dirichlet space of
(€,F) ([18, p. 41]). We also know by [18, Lemma 1.5.5] that, if (£, F) is transient, then
F. is complete with respect to V€.

We next recall from [18] the notion of the capacity relative to (£,F). Let Co(M)
denote the totality of continuous functions on M with compact support. In what follows,
we suppose that (£, F) is regular; that is, 7 N Cy(M) is dense both in F with respect
to /&1, and in Cy(M) with respect to the uniform norm, where & (f, f) = E(f, f) + || 3.
Let O be the totality of open subsets of M. For O € O, set

Lo={ueF:u>1,p-ae onO}. (2.2)

Define the (1-)capacity of O € O by

infueﬁo 51 (’LL7 ’U,), ‘CO 7é [Z)a

2.3
00, Lo =10. (2-3)

Cap(0) = {

We then define the (1-)capacity of any subset A of M by

Cap(A) = Oe(lor,lfxco Cap(0).

We say that a statement S(x) depending on x € M holds quasi everywhere (q.e.
in short) if there exists a set ' ¢ M with Cap(N) = 0 such that S(z) holds for any
x€ M\ N.For f € F,let f be its quasi-continuous p-version; that is, f = f p-a.e. on
M, and for any ¢ > 0, there exists a closed subset F' of M such that Cap(M \ F) < ¢ and
f is finite continuous on F' ([18, Section 2.11]).

Let v be a positive Radon measure on M. According to [18, p. 77, (2.2.1)], we say
that v is of finite energy integral, if there exists C' > 0 such that

[v|dv < Cv/&i(v,v), veFNCy(M).
M

Let Sy denote the totality of measures of finite energy integral on M. Then, there exists
a unique function U;v € F such that

El(Ulu,v):/ ody, veF.
M
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The function U, v is called the 1-potential of v. We note that any measure in Sy charges
no set of zero capacity ([18, Theorem 2.2.3]). Moreover, if K is a compact subset of
M, then there exist a unique element ex € F and a unique measure vx € Sy such that
ex = Uyvk and Cap(K) = & (e, ex) = vk (K) (see [18, (2.2.13)]). The element ex and
the measure vk are called the 1-equilibrium potential and the 1-equilibrium measure of
K, respectively.
Let
Soo = {V S Z/(M) < o0, ||U1V||oo < 1}.

We then see by [18, p. 82, Exercise 2.2.2] that, if K is a compact subset of M, then
Cap(K) = sup {I/(K) : v € Spo, supp|v] C K, Uy < 1,q.e.}. (2.4)

If (£, F) is transient, then we can define the 0-order capacity Cap)(A) of A C M by
replacing F and &; with F, and &, respectively, in (2.2) and (2.3) ([18, p. 74]). As we
see from [18, p. 85], we can also introduce the notions of a class of measures of finite
(0-order) finite energy integral (S((JO) in notation), and of (0-order) potential of the measure
v e S((JO) (Uv in notation). In particular, if K is a compact subset of M, then we have
the corresponding 0-order equilibrium potential egg) € F. and the 0-order equilibrium
measure vi € Séo) such that ex = Uvg and Capg)(K) = E(ex, ex) = vk (K).

2.2 Hunt process and measurability

In this subsection, we first recall from [6] classes of measurable subsets of M associ-
ated with Hunt processes. As in Subsection 2.1, (M, d) is a locally compact separable met-
ric space, and p is a positive Radon measure on M with full support. Let Ma := M U{A}
be the one point compactification of M. Let X = (Q, F, {X; }+>0, { Py fzen, {01 }1>0,¢) be
a Hunt process on M. Here 0; : 2 — ) is the shift operator of the paths defined by
X500, = Xgy4 forevery s > 0, and ¢ = inf{t > 0: X; = A} is the lifetime.

Let B(M) be the totality of Borel measurable subsets of M. A subset A of M is called
nearly Borel measurable (relative to the process X), if for any probability measure v on
M, there exist Borel subsets B; and By of M such that B; C A C By and

P,(X; € By \ By forsomet>0)=0

([6, Definition 10.2 in Chapter I1). Let B"(M) denote the totality of nearly Borel mea-
surable subsets of M. For A € B"(M), let 04 be the hitting time of X to A; that is,
oa =inf{t > 0: X; € A}. We say that a point € M is regular for A, if P,(c4 =0) = 1.
Let A" denote the totality of regular points for A4, i.e.,

A"={x e M:P,(ca=0)=1}.

Then, A" is nearly Borel measurable ([6, Corollary 2.13 in Chapter II]). If A is a subset
of M, then A" is defined as the totality of points regular for all nearly Borel subsets
containing A. We call A" the regular set for A (relative to the process X).

If v is a Borel measure on M, then Y (M) denotes the completion of B(M) relative
to v. Define the o-field B*(M) = (), BY(M), where the intersection is taken over all Borel
probability measures on M. We call B*(M) the o-algebra of universally measurable
subsets over (M, B(M)). Then, by definition, B(M) C B"(M) C B*(M) ([6, p. 601).

Recall that u is a positive Radon measure on M with full support. Since the state space
M is locally compact and separable, there exists a strictly positive Borel measurable
function g on M such that 9 = ¢ - u is a Borel probability measure on M and thus
B* (M) = B*(M). Using this relation, we can uniquely extend the measure 1 to B*(M).
We use the same notation p for such an extension.
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We next recall from [18] the relation between symmetric Hunt processes and Dirichlet
forms. Let {p; }+~0 be the transition function of a Hunt process X on M defined by

[ pdn ) = B (7). >0, 20

for any nonnegative Borel measurable function f on M, with the convention that f(A) =
0. The left hand side above is written as p;f(z). We now assume that the process X
is p-symmetric, i.e., (psu,v) = (u, prv) for any ¢t > 0 and nonnegative Borel measurable
functions u, v on M. According to [18, p. 30 and p.160], we can extend {p; }+~o uniquely
to a strongly continuous Markovian semigroup {7} };~o on L?(M; u). Then, by (2.1), we
can associate a Dirichlet form (£, F) on L%(M; ).

Conversely, if (£, F) is a regular Dirichlet form on L?(M; i) associated with a strongly
continuous Markovian semigroup {7} };~o on L?(M; ), then there exists a u-symmetric
Hunt process X on M such that

T,f = p.f, p-ae. fort >0and f € L?(M;p) N By(M)

([18, Theorem 7.2.11), where B, (M) denotes the totality of bounded Borel measurable
functions on M.

Let X be a u-symmetric Hunt process on M generated by a regular Dirichlet form
(€, F). Aset N C M is called exceptional, if there exists a nearly Borel set N D N such
that P, (o < oo) = 0 for p-a.e. € M. Aset N C M is called properly exceptional, if it
is nearly Borel measurable such that u(N) = 0 and M \ NV is X-invariant; that is,

P (X; e M\ N)aor Xy € (M\N)aforanyt>0)=1, z € M\N.

Here (M \ N)a = (M \ N)U{A} and X;_ = limy X,. By definition, any properly
exceptional set is exceptional. In particular, if (€, F) is regular, then any compact subset
of M is of finite capacity so that a set A/ C M is exceptional if and only if Cap(N) = 0
([18, Theorem 4.2.1]).

2.3 Heat kernel
Let X = (O, F,{X:}1>0, {Ps }wem, {0t }+>0,C) be a p-symmetric Hunt process on M
associated with the regular Dirichlet form (£, F) on L?(M; ). In what follows, we always
impose the following Assumption (H) on the process X.
Assumption 2.2 (Assumption (H)).
(i) (&€,F) is conservative and irreducible.

(i) There exist a properly exceptional Borel set N C M and a Borel measurable
function p(t,z,y) : (0,00) x M x M — [0,00) such that the next three conditions
hold.

e Foranyt>0,x€ M\ N and A € B(M),

Pp(Xi € A) = /Ap(t,w,y)u(dy)- (2.5)

e Foranyt>0andz,y € M\N, p(t,z,y) = p(t,y,x).
e Foranys,t >0andz,y € M\ N,

p(t+s,x,y)=/ p(t,z, 2)p(s, z,y) p(dz). (2.6)
M
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The function p(t,z,y) in Assumption (H) is called the heat kernel in the literature.
While (2.5) determines p(t,z,y) for py-a.e. y € M, we can regularize p(¢,z,y) under
the so-called ultracontractivity condition so that the condition (ii) in Assumption (H) is
fulfilled (see, e.g., [2, Theorem 3.1] and [20, Subsection 2.2] for details).

Under Assumption (H), we write My = M \ V.

Remark 2.3. Let Assumption (H) hold.

(i) (2.5) is true also for any A € B*(M).

(ii) We can characterize the global properties of (£, F) in terms of the heat kernel as
follows (see [35, Remark 2.2] and [36, Remark 2.2]):

* (&, F) is transient if

(oo}
/ ( sup p(tx,y)) dt < 0o, x € My, (2.7)
1

yE€Mo
and recurrent if -
/ p(t,x,y)dt:oo, SC,yGMo.
1
* (&, F) isirreducible if p(t,z,y) > 0 for any ¢t > 0 and z,y € M,.

We note that [35, Remark 2.2] refers to the condition (2.7) with x € M, and
sup, e, P(t, 7, y) replaced by x € M and sup,¢ p(t, z,y), respectively; however,
the argument there shows that the condition (2.7) suffices for transience.

(iii) By (2.6) and the Cauchy-Schwarz inequality, we have p(t,z,y) < \/p(t, z, 2)p(t, y,y)
forany ¢t > 0 and z,y € M,. Therefore, (2.7) holds if

/ ( sup p(t,y,y)) dt < oo. (2.8)
1

yeMo
Below, for A > 0 and A € B*(M), define
Ux(z,A) :=Uyla(x) = /000 e MP (X, € A)dt, z € M.
Similarly, for any nonnegative universally measurable function f on M, define
Unf(z) = E, [/OOO e MF(Xy) dt] , T € M.
Then, under Assumption (H), for any = € M, and A € B*(M),

Uy (z, A) =/Aux(:c7y)u(dy),

where -
Uk(x,y):/ eiAtp(t7x7y)dta InyMO'
0

To establish our results, we need to introduce various kinds of the heat kernel bounds.
Forx € M and r > 0, let B(z,r) = {y € M : d(z,y) < r} and V(x,r) = pu(B(z,r)). We
always assume that there exist positive constants ¢y, cs, dy, do with d; < ds so that

dl d2
R Viz, R R
c1 SMSCQ — , re€M,0<r<R<oo. (2.9)
r Vix,r) T
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Definition 2.4.

(1) The heat kernel p(t, x,y) satisfies the two-sided on-diagonal estimates (ODHK), if

1

p(t,z,l‘)ﬁm, t>0, IGMO. (210)

(2) The heat kernel p(t,z,y) satisfies the near-diagonal lower bounded estimates
(NDLHK), if there exists a constant co > 0 so that

1 : -1
p(t,z,y) i W’ t>0, $7y€M0 with d(l’,y) SCO(b (t) (211)

(3) The heat kernel p(t, z,y) satisfies the (weak) upper bounded estimates (WUHK), if

t
Voo 1@) | Vi d@ ) od@ )

p(t,z,y) =2 t>0, z,y € M. (2.12)

Here, ¢ : [0,00) — [0, 00) is a strictly increasing function satisfying that $(0) =0, ¢(1) =1,
and that there exist positive constants c3, c4, a1, o With a; < « so that

03<R> ’1§¢(R)SC4<R) 2, 0<r<R<oo. (2.13)
T o(r) r

Note that (2.13) yields

1/an —1 1/
1 (R> LB <R> . 0<r<R<oo. (2.14)

/e \r o1(r) = e\

Combining this with (2.9), we have

e (T)dl/a2<v(a:,¢‘1(T))< e (T

dz/(h
< < — , veM,0<t<T <o0. (2.15)
ch/a? Vi(z,¢=1(t)) 032/(“ t )

t

We also introduce the Hoélder regularity condition for the heat kernel p(¢, z, y).

Definition 2.5. The heat kernel p(t, x,y) satisfies the Hélder regularity condition (HR),
if there exist constants 6 € (0,1] and C > 0 such that for anyt > 0 and z,y,z € M,

B C d(y, z) o
Ip(t, z,y) p(t,l‘,Z)| < V(CC,(ﬁ*l(t)) (gbl(t)) )

Remark 2.6.

(i) According to [13, Proposition 3.1(2)], if the regular Dirichlet form (£, F) admits no
killing term and the associated heat kernel p(t, z, y) satisfies (NDLHK), then (&, F)
is conservative.

(ii) Suppose that the heat kernel p(¢, z,y) satisfies (WUHK) and (HR). If u is a bounded
continuous function on M, then so is p;u for any ¢ > 0. In particular, there exists
a version of the process X such that all the conditions in Assumption (H) (ii) are
valid by replacing M \/\/’ with M. If (WUHK) and (HR) are imposed on the heat
kernel, then we take the process X as the version above.

(iii) We see by the proof of [13, Proposition 5.4] that, if the heat kernel p(¢, x, y) satisfies
(WUHK) and (HR), then it satisfies (NDLHK) as well.
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Remark 2.7. The form in the right hand side of (2.12) for the definition (WUHK) comes
from two-sided heat kernel estimates for the mixture of symmetric stable-like (jump)
processes in metric measure spaces; see [11, 13]. We should emphasize that this kind of
heat kernel upper bounds are satisfied for a large class of symmetric Markov processes,
including symmetric diffusion processes generated by strongly local Dirichlet forms (see
[1, 20]), symmetric diffusion processes with jumps in metric measure spaces (see [12]),
and symmetric jump processes that allowed to have light tails of polynomial decay at
infinity or to have (sub- or super-) exponential decay jumps (see [14, 10]).

To verify the assertion above, below we take the u-symmetric diffusion process X
on an Ahlfors d-regular set (M, d, 1) with walk dimension a > 2 for example. Similar
arguments work for all the processes mentioned above. In this example, V (x,7) ~ r9,
and the heat kernel p(¢, z,y) of the process X enjoys the following two-sided estimates:

a\ 1/(a—1)
p(t,z,y) < t= 4" exp (— (d(x,y)) ) .

t

Here, we write f(s,z) =< ¢g(s,z), if there exist constants ¢, > 0, k = 1,2,3,4, such
that c1g(ces, ) < f(s,z) < csg(cys, z) for the specified range of (s,z). Then, by some
calculations, one can see that there are constants c; > 0 such that for all x,y € M and

t>0,
ay 1/(@=1) oy —(+d/a)

This implies that for all z,y € M and ¢ > 0,

t
t < Al e —
p( ,a:,y) = Ce ( d(x,y)d“‘)

In particular, (WUHK) holds with ¢(r) = r<.
Furthermore, according to results in all the cited papers, we know that, for all the
processes mentioned above, (ODHK), (NDLHK), (WUHK) and (HR) are satisfied.

3 Hausdorff dimensions of level sets and inverse images

3.1 Heat kernel and resolvent for stable-subordinate processes

For v € (0,1), let S7 := ({7t }+>0, P”) be the ~-stable subordinator which is indepen-
dent of the process X. Let m(s) denote the density function of ;. According to [9,
Theorem 4.4] (or the proof of [8, Theorem 3.1]), there exist positive constants ¢; and ¢,
such that

t
m(s) < s(iﬂ et s t>0 (3.1)
and
cat i 1/~
m(s) > i s,t >0 with s > ¢/7. (3.2)

Let X;' = X,, for any t > 0, and let X" := (X} );>0 be the ~-stable subordinate
process of X. Then, the process X" is a u-symmetric Hunt process. Let (£7,F7) be
a Dirichlet form on LQ(M; w) associated with X7. Then, by [30, Theorem 2.1 (ii) and
Theorem 3.1 (i)-(ii)], (€7, F7) is also regular, irreducible and conservative. We note
that My = M \ N is X7-invariant by definition, and A is of zero capacity relative to
(€7, F7) by [30, Theorem 2.2 (i)]; hence N is also properly exceptional with respect
to X7. Moreover, the subordinate process X" possesses the density function ¢(¢, z,y)
with respect to the measure p so that

q(t,z,y) =/ p(s,z,y) m(s)ds, t>0, z,y € M.
0
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Therefore, the process X7 satisfies Assumption (H) as well.
For any A > 0, define

o0
UK(ﬂf,y)=/ e Mg(t,z,y)dt, z,y € M.
0

Set ¢ (t) = (¢(1))?, so that (¢7) 7' (t) = ¢~ (¢'/7).
Lemma 3.1. Suppose that the process X satisfies Assumption (H). Let v € (0, 1]. Then
we have the following statements.

(1) Under (ODHK),

1

q(t,z,x) ~ W, t>0, x € M.

(2) Under (NDLHK),

1 ¢

th:cv = A 5 t>07l'7 € Mp.

29 = G ) Ve ) (. y) v Mo
Moreover,

o0 —t

ul(z, t/ e—dt, x,y € My with d(z,y) <1 (3.3)

0 E | ey V0T 0) y € Mo with d(z, y)
and .

x,y € My with d(z,y) > 1. (3.4)

WY 2 G i e @)

(3) Under (WUHK),

1 t
q(t,z,y) = A , t>0, xz,y€ My. (3.5)
29 2 5 o) Vi e )6 [ ) "
Moreover,
[e'e] €7t
u) (z,y i/ ———————dit, =,y € Mywithd(z,y) <1
Hey) ¢ (day)) V(T (67)71(2)) 0 (@,y)
and )
UY(J%ZU) = x,y € My with d(l‘,y) > 1.

Vi(a,d(x,y))¢" (d(z,y))’

Remark 3.2. According to Lemma 3.1 above, if the original process X fulfills one of
the conditions in Definition 2.4, then the subordinate process X" also satisfies the
corresponding one, with ¢ in (2.10) replaced by ¢".

Proof of Lemma 3.1. (1) Suppose that (2.10) holds. Then, by (3.1) and the change of
variables formula with v =t/s7,

o0 1 —t/s7 t _g > e ¥
q“’“”’m)gcl/o Vo i) s ¥ Ve waiy G0

By (2.15), there exist positive constants c; and 7; such that

Viz, o7 ((t/u))) > eV (, ¢ L)) Ju = eV (x, (¢7) 71 (1)) /u™, 0<u<1.
Similarly, there exist positive constants c3 and 7, such that

Vi, o ((t/u)7) 2 eV, (¢7) 71 () /u™, w1,

EJP 29 (2024), paper 6. https://www.imstat.org/ejp
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Accordingly,

om e T S ) (/ rundu [ e d“) |

Combining this with (3.6), we get the desired upper bound of ¢(¢, z, x).
On the other hand, it follows by (3.2) that

(o) o0 t
q(t,z,x) > / p(s,z,x)m(s)ds > ¢ ds. (3.7)
t

1
1/5 1 Ve, ¢71(s)) sty

Fix a constant 0 > 1 and let 6,, = t1/79". Then, by (2.15) again, there exist positive
constants cg and n3 such that

On+1 1 1
L, e ey )

C6

2 W @) @)

1 9—7) g—(r+m3)

Hence

[eS) 1 n+1
/ V(@ d1(s)st O Z/ @é ()) i 99
C

—  ___(1-6" —n(y+mn3)
> tV(x,((;W)*l(t))(l 0 7);9 Y40
_ Ce 1—0—"
T W, () () T — - Orm) (3.8)

Then, by (3.7), we obtain .
7
S (CXTHRIO)
We thus arrive at the desired lower bound of ¢(¢, x, x).
(2) Suppose that (2.11) holds, and let ¢y be the constant in (2.11). Without loss of
generality, we may and do assume that ¢y = 1. Since the heat kernel p(¢, z, y) satisfies
(NLDHK), it follows by (3.2) that for any z,y € My,

t

e 1
ds
/tl/qus(d(z,y)) Vi(z,¢=1(s)) st

q(t’x7y) = / p(S,I,y)ﬂ't(S) dS 2 C1
0

o 1
= clt/ ds.
rve(d(zy)) V(T 97 1(s))st T

In particular, if d(z,y) < (¢7)~1(¢), then, by (3.8),

t / - 1 as—t [ 1 ds > =
S = S —_————.
rve(d(zy)) V(@ 07 1(s))st T py V(z, ¢~ t(s))st™r 7 Vi, (¢7)71(2))

We also see that, if d(z,y) > (¢7)~1(¢), then

~ 1 ~ 1
t/ ds = t/ ds
B/veldy) V(@971 (s))s plda)) V(2,07 (s))s1 T
Cgt

V(a,d(x,y))¢" (d(z,y))

Therefore, we arrive at the desired lower bound of ¢(¢, z, y).
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Using the lower bound of ¢(¢, z, y) above, we obtain

o0 @7 (d(z,y)) oo
Wayy) = / e q(t, e y) dt = / e~tq(t,z,y) dt + / e q(t,,y) dt
0 0 @Y (d(z,y))

e G = ot
% Vi@, 9)" (A1) </ o +C4/m<d<z,y)) Vi )@

Since

¢ (d(z,y))
/ e ttdt < ¢*7(d(z,y)) A1, (3.9)
0

we have (3.3) and (3.4).
(3) Suppose that (2.12) holds. We first show the upper bound of ¢(¢, z, y). By definition,

¢(d(z,y)) 0
alt,,y) = / p(s, 2, y)mi(s) ds + / p(s, 2, y)me(s)ds = I + I,

0 #(d(z,y))
Then, by (WUHK) and (3.1),
¢(d(z,y)) s t cot
.[1 S Cl/ 1 ds =
0 V(J),d(]},y))(ﬁ(d(l‘,y)) S + V(w,d(x,y))(b‘Y(d(x,y))
and - ) . ;
4
I, <e / ds < .
277 sty Vi o 1(s) s V(z,d(z,y))¢7(d(z,y))

The last inequality above follows by the same calculation as (3.8). Hence
cst

Viz,d(z,y))¢7(d(z,y))

Following the calculation in the proof of (1), we also have

q(t,z,y) <

-t
V(z, (67)1(1))
so that (3.5) follows. The upper bounds of u}’(a:, y) follow by the same calculations as
in (2). O

q(t,z,y) <

Suppose that the process X satisfies one of the conditions in Definition 2.4. For
€ (0,1], let
o 1
Y — .
I (:c)f/1 Ve (0 @) dt, =€ M.

Then, by Remark 2.3(ii) and Lemma 3.1, the process X" is recurrent if the process X
satisfies (NDLHK) and [7(z) = oo for any « € M; X7 is transient if X satisfies (WUHK)
and [7(z) < oo for any « € M. The next lemma provides the Green function (or 0-order
resolvent) estimates of the process X”.

Lemma 3.3. Suppose that the process X satisfies Assumption (H). Then for any v €
(0, 1], the following estimates hold.

(1) Under (NDLHK),
e 1
ud (z,y) = / ————dt, xz,y € M,. (3.10)
0 o (dzy)) V(@ (@7) (1))
(2) Under (WUHK),

e 1
ug (2,y) 5/ ———dt, x,y € M,. (3.11)
" o (e V(@ (67)71(D)) 0

We omit the proof of Lemma 3.3 because it is similar to that of Lemma 3.1.
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3.2 Hausdorff dimensions of level sets

In this subsection, we will determine the Hausdorff dimensions of the level sets for
the process X. First, we recall the definition of the Hausdorff dimension. Let ¢ be a
continuous Hausdorff function of finite order such that ¢(0) = 0 (see Definition A.1).
Let H¥ denote the associated Hausdorff measure on the metric measure space M. If
©(t) = tP for some p > 0, then we write H? for H?. For a subset A of M, let dimy(A)
denote its Hausdorff dimension, i.e.,

dimy(A) =inf{s > 0: H*(A) =0} =sup{s > 0: H*(4) = oo} .

For any fixed a € M, let

_ R A T
Ya($) = inf {'y>0./0 Ve (6)2() dt < }, > 0. (3.12)

Then, the main result of this part can be stated as follows.

Theorem 3.4. Suppose that the process X satisfies Assumption (H) and (ODHK). We
have the following two statements.

(1) Leta € M. If 0 < 7,(0) < 1, then
dimy{s >0: Xs =a} <1—14(0), P,-a.s.foranyz e M. (3.13)

On the other hand, if v,(0) > 1, then {s > 0: X; = a} =0, P,-a.s. for any z € M,.
(2) Suppose that 0 < v,(0) < 1 for any a € M. Then N = @ and thus My, = M.
Moreover, if the process X also satisfies (NDLHK) and I*(a) = oo for any a € M,
then
dimy{s >0: X, =a} =1—,(0), P,-as. foranyze M. (3.14)

We will prove Theorem 3.4 by following the argument of [21, Theorem 1] (see also
the proof of [26, Theorem 2.1]). To do so, we need two lemmas.

Lemma 3.5. Let ¢ € M. Then the function s — 7,(s) is nonincreasing and Lipschitz
continuous on [0, 00). Moreover, there exists a constant sy > 0 such that ~,(s) = 0 for
any s > so and v,(s1) > v4(s2) > 0if 0 < 51 < 59 < sq.

Proof. We split the proof into four steps.
(i) We show that the function s — ~,(s) is nonincreasing. By the change of variables
formula with « = t1/7, for any v > 0, we have

/0 V(a, (¢7)~L(t)) dt—’Y/O V(a,qﬁ—l(t))t dt. (3.15)

Hence, if so > s1 > 0, then v,(s2) < v.(s1) because

L) L)
/ov<a,¢—1<t>>t ‘“?/o Vo) W

thanks to the fact that ¢ is increasing on [0, 1] with ¢(0) = 0 and ¢(1) = 1.

(ii) We prove that there exists a constant so € (0, 00) such that y,(s) > 0 for s € [0, s)
and 7,(s) = 0 for s > so. By (2.14) and (2.15), there exist positive constants ¢; and 7;
(1 <1< 4) such that

et <o Ht) < eot™, 0<t<1 (3.16)

and
est™ < V(z, ¢ (t) <eqt™, €M, 0<t<1.
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Here, the constants c3, ¢4 may depend on x € M. Hence, if we define

sO:inf{s>O:/Ol‘m&<oo},

then so € (0,00). For any s > sg, we have

R O)k
/0 Vot <= (3.17)
so that v,(s) = 0.

We now show that 7,(s¢) = 0 by contradiction. Assume that v,(so) > 0. Then for any
~v € (0,7.(s0)) and s > so, we obtain by (3.16),

o= / V sO - 1dt / V(a’(ﬁ 1();) ((bfl(t))so*sdt

(¢_1(t))s y—(s—s0)m
<o |, vies e o

In particular, if we take s > sg so that (s — sg)m < v < 7a(S0), then, by (3.17),

' (¢_1(t>)é y—(s—s0)m ' (¢_1(t>)‘S 0
/0 Via o 1) d"/o Via g 1(e <

Since the two inequalities above yield a contradiction, we have 7,(sg) = 0 as desired.
We also prove that 7,(s) > 0 for any s € [0, so) by contradiction. Assume that v,(s) =0
for some s € [0, sg). Then, for any s; € (s, sp), we obtain by (3.16),

/()V(a,qb—l(t))tdt_/ Via d)_l(t))t(aﬁ (t)r°dt

<csl s/ V (‘;1 S$)n2— 1dt

Since s1 < sp, the left hand side above is dlvergent,- however, we have (s1—$)n2 > 7a($)(=
0) so that the right hand side is convergent by (3.15). We thus get a contradiction so
that v,(s) > 0 for any s € [0, s¢).

(iii) We show that v, (s1) > Ya(s2) if 0 < 51 < 2 < 5. If 74(51) = Ya(s2)(> 0) for some
nonnegative constants s; and s, with 51 < s2 < 59, then for any v > 0, we have by (3.16),

IM’Y 1 ! (¢_1(t)) (s2—s1)37—1
/0 Vo i@y 7 / Vot O e

¢ 1(t (s2—s1)n2—1
o / ors @

Let v > 0 satisfy 0 < v — 74(s2) = v — 7a(s1) < (52 - 51)772. Then the left hand side
of (3.18) is convergent but the right hand side is divergent. We thus get a contradiction
so that v, (s1) > Ya(s2) if 0 < 51 < 52 < s0.

(iv) We prove that the function s — ~7,(s) is Lipschitz continuous on [0,00). If
0 < s1 < 82 < 50, then for any v > 0, we have by (3.16),

1 —1 . 1 -1 :
(671 0)" oy 1 (@7 ()% r—(samsiym—14
/0 tods cizsl/o V(o 1(0) i

(3.18)

Via, ¢~ (t)) ~H®)

Note also that v,(s1) > 0 by (ii). Hence if 0 < v < v4(s1), then v,(s2) > v — (s2 — s1)m. In
particular, since v,(s1) — (s2 — s1)m < 74(s2), the function v,(s) is Lipschitz continuous
on [0, sg]. Since we know by (ii) that 7,(s) = 0 for s > s, the function +,(s) is Lipschitz
continuous on [0, c0) as well.

Putting the arguments in (i)-(iv) together, we arrive at the desired assertion. O
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Lemma 3.6. Let the process X satisfy Assumption (H). For every a € M, if u;(a,a) < oo,
then Cap({a}) = 1/u1(a,a); otherwise, Cap({a}) = 0. In particular, Cap({a}) > 0 if and
only if uy(a,a) < co. Furthermore, if X satisfies (ODHK) as well, then, for each a € M,

Cap({a}) > 0 if and only if
1
1
|, T <

Proof. The first assertion is essentially taken from [18, Example 2.1.2], and we present
the details here for the sake of completeness. Fix a € M, and let J, be the Dirac measure
at a. We first assume that u;(a,a) < oco. Then, by [18, Exercise 4.2.2], the measure
0, is of finite energy integral, and the function = — w;(x, a) is a quasi-continuous and
excessive version of the 1-potential U,J, of §,. Furthermore, by [18, Lemma 2.2.6
and the subsequent comment], the function e, (z) = u;(z,a)/u;(a,a) is a version of the
1-equilibrium potential of {a}. Hence

1

Cap({a}) = &1 (ea,a) = wlaa)

We next assume that ui(a,a) = co. Then, by [18, Exercise 4.2.2], the measure J,
is not of finite energy integral. Let us suppose that Cap({a}) > 0. Then, according to
[18, Lemma 2.2.6 and the subsequent comment] again, it follows that for some ¢ > 0,
the measure ¢, would be the equilibrium potential of {a}, so that 4, is of finite energy
integral. This is a contradiction, and so Cap({a}) = 0.

Let us prove the second assertion. By (ODHK),

(a,a) /V dt+/ Via )d

Note that the second term of the right hand side above is finite, because the function
t — V(a, ¢~ 1(t)) is nondecreasing. Then, the proof is complete by the first assertion. [

Proof of Theorem 3.4. We first prove (1) under the condition that 0 < ~,(0) < 1. Here
and in what follows, let Cap” denote the 1-capacity relative to the subordinate process X".

If 0 < v < 7,(0), then
1
1
- dt=
/o Via (o)1) =%

and so Cap”({a}) = 0 by Lemma 3.6 applied to X7, also thanks to Lemma 3.1(1).
Therefore, the process X can not hit the point a by [18, Theorems 4.1.2 and 4.2.1 (ii)],
that is,

0=P,® P (X, =aforsomet>0)=FE,[P'(rn € {s>0: X, =a} for some ¢ > 0)].
This implies that
P71y € {s>0: Xs(w) =a} forsomet>0) =0, Pas.welforanyzec M.

Then, by the Frostman lemma for the vy-stable subordinator (see [21, Section 3] or [22,
Lemma 2.1)),

dimy{s >0: X, =a} <1-—7~, P,-a.s.foranyxzec M,.

Letting v 1 7,(0) along a sequence, we have (3.13).

If v,(0) > 1, then
L 1
/o Vo t@) &
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Hence, by Lemma 3.6 applied to X, we have Cap({a}) = 0 and thus the process X
can not hit the point a by [18, Theorems 4.1.2 and 4.2.1 (ii)] again. The proof of (1) is
complete.

We next prove (2). Assume that 7,(0) < 1 for any a € M. Then for any 7 € (7,(0), 1],

since .
1
— _dt<oo, 3.19
/ov<a,<¢v>—1<t>> <00 (519

we have Cap”({a}) > 0 by Lemma 3.6 applied to X7, also due to Lemma 3.1(1) again.
In particular, it follows by [18, Theorems 4.1.3 and A.2.6 (i)] that the point a is regular
relative to X7 for any v € (v,(0),1], i.e.,

1 = P](for any € > 0, there exists ¢ € (0,¢) such that X, =a)
=P)(X,, =aforsomet>0)=E,[P'(1 € {s>0:X; =a} for somet > 0)].

a

(3.20)

On the other hand, since (3.19) is valid with v = 1, we have Cap({a}) > 0 for any
a € M, which implies that A" = () and P, (0, < co) > 0 for any x € M. Furthermore, the
process X is irreducible and recurrent by Assumption (H), (NDLHK) and 1 1(a) = oo for
any a € M, with the comment just before Lemma 3.3. Hence by [18, Theorem 4.7.1
(iii) and Exercise 4.7.1], we obtain P,(0, < co) = 1 for any x € M. Note that X,, = a
because {a} is closed in M. Therefore, by (3.20) and the strong Markov property of the
process X,

1= P,(04 <0) = E, [Ex,, [P?(r € {s > 0: X, = a} for some ¢ > 0)] ;04 < 0]
=E, [P (1t €{s>0:X;00,, =a} for some ¢ > 0);0, < ]
< E,[P7(1 € {s >0: X, =a} for some ¢ > 0)],

which yields
P, €{s>0: Xs(w)=a} forsomet>0)=1, Py-as.weforanyzec M.
By using [21, Section 3] or [22, Lemma 2.1] again,
dimy{s >0: X;=a} >1—+, P,-as.foranyze M.
Letting v | 7,(0) along a sequence, we have
dimy{s >0: X =a} >1—,(0), P,as.foranyxzec M.
Combining this with (3.13), we get (3.14). O

Example 3.7. Let the process X satisfy Assumption (H), (ODHK) and (NDLHK). We
impose the next conditions on the functions V(z,r) and ¢(r):

* There exist positive constants dy, d; and ¢;, 1 < i < 4, such that
cr® <Vi(z,r) <ecor®t, xze M, re(0,1)

and
c3r® < V(x,r) < eur®, xz €M, re[l,00).

» There exist positive constants «, 3, ¢;, 5 < i < 8, such that
e < o(r) < cer®, re(0,1)
and

crr? < o(r) < egrP, T e|l,00).
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Then for any a € M, v,(s) = (d1 — s)/a for any s € [0,d;], and 7,(0) < 1 if and only if
0 < d; < a. We also see that I'(a) = co for any a € M if and only if 0 < dy < f3.

By the calculation above and Theorem 3.4, we have the following: if 0 < d; < o and
0 < dy < S, then

d
dimy{s>0: X;=a} =1- —1, P,-a.s. forany xz € M.
!

Ifd; >, then {s>0: X;=a} =0, Py-a.s. forany z € M.

3.3 Hausdorff dimensions of inverse images

In this subsection, we determine the Hausdorff dimensions of the inverse images for
the process X. For this purpose, we make a stronger assumption on the volume function.
Assumption 3.8. There exists a strictly increasing function V(r) on [0,00) so that
V(0) = 0 and that there are some positive constants c¢; and ¢y so that for all x € M and
r =0,

aV(r) <V(z,r) <cV(r).

Note that under the assumption above, the value v, (u) defined by (3.12) is indepen-
dent of the choice of « € M. Hence we write y(u) for ,(u). In other words,

B )0
'y(s)—lnf{’y>0./0 Wdt<oo}, s> 0.

We also define ) .
. (6~ (®)° }
so = inf s>0:/ ——dt<o0,.
’ { o Vo)

Then, by the proof of Lemma 3.5, the function s +— ~(s) is Lipschitz continuous on [0, co)
and sg defined above is positive; moreover, (s) is strictly decreasing on [0, so] such that
~(s) =0 for s > sg.

We also introduce the next assumption on M in order for the validity of Proposition A.4
below.
Assumption 3.9. Any closed ball in M is compact.
Theorem 3.10. Let F be a Borel subset of M such that sp = dimy(F) > 0. Suppose
that the process X satisfies Assumption (H), and that Assumption 3.8 holds. Suppose
also that for any s > 0 with v(s) > 0 and for any v € (0,v(s)), there exists a constant
¢1 > 0 such that for any 7" € (0,1/2),

1Mu7*1 u M gl
L V(= (u)) du s V(e (T)) . (3.21)

(1) Under (NDLHK), if 0 < vy(sp) < 1, then
dimy{t >0: X; € F} <1—~(sp), P.-a.s.foranyaxz € M,.

On the other hand, if y(sg) > 1, then {t > 0: X; € F} =0, P,-a.s. for any z € M.

(2) Suppose further that M satisfies Assumption 3.9, and the process X satisfies
Assumption (H), (NDLHK) and (WUHK) with M \ A replaced by M. If y(sg) > 0

and - )
— —__dt =, (3.22)
/1 V(e~(t))
then
dimyu{t >0: X; € F} >1—~(sp), Py-as.foranyze M.
EJP 29 (2024), paper 6. https://www.imstat.org/ejp
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To prove Theorem 3.10, we need the following lemma.

Lemma 3.11. Suppose that the process X satisfies Assumption (H). If A is a subset of
M, then A" (relative to X) is Borel measurable.

Proof. Under Assumption (H), if B is a universally measurable subset of M, then
wu(B) = 0 implies Uy(z, B) = 0 for any © € M. Namely, ;1 is a reference measure for the
process X in the sense of [6, Definition 1.1 in Chapter V] or [15, p. 112]. Hence, the
assertion follows from [6, Corollary 1.14 in Chapter V] or [15, p. 115, Exercise 3]. O

We also need the notation for the energy of a Borel measure. Let ¢ : [0, 00) — [0, 00)
be a Borel measurable function. For a Borel measure v on M, define

"/" V) = LV )V .
1= [, vy W)

Then, I¥(v) is called the v-energy of v. If 1(t) = t* for some s > 0, then we write I
as I°.

Proof of Theorem 3.10. We first prove (1) under the condition that v(sp) < 1. Let F
be a Borel subset of M. Without loss of generality, we assume that v(sp) > 0. Then,
by Lemma 3.5 and its proof, there exists § € (0,sr/2) such that v(u) > 0 for any
u € (sp,sp+0). Ifwe fixu € (sp,sp +9), then v(u) < v(s) < y(sr) for any s € (sp,u),
thanks to Lemma 3.5 again. Therefore, for any C' > 0, there exists Tj € (0, 1/2) such that

! (¢_1(t))s y(u)—1
o< [ v @

In particular, for any z,y € M with d(x,y) < ¢~ 1(T}), it follows by (3.21) that

0T e, - adey) 67 (d(z,y))
Cféﬂumm>V@Wﬂf = V(d(z,y)) '

This implies that for any compact subset K of F, there exists a constant C := Co(K) > 0
such that
Co  _ co¢? ™ (d(z, y))
d(a,y)* = V(d(z,y))

Let X" be the ~(u)-stable subordinate process of the process X, and (£, F7()
the associated regular Dirichlet form. We now assume that there exists a finite and
nontrivial Borel measure v on M such that it is compactly supported in K and charges no
set of zero capacity relative to (£7(*), (")), Then for any s € (sp, u), since H*(K) = 0,
Proposition A.2 yields I°(v) = oco. Combining this with (3.23), we obtain

SRCE) .
//KXK Vi )) v(dz) v(dy) = oo. (3.24)

Let uY(“) (z,y) be the 1-resolvent kernel for X7, According to Lemma 3.1(2), under
(NDLHK),

//KxK V(d iz, %)) v(dz)v(dy) < cs //KXKuY(u)(x,y) v(dz)v(dy)

:Cg/ Uf(u)ydy,
K
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where the constant c¢3 > 0 may depend on the set K. In particular, (3.24) and (3.25) yield
/ Uy dy = . (3.26)
K

Let 1]\ be the equilibrium measure of K relative to (£7), 7). Since K is
compact, we have

Cap™™ (K) = 1™ (k) = / U700 470 < o,
K

On the other hand, if 1/}((“) is nontrivial, then we have y;’g")(K ) = oo by (3.26) with
v = ;™). This is a contradiction so that we get Cap”(K) = v]\")(K) = 0. By the
regularity of the capacity ([18, (2.1.6)]), we further obtain CapW(“) (F) = 0. This and [18,
Theorem 4.2.1 (ii)] yield

0=P,® PP (X]™ ¢ F for some t > 0)
= E, |P"™(r, € {t >0: X, € F} for some t > 0)}

and thus
P (7, € {t >0: X,(w) € F} forsomet >0) =0, P,-a.s.w € ) foranyze M.
Then, by [21, Section 3] or [22, Lemma 2.1] again, we have
dim{t >0:X; € F} <1—~(u), Ps-a.s.foranyz e M.

Letting u | sr along a sequence, we arrive at the assertion (1) provided that v(sp) < 1.

If v(sp) > 1, then, by the proof of Lemma 3.5, we can take u > sg so that y(u) = 1.
Hence the same argument as before implies that Cap(F) = 0, and thus P,({t > 0: X; €

F} =0) =1 for any x € My. The proof of (1) is complete.

We next prove (2). Without loss of generality, we assume that sp > 0 and 0 < y(sp) <
1. Then, by Lemma 3.5, there exists a constant ¢ > 0 such that for all s € (sp — ¢, sp),
v(sp) < v(s) < 1. We now fix such s € (sp — ¢, sp). Then the regularity of the Hausdorff
measure yields H*(K) > 0 for some compact subset K of F'. Under Assumption 3.9, we
can further use Proposition A.4 to show that there exists a finite and nontrivial Borel
measure v; on M such that supp[vy| C K and I*(v§,) < oo.

On the other hand, Lemma 3.5 implies again that y(s) < y(v) < 1 forany v € (sp—¢, s).
Then for any v € (sp —e,s) and T € (0,1/2),

G (6" oyt 1 6™ (T))TIO
> / Vi) M7 /T Vi) YT vy
which implies that for some ¢y > 0,

" W(d(x,y) _ e
V(d(z,y) ~ d(z,y)*’

z,y € K. (3.27)

Let X7(*) be the v(v)-stable subordinate process of the process X. Since v(v) < 7(0),
it follows by Lemma 3.1(3) and (3.21) that under (WUHK), there exists a constant c3 > 0
such that for all z,y € K,
¢ (d(x,y)) 5 ()
7 > c3U z,Y).
Vidy) - @)

EJP 29 (2024), paper 6. https://www.imstat.org/ejp
Page 20/56


https://doi.org/10.1214/23-EJP1069
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Inverse images and collision time sets for symmetric Markov processes

Combining this with (3.27), we have for some ¢4 > 0,

(U)(

> cqul " (z,y), =y € K.

d(z,y)* —

Therefore,

1 v S S
o> P = [ e 2 e [[ Oy iy,
Kkxk AT, y) KxK
Then, by [18, Exercise 4.2.2], the measure v, is of finite energy integral relative to X (%),
Moreover, since vy, is nontrivial, CapV(”)(F) > Cap"*(”) (K) > 0 thanks to [18, Theorem
2.2.3]. In particular, for all s € (sp — ¢, sp), Cap”® (F) > 0.
We now follow the argument of [27, Theorem 1]. Let o be the hitting time of X7(%)
to F, ie., op = inf{t > 0: X;*) € F}. Define
F.

v(S):{m €M :P,®P"(0p < o) = 1}, , = {x €M: P, @ P (op=0) = 1}.

NGs
Namely, F§(S) is the totality of regular points of F relative to the process X(*). By
Lemma 3.11 applied to the process X%, F;'(S) is a Borel subset of M. Since F'\ F;'(S) is
exceptional (see [18, Theorem 4.1.3 and Theorem A.2.6 (i)]), it follows from [18, Theorem
4.2.1 (iD)] that Cap”®(F \ FI ) = 0. This and Cap”**(F) > 0 yield Cap™*(F)) > 0
and so FWT(S) # (). On the other hand, since it follows from [6, Proposition 2.8 (p.73)
and Proposition 1.4 (p.197)] that the function g(z) := P, ® P"®)(¢r < o0) is Borel
measurable and excessive, the set F), ;) is also Borel measurable. As F;“(S) C Fyis) by
definition, I\ F, ) is also exceptional and CapV(S)(Fv(S)) > CapV(S)(Fg(s)) > 0.

Since Cap"’(s)(Fy(s)) > 0, the regularity of the capacity ([18, (2.1.6)]) implies that
there exists a compact subset K of F,(,) such that Cap”®® (K) > 0. Then, by [30, Theorem
2.2 (i)], there exists a constant ¢; > 0 such that Cap(K) > ¢;Cap”®)(K) > 0. We here
note that X is irreducible and recurrent by Assumption (H), (NDLHK) and (3.22) with
the comment just before Lemma 3.3. Hence, by [18, Theorem 4.7.1 (iii) and Exercise
4.7.1], we have P,(0x < oo) = 1 for any € M. Noting that X,,,, € K and K C F,(), we
further obtain by the strong Markov property of X,

1=Py(ox <o0)=E, _PXGK ® P"®)(X,, € F for some t > O)}
= B, [Ex,, [P (r € {u>0: X, € F} for some ¢ > 0)]|

- (3.28)
=E, |P"®(r, e {u>0:X,00,, ¢ F} for somet > 0)}

<E, [P (ne{u>0:X, € F} for somet > 0)] .
Thus
P (re{u>0:X, € F}forsomet>0)=1, P,-as.foranyzec M.
Then, by [21, Section 3] or [22, Lemma 2.1] again,
dim{t >0: X, € F} >1—~(s), Psas.foranyze M.
Letting s T sg along a sequence, we have by Lemma 3.5,
dim{t>0:X; € F} >1—~(sp), Py-a.s.foranyz e M.

Combining this with Theorem 3.10, we complete the proof. O
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Example 3.12. Suppose that the process X satisfies Assumption (H), (WUHK) and (HR).
Then, by Remark 2.6 (iii), X satisfies (NDLHK) as well, and all of M, can be replaced
with M under these conditions. We now impose the same conditions on the functions
V(z,r) and ¢(r) as in Example 3.7. Then ~(s) = (d; — s)/a for s € [0,d;], and (3.21) is
fulfilled. We also see that (3.22) is valid if and only if 0 < dy < 3.

Let F C M be a Borel set with sp = dimy/(F) > 0. Then 0 < v(sp) < 1 if and only if
dy — a < sp < dy. Therefore, if F satisfies sp > 0, d; —a < sp < dy and 0 < dy < 3, then

di —
dimy{t>0: X, e F} =1 — — SF, P;-a.s. forany x € M.
a

With Examples 3.7 and 3.12, one can easily get the first assertion (1) in Theorem 1.1,
also thanks to Remark 2.7.

4 Hausdorff dimensions of collision time sets

4.1 Resolvent of stable-subordinate direct-product processes

Fori = 1,2, let X* := ({X/}+>0,{Px}zem) be a p-symmetric Hunt process on M
generated by a regular Dirichlet form (£¢, F*) on L?(M;u). We assume that X! and
X? are independent, and satisfy Assumption (H). For each i = 1,2, let AV denote the
corresponding properly exceptional set and M{ := M \ N, and let p'(¢, z,y) be the heat
kernel of X*.

Forany ¢t > 0 and « = (z1,22) € M x M, define

X, = (X}, X}), Po=P, ®P2.

Then, X := ({X}i>0, {Pr}eemxm) is @ o ® p-symmetric Hunt process on M x M. Let
(€, F) be the associated Dirichlet form on L?(M x M;u ® p). Then, by [29, Theorems 3.1
and 5.1], (£, F) is regular and irreducible. We also see by [29, Theorem 4.3 (3)] that the
set M x M \ (M} x M¢) has zero capacity relative to (£, F). By combining this with the
relation

Po(Xt €M x M) =P, (X} € M)P,,(X} € M) =1, t>0, x = (v1,72) € My x M,
(€, F) is also conservative by [18, Exercise 4.5.1]. The heat kernel of X is given by

p(t,:ay) :pl(t,$17y1)p2(t,$27y2), t20,z= (xlﬂxQ)ay = (ylva) € M(} X M(?

For v € (0,1), let X7 := ((X})i>0,{PJ }zemxn) be a subordinate process of X with
respect to the ~-stable subordinator S = ({7 };>0, P"), that is, for any ¢ > 0 and
rze Mx M,

X) =X, =(X},X2), Pl=P,®P.

Tt

Let (£7,F7) be the associated Dirichlet form on L?(M x M;u ® p). Then, by [30,
Theorems 2.1(ii) and 3.1(i)(ii)], (£7,F7) is also regular, irreducible and conservative.
The heat kernel of X" is given by

q(t,x,y) = / p(s,z,y)m(s)ds, t>0, x,y € My x Mg,
0

where m;(s) is the density function of S, .
For \ > 0, let u] (z, y) be the A\-resolvent density of X7, i.e., for z,y € M} x Mg,

oo (o) o0
“K(‘Tvy):/() e Mg (2, y) dt:/o e_’\t/o p(s,z,y)m(s) dsdt. 4.1)
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In the following, we will assume that the processes X' and X? satisfy the common
one of the conditions in Definition 2.4. Under this assumption, we use the notations
¢;, ;1 and oo, respectively, to denote the corresponding scaling function ¢ and the
associated indices a1, ag. For z = (z1,22) € M x M and y = (y1,y2) € M x M, let

ba(r,y) = ¢1(d(z1,v1)) V ¢2(d(z2,y2))

and ¢} (z,y) := (¢a(z,y))". It is clear that

%{¢1(d($lyyl)) + ¢2(d(z2,y2))} < da(w,y) < d1(d(z1,91)) + P2(d(z2,92))-

We first show the lower bound for the resolvent density of the process X7.

Lemma 4.1. Suppose that the independent processes X' and X? satisfy Assumption
(H) and (NDLHK). Then, for any « € (0, 1], there exist positive constants ¢; and ¢, such
that for any =,y € M} x M2,

[e’g) —t

ulmy) 2o /Qs}(x,y) Vw1, (0]) @)V (w2, (03) ' (#)

dta de(xay) < 1

and

C2
ul (z,y) >

= Vi(ar, o7 N¢a(x,y)V (@2, 65 (dalz, y)) by (z,y) ba(z,y) > 1.

Proof. Without loss of generality, we assume that the processes X' and X? satisfy
(NDLHK) with the constant ¢y = 1 involved in. Then, by (3.2) and (4.1),

o0 o0 1
ui(z,y) > cl/ et / — — ds | dt
1 i wrvinte) V(En 6119V (22,0 ()51 77

¢3($ay) o] 1
= —tdt / d
“ </ ’ )<¢d<x,y> V(a6 (6)V (22, 03 (s))s1 ) (4.2)

oo oo 1
—t ds ) dt
T /qszmy)e ( /2 Vi, o7 (9)V (22, ¢5 ' (5))s'+7 s)
= () + (ID).

Following (3.8) and (3.9), we have

o2 (2, y) A1

(I) = Vv —1 —1 ¥
(xla¢1 (¢d($,y)))V($2,¢2 (¢d(x,y)))¢d(x,y)
and
[e'e] e—t
II) < dt
T /W,y) Vi@, o1 )V (@ b3 (07)
[ee] €7t
= dt.
/¢3(m,y) V(z1, (¢])71(t)V (w2, (¢3)71(t))
Hence, the proof is complete. O

We next show the upper bound of the resolvent of X".
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Lemma 4.2. Suppose that the independent processes X' and X2 satisfy Assumption
(H) and (WUHK). For a fixed constant v € (0, 1], if there exists a constant ¢; > 0 such
that fori=1,2,

/0 V Zs— / <— 1% ° —L ( ] ( )
di ) S IM, Te Oa 1 ) 4.3
(w’ % ( )) (’UJ, ;Zi ( )) v

then there exists a constant ¢, > 0 such that for any =,y € M} x M2,
2 1
o) <er [
! 67wy V (@1, (61) 7))V (22, (3) 1 (1))

Proof. For any z,y € M} x Mg, write

ui () =/0 e’ (/0 p(s,z, y)m(s) d8> dt
:/ et </ p(s, z,y)m(s) ds) dt
0 ba(z,y) (4.5)
o da(z,y)
—l—/ et / p(s,z,y)me(s)ds | dt
0 0

=:J1 + Jo.

dt,  ¢q(z,y) < 1. (4.4)

Then, by (WUHK) and (3.1) with the Fubini theorem,

[e'e] [e'e] e_t/s“f
J < cl/ e 't / — — ds | dt
0 < pa(ey) V(1,67 (8))V (w2, 05 ' (5))s1 7

= 61/ 1 ! —1 1 </ e tAF1/s7)y dt) ds
sa(ey) V(w101 (5))V (22,05 (s))s'7 \Jo

> 1 Y1 q
- /m(x,y) Viar g, (5)V (22,65 () (L5720

Since v > 0, we have

oo 1 Yt oo 1
d d
/zw V(1,67 (8))V (22, b5 (5)) (14 87)? *= o Ve, 67 1(3)V (22, 65 ()51 H7

<00.
If ¢pg(x,y) <1, then
ol/~ 1 S’Y_l ol/~ S,y_l
/ — — 3 ds < / — — ds
salay) V(T1, 07 (8)V (22,05 (5)) (1 +7) sa(zy) V(21,87 (8))V (22,05 (5))
1

1 2
- »/JC;<Ly)xf<m1,<¢¥>—1<s>>v<aa,<¢;>—1<s>>ds‘

Therefore, there exists a constant ¢y > 0 such that

2
1
nsef Ve GG AE0st @)

To prove the upper bound of J;, we assume that ¢1(d(z1,91)) < ¢a(d(x2,y2)) < 1.
By (4.3),

/¢2(d(z2,y2)) L e < C3¢g+1(d(x2, )
o Vi, o7 (s)  ~ Ve, ¢ Hg2(d(x2,42))))
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Then, by (WUHK) and (3.1) with the Fubini theorem again,

s oo . ¢2(d(z2,y2)) e—t/s”
Jo < / e 't / ——ds | dt
: V(2 d(z2,y2))d2(d(z2,92)) Jo 0 V(zy, ¢1'(s))s7

s

o b2 (d(a2,42))
V(g d(x2,y2))2(d(x2, y2)) /0 Vi(zy, o7 (s))(1 + s7)2
< cs g (d(r2,y2)) .
T Vi(z, o7 Hb2(d(w2,92)))V (2, d(22, y2))

A similar bound as above is valid even for ¢o(d(z2,y2)) < ¢1(d(z1,y1)) < 1, and thus
CGQSZ (I, y)

Jo < 1 —1 ’
Vi(z1,¢1 (da(z, y)))V (22, 05 (9a(z,9)))
Combining this with (4.6), we have (4.4). O

ds

d)d(xa y) é 1.

Before the proof of the Green function estimates of X7, we give a criterion for
recurrence or transience. For vy € (0, 1], let

Y ) = - 1
T1(@) / V(e 61 -0)V (@2 (3)-1(0)

Then, by the change of variables formula with s = ¢t'/7, we have

dt, z€ M x M.

o0 tﬂy—l
J(x) = 7/ — — dt
1 V(x1a¢1 l(t))v($2a¢2 l(t))
Lemma 4.3. Suppose that the independent processes X' and X? satisfy Assumption
(H), and let v € (0, 1].

(1) If X! and X? satisfy (NDLHK) and J?(z) = oo for any x € M x M, then X" is
recurrent.

(2) If X! and X? satisfy (WUHK) and J(x) < oo for any # € M x M, then X" is
transient.

Proof. We first prove (1). Suppose that the processes X' and X? satisfy (NDLHK) and
JY(z) = oo for any x € M x M. We can then follow the calculations of (4.2) and (3.8) to
show that, for any =,y € My x Mg,

oo oo 0 ].
q"(t,x,y)dt > ¢ / t(/ — — ds) dt
/1 trmydizen [ \Jon Vinor o)V @6 (50

> 1
2 02/ - _ dt
Wl (o) V@1, or (#V7)V (2, 95 (£1/7))

> 1
- /1v¢;<m,y) Ve @) 1O @ @) o)

Hence by Remark 2.3 (ii), X" is recurrent.

We next prove (2). Suppose that the processes X' and X? satisfy (WUHK) and
JY(z) < oo for any z € M x M. Then for any = € M} x Mg, we follow the calculation as
in the proof of Lemma 4.2 to see that

o0 o0 o0
[ s aama= [T ( / p(s,x,ym(sms)dt
1 yeMixM2 1 yemixmz \Jo
oo oo
§/ {/ ( sup p(s,x,y)>7rt(8)d8}dt
1 0 \yeMixnm?

[e%e] [e%e] e_t/s“f
<af (/ Ve, 011 (5)V (22,03 1 (3)5) ds) =l
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Then, by the Fubini theorem,

= > 1 oo e >
! /0 V(w1, ¢7 ' (s)V (22,05 ' (5)) s (/1 ¢ tdt ) ds
~ e V(s + 1)

- /o V(1,61 ()V (22,63 (5))s

1
<2
- /0 V(x1, 07

The first term above is convergent by (2.15) with ¢ = ¢; and ¢ = ¢, and so is the second
one by assumption. Hence by Remark 2.3 (i), X" is transient. O

ds

s71

/s7 o0
NV (22,05 (s))s d8+2/1 V(z,¢7 ' (5)V (22,05 ' (s))

e
ds.
s

Remark 4.4. If Assumption 3.8 is imposed on the volume function V, then the function
J7(z) in Lemma 4.3 is replaced by the integral

> 1
/1 V((¢1) T OV ((63) (1))

In particular, by the proof of Lemma 4.3 and Remark 2.3 (iii), we see that if the indepen-
dent processes X! and X? satisfy (ODHK) and J” < oo, then X" is transient.

J7 =

dt. (4.7)

By following the proofs of Lemmas 4.1 and 4.2, we also get the Green function
estimates.

Lemma 4.5. Suppose that the independent processes X' and X? satisfy Assump-
tion (H).

(1) Let X! and X? satisfy (NDLHK). Then there exists a constant ¢; > 0 such that

dt, =,y € My x M.

Y - !
w9 2 a /¢Z(m,y> V(@1 (61)H(0)V (w2, (62) (1)

(2) Let X! and X? satisfy (WUHK). If (4.3) holds and J” < oo, then there exists a
constant c; > 0 such that for any z,y € M} x Mg with ¢q4(x,y) <1,
ug (z,y) < ¢ /OO — ! s dt. (4.8)
¢ (z,y) V(mh (¢1) (t))V(.’L‘Q’ (¢2) (t))

Assume in addition that there exists a constant c3 > 0 such that for: =1, 2,

/ [ PO YA M, T € [1,00) (4.9)
s S s c (1, . .
o Ve, 1) Viwe (D) >~

Then (4.8) is valid for any x,y € Mj x Mg with ¢4(x,y) > 1 as well.

Proof. We prove (4.8) for any x,y € Mg x Mg with ¢4(x,y) > 1 only because the rest of
the assertions follows in the same way as Lemmas 4.1 and 4.2.
Let

B = [ ([Trsopmoas) a
/OOO </¢:x’y)p(8,x,y)m(8) ds) dt + /OOO (/Om(w) p(s,m,y)ﬂ't(s)ds> dt

=:J1 + Jo.
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Then, by following (4.6) and the change of the variables formula with ¢ = s7, we get

J h Gl d
1 < 01/ — — s
balzy) V(@107 ()V (22,05 ' (s))
c 00 1 (4.10)
1

=5 e Ve GO0V 6D 1)

To prove the upper bound of J;, we assume that ¢4(z,y) > 1 and ¢1(d(z1,y1)) <
¢2(d(z2,y2)). By (4.9),

/¢2(d($2,y2)) sY ds < 02¢g+1(d(l‘2, y2))
0 Vizy, o7 (s)  ~ Ve, o~ Hd2(d(@2,y2))))

Then, by (WUHK) and (3.1) with the Fubini theorem,

. o /oo /’¢2(d(127y2)) e t/s” as) a
< t —_—ds t
2= V(xg, d(za, y2)) 2 (d(x2, y2)) Jo 0 V(zy, 67" (s))s?

s'y

B cs $2(d(z2,y2))
- Vi(wg, d(xa,y2))2(d(22, y2)) /0 V(1,67 (s))
< cagg (d(x2,y2)) .
= V(e 67 (d2(d(22,42)))V (22, d(22, y2))

A similar bound as above is valid also for ¢»(d(z2,y2)) < ¢1(d(x1,y1)), and thus

ds

C5¢z (IE, y)
J2 S — — ) (bd(xay) Z 1.
Vw1, 61 (alz,v)V (22, 65 ' (da(,v)))
Combining this with (4.10), we arrive at the desired assertion. O

4.2 Hausdorff dimensions of collision time sets

In this subsection, we will determine the Hausdorff dimensions of collision time sets
of two independent processes X' and X2 on a given set in terms of the associated scale
functions. In what follows, we impose Assumption 3.8 on M. Define ¢(t) = ¢1(t) V ¢a(t)
so that ¢~ 1(t) = ¢ (t) A @5 (). If we let ¢7(t) = ¢(t)” and ¢;(t) = ¢i(t)?, then
(67)71(8) = (6])(8) A (63)~1(¢). For s > 0, let

. (o)) N
Ws) = f{”o'/o CROUCO R }

We also let

1 —1 s
so = inf {5 >0: / _(1((;5) (t))_l dt < oo} .
o Viey (0)V(gy (1))t

Then, by the proof of Lemma 3.5, the function s — ~(s) is Lipschitz continuous on [0, 00),
and so defined above is positive; moreover, 7(s) is positive and strictly decreasing on
[0, sp) and y(s) = 0 for s > so.

Theorem 4.6. Let Assumption 3.8 hold. Suppose that the independent processes X'
and X? satisfy Assumption (H) and (NDLHK). Let F C M be a Borel set with sp =
dimy (F) > 0. Assume that for any s € [0,5¢) and v € (0,7(s)), there exist constants
¢1 > 0and T € (0,1) such that for any 7" € (0,7p),

1 —1 s —1 s
(¢ (1)) . a(¢ (7))
77 dt < . (4.11)
/T V(e 1)V (63 (1)) V(1 {(T)V (3 1(T))
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(1) If y(sp) <1, then
dimy{v>0: X! =X?>c F} <1—~(sp), Py-as. foranyzec My x Mg.
On the other hand, if y(sr) > 1, then {v > 0: X! = X2 € F} = (), P,-a.s. for any
x € M} x M3.
(2) Suppose further that M satisfies Assumption 3.9, and that the processes X' and

X? satisfy Assumption (H), (NDLHK) and (WUHK) with M} and Mg replaced by M.
If J1 =00, 0 < v(sr) < 1 and (4.3) holds for any v € (y(sr), 1], then

dimy{v >0: X! = X2 € F} > 1 —~(sp), Pp-as.foranyze M x M. (4.12)

Proof. Let F C M be a Borel set with sp = dimy/(F) > 0. We first prove (1). Let us now
assume that y(sp) < 1. Without loss of generality, we may and do assume that vy(sz) > 0.
Then, by the proof of Lemma 3.5, there exists § € (0,sr/2) such that vy(u) > 0 for any
u € (sp,sp+90). if we fix u € (sp,sp + d), then for any s € (sp,u), y(u) < v(s) < y(sp).
Therefore, it follows by (4.11) that for any C > 0, there exists Ty € (0, 1) such that for
any T € (0,Tp),

Co < /1 o) (o) dt < al@ ) HDNT -y g
V!V (@3 w) T V@)UV ((63™)H(T))

Here ¢ is a positive constant depending on the choices of u € (sp,sp+0) and s € (sp,u).
Note that forany z,z € M x M,

ba(x,z) = p1(d(z1, 21)) V pa(d(z2, 22)) < (P11 V ¢2)(d(z,2)) = ¢(d(z, 2)). (4.14)

Hence, if ¢”(")(d(z, z)) < Tp, then Lemma 4.1 and (4.13) with 7' = ¢1*)(z, z) yield

1 203" (2, 2)
d($7z)s — y(u)y_q y(u)y—1
V((¢1 )L (@a(z, Z)))V((¢2 )" H¢a(z,2))) (4.15)

1
1
= At < cqu? W (z, 2).
S C3 /¢3<u>(z,z) V((qbiy(u))*l(t))V(((ﬁ;(”))fl(t)) S Cquq (HC z)

Recall that
diag(F) ={y = (y1,y2) € M x M : y1 = y2 € F}.
Let K be a compact subset of M x M such that K C diag(F'). If there exists no finite

and nontrivial Borel measure on M x M compactly supported in K, then the equilibrium
measure of K for X" is trivial and thus

Cap”™(K) = 0.

We now assume that there exists a finite and nontrivial Borel measure v on M x M
such that it is compactly supported in K and charges no set of zero capacity relative to
(&7(w)| Fr(w)) Then, by (4.15),

1 u
// v(de)v(dz) < eq // uY( )(x,z) v(dz) v(dz).
67 (d(w,2))<T, AT, 2)° @7 () (d(x,2))<To
(4.16)
On the other hand, by Lemma 4.1, there exists ¢; := ¢5(Tp) > 0 such that for any =,z € K

with ¢7(")(z, z) > Ty, we obtain u'{(")(:c, 2) > c5. Hence, by (4.16),

') = /K /K mu(dx)u(dz)gc@' /K /K W1 (2, 2) p(da) v(dz). (4.17)
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We also note that #°(K) = 0 because
s > sp = dimy (diag(F)) > dimy (K).

Then Proposition A.2 yields I°(v) = oo. Therefore, by (4.17),
/ / uY(")(J:, z)v(dz) v(dz) = oc. (4.18)
K JK

Let u;’{(“) be the equilibrium measure of K for X7(*). Since this measure is of
finite energy integral relative to (5’7(“)7 _7-'7(“)), it charges no set of zero capacity ([18,

Theorems 2.1.5(ii) and 2.2.3]). If we assume that v}\*) is nontrivial, then (4.18) with

_ o)
v=uvp  gives

Capy(u)(K) _ / / u’l)'(u) (.%', Z) V}Y((u) (dx) Vz((“) (dz) = 00,
K JK

which contradicts Cap”™)(K) < co. Therefore, 1/}’((“) is trivial and
Cap"™(K) = vji")(K) = 0.

By the argument above, we have Cap” ) (K) = 0 for any compact subset K of diag(F").
Since it follows from the regularity of the capacity ([18, (2.1.6)]) that

Cap”™ (diag(F)) = sup{Cap” ™ (K) : K is a compact subset of diag(F)} = 0,
we obtain, by [18, Theorem 4.2.1 (ii)],
0=P, ® P (X]™ ¢ diag(F) for some t > 0)

= / {PV(") (X;, (w) € diag(F) for some ¢ > 0)} P, (dw).
Q

Namely, for any = € M} x Mg, we have for P;-a.s. w € €,
P'W(r, € {v>0:X}(w) = X%(w) € F} for some t > 0) = 0.
Then, by [21, Section 3] or [22, Lemma 2.1] again, we get
dimy{v>0: X} = X? € F} <1 —v(u), Py-as.forzec My x MZ.

Letting s | s and then u | sp along some sequences, we arrive at (4.12).
If v(sp) > 1, then, by the proof of Lemma 3.5 again, there exists a constant u > sp
such that v(u) = 1. Then the same argument as above yields Cap(diag(F')) = 0 and thus

P, (X, € diag(F) for some v > 0) = P,(X! = X? € F for some v > 0) =0, x € My xM;.

We next prove (2). We assume that 0 < v(sp) < 1. Then, by Lemma 3.5, there exists
a constant ¢ > 0 such that for all s € (sp — &, sr), 7(sr) < 7(s) < 1. We now fix such
s € (sp —&,sF). Since sp = dimy(diag(F)), the regularity of the Hausdorff measure
yields H®(K) > 0 for some compact subset K of diag(F"). We also note that any closed
ball in M x M is compact by Assumption 3.9. Hence, as a consequence of Proposition A.4,
there exists a finite and nontrivial Borel measure v} on M x M such that supp[vj| C K
and I*(v§,) < oo.
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On the other hand, by the proof of Lemma 3.5 again, we have v(s) < y(v) < 1 for any
v € (sp —é&,5). Then, for any v € (sp —¢,s) and T € (0,1/2),

00 ! ((b_l(t))q y(v)—1 2 (¢_1(t))s y(v)—1
- Ve OV ) az [ Ve o, @) ¢
1 (671 (1)) T
= V(o D)V (6, (7))

which implies that for some ¢, > 0,

(ZSW(U)(,’E,y) < Co
V(o1 ((,9)V (63 ' ((x,y))) — dlz,y)*

Let X7(*) be the ~(v)-stable subordinate process of the process X. Since v(v) < 7(0),
it follows by Lemma 4.2 and (4.11) with (4.3) that under (WUHK) pointwisely, there
exists a constant c3 > 0 such that for all z,y € K,

67 (2, ) e
Vo (@@ )V (65 Gy — oM (,y). (4.20)

Here we note that ;1 = 2 and y; = y» and thus

$a(r,y) = ¢(d(z1,y1)) = d(d(22,42)) ~ ¢(d(2,y)).

Combining (4.20) with (4.19), we have for some ¢4 > 0,

z,y € K. (4.19)

> e (z,y), =y€K. (4.21)

d(z,y)s —

Therefore,
1
oo > I°(vg) = // s vie(dz)vi (dy) > cq // u'ly(v)(:n,y) vic(do)vi (dy).
Kkxk AT, y) KxK

Note that the last integral above is well-defined because u](z,y) is defined for any
z,y € M by assumption. Then, by [18, Exercise 4.2.2], the measure vj is of finite
energy integral relative to X?(*). Moreover, since v is nontrivial, Cap” (diag(F")) >
Cap”™(K) > 0 thanks to [18, Theorem 2.2.3]. In particular, for all s € (sg — €, r),
Cap”®) (diag(F)) > 0.

We now follow the argument of [27, Theorem 1] again. Let 04j.g(F) be the hitting time
of X7 to diag(F), i.e., Taiag(ry = inf{t > 0: X;*) € diag(F)}. Define

(diag(F))+(s) = {as €M x M: Py ® P (0gg(m) < 00) = 1}

and
(diag(F))5s) = {:c eMxM:P, &P (Cdiag(r) = 0) = 1} :

Then, by following the proof of Theorem 3.10(2), we get
Cap™®) ((diag(F))(s)) > Cap”™((diag(F))",)) > 0.

In particular, since J! = oo and (NDLHK) hold, X is recurrent. We can then have an
inequality corresponding to (3.28) with some compact set K C (diag(F')).s). We further
follow the proof of Theorem 3.10(2) to obtain

dim{t>0: X, € F} >1—~(sp), Pp-as.foranyze M x M.

The proof is complete. O
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Corollary 4.7. Keep the same condition in Theorem 4.6. Suppose that the independent
processes X! and X? satisfy (WUHK) and (HR). If J! = o0, v(sr) € [0,1] and (4.3) hold,
then

dimy{v >0: X} = X2 € F} =1—~(sp), Pyas.foranyzec M x M.

The assumption in Theorem 4.6 (2) implies that the process X is recurrent. For
instance, the assumption is fulfilled by a class of a-stable-like symmetric jump processes
on ultra-metric spaces with any a > 0 (see, e.g., [3, 19] for details). On the other hand,
it is natural to allow X to be transient. For instance, if X! and X? are independent
symmetric stable process on R with index « € (1,2), then their direct product process is
transient. Here we utilize two types of the Wiener tests in Propositions B.6 and B.9. The
price is to assume that the collision place F' is closed, and to make the next assumption
on M in addition to Assumption 3.9.

Assumption 4.8. M is connected.
Note that under Assumption 4.8, M x M is also connected.

Theorem 4.9. Suppose that Assumptions 3.8, 3.9 and 4.8 hold. Let the processes X'
and X? satisfy Assumption (H), (WUHK) and (HR), so that X! and X? are independent.
Let FF C M be an (sp,tr)-set for some sp € (0,50) and tp > 0 with y(sp) < 1. Assume
the following conditions on X' and X?:

» Forany v € (y(sr), 1], (4.3) holds, and there exists a constant ¢; > 0 such that for
any T € (0,1/2),

o)1 (1)) )
/ V@D Ve ) HEal@n” / V@)- ) (@) <(31>;;

o J! < 00, and (4.9) holds with ~ = 1. Furthermore, there exists a constant c, > 0
such that forany 7' > 1,

R )i e [ !
/1 Vi et m) ) /T v owe ) Y

Then
dimy{v >0: X} = X2} > 1 —~(sp), Py-a.s.foranyzec M x M. (4.24)

Proof. For v € (0,1], we use the same notations ogj.g(r), (diag(F)),(s) and (diag(F))g(s)
as in the proof of Theorem 4.6 (2). For any s € (0, sp) with y(sp) < v(s) < 1,

)

/ v(s)y— 1 Y(s)\— dt = oo
o V((¢1) 1)V (o3 ) 1(1)

and J7) < J' < oo by assumption. Since (4.3) and (4.22) are also valid by assumption,
we apply Proposition B.9 for X7(*) and thus

diag(F) = (diag(F"))%s) C (diag(F))(s)-
Then, for any y € diag(F),
1= PJ(S) (Udiag(F) < OO) (4 25)
=B, [P (r € {v>0: X! = X2 € F} for some t > 0)] . '
Note that (4.3) with v = 1 is valid by assumption. Since (4.9) and (4.23) are also valid
by assumption, we apply Proposition B.6 with v = 1 to show that Pz(Udiag( ) <o0)=1
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for any x € M x M. We also see that Xgi..r) € diag(F’) because diag(F) is closed.
Therefore, by (4.25) and the strong Markov property of the process X, we obtain for any
xreMxM,

1= Pz(Udiag(F) < OO)
=FE, |:EX

=B, [P (e {v>0: X} o0

[P (7 € {v>0: X} = X2 € F} for some t > 0)] ; suiag(r) < o0

“diag(F)

2
oaing(r) = X 0004y € F} for some ¢ > O)}

<E, [PV(S) (€ {v>0:X,=X?e F} for some t > O)} :
Then, by [21, Section 3] and [22, Lemma 2.1],
dimy{v >0: X} = X2 € F} >1—~(s), Py-as.foranyxzc M x M.
Letting s T sg along a sequence, we get
dimy{v >0: X} = X2 € F} >1—~(sp), Py-as.foranyzec M x M.
The proof is complete. O

Recall that (WUHK) and (HR) implies (NDLHK) (Remark 2.6). Then, by Theorems 4.6
(1) and 4.9, we have

Corollary 4.10. Under the full conditions of Theorems 4.6 (1) and 4.9,
dimy{v >0: X} = X2 € F} =1—~(sp), Py-as. foranyzec M x M.

Example 4.11. Let M satisfy Assumptions 3.9 and 4.8. Suppose that the independent
processes X! and X2 satisfy Assumption (H), (WUHK) and (HR). We impose the following
conditions on V' (z,r) and ¢;(r) (j =1, 2):

» There exist positive constants dy, dy and ¢; (1 <4 < 4) such that
ar® <V(x,r) <cyr®™, z €M, rec(0,1)

and
csr® < V(z,r) <er®, zeM,re [1,00).

» There exist positive constants a1, as1, aqg, ase and ¢; (5 < ¢ < 8) such that
esr®t < ¢i(r) < cer®t, re (0,1)

and
crr®i? < ¢i(r) < cgr®?, e [l,00).

For simplicity, we assume that a1 < as; and a2 < ase. Then, by calculations, we

have
d d di — s d
800411(1+1>’ y(s) = = + 1, 0<s<s
a1 (e 31 11 Q21

so that
0<7(s) <1 <= s9—ai1 <s<$p.

In particular, (4.11) holds for any s € [0, s9) and v € (0,7(s)).

(i) Let F' C M be a Borel subset with sp = dimy (F') > 0.
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* Assume that d; < ag;. Then sp — a1 < di, and 0 < y(sp) < 1 for any
Sp € (80 — 11, dl] In particular, if dy < 2aq1, then sp — a1 < 0411(1 + dl/agl),
and y(sr) > (dy/aq1) — 1 for any sp € (sg — a11,a11(1 + di /asz1)]. Hence we
see that if d; < (2a11) A a9 and

d
50— a1 < sp <di A {0611 (1 + 1) } ) (4.26)
a1

then (4.3) holds for any v € (y(sr), 1].
e J! = o0 if and only if
d d
=242 (4.27)
Q12 22
By the calculations above, we have the following: Suppose that 0 < d; < (2a11) Aoy,
and (4.27) holds. If F satisfies (4.26), then

d—sp  di

dimH{s>0:X§=X§eF}:1—<
a11 Q2]

> , Pyas.foranyxe M x M.

(4.28)
We now assume in addition that di = ds = d, a1 = as1 = a and a9 = ass = .
Under this condition, if d < o, d < /2 and 2d — a < s < d hold, then

2d —
dimy{s>0: X! =X?cF}=1- SF, P,-as.foranyz €¢ M x M. (4.29)
!

In particular, since s); = d, we have
d
dimy{s >0: X! =X?}=1- =, P,-as.foranyz € M x M.
«

(ii)) Let F C M be an (sp,tr)-set with some constants sp € (0, s9) and ¢tz > 0 so that
dimy (F) = sp. Then, by calculations, we can see that

e If d; < (2a11) A o and (4.26) hold, then (4.3) is fulfilled for any v € (y(sg), 1].
Under the current setting, (4.22) also holds for any v € (y(sr),v(0)). There-

fore, if p p
L+ L >, (4.30)
11 21

then (4.22) is true for any v € (y(sr), 1].
+ J! < x if and only if
b
iz Q2
If we assume in addition that dy < 12, then

d d
d2>0422<2+2—1>.

Q12 (&)

> 1. (4.31)

Therefore, (4.23) with v = 1 holds if and only if
Q99 ( + — - 1) <tr <ds. (4.32)

Hence we have the following: Suppose that d; < (2a11) A az1, d2 < ay2, (4.30)
and (4.31) hold. If F satisfies (4.26) and (4.32), then (4.28) holds. We assume in
addition that d; = dy = d, a1 = as; = a and a2 = agse = 5. Under this condition,
if(avp)/2<d<anp,2d—a<sp <dand2d— 3 <tp <d, then (4.29) holds.

It immediately follows from Example 4.11 and Remark 2.7 that the second assertion
(2) in Theorem 1.1 holds.
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A Hausdorff measure and dimension

A.1 Frostman lemma

Here we follow the arguments in [17, 23, 24] to give a proof of the Frostman lemma
on the complete separable metric space.

Definition A.1. (1) A function ¢ : [0,00) — R is called Hausdorff, if the following three
conditions are satisfied.

(i) ¢(t) > 0 for any ¢t > 0.
(i) Ift > s > 0, then (t) > ¢(s).

(iii) ¢ is right continuous.

(2) A Hausdorff function ¢ is of finite order, if there exists a constant i > 0 such that

lim sup

<n.
o’ o) =

Let (M, d) be a complete separable metric space. Let ¢ be a continuous Hausdorff
function of finite order such that ¢(0) = 0. For any subset F' of M and ¢ > 0, define

HE(F) = inf {Z o(diam(Uy,)) : F C U Uy, U, C M and diam(U,,) < § for all n > 1}
n=1 n=1
and
@ — ¢
HY(F) : %gr(l)?-lé (F).

Here diam(A) = sup {d(x,y) : x,y € A} for A C M. Then, by [24, Notes 4-6, 9], H¥ is an
outer measure on M, such that any Borel subset B C M is measurable with respect to
H? and

H¥(B) = inf{H?(G) : G is an open subset of M and G D B}

(A.1)
= sup{H¥(K) : K is a compact subset of M and K C B}.

In the rest of this part, we always assume that ¢ is a continuous Hausdorff function
of finite order such that ¢(0) = 0. For any Borel measure v on M, define the p-energy of

v as
?(v) = 71 v(dx)v
e //MxM o(d(z,y)) (dz)v{dy).

For x € M and r > 0, let B(x,r) denote the closed ball with radius r centered at z, i.e.,
B(z,r)={ye M :d(z,y) <r}.

We first present a condition for the Hausdorff measure of a Borel set being infinite in
terms of the y-energy.

Proposition A.2. Let F' be a Borel subset of M. If there exists a finite and nontrivial
Borel measure v on M such that supp[v] C F and I¥(v) < oo, then H¥(F) = cc.

To obtain Proposition A.2, we follow the proof of [17, Proposition 4.9] to show

Lemma A.3. Let v be a Borel measure on M. Suppose that for some F' € B(M) and
c>0,
B
lim sup v(B(,r))

<ec, x€PF. (A.2)
r—0 o(r)

Then v(F) < cH?(F).
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Proof. Let v be a Borel measure on M, and let v* be the associated outer measure. Then
any Borel subset B C M is v*-measurable and v*(B) = v(B). Suppose that (A.2) holds
for some F € B(M) and ¢ > 0. For n,m € IN, define a Borel subset

Fom= {x € F:v(B(z,r)) < <c+ 711) o(r) for any r € <0, ;J } ,

so that F' = N9, U_; F), »n. For m € IN, let {Uy}72 | be a (1/m)-covering of F. Namely,
{Ux}32, is a sequence of subsets of M such that

Fc|JU dam(Up) <—, k=1,23,...
k=1

1
m
If F, ., NUy # 0, then, for any x € F,, ,, N Uy,

) < v (B(z, diam(Uy))) = v(B(z, diam(Uy)))
< (c+ ;) ¢ (diam(Uy)) .

Therefore,
o0 1 o0
v(Fpm) = v(Fam N F) =V (Fym N F) ZV( ; k) <C+n);(p( iam(Uy))

Since the covering {U}{2, is taken arbitrary, we have for any n,m € NN,

1
V(Fn,m) < (C+ n> Hf/m(F)'

Letting m — oo and then n — oo, we obtain v(F) < ¢cH?(F). O

Proof of Proposition A.2. Let F' be a Borel subset of M. Suppose that there exists a
finite and nontrivial Borel measure v on M such that supp[v| C F and I¥(v) < co. Let

B
= {xéF:limsupV((x’r)) >O}.
r—0 o(r)
Then, for any = € Fy, there exist ¢ > 0 and a decreasing positive sequence {r, }>2; such
that r, | 0 as n — oo and

v(B(x,ry))

o) = °

., n=1,23,...

We also have v({a}) = 0 for any a € M because I¥(v) < co. Hence, for each r,, there
exists ¢, € (0,7,) such that

V(B(z,r) \ Bz, ,)) > iap(rn). (A.3)

Moreover, we may and do assume that g, > r,4; for all n > 1 by taking subsequences
of {r,}52, and {¢,}52, respectively, if necessary. Under this assumption, the annuli
B(x,rp) \ B(z,qn), n=1,2,3,..., are disjoint.

For any = € F}, it follows by (A.3) that

/ 1 (dy) > 1
———v(dy) >
B(z,rn)\B(z,qn) So(d(l.7y)) ‘P(Tn)

v(B(x.ra) \ B(x..) 2 7.
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and thus

1 = 1
~/1V1 @(d(xvy)) V(dy) & g/B(x,rn)\B(m,qn) ¢(d(xay)) V(dy) -

Since I¥(v) < oo by assumption, we get v(Fy) = 0.
Forany z € F\ Fi,
L (B, )
r—0 (p(’r)
Since v(F;) = 0, Lemma A.3 implies that for any ¢ > 0,

=0.

HO(F) > HA(F\ Fy) > -

W(F\ ) = %y(F).

Letting ¢ — 0, we have H?(F) = oo. O

In the following, we present a criterion for a Borel set to be of zero Hausdorff measure
in terms of the potential.

Proposition A.4. Let M satisfy Assumption 3.9, and let F' be a Borel subset of M such
that #¥(F') > 0. Then for any ¢ € (0, 1), there exists a finite and nontrivial Borel measure
v on M such that supp[v] C F and I¥" (v) < oco.

The proof of Proposition A.4 needs three lemmas. The first two lemmas concern the
upper bound of the Hausdorff measure.

Lemma A.5. Let M satisfy Assumption 3.9, and let v be a finite and nontrivial Borel
measure on M. If A is a Borel subset of M with A C supp[v], and if ¢ is a positive constant
such that B
lim sup v(B(z,r)
=0 o(r)
then H?(A) < (ci«/c)y(M). Here ¢, is a positive constant that is independent of the
choices of A and c.

>c¢, x€A, (A.4)

Proof. Suppose that (A.4) holds for some A € B(M) and ¢ > 0. For ¢ > 0, let
Cs ={B(z,r) :x € A,;r €(0,0],v(B(z,r)) > cp(r)}.

Then for any = € A, there exists ry € (0,0] such that v(B(x,r9)) > cp(rg). This yields
B(z,7m0) € Cs and thus A C [Upce, B- Moreover, since sup{diam(B) : B € Cs} < 20
and M satisfies Assumption 3.9, the covering lemma (see, e.g., [23, Theorem 1.2])
implies that there exists a sequence of countable disjoint sets {B,}72; C Cs; such that
Usee, B € U,—, 5By, where 5B(z,r) = B(x,5r). Therefore,

Hiys(A) < 3 pldiam(5B,)) = 3 (5 diam(B,)). (A.5)
n=1 n=1

Since the Hausdorff function ¢ is of finite order and B,, € Cs, there exists ¢, > 0,
which depends only on ¢, such that for any n € IN,

o(5diam(B,)) < cyp(diam(By)) < %*V(Bn).

Combining this with (A.5) and noting that the sequence {B,}52, is disjoint, we obtain
C > C
Hips(A) < ZV(Bn) < ?V(M)
Letting 6 | 0, we get H¥(A) < (c../c)v(M). O

EJP 29 (2024), paper 6. https://www.imstat.org/ejp
Page 36/56


https://doi.org/10.1214/23-EJP1069
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Inverse images and collision time sets for symmetric Markov processes

We refer to the next key lemma for the regularity of the Hausdorff measure.

Lemma A.6. ([24, Corollary 7]) If F is Borel subset of M such that #?(F) > 0, then
there exists a compact subset K of F' such that 0 < H¥(K) < co.

Lemma A.7. Let M satisfy Assumption 3.9, and let F' be a Borel subset of M such that
‘H¥(F) > 0. Then there exist a constant b > 0 and a compact subset K of F such that
H?(K) > 0 and

H?(B(x,r) N K) <bp(r), ze€K, r>0.

Proof. Let F be a Borel subset of M such that H#(F) > 0. Then, by Lemma A.6,
there exists a compact subset E of F' such that 0 < H?(E) < co. Hence, if we define
v(A) = H?(ANE) for A € B(M), then v is a finite and nontrivial Borel measure on M
such that supp|[v] = E.

Let c. > 0 be the same constant as in Lemma A.5 and

FE = {x cFE: hmsupM > 20*} .
r—0 o(r)

Since Lemma A.5 yields

1 1
He(By) < 5v(M) = SHA(E),
we have
1
HP(E\ E1) > HY(E) — HY(Ep) > 57—[“”(E) >0
and thus 0 < H?(E \ Ey) < 0.
Define
hn(x) = sup M, r€FE\E;,neN
0<r<1/n 80(71
and

= limsu M T
h(x)—lT_mp o) € E\ Ey.

Then h,(x) — h(xz) asn — oo for any x € F'\ E;. Hence, by the Egorov theorem and (A.1),
there exists a compact subset K of E \ E; such that H¥(K) > 0 and

sup |hn(z) — h(z)] -0, n — oo. (A.6)
zeK

Since h(x) < 2¢, for any « € E \ E, (A.6) implies that for some ry > 0,

v(B(z,r))

. <d4c,, z€K,0<r<rg. (A.7)
o(r)

As the function ¢ is nondecreasing, we also have

=:c;, v€K, r>nrg. (A.8)

Hence if we let b = (4c¢,) V ¢1, then (A.7) and (A.8) yield v(B(x,r)) < by(r) for any z € K
and r > 0. Moreover, by noting that K C E, we obtain

HP(B(z,r) N K) < H?(B(z,r)NE) =v(B(z,r)) < bp(r), zekK, r>0.

The proof is complete. O
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Proof of Proposition A.4. Let F' be a Borel subset of M such that H¥(F) > 0. Then,
by Lemma A.7, there exist a constant b > 0 and a compact subset K of F' such that
0 < H?(K) < 0o and

HY(B(z,r) N K) <bp(r), zeK,r>0.

Define v(A) = H¥(AN K) for A € B(M). Then v is a finite and nontrivial Borel measure
on M such that supp[v] C K, and

v(B(z,r)) = H?(B(z,r) N K) <bp(r), xze€ K, r>0. (A.9)

Fix a point z in K and let m(r) = v(B(x,r)) for r > 0. Then, for any ¢ € (0, 1),

1 1 1
Ju T 0= s T O [

= limr v v 1Lmr HP(K)
- | (”/d(x,ym W = [ ) e

Moreover, we obtain by (A.9) that

1 1 c 1-¢
/ Ldm(r) < bf/ L dm(r) < ¥ml) 7 < 0.
0 0

o(r)e m(r)e 1—¢

Therefore, there exists a constant ¢; = ¢;(g, K) > 0 such that

£ 1
I”u://iz/dxudy < cv(K) < .
) mJmopld(z,y))e (do)(dy) < e (K)
The proof is complete. O

A.2 Locally s-set and s-measure

Let (M, d) be a locally compact separable metric space. In this subsection, for x € M
and r > 0, we still use the notation B(z,r) for the closed ball with radius r centered
at z, i.e.,, B(z,r) = {y € M : d(x,y) < r}. We recall the notions of locally s-sets and
s-measures.

Definition A.8. Let s and ¢ be positive constants.

(i) A subset F' of M is called a locally s-set, if F' is a closed set and there exists
a positive Borel measure 1 on M such that supp[n] C F, and, for some positive
constants rg, ¢;(F') and co(F),

a(F)r® <n(B(z,r)) < co(F)r®, z€F, re(0,r).

The measure 7 is called the locally s-measure of F.

(ii) A subset F' of M is called a globally t-set, if F' is a closed set and there exists
a positive Borel measure 7 on M such that supp[n] C F, and, for some positive
constants rg, c3(F) and ¢4 (F),

c3(F)r' <n(B(x,r)) < ca(F)r', weF, r>r.

The measure 7 is called the globally t-measure of F'.
(iii) A subset F' of M is called an (s, t)-set, if F' is a locally s-set and globally ¢-set such

that the corresponding locally s-measure and globally t-measure are the same. In
particular, an (s, s)-set is called the s-set.
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Let F' C M be alocally s-set. We then have dimy (F') = s by following the argument of
[23, 8.7 (p.61-62)]. For z € M and r > 0, if B(xz,7) N F # (), then, for any y € B(x,r) N F
and z € B(z,r),

d(y,z) <d(y,z) + d(z, z) < 2r,

that is, B(z,r) C B(y, 2r). This implies that
n(B(x,r)) < 2°co(F)r®, ze€ M, 0<r <ry/2.
Let F be a globally ¢-set with t-measure 7. Then we also have
n(B(x,r)) < 2'ey(F)rt, x€ M, r>r. (A.10)

This fact is already observed in [28, Section 1].
Fix x € M and xy € F. If r > 2d(x, z), then, for any y € B(zo,7/2),

d(z,y) < d(z,z0) + d(zo,y) <7/2+71/2 =T,
that is, B(zo,7/2) C B(z,r). Hence, if we define dr(z) := inf,cp d(z,y) (zr € M), then

n(B(z,7)) > (cs(F)/2") 7', xe M, r>2(dp(z)Vro). (A.11)

B Wiener tests

In this appendix, we establish the Wiener tests for recurrence and regularity of the
stable subordinate process of the direct product process. Hereafter, (M, d) is a locally
compact separable metric space and u is a positive Radon measure on M with full
support.

B.1 Transience and regularity

Let X = (Q, F, {Fi}+>0, {Xt }+>0, {Po}zenm, {01 }+>0) be a p-symmetric Hunt process
on M, where {F;},>¢ is a minimum completed admissible filtration, and 6, : Q@ — Q is
the shift of paths such that X; o 0, = X for s, > 0. In this subsection, we will present
equivalent conditions for the transience and regularity of sets relative to the process X.

Let

Fo=0||JFR],

t>0

and define the tail o-field 7 by

T = ﬂo U o(Xs:s€[tu))
t>0 u>t
We say that 7 is trivial, if for any A € 7, P,(A) = 1 for any x € M or P,(A) = 0 for
any x € M. For B € B(M), let op = inf{t > 0 : X, € B} be the first hitting time of
X to B, and let L = sup{t > 0 : X; € B} be the last exit time of X from B. Then,
{LB < OO} eT.
Below, for x € M, n > 1 and B € B(M), define

B = {y € B: A" < d(w,y) < A"}

when A > 1, and
Brr ={ye B: A" <d(z,y) < \"}

when 0 < A < 1.
We first give equivalent conditions for the transience.
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Lemma B.1. Assume that the process X is conservative and transient, and that 7 is
trivial. Then, for any € M, A > 1 and B € B(M), the following assertions are equivalent
to each other.

(i) P.(Lp < 00) =1.
(i) P.(Lp < o0) > 0.
(ii) P, (hminfn%o{aBﬁ,A - oo}) — 1.
Proof. Since 7T is trivial and {Lp < oo} € T, we obtain the equivalence between (i) and
(ii).
We now prove the equivalence between (i) and (iii). We simply write B,, for Bﬁ”\.

Suppose first that (i) holds. Then for P,-a.s. w € €, we have X;(w) ¢ B for all t > Lp(w).
Since X is conservative, it follows by [15, p. 95, Corollary] that

P, (X;— € M and X, € M foranyt > 0) = 1.
Then, by (i),
P, < sup d(z,X,) < oo) =1,

SE[O,LB]

which implies that

log sup,e(o, 1] d(;mXS)) .

P, |op, =ocforalln >
" log A

Therefore, (iii) follows.
Suppose next that (iii) holds. Since X is transient, we see that

P, (tlir(r)lo d(z, X,) = oo) ~ 1

Then
1=P, ({fliglo d(z, Xy) = oo} N 1inrrl>ioréf {oB, = oo}) < P.(Lp < ),

which yields (i). O

We next show the equivalent conditions for the regularity of points.

Lemma B.2. Assume that the process X is transient and that the single point set {z} is
polar relative to the process X. If the Blumenthal zero-one law holds for the process X,
then, for any A € (0,1) and B € B(M), the following three conditions are equivalent to
each other.

(i) z is regular for B, thatis, P,(cp =0) = 1.
(ii) Py(op =0)> 0.
(iii) P, <limsupnﬁoo{03£,x < oo}) =1.

Proof. The equivalence between (i) and (ii) follows by the Blumenthal zero-one law.

We now prove the equivalence between (i) and (iii). Assume first that (i) is valid.
Then for P,-a.s. w € , there exists a sequence {t,(w)} such that ¢,(w) | 0 as n — oo and
X4, (w)(w) € B forall n > 1. Since d(z, X, (.,)(w)) — 0 as n — oo, we have (iii).

Assume next that (iii) is valid. We simply write B,, for Bﬁ”\. Then, for P,-a.s.
w € Q, there exist some sequences {n;(w)}?>; C IN and {t;(w)}?2; C [0,00) such
that X, ) (w) € By, () forall k > 1. This yields

AT < (2, Xy, (o) (@) S @ > 1,

EJP 29 (2024), paper 6. https://www.imstat.org/ejp
Page 40/56


https://doi.org/10.1214/23-EJP1069
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Inverse images and collision time sets for symmetric Markov processes

and thus
d(x,th(w)(w)) —0, k— oo.

On the other hand, since X is transient, there exists T(w) € (0,00) such that
d(xz,Xt(w)) > 1 for all ¢ > T(w), which implies that ¢;(w) € [0,T(w)] for all £ > 1.
Therefore, there exists a subsequence {tj, (w)} of {tx(w)} such that the monotone limit
to(w) = lim;_, o tg, (w) exists in [0, T(w)] and

lim d(z, X, (w)(w)) = 0. (B.1)
=00 g

Moreover, as {z} is polar relative to X, it follows by [15, p. 95, Theorem 9] that
P, (d(z, X;—) > 0and d(z, X;) >0forallt > 0) = 1.
Taking (B.1) into account, we have ty(w) = 0 and thus P,(cp =0) = 1. O

B.2 Zero-one law for the tail event

Let X! and X? be the independent y-symmetric Hunt processes on M, and let X be
the direct product of X' and X2 on M x M. For v € (0,1], let X" be the y-subordinate
process of X. We will present the zero-one law for the tail event of X7. Let {F, }+>0
denote the minimum completed admissible filtration of the process X7, and set

FlL=c|JF

t>0

Let 77 be the tail o-field of X7, i.e.,

T“’zﬂa UU(X;’:SE[t,u])
t>0 u>t
We then have

Proposition B.3. Let M satisfy Assumption 4.8. If the independent processes X' and
X? satisfy Assumption (H), (WUHK) and (HR), then, for any A € 77, P)(A) = 1 for all
x€MxM,or P)(A) =0forall z € M x M. In particular, 7" is trivial. Moreover, under
the assumptions above, the Blumenthal zero-one law also holds true.

Let us prove Proposition B.3 by following the proof of [25, Theorem 2.10] (see also
the references therein for the original proofs). For i = 1,2, let p‘(s, z;,y;) be the heat
kernel of the process X, and ¢”(t,z,y) the heat kernel of X7, i.e.,

oo
Oty = / P (5,21, 91)p (5, 2, y2)me () ds.
0

We also let ¢*7 (¢, u,w) and ¢?7(t,u, w) be the heat kernels of the subordinate processes
of X! and X2, respectively, i.e.,

o0 o0
"t uv) = / P (s, u0)m(s) ds,  2(tu,0) = / P (s, u, v)my(s) ds.
0 0

Since fori = 1,2, any ¢t > 0and u € M,

/ Pt (t, u, w) p(dw) <1, (B.2)
M
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we have for any A, B € B(M),

//AXBq'*(t,fcvy)u(dy)

— /OOO (/Apl(s,xl,yl),u(dy1)> (/3172(57332#2)#((192)) mi(s)ds

{7 ([ reamptam) masf i [7( [ #2ommm ) nesas
— (/A qM(t,xl,yl)u(dyl)> A (/B q“(t,xayz)u(dyz)) ~

For x = (z1,22) € M x M and r > 0, let B(x,r) be an open ball with radius r centered
at z with respect to the product metric, i.e.,

(B.3)

B(z,7) ={y = (y1,92) € M x M : d(z1,y1) + d(w2,y2) <7}.

Let 7p(y,,) = inf{t > 0: X;' & B(x,r)} be the exit time from B(z,r) of the process X7.

Lemma B.4. If the independent processes X! and X2 satisfy (WUHK), then there exists
a constant ¢; > 0 such that for any x € Mg x M3, ¢t > 0and r > 0,

1 1
P’Y(TBLT St)§61t( + >
B ¢1(r) — d3(r)
Proof. Suppose that the processes X! and X? satisfy (WUHK). For z = (21, 72) € M and
r > 0, we write 7 = T, for simplicity. Then
Pl(r <t)=P](r <t,X3 € B(x,r/2)) + P} (1 <t, X3, ¢ B(x,r/2))
< Pl < td(x, X3,) <v/2) + P (d(x, X3,) = 1/2).

Since X! and X2 satisfy (WUHK), it follows by (3.5) that there exist positive constants
c1 and ¢y such that for each 7 = 1,2, and for any ¢t > 0 and r > 0,

t Cgt

q"7 (2t, 24, w) p(dw) <c / p(dw) < .
/d(xi,w)zr/4 ! d(wswy>r/a V (@i, d(zg,w))¢] (d(xs, w)) o7 (r)

Note that if d(x,y) > r/2, then d(z1,y1) > r/4 or d(x2,y2) > r/4. Therefore, by (B.3),
there exists a constant c3 > 0 such that for any x € M} x Mg, t > 0 and r > 0,

PY(d(x, X)) > r/2) = / &2, 2, y) p(dy)
d(z,y)>r/2
< / ¢ (2, 21, ) pldy) + / P2 ra ) pdy) (B4
d(z1,y1)>1/4 d(z2,y2)>r/4

1 1
< cst ( + > .
¢1(r)  ¢3(r)
Then, by the triangle inequality and the strong Markov property, we get

P}(r <t d(z, X3,) <v/2) < E} [Py (d(X3, o Xg) 2 7/2) |s=riT < 1]

1 1
= sup  PY(d(Xgy_2) >7/2) <est <+>
s€[0,t],d(w,2)>r (X, ) o1(r)  ¢3(r)

where the last inequality follows from the argument of (B.4). We thus complete the
proof. O
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Proof of Proposition B.3. We split the proof into three parts.
(i) Throughout the proof, we will fix € > 0 small enough. By Lemma B.4 and (2.13),
there exist positive constants ¢; and ¢y so that forall x € M x M, ty >0and ¢, > 1,

P <sup A(X7.2) > ea(67) " (t0) V (¢;>1<to>>)

‘o 7 1 1 (B.5)
=ato ((é?(&(@?)l(to) V0D ) T o3 (6]) (ko) v <¢;>1<to>>>>

Take c, large enough so that c3/c]™ < e.
Let ¢, > 1 and ¢; > 0 be constants which will be fixed later in this order. We first fix
¢« > 1. Then, by (WUHK), (3.5) and (2.13),

/ q"7 (ty, @1, y1) p(dyr)
d(z1,y1)>ca(¢7) "1 (t1)

tq
< 03/
Ay (6)-1(t) V (@1, d(@1,91)) 871 (d(z1,91))
C4t1 Cs

= @) m) © A

Here the positive constants c3, c4, c5 above are independent of the choices of ¢, t1, x1
and y;. Similarly, we have

w(dyr) (B.6)

C
/ 77 (t1, w2, y2) p(dyz) < Til (B.7)
d(z2,y2)>c. ($3) 1 (t1) Cx

Note that, by (B.3),

q"(t1,z,y) u(dy) < / qm(th r1,y1) p(dyr)

/d(ﬂfhyl)zc*@f)l(tl) d(z1,y1)>c (7)1 (1)

and

(b1, 2, 9) pldy) < / 7 (11, 22, y2) u(dys).

/d(wzxyz)>c*(¢;)_1(t1) d(z2,y2)>c (63) 71 (t1)

Hence it follows by (B.6) and (B.7) that, if we take ¢, > 1 so large that (c5+cg)/ci™* < /4,
then forany x € M x M and t; > 0,

/ q’y(tlamvy) M(dy)
{d(z1,y1) > (¢7) 7 (t1) U{d(w2,y2) > cx (d3) 71 (t1) }

q" (1, ,y) p(dy) + / q" (t1, 2, y) p(dy)

d(x2,y2)>cy(P3) "1 (t1)

<

~/d(a:1 1) >cw (¢]) "1 (t)

<

/ ¢ 01,1, 90) ) ®.8)
d(w1,y1)>cy (7)1 (t1)

+ / q2’7(t17$2792) M(dyz)
d(z2,y2)>cx(¢3) 71 (t1)

c5 + Cg < €
- ™ 4’

In the same way, we can take and fix ¢, > 1 so large that for any z € M x M and
t1 > 0, (B.8) holds and

1)
/ Otz pldy) < 5 (B9
{d(z1,91)2cx(6]) 71 (t1)/2}U{d(22,y2) >ci (¢3) ~1(t1)/2}
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Next we assume that d(z1, 21) + d(z2, 22) < c((¢]) " (to) V (¢3) " (to)). We now take
t1 > 0 so large that

Cx

ex((@1) 7 (to) v (83) 7 (t0)) < T ((@]) (1) A (63) 7 (02))- (B.10)

For each i = 1,2, if d(x;,y;) > c.(¢])~1(t1), then, by the triangle inequality and (B.10),

C

d(zi,y5) 2 dlwi,y;) — d(ws, zi) 2 ex(6]) 7 (t1) = ex((87) 7 (to) V 67 ' (t0)) = —-(67) 7 (1)

no §

Therefore, it follows by (B.9) that

/ q’y(tlaz7y) /J‘(dy)
{d(z1,51)>cady (1) }U{d(z2,y2)>ca by H(t1)}

<

19
/ . . q" (t1, 2,y) p(dy) < 7
{d(z1,y1)=cad] " (t1)/2}U{d(22,y2) >ca by~ (t1)/2}

Combining this with (B.8), we obtain

(q"(tr,z,y) — " (t1, 2,9)) p(dy)

/{d(wl,yl)Zc*¢>;1(tl)}u{d(zz,yz)z@¢>;1(t1)} (B.11)

<

(q"(tr, 2, y) +q7 (t1, 2,y) u(dy) <

| ™

/{d(l’l7y1)20*¢1_1(tl)}U{d(ImyZ)ZC*%_l(tl)}

Since the processes X' and X? satisfy (HR) by assumption, for each i = 1,2, there
exist constants 6; € (0, 1] and C; > 0 such that for any ¢ > 0 and u,v,w € M,

i i on d(u,v) 0s
Pt w) =P el S e Tw) <¢:1<t>) | (B.12)

Therefore, as in the proof of Lemma 3.1 (1), we can show that

C; <d(u7 v)
(w, 67 (s)) \¢; '(s)

| i vwinas < [T )ei mi(s) ds

(B.13)

c! d(u,0) \*
= V(w, (¢7)71(t)) <(¢Z)_1 t)) '

Hence, if d(u,v) < ¢, ((¢]) 7 (to) V (¢3) (o)), then there exist positive constants ¢; and
1 such that

h (s, u,w) — p(s, v, w)|m(s)ds dw
/Cl(%w)%(w)l(h)(/o (s, w,0) — 9 (s, v, w) o (5) )u( )
o (e (o) V (69) " (t0) " V(uyen(9]) (1))
SC"( (@)~ 1(t) ) V(u, (¢7)"1(t1))
oo (@) (t0) V (63)~ (1)) \
= ( @) (1) )

where in the second inequality we used (2.15). In particular, if we take t; > 0 so large
that

)

c 1/64 c 1/02
(617 1) (63) 7 10) < {(4) M) }((¢Y)‘1(t1> A ) o)
(B.14)
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then
oo ) €
/ (/ I’ (s, u, w) — p*(s, v, w)|m, (s) ds) p(dw) < T
d(u,w)<ex(¢7)71(tr) \JO
Set -
Il(ta z,Y, Z) = / p1(57 X, yl)(p2(sa Z2, 92) - pQ(S, 22, y?)) ﬂ-t(s) dSa
0
and

Lt 2.y, 2) = / P2(5, 22, y2) (P (5,01, 91) — D' (5, 21, 91)) e (5) ds.
0

Then, for any f € B,(M x M), by (B.2) and the Fubini theorem,

Li(ty, @, y,2) f(y) u(dy)

/d(icl 1) <ew (7)) TH(t),d(22,y2) Scw (¢3) 71 (t1)

< ||fHoo/ (/ P (s, m1,91) [P (8, T2, y2) — P2(8, 22, Y2)| 74, (8) ds) p(dy)
d(z2,y2)<c«(¢3)"1(t1) \JO

Il [ ( [ ) =25, 9 ds) u(dy)
d(z2,y2)<c.(¢3)~1(t1) \JO

IN

3
< Z
< 1/l
(B.15)
and
9
/ B(t,5,2) /) p(dy)| < SNflle: (B16)
d(z1,y1)<c« (o)) 71 (t1),d(x2,y2) <c«(¢g) "1 (t1)
Note that

p1(5,$17y1)p2(5,$2ay2) *Pl(&zl,yl)pz(sazmm)
= p1(8,$1,y1)(p2(8,x27y2) _p2(5a2’2>y2)) +p2(8,22,y2)(p1(s,x1,y1) _pQ(svzhyl))'

Hence, by (B.15) and (B.16),

(¢ (t1, 2, y) — ¢ (t1, z,9)) f(y) p(dy)

/d(Ilyyl)<c*(¢Y)1(t1),d(12,y2)<c* (63)71(t1)

(Ii(tr, z,y, @) + Ia(t1, 2,9, 2)) f(y) p(dy)

/d(fﬂlﬁyl)éc* (7)1 (t1),d(z2,y2)<cw (63) 71 (t1)

S Il(tl,l‘,:%Z)f(y) /’L(dy)

/d(-h,yl)éc* (61) 7 (t1),d(w2,y2) <cu ($3) 7' (t1)

+ Iy(ty, @, y,2) f(y) u(dy)

/d(ﬂfhyl)ﬁc* (7)1 (t1),d(w2,y2) <cx(93) 71 (t1)
Il flloc-

<

N ™

Therefore, if we fix ¢t; > 0 so that (B.10) and (B.14) hold, then, by (B.11) and the
inequality above,

P () — B £(2)] = ' G qmz,y))f(y)u(dy)] <o fle. (BT
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(ii) Fix x € M x M and A € 77. Then, by the martingale convergence theorem, we
have as t — oo,

EY14|F)] = EJ[1a| FL] =14 PJ}-as.andin L'(P)).
Namely, for any fixed ¢ > 0, there exists ¢ty > 0 such that
By [|EI[a | )~ 1a]] <.
Hence, letting Y = E}[14 | 7} ], we obtain

[P (A) = EZ[Y; Al = [EZ[(1a = Y); A

(B.18)
<EJ1a-Y||=E][1a— EJ[1a | F;

Ill<e

0

and
|PY(A) - EJ[Y]| < EJ[[1a - Y]] <e. (B.19)

Let ty and ¢; be the positive constants which are fixed in the argument in part (i).
Then, for A € 77, there exists an event C' € F), such that A = C'ofy,1+,. Let g(x) = PY(C)
forx € M x M. Since Y is ]-"]0 -measurable and the Markov property yields

By [Lc00,) = B} |PY, (C)] = Plg(@),
we have
EY[V; Al = EY[Y;Co00,.4,] = B [YE}QO lco 9,51]} = EI[YP)g(X])]  (B.20)

and

x

P)(A) = E] [P,g(X])]. (B.21)

Let
Agy = {w € Q:d(X] (W), ) < e((¢]) " (to) V (¢3) (o))} -

Since ||g]|o < 1, we get, by (B.17),
|E3[Y P g(X3,); Avy] = Pg(a) EJ[Y; Aw ]| < EZ[Y|Pg(X3,) — Pllg(x)]; Ag ] < e.
We also see, by (B.5), that
|EY[Y P g(X],): A7 ] — Plg(a) EX[Y5 AR ]| < 2PY (A7) < 2.
Therefore, it follows by (B.20) that

|EY[Y; Al = P g(x)E)[Y]| = |EJ[Y P g(X])] — P g(x) EY[Y]|
< |EJIY Pg(X])): Ay — P g()E[Y; Ay )| + | EX[Y P g(X]); A7) — Pl g(a)EJ[Y; Af |
< 3e.

Similarly, we have, by (B.21),
|PY(A) = Ppg(z)| = |EJ[P 9(Xy)] — Plg(x)| < 3e.
Combining two inequalities above with (B.18), we obtain

[P (A) = PI(A)ELY]|
<|PJ(A) = E[Y; Al + |EJ[Y; Al — Plg(x)EJ[Y]| + | Pl g(x) — P (A)| E][Y]
< e+ 3e+ 3 =Te.
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Then, by (B.19), we further have

|P2(A) = PY(A)?| < [PY(A) = PYA)EXY]| + PY(A)EJ[Y] - P](A)] < Te +e = 8.

x

Since € > 0 is arbitrary, we get PJ(A) = P)(A)? forany x € M x M.

Fix t > 0 and h € By(M x M). Then, the same argument as for (B.17) implies that for
any ¢ > 0, there exists § > 0 such that if z,2 € M x M satisfy d(z1, 21) + d(x2, 22) < 6,
then

|Ph(z) — Ph(2)] < e.

Namely, the function Pg h is uniformly continuous in M x M. Moreover, since (B.21)
yields
PJ(A) = P, P} g(x),

the function P (A) is continuous in z € M x M. We also note that M x M is connected
because so is M by assumption. As P)(A) = PJ(A)? forany z € M x M, we get P)(A) =1
forallz € M x M, or P)(A)=0forallz € M x M.

(iii) Since (B.5) holds for all ¢ty > 0, one can see from the arguments in part (i) (in
particular (B.17)) that the semigroup of the process X7 satisfies the Feller property,
i.e., the associated semigroup maps the set of bounded continuous functions into itself.
Then, according to [5, p. 57], the Blumenthal zero-one law holds as well. The proof is
complete. O

B.3 Wiener test for recurrence

In this subsection, we establish the Wiener test for the recurrence relative to stable-
subordinate direct-product processes by using Proposition B.3. Let X' and X? be two
independent u-symmetric Hunt processes on M satisfying Assumption (H), (WUHK) and
(HR), and let X be the direct product of X! and X2 on M x M. For v € (0,1], X” denotes
the ~-subordinate process of X.

Fixx € M x M and A > 1. For B € B(M x M), define

BEM ={ye B:\" < ¢a(z,y) < A"}, n>1 (B.22)

Suppose that Assumptions 4.8 is satisfied. Then, by Proposition B.3, one can apply the
argument of Lemma B.1 to the process X7 and obtain that, if the process X" is transient,
then

Pl(Lp <o0)=1 <= PI(Lp<oc)>0 < P (nmmf{aBz,W = oo}) =1. (B.23)
n— 00 n

Furthermore, using this equivalence, we can show the Wiener test, which is well known
for the transient Brownian motion (see, e.g., [31, p. 67, Theorem 3.3]), for the stable-
subordinate of direct product process on the metric measure space.

Proposition B.5. Let M satisfy Assumptions 3.8, 3.9 and 4.8. Suppose that the two

independent processes X' and X? satisfy Assumption (H), (WUHK) and (HR). Fix a

constant \ > 1 so that ¢; '(\t) > 24; '(t) for i = 1,2 and all ¢ > 0. Assume that for some
€ (0,1], J7 < o0, (4.3) and (4.9) hold. Then, forany z € M x M and B € B(M x M),

Pl(Lp=x)=1 <= ZP;(O’Bm,A,qb < 00) = 00.
n=1
Proof. We first note that, by Remark 2.6 (iii), under the assumption of this proposi-
tion, the processes X! and X2 satisfy (NDLHK). We also note that X" is transient by
Lemma 4.3. Then, we take an approach similar to the proof of [31, p. 67, Theorem 3.3].
In what follows, we simply write B,, for B2,
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Let m, n be positive integers such that |m — n| > 1. Without loss of generality, we
suppose that m > n + 1. For any z € B, and y € B,,, if ¢1(d(z1,21)) > ¢2(d(z2, 22)), then

b1(d(x1,21)) = palz,2) > A™ > A2 > \oy(z,y). (B.24)

Noting that ¢, ' (A¢a(x,y)) > 267 *(¢a(x,y)) by assumption, we have, by the triangle
inequality,

d(z1,y1) > d(z1,21) — d(y1, 1) > ¢7 " (Ada(z,y)) — ¢ (Pa(z,y)) > ¢1  (da(2,y)).

Therefore,
da(z,y) > galz,y). (B.25)
Since (B.24) also implies that
d(z1,21) > ¢1 (A1 (d(z1,11))) = 207 (d1(d(z1, 1)) = 2d(21,91),

we have, by the triangle inequality,

d(21,y1) > d(z1,71) — d(w1,y1) > Sd(21, 21).

1
2
Hence, by (2.13), there exists a constant ¢; € (0, 1) such that

¢a(z,y) = ¢1(d(z1,91)) = d1(d(21,21)/2) > c191(d(x1,21)) = c10a(x, 2).

Combining this with (B.25), we get

ba(z,y) = c1(da(z,y) V ¢a(z, 2)). (B.26)

In the same way, one can see that the inequality above is valid also when ¢ (d(z1, 21)) <
¢2(d(22, 22)).

Since (4.3) and (4.9) hold by assumption, Lemma 4.5 with (2.15) and (B.26) implies
that for any positive integers m,n with |m —n| > 1, and for any z € B,, and y € B,,,

(% c - 1
vo(7y) < 2/@(%) @DV (@) 0)
. o 1 (B.27)
= 2/c;(¢g(x,y)v¢g(x,z)) V((e]) 1)V ((#3)1(t)) a

< es(ug (2, ) Aug (e, 2)).

On the other hand, since B,, is compact by Assumption 3.9, there exists a positive Radon
measure v, on M such that supp[v,,] C By, and, for any z € B,,,

Pl(op, <o) =/ ug (2,y) vn(dy) < 03/ ug (2, y) vn(dy) = e3P} (0, < ).
B, By,

Note that if op,, < oo, then X € By, because By, is closed. Therefore, by the strong
Markov property of the process X7,

P)(oB,, <00,0B, 0, < o0)=E] [P;(7 (0B, < 0);0B,, <0

TBm (B.28)
< c3P)(op, < o0)P)(op, < ).

By the same argument as before, we also see that for any y € B,,,

P;((J’B <OO)§C4P;(O'B"1 <OO)

m
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and thus

PJ(oB, < 00,08, 005, < o0)<c4P](op, <o0)P](op, < o0). (B.29)

m

Noting that
{oB,, <o0,0p, <00} ={op,, <00,0B, 0b0,, <oo}U{op, <o00,0p, 0b0,, < oo},
we obtain, by (B.28) and (B.29),
Pl(op, <oo,0p, <) <csPl(op, <oo)Pl(op, < o0).

Hence, by combining (B.23) with Lemma B.10 below, we get the following equivalence:

Pl(Lp=00)=1 <= P] <limsup {oB, < oo}> >0 = ZPJ(UBH < 00) = 0.

n—oo
n=1

The proof is complete. O

Next we will apply Proposition B.5 to derive a sufficient condition for the recurrence
of the subset of the diagonal set relative to the process X”. Let

diag(M) = {y = (y1,42) € M x M : y1 =y}
be the diagonal set in M x M with the relative topology. Then
diag(M) N B(M x M) = B(diag(M)),
where
diag(M)NB(M x M) = {diag(M)NB: B e B(M x M)}.

We also note that for any B € diag(M) N B(M x M), the set Ap ={w € M : (w,w) € B}
is a Borel subset of M and B = {(w,w) € M x M : w € Ag}. On the contrary, for any
AeBM), A={we M : (w,w) € diag(A)}, where diag(A) = {(w,w) € M x M : w € A}.
Hence, we have a one to one correspondence between diag(M) N B(M x M) and B(M).
Moreover, if 1 is a measure on B(M), then we can associate a unique measure vy on
diag(M)NB(M x M) such that v, (diag(M)N(Cy x Cs)) = n(C1NCy) for any Cy, Cs € B(M).

In what follows, fix x € M x M and A > 2V ¢1(2d(z1,z2)), and let F' C M be an
(sp,tr)-set with (sg,tr)-measure n (see Definition A.8(ii)). For simplicity, we assume
that o = 1 in Definition A.8(ii). Let B,, = BZ*? be as in (B.22) with B = diag(F). Define
B(t) := ¢1(t) V da(t). Then ¢~ '(t) = ¢ (t) A ¢5*(t). Hence, by (A.10), there exists a
constant ¢; > 0 such that for any n > 1,

vn(Bn) < ci(¢7H(A™M)'r. (B.30)
We now discuss the lower bound of v, (B,,). By definition,

vy(Bn) =1 ({w € M : X" < ¢1(d(z1,w)) V ¢a(d(z2,w)) < A"T1Y)
=n({weM:¢i(d(z1,w))V ¢a(d(za,w)) < A"F'})
—n({w e M : ¢1(d(x1,w)) V pa(d(z2,w)) < A"})
= (D), — (ID),,.

By (2.14), there exists ¢ € (0, 1) so small that for i = 1,2 and any r > 0, ¢; '(e7)/¢; ' () <
1/2. Since A > ¢1(2d(x1,x2)), we have

@), =n({weM:(¢1V da)(d(za,w)) <eX"'}) =n ({w € M : ¢(d(za,w)) <eX"T'}),
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where we used the fact that if ¢;(d(z2,w)) < eA"+!, then

$1(d(z1, w)) <P1(d(wa,w) + d(z1,22)) < P1(d7 " (X" + 011 (N)/2)
<p1(¢7 (AT 24 ¢7H(N)/2) < AL

On the other hand, one can see that there exists a constant ¢, > 0, which is independent
of the choices of A > 2V ¢ (2d(x1,x2)) and ¢ > 0, such that

(1), <7 ({w € M : (d(ws, w)) < c2X"}).

Since 7 is an (sp,tp)-measure, by (A.10) and (A.11), we can further take A > 2V
¢1(2d(z1,x2)) so large that

lim sup (ID),, < } (B.31)
nooo (1), 2

In particular, there exist c3 > 0 and ng > 1 such that for all n > ny,

vy(Bp) = (1), —dI), > (1),,/2 > c3(p™H(A))Hr. (B.32)

Proposition B.6. Let M satisfy Assumptions 3.8, 3.9 and 4.8. Suppose that the indepen-
dent processes X! and X? satisfy Assumption (H), (WUHK) and (HR). Let F C M be an
(sF,tr)-set for some positive constants sr and ¢ such that v(sp) < 1. Assume that the
following conditions hold for some v € (y(sg), 1]:

* J7 < oo, (4.3) and (4.9) hold.

* There exists a constant ¢; > 0 such that for any 7" > 1,

T (o)L (1))t* . - o [ 1
| v mvieymy e o [ V“‘i’”_lﬁ”v(wg)_l(f%)ssti

Then for any 2 € M x M, P)(Lgiag(r) = 00) = 1.
Remark B.7. We use Proposition B.6 with v = 1 only for the proof of Theorem 4.9.

Proof of Proposition B.6. Let F C M be an (sg, tr)-set, and n the corresponding (sp, tr)-
measure. We simply write v for v,,. Fix x € M x M, and A > 2V ¢1(2d(z1, z2)) so large
that (B.32) holds. Let B = diag(F) and B,, = B&*? as in (B.22).

Take £ € (0,1) so small that for i = 1,2 and for any r > 0, ¢; * (o) /¢; *(r) < 1/2. Let
2z € M x M. We first assume that ¢4(z,7) > A\"*!/eq. Then, for any y € B,, it follows
from the triangle inequality that ¢q(z,y) > A"*! by taking ¢, small enough if necessary.
This and Lemma 4.5 imply that

e 1

e /¢3<z,y> RO

o0 1
=a /@W V@D Ve

Then, by (B.30),

o 1
7 dy) < B, d
/B,,L“O(Z’y)”( ) < er(Br) /ww RO RO s
o0 1 N
< —LOAM)Er dt.
< (™ () /<> V@D V@) 0)
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We next assume that ¢q4(z,z) < \"™!/eq. Then, there exists a constant c3 > 0 such
that ¢4(z,y) < c3A\"*! for any y € B,,. Hence, by Lemma 4.5 and the Fubini theorem,

/ ug(z, y)u(dy)é/ ug(z,y) v(dy)
Pa(z,y)<czAntl
= 1
/¢d(z y)<cgAntl </¢:}(Z,y) V((Qb’f)*l(t))‘/((gﬁg)*l(t)) dt) V(dy)
o 1 M x M d
© v (5 ) <
{/ V@DV (o W € Mx M dalzy) < th)dt

) ! v : z c n+1
" /wav (CHRONG <<¢3>—1<t>>dt> ({y € M M2 galz.) < ead D}
= ea((l (B.35)

I /\

Since 7 is an (sp, tp)-measure, there exists a constant ¢; > 0 such that for any » > 0,

v({y € M x M : ¢a(z,y) <r}) <5 ((67(r)° " Loarary + (071 (r) " 1pn1y) -

Then, by this inequality and (B.33) with (2.13) and (2.15), we obtain

1<t>> (ea A5 (011 (®)'"
(/ V(( vt V<<¢¥>1<t>>w<¢;>1<t>>dt>
1

c c3 n+1
< col9 ™! e\ ) /H) RO AR A

S 1
c —1/\n+1\\tr
a0 [ v o

and

dt.

— n tr > 1
(I0) < es(6™ ™) /W)w V@D OV (@) 1(@)

According to (B.34) and (B.35), there exists a constant ¢, > 0 so that for any n > 1,

/ ug(z,y)v(dy) <Tp(N\), z€ M x M, (B.36)
where
L) = ea(ot oy [ ! .
" ntnyy V((67)7HO))V ((62)7H(1)
For any n > 1, define
1
Vp = Fn()\)ll B, -

Then by (B.36),
/ ud(z,y)vn(dy) <1, ze M x M
M x M

and
[ i) @) vlay) < () < oc.
MxM J MxM

Hence, by the 0-order version of [18, Exercise 4.2.2], v, is of finite 0-order energy
integral relative to the process X7, and the function g(z) := [, u(z,y)v,(dy) is a
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quasi-continuous and excessive p-version of the 0-potential of v,,. Since B,, is compact, it
follows by (2.4) and (B.32) that for all sufficiently large n > 1,

Capzo)(Bn) > v (By) =

where Cap?o) is the 0-order capacity relative to (€7, 7). Furthermore, if ;) denotes the
equilibrium measure of B,,, then, by Lemma 4.5,

e 1

Pa(op. <o) = [ e @) awdlB) [ S

. S 1

= c10Cap(y) (Bx) /() @D OV @n )
(o M) [ 1

> / |

TN e V@D TOV@) 0 ¢ e

Therefore, Proposition B.5 yields the desired assertion. O

B.4 Wiener test for regularity

In this subsection, we show the Wiener test for the regularity of points relative to
the process X7. Let X' and X? be two independent y-symmetric Hunt processes on M
satisfying Assumption (H), (WUHK) and (HR), and let X be the direct product of X' and
X2 on M x M. For v € (0,1], X” denotes the y-subordinate process of X.

Forany x € M x M, A € (0,1) and B € B(M x M), define

BiM ={ye B: A" < gy(z,y) < A"}, n> 1 (B.37)
It follows from the proof of Lemma B.2 that the following equivalence holds: if the
process X" is transient and {«} is polar relative to X7, and the Blumenthal zero-one law
holds for the process X7, then

n— oo

Plop=0)=1 < Pl(op=0)>0 < P; (limsup {UBz,A,qb < oo}) =1. (B.38)

Using this equivalence, we can prove

Proposition B.8. Let M satisfy Assumptions 3.8, 3.9 and 4.8. Suppose that the indepen-
dent processes X! and X? satisfy Assumption (H), (WUHK) and (HR). Take A € (0,1) so
that ¢; ! (t/\) > 2¢; (¢) for i = 1,2 and any ¢ > 0. If for some v € (0, 1], the process X7
is transient and {x} is polar relative to X7, then, for any B € B(M x M),

Plop=0)=1 < ZPJ(UBLMP < 00) = 00.

n=1

Proof. It follows from Proposition B.3 that, under the assumptions of this proposition,
the Blumenthal zero-one law holds for the process X7. We then take an approach similar
to the proof of [31, p. 67, Theorem 3.3]. To simplify the notation, we write B,, for B¢,
Let m and n be positive integers such that |m — n| > 1. Without loss of generality, we
assume that n > m + 1. For any z € B, and y € B,,, if ¢1(d(x1,21)) > ¢2(d(z2, 22)), then

Pr(d(w1,21)) > AT > N> g, y) /A
Hence, by the triangle inequality and ¢; ' (¢q(x, y)/A) > 267 (¢a(z,y)),

d(y1, 21) > d(w1,21) — d(z1,51) > 67" (Da(z,y)/N) — o1 (Pa(m,1)) > ¢1 " (alz,y)),
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which yields
Pa(y, 2) = ¢a(z,y).
This argument is valid also when ¢4 (d(z1, 21)) < ¢2(d(x2, 22)) holds. Hence, by following

the proof of Proposition B.5, there exists a constant ¢; > 0 such that for any m,n € IN
with |m —n| > 1,

Pl(os,, <o0,08, <o) <c1P)(op, <o0)P](0p, <o)
By combining (B.38) with Lemma B.10 below, the proof is complete. O

Let F C M be alocally sp-set, and 7 the corresponding sp-measure. Fix x € diag(F)
and A € (0,1). Let B = diag(F) and BZ*? as in (B.37). Then, there exists a constant
c¢1 > 0 such that foralln > 1,

Vn(Bn) < ci(¢™H(A™))"F. (B.39)

Furthermore, we can also follow the argument of (B.31) to show that there exist c; > 0
and ng > 1 such that for all n > nyg,

vn(Bn) > ca(¢™H(A™))5r. (B.40)

For B € B(M x M), let Bl be the totality of regular points for B relative to the
process X7, i.e.,
Bl ={yeMxM:P)(op=0)=1}.
If B is closed, then B, C B by the right continuity of sample paths of X".
Proposition B.9. Let M satisfy Assumptions 3.8, 3.9 and 4.8. Suppose that the indepen-
dent processes X! and X2 satisfy Assumption (H), (WUHK) and (HR). Let I’ C M be a

locally sp-set for some sp > 0 with v(sg) < 1. Assume that the following conditions hold
for some v € (y(sr), 1]:

e J¥ < o0 and
1

/0 V((e1)7 1)V ((63) 71 (1))

dt = oo. (B.41)

* (4.3) holds.
» There exists a constant ¢; > 0 such that for any 7" € (0,1/2),

R (G ) Ny [ !
| v ey ¢ < e /TV<<¢”‘1“”V“¢3)_1(@f;

Then, for any = € diag(F), P, (0giag(r) = 0) = 1, that is, (diag(F"))’, = diag(F").

Proof. We prove this proposition by applying Proposition B.8 to the process X7. To do
so, we first verify that X7 is transient and any one point set is polar relative to X”. Since
J7 < 0o by assumption, X is transient by Lemma 4.3 (2). By Lemma 4.1 and (B.41) with
Remark 2.6 (iii), there exists a constant ¢y > 0 such that for any x € M,

! 1
/0 V((6])"H))V ((#3)71(1))

Hence, by Lemma 3.6, any one point set is polar relative to X7.

Let F be a locally sp-set, and n the corresponding sp-measure. We simply write v
for v,. We take £y € (0,1) so small that ¢~*(go7) /¢! (r) < 1/2 for any > 0. For fixed
x € diag(F) and \ € (0,1), let B = diag(F) and B,, = B*?.

ul (x, ) > co dt = oo.
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Let z € M x M. We first assume that ¢4(z, ) > A" /eq. Then, by the triangle inequality,
we have for any y € B, ¢4(z,y) > A". Combining this with Lemma 4.5 and (B.39), we

get
J,

Y > 1
e <a [ </¢;<z,y) A RONA(CARIO) ‘“) V{dy)

)
o 1
= cv(Bn) /<> V(@D oWV (@) ¢
—1/yn\\sr * 1
< e (A")) /(mv T CARIONACORIO) dt. (B.43)

We next assume that ¢q(z, ) < A" /eg. Since ¢4(z,y) < c3\" for any y € B,, and (B.42)
holds, we can follow the calculation in (B.35) and its subsequent argument to prove that

/Bn ug(z,y) v(dy) < /(bd(z,y)gcg/\n ug (z,y) v(dy)
= 1
ST S </¢z<z,y> @ OWV(@) ) dt) Y
> 1

o0 [ e O

According to (B.43) and (B.44), we have for any n > 1,

Bn

where ¢, = ¢ V ¢5 and

—¢ —1/\yn\\sF = !
LW =@ 0 [ e

For any n > 1, define

S
Vp = v|B, ,
Fn()\) Bn
so that
[ wewman <t semxor
MxM
and

/ / ug (2,y) vn(dz) vp(dy) < vy (By) < o0.
MxM JMxM

Hence, by following the proof of Proposition B.6, there exists a constant ¢g € (0, 1] such
that P)(op, < o0) > ¢g for any n > 1. Then, by Proposition B.8, the proof is complete. O

B.5 Generalized Borel-Cantelli lemma
We state the following generalized Borel-Cantelli lemma for the readers’ convenience.

Lemma B.10. ([31, p. 65, Proposition 3.1]) Let (2, F, P) be a probability space, and
{A4,}22, a sequence of events. Assume that there exists a constant ¢; > 0 such that for
any m,n > 1 with j/m —n| > 1,

P(Am N A,) < c1 P(A)P(Ay).
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Then,

n— oo

P (lim sup An) >0
if and only if
> P(A,) = .

n=1
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