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Optimizing mean field spin glasses with external field
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Abstract

We consider the Hamiltonians of mean-field spin glasses, which are certain random
functions Hy defined on high-dimensional cubes or spheres in RY. The asymptotic
maximum values of these functions were famously obtained by Talagrand and later by
Panchenko and by Chen. The landscape of approximate maxima of Hy is described by
various forms of replica symmetry breaking exhibiting a broad range of behaviors. We
study the problem of efficiently computing an approximate maximizer of Hy.

We give a two-phase message passing algorithm to approximately maximize Hy
when a no overlap gap condition holds. This generalizes the recent works [Sub21,
Mon19, AMS21] by allowing a non-trivial external field. For even Ising spin glasses
with constant external field, our algorithm succeeds exactly when existing methods
fail to rule out approximate maximization for a wide class of algorithms. Moreover we
give a branching variant of our algorithm which constructs a full ultrametric tree of
approximate maxima.
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1 Introduction

Optimizing non-convex functions in high dimensions is well-known to be computation-
ally intractible in general. In this paper we study the optimization of a natural class of
random non-convex functions, namely the Hamiltonians of mean-field spin glasses. These
functions Hy are defined on either the cube ¥ = {—1,1}" or the sphere $"~'(\/N) of
radius v/N and have been studied since [SK75] as models for the behavior of disordered
magnetic systems.

The distribution of an N-dimensional mean-field spin glass Hamiltonian Hy is de-
scribed by an exponentially decaying sequence (c,),>2 of non-negative real numbers
as well as an external field probability distribution £; on R with finite second moment.
Given these data, one samples hy,...,hy ~ L} and standard Gaussians g;, ~ N(0,1)
and then defines Hy : RY — R by

Hy(x) = Z hiz; + HN(CC)’

I

00 N
~ C
HN((E) :Z]V(TPU/Q Z gilp_._’ipxil ...fl?ip.

p=2 i1 eip=1

The distribution of the non-linear part Hy is characterized by the mixture function
£(z) = 2,50 c2z¥ - there are no issues of convergence for |z| < 1+ 5 thanks to the
exponential decay assumption. We assume throughout that £ is not the zero function
so that we study a genuine spin glass. H n is then a centered Gaussian process with
covariance

N

Spin glasses were introduced to model the magnetic properties of diluted materials
and have been studied in statistical physics and probability since the seminal work
[SK75]. In this context, the object of study is the Gibbs measure %)ﬂd“(m)
B > 0 is the inverse-temperature, y(x) is a fixed reference measure and Zy, /3 is a random
normalizing constant known as the partition function. The most common choice is to take
p(-) the uniform measure on ¥ = {—1,1}V, and another canonical choice is the uniform
measure on $V ‘1(\/]V ). These two choices define Ising and spherical spin glasses. The
quantity of primary interest is the free energy

Fy(B) = logE*~* [eBHN(w)] .

E[ﬁN(wl)ﬁN(wg)} = N§<M> .

where

The in-probability normalized limit F'(§) = p-limy_, ., FN]\EB ) of the free energy at temper-

ature S is famously given by an infinite-dimensional variational problem known as the
Parisi formula (or the Cristanti-Sommers formula in the spherical case) as we review in
the next section. These free energies are well-concentrated and taking a second limit

limg_ 00 % yields the asymptotic ground state energies

L Hy(x)
GS(S,E;L)fR-EI;};gg N

)

- Hy (z)
GS; ,Lp) = p-lim max .
on(E, £n) Novoe zesV-1(vN) N
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From the point of view of optimization, spin glass Hamiltonians serve as natural
examples of highly non-convex functions. Indeed, the landscape of H can exhibit quite
complicated behavior. For instance Hy may have exponentially many near-maxima on
3 n [Cha09, DEZ'15, CHL18]. The structure of these near-maxima is highly nontrivial;
the Gibbs measures on ¥ are approximate ultrametrics in a certain sense, at least in
the so-called generic models [Jagl7, CS21]. Moreover spherical spin glasses typically
have exponentially many local maxima and saddle points, which are natural barriers to
gradient descent and similar optimization algorithms [ABA13, Aufl3, Sub17, AMMNI19].
The utility of a rich model of random functions is made clear by a comparison to the theory
of high-dimensional non-convex optimization in the worst-case setting. In the black-
box model of optimization based on querying function values, gradients, and Hessians,
approximately optimizing an unknown non-convex function in high-dimension efficiently
is trivially impossible and substantial effort has gone towards the more modest task
of finding a local optimum or stationary point [CDHS17, AAZB™17, CDHS18, CDHS19,
JNG*21]. Even for quadratic polynomials in N variables, it is quasi-NP hard to reach
within a factor log(/N)¢ of the optimum [ABET05]. For polynomials of degree p > 3 on the
sphere, [BBH'12] proves that even an approximation ratio e1°¢ V)" is computationally
infeasible to obtain.

Despite the worst-case obstructions just outlined, a series of recent works have
found great success in approximately maximizing certain spin glass Hamiltonians.
By approximate maximization we always mean maximization up to a factor (1 + ¢),
where ¢ > 0 is an arbitrarily small positive constant; we similarly refer to a point
x e Xyorx e §V *1(\/N ) achieving such a nearly optimal value as an approximate
maximizer (where the small constant ¢ is implicit). Subag showed in [Sub21] how to
approximately maximize spherical spin glasses by using top eigenvectors of the Hes-
sian V2Hy. Subsequently [Mon19, AMS21] developed a message passing algorithm
with similar guarantees for the Ising case. These works all operate under an assump-
tion of no overlap gap, a condition which is expected (known in the spherical setting)
to hold for some but not all models (§, £;) - otherwise they achieve an explicit, sub-
optimal energy value. Such a no overlap gap assumption is expected to be necessary
to find approximate maxima efficiently. Indeed, the works [AJ18, GJ21, GJW20] rule
out various algorithms for optimizing spin glasses when an overlap gap holds. Vari-
ants of the overlap gap property have been shown to rule out (1 + ¢)-approximation
by certain classes of algorithms for random optimization problems on sparse graphs
[MMZ05, ACORT11, GS14, RV17, GS17, CGP*19, Wei22]. Overlap gaps have also been
proposed as evidence of computational hardness for a range of statistical tasks including
planted clique, planted dense submatrix, sparse regression, and sparse principal com-
ponent analysis [GZ17, GL18, GJS21, GZ19, AWZ20]. We discuss overlap gaps more in
Subsection 1.2 and Section 6.

The aforementioned algorithms in [Sub21, Mon19, AMS21] are all restricted to
settings with no external field, i.e. with h; = 0 for all ¢. Our main purpose is to
generalize these results to allow for an external field. We focus primarily on the Ising
case and explain in Section 5 how to handle the easier spherical models. Our main
algorithm consists of two stages of message passing. The first stage is inspired by the
work [Bol14] which constructs solutions to the TAP equations for the SK model at high
temperature. We construct approximate solutions to the generalized TAP equations
of [Sub18, CPS21a, CPS21b], which heuristically amounts to locating the root of the
ultrametric tree of approximate maxima. The second stage is similar to [Mon19, AMS21]
and uses incremental approximate message passing to descend the ultrametric tree
by simulating the SDE corresponding to a candidate solution for the Parisi variational
problem. A related two-stage message passing algorithm was recently introduced in our

EJP 29 (2024), paper 4. https://www.imstat.org/ejp
Page 3/47


https://doi.org/10.1214/23-EJP1066
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Optimizing mean field spin glasses with external field

joint work with A.E. Alaoui on the negative spherical perceptron [AS22].

While the primary goal in this line of work is to construct a single approximate
maximizer, Subag beautifully observed in [Sub21, Remark 6] that an extension of his
Hessian-based construction for spherical models produces approximate maximizers
arranged into a completely arbitary ultrametric space obeying an obvious diameter upper
bound. The overlap gap property essentially states that distances between approximate
maximizers cannot take certain values, and so this is a sort of constructive converse
result. In Section 4 we give a branching version of our main algorithm, following a
suggestion of [AM20], which constructs an arbitrary ultrametric space of approximate
maximizers in the Ising case (again subject to a diameter upper bound).

1.1 Optimizing Ising spin glasses

To state our results we require the Parisi formula for the ground state of a mean field
Ising spin glass as given in [AC17]. Let % be the function space

1
U = {fy :[0,1) = [0,00) : vy is non-decreasing,/ ~(t)dt < oo}.
0

The functions vy are meant to correspond to cumulative distribution functions -
for finite 8 the corresponding Parisi formula requires (1) = 1, but this constraint
disappears in renormalizing to obtain a zero-temperature limit. For v € % we take
., (t,z) : [0,1] x R — R to be the solution of the following Parisi PDE:

0y (t, ) + %f”(t) (D20 (t, ) + (1) (3204 (t, 7)) = 0,
@, (1,2) = |a].

This PDE is known to be well-posed, see Proposition 2.6. Intimately related to the above
PDE is the stochastic differential equation

dX: =" ()y(t)0, P (t, X¢)dt + /& ()dBy, Xo ~ L. (1.1)

which we call the Parisi SDE. The Parisi functional P : % — R with external field
distribution £, is given by:

1
Pe.c, (7) = E" 54 [,(0, h)] - % /0 1€ (t)y()dt. (1.2)

The Parisi formula for the ground state energy is as follows.
Theorem 1.1 ([TalO6b, Pan14, AC17, CHL18]).

GS(&, Ly) = nggg Pec, (7)-

Moreover the minimum is attained at a unique 7% € % .

Through the paper, 7% will always refer to the minimizer of Theorem 1.1. We now turn
to algorithms. In [Mon19], Montanari introduced the class of incremental approximate
message passing (IAMP) algorithms to optimize the SK model. These are a special
form of the well-studied approximate message passing (AMP) algorithms, reviewed in
Subsection 2.1. The work [AMS21] showed that the maximum asympototic value of Hy
achievable by IAMP algorithms is given by the minimizer of P, assuming it exists, over a
larger class of non-monotone functions, when £, = dy so there is no external field. This
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larger class is:

£ = {*y :[0,1) — [0,00) : 7y is right-continuous, [|€” - || 7y (o, < ooVt € [0,1),

/ e (< oo}.

Here TV[0,t] denotes the total variation norm

k

Ifll7vio.s = sup sup Z |f(t:) — f(tiz1)l-

n 0<to<t1<---<tp<t i=1

The Parisi PDE (1.2) and associated SDE extend also to .. We denote by 72 € .
the minimizer of P over ., assuming that it exists. Note that uniqueness always holds
by Lemma 1.6 below. We remark that [AMS21] does not include the right-continuity
constraint in defining .Z, however this constraint only serves to eliminate ambiguities
between 71,7, differing on sets of measure 0. In fact [AMS21] assumes v € £ is
right-continuous from Lemma 6.9 onward.

Theorem 1.2 ([AMS21, Theorem 3]). With L, = dy, suppose inf.c » P(7) is achieved at

vZ € £. Then for any « > 0 there exists an efficient AMP algorithm which outputs
o € Yy satisfying

>P(vf) —e (1.3)

with probability tending to 1 as N — oo.

We clarify our use of the word “efficient” in Subsection 2.1 - in short, it means that
O¢(1) evaluations of VHy and first/second partial derivatives of @~ are required. In
general, minimizing over the larger space . instead of % may decrease the infimum
value of P, so that IAMP algorithms fail to approximately maximize Hy. However if v#
is strictly increasing, then the infima are equal.

Corollary 1.3 ([AMS21, Corollary 2.21). With £, = &y, suppose that v% is strictly in-
creasing on [0,1). Then ¥ = v . Consequently for any ¢ > 0 there is an efficient AMP
algorithm which outputs o € Y satisfying

Ax\) Gs(e.cn) - (1.4)

with probability tending to 1 as N — oo.

We define the support supp(y) of 7 € .Z to be the closure in [0,1) of S(y) = {z €
[0,1) : v(x) > 0}. Note that this is not the same as the support of the signed measure
with CDF ~.

We now present our new results when there is a non-trivial external field distribution
L5, # 6o. The following proposition shows that this forces 7% (t) = 0 in a neighborhood of
t = 0, hence Corollary 1.3 cannot apply. The proof is exactly the same as [Pan, Lemma
A.19] (which is the same result for positive temperature).

Proposition 1.4. We have 0 € supp(7Z) if and only if L}, = d.

Despite this, we will show that approximate maximization is still possible with an
external field if 7% is strictly increasing on [q, 1) for ¢ = inf(supp(y#)). If this condition
holds, we give a two-phase approximate mesgage pasging algorithm which first locates a
suitable point m, with L? norm ||my/|| ~ \/qV, and then proceeds as in the no-external-
field case. The relevant condition is precisgly defined as follows.
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Definition 1.5. For v, € .Z, let ¢ = inf(supp(.)). We say . is g-optimizable if, with X,
given by (1.1):
E[0,®,, (t, X¢)?] =t, te]g1). (1.5)

We say . € £ is optimizable if it is g-optimizable for q¢ = inf(supp(v.)). We say that
(&, Ly,) is optimizable, or equivalently that the no overlap gap property holds for (¢, L),
if the function v is optimizable.

In [Mon19], the widely believed conjecture that (in our language) the Sherrington-
Kirkpatrick model with £(z) = z?/2 is optimizable was assumed. Our preliminary
numerical simulations suggest that the SK model remains optimizable with any constant
external field £, = J;,. However even without external field, proving this conjecture
rigorously seems to be very difficult.

For g € [0,1), let £, = {vy € .Z : inf(supp(7y)) > ¢} consist of functions in .Z vanishing
on [0, gf The next lemma shows optimizability is e&uivalent to minimizing P over either
£ or %,. 1t is related to results in [AC15, JT16, AMS21] which show that v and %
satisfy (1.5), in the former case when t is a point of increase for % . The proof is given
in Section 7.

Lemma 1.6. For v, € .Z and q = inf(supp(7+)), the following are equivalent:

1. ~, is optimizable.
2. P(yx) = infye2 P(7).
3. P(7:) = infycg, P(7).

Moreover if a minimizer exists in either variational problem just above, then it is unique.

Lemma 1.6 implies that any optimizable 7, is in fact the unique minimizer v € .% of
the Parisi functional. However throughout much of the paper we will use v, to denote
general optimizable function without making use of this result. We made this choice
because while Lemma 1.6 is important to make sense of our results, it is not necessary
for proving e.g. Theorem 1.7 below. We now state our main results.

Theorem 1.7. Suppose v, € £ is optimizable. Then for any ¢ > 0 there exists an
efficient AMP algorithm which outputs o € ¥ such that

Hy(o)
S Py, —
N =2 Pu)—e

with probability tending to 1 as N — oo.
Lemma 1.8. If v/ strictly increases on [g, 1) for ¢ = inf(supp(yZ )), then no overlap gap
holds, i.e. v is optimizable.
Corollary 1.9. Suppose no overlap gap holds. Then for any € > 0 an efficient AMP
algorithm outputs o € X satisfying

N
with probability tending to 1 as N — oo.

2 GS(é-?ﬁh) — &

Remark 1.10. Unlike for % the infimum inf,c ¢ P(y) need not be achieved, i.e. an
optimizable ~, need not exist. For instance, one has £”(0) = 0 whenever ¢, = 0. On the
other hand if v is optimizable, Corollary 7.1 and Lemma 7.6 (with ¢ = 0) yield

t
/ &' (S)E[0s0®s. (5, X,)?]ds = E[0, s, (£, X¢)?] > ¢, t>0.
JO

In light of Lemma 7.2 the integrand on the left-hand side is O(£”(s)) = o(1) so the above
cannot hold for small ¢t. Hence if co = 0 there exists no optimizable ~,.. We conjecture
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that conversely a minimizing v € . exists whenever ¢, > 0, but we do not have a
proof.

Remark 1.11. By the symmetry of H ~, the external field can also be a deterministic
vector h = (hy,...,hy). As long as the empirical distribution of the values (h;)ic|n)
is close to L, in W5 distance and the external field is independent of H N, exactly the
same results hold - see [AMS21, Appendix A, Theorem 6] for the corresponding AMP
statement in this slightly more general setting.

1.2 Optimizability and no overlap gap

In contrast to Corollary 1.9, the paper [G]21] rules out approximate maximization
using AMP for pure p-spin models without external field based on an overlap gap property
whenever p > 4 is even. In formulating this result, [G]21] defines an AMP algorithm
to be any iteration of the form given in Subsection 2.1 with Lipschitz non-linearities
fos fi,- .., fe which outputs & = max(—1, min(1, f,(2°,...,2"))), the final iterate f, pro-
jected into [—1,1]". Here / is a large constant which cannot grow with N. (In [AMS21]
and the present work, the final iterate is rounded to be in ¥ but this step does not
change the asymptotic value of Hy and is essentially irrelevant - see for instance Equa-
tion (3.14).) In fact for a broad class of models, their main result based on the overlap
gap property applies exactly when 7% is not optimizable. This justifies our definition of
(&, Ly,) as having “no overlap gap” if and only if it is optimizable.

Proposition 1.12. Suppose 'yf/ is not optimizable, where £ is an even polynomial and
the external field L, = 6, is constant. Then there is ¢ > 0 such that for any AMP
algorithm with random output o,

P S GSg,h — & Z 1-— G_Q(N).

N

The proof of Proposition 1.12 is identical to that of [G]J21, Theorem 3.3] and we
give an outline in Section 6. Taken together, Corollary 1.9 and Proposition 1.12 exactly
characterize the mean-field Ising spin glasses for which approximate maximization is
possible by AMP, at least when € is even and the external field is constant. We remark
that similar lower bounds were studied for the class of constant-degree polynomial
algorithms in [GJW20]. These results also extend to any non-optimizable Ising spin
glass with even ¢ and constant h, ruling out approximate maximization algorithms in a
slightly weaker sense. Constant-degree polynomials encompass AMP in most cases by
approximating each non-linearity f, by a polynomial in a suitable sense, see e.g. [Mon19,
Theorem 6].

We conclude this subsection with a brief discussion on our terminology. Our definition
of optimizability is closely related to “full” or “continuous” replica symmetry breaking.
For example, the definitions of full RSB used in [Mon19, Sub21] essentially coincide with
0-optimizability. However these terms seem to be slightly ambiguous, as they can also
refer to functions v which are strictly increasing on any nontrivial interval instead of
being piece-wise constant as in finite RSB. For example, the physics paper [CKP114]
describes “the case where the function A(z) is allowed to have a continuous part: this
can be thought as an appropriate limit of the k-RSB construction when £ — oo and is
therefore called ‘fullRSB’ or ‘c0o-RSB’ ”. Adding to the potential confusion, [ACZ20] uses
the term “infinite step” RSB to refer to functions v with infinity many points of increase,
possibly at a discrete set. We therefore use “no overlap gap” as an unambiguous term
for the condition that 7% is optimizable, while keeping in mind that it closely is implied
via Lemma 1.8 by a strong, specific form of full RSB.
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1.3 Branching IAMP and spherical spin glasses

Under no overlap gap, one expects that any finite ultrametric space of diameter at
most 4/2(1 — q) (with size independent of N) can be realized by approximate maximizers
of Hy. In fact a modification of our ¢-IAMP algorithm is capable of explicitly producing
such realizations. In Section 4 we give a branching g-IAMP algorithm which for any
finite ultrametric space X and optimizable . constructs points (6,).cx such that
Hylos) P(v.) and % ~ dx(z,y) for each z,y € X. Recall that an ultrametric

N
space X is a metric space which satisfies the ultrametric triangle inequality

dx (z,y) < max(dx(z,2),dx(y,2)), Vz,y,2€X.

Moreover any finite ultrametric can be canonically identified with the leaf set of a rooted
tree, see e.g. [BD98].

The idea is to occasionally reset the IAMP part of the algorithm with external ran-
domness. A similar strategy was proposed but not analyzed in [AM20].

Theorem 1.13. Let v, € £ be optimizable, and fix a finite ultrametric space (X, dx)
with diameter at most /2(1 — q) as well as ¢ > 0. Then an efficient AMP algorithm
constructs points {o,|r € X} in 3y satisfying

Hy(os
BN o) L e
O, — O
H \/Ny”G[dx(l',y)5,dX(z,y)+€], x,yEX

with probability tending to 1 as N — oo.

In Section 5 we give corresponding results for spherical spin glasses, extending
[Sub21] to the case of non-trivial external field. At zero temperature, [CS17, Theorem 1]
determines the free energy in spherical spin glasses based on a positive, non-decreasing
function «: : [0,1) — [0, 00) as well as a constant L. (See also [JT17] for related results.)
More precisely, they show the asymptotic ground state energy is given by the unique
minimizer to the variational problem:

CTV‘S’sph (57 h) = Lr,giEnlC Q(L7 OZ); (16)

K:{(L,a)e(o,oo)x% : L>/0104(5)d5};

20(L.a) = (1) + )~ | (o) ( / qa(s)ds)dq+ / 1 Lfdi()d

The associated definition of no overlap gap is as follows.

Definition 1.14. The spherical mixed p-spin model is said no overlap gap if for some
9epn € [0,1), the unique minimizing « € % in (1.6) is strictly increasing on [gsph7 1) and
satisfies a(q) = 0 for ¢ < Qoo

Unlike the Ising case, we do not formulate a generalized variational principle and
only show how to achieve a natural energy value, which coincides with the ground state
energy when no overlap gap holds by [CS17, Proposition 2]. We also exactly characterize

the spherical models exhibiting no overlap gap, which slightly extends the same result.
Theorem 1.15. Suppose ¢ and L), satisfy E[h?] + ¢'(1) < £”(1), and let Gon € (0,1) be
the unique solution to E[h?] + §’(gsph) = gsphg”(gsph). Then the spherical spin glass with
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parameters &, £}, has no overlap gap if and only if " (q)~'/? is concave on q € [¢__,1], in

Zsph’
which case « is supported on [gsph, 1] and takes the explicit form

0, s€0,q_,)
OZ(S) = { 5/”(8) =sph

ey 8 € Wy 1]

Moreover the ground-state energy satisfies

1
GSan(€ L) 2 4 €0 + [ VETg
q

—=sph

with equality if and only if no overlap gap occurs.
Theorem 1.16. Suppose ¢ and h ~ L}, satisfy E[h?] + ¢'(1) < ¢’(1), and let 9epn € 0,1)
be the unique solution to E[h*] 4 &'(q,

AMP algorithm outputting o € $¥~'(v/N) such that

HN(U) ~ " ' \/Td
N Lo/ € (@) ¢"(q)dg.

ph) = gsphg”(gsph). Then there exists an efficient

If on the other hand E[h?] + ¢'(1) > ¢”(1), then there is an efficient AMP algorithm
outputting o € $N~1(v/N) with

ng\ga) ~\/E[n2] +¢(1).

Remark 1.17. If E[h?] + ¢/(1) > £”(1) then the model is replica-symmetric by [CS17,
Proposition 1]. When E[h?] + ¢/(1) < £(1), the function f(q) = ¢¢”(q) — €'(¢q) — E[h?] is
increasing and satisfies f(0) < 0 < f(1), hence has a unique root Gopn € (0,1).

Remark 1.18. Subsequently to the present work and in collaboration with Brice Huang,
we showed in [HS21] that the algorithms presented in this paper are optimal in some
sense. More precisely, it is shown that Proposition 1.12 can be strengthed to say that

< inf P(y)+e| >1-— e~ SUN) (1.7)
yeZL

for any ¢ > 0. Here, as in Proposition 1.12, o € [-1, 1]N is the output of an AMP
algorithm whose number of iterations is independent of N. This result applies more
generally to arbitrary algorithms with suitably Lipschitz dependence on the disorder
variables defining Hy. In the spherical case, [HS21] similarly shows that the energy
attained in Theorem 1.16 is asymptotically best possible for Lipschitz algorithms; see
Proposition 2.2 therein.

The essential idea of [HS21] is to consider general finite ultrametric spaces (with size
independent of V) of points o with large energy. They show that for E > inf,c ¢ P(7),

the level sets H
Sg = {0'6 [—1,1}N : # ZE}

do not contain approximately isometric embeddings of sufficiently complicated finite
ultrametrics. (Technically proving (1.7) requires a more complicated obstruction involv-
ing a correlated family of different Hamiltonians.) Theorem 1.13 is a sharp converse
to and was a key inspiration for this result, as it constructs arbitrary finite ultrametric
configurations at energy P(v.) for optimizable v,. See the introduction of [HS21] for
further discussion and implications.
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2 Technical preliminaries

We will use ordinary lower-case letters for scalars (m,z, ..., ) and bold lower-case
for vectors (m,x). Ordinary upper-case letters are used for the state-evolution limits of
AMP as in Proposition 2.3 such as (X?, Z?, N?) as well as for continuous-time stochastic
processes such as (X;, Z;, N;). We denote limits in probability as N — co by p-limy_, . (*)-
We write z ~ y to indicate that p-limy_, (x —y) = 0 where z, y are random scalars.

We will use the ordinary inner product (x,y) = Zfil x;y; as well as the normalized

N

inner product (z,y)y = Z:% Here x = (z1,...,zy) € RY and similarly for y.

Associated with these are the norms ||z| = /{x,z) and ||z||x = /(z,z)y. We will
N

also use the notation (x)y = Z:Tlm Often, for example in (2.3), we apply a scalar

function f to a vector € RY. This will always mean that f is applied entrywise, i.e.
f(z1,...,zn) = (f(z1),..., f(xn)). Similarly for a function f : R‘*! — R, we define

f(a:o,scl,...,azz) = (f(x?,x%,...,xf), f(a:g,x%,...,xg),...f( %,x}v,...,ajg\,)) cRYN.
(2.1)
The following useful a priori estimate shows that all derivatives of H ~ have order
1in the || - | norm. Note that we do not apply any non-standard normalization in the
definitions of gradients, Hessians, etc. We use | - ||op to denote the operator norm of a
tensor T' € (RY)®* of arbitrary order k:

(T, z=))|

E @2

|T(lop = sup

zeRN

Proposition 2.1 ([ASZ20, Lemma C.1]). Fix a mixture function &, external field distribu-

tion Ly, k € Z*,n € RT, and assume that the coefficients of ¢ decay exponentially. Then
for suitable C' = C(§, Ly, k,m),

Pl sup  [VEHN(@)llop < ON'TE] 21— 72N,
le| <(1+m VN

2.1 Review of approximate message passing

Here we review the general class of approximate message passing (AMP) algorithms.
AMP algorithms are a flexible class of efficient algorithms based on a random matrix
or, in our setting, mixed tensor. To specify an AMP algorithm, we fix a probability
distribution py on R with finite second moment and a sequence fy, f1,... of Lipschitz
functions f, : R‘*! — R, with f_; = 0. The functions f, will often be referred to as
non-linearities. We begin by taking z° € R" to have i.i.d. coordinates (z?);c[n] ~ po-

Then we recursively define z!, 22, ... via

L
2 = VHN (fo(2° ..., 2%) =) dejfio (2., 2770, (2.3)
j=1

ofe

dej = f”(<fg(zo,...,ZZ)7fj_1(ZO,...,Zj71)>N) ‘B 577

(2°,...,2"%|. (2.4)
Here the non-linearity f, is applied coordinate-wise as in (2.1). Moreover Z° ~ py while
(Z*)¢>1 is an independent centered Gaussian process with covariance @, ; = E[Z¢Z7]
defined recursively by

Q£+1,]+1:£I(E[f£(zoa7Z€)fj<ZOﬂaZj)])> E,JZO (2.5)

The key property of AMP, stated below in Proposition 2.3, is that for any ¢ the
empirical distribution of the N sequences (2}, 2?,..., zf)ie[ N1 converges in distribution
to the law of the Gaussian process (Z1,..., ZZ) as N — oo. This is called state evolution.
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Definition 2.2. For non-negative integers n,m the function v : R* — R is pseudo-
Lipschitz if for some constant L and any z,y € R,

[(x) =)l < LA+ [zl + yDllz = yll-

Proposition 2.3 ([AMS21, Proposition 3.11). For any pseudo-Lipschitz ¢ : R‘*' — R, the
AMP iterates satisfy

p-lim(yp(2°,...,2%)) = B[y(2°,...,2Y)].
N—o00
The first version of state evolution was given for Gaussian random matrices in
[Boll4, BM11]. Since then it has been extended to more general situations in many
works including [JM13, BLM15, BMN19, CL21, Fan22]. As state evolution holds for
essentially arbitrary non-linearities f,, it allows a great deal of flexibility in solving
problems involving random matrices or tensors.
We remark that [AMS21, Proposition 3.1] is phrased in terms of a random mixed ten-
sor W, i.e. a sequence of p-tensors (W ®) ¢ (RY)®P),,~5 - see Equation (3.2) therein. The
two descriptions are equivalent because W' is constructed so that }_ -, cp(W(p), z®P) =

H ~(x). While the tensor language is better suited to proving state evolution, for our
purposes it is more convenient to express AMP just in terms of H n and VHy.

Let us finally discuss the efficiency of our AMP algorithms. The algorithms we give
are described by parameters ¢ and £ and require oracle access to the function @, (¢, z)
and its derivatives. We do not address the complexity of computing @.,, (¢, z). However as
stated in [Mon19, AMS21] it seems unlikely to present a major obstacle because solving
for v is a convex problem which only must be solved once for each (¢, £;,). Moreover
[AM20] demonstrates that these algorithms are practical to implement. B

In the end, our algorithms output rounded points o with o; = sign(f7(2?,...,2¢)) for
a large value ¢ = /(g,{). The outputs satisfy

HN(O’)

lim lim p-lim =H,

q—=1L—00 N0

for some asymptotic energy value H,. To achieve an ¢-approximation to the value H,,
the parameters ¢ and £ must be sent to 1 and oo which requires a diverging number of
iterations. In particular let y denote the complexity of computing VH ~ at a point and
let x1 denote the complexity of computing a single coordinate of VH ~ at a point. Then
the total complexity needed to achieve energy H. — ¢ is C(e)(x + N) + Nxi1. When ¢ is
a polynomial this complexity is linear in the size of the input specifying Hy — see the
comments following [AMS21, Remark 2.1]. In the statements of our results, we refer to
such algorithms as “efficient AMP algorithms”.

2.2 Initializing AMP

Here we explain some technical points involved in initializing our AMP algorithms and
why they arise. First, we would like to use a random external field h; which varies from
coordinate to coordinate. In the most natural AMP implementation, this requires that
the non-linearities f; correspondingly depend on the coordinate rather than being fixed,
which is not allowed in state evolution. Second we would like to use many i.i.d. Gaussian
vectors throughout the branching version of the algorithm. However Proposition 2.3
allows only a single initial vector z° as a source of external randomness independent
of Hy. One could prove a suitable generalization of Proposition 2.3, but we instead
build these additional vectors into the initialization of the AMP algorithm as a sort of
preprocessing phase. To indicate that our constructions here are preparation for the
“real algorithm”, we reparametrize so the preparatory iterates have negative index.
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We begin by taking py = £, to be the distribution of the external field itself, and ini-

ialize (2= 5V, — by ~ + Ky 2%
tialize (z7**); = h; ~ L}, for some constant K € Z*. We then set f_x(z™") NG
and f (2 %,...,z27%)=2"%for2 < k < K. Finallywe set f_1(27%,... 271) = cz~! for

some constant ¢ > 0 which the algorithm is free to choose. (Note that the functions f_
correspond to entry-wise applications of the form in (2.1).) State evolution immediately
implies the following

Proposition 2.4. In the state evolution N — oo limit, the empirical distribution of
(2 Ko 29) (fori € [N] uniformly random) converges in probability to the law of an in-
dependent (K +1)-tuple (Z~— 5, Z=K+1 2=V Z with Z=K ~ Ly, (Z7K+1 ..., Z7 1) ~
N(0, I 1) i.i.d. standard Gaussian, and Z° ~ N(0, ¢?).

In fact taking K = 1 suffices for the main construction in the paper. In Section 4
we require larger values of K for branching IAMP, where the iterates (z~%+! ... 271)
serve as proxies for i.i.d. Gaussian vectors.

Remark 2.5. Because the sum defining the Onsager correction term in (2.3) starts at
j =1, the effect of the external field h; on future AMP iterates does not enter into any
Onsager correction terms in this paper.

2.3 Properties of the Parisi PDE and SDE

Quite a lot is known about the solution ®, to the Parisi PDE. The next results hold
for any 7 € . and are taken from [AMS21]. Similar results for v € % appear in
[AC15, JT16].

Proposition 2.6 ([AMS21, Lemmas 6.2, 6.4]). For any v € .Z, the solution ®,(t, x) to the
Parisi PDE is continuous on [0,1] x R, convex in x, and further satisfies the following
regularity properties for any € > 0.
(a) 9i® € L>([0,1 —¢]; L>(R) N L>=(R)) for j > 2.
(b) 0y® € L>=([0,1] x R) and 8@;@ € L*>([0,1 - s];LQ(R) NL>(R)) forj > 1.
Proposition 2.7 ([AMS21, Lemmas 6.2, 6.4]). For any v € .Z, ®. satisfies
0,%,(t,2)| < 1

for all (t,z) € [0,1] x R.
Proposition 2.8 ([AMS21, Lemma 6.51). For any v € .Z, the Parisi SDE (1.1) has unique
strong solution (X;);c[0,1) Which is a.s. continuous and satisfies

t
0,9 (t, X;) = / VE(S) Dpa®- (5, X,) dB,. 2.6)
0

Finally we give two additional properties for optimizable ., which are proved in
Section 7.

Lemma 2.9. Ifv, € £ is g-optimizab]e then it satisfies:

1
E[0,0®, (t, X¢)?] = 08 t>q, (2.7)

1
E[0,.P-, (t, X;)] 2/ Y. (s)ds, te0,1]. (2.8)
t

Remark 2.10. We expect (2.8) to hold with equality; if this is true, then our analysis
in Subsection 3.3 shows that Theorem 1.7 holds as a two-sided estimate. Conversely,
the main result of [HS21] implies such a two-sided estimate when £ is even; retracing
Subsection 3.3 then implies (2.8) is indeed an equality in such cases. However this is
unsatisfyingly indirect and it would be interesting to give a direct proof.
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3 The main algorithm

In this section we explain our main AMP algorithm and prove Theorem 1.7. Through-
out we take v, € £ to be g-optimizable for ¢ = inf(supp(vx)) € [0, 1).

3.1 Phase 1: finding the root

Here we give the first phase of the algorithm, which proceeds for a large constant
number /£ of iterations after initialization and approximately converges to a fixed point.
The AMP iterates during this first phase are denoted by (w*)_<kr<¢. We rely on the
function

f(x) = 0.9, (¢, )

and use non-linearities
—K+1 0,1 k k
fk(h,w oo wl et w ):f(thw )

for all £ > 1. (As a reminder, if f is a scalar function, f(x*) is evaluated entrywise
as explained in (2.1).) Proposition 2.6 implies that each f; is Lipschitz, so that state

evolution applies to the AMP iterates. In the initialization phase we take c = |/{/(q) as

described in Subsection 2.2, so that the coordinates w{ are asymptotically distributed as
centered Gaussians with variance ¢'(g) in the N — oo limit. Moreover we set m”* = f(z*)
where z* = w” + h. This yields the following iteration.

w't = VHy (f(2%)) = f(& 7)€" ((f ("), (")) ) (")) G
= Vi () — I () ) 01 (1)
2 — bt 4R
mF = f(z*) = fir.(w").

Lemma 3.1. For f as defined above, h ~ L}, and Z ~ N(0,1) an independent standard
Gaussian,

EMZ[f(h+Z\/¢(0)°] =4 (3.2)

E2[f (h+ 2 g'(g)ﬁ = g%(q) (3.3)

Proof. The identities follow by taking ¢ = ¢ in the definition of optimizability as well as

Lemma 2.9. Here we use the fact that X; < X, + Z+/&(t) is a time-changed Brownian
motion started from X, for ¢ < q. O

Next with (Z,Z',Z") ~ N(0,I3) independent of h ~ L, define for ¢t < ¢'(¢) the
function

o(t) = EMZZ 2 [f(h 4 ZVi+ Z2'\[€(q) =) f(h+ ZVi+ 2"\ /¢'(q) — t)].  (3.4)
Define also 9 (t) = &'(4(t)). It follows from (3.2) that

?(€(9) =g (3.5)

Lemma 3.2. The function 1) is strictly increasing and strictly convex on [0,¢'(q)]. More-
over

Finally (t) >t for allt < £'(q).
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Proof. Using Gaussian integration by parts as in [Bol14, Lemma 2.2], we find

§(t) = BMAE 2 [ (b VEZ 4\ [€(g) — t2') £ (h+ VEZ + \[€(g) — 12")]
= E"Z[EZ[f'(h+ ViZ + /¢ () - t2')]7],
§"(t) = B[S (h+ViZ + /e (@) —12) 1" (h+ViZ + e (g) - 12")]
= BN (B[ (h+ViZ + /¢ (@) - t2')]7].

These expressions are each strictly positive, as the optimizability of ~, implies that f’, f”
are not identically zero. Therefore ¢ is increasing and convex. Since ¢’ is also increasing
and convex (being a power series with non-negative coefficients) we conclude the same
about their composition . The values ¥(£'(q)) = ¢'(¢q) and ¥'(¢'(q)) = 1 follow from
Lemma 3.1 and the chain rule. Finally the last claim follows by strict convexity of ¢ and

V(' (g) = 1. O
Next, let h, W1 (W7, X7 M7);> be the state evolution limit of the coordinates of

-1 .0 .0 0 k ok ok
(h,w ,wn:,m,...,w,w,m)

as N — oo. Hence each W/ is a centered Gaussian and X7 = W7 + h, M1 = f(X7)
hold for j > 0. Define the sequence (ag, a1, ...) recursively by ag = 0 and a1 = ¥(ag).

Lemma 3.3. For all non-negative integers 0 < j < k, the following equalities hold:

E[(W?)*] =¢() (3.6)
E[W/W*| = a; (3.7)
E[(M7)] =4 (3.8)
E[MIM*] = ¢(ay). (3.9)

Moreover (W7) ;> is independent of h.

Proof. We proceed by induction on j, first showing (3.6) and (3.8) together. As a base
case, (3.6) holds for 5 = 0 by initialization. For the inductive step, assume first that (3.6)
holds for j. Then state evolution and (3.5) yield
2
E[(M7)"] =06(6'(0) =4

so that (3.6) implies (3.8) for each 57 > 0. On the other hand, state evolution directly
implies that if (3.8) holds for j then (3.6) holds for j 4+ 1. This establishes (3.6) and (3.8)
for all j > 0.

We similarly show (3.7) and (3.9) together by induction, beginning with (3.7) when

j = O By the initialization of Subsection 2.2 it follows that the random variables
h, W1, W0 are jointly independent. State evolution implies that W*~! is independent of
W—! for any k > 0. Then state evolution yields for any k£ > 1:

E [WOW’C] — 6/ (E [Mflefl])
_ é—/(E [W—lf(Wk—l])
=¢£'(0)
=0.
Just as above, it follows from state evolution that (3.7) for (j, k) implies (3.9) for (j, k)
which in turn implies (3.7) for (j + 1,k + 1). Hence induction on j proves (3.7) and (3.9)

for all (4, k). Finally the last independence assertion is immediate from state evolution
just because h is the first step in the AMP iteration. O
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Lemma 3.4.
lim ay = &'(q).
k—o0 =

Proof. Since v is strictly increasing and maps [0,£'(¢q)] — [0,£'(¢)], it follows that (ax)x>0
is a strictly increasing sequence with limiting value in [0, £'(¢)]. Let as = limg—, o0 ax be
this limit. Then continuity implies ¢(ax) = ao, Which by the last part of Lemma 3.2
implies a = £'(¢). This concludes the proof. O

We now compute the limiting energy

. . Hy(my)
m p-lim ===

from the first phase. Since the first phase is similar to many “standard” AMP algo-
rithms, this step is comparable to the computation of their final objective value, for
example [DAM17, Lemma 6.3]. This computation is straightforward when H n is a ho-
mogeneous polynomial of degree p, because one can just rearrange the equation for an
AMP iteration to solve for

Hy (m") = p~HY{m* VHy (m")).

However it requires more work in our setting because VH n~ acts differently on terms
of different degrees. We circumvent this mismatch by applying state evolution to a
t-dependent auxiliary AMP step and integrating in ¢.

Lemma 3.5. With X; the Parisi SDE (1.1),

k
g, b AN — ¢g) - B0, (0 1+ 20[E @) + Bl 0,0, (0,14 2\/2()]
= &(q)  E[002®. (¢, Xy)] + E[h- 0,9, (g, X,)]-

Proof. The equivalence of the latter two expressions follows from the fact that Xg ~
Xo + N(0,¢(q)) so we focus on the first equality. Observe that

1
) = () / (m*, v Hy (tm*)) dt (3.10)
0

holds for any vector m* by considering each monomial term of Hy. Our main task
now reduces to computing the in-probability limit of the integrand as a function of ¢.
Proposition 2.1 ensures that t — (m*, VHy(tm*))y is Lipschitz assuming |m*||x <
1+ o(1). This holds with high probability for each k as N — oo by state evolution and
Proposition 2.7, so we may freely interchange the limit in probability with the integral.

To compute the integrand <mk,Vﬁ ~(tmF))y we analyze a modified AMP which
agrees with the AMP we have considered so far up to step k, whereupon we replace the
non-linearity fi(h, w*) = f(w* + h) = f(z*) by

fi(how") =t f(a)
for arbitrary ¢t € (0,1). We obtain the new iterate
yH (1) = Vi (tm*) — m e (1mE mE ) ) (7 (24))
Rearranging yields
(VT (")) = (mP g (), + (m ) € () ) (' (24)),
= (m" " (D) y + tar 8" (t(ar-1) (F (%)) -
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We evaluate the N — oo limit in probability of the first term, via the state evolution limits
Wk XF Y*+l(t). State evolution directly implies

E[WFY ()] = ¢ (t- E[M" M) = ¢ (to(ar-1)).
Since h is independent of (W*, Y**1) we use Gaussian integration by parts to derive
E[f (XYM @] = B[f (b + WY (0)]
= B[/ (b + WH)] B (1)
=E[/'(h+2,/¢(@)] - & (td(ar-1)).

Integrating with respect to ¢ yields
1 ~
/ (m*, V Hy (tm*)), dt
0
"(h+2Z,/¢ / & (toplar—1)) + tolar—1)€" (top(ar—1)) dt

t=1

= E[0:0P. (¢, h + Z,/€(0))] - [t€ (té(ar-1))] =0

Finally the first term in (3.10) gives energy contribution

(hym*)  ~E[h-f(Z,/¢(q))]
—E[h- 0,9, (¢, h+ Z,/¢'(9)].

Since limy o0 ax—1 = &'(g) and ¥(£'(¢)) = £'(¢) combining concludes the proof. O

3.2 Phase 2: incremental AMP

We now switch to IAMP, which has a more complicated definition. We will begin from
the iterates x£, m! from phase 1 for a large ¢ € Z*. Our implementation follows that of
[AMS21, AS22] and we relegate several proofs to Section 8. First define the functions

u(t,z) = 0pa®y, (t,2),  v(t,x) = " ()7 (t)0: L. (L, 2).

Seteyg = 5,y —landd = q((1+¢0)?) —1); observe that gy, — 0 as £ — co.! Define

the sequence (q2),>¢ by

@ =q+ (-0
Fix g € (g,1); the value g will be taken close to 1 after sending ¢ — oco. In particular we
will assume § < 1 — @ holds and set / = min{¢ € Z* : ¢} > g}. Also define

~=(1+eg)m”

Set 2zt = wz So far, we have defined (z%, 24, n*). We turn to inductively defining the
triples (¢, zf, n’) for £ < ¢ < /. First, the Values (2%)¢>¢ are defined as AMP iterates via

4
= VN (el 20) = D deafya (20,27,
= (3.11)

dej =" E[fo(2°...,2°) f;-1(2°,....Z2771]) - E %(zo, 29|

1When g = 0, o is not defined. In this case we simply take § > 0 small and begin IAMP at nt =0 asin
[AMS21].
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(The non-linearities f, will be specified below). The sequence (z‘*!) ¢>¢ is defined by

¢
s Em£+2v(q?,mj)5+2(zj+l _zj)
=z' +o qf,a:e)(S—&— (z“l—zz), (<e<i-—1.

As usual, U(q?, -) is applied component-wise so that v(q?, xl); = v(qJ, 7). Next define the
scalar function
Su(qj, )

(€(a9) — €' (a9_1))Elu(qf; X7)?]

and consider for ¢ > £ the recursive definition

up(z) =

¢
ntl =nty Zu?(:r,j)(zjJrl —zj) (3.12)
Jj=¢
—nl ug (wé) (zé+1 _ Ze).

We define the non-linearity f, : R“*! — R to recursively satisfy
fg(zo7 ... ,zz) = nz7 {> /.

It is not difficult to verify that the equations above form a “closed loop” uniquely
determining the sequence (z‘, z°,n%),>,. Since (2!, nf) is determined by the sequence
(25,...,2!) we may define the state evolution limiting random variables (X, NJ, Z8)s>y.
We emphasize that the IAMP just defined is part of the same ¢-AMP algorithm as the first
phase defined in the previous subsection. However the variable naming has changed
so that the main iterates are z! for ¢ > ¢ rather than w? for £ < ¢. In particular there is
no problem in applying state evolution even though the two AMP phases take different
forms.

To complete the algorithm, we output the coordinate-wise sign o = sign(nz) where

. 1, x>0
sign(z) = 1 e

The key to analyzing the AMP algorithm above is an SDE description in the 6 — 0
limit. Define the filtration

F? :a((Z,‘z,N,f)OSkg) (3.13)

for the state evolution limiting process.
Lemma 3.6. The sequences (2], 2}, ,,...) and (N{, N} ,,...) satisfy for each { > (:

E[(Z}1 - 27)Z]] =
B[(Z4: - 20)"17

E[(2))"

] =
| =
E[(NZ = N))IFY] =
] =
] =

0, forall{+1<j</¢
€ (a711) — € (a¢)
¢ (a2)]
0
E[(Nfy - N/)'] =3

E[(N7)*

From Lemma 3.6 and the fact that (Zg, Zgﬂ, ...) form a Gaussian process, it fol-
lows that there is a coupling with a standard Brownian motion (Bt)te[o,l] such that
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5
foqé V€' (t)dB, = Z} for each (. Denote by (Ft)tefo,1) the associated natural filtration.
Recall that X, is defined as the solution to the SDE

dXt = 7« ()02 P, (¢, X¢)dt + /€ (t)d By
with initialization X, ~ L. Recalling Proposition 2.8, define processes (N, Zt):c[o,1) by

= 0,94, (¢, X / V& (s)u(s, Xs)dBs,
¢
th/o V&' (s)dBs.

The next lemma states that these continuous-time processes are the § — 0 limit of
(X2, N?, Z)exs-

Lemma 3.7. Fix § € (q,1). There exists a coupling between the families of triples
(29, X3, N))}eso and {(Z;, X, N;)}+>0 such that the following holds for a constant
C > 0. For large enough /¢, and every { > £ with q; < q,

2
Joax BI(XF - X,)"] < €9,

2
Joax B[(N] - Ny)"] < €0,

Lemmas 3.6 and 3.7 are proved in Section 8.

3.3 Computing the final energy

N

= P(v.). First we show that the replacements m‘ — n! and n’ — o have negligible
effect on the asymptotic value attained.

In this subsection we establish Theorem 1.7 by showing limg_,1limg_, oo p-limx_, .

Lemma 3.8.

H — Hy(n'
lim lim p- hm‘ nlo) —Hn(n)|_ (3.14)
G—1L—00 N300 N
Hy(mb) — Hy (nt
lim p—hm‘ n(m7) — Hy(n )‘ —0. (3.15)
£—00 N300 N

Proof. Proposition 2.7 implies that N; € [—1, 1] almost surely, while optimizability of ~,
implies that E[(N;)?] =t for ¢ € [g, q]. It follows that

lim lim p-lim Hn — sign(n’) ||N = hm \/E — sign(N; ))2]

G—1L0—00 N oo
= 0.
The limit (3.14) follows from Proposition 2.1 with £ = 1. (3.15) follows similarly as
nt —mt= somﬁ

and g9 — 0 as £ — oo while p-lim_, . |[m*||y < 1 thanks to Proposition 2.7. O

In the next lemma, proved in Section 8, we compute the energy gain during IAMP.
Lemma 3.9.

7
lim lim p-lim Ax(n ) / EOE [u(t Xt)]d (3.16)

g—1L0—00 N oo
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We now put everything together. Recall from Lemma 3.5 that

H £
lim p-lim Hy(m?) =¢(q) - E[042P. (¢, Xg)] +E[h- 0,2, (g, Xg)].

£—00 N 00 N

Proposition 2.8 implies that the process 9, <I>% (t X}) is a martingale, while Lemma 2.9
states that E[u(t, X;)] = E[0;,®,. (t, X¢)]> ft ~«(s)ds. Substituting, we find

N(mt

Axtm) > ey / Y.(5)ds + B[l - 0,8, (0,h)].

lim p-lim
£—00 N soo

Using again that E[u(¢, X;)] j; ~«(s)ds, the right-hand side of (3.16) is

HN("'E) _HN(nﬁ) ! 7 !
>
Yimy Jim p-lim N > /q §'(t) /t Ve (s)dsdt
1 s
— [ [ e
1 /g

— / (€(5) - €(@))7(s)ds

/ & ()7 (s)ds — €'(g) / .(s)ds.

Combining with Lemma 3.8 yields

lim lim p-lim Ay(o) > lim lim p- hm% (Hy (sign(nz)) — Hy (n?)

q—14—00 N300 g—1L—00 N300
Jr.HN( ) HN(’I’L*)+HN(TL*) HN(m*)+HN(m*))
> E" 0 [h- 0,9, (0,h)] +/ €' (). (s)ds. (3.17)
0

Having estimated the limiting energy achieved by our ¢-AMP algorithm, it remains to
verify that the value in Equation (3.17) is P¢ j,(7.). Define

U, (t,x) =P, (t,x) — 20, P, (t,x)
for (t,z) € [0,1] x R. We also use some identities computed in [AMS21].
Proposition 3.10 ([AMS21, Lemma 6.13]). For any v € ., the following identities hold:

d
dt
B[X,0,0, (¢, X,)] = €" (0 (OE[0:0, (1, X0)?] + € (D [0, (¢, X0)].

1
B[, (t, X,)] = 5 £ ()7(OE[0: D, (1, X))
d
dt
Lemma 3.11. Forh ~ Ly, § > q, and X; as in (1.1),

B[, (0.1)] = E[h- 9, 0.1)] +E[¥,. (7. %)

+3 [ e OnoERe, (X2 s [ OB, (0X0) b
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Proof. We write
79
E[\Pv* (q,Xq) — v, (OaXO)] :/0 &E[\IJW (S’Xs)} ’s:tdt

q
= d E[CI) (S X ) Xsaxq)w* (SvXS)”s: dt

t

0
- 77/ &' ()7 ()E[0, D, (¢, X;)?]dt

/5” E[0:: P, (t, X;)]dt.
Rearranging shows:

E[®,, (0, X0)] = E[X0,®-, (0, Xo>] E[V., (7, X5)]
/5” E[0,®,, (t, X;)? dt+/ " () E[0y0 s, (¢, Xy)]dt.

As Xy = h this concludes the proof. O

Proof of Theorem 1.7. Note that v, (t) > 0 implies ¢ > ¢ and hence by optimizability
E[(0,®..(t, X,))?] = t.
Meanwhile for any ¢ € [0, 1],
1
B[00 (1. X)) = [ 7.0t
t
Therefore
1 [4 q 1
B (01) = h- 0,0, (0.1) + B[V, (0. Xp)] + 5 [ € nonae+ [ @) [ ru(o)dsat
0 0 t
Recalling (1.2), we find
P(v.) = E"[2,, / " (t)v. (t)tdt
q 1
:Eﬂha&%mwﬂ+Ew%@xak3/&%w/wqwh&+%ﬂu»
t

0

As in [AMS21, Proof of Theorem 3.2] limg_,; ¥, (¢, z) = 0 holds uniformly in 2. Moreover

q 1 1 1
tim () [ st = [ &0 [ aGsdsa

0

Combining the above and comparing with (3.17) yields

P(1.) = E*[h- 0, (0,h)] + /0 €(5)7a (s)ds
HN(U)'

< lim lim p-lim
g—14—00 N300

This completes the proof of Theorem 1.7. O
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4 Constructing many approximate maximizers

Here we explain the modifications needed for branching IAMP and Theorem 1.13.
The proofs are a slight extension of those for the main algorithm, and in fact we give
many proofs for IAMP directly in this more general setting in Section 8. Let us fix
values Q = (q1,.-.,qm) With ¢ < ¢; < -+ < ¢, < 1 and an index B € [m]. To construct
a pair of approximate maximizers with overlap ¢ we first construct nt exactly as in
Subsection 3.1. For each i < B, set gl = g(4i:2) = z=ki1 — z=ki2 ¢ RN for some
ki1 = ki < K as in Subsection 2.2. For each B < i < m, set g(%l) = z~ ki1 and
g%2) = z=Fi2 where ki1 # k; 2. Because the vectors g'%%) are constructed using AMP,
we require some additional conditions. We impose the separation condition

s s
kiar — £q, > kja — 45, >0 (4.1)

for all i > j and a,a’ € {1,2}. (In particular, it implies that k; o+ # k;, fori # j.) It is
not hard to satisfy (4.1) by choosing the values k; , sequentially in increasing order of i.
Finally we insist that max; 4 (ki 4) + 041 < K, where h = z— ¥ was the AMP initialization,
which is satisfied by choosing K large at the end.

Having fixed this setup, we proceed by defining m*!' = m*?2 = m* for k > 0
exactly as in the original first phase. Next we generate two sequences of IAMP iterates
using (3.12) except at times corresponding to ¢; € Q, altogether generating n for ¢ > ¢
and a € {1,2} via:

ba _ {nfl*“ +1/0g(2®), (=10 =0+ [(g —q)§| +1 for some i € [m]
nffLa + Ug_1 (wlfl,a> (Z€7a _ ZZfl,a)7 else.
(4.2)
Recalling Subsection 2.2, this is an AMP algorithm of the required form. The defini-
tions of z%?, 2 are the same as in e.g. (3.11) with superscript a everywhere, though
note that now the definition

fj_l(z*K,... 20 Zha ...,zjfl’“) =ni~he

3 7 )

of f;_1 has explicit dependence on the negatively indexed variables through gla9),
The following result follows immediately from Lemmas 8.5, 8.6 and readily implies
Theorem 1.13.

Lemma 4.1. For optimizable 7.,

Hy(nbe
lim lim p-lim n )
d—1£0—00 N 00 N

<nf,1’ n[,2>

>P(v.), a€{l,2}

lim lim p-lim

=qB.
g—140—00 Noo N ¢

Next we extend this construction to general finite ultrametric spaces X. Recall that
any finite ultrametric space X with all pairwise distances in the set {1/2(1 — ¢;) }ie[m]
can be identified with a rooted tree 7 whose leaves 07 are in bijection with X, and so
that dx (x;,2;) = v/2(1 — qi) is equivalent to leaves ¢, j having least common ancestor at
depth k.

Given such 7, we may assign to each non-root vertex v € 7 a distinct initialization
iterate g(*) = z~%«. We require that

1. The k, are pairwise distinct.
2. Analogously to (4.1),
ks — €3, > by — £,

if ¢; = depth(u) < depth(u’) = g;.
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3. max,(k,) +{+1< K.

Again, these conditions are easy to satisfy by choosing k,, in increasing order of depth(u)
with ties broken arbitrarily.

Then for each = € X, we first construct m** = m* for k > 0 exactly as in the original
first phase, which does not depend on z. Next, denoting by

root = vg,v1,..., Uy =2 € 97T =X

the root-to-leaf path for z within 7, we compute the analog of (4.2):

b {nem + Vg, ¢ =15 for some i€ [m] 4.3)

W (51 (2 21, else

Again, x*

@ 257 are defined using the same recursions as before.
Theorem 1.13. Let v, € £ be optimizable, and fix a finite ultrametric space (X, dx)
with diameter at most /2(1 — q) as well as ¢ > 0. Then an efficient AMP algorithm

constructs points {0, |r € X} in ¥ satisfying

H @
NJ{;’)ZP(%)—E, z€ X,

oz —ayl

—— € |dx(x,y) —e,dx(z,y) + €|, x,yeX
~ [dx (z,y) x(@,y) +e], @y

with probability tending to 1 as N — oo.

Proof. It is easy to see that for each distinct x,y € X, the behavior of the pair n** ntv
in (4.3) is identical to n“,ne’2 in (4.2) (e.g. both pairs have the same joint law with
Hy). Applying Lemma 4.1 to all such pairs, we find that the iterates n’® satisfy

%"“) > P(ys) — ¢ and (b nby)y ~ g; if dx(z,y) = y/2(1 —g;). The conclusion
follows by rounding n“* — o, € Xy for each 2 € X as in the main algorithm. O

We remark that our construction differs from the one proposed in [AM20] only
because we construct the vectors g(*) using AMP rather than taking them to be literally
independent Gaussian vectors. While the latter construction almost certainly works as
well, the analysis seems to require a more general version of state evolution.

5 Spherical models

We now consider the case of spherical spin glasses with external field. The law of
the Hamiltonian Hy is specified according to the same formula as before depending on
(¢, £), however the state space is the sphere $~!(v/N) instead of the hypercube. The
free energy in this case is given by a similar Parisi-type formula, however it turns out to
dramatically simplify under no overlap gap so we do not give the general formula. At
positive temperature the spherical free energy was computed non-rigorously in [CS92]
and rigorously in [TalO6a, Chel3], but we rely on [CS17] which directly treats the
zero-temperature setting.

Remark 5.1. Due to rotational invariance, for spherical models all that matters about
Ly, is the squared L? norm E"~4:[h?]. In particular unlike the Ising case there is no
loss of generality in assuming h is constant. We continue to work with coordinates h;
sampled i.i.d. from £;, and implicitly use this observation when interpreting the results
of [CS17].
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Our treatment of spherical models is less detailed and we simply show how to
obtain the energy value in Theorem 1.15 which is the ground state in models with
supp(7v«) = [g,1). In the case that E[h?] + £'(1) < £”(1), we let 4., € [0,1] be the unique
solution to

sphgﬂ( ) [h2] +§ ( sph)

When E[h?] + ¢/(1) > £”(1), we simply set 0, =1
Note that when A = 0 almost surely it follows that [ 0, which is the setting of
[Sub21]. Generate initial iterates

Zsph

-K 0
(wegp -+ s Weph)
as in Subsection 2.2. For non-zero i we take c = , /E[h?] + (g, ) so that

lwepn |l = \/E[h2] +€'(g, ).
Generate further iterates via the following AMP iteration.

q
wigh!' = VHu (i) = mi ' ((mign, mEn) | g (5.1)
o o) = € i D) [T € )

kK _ ..k
msph - wsph +h
k k gsph

S| = ms —/
ph ph * [h2] +£ ( sph)

m
The next lemma is the spherical analog of Lemmas 3.3, 3.4, 3.5 - the proof is similar

to the Ising case and is given in the next subsection.

Lemma 5.2. Using the AMP of (5.1), the asymptotic overlaps and energies satisfy

k ‘
< sph’ wsph>
lim p-lim ————
k,t—00 N 300 N

= f/(ﬂsph)a

);

< fph7w£ph> 2
lim p- hmT =E[r*] +¢(q Qo)

kl—00 N 300

< fph ’ mfph>

li lim —————— =
o> o0 R;ﬁ N Gspn’
HN( ph
75 2
g ) TG, ea

Proof of Theorem 1.16. The latter two parts of Lemma 5.2 directly imply Theorem 1.16
in the case that E[h?] + ¢/(1) > £”(1) (recall [— 1 in this case). Indeed, it suffices to
take _
7
m,
Topn = —=— € $NL(VN) (5.3)
||msthN

for a sufficiently large constant /. When E[h?] + ¢/(1) < £”(1), we can conclude by
mimicking the IAMP phase using the simple non-linearities u(t,z) = u(t) = &(t)~/? and
v(t,x) = 0 - see also [AMS21, Remark 2.2]. Lemma 3.9 then shows the energy gain from

IAMP is
! " ! 104\1/2
t)u(t)dt = t .
/qé‘ ()u(t) /qé“()
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As in the Ising case, we may start IAMP from m = mF for a large constant k. Combining
with (5.2) and defining o via (5.3) with m?’ an IAMP iterate, we obtain

. HN (Usph) 7
- P>
Rgg N - fsphf (gsph 4
—=sph

1/2
Sph) dg.

1
)2+ / £"(q
Alternatively to IAMP, in the spherical setting it is possible to use the approach of [Sub21].
Indeed [Sub21, Theorem 4] immediately extends to an algorithm taking in an arbitrary
point m with ||m|x < 1 and outputting a point m, € $¥~!(v/N) (which may depend on
H ) satisfying

HN(m*)N Hy(m) > \/quig

I3

with probability 1 — oy _00(1) for any desired € > 0. Either approach completes the proof
of Theorem 1.16. O

5.1 Proof of Lemma 5.2
Fort € [0,5’(gsph)], take h ~ Ly, and (Z,Z',Z") ~ N(0, I3) and define the function

(E[h?] +1)

q5ph
Panll) = BTy e g

gsph
E[n?] +¢'(q

sph)
. IEh’Z’Z/,Z” [(h + Z\/IE + 7 g/@sph) — t) (h + Z\/E—ﬁ- YAl f’(

so that ¢sph (€' (g 4, W) =4 ooh” Define sph(t) = &' (dsph(t))-

Lemma 5.3. v, is strictly increasing and convex on [O,f’(gsph)] and

sph)

gsph) - tﬂ

Yspn (€(a,,,,)) = (Sph) (5.4)
Vin (€'(g,,,,)) = (5.5)

Vsph(t) > t, vt <E&'(q_ ) (5.6)

sph

Proof. Since &' is strictly increasing and convex and ¢, is affine and increasing, it
follows that 1) is strictly increasing and convex. (5.4) is equivalent to the equation

2 . . .
sphg,( Sph) E[r*] + ¢£'(q, ) defining Deph To show (5.5) we use the chain rule to write
-1
wsph (6 ( sph)) = 51/ (QSSPh (5 ( sph))) ¢Sph (5 ( sph)) 5//(ﬂsph) : (é-”(gsph)) =1
Equations (5.4) and (5.5) and the convexity of ¢, just shown imply (5.6) O

Let h, W, (Wsph, Xsph, M_jph) i—o be the state evolution limit of the coordinates of

(hw

sph? gph7 wgph’ mgph7 M) wfph7 wfpm m_fph)

as N — oo. Define the sequence (bg, b1, . ..) recursively by by = 0 and bg+1 = Psph(bi)-

Lemma 5.4. For all non-negative integers 0 < j < k the following equalities hold:
B(W)’) —5( sph>

[Wsjpthph]

[( sph)] 4,

[ sph sph] ¢sph
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Proof. Follows from state evolution and induction exactly as in Lemma 3.3. O
Lemma 5.5.
. !
Jim by = ¢ (9gpn)»
i Gepn (Bk) = gy

Proof. As in the proof of Lemma 3.4, the sequence by, b, ..., must converge up to a limit,
and this limit must be a fixed point for %s,n, implying the first claim. The second claim
follows by continuity of ¢syp. O

Lemma 5.6.

lim p-li HN( Hi(mipn) E[h2] + ¢
mmn polim e = \/qsph +€( Sph))

k—oo N 00

Proof. We use again the identity

Hy(mk ) ' H
T = () [ b, D ()

and interchange the limit in probability with the integral. To compute the main term
p-limpy_, o (m spm VHy((tm Sph)> we introduce an auxiliary AMP step

q
k+1 __ VH " k 1 Zsph

ys N(t S ) s f ( < 5 ? S| >)
ph my, ph ph phs TMsph [h2] f/( sph)

Rearranging yields

< Mgphs VHN (thph) >N

q
_ k+1 k Zsph
*< Sph?ygph > +t< Mph, sph >N H(t< Megphs sph >N) W
sph
q
k k+1 " Zsph
= <msphay h > +tbk71€ (tﬁb(bkfl)) 2—
i 7] +¢(q,,,)
For the first term, Gaussian integration by parts with
9eon
7+ €(g,,)
yields
qsph

E[g(XE,) Y™ = E[g (X5,)] - BIXE,YEN] = ¢ (tdspn(br-1)) EEETICINE
sph

Integrating with respect to ¢, we find
1
k 7 k
/0 (mk,, Vi (tmhy))  dt

~E[g (Z\/f'( sphm /0 & (tdsph(br—1)) + thsph (bk—1)E" (tdsph(br—1))

=1 q

= [t (om0 Z0 | B o700
=0 "\ Bl + (g, ,)
qs h
— ¢sph(bk—1) %
E[?] +¢/q,,)’
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Finally the first term gives energy contribution

h(m&p) y = B[h(h+ ZV/€ (be-1))] $

B[R]+ €'(a,,,)

2 gsph
=B e et

Since limy_s o0 bp—1 = 5’@ o) and Yen(€'(q, ) = 5’(gsph) we conclude

sph

Hy(m
lim p- hmﬂ \/qsph h2 +€’( Sph)) O

k=00 N 00

Proof of Lemma 5.2. The result follows from the preceding lemmas. O

5.2 Proof of Theorem 1.15
It follows from our algorithm that G'Sqn (&, L) > g &"(q_ )2 + f 5// sph)1/2dq.

We now characterize the models in which equality holds, which commde with those
exhibiting no overlap gap. Moreover we give an alternate proof of the lower bound for
GS(&, Ln)sph which shows that equality holds exactly in no overlap gap models. We thank
Wei-Kuo Chen for communicating the latter proof.

Theorem 1.15. Suppose ¢ and L, satisfy E[h?] + ¢/(1) < £(1), and let Depn € (0,1) be
the unique solution to E[h?] + ¢ (q

Zsph sph

)= Sphg“( ) Then the spherical spin glass with
1/2

Sph

parameters &, L, has no overlap gap if and only 1f§”(q)* is concave on q € [gsph, 1], in

which case « is supported on [Qspw 1] and takes the explicit form

0, s€0,q_.)
04(8) = { 5/”(8) - p;}

25//(5)3/25 s € [ﬂsph

Moreover the ground-state energy satisfies

CSen(€,£1) = 4, \[E"(a,) / VE@)dg

—sph

with equality if and only if no overlap gap occurs.

Proof. We use the results and notation of [CS17]. If ¢”(¢)~'/2 is concave on [gsph, 1] then
the proof of Proposition 2 in [CS17] apphes verbatim to show that the support of « is
[gsph, 1]. In fact it explicitly shows «(s) = ;,,(7()52/2 for s € [gsph, 1.

In the other direction, we show that if no overlap gap holds and E[r?] + ¢/(1) < £(1),
then ¢”(¢)~'/? is concave on [gsph,l]. we use the statement and notation of [CS17,
Theorem 2]. Assume « is supported on the interval [q oh? 1]. The last condition in [CS17,
Theorem 2] states that g(u f g(s)ds =0 forall u € [g_ oh 1], and therefore g(s) = 0 for
s € [gsph’ 1], where

_ p s d
1) =€)+~ [ s

(r)dr)
Setting s = Do yields E[h?] + 5’(gsph) = QSPhL*Q, ie. L=, /ﬁ%h). Differentiat-

ing, all s > Deph satisfy

§"(s) = VR ! : (5.7)

—sph
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Taking s = g_, in (5.7) shows L = ¢"(q_, )~ /2, hence E[R?] + ¢(q Qo) = DS (@ p)-
Rearranging (5.7) yields
L= [ atiar =g sz,
4 -
As o must be non-decreasing based on [CS17, Equation (9)] it follows that 5”(3)_1/2 is

concave on s € [gsph, 1]. This completes the proof of the first equivalence. We turn to the
value of GSsph(§, L1,), first computing

E[h2] +§/< ) g sph / fl’ sph

—sph

— [ et [ €t
0 gsph q q gsph q
Zsph

Letting L > fo s)ds and let a(q) = [ a(s)ds, we find

20(L,a) = (B[h?] +€(1 / ") d‘”/ %Z@
_ Loh , ,, _en gsph&
_/0 (€"(g,,,)L — €"(q)a (q>)dq+/0 L —a(q)

+f (@ - at) + s

—=sph

Since ¢” is increasing, AM-GM shows the second-to-last line is at most

o " Lo dq oph 17" _ 7
. §"(q )( a(‘])>dQ+/O m > 2/0 \/5 (Qsph)dQ*QQ\/f (Qsph)» (5.8)

and similarly

/q1 (&“”(Q) (L —alg) + L_la(q)>dq > 2/(11 V€ (g)dg. (5.9)

—=sph

Combining, we conclude the lower bound on GSsn (&, L£). Moreover for equality to hold
in (5.8) and (5.9) we must have

L-alg). Vg€ lg,.0).

The first equality forces a(s) = 0 on [0, q_,) and L = £”(qo)~"/?, while the second equality
implies a(q) = —L¢"(q)~*/* forall ¢ € [gsph, 1]. Taken together this means that equality
in the G'Ssph lower bound implies no overlap gap, completing the proof. O

6 Impossibility of approximate maximization under an overlap
gap
Here we explain the modifications of [G]J21, GJW20] needed to establish Proposi-
tion 1.12. Throughout this section we assume that £(t) = 3_ c(54  opy C5t* is an even
polynomial and that the external field (h,h,...,h) is constant and deterministic. We
take ¢ = inf(supp(7%)) and let Hy o, Hy,1 be i.i.d. copies of Hy and for ¢ € [0,1] let
Hyi = +tHyn1 + /1 —tHy,. Moreover we define Hy = {Hx, : t € [0,1]}.
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Definition 6.1. The model (¢, h) satisfies the path overlap gap property with parameters

e

e >0and0 < v; < vy < 1 if the following holds with probability at least 1 — II;N for
some K = K (&, h) > 0. For every pair Hy, H; € Hy and every o, o, satisfying

H.
% > GSep —, r € {s,t}

it also holds that
{os,0¢)n| € [0,11] U [12,1].
Definition 6.2. The pair (H, H') of Hamiltonians are v-separated above p if for any
x,y € Xy with H(x) > p, H'(y) > u, it holds that |{(x,y)n| < v.
Lemma 6.3. For anyt € (0, 1), there exists ¢: = q:(t,£, h) € [0, q] such that the following

holds. For any ¢ > 0 there is 6(¢) > 0 and K (t,&, h,¢) such that with probability at least

1 — €7, every pair 09,0, € Sy satisfying
H S S
Hxal®) > G50, se o)

also satisfies |{o¢, o) N| € (gt — €, ¢ + €].

Proof. This follows from [CHL18, Proof of Theorem 2], in particular inequality (48)
therein implies that for some d(¢) > 0:

1
N 00,0tEXN 00,0tEXN
(00,0¢) N &gt —¢€,qt+¢]

1
max Hyo(oo) + Hy (o) < < max  Hpyo(oo) + HN,t(at)) —4. 0

Lemma 6.4. If (¢, h) is not optimizable, then there existe({,h) > 0 andq < a < b < 1 and

K(&,h) such that with probability 1 — <
satisfying

the following holds. Every pair g, 01 € X
Hy(oi)
N
also satisfies |{og,01)N| ¢ [a, ]].

> GSgyh —€, 1€ {0, 1}

Proof. The proof is identical to that of [CGP*19, Theorem 3] using the 2-dimensional
Guerra-Talagrand bound. Indeed [CGP'19, Lemma 5.4] exactly establishes that even
pure p-spin models are not optimizable, i.e.

E[(0,®.,. (t, X,))?] <t (6.1)

holds for some t € [0,1) where 7. = y%. The remainder of the proof (just below
[CGPT19, Lemma 5.4]) is fully general and we give an outline below. The point is that
by (6.1) must hold in some non-empty open subset of (0, 1), thus in a non-empty interval
[a,b]. For each t € [a,b], one considers the Hamiltonian M on two-replica
configurations (o, 0’) with overlap constraint (o,0’)y = t. The free energy of this
constrained system can be upper-bounded using an interpolation argument; the relevant
Parisi order parameter 7 must increase, except that it may decrease by a factor of at
most 2 at ¢, i.e. it only needs to satisfy

lslgtlfy(s) < 215517(5). (6.2)
Taking 7 = 7 recovers the single-replica value. However when (6.1) holds, ¥ = vZ is no
longer locally optimal since 7 lives in a larger function space due to the relaxation (6.2).
Hence the constrained two-replica ground state energy is strictly smaller. This argument
can be applied for all O(N) values t € [a,b] N Z/N, yielding the result. O
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Lemma 6.5. If (£, h) is not optimizable, then there exists ¢({,h) > 0and 0 < vy <wvp <1
—KN

and K > 0 such that with probability at least 1 — “—;

1. The model (&, h) satisfies the path overlap gap property with parameters (¢, vy, vs).
2. Hy,,Hpn,1 are vy separated above GS¢ j, — «.

Proof. The proof is identical to [G]21, Theorem 3.4]. In short, one discretizes Hy
into {Hyps : 0 < k < 6‘1} for some small § > 0 using Proposition 2.1 and then
applies Lemma 6.3 to control the values Hy (o), Hy (o) for s # t and Lemma 6.4
to control the cases that s = ¢t. Indeed in the proof of [G]J21, Theorem 3.4], the former
is accomplished using [CGP'19, Theorem 3] while the latter is accomplished using
[CHL18, Theorem 2]. The preceding lemmas exactly generalize the relevant statements
to non-optimizable models. O

Proof of Proposition 1.12. Given Lemma 6.5, the proof is identical to that of [G]21,
Theorem 3.3]. Indeed, that proof does not depend on £&. The main input is [G]21,
Conjecture 3.2]. This is shown to be implied by the combination of [G]21, Theorem 3.4]
and [G]21, Conjecture 3.6]. Lemma 6.5 above suitably extends the former, while the
latter (for general (£, h)) is the main result of our subsequent work [Sel21]. The proof of
[G]J21, Theorem 3.3] also uses [G]21, Theorem 4.2 and 6.1]; these follow from general
concentration of measure results on Gaussian space and easily extend to general £&. O

We remark that Lemma 6.5 is also the only property of pure even p-spin models used
in [GJW20, Theorem 2.4] to rule out approximate maximization (in a slightly weaker
sense) by constant degree polynomials. Therefore their result also applies under the
more general conditions of Proposition 1.12.

7 Proof of Lemmas 1.6, 1.8 and 2.9

We first recall several existing results.
Corollary 7.1 ([AMS21, Corollary 6.6]). For any v € .¢ and any t € [0,1),

E[0,3,(t, X;)? / ¢"(5) B[(0p0®+ (5, X)) "] ds.
Lemma 7.2 ([AMS21, Corollary 6.6 and Lemma 6.7]). For any v € ., the values
E[azq)v(tht)Q]? E[ammq)v(tht)Q]

are continuous functions of t € [0,1).

Proposition 7.3 ([AMS21, Proposition 6.8]). Let vy € %, and § : [0,1) — R be such that
1€76]| v 0,y < oo forallt € [0,1), [|€"d]l1 < oo, and §(t) = 0 fort € (1—¢,1], ¢ > 0. Further
assume thaty + sé > 0 for all s € [0, sg) for some positive sy. Then

dpP

P (’y—!—s&

/ '(1)6(t) (B[0,P(t, X;)?] —t) dt. (7.1)

Lemma 7.4 ([AMS21, Lemma 6.9]). The support of y € ﬁg is a disjoint union of countably
many intervals S(y) = U I, where I, = (aqa,ba) OF Io = [0, b0), ¢ < o < bo <1,
and A is countable.

a€cA

Lemma 7.5. The function P = P¢ ¢, is strictly convex on 2.

Proof. The proof is identical to [AC15, Theorem 2] and [CHL18, Lemma 5] which show
strict convexity on % . O
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2
Throughout this section we let v * be the minimizer of P over .Z,, assuming it exists.

%, P op e o .
Note that we will eventually show in Lemma 1.6 that v, * = 7 if either minimizer exists.

£
Lemma 7.6. Assume v, © exists. Then

tEsupp(vfg) = E[@wd)vzg(t,Xt)Q]:t, (7.2)
t>q = B[0P «(t X)) >t (7.3)

Y

Z,
Proof. We first show Equation (7 2). For ¢ < t; <ty <1 we take §(t) = 7% “(t)licfty 10)-
Clearly 7* *+ s € Z,. Since ’y* minimizes P(-) over .Z,

dP (o
0< g(fy

/ ()7 () (B[0:D_2a(t, X,)%] —t) dt.

Since t1,t2 are arbitrary and £”(t) > 0 for t € (0, 1), this implies

V) (B[0:2 24t X0)?] — 1) =0
for almost every t € [¢,1). Since vl%(t) is right-continuous and E[(?x(bvfg(t,Xt)Q] is
continuous by Lemma 7.2, it follows that vf)g(t)( E[0,P z,,(t X)?] —t) = 0 for every
t € gl). This in turns implies ]E[&x(I) zg(t,Xt)Q] =t for every t € S(fy* %) by right-

£
continuity of fy* . This can be extended to all ¢ € supp(~. *) by again using continuity of
t— E[&xévzg(t, X1)?.
i k7
Next consider Eq. (7.3), where it suffices now to consider ¢ € [g,1) \ supp(yx *).

£
By Lemma 7.4, [g,1) \ supp(7. ") is a disjoint union of open intervals. Let .J be such
an interval, and consider any [t1,t2] C J. Set §(t) = I(¢ € (t1,t2]), and notice that

Z
Y« * + 80 € &, for s > 0. By Proposition 7.3, we have

0<d—(7—|—s5

/ ¢'(t)(E[0,® Lza(t, Xt) ] —t) dt.

Since t1, ty are arbitrary, {”(¢) > 0 for ¢ € (0,1) and ¢ — ]E[@_ttbwzi(t, X;)?] is continuous,
this implies E[0,®_=4(t,X,)?] >t forallt € J, and hence all ¢ € [g,1) \ supp(v2Y). O

£
Corollary 7.7. Assume v, * exists. Then

<

t € supp(Lt) = €' (1B [00a® 2ot X,)%] =1

%
Proof. By Lemma 7.4, supp(vsx ) is a disjoint union of closed intervals with non-empty
interior. Let K be one such interval. Then, for any [t;,t2] € K, Corollary 7.1 and
Lemma 7.6 imply

to — t1 = E[0,®(t2, Xy,)?] — E[0,®(t1, Xy,)? / &' () E[0..P(t, X;)?]dt.
Since t1, 5 are arbitrary, ¢ (¢)E[0,.®(¢, X;)?] = 1 for almost every ¢t € K. By Lemma 7.2
it follows that &” (£)E[8,. ®(f, X;)?] = 1 for all ¢ € supp(7; ). O
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Lemma 7.8 ([AMS21, Lemma 6.12]). Let v € . satisfy v(t) =0 for all t € (¢1,1), where
t1 < 1. Then, for any t, € (t1,1), the probability distribution of X;, has a density p;, with
respect to the Lebesgue measure. Further, for any t, € (t1,1) and any M € R, there
exists e(t«, M,~y) > 0 such that

inf > e(te, M, ).
\m|§1\/llge[t*,1]pt(m) - E( 7)

<, <,
Lemma 7.9. If a minimizer v, * exists, then supp(vs *) = [g,1).

£
Proof. By Lemma 7.4, [q,1) \ supp(vx *) is a countable union of disjoint intervals, open

in [¢,1). First assume that at least one of these intervals is of the form (¢;,t3) with

q <11 <12 <1. By Lemma 7.6 and Corollary 7.7 we know that

B[0:® zq(ti, X0)?] =ti, €' (t)B[0s® 2a(ti, X,)?] =1, i€ {1,2}, (7.4)
E[axcbygg(t,xt)ﬂ >t Vte (t,ta). (7.5)

Further, for ¢ € (t1,t2), @vzg solves the PDE

" (t)
2

8,5(1)721 (t,z) + 8M<I>732 (t,z) =0
which is simply the heat equation up to a time change. We therefore obtain

(I)’ygg(t x) = EZNN(O’I) [‘1)723 (tg, x + f/(t2> — f/(t) Z)}7 Vt € (tl, tg].

Differentiating this equation and using dominated convergence (recall that 9, @731 (ta,x)
is bounded by Proposition 2.6), we obtain

000®_za(t,w) = BZNOV[0,,0 24 (a0 + V€ (t2) — €(1) Z)].

Because dX; = /¢”(t) dB;, we can rewrite the last equation as
axzq),yffﬂ(ta Xt) =K [aww(b,yzi(t% th)‘Xt] .

By Jensen’s inequality,

1
2 27 _
E[0::®_24(t, X0)] < E[05s®_2a(t2, Xe,)*] = ) (7.6)

where in the last step we used Eq. (7.4). Using Corollary 7.1 we get, for t € [ty, 5]
t
E[0:®_za(t, X.)?] = E[0:®_za(t1,X,,)*] + 5 &' (5)E[000®_24(s, X5)*] ds

t f”(s)
n & (t2)

where in the last step we used the fact that ¢ — £”(¢) is increasing. The last equation is

<t +

ds < t,

<,
in contradiction with Eq. (7.5), and therefore [g, 1) \ supp(v. *) is either empty or consists
of a single interval (1, 1).
<,
In order to complete the proof, we need to rule out the case [¢,1) \ supp(vs *) = (1, 1).

Assume for sake of contradiction that indeed [g, 1) \supp(vffi) = (t1,1). Fort € (t1,1), let
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r=r(t) =& (1)—¢€(t), and notice that r(¢) is decreasing with 7(¢) = £ (1)(1—t)+O0((1—t)?)
as t — 1. By solving the Parisi PDE in the interval (¢1,1), we find that for all ¢ € (¢1,1),

0,P 24(t,x) = EZ~NOD {si n(Z—Fx)}
75’2( ) g (0)

and therefore

1= B[0P q(t, X,)*] = E[Q< ):Et))]

Qz) =1—EZNOD [sign(z + Z)]Q.
Note that 0 < Q(z) < 1 is continuous, with Q(0) = 1. Hence, there exists a numerical

constant dy € (0,1) such that Q(x) > 1/2 for |z| < dy. Therefore, fixing ¢, € (t1,1), for
any t € (t,,1)

1
1— E[ax<1>7;fg(t,xt)2] > 51P[|Xt| < 6o/ (t)]

(@) ®)

> d0e(ts, 1,y) /1 (t) > CV1—t,

where (a) follows by Lemma 7.8 and (b) holds for some C' = C(y) > 0. We therefore
obtain E[0, <1>ng (t,X;)?] <1— Cy/1—t, which contradicts Lemma 7.6 for ¢ close enough
to 1. ’ O

In the next lemma, we show that minimization of P over . subsumes minimization
over .%;. A priori, one might expect that tuning the value of ¢ could lead to many different
minima.

Lemma 7.10. For v,7 € .%, define the function v¢) € £ by:

- (), 0<t<1—g¢,
W(t)—{”

~

At), 1—e<t<l.

Then lim. o P(v()) = P(~).

Proof. Using [AMS21, Proposition 6.1(c)] and continuity, we have ||P(y) — P(v(®))| <
C||y =+ || for a constant C' depending only on ¢. The right-hand side tends to zero as
¢ — 0 by the definition of .Z. O

Z . k7
Lemma 7.11. Suppose v; * exists. Then vZ = ~, *.

Proof. Let f(t) = E[8w¢7;zg(t,Xt)2]. First we show that f(t) >t forall 0 <t < ¢. Recall
that X; is simply a time-changed Brownian motion on 0 < ¢ < g while @7*22 solves
the time-changed heat equation on the same time interval, therefore ﬁmcbwgi(t, X;) =
E [837%@7;21 (¢, X4)]. By Jensen'’s inequality, it follows that for all 0 <t < g,

E [axx(b,yf’i(ta Xt)Z] < E[aaqu),yf’ﬁ(ga XQ)Z]

In the last line we used that £” is increasing as ¢ is a power series with non-negative
coefficients. Next, from Lemma 7.6 and Lemma 7.9 it follows that f(q) = ¢. In light of
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Corollary 7.1, we showed just above that f(t) < 1 for ¢ < ¢. It now follows that f(t) > ¢
forallogtgg.
Next, Proposition 7.3 combined with Corollary 7.1 and Lemma 7.6 imply that <L P((1—
£ <,
$)ve =+ 87)|s=0x > 0 for any vy € £ agreeing with v, * on [1 — ¢, 1) for some € > 0. Using
convexity of P as guaranteed by Lemma 7.5, this implies that

Zy
P('V* 7) <P(v)
for any such v. Assuming for sake of contradiction that some v, € ¥ satisfies P(v,) <
p(,yfi)' define 4(¢) € .Z by

. Y(t), 0<t<1l—g,
O (t) = 2,
Y« o, l1l—e<t<1.

7
Then Lemma 7.10 implies that lim. ,o P(7(*)) = P(vy.) < P(7: *). This contradicts the

above for small enough ¢, completing the proof. O

We now restate and prove Lemmas 1.6 and 1.8.
Lemma 7.12. For v, € .Z and q = inf(supp(vx)), the following are equivalent:

1. . is optimizable.
2. P(v) =inf e e P(v).
3. P(v) = infye g, P(v).

Moreover if a minimizer exists in either variational problem just above, then it is unique.

Proof. Lemma 7.5 immediately implies uniqueness of minimizers. The second statement
immediately implies the third, while Lemma 7.11 provides the converse result. To show
that the first statement implies the third, we observe that Proposition 7.3 immediately
yields

iP((l—s)fy + 57) =0

ds ’ s=0+

for any v € .Z, when v, is optimizable; this implies the third statement by again invoking
Lemma 7.5. It only remains to show that if P(v.) = inf,c . P(7), then 7. is g-optimizable,
which follows from Lemmas 7.6 and 7.9. N O

Lemma 7.13. If 7 strictly increases on [q,1) for ¢ = inf(supp(v)), then no overlap
gap holds, i.e. v¥ is optimizable.

Proof. Fix ¢ < t; <t < 1 and define §(t) = [v¥ (t1) — 7% (t)]Ls, 1,)(t). It is easy to see
that this satisfies the assumptions of Proposition 7.3 with sy = 1. Letting v° = 7% + s,

dpP

FR Y

S

- _1/ T OO (1) A (1)) (B0, (1, X)) — 1) dt.
s=0+ 2 t1

On the other hand, v* € % for s € [0, 1] (since v/ is strictly increasing on [g, 1)), so

2 gn(t) ('Y*% (t) — '7*% (tl)) (E [awq)'yf/ (t, Xt)Q] - t) dt <0,

t1
for all t; < to. Since v (t) — v% (t1) > 0 strictly for all ¢t > ¢, this implies

E[0, @« (t,X¢)?] <t

g
*
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for almost every ¢, and therefore for every t. The inequality
E[0, P, (t, X¢)?] >t
is proved in the same way using 8(t) = [ (t2) — v ()L, 45 (). O
Finally we turn to Lemma 2.9.

Proof of Lemma 2.9. First, (2.7) is clear given Corollary 7.1. To establish (2.8), we first
show that

A(Bra®r, (1, X)) = =€ ()7 (1) (O Dy (£, X1)) Al + D ®s, (, X))/ E(B)AB,. (7.7)
Indeed (7.7) follows by using Ito’s formula to derive

d(aﬂm’(b’y* (t7 Xt))

_ (amcb% (1 X0) + 00 (1, X1)uas®s (1, X0)E" (D7 (1)

+ azwzq)’y* (tv Xt) V gll(t)dBt
and taking the second derivative with respect to x of the Parisi PDE to obtain

§"(t)
2

1
+ 5 (t>awa:x962q)7* (t, Xt))dt

0= 0 (8th>% (t,x) + (022 P+, (t, ) 4+ 74 () (024, (t, x))2)>

E"(t)Onpaz®y. (T, )
2
+ 0, P, (t, 2)0pez®y. (1, m)) .

2

= 81‘/{1636@’)/* (t,l‘) + +€H(t)7*(t)((a%$q)% (t,CC))

In particular (7.7) implies that for all ¢ € [0, 1),

d 2
EE[(’?MCDW (t,2)] = =" ()7 (OE[ (022D, (t,2))7]
= —7:(t).
Therefore to show (2.8) it suffices to show lim,_,; E[9,,P,, (¢, X;)] > 0, but this is clear
by convexity of &, (¢, ). O

8 Incremental AMP proofs

We will prove Lemma 8.3 which generalizes Lemma 3.6 to the setting of branching
AMP and describes the limiting Gaussian processes Nga, Zg’a. We recall the setup of
Section 4 and in particular continue to use the value ¢p € (¢, 1) to define the time 628
at which Zgg 1= Z 333 2 last holds. For the branching setting we slightly generalize the

filtration (3. f?)) to

]—"f = U((ZQG, Nl?,a)ogkgaae{l,?})'

Crucially note that we restrict here to k£ > 0, i.e. we do not include the preparatory
iterates with negative index. We remark that if we consider all the IAMP iterates
(Zga, Nga) together in the linear order given by (¢,a) — 2¢ + a, then these are iterates of
a standard AMP algorithm since each iterate depends only on the previous ones. (This is
because in (2.4) the last expectation is zero when f, does not depend on Z7, which is the
case if f, and Z7 correspond to different values of a after the two branches separate.)
Moreover it is easy to see that the Onsager correction terms are not affected by this
rewriting. Therefore we may continue to use state evolution in the natural way even
though we do not think of the iterates as actually being totally ordered.
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Lemma 8.1. In branching IAME F{ is jointly independent of the iterates (Z77) ,< j<x
for
Jo=max({€} U {kia+0—0 £ <laec{l,2}}).

Proof. We proceed by induction over /, the base case ¢ = 0 following from Proposition 2.4.
Because the random variables Zﬁﬂa form a Gaussian process it suffices to verify that

E[Z),Z77] =0
holds whenever j > J,. By state evolution,
B[Z;,277] =& ([Ni-1aZ7771]),
By definition N _, , is F;_,-measurable. Since ¢'(0) = 0 it suffices to show that F;_, is

independent of Z—7~!. By the inductive hypothesis, this holds if j + 1 > J,_;. This in
turn follows from the easy-to-verify fact that J, — 1 > J,_1, completing the proof. O

Corollary 8.2. Let G5, .« be the state evolution limit of g%-*) for each (j,a) € [m] x [2].

Then the law of (GS ,, Gg#) conditioned on ]-'gg_fl is N(0, I»).

Proof. Since k; 1 # k; o it follows from Proposition 2.4 that (Gq 1 Ggi,g) ~ N(0, I5) holds
as an unconditional law. Since we chose the values k; , such that k; , —Kgi > kja —ng >0
for any ¢ > j and a,a’ € {1,2}, it follows that k; , > Jggj_l. Applying Lemma 8.1 now

concludes the proof. O
Lemma 8.3. The sequences (2 ,, 7}, ,,---) and (N} ,, N}, ,,...) satisfy for { > {:

E[(ZHM—ZM)Z(? | =0, forallt+1<j<¢ (8.1)

E[(Z01.0 — 202)"1F) = € (al1) — € (af) (8.2)

E[(Z011— Z01) (Z010 — Z00)|1F0) = (€ (a041) — €(@0)) - Loces (8.3)

E[(2].)°"] =€ (df) (8.4)

E[(Nfy1a— Nea)IF2] =0 (8.5)

E[(Ni10— N2) 1] =0 (8.6)

E[(NZ11 = Noa) (Vg1 = Neo)IF0] =6 Loces (8.7)

E[(N)’] = i (8.8)

Proof. We recall that (Zg’a) ¢>¢,ae{1,2} 1s @ Gaussian process, which means we can ignore
the conditioning on ]-"lfS in proving Equation (8.2). First we check that Equations (8.4)
and (8.8) hold for ¢ = £. For Equation (8.8), by definition of d:
s \2 2
E[(N0)] = (1 +20)’B[(M*)] = (1 +e0)?g=g+6 =

For Equation (8.4),

E[(2],)"] = ¢ (B[(M*)]) = €'(a).
Observe now that if Equations (8.1), (8.2), (8.5), (8.6) hold for £ < ¢ < k then so do
Equations (8.4) and (8.8), as

E[(les+1,a)2] = E[(Ng-‘rl,a - Nés,a)Q] + 2- E[(Ng—i-l,a - Nga)Nga] + E[(NZG)Q]

and similarly for ]E[(Zg+1 a) ]. Therefore to show the six identities (8.1), (8.2), (8.5), (8.6),
(8.4) and (8.8) it suffices to check the base case ¢ = /£ for Equations (8.1), (8.2), (8.5), (8.6)
and to perform an inductive step to show these four identities for ¢ = k£ + 1, assuming
all six of these equations as inductive hypotheses for ¢ < k. We turn to doing this, and
finally show Equations (8.3), 8.7 at the end.
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Base case for Equations (8.1), (8.2), (8.5), (8.6) Note that here, none of the pertur-
bations g(%:%) appear yet. We begin with Equation (8.1):

E[(Zi11,0 = Z2a) 2] =€’(E[N?QM£*1}) ¢ (B

¢((1+e0)E[MEME]) — €(q)
=£((1+e0)dlar) = £'(g)
€

=9 - ¢(a)
= 0.

This means E[Z) , ,|Z{ ] = Z} ,. Hence
E((Z12.0~ Zi11.0) Zi11a) = € (BINZ N ]) — € (B[ND o N )).-
To see that the above expression vanishes, it suffices to show that
E[(NZi1.0 = Nia)Nia] = 0.
This follows since we just showed E[Z], , ,|Z} ] = Z] , and we have
E[(Nngl,a - Nga)Nga] = E[uza(Xga) (Zngl,a - Zza)] = E[“Za (Zg,a) (Zngl,a - Zza)]

Next we verify the base case for Equation (8.2). Using the base case of Equation (8.1)
in the first step we compute:

E[(ZngLa - Zza) ] I (ZE+1 a)z] E[(Zga)z}

[
= ¢ (B[(N2a)7]) -
=& ((14¢0)%q) — f'
=& (qg+9)—¢(9)

Continuing, we verify the base case for Equation (8.5). First note that

E[(Ni1a = Nea)IF2] = B[ug (X 0) (210 = Z0a) | 7]
=0.

The last line holds because X , is F;-measurable and E[Z}, , , — Z] ,|F}] = 0 as deduced
above. Finally for Equation (8.6) using the martingale property again we obtain:

E[(Ng-&-l,a - Nza) ] = E[(“Z(Xza)) (Zg-&-l,a - Zza) }
4]

— 1.0 _ gl (0
=E 5’(q2+1,a) _gx(qg) (£ (q£+1) £ (qﬁ))

=J4.

Here the second line follows from the definition of u9, and we can multiply the two
expectations because E[(Z},, , — Z{ ,)?|F;,] is constant while the other term is Fy
measurable.

Inductive step We now induct, assuming all 6 identities (8.1), (8.2), (8.5), (8.6), (8.4)
and (8.8) up to ¢ and showing Equations (8.1), (8.2), (8.5), (8.6) for ¢ + 1. We begin with
Equation (8.1). Let £+ 1 < j < /. State evolution implies

E[(Zgﬁd,a - Zg,a)Z]('s,a:I = 5/(]E [NE aN]6 1 a]) - gl(E [lesfl a‘Z\f]5 1 a])
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To show this equals 0 we must show
E [Nlé,aN]('s—l,a] =E [Ng—l,aNj{S—l,a} .

When ¢ = Egi for some i € [m] this follows from Corollary 8.2. Assuming ¢ # Zgi for all i,
the difference between the left and right sides is

E [ug—l (X?—l,a) (Zg,a - Zg—l,a)N;’;—l,a] .

Since NJ_, , is F{_, measurable and E[Z} ,|F}_,] = Z;_, , holds by inductive hypothesis,
we conclude the inductive step for Equation (8.1).

We continue to Equation (8.2). Using Equation (8.1) just proven in the first step we
get

E[(Zg+17a - Zg,a)z} = E[(Z?Jrl,a)Q - (Zg,a)ﬁ
/<E [NgaNga]) - f/(E [Ngfl,aNgfl,a])
= &' (741) — €' (a?)

Next we show Equation (8.5) continues to hold. If ¢ +1 = Kgi for some i € [m] again
follows from Corollary 8.2. When ¢/ + 1 # Kgi for all ¢, it follows from the definition of
the sequence N, 2 ., and the just proven fact that (Z g}a) ¢>¢+1 forms a martingale sequence.
Finally we show Equation (8.6) continues to hold inductively. Again for / 4+ 1 = €gi it
follows from Corollary 8.2, and otherwise by definition

F) 2 _ 5
Elw)) = e ey

Moreover what we showed before implies E[(Z},, , — Z{ ,)?|F¢] = €' (¢)) — & (q)_,).
Applying these observations to the identity

B[(N1 o — NOIE] = () B[(Z810 — Z04)°]

implies Equation (8.6) continues to hold.

Equations (8.3) and (8.7) Finally we consider (8.3) and (8.7). For / < Egi they follow
directly from (8.2), (8.6). For / = Egi, (8.7) is trivial while (8.3) immediately follows
from state evolution. For ¢ > Egi, (8.7) follows from the inductive hypothesis and the
computation

E[<Nz§+1,1 - Ng,l) (N1§+1,2 - N22)|]-'f] = (U§)2E[(Zg+1,1 - Zg,l) (Zg+1,2 - Zgz) ‘]:ﬂ =0.
Finally for ¢ > ¢% , (8.3) follows from the expansion
E[(Zgﬂ,l - Zf,l) (Zg+1,2 - Zgg)] = g’(E[NglNng]) - 5/(E [Ng—l,le,?D
-¢ (E[N[fs—l,lN[iQ]) JFSI(E [Ng—l,lNg—l,Q])
and the fact that all 4 terms on the right hand side are equal thanks to (8.5), (8.7). O

8.1 Diffusive scaling limit

We begin with the following slight generalization of Lemma 3.7 which allows for the
additional perturbation steps of branching IAMP but still considers only a single sample
path.
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Lemma 8.4. F1’X g € (¢,1) and an index a. There exists a coupling between the families
of triples {(Z? ?as Xz w ga)}gzo and {(Z;, X;, Ni) }+>0 such that the following holds for a
constant C' > 0. For large enough ¢, and every ¢ > { with q; < g,

wax B[(X], - X,,)"] < C5, (8.9)
<5<t

2
Joax B[(N, = Ny,)'] < 00, (8.10)

Proof. We prove the scaling limits for X g and Nf separately, inducting over ¢ in each
proof. We suppress the index «a as it is irrevelant.

Scaling limit for Xg We begin by checking the claim for / = /. Recalling that
S /€7 (t)dBy = Zg41, we have

qe+1

)

qe+1

Bl(x! - X,)") = B[ (2 -

<2E[(Z! - Zfﬂﬁ + QE[(

o)

We continue using a standard self-bounding argument. Let £ > £ + 1 such that ¢, < q.
Define Af = X — X,,. Then

8

)
qe q
Af—Aﬁlz/é (v(qgfl;Xg)—v(t;Xt))dt—&—Zg—ngl_/é E5)dB,
q qg—1

-1
)

:/qz (v(qgfl;Xg) —v(t;Xt))dt

aj_y
@ 4 0 4 « 0
= [ @l s X?) ol s X))+ [ (o(a i) - ol X))
dy_q 54

s
The first term just above is at most quqg \Xj‘s — X;|dt since v is Lipschitz in space
j—1

uniformly for ¢ € [0, 1]. For the second term we estimate

Z / v(gp_1; X¢) — v(t; Xy)|dt

k=(+1 qk 1

Z {| qk 17Xt) - U(t§Xt)‘ + |U(t;Xt) - U(Ql(i;Xt)Hdt
k=(+1 qk 1

<9 Z sup {!U(QZﬂ;Xt) - U(t;Xt)| + ’U(téXt) - v(qZ;Xt)H
k=0+1 qk 1<t<qk
4

<5 sup Z {‘ qk 17th) _v(tkthk ’—’_‘U tkath) (ngth)H
oot i

< 05,
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where the last inequality follows from the strong total variation of v. Combining the
bounds and summing over j, we find

I ¢ o
AF| <la¥]+ 3 ar-afize Y [ 1) - Xilde+ 208
j=L+1 j=t+17 45

Squaring and taking expectations,
¢

el <2 3 [

2
X7 —Xt|dt> + 100262
j=t+17 4

g
<2C%(L—-0)5 Y / ’ E|X — X;[*dt + 100267,
j=t+17 451
Furthermore, E|X) — X, |* < 2E|X? — X ;>4 2E|X s — X;|?. It is clear that E| X, — X,|* <
C|t — s| for all t, s, as ¢” is bounded on [0, 1]. Therefore
, ¢ , ¢ @
E[(AY)"] <4C*(t - 0)* > B[(AF)T] +4C3(0—0)5 / sdt + 10C?6°.
j=L+1 i=t+1795
The middle term is proportional to (¢ — £)?63. Using (¢ — £)§ < 1 we obtain that for §
smaller than an absolute constant, it holds that

B[(A)) <08 S (A + 05

for a different absolute constant C. This implies E[(A)?] < C§ as desired.

Scaling limit for N, lfs Again we begin by checking that ¢/ = . We compute:

E[(N] = No)*] = E[((1 +€0)2:®,. (4, Xp) = 0:®,. (0, X)) ]
< 2:2B[ (0,95 (0, X0))?] + 2B[(0:2+. (g, X0) — 0a®sy (0. X,))’]
= 02+ CE[(X] - X,)°]
< (4.

Here we have used again the inequality (z — 2)? < 2(z — y)? + 2(y — 2)? and the fact that
derivatives of ®,, are bounded, as well as ¢ < §/¢. At the end we use the bound on
]E[(XéS — X,)?] shown in the previous part of this proof. Next we turn to £ > £+ 1. We
have
s

9j+1
§ § _ (6 (76 §
(N1 = Nog, ) = (N} = Nyg) = w5 (X7) (2711 = 25) = /qg ¢"(t)ult, X;)dB,

3
°

:/:”1 €78 (ud (X2 — u(t, X,))dB,,

and so

B[(Nf-Ny)*) <2 B[(Nf-N)*] +2

i=t”9
=1 gt )
< 205+22/ E[(uf (X2) — ult, Xy))7] € ()dt. (8.11)
=74
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Sl — oy (efd- s ; i o
Recall that uj(z) = u(gj; )/%5 for j > 1 where ¥ is given by

1 0 _ ¢l (0
(2;;)2 _ § (q]+1)6 f (qJ)E[u(q?,de)Q]

We first show the bound
(20 —1] <V (8.12)
for § small enough, which is of independent interest. Since u is bounded and £ is
bounded on [0, 1], we have
5)\2 b 5.y 8)2
[(25)" = €"(q) Blu(g: X5)7]| < Cd.
Observe now that
E[|X) — X ]
T Tt < OV,
Vo
Since u is Lipschitz in space and bounded, this implies
5)2 b 3. 2
|(25) = ¢"(05)Bu(a): X4)]| < OV,

E“XJS 7Xq§|] <Vo+

Since E[N?] =t forall t € [0,1] and ¢ — u(t, X;) is a.s. continuous, Lebesgue’s differenti-
ation theorem implies that for all ¢ € [0, 1],

¢'(OE[u(t; X,)?] =1,

and hence |(E§-)2 — 1| £ CV/3 for § smaller than some absolute constant. This implies the
bound \uj—(Xj‘-s) - u(q?;Xf)\ <Clgs —1< CV/$. Now, going back to Eq. (8.11), we have
J

. q.75‘+1
B - N)') <23 [ BI(00) — (el X)) € (ar
J=t"%
Lt Y 2
+2 . E[(u(q}s; XJ‘.;) —u(t, X)€" (t)dt.
J=£" %

From what we just established the first term is at most C(¢ — )62 < C§. To estimate the
second term we compute:

=1 g0
o E[(ulg): X3) — u(t, X)) J¢" ()t
j=£" 9
=1 gf, .
<C) | Bl(u(g)sX]) —ulg), X)) ]dt
=79
=1 g
’ 2
+C 5 E[(u(q],Xq?) _u(anXt)) ]dt
j=£" %
Ll rdda
+C E[(u(q}; Xe) —u(t, X0))"]dt
i=279
=I+1I+1I1I.

Since u is Lipschitz in space, we obtain I < C(¢ — £)62. From E[|X; — X,|?)] < C|t — 5],
we obtain /T < C(¢ — £)§2. Finally, since u is Lipschitz in time uniformly in space and
(¢ —£)0 < 1, it follows that I1] < C§. Altogether we obtain

B[(N} ~ N,p)?) < 3

concluding the proof. O
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We now extend Lemmas 3.7, 8.4 to describe the joint scaling limit of multiple branches,
which become independent at the branching time. Let (B?)te[o,u,ae{m} be standard
Brownian motions with B} = B? for t < ¢p and with independent increments after
time ¢p. Couple B with (Z] ,)¢>o via

S5
4;
Z;{a: / V& (t)dBE
0

and natural filtration (F)icp0,1) with 7 = o((B}, B?)s<t). We consider for a € {1,2} the
SDE
dX{ = 7. ()0, P, (t, X[)dt + /€ (t)dBY

with initial condition X§ = 0, and define
t
NE= 0.0, (0.X5) + [ VEGIuls X2)ABE = 0,0, (1.X7).
q

t
20 = /O Ve (5)dBe.

Lemma 8.5. Fix ¢ € (¢,1). There exists a coupling between the families of triples
{(Z0 0, X700 N2 ) Yez0,.0e 1,2y and {(Z7, X', N{*)}120,0e(1,2) Such that the following holds.
For some §, > 0 and constant C' > 0, for every § < 6y and { > { with qo < ¢ we have

a \2
Joax B[(XG, - X7)'] < C5,

5 a\2
ax E[(N], — N, )'] < Co.
Proof. We generate the desired “grand coupling” by starting with (B}, B?) as above,
generating (Z},Z?), and then setting Z9, = Z7; for each a € {1,2} and j < [ as
in the coupling of Lemma 8.4. It follows from Lemma 8.3 that this results in the
correct law for (Z?,a) jeN,ac{1,2}- Now, all 3 continuous-time functions in the coupling
of Lemma 8.4 are determined almost surely by Z;. Furthermore all 3 discrete-time
functions are determined almost surely by the sequence Zf . Therefore the coupling
just constructed between {Z] ,}¢>0,aef1,2y and {Z{ };>0,ac(1,2) automatically extends to
a coupling of {(Z] ,, X} ,, N/ ,)}i>0.ac(1.2y and {(Z{", X{', Nf)}i>0.ac(1.2)- Since the two
a-marginals of the coupling just constructed both agree with that of Lemma 8.4, the
claimed approximation estimates carry over as well, concluding the proof. O

8.2 The energy gain of incremental AMP
Here we prove Lemma 3.9, stated for the branching case.

Lemma 8.6.

la\ £, 1
lim Tim p-lim 227 )NHN(" ):/ ¢ (O)E[ult, X,)]dt. (8.13)
q

G—1L—00 N 500

Proof. We give the main part of the proof for the ordinary (non-branching) version of
the algorithm and explain at the end why the same arguments apply in the branching
case. Recall that 6 = §(£) — 0 as £ — oo, which we will implicitly use throughout the

proof. Observe also that (h, n! — nt)y ~ 0 because the values (N¢)s>, form a martingale

sequence. Therefore it suffices to compute the in-probability limit of w The
key is to write

|

Hy(n') — Hy(n%) _ ~ Hy(n'*1) — Hy(nf)

N N
=L
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and use a Taylor series approximation of the summand. In particular for F' € C3(R),
applying Taylor’s approximation theorem twice yields

F(1) - F(0) = aF" (0) + %F”(O) +o( s F"(a)])

=F'(0)+ %(F’(a) — F'(0)) + O( Zl[tpl] |F”’(a)|)

(F'(1) + F'(0)) + o( sup |F”’(a)|).

a€(0,1]

[N

Assuming sup, % < 1+ 7, which holds with high probability for any n > 0 if £ is
large enough, we apply this estimate with F(a) = Hy((1 — a)n’ + an‘*1). Recalling (2.2),

the result is:

Z?IN (n”l) - ﬁN (ne) <VﬁN (ne) + VﬁN (n”l),neJr1 — nz>

1
2

<o sw [V Hy(o)|,,)In - nf).
vl <(1+n)VN

Proposition 2.1 implies that

sup HVgﬁN(v)Hop < O(N~V/?
[o|<(14+m) VN

with high probability. On the other hand p-limy_, . [|[n‘T! — n’|| = V/§N for each £ < ¢ <
¢ — 1. Summing and recalling that ¢ — ¢ < §~! yields the high-probability estimate

~|

-1

A (n'+) ~ Hx (n) — 5 (Vn(n) + VEy (n'7), 07— n)
=L
-1 _ 5
< 0] sup HV3HN(:B)H -supHnZJrl —néH
= (|w|<(1+n)\/ﬁ OP) ¢
< O(NV3).

Because ¢/ — oo implies § — 0 this term vanishes in the limit, and it remains to show

7—1 1
lim lim p—limz %(vﬁN (nf) + VA (n1), 0! —nf) = / ¢"(OE[u(t, X¢)|dt.
q

§—14—00 No00 )

Next, observe by (3.11) that:

L
VHy (n') =21+ dymi . (8.14)

J=0

Passing to the limiting Gaussian process (Z ,‘j Jrez+ via state evolution, and ignoring for
now the constant number of branching updates,

4
%hm<VI§N (n),n"™ —nf) o = E[Z), (N}, - N7)] + Zd&jE[N;‘S—l (N2 = N7,
_ 041
plim (T Hy (n), 1~ nf) = B[Z]5 (Vi1 — NE)] + 3 dre JEINE (N3~ NE)).

N—oc0 7=0
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As (N, ,f )k>z+ is a martingale process, it follows that the right-hand expectations all
vanish. Similarly it holds that

E[Z),5(Noy1 — N))] = B[Z041 (N2py — N7)]
B[ZE (Vs — NE)] =0

Rewriting and using Lemma 8.3 in the last step,
5
E[(Z}41 — Z7) (Nipr — N7

[
[} (X?) (201~ 20)7)
[E

phm2<VHN( n®) + VHy (n1), 01— nf)

N —o0

E
E[E[u}(X7) (2041 - 20)"1 7]

§(a1) — €' (a7)) - Blug (X7)]
) -

Efugs (X7)]
¢ (q ))'T[-

Recalling (8.12), the fact that w;(x) is uniformly Lipschitz in « for ¢ € [0, g, the fact
that ¢(q),) — €' (¢}) = 6¢"(¢}) + O(6?) and the coupling of Lemma 8.4, it follows that

=
=

fl(q€+1

p-lim = 5 <VHN( Y+ VHy (0" 1), n"*t — n'), = o6¢" (qg)E[qu (qus)] +0q(5%7%).

N—o00

Summing over ¢ and using continuity of u(x) in ¢, it follows that

Hy(n?) — H

nt a
Hy( ):/ ¢ (OB [u(t, X,)]dt.

li -1i

T N
Sending ¢ — 1 now concludes the proof when there are no branching steps. Extending
the proof to cover branching steps is not difficult and we explain it now. Everything up
to (8.14) is still valid, and if the number |Q| of branching steps is m, then the full analysis
applies to all but m terms. However the simple uniform bound

Hy (n't) — Hy(n') < |[n"' —n’- o IVHy ()]
< O(V'Né) - O(VN)
< O(NV3)

holds with high probability. Here we used Proposition 2.7 to deduce ||n’|y, [|[n‘T!|n <
1+ o(1) with high probability, and also Proposition 2.1 and Equation (8.6). Therefore all
telescoping terms, branching or not, uniformly contribute O(N \/5) energy in probability.
As a result, even when a constant number of non-branching terms are replaced by
branching terms, the same analysis applies up to error O(N \/3) yielding the same
asymptotic energy for branching ¢-IAMP and completing the proof. O
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