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Uniform fluctuation and wandering bounds in first
passage percolation
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Abstract

We consider first passage percolation on certain isotropic random graphs in R%.
We assume exponential concentration of passage times 7'(z,y), on some scale o(r)
whenever |y — z| is of order r, with o(r) “growning like rX” for some 0 < x < 1.
Heuristically this means transverse wandering of geodesics should be at most of order
A(r) = (ro(r))*/2. We show that in fact uniform versions of exponential concentration
and wandering bounds hold: except with probability exponentially small in ¢, there
are no z,y in a natural cylinder of length r and radius KA(r) for which either (i)
|T(z,y) — ET(x,y)| > to(r), or (ii) the geodesic from x to y wanders more than
distance v/tA(r) from the cylinder axis. We also establish that for the time constant
= lim, ET(0,ne;)/n, the “nonrandom error” ET(0,z) — u|x| is at most a constant
multiple of o(|z|).
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graining.
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1 Introduction

In i.i.d. first passage percolation (FPP) on a graph G = (V, E), i.i.d. (edge) passage
times t. are attached to the edges e € [, and for a path I' in G, the (path) passage time
T(I") is the sum of the times ¢, over e € I'. For z,y € V, the passage time from z to y is

T(x,y) =inf{T(T) : T is a path from z to y in G}. (1.1)

The geodesic from z to y is the path, denoted I',,, which minimizes the path passage
time; when ¢, is a continuous random variable (as we always assume), a unique geodesic
exists a.s. [22].

There are two exponents of primary interest in the study of FPP. First, the fluctuations
(i.e. standard deviation) of passage times T'(z,y) for |y — x| of scale r in Z? are believed
to be of order rX for some y = xq < 1/2, with x2 = 1/3. Second, the typical transverse
wandering of a geodesic, meaning the maximum distance from any point on I';,,, to the
straight line (denoted 1I1,,) from z to y, is believed to be of order r¢ for some ¢ = &;.
For |y — z| of order r, if I';y contains a vertex z at distance of order r¢ from II,, (not
too near z or y), then the associated extra distance |z — z| + |y — z| — |y — x| traveled by
the geodesic in order to pass through z is of order »%¢~!. For such wandering to have
non-negligible probability, the passage time fluctuations X should be at least as large as
the extra distance; heuristically this leads to the relation x = 2¢ — 1. There are various
ways to formally define the exponents y, ¢; these must allow for the fact that the true
scales of fluctuations and wandering are not known to be pure powers of r. Chatterjee
[14] gave a rigorous version of the relationship y = 2¢ — 1, under the assumption that
multiple possible definitions of each exponent actually agree.

Looking more finely than just at the level of exponents, the heuristic for y =2 — 1
says that if the fluctuation scale is o(r) for |y — x| of order r, then the scale of transverse
wandering should be

A(r) = (ro(r)*/2.
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In [2] and (for d = 2) in [19] it was shown that under natural assumptions, the transverse
wandering with high probability does not exceed (ro(r) log)*/2. One of our main results
here is an upper bound on wandering: under somewhat weaker assumptions, for all
d > 2, the probability of wandering greater than sA(r) decays as e or faster, for
s < r/A(r). Previously such a result has only been known for integrable cases of last
passage percolation (LPP) in d = 2, from [13] (with e~“® in place of e—cs2) and [12]. The
bound is optimal in the sense of being on the scale A(r), though the second power of s
in the exponent may not be optimal, as suggested by LPP results in d = 2 in [20].

In fact we have this bound uniformly over many geodesics simultaneously, in the
following sense: Consider a cylinder of length r and radius K'A(r), and let ¢ > 0 and
s > 2K. Then under the assumptions we will make, the probability that there exists any
geodesic I'y,,, with z, y in the cylinder and |y — x| > er, which wanders farther than sA(r)
from the cylinder axis decays as e~ or faster, for s < r/A(r).

By comparison, in [2] it was shown roughly that if there is exponential concentration
on some scale o(r) which “grows like a power of r,” uniformly for passage times over
distance r, then the probability of a transverse fluctuation of size t(logr)'/?A(r) for a
single geodesic I',,, is bounded by Cye~2" 18t for all ¢ > 0. This tells us nothing, though,
about transverse fluctuations of size tA(r) with 1 < ¢t < (logr)'/2, which should also be
subject to exponential concentration, as in our present result.

It should be emphasized that in our transverse wandering (and other) results, o(r)
is not necessarily the actual scale of the standard deviation—it need only be an upper
bound in the sense that exponential concentration holds for passage times 7'(z,y) on
scale o(|y — z|). Then the corresponding value A(r) is the scale that appears in the upper
bound for transverse wandering.

Our uniform wandering bound will be a byproduct of another uniform-bound result
for passage times; to describe it we first discuss exponential bounds. For the lattice Z?,
Kesten [23] proved that, assuming

FeMe < oo forsome A >0, and P(t, =0) < p.(Z) 1.2)

(where pC(Zd) is the bond percolation threshold for 7%, there is exponential concentra-
tion of T'(z, y) on scale /2 for |z — y| < r:

P(|T(z,y) — ET(z,y)| > tr*/?) < C3e~ %t forallt < Csr.
Talagrand [33] improved this: assuming just an exponential moment for ¢.,

/2)

P(IT(x,y) — ET(x,y)| > tr'/?) < Cge~Cmmt*t"*) gorall t > 0.

Damron, Hanson, and Sosoe [16] improved the bound to a subgaussian scale: under (1.2),

1/2
P (T(aj,y) — ET(z,y)| >t <lo;r) ) < Cge~ %t forallt > 0. (1.3)

None of these bounds are near-optimal, though—an optimal bound would be on the
scale of the standard deviation of T'(z,y). What we will prove here is roughly as follows.
Suppose passage times satisfy exponential concentration on a scale o(-), uniformly:

P<|T(x, y) — ET(z,y)| > to(|ly — x|)) < Cipe~ 1t forall z,y, (1.4)

for some o (r) which “grows like X" for some y € (0, 1), in a sense we will make precise.
Then for GG.(K) a cylinder of length r and radius KA(r) for some fixed K, we have
concentration on the same scale, uniformly over z,y € G,.(K):

P(’T(x,y) — ET(2,y)| > to(r) for some z,y € G (r) with |y — z| > er) < Cppe Ot
(1.5)
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for all r large and ¢ > cK?. This has previously been proved for integrable models of LPP,
but only for d = 2 ([13, 11]), and even the non-integrable part of the proof there does
not carry over to FPP—see Remark 1.8.

For d > 3 there is no generally-agreed-upon value of x in the physics literature.
Heuristics and simulations suggest that x should decrease with dimension; simulations
in [32] for a model believed to be in the same (KPZ) universality class as FPP show a
decrease from y = .33 to x = .054 as d increases from 2 to 7. Some have predicted the
existence of a finite upper critical dimension, possibly as low as 3.5, above which y =0
([18], [25]); others predict that x is positive for all d ([4], [29]), with simulations in [24]
showing x > 0 all the way to d = 12, decaying approximately as 1/(d + 1). Our results
here require y > 0 so they only have content below the upper critical dimension, should
it be finite. In fact, results in [3] strongly suggest that Theorems 1.3 and 1.5 below
should not be valid above the upper critical dimension, should such exist.

In the preceding and throughout the paper, ci,cs,... and Cy,Cs, ..., and €, €q, ...
represent unspecified constants which depend only on the graph G (or its distribution,
if it is random) and the distribution of the passage times ¢. (or speeds 7., to be given
below.) We use C; for constants which occur outside of proofs and may be referenced
later; any given C; has the same value at all occurrences. We use ¢; for those which do
not recur and are only needed inside one proof. For the c;’s we restart the numbering
with ¢y in each proof, and the values are different in different proofs.

As is standard, since passage times T'(x, y) are subadditive, assumptions much weaker
than (1.2) guarantee the a.s. existence (positive and finite for x # 0) of the limit

~ lim ET(0,nz) it ET(0,nx)

n n n n

g(x) = lim a.s. and in L* (1.6)

T(0, nx)
n
for x € Z%; g extends to = with rational coordinates by considering only n with nz € Z¢,
and then to a norm on R? by uniform continuity. We write 5, for the unit ball of this
norm. To obtain the optimal uniform results for wandering and (1.5) for fluctuations, we

need to understand both parts of the discrepancy

70, 2) — g(z) = (T(O,m) - ET(O,m)) + (ET(O,x) - g(w)). (1.7)

Here in the parentheses on the right are the random part and nonrandom part of the
discrepancy. In [1] it was shown that under (1.2),

g(x) < ET(0,z) < g(x) + Cialz|*/?log|z| forall |z > 1. (1.8)

In [34] the error term was improved to Cy4(|z|log |z])/2, and in [19] to ¢, |z|'/2(log |z|)"
for all n > 0. For the Euclidean first passage percolation of [21], the analog of (1.8) was
proved in [17] with an error term of C,¥(|z|)log'®) || for arbitrary k > 1, where ¥(|z|)
is a scale on which an exponential bound is known (analogous to o(|z|) in (1.4)) and
log(k) || is the k-times-iterated logarithm; ¥ is subject to regularity conditions which are
incompatible with y = 0. Here we will obtain an essentially optimal bound for the non-
random part: if o(-) satisfies certain regularity (also incompatible with y = 0) and (1.4)
holds, then a log factor as in the earlier bounds is unnecessary in our context: we have

g(x) < ET(0,z) < g(x) + Ci50(]x]). (1.9)

There is a strong interdependence among this result, our uniform wandering bounds,
and (1.5), as discussed in Remark 1.7.

Analogs of (1.9), of (1.5), and of of our uniform wandering result, with optimal scale
o(|z|) = var(T(0,z))*/? =< |z|'/3, are known for certain integrable models of directed
last passage percolation (LPP) for d = 2. We note that an exponential bound like (1.4),
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but with centering at the analog of g(z) instead of at ET'(0, ), shows that (i) (1.9) must
hold, and (ii) an exponential bound like (1.4) must also hold with centering at g(y — ).
Such a recentered bound appears in [13] (extracted from [5]) and in [26] for LPP on Z?
with exponential passage times, in [27, 28] for LPP based on a Poisson process in the
unit square, and in [15] for LPP on Z2 with geometric passage times. An analog of our
transverse wandering bound for LPP on Z? with exponential passage times appears in
[12]. All of these require integral probability methods, which are not available for FPP.

1.1 Context of our results

For d = 2 it is useful to discuss further the relation of our work to recent LPP results.
For integrable models of LPP on Z2, from a probabilistic perspective, many important
results are “black boxes” in the sense that the proofs are based on ideas from algebraic
combinatorics and asymptotic analysis which frequently have no probabilistic interpre-
tation. A number of authors have recently employed the approach of taking certain of
these black-box results as inputs to proofs, which are otherwise purely probabilistic, of a
rich range of results. Some primary black-box inputs used this way (stated loosely) are
the following, with u denoting a unit vector:

(i) The standard deviation o(7(0,7u)) is asymptotically ~ Cr!/3.

(ii) Exponential bound for passage times over distance r:
P(|T(o,ru) — ET(0,ru)| > /\r1/3) < ¢~ for (nearly) all 7, A, u.

1/3

The rate r/° is optimal, due to (i).

(iii) The asymptotic growth rate g(z) from (1.6) satisfies
g(ru) — ET(0,ru) ~ Cr'/3,

(iv) g(ru) varies nicely both transverally as a function of u (e.g. the boundary of “g <
constant” has nontrivial curvature) and longitudinally as a function of r; therefore
by (iii), ET(0,ru) also varies nicely.

(v) The normalization (7'(0,ru) — ET(0,ru))/Cr'/? converges to a nondegenerate dis-
tribution (GUE Tracy-Widom.)

(vi) LPP paths are by definition directed (simplifying a number of proofs.)

The use of these inputs in this manner occurs for example in [7, 8, 9, 10, 11, 12, 20, 30,
36]. In particular, it has become clear in recent years that coalescence properties of
geodesics are central to the understanding of LPP and FPP, particularly in the context
of limiting objects like the directed landscape; several of these papers answer such
questions for LPP, using some of the inputs (i)—-(vi). For FPP, for this and other questions,
it would certainly be desirable to derive a correspondingly rich set of consequences from
(i)-(vi), but no analog of any of these inputs is known. The closest would be (1.3) from
[16], which is like (ii) but with a far-from-optimal (r/ log r)l/ 2 in place of r'/3. Therefore
ever since the '90’s, some authors have taken the path of assuming variants of some
of (i)-(vi), and seeing what follows from them. For example, some (e.g. [2, 31], and for
non-integrable LPP [20]) have assumed a form of (iv): the boundary of {z : g(z) < 1} has
nontrivial curvature, either globally or in some direction. In [14] the full strength of the
main result requires the assumption that, in a certain sense, the powers of r appearing
in (i) and (ii) are “the same to within an arbitrarily small €.”

It should be emphasisized that results established for LPP will not transfer readily
to FPP even if one were to assume or prove versions of all of (i)-(vi), as they are not
the only black-box inputs, just perhaps the primary ones. For example, [7, 11, 36] all
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explicitly exploit the fact that the limiting GUE Tracy-Widom distribution in (v) has a
negative mean. New approaches will be necessary, beyond what works for FPP, even
if (i)-(v) are proved or assumed. This paper is itself an example of the need for new
approaches—see Remark 1.8.

To access a richer understanding of FPP, it certainly seems undesirable to assume all
of the unproven inputs (i)-(vi), so what to do? Can the necessary assumptions at least
be minimized? Input (iv) can be obtained by working on a graph which is translation-
invariant and isotropic, instead of Z2; a random graph is most natural for this, and then
g(x) is necessarily a constant multiple of |z|. One of our main results says that in this
isoptropic context, a version of (iii) (with the two terms on the left interchanged, as
appropriate for FPP) is a consequence of mainly just a version of (ii): if (ii) holds (along
with certain milder assumptions) with /2 replaced by a function which “grows like rXx”
in a nice way for some x € (0, 1), then the FPP version of (iii) also holds for that function,
at least as a one-sided bound. Thus inputs (ii)-(iv) all become available with only (ii)
assumed—and this is true in all dimensions where x > 0. One can hope that this widens
the door a bit for future results about the geometry of FPP. More broadly, the situation
for LPP points to the centrality of (i)—-(v) as questions for FPP.

Fortunately, working on isotropic random graphs doesn’t increase technicalities
relative to the usual Z? in our context. In fact it decreases them substantially, as isotropy
is a precise and powerful tool. Technicalities are also reduced because we don’t try to
make the random graph as general as possible, in fact quite the opposite—we just need
to know that some random graph exists with certain properties convenient for FPP, such
as a finite radius of dependence (see Al below), so that we can use input (iv). That finite
radius of dependence is not present in previously considered isotropic models of FPP, for
example in [21].

1.2 Definitions and assumptions

As mentioned we will consider isotropic models, built on a random graph G = (V, E)
embedded in R, to ensure a strong form of (iv) in Section 1.1. We want this random
graph to be “as lattice-like as possible,” as quantified in A1 below, despite being isotropic.
To that end, the dilation of such an embedded graph is the least C' such that, for every
x,y € V there is a path from « to y in G for which the total (Euclidean) length of the
edges is at most C|y — z|. We say that such a graph has bounded dilation if there exists C
such that with probability one the dilation of G is at most C. For A C R?, the restriction
of G to A is the graph with vertex set V4 = {z € V: (z,y) € E for some y € VN A} and
edgeset 4 = {{z,y) e E:x € A}.

We require that the graph G satisfy the assumptions Al below, which are somewhat
stringent and include bounded dilation, but we will construct an example that works.
(We see no need to make the graph as general as possible; we simply need one to know
we can work with one that has certain properties that make it lattice-like.) That example
is built roughly as follows. We first construct a point process V to serve as vertices, with
V satisfying those parts of A1 which involve only the vertices. To make a graph from
V we use the Voronoi diagram, which divides R into closed polyhedrons {Q), : x € V}
(called Voronoi cells), the interior of the polygon @, consisting of those points which are
strictly closer to x than to any other point of V. We define ¢ by ¢(y) = z fory € Q.. To
produce the Delaunay graph (or Delaunay triangulation in d = 2) one places an edge
between each pair =,y € V for which @, and @), have a face of positive (d — 1)-volume in
common. For d = 2, it is known that the dilation of the Delaunay graph of any locally
finite subset of R? is at most 1.998 [35], ensuring Al is fully satisfied, but such bounded
dilation for d > 3 is not known. We therefore modify the Delaunay graph by adding
certain non-nearest-neighbor edges of uniformly bounded length, by a deterministic
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local rule, and show that bounded dilation then holds. Here and in what follows, by the
length of an edge e = (z,y) we mean the Euclidean distance |y — z|, which we denote |e|.

Our FPP proofs for isotropic random graphs should adapt to Z¢, but (we expect) only
by assuming two unproven properties of FPP on Z¢: first, uniform curvature of 0B, and
second, a kind of smoothness of the mean as the direction changes:

sup{IBT(0,2) ~ ET(0, )] : max((g(z) — rl, o) 1) < Cu, Iy — 2] < CurA(r)}
=O(o(r)) asr — oo.

Results in [1] show that for lattice FPP, the left side is O(o(r)log ). This is (implicitly)
improved to O(o(r)(logr)'/?) in [34] and to O(a(r)(logr)*) for all x > 0, in [19].
Here then are the assumptions G = (V, E) must satisfy.

Al. Acceptability of random graphs

(i) G = (V,E) is isotropic, stationary, and ergodic;

(ii) Bounded hole size: every open ball in R¢ of radius 1 contains at least one vertex of
V;

(iii) Finite range of dependence: there exists 5 such that if A, B are Lebesgue-measur-
able subsets of R¢ separated by distance d(A, B) > 3, then the restrictions of G to
A and to B are independent;

(iv) Bounded dilation: the dilation of G = (V, E) is bounded a.s. (and hence equal to
some nonrandom Cg a.s., by (i));

(v) Exponential bound for the local density: given ry > 0 there exist (9, Cy such that
forallr > rpand a > 1, P(|[V N B,.(0)| > ar?) < Cyge~209;

We say a random graph with these properties is acceptable. We will show that acceptable
random graphs exist. By rescaling, we may replace radius 1 in (ii) by any other positive
value. Condition (v) can be weakened from exponential to stretched exponential; we use
exponential to simplify the exposition.

Conditionally on G we define a collection of i.i.d. nonnegative continuous random
variables n = {7., e € E}. Formally the pair w = (V,7) is defined on a probability space
(Q, F, P), with G determined by V.

In contrast to the usual FPP on a true lattice, here we view 7, not as a time but as a
speed. We thus define the passage time of an edge e to be 7.|e|, and proceed “as usual”:
forz,y € V, a path T from z to y is a finite sequence of alternating vertices and edges of
G, of the form I" = (x = zg, (zo, 1), 21, -+, Tn—1, {(Tn—1, Tn), Tn, = y). We may designate a
path by specifying only the vertices. The (path) passage time of I is

T(T) = nelel,

ecl’

and the passage time from x to y is
T(z,y) :=inf{T(T) : T is a path from «x to y in G}. (1.10)
More generally, for =,y € R? we define

T(z,y) :==T(p(z), 0(y))-

For technical convenience we do not require that paths be self-avoiding, but for the
moment this is irrelevant because geodesics are always self-avoiding. For general x,y
not necessarily in V, we take “a geodesic from z to y” to mean a geodesic from ¢(x) to
©(y). Let ((\) = Ee*e. We assume the following.
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A2. n. properties

(i) 7. is a continuous random variable.

(ii) There exists A > 0 such that {()\) < cc.

Here (i) guarantees that there is at most one geodesic from z to y a.s., for each z, y.

We do not assume that o(r) in (1.4) is a power of r, but we do require that it “grows
like rX” for some 0 < xy < 1 in a sense similar to [2], as follows. We call a nonnegative
function {o(r),r > 0} powerlike (with exponent ) if there exist 0 < y; < x < 2 and
constants C; such that

=X and for 311827’20217 022 (;)Xl < UES) §023 (;)XQ. (111)

lim logo(r) !
o(r

r—oo  logr

If (1.11) holds with x2 < 1 we say o(-) is sublinearly powerlike.

The requirement that o(-) be sublinearly powerlike is perhaps not as stringent as
it first appears, due to Lemma 1.2 below. It implies that if one is only interested in
fluctuations at the level of exponents y,&, and one knows uniform the exponential
tightness (1.4) but not necessarily the powerlike property for o(:), then there is a
sublinearly powerlike function with the same x for which (1.4) holds.

Remark 1.1. If o(+) is powerlike, then so is the increasing function &(r) = sup,, o(s);
by further increasing & (though by at most a constant factor) we may make it strictly
increasing and continuous while preserving the powerlike property. Therefore we may
and do without loss of generality always assume o (-) is strictly increasing and continuous.
The inverse function A~! is well-defined, and for { = (1+x)/2 € (3,1) we have A(r) < r¢
and A~'(a) =< a'/¢ in the sense that

log A log A™! 1

lim 0880 _ gy, lsAT (@) 1

r—oo  logr a—00 loga I3

The following is proved in section 8.
Lemma 1.2. Let p : (1,00) — (0, 00) satisfy
log pr
lim 2P — y ¢ (0, 00)

r—oo logr

Then there exist p~ < p < p™ which are powerlike with this same exponent x and strictly
increasing, and

(i) given e > 0 we may take p* to satisfy (1.11) with |x; — x| <€, i =1,2,
(i) if x < 1 then given 0 < § < 1—x we may take p* such that p*(r)/r'~° is decreasing.
For general z,y € R? not necessarily in V, we write [yy for T'y(2),0(y)- In general we
view I';, as an undirected path, but at times we will refer to, for example, the first point
of I';,, with some property. Hence when appropriate, and clear from the context, we view

I';, as a path from ¢(z) to ¢(y).
Our final standard assumption is the following.

A3. Uniform exponential tightness For some o(-) which is sublinearly powerlike
with exponent y € (0,1),

P(\T(m,y) — ET(z,y)| > to(ly — x\)) < Coue” 9! forall z,y € RY. (1.12)
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The isotropic property assumed for V in A1 means that g(z) = u|z| for all z, where
= g(e1), and ET(0, x) depends only on |z|, so we define

h(r) = ET(0,rey).
Let B,_1 be the Euclidean unit ball of R*"! and define the cylinders

G (K) = [0,7] x KA(r)By_1.

1.3 Statement of results
Here is our first main result. We write z; for the ith coordinate of = € R¢.

Theorem 1.3. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. Then given
e > 0 there exist constants C; = C;(e), 26 < i < 30, such that forallr > 1, K > 1,t >
Cos K2,

P(’T(m,y) — ET(z,y)| > to(r) for some z,y € G.(K) with |y — x| > er) < Cyre Ot
(1.13)

and

P(T(:c, y) < h(|(y — 2)1]) — to(r) for some x,y € GT(K)> < CygeCaot, (1.14)

Equation (1.14) is weaker than (1.13) in the sense that A(|(y — x)1]) is “typically”
smaller than ET'(x,y) = h(|y — z|) (and always bounded by a constant multiple of it, see
Lemma 3.6), but stronger in that it isn’t limited to |y — x| > er.

We can split (1.13) into upward and downward deviations:

T(x,y) > ET(x,y) +to(r) and T(z,y) < ET(x,y) — to(r).

Then the downward-deviations part of (1.13) is a consequence of (1.14) and Proposi-
tion 3.3 below, because

x,y € G.(K),ly—x| >er = |ly—z| —|(y — 2)1] §031K20'(T) (1.15)

for some C31(€). In general, if we think of x to y as an increment a path might make within
G,(K) in going from the one end to the other in the e; direction, then (y — x); measures
progress made by that increment in the e; direction, so it is a natural normalization of
T(z,y) in the context of such paths. It is also sufficient for application to the next two
theorems. We restrict to |y — x| > er in (1.13) so that we can use (1.15) as above, and
so that, even for the shorter geodesic segments considered in our multiscale argument,
the direction of the increment of the segment is always close to e;; see the discussion
around (4.25) and (7.2). But the restriction to |y — 2| > er can be eliminated, as we now
describe.

Remark 1.4. For (1.13) in Theorem 1.3 we can replace the conditions K > 1,t > CysK?
with K > Cso,t > €2, This is because there exists m such that G,(K) is contained in
C32¢~™ “thin cylinders” (not necessarily oriented parallel to e¢;) of length between er and
r and radius K. A(r) = y/¢/Ca K A(r) such that every pair z,y as in (1.13) is contained
in one of these cylinders. Here C3; does not depend on K or r. We can apply the theorem
to each thin cylinder, since t > Cys K, 62 then sum over the thin cylinders.

This same idea of summing over small cylinders can be used to eliminate the con-
dition |y — x| > er in (1.13); to deal with pairs z,y with 2=*+1) < |y — x| < 27% one
can use cylinders of length 2=~V and apply (1.13), with 2=~ in place of r and
to(r)/o(2-*~Dr) in place of ¢, to each cylinder. We omit the details, though, as it seems
not particularly natural to use o(r) in (1.13) when |y — x| is much smaller than r.
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We will use Theorem 1.3 together with a coarse-graining scheme in establishing the
following.

Theorem 1.5. Suppose G = (V,E) and {n., e € E} satisfy A1, A2, and A3. There exists
(33 such that
plz| < h(|z|) < plz| + Cszo(|z|) for all z € RY. (1.16)

The regularity required on o(-) in A3 is not compatible with a fluctuation exponent
x = 0, which is as expected since (as noted above) results in [3] suggest that in that case
(1.16) should not hold with ¢ of the order of the standard deviation.

As we have noted, for |y — z| of order r, if I';, contains a vertex z at distance
of order > A(r) from I, (not too near zx or y), then the associated extra distance
g(z —x) + g(y — 2) — g(y — =) traveled by the geodesic is of order > A(r)?/r = o(r), and
by Theorem 1.5 the same is true for h in place of g. Since the corresponding passage
times satisfy T'(z, z) + T'(2,y) — T'(z,y) = 0, this means that either

T(x,y)—ET(z,y) > o(r), T(x,z)—ET(x,2z) < —oc(r), or T(z,y)—ET(z,y) < —a(r).

The assumption (1.12) says the first of these is unlikely, and Theorems 1.3 and 1.5 can be
used to show it is unlikely that there exists a z for which the second or third occurs. (Not
without complications, though, as we cannot assume z € (,.) This is the idea behind the
following. For r, s > 0 define intervals enlarging [0, r|:

[—s20(r)logr,r + s20(r)logr] if s < (Csqlogr)t/?;
L,s = { [=s%0(r),r + s%0(r)] if (Caalogr)/2 < s < 1/A(r); 1.17)
[=sA(r),r + sA(r)] if s> r/A(r),

where C34 “sufficiently large” will be specified later, and
Grs =Tp s x sA(r)Bg_1.

For s > K we have G,(K) C G, ; in this case we may view G, ; as being the cylinder
G, (K) fattened transversally to width sA(r), and lengthened by an amount which varies
with the size of s relative to r, chosen to be “enough to make wandering of geodesics out
of the cylinder end at least as unlikely as out of the sides.”

For x € R? we write «* for (za,...,24) so z = (21, 2%).
Theorem 1.6. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There exist
(C35—C3s such that for all K > Css,

P(Tyy ¢ Grs for some z,y € G,.(K) with |(y — 2)*| < (y — 2)1)

{036603782 for all C3s K < s < r/A(r),

<
Cage~CarsA)/a(sAM)  forall s > r/A(r).

(1.18)

We include the condition |(y — z)*| < (y — «); because we are primarily interested
in transverse fluctuations of geodesics out the side of G, 5, so we wish to avoid y — x
oriented in a direction too far from e;.

Remark 1.7. The strategy for proving Theorems 1.3-1.6 is as follows:

(1) prove Theorem 1.3 for downward deviations—this is the most difficult part;

(2) use Theorem 1.3 for downward deviations to prove Theorem 1.6 restricted to a
fixed (z,y);

(3) use Theorem 1.3 for downward deviations and the restricted Theorem 1.6 to prove
Theorem 1.5;

(4) use Theorem 1.5 to prove Theorem 1.3 for upward deviations;

(5) use the full Theorem 1.3 to prove the unrestricted Theorem 1.6.
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Step (1) occupies section 4; after some definitions and preliminary steps there we give a
proof sketch for (1) in Remark 4.4, with further elaboration in Remark 4.8.

Remark 1.8. In [13] and [11], an alternate strategy was used to prove LPP analogs
(in integrable cases) of Theorems 1.3 and 1.6 in d = 2. Theorem 1.5 was already
known for that context—see the comments following (1.9). Essentially the strategy
for the Theorem 1.3 analog in [13] is this, when translated to FPP: first the easier
upward-deviations half of Theorem 1.3 is proved. For downward deviations, consider
the points 0 and 3re;, and a cylinder G, of radius A(r) with axis from re; to 2re;.
Suppose there are (random) vertices u,v € G, with u; < v; for which the passage
time is fast: T'(u,v) < h(jv — u|) — 3to(r) for some large ¢. From the upward-deviations
half of Theorem 1.3, with high probability we have also T(z,u) < h(ju — z|) + to(r)

and T'(v,y) < h(ly — v|) + to(r). From this, using that o(r) is proportional to r!/% and
h(r) = pr 4+ O(o(r)), assuming ¢ is large enough,
t
T(z,y) < h(lu —z[) + h(|lv —ul) + h(ly — v]) = to(r) < h(ly —2|) — 5o(r).  (1.19)

2

This has probability exponentially small in ¢, by (1.12), hence so does the probability of
such u, v existing. This strategy does not work for FPP, however, as it requires one to
already know Theorem 1.5 to obtain the second inequality in (1.19); we instead need to
establish the uniformity in Theorem 1.3 to obtain Theorem 1.5.

2 Existence of acceptable random graphs

We construct a random graph G = (V, E) satisfying A1. We begin by constructing
the point process V of vertices. We start with a “space-time” Poisson process V (which
we view as a random countable set) of density 1 with respect to Lebesgue measure in
R? x (0,00). We say a point v € R? appears at time t in V if (v,t) € Vo, and we say
A C RY is empty at time t— if no point in A appears in V; during (0,t). We then define

V= {v e R?: for some ¢t > 0 and z € R? with v € Bi(x), v appears at time ¢ in V
and B (z) is empty at time t—}.

In other words, we keep in V the R coordinate v of a point of Vy if v is the first point
to appear in some ball of radius 1. Then almost surely, for each v € V there is a unique
point (v, t}) € Vy, and we view ¢ as the time at which v appeared in V,. With probability
one, every unit ball in R? contains a point of V. We call V the available-space point
process.

For the set V recall that {Q,,v € V} denotes the corresponding Voronoi cells.
More generally we write (), for the Voronoi cell containing any x (with some arbitrary
convention if z is on the boundary of multiple cells), and ¢(z) for the unique point of V
in Q.. When convenient we view e = (z,y) as the line segment joining x and y. Let B,.(z)
denote the open Euclidean ball of radius r about z. For d = 2, the Delaunay graph of V
is our graph G. For d > 3 we fix 0 < ¢ < 1 and use

E={(z,y) : d(Qz, Qy) < dc}

We call G = (V, E) the augmented Delaunay graph of V. The edges in E which are not
in the Delaunay graph are called augmentation edges. We write x ~ y to denote that x,y
are adjacent vertices in G, and = ~p.] y to denote adjacency in the Delaunay graph of V.
If y ~pe1 2, then for all u € Q, N Q., Bj,_.|/2(u) NV = (). Hence by Al(ii),

|z — y| < 2 whenever y ~pg 2. (2.1)
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Similarly if z € @, then B|._,(z) contains no point of V, so |z — y| < 1; thus
Qy C Bi(y). (2.2)

Remark 2.1. The purpose of augmentation is roughly the following. Consider the line
segment II,, between z,y € V. It passes through a sequence of Voronoi cells Q, =
Qzo, Qur» - -+ Qu,, = Qy, and there is a corresponding pathz =z9 = 21 = -+ 2> 2 =y
in the Delaunay graph. If too many of the cells Q. are “thin,” then the Delaunay path
length Z;ﬁ:l |z; —2;_1| may be much greater than |y — z|, making it difficult to bound the
dilation. The augmentation effectively allows paths in G that skip over such problematic
sequences of cells, at least for a small distance, enabling us to prove bounded dilation
while preserving other properties of the Delaunay triangulation. We can reduce the
occurrence of augmentation to involve an arbitrarily small proportion of vertices by
using a small enough ¢ > 0, but we will not give details of that fact here.

For ACR?andr > 0let A" = {z : d(x, A) < r}.

Proposition 2.2. The augmented Delaunay graph of the available-space point process
satisfies Al.

Proof. Al(i) for V follows from the same properties for V; since G is constructed from
V via isotropic and translation-invariant local rules, A1(i) also holds for G. A1(ii) follows
from the fact that the first point of V( to appear in any radius-1 ball is always a point
of V.

To prove Al(iii), observe first that by (2.1), given = € V the cell @), and all Delaunay
edges (x,y) are determined by V N By(z). Therefore the collection of Voronoi cells
intersecting Bs(z) is determined by V N Bs(x), and hence so are all augmentation edges
(z,y). VN Bs(z), in turn, is determined by V, N (B7(z) x (0,00)), so for A C R, the
restriction (V4,E,) is determined by Vo N (A7 x (0,00)). Since Vj is independent in
disjoint regions, A1(iii) follows with g = 14.

Turning to A1(v), let ¢ = 1/(14-|3V/d]) and r > ro > 0, and let r; = roAl. Forz € grZ?
let J, denote the cube H?:ﬂf’iiv z;+qr1) and J, = {J, : y € qr1Z%, |y — z|oo = 2qr1}. This
means the 5% — 3¢ cubes in 7, form a shell around J,, with a smaller shell of cubes in
between, and the diameter of 7, is less than 2r;. Then any radius-1 ball intersecting J,,
must contain a cube in J,. Letting ¢*(/,) = max{t} : v € VN J,} it follows that at time
t*(J;), for some J, € J,, at least |V N J,| points of V, have appeared in J, but none in
Jy. Letting N, be the number of points of V, appearing in J, before the first point of
Vo appears in J,, this says that N, := max; ¢z, Ngy > [VN.J,|. Since |J,] < 5¢ it follows
that

P(VNJ,|>2n) < PNy =n) < Y P(Ngy >n) <5927, (2.3)
Jy €T

and hence for A\ < log 2,
5d

—.
e
-5

Let 7y = {J, : Jy N [=r,7)* # 0}, so [Zo| < (2(1 + .=))? and B,(0) C Uy,ez, Jo- Now
Ty is a lattice of cubes, and we divide it into 59 sublattices, each consisting of a cube J,
together with all its translates by vectors in 5¢r;Z¢ which intersect [—r,7)?. We label
these sublattices of cubes as Zj 1, .. ., Ty 54, and the cardinality satisfies

d
Zo,5] < (2 <1 + 5;741)> (2.5)
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for each j. We denote the corresponding union of cubes as /p; = Uy, ez, ,Jo. The
spacing of the cubes in 7, ; means that that the shells {7, : J, € Z ;} are disjoint, so the
variables {N, : J, € 7y ;} are i.i.d.

For a > 1, taking A = 1/5 in (2.4) we obtain Ee*Vs < 3. 5% and hence using (2.5),
provided a is large (depending on 1),

5 d
ar
P(|VﬂB |>a7“ E ('Vm]07j|25d)
5d

d

ar

<SPl Y N>

5d
j=1 Jo€Zo,;

Toi| _ . ,.d/ed+1

‘ 071‘6 ar®/5

<5%(3.5%)
S efard/2<5d+17 (26)

proving Al(v).

Finally we consider Al(iv). Let z,y € V. As in Remark 2.1, II,, passes through a
sequence of Voronoi cells @, = Qz,, Q- - -, Qaz,, = @y, and there is a corresponding
path x = 29 - 1y — -+ — x,, = y in the Delaunay graph. (There is probability O
that II;, intersects some @, in just a single point, so we will ignore this possibility,
meaning that “passes through” here is unambiguous.) For j < m let a; be the first
point of @, in II,, and let a,, = y, so by convexity of cells, Q,, NI, = [a;,a;11] for
all 0 < 57 < m. We select indices 0 = j(0) < j(1) < --- < j(¢) = m iteratively, taking
j(k + 1) as the least index j > j(k) for which either |a; 1 — a;()41| > dg or j = m. Then
(xj(k)7xj(k+1)> is always a Delaunay or augmentation edge, so we consider the path
T = Zj0) —> Tj1) — - — Tje) = ¥ in G; in particular we want to bound |z (k1) — Tk
relative to |a;(r41)+1 — @j(r)+1] for 0 <k < £ —2.

For k < ¢ — 1 we have using (2.2)

1Z5k4+1) — 2yl < |T50041) — G| F 10511y — Gey+1] + @i)+1 — Ty < 2+ da
sofork </¢-—2,
da
50101 = G +1] > 06 2 5= T l@jhan) = T

Therefore if ¢ > 2,

~
&)

2+ 5@
201 = 2500 | < — Z |4k 1)+1 — @) 41]
k=0 R oy
2+ ¢ 2+ ¢
= T|(lj(@_1)_1 —a1] < ly — x|. 2.7)
G
Having £ > 2 also ensures |y — x| > |a;1) — a;(0)| > dc SO
lz50) — Zje—)| = |y — 2j-)| <Y — ae—1)+1| + l@je—1)+1 — -1l
+
Sly—z|+1< ly - zf
which with (2.7) yields
-1
3+ 20¢
|Zj0e+1) = 2| < —5—ly — 2| (2.8)
G
k=0
EJP 29 (2024), paper 10. https://www.imstat.org/ejp
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On the other hand, if / = 1 then

~

-1

|5 041) — 20| = |y —
0

x>~
Il

so (2.8) still holds. This proves bounded dilation. O

3 Straightness of geodesics and and regularity of means

For ¢ > 0 and z € R?, let

1h¢(z) = the point of qu closest to x (with ties broken arbitrarily),

Fy =7 (y),y € qZ°, (3.1)

the latter being a cube (ignoring the boundary.) More generally for v € R? we define F,
to be the cube F, containing u, with some arbitrary rule for cube-boundary points.

The bound (1.4) applies to deterministic x, y; we cannot for example take z,y € V.
Instead for random z,y we can apply (1.4) to nearby points of ¢Z? for some ¢, and use
the following. It is the only place the assumption A2(iv) of bounded dilation is used.
Lemma 3.1. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There exist
constants C'sg—C)o as follows.

(i) Letr > 2 and t > Csglogr. Then

P(there exist x,y € B,(0) NV with T(z,y) > tr) < Cye” ¢4t

(ii) For all z,y € R,
ET(z,y) < Ca(ly — z| V 1).

Proof. To prove (i) we condition on V. Given z,y € B,.(0) NV, by Al(iv) there exists a
path x =z, 21, .., z,, =y in G with

Z |z —xj-1] < Cigly — x| < 2Csr-

j=1

Writing n; for n(,, ,.,), for A > 0 we have

P(T(w,y) 2 tly =l |[V) < P Y lay — 2y alny = tly - al |V

j=1
< eyl H C(/\\xj _ xj71|)
=1
< e Myv=rle(CrgAly — ), (3.2)
so using A2(ii) it follows that for some c;,
P(T(w) > tly — | ﬂV) < e Int/Cs) < gemert (3.3)

where 1, () = sup., (vt —log (7)) is the large-deviations rate function of the variables 7..
From this, using A1(v),

P(there exist z,y € B,(0) NV with T'(x,y) > tr) < Z P(|B-(0) N V| =n) (Z) cre~t/?

n=2
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< ¢1E|B,(0) N V|2e1t/2
S 02T46762t/2
< cpe, (3.4)
proving (i).
To prove (ii) we apply (3.3) to ¢(x) and ¢(y), and use the fact that |p(z) — z| < 1 for
all z. O
Building on Lemma 3.1 we obtain the following.

Lemma 3.2. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There exist
constants Cy3-Cy5 as follows. For all v > 2,u,v € R? and t > 0 with o(|Ju — v|) > r and
to(Ju — v]) > Cygrlogr,

P(there existz € B,(u) NV,y € B,(v) NV with [T(z,y) — ET(u,v)| > to(ju — v|))

< Cyqe” 950t (3.5)

Proof. Using Lemma 3.1(i) and (1.4) we have

P(there exist x € B,.(u) NV,y € B.(v) NV with |T(x,y) — ET (u,v)| > to(ju — v|))

< P(there exists z € B, (u) NV with T(z, u) > to(ju — v)) /3)
n P(there exists y € B,(v) NV with T(y, v) > to(|ju — v|) /3)

+P(T(w,0) ~ BP0, )] 2 tollu — ol)/3)
< 20406_041“7(\“—1)\)/37" + 0246—Cz5t/3

< cpe~t, (3.6)

We write
Ty =y —y inlyy

to denote that the vertices y; € V appear in the order yq, ...,y in traversing I';, from x
to y. For a preceding b in I';, we write I';, [a, b] for the segment of I';,, from a to b. (Here
we do not require a,b € V.) For v in a geodesic I';,, and 0 < s < |v — z|, let u be the first
vertex in I';,, NV before v satisfying Iy, C Bs(v). We then call T',, the trailing s-segment
of v in I';,. Note that by (2.1), s > |u — v| > s — 2. Define the hyperplanes, slabs, and
halfspaces

H, = {(z1,2*) € R : ; = s}, Hi g = {(z1,27) € R :r <z < s},
HY = {(o1,2%) € R 1y > 5}, Hy = {(z1,27) € R 2y < 5).

We turn next to a weaker version of Theorem 1.5 similar to (1.8); we will need it
on the way to the proof of Theorem 1.5. The proof of (1.8) in [1] does not carry over
immediately to the present situation, as it uses translation invariance of the lattice. But
we can use radial symmetry here to give a distinctly shorter proof than that of (1.8)
in [1].

Recall h(r) — pr is nonnegative by subadditivity of h. For technical convenience we
assume (5 > 4 in A1(ii).

Proposition 3.3. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There
exists Cyg such that for all r > 2,

ur < h(r) < pr+ Cyeo(r) logr. (3.7)
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Proof. 1t is sufficient to prove the bound for all sufficiently large r, so we will tacitly
assume r is large, as needed.

We consider the geodesic I'y ¢, for a fixed large n. Let § be as in Al(iii). For
0 <j<n—1letw; be the first vertex v in I'g yre, NV with the property that the trailing
(r — 28)-segment of v in Iy ,,,, is contained in H;; and let u; be the starting point of
this trailing segment. From (2.1) it is easy to see that we must have jr < (u;); < jr+ 2.
It follows that T'g nre, (15, v;] C Br_2s(vj) N H;; NH(\ 1),_2p40 We denote this last region
by IW,,. Note that any two sets W, are separated by distance at least 23 — 2.

We need to control the entropy of the collection of pairs {(u;,v;) : 0 < j < n}. To do
this, we enlarge this collection in such a way that we can put a natural tree structure on
it. To that end, let v,, be the first vertex in I'g ,,,e, NV, if one exists, which is at distance
at least r from Up<;j<,W,,. Then let u,, € V be such that I'g e, [tn,v,] is the trailing
(r — 28)-segment of v,, in g ,,re,, and let W, = B,_25(v,), which contains gy, [tn, Un].
We repeat this to obtain (u,1,v,41),-.., (unx,vN), stopping when no vy exists. Note
this preserves the property of separation by distance at least 23 — 2. Also, each new v; is
within distance 2r — 25 + 2 of some already-existing v;.

We define the discrete approximations ; = v, , ;(u;), 0; = ¥, ,,/3(v;), and then let

IiY _ Br,25+1(’f)‘7‘) n H;;_l n H(;+1)7”*23+3 if 0 < 7 <n,
/ BT_Q,BJ,_l(’lA/j) ifn S j S N.
which contains WUJ. ; the sets Wj, 0 < j < N are separated from each other by distance
at least 25 — 6. We call {(4;,9;) : 0 < j < n} primary pairs, and {(4;,0;) :n < j < N}
secondary pairs. Since r — 25 > |u; — v;| > r — 23 — 2, we have

r>r—204+2> |4 — 9| >r—26—-4>r—30. (3.8)

We now make a graph with vertices {(4;,9,) : 0 < j < N} by placing an edge between
the ith and jth pairs if [0; — 0;| < 4r. The construction ensures that the resulting graph is
connected, and it is easy to see that the disjointness of the sets Wj means the number of
neighbors of any pair is bounded by some ¢y. We label (ug,vg) as the root, and by some
arbitrary algorithm, we take a spanning tree of the graph, which we denote 7 (I'g e, )-
For counting purposes, we view two such trees as the same if they have the same pairs
{(@j,9;) : 0 < j < N}, and the same set of primary pairs. We define parents and offspring
in this rooted tree in the usual way: for a given pair (4;, ?;), its parent is the first pair
after (u;,?;) in the unique path from (u;, 9;) to the root, and its offspring are those pairs
having (u,,?,) as parent.

The tree T (g nre,) determines what we will call an abstract tree, in which all that
is specified is the number of offspring of the root, then the number of offspring of
each of these offspring, etc. The number of possible abstract trees here with N + 1
vertices is at most ¢}, and, provided r is large, for each such abstract tree the number
of corresponding actual trees T (I'g nre, ) is at most ((87)%)2V*2, so the number of trees
T (Do nre, ) consisting of N + 1 pairs is at most (¢;7)2¢(NV+1).

We now consider all possible trees 7, with vertices {(&;,?;) : 0 < j < N}, and with
{(@;,v;) : 0 < j < n} primary. Let v(7;) denote the number of vertices in the tree 7,. We
have

P(T(O,nrel) < n(ur+ 1)) = Z Z P<T(0,m“€1) <n(pr +1), T(Co.nre,) = 76)
N2>n To:v(To)=N

< 2d(N+1) P(T(0 < 1), T (Comre,) = T
< 3 (@O | P(TO.rer) < nior 1), T (Cosre) = 70)

(3.9)
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We proceed by contradiction: we want to show that for some Cyg, if h(r) > pr +
Cyso(r)logr then the right side of (3.9) approaches 0 as n — oo, which means that
limsup,, (0, nre1)/n > ur + 1 a.s., contradicting the definition of p.
Thus suppose
h(r) > pr 4+ 2Cyg0(r) logr, (3.10)

with Cy to be specified, and fix 7y with vertices {(4;,0;) : 0 < j < N} with N > n. For
u,v € VNW;let
Ty, (u,v) = inf{T(T) : T is a path from u to v in G, T C W;},
taking the value co when there is no such path. TWJ- (u,v) is determined by the configura-
tion in
W} ={ueR?:d(u,W;) <1}.

There must exist u;, v; € W; NV satisfying |u; — ;| < 1,|v; — ;] <1, Lujw; Clonre N,
and

N
> Ty, (ug,v5) < T(0,nrer).
7=0

It follows that, letting
Ti = inf{ij (uj,vj) TUG, V5 € Vv, |’U,j — ﬁ’]l <1, |’le — ﬁj| < 1},
the Tj’s are independent (since the sets le are separated from each other by distance

more than 25 — 8 > () and satisfy

N
> Ty < T(0,nreq). (3.11)
§=0

Each Tj is stochastically larger than
Ty = mf{T (u;,v5) : uj,v; € V, |u; — a5 < 1, Jv; — 0] <1}

From (1.11) and (3.8) we have for some ¢, that o(|4;—0;|) < cpo(r). From (3.8), (3.10),
and subadditivity we also have

ET(i;,05) 2 h(r)=h(r—|i;—0;]) = h(r)—cs > pr+2C460(r)logr—cs > pr+Cyeo(r)logr.
Hence from Lemma 3.2 we obtain that provided r is large, forall ¢t > 1,
P(Tj < pur + Cygo(r) logr — ta(r)) < P(Tj < ET(u;,0;) — to(r))
< P(Tj < ET(iy,8) — ¢ 'to(|i; — @j|))
< Cpye™wt/e, (3.12)

By increasing Cy4 we may make this valid for all ¢ > 0. We then have for A = Cy5/2c¢o0(r)
and M = pr + Cyo(r)logr,

Ee T < Ee

o0
:/ P(T; < z)\e ™ dx
0

M/a(r)
= MM / P(T; < M — to(r)) Ao (r)e ™ at

— 00
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0

0 M/o(r)
<e MM [/ Ao (r)er (Mt gt +/ Cuae= G5t/ \g(r)er (M dt

< (14 Cug)e M. (3.13)
Recalling (3.9) and (3.11) we then have

N
P(T(O,nrel) <n(pr+1),TTonre,) = 76) <P ZTJ <n(pr+1)
=0

S ex\(ur-‘,—l)n(l +C44)N+le—)\]\/[(]v+1)7 (3.14)
so by (3.9), provided r (and hence A\M) and Cys (in (3.10)) are large,

P(T(O,nrel) < n(ur+ 1)) < Z (Clr)Qd(N+l)6>\(#r+1)n(1 + C«44)N+167)\JW(N+1)
N>n
< 2(clr)2d("+1)6)‘(’”+1)"(1 + C44)n+167>\M(n+1)

< e mlogr, (3.15)

As we have noted, since this approaches 0 as n — oo, it contradicts the fact that
T(0,nre;)/n — ur a.s. Thus (3.10) must be false. O

We need to use a result from [2] to the effect that “geodesics are very straight.” It is
proved there for FPP on a lattice, but the proof goes through essentially unchanged for
the present context. The heuristics are as follows: suppose the geodesic I'y ., passes
through a vertex v = (u,u*) at distance s from Iy ,., ; by symmetry we may suppose u €
H_,,. The geodesic then travels a corresponding extra distance g(u) +g(rex —u) — g(req).
If the angle between u and re; is small, this extra distance is of order |u*|?/u;, and
from (1.12), the cost of this (meaning log of the probability) is of order |u*|? /ujo(uy). If
instead the angle between u and re; is not small, the extra distance is of order |u| and
the cost is of order |u|/o(|u|). We can combine these into a single statement by saying
the cost for general u should be whichever of these two costs is smaller, at least for
u < H[O,r]-

The exact formulation of the straightness result contains extra log factors relative to
the preceding heuristic, due to the need to bound the probability for all © simultaneously.
It is as follows, using the constants C;, x; of (1.11). Define o*(s) and ®(s) by

s gX2 X2

(1) S = = - — .
(5) Coso(5)log(2 + 5)  Ca 1ot o(t) log(2 + 1)

Here factoring out a power of s on the right, and the use of the sup, ensure that ® is
strictly increasing. Note that by (1.11) we have

02_310(5) < o*(s) < o(s). (3.16)
Then define

E(u1

=(s) = (s0(s) log@+ 5))'/%,  D(u) — {mm (@ (max (], o)) 2 20

® (max (|ugl, [u*])) ifug <O.
(3.17)
Note that by (1.11) and (3.16), for large s,
1 =2(s)\> _ 1
< < . 3.18
Cas®(s) < $ > —®(s) (5:19)
EJP 29 (2024), paper 10. https://www.imstat.org/ejp
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The “min” in the definition of D is in accordance with our heuristic: from [2], we have
for large |u| that for Cos from (1.11),

® (max (|uq], |u* if |u*| > uq,
D(u) = \u(*|2 (feaals 1) _ | *| s (3.19)
E(u1)? if u*] < Cog " Tus.

Finally, define the symmetric version of D:

{D(u) ifu; <

D, (u) =
() D(re; —u) ifu; >

(3.20)

N3 NI

This makes the right half of the region {u : D,(u) < ¢} the mirror image of the left
half; this region is a “tube” (narrower near the ends) surrounding the line from 0 to re;
bounded by the shell {u : [u*| = ¢!/?Z(u;)}, augmented by a cylinder of radius ®*(c)
and length 2@ ~!(c) around each endpoint, so we will call it a tube-and-cylinders region.

We will also consider tube-and-cylinders regions around general pairs u, v in place
of 0,re;. To that end, let ©,, : R? — R? be translation by —u followed by some unitary
transformation which takes v — u to the positive horizontal axis, so that ©,,(u) =
0,04, (v) = |v — uley. (The particular choice of unitary transformation does not matter.)
Then O, ({w : D}, (w) < c}) is a tube-and-cylinders region containing IT,,.

The proof of the acceptable-random-graphs version of the straightness bound is little
changed from the lattice-FPP version in [2]; we can readily use Lemma 3.1(i) to change
the result from “point-to-point” (say, O to re;) to “ball-to-ball” (B;1(0) to Bi(re1)), with
a sup over x and y. The proof in [2] uses only A3, not the additional assumption there
essentially that x from A3 is the same as the value of lim,|_,, log(var(7'(0,z))'/2)/log |z,
and not the fact that the FPP there is on a lattice. We omit the details of the direct
adaptation.

Proposition 3.4. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There
exist constants Cy7, Cyg as follows. For all r,t > 0,

P sup sup D,(u) >t ] < Cype~ Castlogt, (3.21)
z€B1(0)NV, yeBi(re1)NV u€lyy

We next bound transverse increments of passage times from 0, that is, increments
which are (approximately) along the boundary of a ball of large radius r, over distances
< A(r). The following lattice-FPP result from [2] carries over straightforwardly to the
present context with the help of Lemma 3.1(i), and again we omit details. Recalling the
cubes F), of side ¢ define

T(u,v) =min{T(y,2) :y € Fy,z € F,}, u,v € R

Proposition 3.5. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There
exist constants C,9-Cs4 as follows. For all u,v € qZ% with

lul = Cag, |g(u) —g(v)| < Cs0, and 3 < |u—v| < Cs1A(Jul), (3.22)
and all A > Cs3, we have

P(T(v, 0) — T'(u,0) > Ao (A~ (Ju — v])) log |u — v|) < CygeCoarloglu=vl - (323)

We next prove a seemingly obvious fact: h(r) = ET(0,re;) is approximately increasing
inr.
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Lemma 3.6. Suppose G = (V,E) and {7, e € E} satisfy A1, A2, and A3. Given (0 < e < 1
there exist constants Cs5, Csg as follows.
(i) Letq> (1+x)/(1 — x). Let r, s > 0 satisfying min(r, s) > Csse 9. Then

h(r + ) > h(r) + (1 — e)h(s). (3.24)

Here 055 = 055((]).
(ii) For all r, s > 0,
h(r+s) > h(r) + (1 — e)h(s) — Cse. (3.25)

Remark 3.7. We only need Lemma 3.6(ii); we include (i) because it is the main step in
proving (ii) and may be useful elsewhere. Part (i) can be reformulated as follows: given
~v > x/& there exist Cs7(7), Css(7) such that

h(r+s) > h(r) + h(s) — Cs7s” forallr > s > Css.
Also, from Proposition 3.3 we have for some Csg
h(r 4+ 8) > u(r +s) > h(r) + h(s) — 2Cy60(r)logr forallr > s> 2,
but when s < o(r) log r this does not yield (3.24).

Proof of Lemma 3.6. We prove (i), then obtain (ii) as a straightforward consequence. The
idea is to show that I'y (,4 )., must with high probability approach (r+s)e; approximately
horizontally, which forces T'(0, (r + s)e;) — T'(0, re1) to be near h(s) with high probability;
a non-horizontal approach would force the sup in (3.21) to be large.

Suppose (3.24) holds under the added condition s < r/4. Then for s > r/4 we can take
n with s/n < r/4 < s/(n — 1) and see that the hypotheses are satisfied with s/n in place
of s. (This may require increasing Cs5, but without dependence on n.) Applying (3.24) n
times then yields
s

h(r+s):h(r+nf> Zh(r)Jrn(lfe)h(

: ) > h(r) + (1 — e)h(s).

n
Therefore it is sufficient to prove the lemma for s < r/4. It is also sufficient to consider
0 < € < ¢ for any fixed ey = €y(gq) > 0.

With ¢q to be specified, define

m = inf u>0:o'(u)logu>ﬂ /\f, t = ed(m)/?, (3.26)
16¢q 2

51:{wERd:r—i—s—mgwl§T+s—m+2,DT+S(w)§t},

ng{wERd:r+s—m§w1§T+s—m—|—2,|w*\§em}.

Note that provided Cs5 (and hence s and m) is large, which we henceforth tacitly assume,
and provided ¢, is small, we have ®~!(t) < m/2 and m > 2s. Suppose w € S;. We have
|wy — (r+5s)] > m—2> & 1(t) (meaning w lies to the left of the cylinder around (7 + s)e;
in the tube-and-cylinders region {u : D, (u) < ¢}) and so by (3.18),

lw*| _ tY/2Z(m) t
— < <
m —  m  — ®(m)l/2

=c. (3.27)

Thus S; C Se. We let w0 = (r + s — m,w*), so |w — w| < 2 for w € Sy. See Figure 1. Then
for such w, recalling m > 2s, we have

. . N N sm
b= (r+s)er|—[d—rei| = (m®+[w* )2 = ((m—s)*+[w*|*)!/? >

2
2 s oy = 17
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Figure 1: Diagram for the proof of Lemma 3.6. S is shaded.

so assuming Cj5 is large and ¢ is small,
lw— (r+s)er| — |Jw—rer| > (1 —€e*)s—2> (1 - i) s. (3.28)

Also forw € S, m/2 <m—s<m-—2 < |w—rej| < 2m and hence by (1.11), o(Jw—re;|) <
3Ca30(m — 2). It follows that provided we choose ¢y large enough in (3.26),

Cue0(Jw — re1])log |w — re| < 4C3Cs60(m — 2)log(m —2) < I%MS'

With (3.28) and Proposition 3.3, this yields that provided Cj5s is large,

W(|w=(r + s)er]) = h(|w — rei])
(

> plw — (r+ s)er| — plw — re1| — Cygo(Jw — req]) log |w — re;g
€
> _ =
= (1 3)”5
€
> - = . .
> (1 2) h(s) (3.29)

We need a lower bound for ¢. Since ¢ > ¢ = (1+x)/(1 —x), we can choose b > 0 small
enough so (¢ — 1)(1 — b)2 > (1 +b)(g — 1). Provided Css is large enough (in the lemma
statement, and depending on b, q), since s > Cs5¢~? we have

m > (65)(17b)/x’ ®(m) > m=00=x) ¢ = €¢(m)1/2 > clelf(lfb)2(q71)(1fx)/2x > cre?.
(3.30)
Observe that for every vertex w € Iy (4 4)e, NV we have

T(0, (r+s)e1)—T(0,7re1) = T(0,w)+T(w, (r+s)e;)=T(0,re1) > T(w, (r+s)e1)—T(w,rey).
(3.31)
Let
T = min{T (w, (r + s)ey) — T(w,re1) :w € Sa NV}

and let W be the first vertex in I'y (,4.5), NV satisfyingr +s —m < W) <r+s—m+ 2.
If W € S, then by (3.31) and subadditivity we have

T(0,(r+ s)er) —T(0,re1) > T7, |T(0, (r+ s)er) — T(0,re1)| < T(rey, (r + s)er),
|T*| < T(req, (r+ s)er).

Hence
h(r+s) — h(r) = E[T(0, (r + s)e1) — T(0,7e1)]
> E(T" ywes,y) — E(T(req, (r + s)e1)liwes,y)
> BE(T") = 2E(T(req, (r + s)e1)l{wes,y)- (3.32)
EJP 29 (2024), paper 10. https://www.imstat.org/ejp
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It follows from (1.4) that for some ¢y
E(T(re1, (r + s)e1)?)/? < ¢ys.
Assuming ¢q is small, by Proposition 3.4 and (3.30) we have
2
P(W ¢ S5) < P(W ¢ S1) < Cyre@astlost < Cyre " < (;:) . (3.33)
Combining these yields
E(T(rey, (r +s)er)liwes,y) < E(T(re1, (r + s)e1))Y2P(W ¢ S5)Y?% < % (3.34)
To use (3.32) we also need a lower bound for E(T*). For y > 0, using (3.29),
P (T* < (1 — %) h(s) — 2yo(m)log m)
< P(for some w € So NV, T(w,(r+ s)e;) — T(w,rey) <
h(Jw — (r + s)e1|) — h(Jw — re1|) — 2yo(m) logm)
< P<for some w € So NV, T(w, (r+s)er) — h(|lw — (r + s)er|) < —yo(m) logm)
+ P(for some w € So NV, T(w,re;) — h(Jw —req|) > yo(m) 10gm>. (3.35)

We consider the first probability on the right in (3.35); the second probability is similar.
For w € S5 we have using (3.27) that

m—2§\w—(r—i—zs)eﬂg(1—i—62)m7

and then from (1.11),

o(m) . On
o(lw—(r+s)e]) = 2

From these and Lemma 3.2 (see Cy; there) we obtain that if ¢y is large enough, then for
Yy 2 Co,
P(for some w € So NV, T(w, (r + s)er) — h(Jlw — (r + s)e1|) < —yo(m) logm)

< Z P(for some w € Bi(w) NV,

WESyNd—1/274
T(w, (r+ s)ex) — h(|® — (r + s)ex|) < h(lw — @) — yo(m) logm>
< Z P(for some w € Bi(w) NV,

WESNd—1/274

T(w, (r+ s)er) = bl = (r + s)ea) < ~Za(m) logm>

Cy5C
< eym@Lexp <_45422y log m)

S 6765ylogm. (336)

N =
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The same bound holds for the second probability on the right in (3.35). With (3.35) and
the definition of m in (3.26) this shows that

ET* > (1 - %) h(s) — 4coo(m) logm > (1 - T) h(s).

Combining this with (3.32) and (3.34) yields (3.24).

We now prove (ii). From (i), there exists cg such that h(r + s) > h(r) + (1 — €)h(s)
whenever r, s > ¢4; there then exists ¢; such that h(s) < ¢; whenever 0 < s < ¢5. We
therefore have

h(r) 4+ (1 —€e)h(s) ifr,s >cg
h(r+s) > h(r) —h(s) > h(r) + (1 —e)h(s) —2c; if s < cg
0>h(r)+ (1 —eh(s) —2c; ifr <cg
which proves (3.25). O

4 Proof of Theorem 1.3—downward deviations
4.1 Proof sketch for (1.14)

The proof operates by making and comparing coarse-grain (CG) approximations on
multiple scales. Given a geodesic I';,, which we take here to be approximately in the
e direction, we form a collection #H,, of hyperplanes perpendicular to e;, between z
and y, and we make a CG approximation in each hyperplane near the point where I,
crosses it. The nature of H,, is illustrated in Figure 3—there are a small number of
black hyperplanes there, called “jth scale hyperplanes” and spaced apart by a multiple
of 77 for some j, where § (small) is a parameter we choose. Then there are medium-gray
hyperplanes sandwiching the black ones; these are spaced apart by a multiple of §7 1.
Finally there are light gray hyperplanes sandwiching the medium-gray ones, spaced
apart by a multiple of 67127, There are additional hyperplanes in ‘Hy, not shown, called
joining hyperplanes. There are also in general many more length scales j, < j < j; and
corresponding sets of hyperplanes in #,,, beyond the three scales shown.

To coarse-grain on the jth scale, we approximate hyperplane-crossing points of I',
to within a multiple of 57A(r) (“jth-scale approximation”), where j3 is another small
parameter. Initially, the CG is on the j;th (finest) scale in all hyperplanes. Our initial
goal—which occupies most of the proof—is to create a modified CG approximation
ngG :u® — --+ — u" using a small subset of H,,, containing just two hyperplanes for
each scale j, without overly disrupting the probability (1.14) that we wish to bound. By
this notation for I'CY we mean that T(I'() is defined to be Y7, T(u*~!, uf). Such a
modified appromation I‘fyG is illustrated by the path with vertices v’ in Figure 3—as
we move from the endpoints u°,«” towards the center of the path, the approximation
becomes coarser, being (j + 2)th-scale in the gray hyperplanes at u*, u®, then (j + 1)th-
scale in the medium-gray hyperplanes at «?, ©®, and so on. To obtain the modified CG
approximation we iterate a process of coarsening to a jth-scale approximation and then
deleting unwanted (j + 1)th-scale hyperplanes, one iteration each for j = j1,j1 —1,. .., jo.
Each iteration (except the initial j = j; — 1, which has no deletions) has its two stages
illustrated in Figure 6. In the first stage of coarsening, called “shifting to the grid,” in
each hyperplane not being deleted, we shift the point from a jth-scale approximation
to (j — 1)th-scale; in Figure 6 this changes the black CG path to the dashed one, in
the section of path shown. In the second “point-deletion” stage, we remove the CG
approximation points in all hyperplanes to be deleted; in Figure 6 this changes the CG
path to the gray one.
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Of course we need to analyze how the passage time of the path changes through the
various iterations and stages; the very purpose of the iterative process is to have tight
control over these changes, which would be not be possible if we jumped directly from
original to fully CG path. We want to move from the need to bound

P(T(m,y) — (|(y — 2)1]) < —to(r) for some z,y € G,(K)), 4.1)

as in (1.14), to just the need to bound something like
1
P (T (TSEE) = h((y —2)1) < —5to(r) + FIES) for some (z, y)) , (4.2)

where the f(I'$S) (not too large) is there to allow the bound to depend on I'CY. Let us
illustrate how the point-removal stage of an iteration moves toward this goal, with a
simplified example. For simplicity here we approximate h(p, q) by u|q — p| for various p, q.
Consider just a single path T'L, : w = v — v! — v? — 03 = 2, with w; < z;; it should
be emphasized that our actual computations are done uniformly over (z,y) as in (4.1).
Suppose that the probability we want to bound is P(T(T'},) < h((z — w)1) — to(r) — a)
for some a (so (4.1) has a = 0, but this changes as iterations occur.) We define an
“intermediate path” in which (in some cases) only some of the scheduled points get
deleted; suppose this is T : 00 — v? — 3. Let

3

Un(Th2) = D A’ =o'

=1

and analogously for Uy, ('), Let ¢,é > 0 and define

B = Uh(rwluz) - Uh(rglzt) - 367 b=20 (Uh(Fi)z) - h(|Z - U)|)) - 307

and similarly for Uy, (T'""!). Then (b + 3¢)/d represents the extra h-length in T}, versus a
single-step path w to z. This extra length is related to what we call the bowedness of the
path. We always choose the intermediate path so that at least § fraction of this extra
length is present when we compare I'} | to I'"! instead of to the single-step path, that is,

- z
we choose so that b > b; we call this deterministic tracking. We then have

P(T(T},.) = h((z = wh) < ~to(r) — a)
< P(T(Ti) = hl|(z = wh]) < ~to(r) = a = b) + P(T(TL,) ~ T(Tit) < b)
< P(T(w,2) = h{|(z = wh]) < ~to(r) —a ~b)
+ P(T(T},.) = T(T) < Un(T.) — Un(Ti) — 3c)
< P(T(w,2) = h(|(z = wh]) < ~ta(r) —a—b)
+ P(\T(uo,ul) — h(u' —u®|) > cor |T(u,u?) — h(|u® —u']) > ¢
or |[T(u°,u?) — h(ju? — u°|) > c)
=(I)+ (II). (4.3)

It should be noted that the use of the intermediate path means that the link 2 — ?
does not appear in (II), since it is common to both T'. _and I'i"*!. This is useful in a case

where u? — «? is much longer than the three links appearing in (II); excluding w? — u
therefore allows for a much smaller value of ¢ necessary to make (II) small. We refer to ¢
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as an allocation; it is like a “tax” subtracted from ¢ (U(I',.) — h(|z — w|)) in defining b,
and allocated to one of the links v’ — u*, so that (II) can be small.

We refer to the event on the fourth line of (4.3) as a tracking failure; it says that
when we remove a point from I'} _ to create I''’!, the reduction in passage time T(-) is
significantly less than the reduction in h-length Uy, (-). Provided we can make the tracking
failure probability (II) small while keeping ¢ small enough, b will be positive and we
have then achieved an improvement from the left side of (4.3) to (I) in the sense that we
have replaced —to(r) — a with —to(r) — a — b. As we go through the iterations, starting
from (4.1), these improvements accumulate and we obtain something like (see (4.166))

P(T(2,y) — h(|(y — 2)1]) < —to(r) for some z,y € G,(K))

< P(T (TSE) = h((y — a)1) < —%ta(r) - 6u(UEuc(F§£)) - UEuc(nyG))

+ (sum of allocations) for some z, y)
+ (sum of probabilities of tracking failures), (4.4)

where F%l) denotes the initial finely-coarse-grained path. The sum of allocations here
contains a term which we split:

0p(UpueTE)) = |y = 2)1l) = 61 (Upue(CE)) = Upue(T5y")) + 51 (Upue(T5y7) — 1y — 2)1l),
with the first term on the right representing the decrease in path length due to iterations
and the second representing the remaining excess path length in the CG path, after
the iterations are complete. The first of these is cancelled by the similar term on the
right in (4.4), which came from the accumulated improvements, and the problem can
then be reduced (see (4.173)) to bounding a probability purely involving the final CG
approximation:

1
P(T(060) = 0S8 <~ 510 5 (Uan(69) ~ [ty = ) for some .y € Gy () ).
4.5)

If we compare (4.5) to (4.1), we see that besides replacing the geodesic with its course-
grained approximation, we have improved the right side of the inequality to a factor
proportional to the excess length in the CG path. This improvement makes it possible to
sum where needed over all possible CG paths. A key tool in the bounding of (4.5), as
well as the various tracking failure probabilities, is Lemma 4.6, which says that with
high probability, there are no CG links (u,v) anywhere in G, for which 7'(u,v) deviates
from its mean by more than a specified allocation, which shrinks as the coarse-graining
scale becomes finer.

Most of the preceding is oversimplified from what we actually do; we give further
proof-outlining information in Remarks 4.4 and 4.8.

4.2 Step 0. Preliminaries and easy cases

As we have noted, it is sufficient to prove (1.14), thanks to (1.15) and Lemma 3.3. We
use a multiscale argument which is related to chaining. First we dispense with simpler
cases that only require Lemma 3.2 and Proposition 3.4; these allow us to take |y — z| at
least of order 7/(log)"/X*. The first such case is pairs z,y which are close together. For
technical convenience later, we prove the following also for geodesics with endpoints in
the set G;f, satisfying G, D G..(K) for K fixed and r large, given by

G = [—Cgo(logr)2/(l_’<),r + Ceo(log r)2/(1_X)] x CeoA(r)(log7)By—1, (4.6)

with Cgg to be specified.
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Lemma 4.1. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There exist
constants Cg—Cg4 such that forallr > 2, K > 1, and t > Cg1 K2,

C
P (T(m,y) < ET(z,y) — to(r) for some z,y € G,.(K) UG, with |y — x| < (logi§f/><1>

< Cyge~Coatloer, (4.7)

Proof. We may assume ¢ is large. We first discretize: by Lemma 3.1(ii), for € By(%),y €
Bi(9), we have |ET (z,y) — ET(&,9)| < 2Cy42 < to(r)/2, so for ¢y > 0,

pP <T(x,y) < ET(z,y) — to(r) for some z,y € G with |y — z| < COT)

(log r)1/x1
. to(r) . .
< Z P(T(z,y) < ET(Z,9) — 5 for some = € By(%),y € B1(9) ).
&,9ed”Y2729N(G,.(K)UGH)
|2—g|<2cor/(log r)*/X1
(4.8)
From (1.11),
. 2¢cor o(r) c1
< —— = > 1
e T (e N Y T
so if we take ¢y small enough then by Lemma 3.2,
to(r)

> P (T(x, y) < ET(i,9) —
#,9€d™12Z2N(G..(K)UGT)
|&—g|<cor/2(logr)'/X1

< cor(KA(r)logr)?~! max {6_045“7(’“)/2‘7(‘55_"‘}') e -9l < 007/2(10gT)1/X1}

< 6—6‘451‘/10gr7 (4.9)

5 for some x € By(%),y € Bl(?)))

which with (4.8) proves (4.7). O
Lemma 4.1 means we need only consider z,y € G,.(K) satisfying

062’/‘

ly — x| >
Writing o, for the angle between nonzero vectors u, v € R, this means that for large r,

1/x1
Ar)(logn)!™ 1y, (4.11)

Oy—z.e1 <Bri=c ,

A second simple case is small r. For fixed rg and 1 < r < rg, from Lemma 3.1 for all
x,y € G, wehave ET(z,y) < ¢ir, so fort > corg we have ET(z,y)—to(r) < cyr—to(r) <0,
and hence the probability in (1.14) is 0. Therefore there exist Csg, C3p such that (1.14) is
valid forall 1 <r <rgandt¢ > 0.

A third simple case is ¢t > c¢3log(Kr), with c3 large enough. As in (4.8) and (4.9), for
Cy5 from Lemma 3.2 we then have

P(T(x,y) < ET(z,y) — to(r) for some z,y € GT(K)>

< eyr(KA(r))4 ! mgx(K)6‘045“’(7')/2‘7(‘“‘”‘)
u,veG,

< eyr(KA(r)) et
< cge 2, (4.12)
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It follows that, for Cys from Theorem 1.3, we need only consider Cog K 2<t<es log(Kr),
and therefore also K < c7(logr)'/2, which means G, (2K) C G;.

A fourth simple case is pairs z, y for which I';, goes well outside G,.(K), when r is
large and ¢t < ¢3log(Kr). For that we have the following.

Lemma 4.2. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. Then given
C > 0 there exist constants C; = C;(C) such that for ¢; as above, for all r > Cgs, K <
cr(logr)'/? we have

P(l"my ¢ G;f for some z,y € G, (K) satisfying (4.10)) < Cgge~Coolloglogr)logr (4 13)

For cases of Theorem 1.3 not covered by the first three simple cases, since r > rq
and (as noted above) Cys K2 < t < c3log Kr, provided we take 7y and Cyg large enough,
the exponent in (4.13) is greater than ¢, so (4.13) is in keeping with (1.14).

Proof of Lemma 4.2. Note the assumptions guarantee G,.(K) C G;. Let &, € d~*/?Zn
G,(K) with &1 < §;, and let z,y € G, satisfy (4.10), with |z — &| < 1, |y — §| < 1. Recall
the transformation ©;; which takes Ilz; to Iy |j_z(c,. Suppose w € I';3\G; and let
W = Oz5w; we may take w with d(w, G;) < 2. We claim that, for D, from (3.20), we have
D,.(w) > Cgg logr, with Cgy from the definition of G;". We consider several cases.

Case 1. —Cgo(logr)?/1 %) < wy <7+ Cgo(logr)?/(1=2), that is, w is to the side of G;f.
See Figure 2. From symmetry we may assume —Cjgo(logr)%/(1=%) < w; < r/2. Note that
in the definition (3.17) of D(u), the case u; > 0 is the relevant one here if and only if
Wy € [0,]g — Z|]. We have

d(w, 1y |g—z)e,) = d(w, Igg) > d(w, G (K)) > %A(T) log r, |w*| > CeoA(r)logr,

(4.14)
and w; € [0,|g — 2|]] = d(w, o |5-3/e,) = [@*], sO
A ~ %12 AW Tp 1 s 2 2 2 2 2
iy € {0’ ] . xq — :|w | . (i‘)vl OA,\y f|612) > CGOALL(;) (1208?7") > %logr.
(1) = (519 —2|) 2(r) 5
Also as in (4.14),
- 1. 1 1 Cso
max(|wy], |[0*]) > —=|0]| = —=|w — %| > —=d(w,Iz5) > —A(r)logr
(1], | |)_\@|| ﬁ‘ |_ﬁ( 9) = —5 Alr)log
)
® (max (1], [w*])) > Ceo log -
Therefore under Case 1,
5 < 11— 2 D ) > Ceol 4.15
—oo < W < 5 = Djy_z(w) > Cgolog, (4.15)

and symmetrically the same holds for @, > |§ — Z|/2.

Case 2. w; < —Cgo(logr)? (=% with @; > 0, or w; > r + Cgo(logr)?/ (1% with
w1 < |§ — %|, that is, w is past the end of G, but @ is to the side of o, |5-zle,- See
Figure 2. The two ends are symmetric so we need only consider w; < —Cgg(logr)2/(1=X)
with w; > 0. Let H(;) be the hyperplane through % perpendicular to § — Z, and let w
be the orthogonal projection of w into H(;), so |@ — &| = |&*| and |w — w| = |@,|. Since
K < cz(logr)'/2, by (4.11) the angle a;_; ., is small enough that we have @, < w; < 0
and hence, for 3, from (4.11),

Cgo(logr)z/(l_X) <z —w < |[w—z|sinag_z.e, < |06y (4.16)
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gl
ca

Figure 2: Diagram for Case 1 (right) and Case 2 (left) in the proof of Lemma 4.2. On
the left, if we translate and rotate the picture so that & becomes 0 and §j — # becomes
horizontal, then w becomes w. Case 3 is like Case 2 except that w is to the left of 0.

therefore 2/ (1)
Ceo(l —X
® (max (|, |*])) > @ < ol Ogﬂr) ) > Coolog 7.
Further, similarly to (4.16), since the small angle a;_; ., ensures %11)1 = %|w —w| <
(w — w);, we have
1
511]1 < (U} —w)l < (.’f? —@)1 = |w— i‘|sinaﬁ,£,el < IIE*|5T (4.17)
and therefore using (1.11),
~ % |2 ~x[2 C ~ % 1
|| || 22|W"| S > Cyo log -

E(wi)? ~ EQ2B|w])? T B o(|w]) log(2 + [@*]) T B
This proves the right side of (4.15) under Case 2.

Case 3. w; < —Cgo(logr)? (=% with @; < 0, or w; > 7 + Cgo(logr)?/ =% with
wy > |§ — 2|, that is, w is past the end of G, and w is past the end of Iy, |g—se, - The two
ends are again symmetric so we need only consider w; < —Cg(log r)2/(1_X) with @ <0.
Then |@| = |w — 2| > &1 — w; > Cgo(logr)?/1=%) s0

| @]

D, (w) = ® (max (|w1], |@*])) > @ (2> > Cpgo log .

Thus in all cases we have D,.(w) > Cgp logr, so by Proposition 3.4,
P(me ¢ G for some z,y € G, (K) satisfying (4.10))
< Z P(Fwy ¢ G for some z,y € G,.(K) satisfying (4.10)
2,9€d~1/2ZING . (K)
with [z — & < 1, |y — 9| < 1)

< Z P sup sup Djy_z|(0z9w) > Cgo logr
#,9€d-1/2Z4nG, (K) z€B1(2)NV,ye€B1 (§)NV wElyy

< cor(KA(r))d—le—Cu(lOg log ) log r
< Clefcg(log logr) logr. 0
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In summary, having handled the four simple cases we may restrict to the following
situation (still with z,y € G,.(K)):

r>rg, K< 07(10gr)1/2, cs <t<cglogr, |y—z|> I'yy C G, (4.18)

with Cgo from Lemma 4.1.

4.3 Step 1. Setting up the coarse-graining

For purposes of coarse-graining and multiscale analysis of paths, we build grids
inside G on various scales, using small parameters )\, 4, 3 satsfying

1> A> 60 > §0tx)/2 5 5 (4.19)

in the sense that the ratio of each term to the one following must be taken sufficiently
large, in a manner to be specified. We choose these so 1/6 and 1/ are integers. There
is also a fourth parameter p > 1, and we further require

B Y 52 52X1/(1+X1)

e < par <L <l T

1, pPPA>1; (4.20
25 <1, pA>1; ( )

all of (4.20) can be satisfied by taking g small enough after choosing p, A, 4. For j > 1, a
jth-scale hyperplane is one of form Hys;,, k € Z, and the jth-scale grid in G} is

Ly =L;(r)={u€GqG 1u € 5rZ,u* € KoBIA(r)Z'},

where K € [1,2] is to be specified. Note that larger j values correspond to smaller
scales, and since 1/§ is an integer, a jth-scale hyperplane for some j is also a kth-scale
hyperplane for k£ > j. A hyperplane is maximally jth-scale if it is jth-scale but not
(j — 1)th-scale.

The jth-scale grid divides a jth-scale hyperplane into cubes which we call jth-scale
blocks. For concreteness we take these blocks to be products of left-open-right-closed
intervals. Each point u of the hyperplane then lies in a unique such block. For a point u
in a jth-scale hyperplane, the jth-scale coarse-grain approximation of  is the point V;(u)
which is the unique corner point in the block containing u. We abbreviate coarse-grain
as CG. The definition ensures that two points with the same jth-scale CG approximation
also have the same kth-scale CG approximation for all larger scales k < j.

A transverse step in the jth-scale grid is a step from some u € IL; to some v € L;
satisfying vy = uq, [v* — u*| = KoB7A(r); a longitudinal step is from u to v satisfying
v1 = u; + 677, v* = u*. Define

o Ar) e g g
glzfl(j)*ﬁjA(’r)v [2—{2(})*[%61(]),
so from (1.11),
(1+x2)j/2 (I+x2)5/2 5 (1+x1)5/2 459
[ APy il (4.21)
Ca387 Ca3 i Caa 37

Here /;(j) is chosen so that the typical transverse fluctuation A(§’r) for a geodesic
making one longitudinal step is of order ¢, (j) transverse steps.

On short enough length scales, coarse-graining is unnecessary because we can use
Proposition 3.5 and Lemma 4.1. More precisely, we will need only consider j < j; = j1(r)
where j; is the least j for which

Ji
(5;\1) > (logr)?, so ji(r) < loglogr. (4.22)

EJP 29 (2024), paper 10. https://www.imstat.org/ejp
Page 29/86


https://doi.org/10.1214/23-EJP1036
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Uniform bounds in FPP

Provided r is large, this means the spacings 6/*r and Ky37* A(r) of the j;th-scale grid
are large, and therefore we can choose q € [4, 5] so that §/1r is an integer multiple of g,
and then choose K, € [1,2] such that K37t A(r) is an integer multiple of ¢. Then (since
1/6 and 1/4 are integers) for all j < j;, the jth-scale grid in every jth-scale hyperplane
is contained in ¢Z<, which we call the basic grid.

We say an interval in R has kth-scale length if its length is between 10§**!7 and
105%7.

Given z,y € G,(K) with z; < y;, satisfying (4.18), we define a hyperplane collec-
tion H,,, which depends on the geodesic I',,, constructed inductively as follows. All
hyperplanes H, € H,, have s € [z1,y:], and we view the hyperplanes as ordered by their
indices. Let jo(x,y) be the least j such that there are at least 4 jth-scale hyperplanes
between x and y. Subject always to the constraint s € [x1, 1], at scale j, we put in H,
the j>th scale hyperplanes H, second closest to z and to y; we call these j;-terminal
hyperplanes. The gap between the j,-terminal hyperplanes is at least 672 and at most
4672~ 1y, In general, when we have chosen the jth-scale hyperplanes in H, , for some
J > j2, each gap between consecutive ones is called a jth-scale interval, and the hyper-
planes bounding it are the endpoint hyperplanes of the interval. The number of jth-scale
intervals in M., is at most |Z — ¢|/6’r < §~7. For any interval I we also call {H,: s € I}
an interval; which meaning should be clear from the context. A jth-scale interval is short
if it has jth-scale length, and long otherwise. We then add (j + 1)th-scale hyperplanes to
H.y, of 3 types.

(i) The first type consists of two hyperplanes, which are the (j+ 1)th-scale hyperplanes
second closest to = and to y, which we call (j + 1)-terminal hyperplanes. A (j + 1)-
terminal hyperplane may also be a kth-scale hyperplane on some larger scale
k < j 4+ 1, in which case we call it an incidental kth-scale hyperplane.

(ii) As a second type, for each non-incidental jth-scale hyperplane Hysi, € H,y we
put in #,, the closest (j + 1)th-scale hyperplanes on either side of Hyg;,., that is,
H (55 _ss+1)y and Hyss4.s5+1),, Which we call sandwiching hyperplanes.

(iii) The third type is (j + 1)th-scale joining hyperplanes; we place between 1 and 4
of these in each long jth-scale interval, depending on the behavior of I';, in the
interval in a manner to be specified below. Joining hyperplanes are always placed
in the “extremal 10ths” of the long interval; more precisely, if the jth-scale interval
has kth-scale length then they are placed at distance §‘r from one of the endpoints
for some k£ 4+ 1 < /¢ < j, with at most 2 such hyperplanes at either end.

We use superscripts — and + for quantities associated with left-end and right-end joining
hyperplanes, respectively. In (iii), if we add 2 joining hyperplanes at one end of the
interval, then their distances from the endpoint have form 5t f and 541y for some /; this
¢ corresponds to the scale where bowedness is maximal, in a sense we will describe
below.

We continue adding hyperplanes through all scales from j, to j;; after adding j;th-
scale hyperplanes, H,, is complete and we stop.

A terminal jth-scale interval in [z1, y1] is an interval between a terminal (j + 1)th-scale
hyperplane and the terminal jth-scale hyperplane closest to it; the length of such an
interval is necessarily between §7r/2 and 26’r, so it is short. In Figure 3, the interval
between the hyperplanes containing u? and > is a terminal jth-scale interval.

At most 6 (j + 1)th-scale hyperplanes are added inside each jth-scale interval, and
only 1 if the interval is terminal. Therefore if H,, contains n jth-scale hyperplanes, then
the number of (5 + 1)th-scale hyperplanes is at most 7(n — 1) + 5. It follows that

{H, : H, is a jth-scale hyperplane in H,,}| < 7/ — 1. (4.23)
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Figure 3: Diagram showing 3 scales of hyperplanes in H,,: jth-scale (black), (j + 1)th-
scale (medium gray), (j + 2)th-scale (light gray.) Points u’,1 < 4 < 6, are in the terminal
hyperplanes; if these are all the scales (i.e. j; = j2 + 2) then the path is an example of
a possible final CG path FnyG, or a path Q,, in Section 7. The other hyperplanes are
sandwiching ones. Joining hyperplanes are not shown.

In keeping with (iii) above, we will designate up to four random values /1,;,)1(1 ) <

py? (1) < pf?(I) < pf'(I) in I for each long jth-scale interval I = [a,b], for each j,
depending on I';,. These will satisfy

|I| €[6*r — 46%r, 6%r) — u;y’l(l) =a+ 0y, ,u;y’Q(I) = a+ §r for some k < £ < j,
P I) =b— 6", pd2(I) =b—6"r forsome k < ¢ < j.

We call the values ufél(l ) outer joining points, and ui?f([ ) inner joining points; the inner
ones will represent locations where a certain other path traversing I can be guided to
coalesce with I';,, and we call Hﬁy,e( n the (potential) joining hyperplanes of the interval
I. We say “potential” because not all are necessarily actually included in H,,; which are
included, and with what values of £, ¢, depend on rules to be described.

Recall that 94(u) denotes the closest point to u in the basic grid, and F,, = wq_l(y)7 Yy €
gZ®. We need only consider the case in which z, y each share a Voronoi cell with a basic
grid point, that is,

x=@(&), y=p()) forsome i,y c qZ% (4.24)

we readily obtain the general case from this via Lemma 3.1, since for every zg € V the
point x = ¢(¢,(zo)) satisfies (4.24) and |zy — z| < ¢V/d. Since ¢ > 2, (4.24) ensures that
Ye(x) = &,94(y) = §. For 0 < s < r and  a path in G from B;(0) to Bi(rep), for v, w
vertices in ~, write 7, ., for the segment of 7 from v to w and let u.(v) denote the entry
point of v into H}, that is, the first vertex of v in H}, necessarily next to H, (in the
sense that its Voronoi cell intersects H,.) Our aim is to approximate a general geodesic
I';y (subject to (4.18)) by a CG one via certain marked (basic) grid points which we will
designate, lying in hyperplanes H, € H,,. In the geodesic I';,, the first and last marked
grid points are & = 1,(x) and § = ¥,(y) (see (4.24)). Initially, the ones in between are
the discrete approximations v, (us(y)) of the entry points u,() corresponding to each
of the hyperplanes H, € #,,. Here since ¢ > 4 and d(us(v), Hs) < 2, we always have
e(us(y)) € Hs. Later we will remove some of these initial marked grid points, and
replace others with their jth-scale CG approximations for various j. This means not
every H, € H,, necessarily contains a marked grid point, in all our CG approximations.
When a path I' has a marked grid point in some Hg, we denote that marked grid point as
m,(T"). For all our CG approximations, the first and last marked grid points are ,(x) and
1q¢(y), and for some j the ones in between each lie in the jth-scale grid in some jth-scale
hyperplane Hy;;, € H,.y. If such a CG path has marked grid points v, w in consecutive
jth-scale hyperplanes of H,,, we say v makes a jth-scale transition from v to w. Such
a transition involves one longitudinal step and some number m,; of transverse steps in
direction 7 for each 2 < i < d, going from v to w. We say a jth-scale transition is normal
if m; € [, ¢5] for all 2 < i < d, and sidestepping otherwise. Even on the smallest scale
Jj1, every jth-scale transition with v, w € G}t is nearly in the e; direction, in that its angle
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satisfies (similarly to (4.11))

< 4060\/ d— IA(’I") IOg’/‘ < ’I“_(l_x2)/2

Qe w—v > Sity = )

(4.25)

provided r is large, with Cg from the definition of G;'.

We refer to a path v from z to y, together with its marked grid points, as a marked
path; the path alone, without the marked grid points, is called the underlying path. We
may write a marked path as 1,(z) = v — v — -+ = ™ — ™! = ¢, (y); here the v’
are grid points. The pairs (v*~!,v%) are called links of the path. If vy is the concatenation
of the geodesics I',i-1 ,i, we call it a marked piecewise-geodesic path; we abbreviate
piecewise-geodesic as PG. (Recall that when v, w ¢ G, Iy, denotes I'y(,, ,(w).) Unless
otherwise specified, when we give a marked path by writing its marked points in this
way, we assume the path is the (unique) marked PG path given by those marked points.

Recall that

T(u,v) =min{T(y,2) : y € Fy,z € F,},

with F,,, F, being cubes of side ¢ € [4,5]. Suppose we have a marked PG path

FCG m+1

¥ sl ™ ™
contained in G;. We associate four quantities to this path:
m+1 m+1

TE“C(FCG) = TEUC(UOa R 7Um+1) = Z |Ui - 'Ui_1|7 T}I,(FCG) = Z h (’Ul — 'Ui_ll) s
=1 i=1

m—+1 m—+1

Y099 =Y TE™), (I =>Y"

i=1 i=1

|(,Ui _ Ui71)*|2
(08 —vi=1)y |
Using the standard fact that for some cg < 1,

|w*|?

|w*|
whenever
2w | |wi |

< Jw| = |wy| < < c9, (4.26)

we see that provided r is large and all v’ € G, ¥(I'““) represents added length in I'““
relative to the lower bound |(v™*! — v°);], in that

m—+1
Tuc(T99) > > (v =o' )| + gm(rCG) = (™ — )| + gm(rCG). (4.27)

i=1

Informally we refer to Y g (v°, ..., o™+ — |(v™*+1 —10),| as the extra length of the path
I'°“. From (4.26), subadditivity of h, and Lemma 3.6(ii) (applied with any e < 2 — 1) we

obtain, after reducing cy if necessary,
2

|
< ¢g. 4.28
3 Tun] < ¢y ( )

9 ’LU* 2
—c10 < h(|w]) = h(Jw]) < 2]
w1

= 3w

4+ c19 whenever

In our applications of (4.28), the last condition will always be satisfied due to (4.25). In
general, provided 7 is large and all v lie in G, with (v’ — v*~!); much larger than the
width 2CgA(r) logr of G, we have from (4.28) that

m4+1

TH(TCC) = A" = 00)1) 2 3 (A (v = o) = R (0 = v 1)) |
i=1
> %‘I’(FCG) — (m+1)ecro. (4.29)
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We can now define the joining points uiﬂf([ ) in a long jth-scale interval I = [a, b] of
kth-scale length, where j, < k < j < j; — 1. We begin with . ,(1), e = 1,2, which lie in
the left part of I. We first define modified values of ¢ which will appear in Lemmas 4.5

| op

and 4.6:
L s (N I (el

We consider a marked PG path with marked points in the (j + 1)th-scale grid: let

v’ = Mo (Lay) = Vigr(ua(lay)), ofin = my(Lay) = Vigr (uo(Tay)),
and foreach k+1</<j+1let
v =gy se (Tay) = Vier (asser(Tay)), W' = Myoysin N Hyyser,

and let , oo
[v° — w]
a(l) = B

B |U€ _ wl|2

Kk(0) = o0t

(4.31)
We may view a(f)/2 as an approximation of the “extra distance at scale 6°r,” that is,
of [vf — V0| + [vfi" — vf| — [vfi" — v0|; k(£)/2 is this extra distance normalized by the
fluctuation size. For k +1 </ < j+ 1let ¢""' = Il0,e N H,, 5¢+1,, and let

B |g£+17w2+1| B |U£7wZ| .
o(f+1) = |,Ué+1 _ wtz+1‘ o |Uz+1 — we+1|’ (4.32)
see Figure 4. Then
il — gt+tp2
— = (1 -0l +1))*a(f+ 1) (4.33)

81y

so in view of (4.25), there is an “extra distance”

14

01 0412 _ 2
Y A e ()i

+1 0
") -3 51y o 3

Y puc(v®,v — Jv* =Y (L+1). (4.34)

Suppose that for some ¢ € [k + 1, j] we have
2 (j+1) <k(E+1), 26(0+1)> k(0), (4.35)

as happens if 2™k (m) is maximized at m = ¢. From (1.11), the second inequality ensures
that

5 a(6r) 1 a(6t1r) .
<20———~— < — > 7/ > X2 )
0l +1)° < 260(5”11") s and 2a(f+1) > o (3%r) a(l) > Cyy 0% a(l),  (4.36)
and the first inequality in (4.35) tells us that
{+1 j—
joeo(07r) 2 ~
all+1)>2 a(éj“r)ao +1)>Cap 5 a(j+1). (4.37)

It then follows from (4.34), (4.36), and (4.37) that the path from +° to v! is bowed in the
sense that

2\’
TEUC(UO,M“,M)|»ufv0|>022< > a(j +1). (4.38)

Motivated by this we let
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Figure 4: The left end of a long jth-scale interval in which L~ (I) = ¢. Starting from
the left, there is an endpoint hyperplane, then one of its sandwiching hyperplanes; the
rightmost two are the joining hyperplanes, containing v**! and v‘. In the bowed case,
v*1 (at distance 617 from H,) is “sufficiently far” from w**!, creating more bowedness
than exists on other length scales §°r.

. . . . +1
j if max(a(j+1),67'a(j) < @ (3) #(W)a(r),
. , 1. i+,
(1) = arg maxye (41, 26(0) — 1 if max(a(j + 1), 6 *a(j)) > ﬁ (%)J t*(v)o(r)
and arg maxe(p{1,j] 2k(0) > k+ 1,

k+1 otherwise.

(4.39)

We refer to the 3 options in (4.39) as the forward, bowed, and totally unbowed cases,
respectively. They may be interpreted as follows. In the forward case the initial steps
v? — v! — v? have little sidestepping, and we will see that this eliminates the need
to exploit bowedness; this should be viewed as the “baseline” or “most likely” case.
Otherwise we look for a scale 6, with k +1 < ¢ < J, on which I';,, is bowed as in (4.38),
by seeking a scale (the arg max) satisfying (4.35). In the bowed case such a scale exists;
see Figure 4. In the totally unbowed case there is no such scale, meaning 2'x(-) is
maximized for essentially the full length scale of the interval I. By (4.37) this forces the
extra distance a(k + 1) to be very large. We define the inner and outer joining points as

/1,;,/’2(1) =a+ 5L7(I)7"; p (1) =a+ §ET D+,

Yy

We define 1./,°(1) in a mirror image manner to y,,(/) in [a, b], going backwards from
b to a instead of forward from a to b. That is, we use the points ©° = m;_s:,.(I';,) in place
of the v*’s and ¢*(v/"") in place of t*(v°); otherwise the definition is the same, and the
analogs of (4.34), (4.36), and (4.37) are valid for the analog L (I) of L~ (I).

We now describe the rules for which of the four (j 4+ 1)th-scale joining hyperplanes
H, with s = pi¢(I), in a long jth-scale interval I, are included in #,,. We note again
that the endpoint and sandwiching hyperplanes at both ends of I are always included; in
some instances the sandwiching hyperplanes coincide with outer joining hyperplanes, so

these criteria never rule out the inclusion of such hyperplanes.

(i) If both + ends of I have the forward case, then we include the inner joining
hyperplanes in H,,; these are at distance ¢/r from the interval ends. The outer
ones coincide with the sandwiching hyperplanes at distance §7*'r from the interval
ends, so they are included as well.

(ii) If both + ends have the bowed case, then we include both the inner and outer join-
ing hyperplanes in H,,. We note that when either of L*(I) = j, the corresponding
outer joining hyperplane coincides with the sandwiching hyperplane as in (i), so it
is already in #H,, on that basis.

(iii) If both 4+ ends have the totally unbowed case, then we include only the inner joining
hyperplanes.
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(iv) If the two ends have different cases, we determine which end of the interval is
dominant according to the criterion described next. We then include the joining
hyperplane(s) only at the dominant end, 1 or 2 hyperplanes in accordance with
(i)—(iii) above. We call this the mixed case.

To determine the dominant end of a long jth-scale interval I = [a, b], necessarily having
kth-scale length for some k < j, in the mixed case, we first select those non-sandwiching
hyperplanes which are candidates for inclusion in H,,, in accordance with (i)-(iii) above.
(For example, if the path has the bowed case with L= (I) # j at the left end and the
forward case at the right, we select the inner and outer joining hyperplanes on the left,
and only the inner on the right.) For these candidate hyperplanes, along with the 4
endpoint and sandwiching hyperplanes in I, we consider the corresponding “tentative”
marked PG path (part of I';,,)) with a marked point in each of the hyperplanes: u — .=
u™ with n = 5 or 6, where u® = Vj(m(,0), (I'zy)) and u' = Vj 11 (m(,i), (Tay)),1 < i < n, are
jthand (j+1)th-scale CG approximations. The inner joining hyperplanes contain u*, u‘*1,
with ¢ = 2 or 3; we call this ¢ the central index; the gap from u’ to u‘*! is the longest in I,
at least 8%+ 1r. Let w’ be the orthogonal projection of u’ into the line I,0,.; see Figure 5.
We use the fact that the excess length £(u°, ... u") = TEu(u’,...,u") — [u® — u°| can

be approximately split into components associated with the two ends, as follows. When
the central index is ¢ we have

E,... ,u") = {TEMC(UO, cout) = wh - uo\] + {|u@rl — | — it — wﬂﬂ
+ [TEUC(UZH, cou™) = Tt - u”@ (4.40)

For the first difference on the right we have from (4.26)

T (UO u€)7|w8 7u0|>|uéiu0‘7|w8 7u0|> |u€_wﬁ_|2
Fuc yeces 1 = 1L = 35k+17- )

and similarly for the third difference in (4.40), while for the middle one, by (4.26),

¢ 14 41 IASEY
, ’ (lu” = wi [+ ™ —w 7))
=t — T —wf | < L2 e i

|UZ o wﬁ_‘z ‘ue+1 _ wi+1|2
( S T (4.41)

Ok+1p
so the middle difference in (4.40) is only a limited fraction of the whole:
3
T — | — T - wf ] < gé'(uo,...,u”). (4.42)

We designate the left end of I as dominant if the first of the 3 differences on the right
in (4.40) is larger than the third difference, and the right end in the reverse case. As
given in (iv) above, we include in H,, only the candidate joining hyperplanes from the
dominant end; the non-dominant end has its endpoint and sandwiching hyperplanes but
no joining ones.

We note that if (for illustration) the left end is dominant, then, after excluding the
right-end joining hyperplanes, we are left with the marked PG path u* — --- — u —
u"~1 — u", for which the contribution of the right end to the extra length can be

bounded: we have

|Un —Un_1| - |Un —wi_1| < TEuc(u@rlv s ’un) - Iwﬁj—l _unl < TEUC(UO’ T ue) o |’LU§_ —’U,O|
(4.43)
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Figure 5: The mixed case with the bowed case at the (dominant) left end of the interval,
and the forward case at the right end, showing the candidate hyperplanes (the 3 middle
ones) and tentative marked PG path. The central index is 3. Since the right end is not
dominant, the outer joining hyperplane there, containing v, is not included in Hy. The
full length of the interval is between 106**'r and 10§*r, and all hyperplanes lie in the
leftmost or rightmost 1/10 of the interval.

where the last inequality follows from dominance of the left end, so similarly to (4.42),

n—1 n—12
- 1
i 36;‘«5};_ | <|u"—u"TH = ut - < 55(u0, Cosubu T . (4.44)
The same bound with |u! — w} | in place of |u"~! — w"~!| holds symmetrically when the
right end is dominant.
Remark 4.3. In the bowed case at the left end of a jth-scale interval I = [a,b], with

L= (I) = ¢, define
=00 2" =T, N Hogsmr, €<m<j+1,

and symmetrically at the right end. See Figure 4; ¢‘*! there is 2‘t! here. We have
from (4.37) and (4.39)

[l — L2 o (85t
81y o(68+1r)

) G+l j+1‘2 ) U(5j+1r) \vj _ wj|2
> 2J—€w+w j—t—1 _ ‘
= max ( YART ’ o(89r) &
, § o(87tr) /AT
- 16p o(dir) \7 (W5 (r)
|,UE o wz‘z 20(547") |v€+1 _ w2+1|2
5tr = o(6tr) oty ’

and (4.45)

and as in (4.36) it follows from these that [v*™! — 27| > J]o*T! — w**!| and then that

041 2412 Jj+1 41
[vfFt — 2 |>2j_£ 1) (/\) o(6"tr)

oty - 128 \ 7 o(67r)

7 t* (o (r). (4.46)

The advantage of (4.46) is that it depends only on (v°,v*,v% v3) and not on v/, whereas
in (4.45) the points w' do depend on vfi" . What we have shown is that if there exists
o™ € G with (vf™ —40); > §% for which (4.45) holds, then (4.46) holds, not involving
v/, We further have w’/*! — 27+l = §9=f(w**! — »*+1), while by the first half of (4.36)
we have |01 — w1 <2t — 2+ and [w'*! — 2T < [t — 21, so

|Uj+1 _ Zj+1|2 |Uj+1 _ wj+1|2 ‘wjﬂ _ Zj+1|2
oIty - oIt1y ditly
_, |v3+1 - w3+1|2 N 05260 ‘wE—&-l - Z£+1|2
6J+1y I +1y
- 2_(j_l_3)0(53+17a) |vé+1 _ Zé+1|2 N 253'—@ |vé+1 _ Zé+1|2
- o(6t+1r) oty Sty
< 9-(mt-0y 0 (07 1r) T — 2P (4.47)
- o(6¢+1r) 51y ’
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Again the left and right expressions in (4.47) depend only on (v°,v7*!, v**1 v%), not
on v/i",

In (1.14) we may interpret ¢to(r) as a reduction in the time allotted to go from z to y,
relative to h(|(y — z)1|). In place of the reduction to(r) relative to h(|(y — z)1|), we can
consider a modified reduction, call it Ry, which is relative to Y (T¢%):

h(‘(y - m)lD - tJ(T) = Th(FCG) - R().
The modified reduction is larger: using (4.29) we see that

Ro > to(r) + %xy(r%‘).
We will need to (roughly speaking) allocate pieces of Ry to the various transitions made
by I'““ and certain related paths. Motivated by this, we define the jth-scale allocation
AY(v,w) of a transition v — w to be

_ * |2
A% (v, w) = N (ta(r) 4 opl@ =) ) . (4.48)

v |(w = v)1]

In (4.48) the factor 77 is used due to (4.23). For a marked PG path I'°C : % — ¢! —
... = v™*! as above, with some number m < 7/ — 1 of marks (in the jth-scale grid, in
cases of interest), we have from (4.27)

m—+1
Z A(;(vifl, v') <N [to(r) + 6pv (FCG)]

i=1

<N [ta(r) + 30 (TEW(FCG) — (v™ Tt — vo)l)} . (4.49)

Also, since j < j; = O(loglogr), all A? (v, w) are large provided r is large and ¢ > 1.
Remark 4.4. We now add some detail to the proof sketch given in Section 4.1. Each
geodesic I',,, can be viewed as a marked PG path with marks in the basic grid in each
of the hyperplanes of H,,. The goal is to gradually coarsen this approximation on
successively larger length scales until we obtain a final path F(;UC The number of
possible final paths (outside of a collection of “bad” paths having negligible probability)
is small enough so that a version of (1.14) can be proved for final paths.

To perform the coarsening we iterate a two-stage process, with the exception that
the first iteration has only one stage. The first iteration is on the j;th scale, the second
on the larger (j; — 1)th scale, and so on. For the j;th-scale iteration, we perform a set
of operations on the original marked PG path (essentially I',,) called shifting to the
jith-scale grid, replacing each marked grid point (located in the basic grid) in each
hyperplane in H,, with a nearby point in the j,th-scale grid. Each further iteration has
two stages. For the (j; — 1)th scale (second) iteration, in the first stage we shift those
marked points lying in (j; — 1)th-scale hyperplanes in H,,, to the (j; — 1)th-scale grid. In
the second stage of the iteration, we remove from the marked PG path those marked
points not lying in (j; — 1)th-scale hyperplanes, with exceptions for points in terminal
hyperplanes. See Figure 6. In general, for the jth-scale iteration (5 < j;1), at the start
of the iteration all the marked points in non-terminal hyperplanes are (j + 1)th-scale
grid points in (j + 1)th-scale hyperplanes; in the first stage we shift the ones in jth-scale
hyperplanes to the jth-scale grid, and in the second stage we remove the ones not in
jth-scale hyperplanes, again with exceptions in terminal hyperplanes.

The difficulty is that as we alter the marked PG path, the length T g,.(-) and corre-
sponding h-sum Y, (-) = puY guc(-) change, with marked-point removals always reducing
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Figure 6: Illustration of the two stages of the jth-scale iteration. The black path is
the current one at the start of the iteration. The points u,u’,v,v’ lie in the endpoint
hyperplanes of a long jth-scale interval; the adjacent hyperplanes close on either side
of these are the sandwiching ones, and the other three are joining hyperplanes. In the
first stage, we shift to the jth-scale grid in the endpoint hyperplanes, replacing u, v in
the marked PG path with «’, v/, thus updating to the dashed path. In the second stage,
the marked points between the endpoint hyperplanes are removed, updating to the gray
path with marked points u’, v’.

these sums, and we need to ensure that, with high probability, the corresponding sum of
passage times Y (-) “tracks” these changes at least partly, to within a certain allocated
error related to the above-mentioned Agv, w). For shifting to a grid the tracking is not too
difficult to achieve, as the allowed error turns out to be larger than the change in h-sum
being tracked. But for removal of marked points the tracking requires multiple different
strategies, depending on the options in (4.39) for the marked grid point locations in the
gap between each two successive jth-scale hyperplanes in H,,. The particular tracking
needed is that, with high probability to within the allocated errors, when marked points
are removed from a gap, the decrease in total passage time Y;(-) is at least a positive
fraction § of the decrease in h-sum. The primary difficulty in achieving this is that
if the gap has a large length L, then the relevant passage time fluctuation size o(L)
may overwhelm both the reduction in h-sum and the allocated errors; here the remedy
involves the “joining hyperplanes.” We also make use of what we call intermediate paths,
which (in most cases) have total passage time and h-sum in between the values that exist
before and after the marked-point removal, and are chosen so that they are relatively
easy to compare to the pre-removal path.

In (1.14) the passage time reduction for the full path is ¢o(r), which a priori suggests
that the total of the allocated errors associated to a path should not exceed this amount.
There is no natural way to work with such a small total error yet achieve bounds uniformly
over all I';,,. However, as described in Section 4.1, the tracking enables us to increase
the total of the allocated errors by an amount proportional to the extra Euclidean length
Y guc(-) of the original marked PG path relative to the “horizontal” distance (y — )1,
which gives the second term in parentheses in the formula (4.48). With this the necessary
uniformity can be achieved, both for the tracking and for the fluctuation bounds on
passage times of final paths I'CC.

4.4 Step 2. Performing the j;th-scale (first) iteration of coarse-graining

As described in Remark 4.4, for the jith-scale iteration we perform a sequence of
operations on marked PG paths called shifting to the jth-scale grid, in the hyperplanes of
‘H.y. The jith-scale iteration is different from those that follow, in that there is no second
stage of removing marked points, and no need for the “tracking” of Remark 4.4. In
general we will refer to the marked PG path existing before a shift or removal operation
as the current (marked) path, and the modified one resulting from the operation as the
updated (marked) path. The allocations A?(-, -) of (4.48) are used only for the j;th-scale
iteration; we will define other allocations later.

For the j;th scale, every H, € H;, is a jith-scale hyperplane. Suppose H,, =
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{H;,1 <i<m}withz <s; < <8, <y1. Let 2’ =my, (Tyy) = Yg(us; (Tay)), 1 < i <
m, and define 20, p°, 2T pm Tl by 20 = p¥ = & = o (x), 2™ = p T = § =1, (y). At the
start, the current path I'J;,% is I, with marks at the grid points z':

Fgozxoﬁxl — g™
Note that I‘ﬁ;ly’o is a marked path, but not necessarily a marked PG path, since I';, need
only pass near 1,(z"), not necessarily through it. By near we mean that both wu,, (T';,)
and p(z*) lie in the same cube F,: of the basic grid.

Recall that the blocks of IL;, have side K(37* A(r). The first shift to the j;th-scale grid
happens in H;,, replacing z! with p' =V}, (z') to produce the updated marked path

J1,1 . ,.0 1 2 m+1
T e s S R ,

with the underlying path being the concatenation of geodesics I'yp, , Iy, ey (Tay) 1"us2 (Tay)y-
Next we repeat this in Hy,, replacing z? with p? = V}, (z?). We continue this way per-
forming shifts to the jith-scale grid in Hy,, ..., H,, , producing the updated path

F{LIL/"I :p0_>p1 _>'”_>pm_>pm+1’
with the underlying path now (in view of (4.24)) being the marked PG path given by
these points.
Let us analyze the effect of these shifts on T, (I'J;;"). Consider the ith shift, replacing
x* with p’. From (4.11) and basic geometry we have
T etk i i—1)* T i\ %2
|pz_pz—1|2|$z_pz—1|_cll|(p aj) H(p 'p 31|+|(p .’L‘) | ) (4.50)
(P —p~h

Consider first the “sidestepping” case: |(p’ — p'~1)*| > £2(j1)B/ A(r). Since |(p* — 2)*| <
Vd —1KyBr A(r), we have from (4.20), (4.21), and (4.50) that provided r is large, for
1< <m,

QCllKo\/d —1 |(p’ *piil)*|2

|pi 7pi71| Z |:172 7pi71| o

l5(j1) (p* —pi=h
J1 i i—1\%(2
P —~ B (0" —p )"
> o' = p Y = 2enKoVd — 1 (p5(1+x2)/2> (pt — pi=1)y
) . 1 ; ;
> i =1 AO i—1 @ . 4.51
= |$ p | 32# J1 (p P ) ( )

Now consider the “normal” case: |(p' — p*~1)*| < l2(j1)B* A(r). From (4.20), (4.21),
and (4.50) we have

i i— i i— ] B Ay
P = > |zt = p' T = 2e11 Koba (1) dil%

i i— pB n
> [zt —p T = e ((5(1—X1)/2) o(r)

S 1 _ .
>zt — pit — —— A% (pP L ph). 4.52
> [z —p'7| o DY) (4.52)
We can interchange the roles of p’ and z* and/or replace p'~' with z'*!, so it follows
from (4.51) and (4.52) that replacing x; with p;, does not change the path length much—
we have

i i— i i— 1 i—1 i i—1 i
Pl < (AT ) AL eY) @)
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and

. ) . . 1 S
"pz_xz+l|_|xz_xz+1“ (AO (pz,xH_l),—‘rAO-

< 59 (40 (, x“‘l)) (4.54)

and then also, for the h-length,
' i— —— 1 i—1 i i—1 i
hip =P ) = B = p )| < 6 (A5 0P + A () (4.55)

and

In(lp" = 2741)) = (" = 21| < = (A%, (2" + A0, (@', 0. (4.56)
We claim that
') < (1 + /\J’1> A9 (2. (4.57)
It is enough to show

i i—1\* ; i1\ 1, to(r
6 — p )P [(af — ) < Ly 20

;L Lo
i il S — )2 (4
S Y T @ e At =) (4:58)

To that end, we have from the definition of p’ that

(" = p")"]
<@ =T+ )+ -2 T S @' -2+ 2KoVd — 187 A(r),

SO

(0 = PP~ (@ — 2 ) < ARGV I A2 — 2 )| 4+ 4K (d — )% ra ().
(4.59)
From (4.20), the last term satisfies

4KE(d—1)p%ro(r) < L <M>h tro(r) <

- A jlt (r)(z" — ') (4.60)
=3 7 o(r)x x 1- .

If the 7th transition has very small sidestep, that is,

J1
|(z" — 21| < 32K¢Vd -1 <f> A(r), (4.61)

then provided r is large, since (ﬂcZ — xi_1)1 > §iry, using (4.20) the first term on the right
in (4.59) satisfies

4KoVd — 187 A(r)|(a® — 27 1)*|
< 128K3(d—1) (5;)]1 ro(r)

) 62 J1 ) . 1 A\t ) -
< 128K5(d—1) ()\5) or)(z' =2 ") < o (7) to(r)(z" —2'");.  (4.62)

If instead the ith transition has larger sidestep, meaning

J1
|(2% — 27 1)*| > 32KovVd — 1 (f) A(r), (4.63)
then the first term on the right in (4.59) satisfies
) . ) 1 . . )
4KoVd — 17 A(r)|(2" — 21| < gAh|(;zﬂ — A (4.64)
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Together, (4.59)-(4.64) prove (4.58), and thus also (4.57). This same proof shows that
. . ) . ) . 1 . 4
A9 (p 1 p"), AY (p' 1, 2"), AY (2", 2") are all within a factor of 1+ 1)\31 <3 (465

and similarly for A} («*,2z""1), A9 (p*, z*t1), A9 (p, p"*).
From (4.49), (4.53), (4.54), and (4.65) we bound the total change in length from all
shifts to the j;th-scale grid:

m+1
Tl = Vel < 5 > A0
M\ N
61
and similarly, using (4.55)-(4.56) instead of (4.53)-(4.54),

IN

[to—(r) n 36M(TEUC(F;1y””) - @)1)} (4.66)

| | A | o
TA(Tg™) = Th(C20)] < 5 [to() + 300 (Trucly™ = G- 20)| . @67
In view of (4.65), the derivation of (4.66) and (4.67) is also valid if we replace A} (p'~*, p")
with A9 (271, 2%), which gives the alternate bound
jrm 1.0y < A 0y (5 _ 4
A (T2™) = TalT%)] < 55 [to(r) + 35M(TEUC(FW’ )= (§— a;)l)} , (4.68)

and we may similarly replace m with 0 on the right in (4.66).
For basic grid points » and the cubes F;, of (3.1), define

M(u) = max{T(y,2) : y,z € Fu}.
We have

m—+1
T(z,y) > Y T a') = TH(I°) (4.69)
=1

and a form of approximate subadditivity holds: for basic grid points u, v, w,
T(u,v) < T(u,w) + T(w,v) + M(w). (4.70)
From Lemma 3.1 we have for sufficiently large s that the event
J©O(s): M(u) > slogr for some u € ¢Z? NG

satisfies
P (J(O)(S)> < c13|GFlemcrasloer < o gemcrsslogr (4.71)

Before proceeding we stress that m, p’, and 2! should always be viewed at functions of
(x,y,w). From (4.49) we have

m—+1
Y A2 (2 a2ty < A (tJ(T) + 300 [T pue(T3L0) — (5 — 2)1] ) (4.72)
i=1

Therefore using (4.66),

——

{T(@) < (@G- 2)1) — to(r)
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m—+1 . )
_ Z Agl ($1_17$2)}
C {Tf(rg;m) —h((—2)1) < = (1= 2N") to(r) + 40pX" [T puc(TI™) — (5 — &)1 }

m—+1
U{Tf(rgly’m) #(T950) > ZA zt~ } (4.73)

The key inclusion here is the second one, as it takes us from an event involving the
passage time of the original path Fg‘;y’O to an event involving the j;th-scale CG approxi-
mation '), up to the “tracking error event” given in the last line. The name is only
partly suitable here—bounding the last probability in (4.73) is related to the tracking of
Remark 4.4, in that we are ensuring that changing the path from I'J,.° to I'/;,"™ doesn’t
change Y;(-) too much, but the change in h-sum here is too small to require being
tracked.

4.5 Step 3. Bounding the tracking-error event for the j;th-scale-iteration
Consider next the tracking-error event
m—+1
JO) s T — Y4 (TIL0) Z A9 (21~

zy

from the right side of (4.73). Recalling Remark 4.4, this reflects the failure of the passage
time to track well when the path changes from Pg’go to its jith-scale CG approximation
7™, We have

T = T < 37 [(F@ 0" = T o)) + (T, 2™ = ', 2 )|

i=1

(4.74)
and therefore using (4.65),
"L i—1 i Pipi=1 i 3 i—1 i
7 U000~ T e 2 0 e |
L 3 o
U U { o) — T (2, 2 > gA?I (xﬂx”l)}. (4.75)

Let us consider any one of the events in the first union on the right in (4.75); we
prepare to apply Proposition 3.5. We assume |p’ — p*~!| > |z — p*~!| as the opposite case
is similar. Define € by

(1=op’ —p | =|a" —p
and let
P=p""+ 0= =), D =)
From (4.51) and (4.52) we have

|T)z_p1—1| — |x1_pz—1|’ |p1_ﬁ1| —_ €‘p1_pz—1‘ — |pz_pz—1|_|$1_pz—l| < @Agl(-ﬁl_l;pz)-
(4.76)

We split 7(p'~!, p') into two corresponding increments, using (4.70):

{ﬂp“,pf) ~ T ) >S4 (|
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R P L . 3 o
c {75 - e = Sl ) LU {760 + 00 = S )
(4.77)

and define the corresponding unions
24 = U205 - 100 2 8 6 |
i=1

ngb) _ U {T(ﬁi7pi) + M( ) > 17514?1( 1—1,371:)},
i=1

so that (4.77) says the first union in (4.75) is contained in J;,(;la) U Jézb). Define the set of
(x,y) corresponding to (4.18):

0627“

X7' = {(l‘,y) EVXV:%?JG GT(K),|y—J)| > Wv

(4.24) holds} ,

with Cgo from (4.18), and define the events

= U(m,y)EXTJaggl,a), Jab) — Uz,y)eX, Ja(:yb)a J1e) = {Fry Z G:r for some (z,y) € Xr}~

For configurations w ¢ J(1¢), all p*~!, p?, 2%, ' lie in G}, so the number of possible tuples
(p'~1,pt, 2%, ') arising from some (z,y) € X, is at most c14|G;F|*. Define s, by

3Mito(r)
160(s)log(2KoVd — 1871 A(r))’

so that |p! — 2f| < |p* — 2| + |p* — P'| < 2|p° — 2%| + ¢v/d — 1 < A(s). By (1.11),

A(s) = 2KoVd — 187 A(r), a=

2
228 B 282 - 5021371 and hence ZE:; = ﬁ2xljfﬁ1+><1>'
From this, (4.20), and (4.22),
A ot )
a2 cig <52X1/(1+X1)> log r > eat(logr)”. (4.78)
Now
13—61491 (p~t xt) > %g(r) = ao(s)log(2KovVd — 1871 A(r)) = ao(s)log A(s)

so forw € J4Y, using A(s) > |p* — 2| we have for some i that

T, 5)-T(0' ™", a") 2 ao(s) log A(s) = ao(slog A(s)) > ac (A7 (|5 ~a'|) log |5 ~a']).

In view of (4.76) (first equality) and (4.78) we then get from Proposition 3.5 and
Lemma 4.2 (noting the comments following it) that

P (70900 g09) < P (J0NJOO) 4 P (JO9) < ]G ['e™ O + Cose™" < 70,
(4.79)
Next, recalling (4.76), we observe that |p* — p’| < ¢v/d — 1 and provided r is large,

, , 1 4 ,
lu—v| < 37A0 (10 ) +gVd—1 = h(ju—v|) < 1*6/1?1(56“1,#)7

EJP 29 (2024), paper 10. https://www.imstat.org/ejp
Page 43/86


https://doi.org/10.1214/23-EJP1036
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Uniform bounds in FPP

so, applying this to (u,v) = (p’, '), using (4.76) and the bound on ¢ in (4.18) we have
from Lemmas 3.1 and 3.2 that

p ( Jab)\ J<1c>)

Ji
< P(for some u,v € ¢Z* NG, and A > < > to(r) we have

> A

1 J1
+ P(for some u € ¢Z% N G we have M (u) > 6 () ta(r))

o >

h(|u —v|) < 1% and T'(u,v) >

7

J1 J1
< 023\Gj‘|2exp —Cou [(/7\) to(r)] + c25| Gt | exp <—026 (/7\) ta(r))

S 0276762815. (480)

1—x2

From (4.77), (4.79), and (4.80) the first union in (4.75) combined over (z,y), together
with J(1¢), has probability bounded as

p (J(m) U Jab) J(1c)> < et | gy Cast,

and the same bound applies to the second union in (4.75), while from (4.18) and (4.71),
for large cy9 we have

P (J(O)(ng)> S 0306—63115.

Hence from (4.73) we obtain

P(T(x, y) < h((y — 2)1) — to(r) for some (z,y) € Xr)
<P (TTA(FQJ”") —h((y —z)1) < — (1 =2X") to(r) + 40p\" (TEUC(F%””) —(y— :17)1)
for some (z,y) € X,; w¢ JO U J<1C>> + cpe 033t (4.81)

This completes the jith-scale (first) iteration.

It should be noted that, due to (4.73), the terms with coefficients 2 and 4 in (4.81)
represent a reduction taken from the original bound ¢o(r) in (1.14), used to bound errors
created in the j;th-scale iteration.

4.6 Step 4. Further iterations of coarse-graining: preparation

For the (j; — 1)th-scale and later iterations of coarse-graining we use allocations
A;(F;‘;ﬂ u') associated not to a particular transition, but to the shifting of the marked
grid point u* in some (j + 1)th-scale current marked PG path I'Zy to the jth-scale grid.
Specifically, in such a shift the marked grid point ' in the (j + 1)th-scale grid is replaced
by the jth-scale CG approximation Vj(ul) and the other marked grid points are left
unchanged. Consider an initial marked PG path when an iteration of shifts to the
jth-scale grid begins:

' > ul - =™t
with n < 7771 — 1. Suppose that for some / C {1,...,n} not containing two consecutive

integers, the marked grid points (u’,i € I) are the ones shifted, one at a time, in the
iteration, updating the path from I' via a sequence of intermediate paths I'!,... T'l/I-!
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to a final I'/!I. Note that since I does not contain two consecutive integers, the shifts of
different u*’s do not “interact,” as shifting u’ only affects the path between ¢(u‘~!) and
©(u**1) and only affects u’ among the marks; we will refer to this aspect as noninteraction
of shifts. The need for such noninteraction is a primary reason we must create the final
CG path gradually over many iterations of coarsening.

Recall t*(-,-) from (4.30). The allocation we use most widely, in both stages of each
iteration, is A}(-,-) which appears in the next lemma. A%(-,-) is a variant of A}(-,-).

Lemma 4.5. Let K > 1 and 1 < j < j;. Consider a marked PG path

| R T S TR N T

in G withu®,u"*' € G,.(K),n <7 —1, allu’ € L;, and (u°); < --- < (u"*1);, and let

I c {1,...,n}, not containing two consecutive integers. Define
) 1 . 5# |( iiuifl)*|2 |(ui+17ui)*|2
ANT ) = N | =t (wf Tl el : : :
) = [ ot + 2 (WEZ L HE )

and for v, w € IL; with vi < wy, let

2 (o) = Lo [ op l(w = v)"]®
A (v,w) = 4)\ 7725 (v,w)o(r) + 9 [w=onl]" (4.82)
Then provided t/K? is sufficiently large,
S ANT,i) < %)\j [t0(r) + 0L pue (1) = (u#* — %), )] (4.83)
il
and
n+1
Z A2 ) < )J [ta( )+ (m(TEW (T) — (u"+! — uO)l))}. (4.84)

The bound (4.83) would be trivial if we used ¢ instead of t*(u'~!, u’) the definition of
A;(I‘, i). The point of Lemma 4.5 is that when the transitions affected by the shifting
start or end at points u’ which are at distance a large multiple of A(r) from G, (K),
it increases the usable value of ¢ by a multiple of (|(u‘)*|/A(r))?, manifested in the
definition of ¢*(u*~!,u’). Here by “usable” we mean “not so big that (4.83) or (4.84)
fails.”

Proof of Lemma 4.5. First note that, similarly to (4.25), every increment u"" — u® with
¢t < m is nearly horizontal; in particular the “whenever” in (4.26) applies to each
increment.

If u* ¢ G, (2K) for some k then d(u*, IT,0,n+1) > |(u*)*|/2 so we have from (4.26)

ky\*|2
|un+1_u0‘_~_ |(U3) | < |u0_uk|+|uk_un+1|
T

n+1

< Z |u2 it
i=1

o 5 —“w
< (u™ 4.85
- ( 1+ Z _ ul 1 1‘ ( )
SO L
5 kyx2 nt 5 i, i—1y%|2
AN S TN (1.36)
18r <12 |(u’ — w1
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while if u* € G,.(2K), since t/K? is large,

S| (uF)*|? < 26uK20(r) < oto(r)
187 - 9 - 37

(4.87)

so using (4.26),

n

opl(uh)* |2 _ to(r) = du | — =) 2 _ 1 10
Z 187 = 3 +Zﬁm 5[51?0( )+5M(TEuC(F)—(u —u )1)]
(4.88)

From (4.26) we also get

u'—u' )*|2 ‘(UHl - Ul)*|2 n+1 0
- < B .
Z ( uw — i1 + (it —ui)y] ) = Tpue (') — (u (!

ZEI

which with (4.88) yields (4.83). The proof of (4.84) is similar, the only (inconsequential)
difference being that when we sum the terms t*(u‘~!,u?) over all i < n, most terms
S| (uF)*|2 /18777 get counted twice, for k =i and k = i + 1, whereas each was counted at
most once when we summed over i € [ in (4.83). O

Lemma 4.6. There exist constants Crq, C71 such that, provided (4.20) holds and t is
sufficiently large, we have for all j < j;

P(‘T(U,w) — h(jw — v])| > A%(v,w) for some v,w € G} N1,

with §r < (w—wv); < 105j_17">

A\
S C70 exp <C71 (7(5X1) t) . (489)

vo = vp(r) = min{v : (Q”t)l/2 > Cgplogr},
lo = Lo(r,7) = min{¢ : 2°I; Ko7 > 2Cg0 logr}

Proof. Let

for Cgp from the definition (4.6) of G,". We decompose the pairs (v, w) appearing in (4.89)
into subclasses according to the size of |v*| and the degree of sidestepping |(w — v)*
follows. Fix 1 < j < j;. We use a variable v to index the transverse scale of the starting
point v of the increment, and ¢ to index the transverse scale of the increment w — v.
Their maximum values v, and ¢, are the largest ones compaitible with v,w € G;7. There
are only 10/9 posssible values of the longitudinal increment (w — v); in (4.89) so we do
not need to index scales for those increments. The value ¢ = 0 corresponds to transverse
increments |(w — v)*| not more than an order-p’ factor larger than the typical scale-j
transverse increment A(47r). In detail, let

R',’f = {(v7 w)e (G NTL;)2: 677 < (w —v); <1087, (27 1) YV2A(r) < [o*| < (2V1) Y2 A(r),
27Uy (KB A(r) < |(w = v)*] < 2°0a() Ko A(r) },
defined for 1 < k <y, 1 <L </{ly(r,j+ 1),
Ry = {(v,u)) €(GHNL)?: §r<(w—wv); <1087 1, (2P W) YV2A(r) < 0¥ < (2V1)Y2A(r),
(w—v)*| < Zg(j)KoﬂjA(r)}, defined for 1 < k < 1,
R = {(v,w) € (GHNL;)2: §r < (w—wv)1 < 108917, o] < t1/2A(r),
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21y () KB/ A(r) < [(w —)'] < XVEFAM ). 1< 0 Lo+ 1)
R?;) = {(uw) € (G NILy)%: 97 < (w —w); <1087, [u*| < tY2A(r),

(w—v)"] < () KB A(r) .

First, for 1 < v < 1,1 < £ < Lo(r,j + 1), and (v, w) € R¥¢, from the definition of ¢,(j) we

T,
have
Aw) 118y, ol) | op(2 () KoBAW)?
o(1067—1r) — 4 77 36 o (1067—1r) 36007~ 1rg (1005 —1r)

; 1
i v 20 25 v,l
> A {7]2 t—(SXJ +c12%p }, (v,w) € R;

and from (4.21)

d—1 (d—1)j
cr [(2U1)/2 0y 41 p o (de1)/20(d1ye 1 [ poUFX1)/2

Hence by Lemma 3.2, provided ¢ is large,

S5

v=1/¢=1

vl
‘RW’ =8

T (v,w) — h(Jw — v|)| > A?(v,w) for some (v, w) € R:j)

1+X1)/2>

< C3 (
vo ‘ 1
E (2vt)d=1)/2 E 20Dy, exp <C45)\J {7 2"t—— +c 22£p23}>

77 X
=1

(d=1)j v j
1 p5(1+X1)/2 E v\ (d—1)/2 A ! v
S 645 <ﬁ2 (2 t)( )/ eXp | —¢Cs 75X 2Vt

v=1

1 §(1+x1)/2 (d=1)j A )/
155 (pﬁz) exp —cg,(?%) t]. (4.90)

Second, for 1 < v < 1y,¢ = 0 we can drop the second term in brackets in (4.82) and the
first term ¢/3 in the definition (4.30) of t*(v, w):

A% (v, w) 1/ j(;’u o(r) Y
# > — _ 721/ -/ > 2V V7Q
o(1067=1r) = 4 <7> 36" o(100 1) ~ ¢ (75><1> Low) e R

(d-1)j

and from (4.21)

. d—1 d—1)j
<o (21)1/205(5) < oo(9Vp)(d-D)/2 1 [ pstx1)/2 (d=1)j
=5\ @ < cs(2") s\ B2 .

Hence again using Lemma 3.2, provided ¢ is large,

s

ZP<|T v, w) — h(jw —v|)| > A?(v,w) for some (v, w) € R:’]O)
(d-1)j wo j
1 (pottxi)/2 v (d—1)/2 A Y o
< sy <,82 ;(2 t) exp | —co | =5 2Yt
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1/ pstx/2y (=1 A\
<oy <P62> exp 09(75X1> t]. (4.91)

Third, forv =0,1 < ¢ < {y(r,j+ 1), using t*(v, w) > t/3 we have

Ajww) 1511t o) Su(2°2(5) Ko B/ A(r))?
o(1067—1r) = 47 |77 30(1067-1r) ' 3606/ Lro (1007 1r)

A J .
> ¢ (75)(1) t+ c112% ()\pz)J , (v,w) e R%

and from (4.21)

0,¢
’Rm-

Y

c /2 4t -1 B 1 [ ps(Hxa)/2 (d=1)j
< 5%2 (5]) (2°02(4))" " < epat!dm /22l (p) :

32
so similarly to (4.91)

Lo
S P([7(0.) ~ h(jw — o])| > 42(v,w) for some (v.w) € B2)
=1

1/ ps(xn)/2y @17 b PR .
(d-1)y2 L (PO "~ (d—1)¢ _ A 200y 2]
< ci3t 57 ( 7 > Z 2 exp [ —c14 <75X1 > t+27(\p7)

=1

1 6(1+X1)/2 (d=1)j A J
§0136j (IJBQ) exp | —ci4 (7(5X1> t]. (4.92)

Finally, for £k = ¢ = 0 we can drop the second term in brackets in (4.82) and use
t*(v,w) > t/3, and we have analogously

Aw,w) 1A\t o) 'Y
9 s (2 o S ' 0,0
o(1067~1r) ~ 4 <7> 30(1007-1r) = <75><1) o (vw) € By,

and s ;s
‘Ro,q < C16 t1/2£2(.7') < cl7t(d_1)/2i p6(1+X1)/2 J.
T = s Bi = 53 32
SO
P<|T(v, w) — h(|w — v])| > A2(v, w) for some (v, w) € RE;;))
B 1/ ps(xa) /2y @1 A )/
< ClSt(d 1)/25 (pﬁ2> exp | —Ci9 <75Xl) t
(d-1)j j
1 [ pottxi)/2 A )
< 2055 (52 oxp | —e2 | mor t]. (4.93)
Since t is large, (4.89) follows from (4.20) and (4.90)-(4.93). O

For jo < j < jyand jo < £ < j—1, a (j,¢)th-scale joining 4-path is a marked PG path
[:0% — ol = 0? —» 03 with o' € Lj11 NG,F, such that for some jth-scale hyperplane H,,,

e Hyy v € Hypsiviy, v2€ Hyiseir,, v°€ Hyysepn. (4.94)

In a jth-scale interval with left endpoint a, these four hyperplanes represent the hyper-
plane at a, a sandwiching (j+1)th-scale hyperplane, and two possible joining hyperplanes.
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The pairs (v°,v1), (v!,v?), (v?,v3) are the links of the joining 4-path. Let 2’ be the point

where II,0,s intersects the hyperplane H. containing v*. The intermediate path corre-
sponding to I' is T : 20 — 21 — 22 — 23; note these points are collinear. Figure 4
contains a (j,¢)th-scale joining 4-path v° — v/+! — v+ — ¢’ and intermediate path
0 — g7t — gf+1 — o, Recalling Remark 4.3, we say the (j, /)th-scale joining 4-path is
internally bowed if

‘1}2 —22|2 e 5 A Jj+1 0'(5“'17") _

(compare to (4.46)) and
[v! — 22 < 2—(J—e—4)0(5j+17") [v? — 222
§itlp  — o(6tttr) Sy

(4.96)

(compare to (4.47)) or equivalently

! =2\ e (122
(aem) <" (357) - .97
As an example, in Figure 4 the joining 4-path is internally bowed if vy, is sufficiently far
from ¢‘*!, and v’*! is not too far from ¢7+!, with “far” being expressed in terms of the
extra distance of a path v — = — v? relative to v0 — v¢.
We define special allocations to deal with internally bowed paths. For each (j, ¢)th-
scale joining 4-path I' : v© = v! — v? — ¢? and intermediate path I'" : 20 — 2! — 22

2 let 5 2 _ ,2)2 3 ,0)%[2
Ay = ( e Y itk 0N )
324 §ttlp otr

Note that by (4.94), ¢ here is a function of I'. We will need an analog of Lemma 4.6
which enables us to deal with joining 4-paths as single units. Normally for ¢th-scale
links (length of order §°r), where the fluctuations of the passage time 7'(v' !, v’) are of
order o(§‘r), we need /(th-scale allocations (proportional to \‘) in the role of to(|u — v|)
in Lemma 3.2 to get a good bound, but in the next lemma we are able to use jth-scale
allocations A?(l") in that role even for much longer /th-scale lengths, by taking advantage
of bowedness.

Lemma 4.7. There exist constants C; as follows. Let jo < j < jiandjo <{<j—1.
0 1 2

(i) For every (j,{)th-scale joining 4-path T : v° — v! — v? — »3 in G}, and Csg
from (3.25),
3 4 e
647,,(1) < Y- A%, (o) + 36 [TEM(F) - v°|} — 6Css. (4.98)

i=1
(ii)
P(there exists an internally bowed (j, ¢)th-scale joining 4-path T" : W ot 5 0? =08

in G, and 1 <i <3, for which |T'(v' ", v") — h(|v* —v'71])| > A?H(F))

2 j—@ 5 ] )\ j+1 .
< Cro (5X2+1> (52) exp | —Crs (5X1> 2=t . (4.99)

P (there exists an internally bowed (j, {)th-scale joining 4-path T in G, with
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corresponding intermediate path '™ : u° — u' — u? — u?,

and 1 < i < 3, for which |T(u'~!,u") — h(|ju' — u'"*])| > A;’H(Fmt))

) Jj—t ) J A Jj+1 )
< Cr (W) <ﬁ2> exp 073<5X> 24 | (4.100)

Proof. (i). Using (4.26) and t*(-,-) > t/3 we get

6A§?+1(1") < op (3 [TEuc(vOm?,v?’) —v® - v0|} + 3\ [|v3 — 0 = (% = vo)l])

54
op s o], 1y
< — — — )\
<18 ([TEM(F) [v* = |} + X \IJ(F))
< _— J— P 71— = o
— 18 {\IIEUC(F) [v" —v } +ZAJ+1 L 1 <7> to(r)
g ,
= % {\IJE“C(F) —[® —v } + ZAJ+1 T 0") = 6C5, (4.101)

where the last inequality follows from j < j; = O(loglogr).

(ii) and (iii). The proof of (iii) is a slightly simplified version of the proof of (ii), so we
only prove (ii). We proceed as in Lemma 4.6. We decompose the set of joining 4-paths
according to the sizes of |(v°)*| and |(v® — v9)*|,
by the left side of (4.95). From Remark 4.3, every internally bowed (j, ¢)th-scale joining
4-path T': 0% — o' — 0v? — 03 in G} satisfies

'U2—222 K A J+1 i 0'(5@+1T
| 5€+17~| = 1284 (7) t (UO)U(T)(E_(&T))~ (4.102)

Thus define for v, my, m3 > 1
R, ;o(v,ma, ms)
= {I‘ 00 = ol 50t v?” I is an internally bowed (3, £)th-scale joining 4-path in G,
such that (2/71)Y2A(r) < |(0°)*| < (2V)Y2A(r),

2”2_123'_5—6 <A>H1t*(vo)a(r)g(§é+1T) W — 2P

1281 \ 7 a(6ir) < o,
PR S S CAs o(6%1r)
< 9ma j—L - *7 0 .
<omaioe <7> £ o)y and (4.103)

2m3—12j—€t*(U0)U(T) 0‘((?%“) < |<U3 - ’UO)*lz < 277L32j_€t*(v0)0(r)0W}.

a (63 +1r) §lr o(0itlr)

R, J ¢(0,mo, m3) is defined similarly with the first condition in (4.103) replaced by
|(v0)*] < t"2A(r). R, ;¢(v,ms,0) is defined similarly with the last condition in (4.103)
replaced by

(08 =092 _ i o (8"r)

Every internally bowed joining 4-path in G, is in one of these classes, since by (4.102)
we don’t need classes with my = 0.
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0 1 2

Suppose T' : 00 — v! — v? — o3 is in R, (v, ma, m3) for some v > 0,m3 > 0 and
mg > 1. Using t*(v°) > co(|vg|/A(r))? we obtain

A?_H(F) S 67M2j_[t*(’l]0)0'(7”) ( 5 </\>j+1 2m2_10'((5€+17“) n )\j+12m3_1>

o(6tr) — 324 a(67r) 1284

7

o (6tr)

AV
2c1<75X1) 2776(2m2 4 2ms) 2Vt (4.104)

Hence for each 1 <4 < 3, by Lemma 3.2,

N i 7 i— A3+1(F)
P(|T(o" %) = (o’ = o' 1])| = 43, (T)) < Cagexp <C4522<5er>

A\
< Cuexp <cz (m) 2=¢(2m2 + 2”%)2%) . (4.105)

(Strictly speaking, when ms = 0 we need to remove the terms involving 23 in (4.104)
and (4.105), but this doesn’t change the validity of the bound on the right in each case,
possibly with different ¢y, c¢;.) Regarding the number of paths in R, ; (v, m2, m3), the
number of possible v° (necessarily in IL; ;1) for such a path in a given jth-scale hyperplane

is at most
2(2ut)1/2 d—1
5 (KO i ) |

The upper bound for |(v°)*| in (4.103) gives t*(v") < ¢32"t, which with the last upper
bound in (4.103) yields

|(U3 UO)*| ? m, 2 7=t Loy
=~ 7 ! < 3 -
( (’r> C42 5xz 6°2 t,

so for a given v" the number of possible v3 is at most

o (d—1)/2 e , (d—1)/2
m 2 it 1 v Cs m 2 I 5 J v
) (m () t) :2(522 (522) (&) )

The upper bound for |v? — 22|2/§"1r in (4.103) implies

v? — 22|\ ? 2 \/7*
(( A(T) |) S cﬁ2m2 <W> 5£2yt

,v3, the point 22 is determined, and then the number of possible v2 is at

me (2 N0V o
(3 () () )

Combining these, we see that

and for given v°

most
(d—1)/2

d—1 ) j d—1
e (2Vt)1/2 ma/20ms/2 2 ! 4 v
|Ry je(v,ma, m3)| < 5 ( G 2m2/29ms Sx2+1 I 2"t .
Multiplying this by (4.105) and summing over v, mo, mg gives (4.99). O
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4.7 Step 5. First stage of the (j; — 1)th-scale (second) iteration of coarse-
graining: shifting to the (j; — 1)th-scale grid
The current marked PG path at the start of the (j; — 1)th-scale iteration step is Fg';yvm.
We rename it now as
=10 0y pl oy L

Ty
We shift certain points to the (j; — 1)th-scale grid; the procedure is somewhat different
from the j;th-scale iteration step, as we are starting from a j;th-scale marked PG path
1710, Fix (z,y) € X, and, recalling H,, = {H,,,1 <i < m}, let

I, = {z € {1,...,m} : H,, is a non-incidental (j; — 1)th-scale hyperplane in ’Hg;y},

then relabel {s; : i € I,, U{l,m}} asa; < --- < a,, so H,, = H,, and H,, = H,,,
are the terminal j;th-scale hyperplanes, and define indices (V) by ay = s, (x), so the
p"W) 2 < N < n—1, are the marked points in non-incidental (j; — 1)th-scale hyperplanes.
Observe that every (j; — 1)th-scale interval, including terminal ones, has at least one
jith-scale hyperplane in its interior; hence v(N + 1) > v(N)+2forall1 < N < n.

For each non-incidental (j; — 1)th-scale hyperplane in H,, let b =V}, _1(p?™)). Also
let 0° = p® = 2,b' = p',b" = p™, and b" ! = p™*! = §j. We shift to the (j; — 1)th scale
grid in each non-incidental (j; — 1)th-scale hyperplane H,,i € I,,, replacing p"W) with
bN for 2 < N < n — 1, to create the updated path which we denote I/, "', Letting
ph=mg, (P01 (so p' = pl if i ¢ Iy, P = p1 () if i € I,,), we may equivalently write
this as

Do = pt = % = oo
The black path from v’ to v’ in Figure 6 illustrates a segment of such a path, with
uw =N~ = py(N=1) o — pN = 57(V) for some N there; the vertices between v’ and v’
are points p’ = p’ with y(N — 1) < i < 4(N). Viewing I/, as a CG approximation,
on the jith scale, of the original I',,, we may view I'Ji~"! as a coarsening of the
approximation to the (j; — 1)th scale, but only coarsened in the non-incidental (j; — 1)th-
scale hyperplanes. In the second stage of the iteration we will remove marked points in
those non-terminal j;th-scale hyperplanes where coarsening did not occur, to create the
path

b2 bt — e 5 ™ T
which is entirely a CG approximation on the (j; — 1)th scale.

By Lemma 4.5 we have

. ) 2 . . o
DALY < SV [ta(r) + @(TEM (D3710) — (§ — x)l)], (4.106)
=
while similarly to (4.66) (noting the comment after (4.68)),

- - M [to(r) . A
e (T ) = Tiue (1,710 | < 5 [3 + 01T e, ) = (5~ x>1)] (4.107)

and

. ) [t )
Th (02,1 = T (02,70 [ < A7 {(’?f) (Ve (T, ) = (7 - fc)l)] . (4.108)

(The only notable change from the derivation of (4.66) and (4.68) is that now, since we
are shifting to the (j; — 1)th scale, we have the bound

(0" =5")7| < Vd = 1Ko T A(r),
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larger only by a constant 5~! compared to the analogous bound in (4.51)-(4.52).)
Then (4.106) and (4.108) give

S AL (0,0 + T (D7) = T (T270)

€1,y
J1 § Jj1—1,0 h_ 4
<\ {to(r) + 35#( \ Eue (Fzy ) (4 x)l)] . (4.109)

From (4.107) and (4.109), analogously to (4.73), we have for the event on the right
in (4.81) that

{TT (P27 = hl(y = @)1) < = (1= 22 to(r) + 40uN" (Y ue (T,70) = (5~ @)1 ) }
c {TT (P27 = Al(y = 2)1) < = (1= AN to(r) + 60N (T (T, 70) = (5= @)1 )
= 0V ue (P27°) = Y (1247) )}

U {TT (T3,710) = Yz (T3,701) < Xy (T3710) = X (D270 = > A (1,710 i)}.
i€,y

(4.110)

Remark 4.8. To see the meaning of (4.110), let us momentarily rename the events there
as My, M>, M3 (left to right) and rename the right side of the inequality in each event
as —to(r) + z1, —to(r) + 21 — 29, and z3, respectively. We have z; > 0; 22,23 may be
positive or negative. The validity of M; C My U M; requires that zo < z3, which follows
from (4.109). The completed shifting to the grid may increase or reduce the h-length
T4 (-), its approximation yY g,.(-), and/or the passage time Y (-) of the path. Suppose
that the shifting reduces the h-length. The event Mj; says that the passage time fails
to track (i.e. keep up with) this reduction, to within an allowed error given by the sum
of allocations in M3. If we can choose those allocations so that Mj is unlikely, we can
have zo > 0 (or at least nearly so, as reflected in the increase in coefficients from 2,
4 to 4, 6 going from M; to Ms), which means the right side in M5 improves on (i.e. is
smaller than) the right side in M7, by an amount involving a multiple § of the path length
reduction.

If we can successfully do this for all iterations, for both the shifting-to-the-grid and
point-removal stages, then in the left side of (4.81) we have effectively replaced T';,
with the final CG path I'CS (i.e. replaced T'(x,y) with T;#(T'$S)) and improved —to(r)
to a significantly more negative value, incorporating a positive fraction of the total
path-length reduction from all iterations. It is this improvement of —to(r) that will
enable us to sum the probability of an unusually fast TT(Fff ) over all possible I‘Ty .

Informally we refer to M3, and similar events, as tracking failure, and say we establish
tracking when we show the probability of tracking failure is small. Tracking error means
the difference between the increment of T and the increment of Y, as in M3, for either
a path or a single link.

In the shifting-to-the-grid stage, (4.108) says that the change in hA-length is small,
which makes it relatively easy to establish tracking—the primary part of z3 is the sum of
allocations. But for the point-removal stage, the (always positive) reduction in h-length
may be large, and establishing tracking becomes harder. Further, in (4.81) and in My,
2M1t0 (1) + 46pN" (T pue(T%,1°) — (§ — &)1) represents roughly the accumulated error
allocations used in the completed j;th-scale iteration; the increase in coefficients from 2,
4 to 4, 6 going from M; to M, replresents additional accumulated error allocations used
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in the shifting-to-the-grid stage of the (j; — 1)th-scale iteration. If these allocations are
too large, then the improvement 25 may be too small, or even negative.

We slightly change (4.110) in the point-removal stage (see (4.113) and (4.116))—in
M3 we use pY gy in place of Tj and a different term in place of the sum of allocations,
but the principle is the same.

We note that failure to track is a one-sided phenomenon—we only care about failure
of Y4(-) to track decreases in Y}, () created by shifting to the grid, not increases.

The primary tool to establish tracking is Lemma 4.6, which tells us that with high
probability, there are no relevant links anywhere in G, for which tracking error exceeds
a certain allocation, as in our next step.

Using Lemma 4.6 we have for the last event in (4.110)

Ty Ty Ty Ty Ty

P(TT (Tg,700) = T (T2751) < o (T710) = X (T3701) = 0 AG (T2 710,4)

7,611.5/

for some (z,y) € X,; w¢ JOU J(lc)>

< P(max (176" 5) — (16" = 5], [ p) = (lp = 1))

> 4AJ11(I‘J1 104) for some 1 <i <m +1and (z,y) € X,

with {i — 1,4} N Ly, #0; w ¢ JO U J(lc))
P(|T(v,w) — h(lw— v\)‘ > A?l (v, w)

for some j; th-scale transition v — w with v, w € G;' N ]le)

J1
< Crpexp < C71<75>\X1> t), (4.111)

establishing tracking as desired. Combining this with (4.81) and (4.110) yields
P(T(,y) < h((y = )1) ~ to(r) for some (z,y) € X, )
< P(TTA(FQJ‘Ll) — h((y = 2)1) < — (1 — AN ) o (r) + 60uN" (TEM (D9,710) — (4§ — &), )

- 5u(TEM (F;ly L) — Thue (T2 " ) ) for some (z,y) € X,; w & J© (co9) U J(lc))

A J1
+ 0326_033t + Cqo exp ( Cn (7§X1 ) t> . (4.112)

4.8 Step 6. Second stage of the (j; — 1)th-scale (second) coarse-graining itera-
tion: removing marked points

For the next update of the current marked PG path I‘Jl L1 we remove all the marked

points in non-terminal j;th-scale hyperplanes to create the updated marked PG path
[a=b2.50 5 pt oo 5 5 pntt
Ty : .

Here we recall that 8° = &,b"*! = ¢, b! and b” lie in terminal j;th-scale hyperplanes,
and b%,...,b" ! lie in (j; — 1)th-scale hyperplanes. As with p?, p‘, etc., n and b° should be
viewed as functions of z,y, w
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In this second stage, the removal of marked points always reduces the Euclidean

length of the path (see Figure 5), meaning T guc(I', ") — Ty (%, %) > 0, and on

average the reduction in passage time, Y;(I'J,~"") — T;(T',~?), should be about p
times the reduction in length. Here a tracking failure means the actual reduction in
passage time is at most du times the reduction in length, to within an allocated error;
see the last probability in (4.113).

From (4.107) we have

ta(?“)—l-§ (TEuc (T2,750) —(?Q_i")l>

Y gue (T2, = (9—2)1 < Ypue (T —(5—2)1 < 5

Ty Yy
and therefore, assuming ¢ is small,
3 2o )40 (e (C37) = (9= 80 + T (T5712) = (5 - 1)
< to(r) + o (TEuc (D3,710) — (§ — gz)l).
From this and (4.112) we obtain the setup to establish tracking:
P(T(x, y) < h((y — 2)1) — to(r) for some (z,y) € XT>
< P(TT(rgz—l»l)—h((y —2)1) < — (1 — AN ) o (r) + 65N (TEM (19,710) — (g — @)1)

- 6M<TEM (I‘i}y_l’o) — Y Bue (I‘?y_l’l) ) for some (z,y) € X,; w & JO (co9) U J(lc))

A J1
—ca3t _ R
+ c39€ + Crp exp ( Cry (7(5X1 ) t>

< P(Tf(rg;{ylﬂ)h((y —2)1) < — (1= 5N o (r) + TopN" (TEUC (D3 10) — (g — @)1)

— o (TEUC (D710) — Y g (912 ) for some (2,7) € X3 w ¢ JO (ca9) U JUC))
+P <TT~(F3;3,1’1> =T33

1. : )
< 230 [210(r) + (T (FB7) = (5= 81+ Ve (5742) — (5 2]

+ 5,“4 (TEuc (Filgfl’l) - TEuc (Filgfl’Q) )

for some (,y) € X,; w ¢ J© (co9) U J(l(:))

A J1
—C33t _ . 4.11
+ c32€ + C70 exp ( 071 (75X1 ) t) ( 3)

Let us consider the contribution to the difference of sums Ypgy. (I, ") —
T Bue (1“;{1’2) (which is nonnegative), appearing in the last probability in (4.113), from a
single (j; — 1)th-scale interval Iy = [bY, bV F1] = [p7V) 7 (N+1D] Removing the marked
points from the two hyperplanes in the interior of Iy changes the marked PG path from
the full path
N full Z;'Y(N) N ﬁ’Y(N)'H N ﬁ’v(N)+2 N ﬁ"/(NH)

to the direct path p?™) — p7(V+1) (that is, bV — bV 1) We then have

n+1
Ta(Tg, ) = Tp(Thy %) = 30 [0 (DY) — (), YD) (4.114)
N=1
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Givenn >1and I': u; — --- — u, with (for some j) all u; in the grid IL;, we define

n

Siuo, -y un) = S;(0) = > A2 (ui_1,u;).

i=1
From Lemma 4.5 we have

m—+1

S8, (T - > 43,5 < ¥ [to0) + ou(Yewe (C47) = G- 9))

N=0

(4.115)
so the last probability in (4.113) is bounded above by
(a4 - T4 < (T (03~ T (079
n 1 ) ) A .
— Z S (FN’f“”) — g/\jl {ta(r) + 5/,L(TEW (chl;l’z) — (g — x)l)}
N=0
1 .
- E)\Jlta(r) for some (,y) € X,; w ¢ J@ (co9) U J(lc)>. (4.116)

This is the tracking-failure event (see Remark 4.4) for the marked-point-removal stage of
the iteration, and our main task is to bound its probability. The last of the 3 terms on the
right inside the probability can be viewed as part of the allocation of allowed errors. As
noted in Remark 4.8, the quantity

AN (r) + 6N (TE“C (M%) = (9 - i‘)l)

in the second probabilty in (4.113) represents the accumulated error allocations used
in the 1.5 iterations completed so far; the allocations for the present stage increase
the 4 and 6 to 5 and 7 in the third probability in (4.113). Our ability to bound the
tracking-failure event is what allows us to replace the quantity

0 (T e (T2,7°) = Toue (T271) ) with 0p(Taue (T270) = Toue (1272) )

in that second probability in (4.113) to obtain the third probability. We need each
iteration to involve similar such replacement, so that when the iterations are complete
this term becomes

(T e (T,°) = Ve (T57) )

which is typically positive and can in part cancel the accumulated error allocations
(see (4.167)).

Let 10’ be the point Hmw),mwﬂ) N H(ﬁi)l (see Figure 7); note ' does not necessarily
lie in any jth-scale grid. Let w’ be the orthogonal projection of p* into IL; ) sviv+),
noting that by (4.25), |w — ¥!| is much smaller than |p’ — @’|. (Note the indexing of
marked points differs here from that used in Step 1 in defining L~ (/). Our @* here has
index 7 matching that of the point 5’ in the hyperplane, whereas w’ in Step 1 has index
corresponding to the distance §‘r from the left end of the interval.)

We continue considering the contribution to the difference of sums Y gy, (Filzjlvl) —
T gue (T, 5?) in (4.116) from a single (j; — 1)th-scale interval Iy = [V, 6"+ =
[p7(N), p7(N+D)]. As noted after (4.22), the number (call it m) of (j; — 1)th-scale intervals
in H,, satisfies m < d~J1. We split into cases according to the type of interval Iy.
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(N)41
“}1( )t

1 N\ | r)+1

(M)+1

ﬁ’Y

Figure 7: Diagram for Case 1 showing (j; — 1)th-scale endpoint hyperplanes and j; th-
scale sandwiching hyperplanes in a short (j; — 1)th-scale interval. The black path is
'N.full and the gray is 'Vt

Case 1. Iy is a short non-terminal (j; — 1)th-scale interval. Here H,, includes
no joining hyperplanes in the interval, so it includes exactly two maximally j;th-scale
(sandwiching) hyperplanes there, at distance 67! from each end; see Figure 7. We
introduce the intermediate path

Nint . wl(N) N wI(N)H N wl/(N)+2 . UJI(NH)
which has the same endpoints and satisfies T ;(I'V*) > T(p" ™), 37(+1)). To bound
(4.116) we use the expression on the right in (4.114). Applying Lemma 3.6(ii) with
e =1—¢yields
h(|p" =) = h(jwl —w' ") = ou (19" — 51 — Jw's —w' ) — Cse
and therefore

Th (]_-\N,full) _ Th (FNznt) > 5/~L <TEuc (FN,full) _ ‘ﬁw(N-Q—l) _ﬁv(N)|) _ 3056' (4.117)

This is the essential property of the intermediate path: when we look at the bowedness
of the full path relative to the intermediate path (represented by the left side of (4.117)),
and also relative to the direct path (right side of (4.117), without ¢), the first is at least ¢
fraction of the second, to within a constant. By (4.70), for w ¢ J (0 (co9) the intermediate
path also satisfies

TN, YDy <1 p (TN 4+ (9(N + 1) — () — 1)cag log 7. (4.118)

Similarly to (4.115), since in Case 1 YT, (TV") = [p7(N+D) — p7 (V)| = [pN+L — pN|, we
have

n m—+1
in i— i 1 i1 j1— 0 7
D7 S5, (V) = 30 A2 (i wh) < oV to(r) + 0 Ypue (T712) = (- 2)0)) .

N=0 i=1

(4.119)

Using (4.22) we have
J1 )
)\(jti;;(r) > (A§) a(r) > 2¢q9 logr + 2Cs56. (4.120)

From this and (4.114)—(4.119) it follows that the contribution to the tracking-failure
probability (4.116) from short non-terminal intervals is bounded by

M1t
| Ntto(r)

P(T(Z}V(N),Z;V(N+1)) -Ts (FN,fuu) > 5, (FN,full) +9;, (FN,int) -

+ 6u(|]§7<N+1) — ") = Ty (TN ) for some N with Iy short

non-terminal (j, — 1)th-scale, and some (z,y) € X,; w ¢ J© (¢29) U J(lc)>
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Nito(r)

6m — 2029 10g r

< P<TT (FN,int) _ TT (FN,full) > Sj1 (FN,full) + Sj1 (FN,int) +
+ Ty, (V) =y, (I‘N’f“”) — 2C%5¢ for some N with I short non-terminal

(j1 — 1)th-scale, and some (z,y) € X,; w ¢ J @ (co9) U J(10)>

< P( |TT (FN,full) -7y (I‘N,full)’ >S5 (FN,full) or ‘TT (FN,mt) -1, (FN,int)
> 5j, (FN’i'"t) for some N with I short non-terminal

(j1 — 1)th-scale, and some (,y) € X,; w ¢ J© (co9) U J(lc)>

(\T 51, — Bl — )| 2 A2, () or [ Fwiwh) — bl — w1
> A2 (w' wh) for some v(N) + 1 <i < (N + 1), for some N with Iy short

non-terminal (j; — 1)th-scale, and some (z,y) € X,; w ¢ J© (co9) U J(1“)>.

(4.121)

Since the corresponding intervals are short, all of the increments T(u,v) in the last
event have §/1r < (v — u); < 108'~!r. We can therefore bound the last probability
similarly to Lemma 4.6, with the main difference being that in place of pairs (u,v)
in the definitions of R’ j we need to consider 4-tuples (u,v,w,z) corresponding to
values of (p7(N), p‘Y(N)Jrl 7 (V)2 57 (N+1)) ¢ (IL;, N GF)%. This means the exponents
d — 1 in the bounds on \R* *| become 3(d — 1). The values w’ are determined by
(pYIV) | pr(N)+1 5r(N)+2) V(N“)) so their presence does not increase the necessary size
of R* 7‘ in the lemma. As with the sets R, iy ‘ in the lemma proof, we can decompose the
p0531b1e 4-tuples (pYV) pr(N)+L 57 (N)+2 57(N+1)) gccording to the size of |(p7(V)+! —
PYY| L — 7N and |prN)+2 — 72 and sum over the possible size
ranges. Otherwise the proof remains the same, and we get that the last probability

in (4.121) is bounded by
A J1
C34 €Xp| —C35 (7(SX1> t]. (4122)

Case 2. Iy is a terminal (j; — 1)th-scale interval (meaning either [, 57?)] or
[ﬁ‘*("‘l), ﬁ’Y(")]). The proof is similar to Case 1, except that the interval includes only one
maximally j;th-scale (sandwiching) hyperplane between the two terminal hyperplanes
that are at the ends of the interval, so the full path in the interval has form p*") —
prM+L 5 57N+ We obtain for the terminal-interval contribution to the tracking-
failure probability (4.116) the bound

P(T(pv(l\’)’ﬁv(zvﬂ)) —T; (FN,full) >3, (FN,qu) +S; (FN,int)
+ 5M<|25’Y(NH) R Al I o (FN"f“”) ) for some N with Iy terminal

(j1 — 1)th-scale, and some (z,y) € X,; w ¢ J© (cg9) U J(lc)>
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J1
< C34€Xp <—C35 (75);1> t) . (4.123)

Case 3. Iy is a long non-terminal (j; — 1)th-scale interval. Such an interval, and thus
also the middle increment p*(V+1—1 — 57(N)+1 of the 3 comprising I'V-/“! in Case 1, may
be much longer than §/* ~'7. Therefore the quantity A% (57", p7(N+D=1) ysed on the
right side of (4.121) for that increment is no longer large enough to give a useful bound
on the probability. To avoid this problem we will sometimes use a different intermediate
path in Iy which coincides with the full path between the inner joining hyperplanes, so
differs from the full path only near the ends of I, while preserving the property (4.117)
(this preservation being the purpose of our choice of L*(I).) Equation (4.117) represents
what we may informally call deterministic tracking, a nonrandom analog of the tracking
of Remark 4.4 which facilitates our desired (random) form of tracking.

Fix a long non-terminal (j; — 1)th-scale interval Iy, and suppose it has kth-scale
length for some k < j; — 1. The hyperplanes of H,, in Iy are the (j; — 1)th-scale ones at
each endpoint, two sandwiching j;th-scale hyperplanes at distance 67'r from each end,
and between 2 and 4 j;th-scale joining hyperplanes between these. These hyperplanes
are at the joining points (7)), 4 dL~ D+ (p7(N)), 4 5L~ Dy (1D, — 6L Dy and
(pYNHD), — §LT(D+1y with two exceptions. First, if L~ (Iy) = j; — 1 then the first of
these 4 joining hyperplanes coincides with the left-end sandwiching one, and similarly
for L™ (Iy), which reduces the number of j;th-scale joining hyperplanes to fewer than 4,
as discussed in criterion (ii) after (4.39). In Flgure 8, L~ (Iy) = ji1 — 1 means the middle
two hyperplanes coincide.) Second, in the totally unbowed case (third option in (4.39))
at either end of I, there is no outer joining hyperplane at that end, as in criterion (iii).
We define 4 < V(IN) < 6 to be the number of j;th-scale hyperplanes in the interior of I.

Case 3a. The bowed case (second option in (4.39)) for both Li(I), with V(N) = 6.
Since V(NN) = 6 there are two joining hyperplanes at each end of I, and we must have
L~(Iy) < j1—1and L*(Iy) < j1 — 1. Here the full path is

PN Tl gy (N) Ly gy (N)HL oy gy (V)46 g 5y (N+HD)
and the direct path again is p7V) — p7(V+1)_ Define
the point Hﬁ»y(N)7ﬁ'y(N)+3 N H(z‘,i)l ifi=~(N)+1,v(N)+ 2,
z' =« the point Hﬁ'y(N)+4715'y(N+l) N H(ﬁi)l ift = ’Y(N) + 5, ’Y(N) + 6,
P if i =y(N),7(N) +3,7(N) +4,7(N + 1);
see Figure 8. This time the intermediate path is defined as

FNA,im‘, ] 27(N) N 27(N)+1 SN 2'\/(N)+6 N 27(N+1)’

which coincides with T'V-f“!! between the inner joining hyperplanes (i.e. from p?(V)+3
to pY(M)+4) which is “most” of Iy. We denote the parts of the paths outside the inner
joining hyperplanes by
FN,full,f . ﬁA/(N) N ﬁA/(N)+1 N ﬁ'y(N)+2 N ﬁ'y(N)JrS’
N full+

(N) (N)+5 HYV(N)+6 HY(N+1)

P = =P =P

with IVt defined similarly with 2? in place of 5, so that
T, (FN,full) ~Ts (FN,int) _ [TT (FN,full,f) —Ts; (FN,mt,f)}

n [TT (DN-Full ) _op o (PNinth) } (4.124)
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Y(N)+3 | . .
- L to pr(V+D

) wl(N)_'—Z /U}’Y(N)‘*'Q P — >
i AY(N)+1 += v (N)+4
P - w M 7T s top
A L »n 27(N)+2 U -

PINHT T =TT ~— - -7
H Sv(N)+2 H, st
a H(]’+6E+1T p’?( ) 1+5¢

Figure 8: The left end of a long (j; — 1)th-scale interval Iy = [a, b] with the bowed case,
with L~ (I,,) = ¢, showing the direct path (black) and intermediate path (gray.) The full
path has marked points at the p?(V)+7,

For the corresponding quantities Yj(-), similarly to (4.117), but using ¢ = 1/2 in
Lemma 3.6(ii), we have

Th (FN,full) _ Th (FN,int)
— {Th (PNFull=y oy, (FN,int,—)} n {Th (PN-Full+)y _p, (FN,int,-ﬁ-)}

g {TEUC (DN-Full.=y _ pr(N)+8 _ ﬁ'y(N)‘}

v

i g [TEuc (FN,full,—i-) _ |ﬁ7(N+1) _ ﬁ'y(N)+4‘] — 6Csg
= & Thue (©V141) = T (L) | = 6C5. (4.125)
We claim that deterministic tracking holds in the sense that
Tiue (TV71) = T e (PY9) 2 86 [ Y e (TV41) = |7 V40 - @[] 4.126)

This says that at least 36 fraction of the excess length in T'V:f“! is not present in I'V:"?; it
comes instead from the bowedness of I'V:/.~ and/or I'N-/u!:+ (4.125) and (4.126) give
the full analog of (4.117) for Case 3a. To prove the claim, suppose L~ (Iy) = £~ for some
k+1</{¢" <j; — 1, the first inequality being a property of the bowed case, from (4.39).
Recall a(-) and §(-) from (4.31) and (4.32), noting that in our present notation, v, w, z
there have become p, w, 2z, with different superscript labeling. Using (4.34)-(4.36) with
J=n-1

|]§’Y(N)+2 — w"f(N)+2|2

s7(N)+2 _ v (N)+2 1
alt™ +1) = _ Iz il

T p N2 g (NH2] < 2

00~ +1)

§ iy ’
and hence
T e (DVFUL=Y g4 _ gy > p (ﬁwzv), PN+, ﬁv(N>+3) _pYINE3 ()
|]§’Y(N)+2 — gv(N)+2‘2
- 36 +1p
all™ +1)

> -, 4.127
> D ( )

Here the second inequality uses (4.26) and the fact that p?*(¥)+2 — 27(M)+2 jg pearly
perpendicular to HWN),WN)”' by (4.25). In the other direction, recalling Iy has kth-
scale length and supposing L*(Iy) = ¢, since k +1 < ¢* and k + 1 < £~ we have
(ﬁy(N)JrfS _ ﬁw(N))l < §k+t1p and (ﬁ“/(NJrl) _ ]fﬂ(N)Jr‘l)l < 5k+17", so (ﬁ’y(N)+4 7ﬁ7(]\7)+3)1 >
85%+1r. Hence similarly to (4.41) and (4.42)

Sy (N)+3 Y(N)+3)2 Ay (N)+4 Y(N)+4,2
g (I-\Ntint) _ |]3V(N+1) _ﬁ'y(N)| < |p’Y( I+ — w ‘ + |p’Y( e — wy |
e - 26¢ 7 264 r
EJP 29 (2024), paper 10. https://www.imstat.org/ejp

Page 60/86


https://doi.org/10.1214/23-EJP1036
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Uniform bounds in FPP

[N+ ) M) — I ]2

165k+1y
5 AY(N)+4 o~y (N)+412
oI N |p W °

- o r 5

+

(N)+3 _ gy (N)+3)2

(4.128)

Now the first ratio on the right is a(¢7), so it follows from (4.36) (last two inequalities)
and (4.127) that
|ﬁfy(N)+3 _ w'y(N)+3|2

8 r

< 24(Cp307 X2 [TEUC (DNFulli=) ()43 ﬁwv)@’

and similarly
|257(N)+4 _ ,uAj'y(N)+4‘2
5y

Hence from (4.128) and the second equality in (4.26),

< 2z X2 {TEM (FN,full,+) _ |ﬁ~/(N+1) 7137(N)+4|]'

T e (TV1) = [V — P N)] < 94035752 [T e (TVF1) = L (P47 | (4.129)
which implies

T e (TV41) = [N — 1] < (14 24C366 %) [T pue (V) = T (D7) ]
(4.130)

proving the claim (4.126) when we take § small.
From Lemma 4.7(i) we have

6A§1 (DN-Full=) < g, (DN-Full=) 4 %L [TEUC(FN,full,f) — |+ 7137(1\7)@ — 60,
(4.131)
and the equivalent “mirror image” of Lemma 4.7 covers I'V-f*L+ symmetrically, incorpo-
rating a symmetric definition of joining 4-path.
Inequality (4.118) remains valid, and we now have the ingredients for the ana-
log of (4.121), bounding the bowed-case contribution to the tracking-failure probabil-
ity (4.116)—see (4.133) below:

u (oA A~ wll. — w Mito T)
P(“% (X780 = B0, V) < s (V) s, (st - 200D
+ (m(TEuc (DN ully |y N+ 5y (V) \) for some N with V(N) =6

and Iy long non-terminal (j; — 1)th-scale, in the bowed case of (4.39)

for both of L* (I ), for some (x,y) € X,; w ¢ J© (co9) U J(15)>

< P([TT (FN,full,f) T, (FN,int,f)} i {TT (FN,full,Jr) ~T, (FN,int,+)]

< 76A§?1 (FN,full,f) . 614?-1 (FN,full,+) + 7y (FN,full) -, (FN,int)

Nt

370-(/,1)f0r some N with V(N) =0 and IN long non-terminal
m

(j1 — 1)th-scale, in the bowed case of (4.39) for both of L= (Iy),

+ 6co9 logr —

and for some (z,y) € X,; w ¢ J(©(cg9) U J(10)>
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J1—2 12 .
55 o[ - 5| 0
6= =k+1 0+=k+1
}T(g«i—l,zi) ~h(|E - 5 1|)’ > A3 (DVFUhE) for some y(N) +1 < i < v(N + 1)
with ¢ # v(N) + 4, for some N with V(N) = 6 and I long non-terminal
(j1 — 1)th-scale with L™ (Iy) = ¢~ and L™ (Iy) = ¢, in the bowed case of

(4.39) for both of L*(Iy), and some (z,y) € X,; w ¢ J©(c9) U J<1C>> . (4.132)
Here the second inequality uses a slight modification of (4.120), and the first inequality
uses (4.118), (4.124), and
T(ﬁ’Y(N)7ﬁ’Y(N+1)) <7 (FN,int) 4 Gegg log T,

and that from (4.131), (4.126), and then (4.125),

—;, (PNJull=) g, (DN Fully 5u(TEuc (TTuty — pr N — ﬁ”(ml)

< 76A;‘3-1 (DN-Fulli—y 6A‘3 (DN-Full+)

+ W5y (TEuc (DAFulty — [pr D — ﬁ”(N)D —12C56
—6A§-’1 (FN,full ) - 6A3 (FN Full, 4y 1OM[TEM (FN full) Y pue (FN,int)} —12Cs6
—6A3 (TNTulh=)y — 6 A3 (DNt oy, (DY) — 0y (D) (4.133)

IN

IN

For the + symbol in the last event in (4.132), the — applies to y(N) +1 <i < ~(N)+3
and the + applies to v(N) +5 < i < (N + 1). An application of Lemma 4.7(ii) and
(iii) with j = j; — 1, followed by summing over (%, bounds the last (tracking-failure)
probability in (4.132) by

2 =1t s il AN 2
[Z culgon) () o <‘C73 () t)]
5 2(j1—-1) A\t
< c36 (62) exp | —Crs <(5X1) t]. (4.134)

Case 3b. The bowed case (second option in (4.39)) for both L*(I), with V/(N) < 6.
This means we have at least one of L*(Iy) = j; — 1. If for example L~ (Iy) = j; — 1,
then what were in Case 3a the two points 7™+ 57(N)+2 are now the same point, so
effectively there is no separate point p?(™)+1. Instead we have only the equivalent of
pY M) pr(N)+2 57(N)+3 | 50 joining 4-paths become joining 3-paths. This has no significant
effect on the arguments, including Lemma 4.7, other than some simplifications, and the
bound in (4.134) still applies for the corresponding contribution to the tracking-failure
probability (4.116):

P(T(ﬁW(N),ﬁ"/(NJrl)) ~Ts (FN,full) > S (FN,full,f) +S; (FN,full,+)

+ 5M<|ﬁ7(N+1) — Y| = Ly (TNl ) for some N with V(N) < 6

and Iy long non-terminal (j; — 1)th-scale, in the bowed case of (4.39)

for both of L* (Iy), and for some (z,y) € X,; w ¢ J© (co9) U J(10)>
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5 2(j1—1) A ji—1
< 36 <ﬁ2> exp | —Cr3 ((SM) t]. (4.135)

Case 3c. The forward case (first option in (4.39)) for both Li(IN). Here we have
V(N) = 4 as there are only inner joining points, at distance 6717 from each end of Iy. As
before the direct path is 57) — p7V+1) and the full path is

TNV full 23’7(1\7) N ﬁ"/(N)"rl SN Z;’Y(N)+4 - ﬁ’y(N-&-l);
by (4.70), for w ¢ J(©)(cy9) we have
T (DN — P77 NFD) > geng log 7. (4.136)
We claim that in the forward case we have
Sy (P74 2 80T e (TF11) = 5740 = 570]) 4 deyg logr. (4.137)

By (4.136), this means that in the forward case there is no tracking failure:
P (P04 70,5700 < -, (00

+6u <TEUC (FN’f“”) — |[p VD — ﬁ"’(N)|) for some N with

Iy long non-terminal (j; — 1)th-scale, in the forward case of (4.39)

for both of L*(Iy), and for some (z,y) € X,; w ¢ J @ (ca9) U J(10>> =0. (4.138)
To prove (4.137), we first observe that from the definitions (4.30) and (4.82),

i
Sj, (DNTully > % (;) (t*(m(N)) +t*(pV<N+1>) o(r). (4.139)

From (4.26) and (4.39), since Iy long entails k£ < j; — 1,

Y Bue (FN,full) o |ﬁ’y(N+l) _ﬁﬁ/(N)|

Y(N+1) e i - i—
<1 Z (' —w)) = (' —w'TH]?
= i 1—1
2 i=y(N)+1 |wL —wy |
~ N)+1 ~ N)+1 ~ N)+2
L L[l ™R (g0 ] O (0042 ) (022
2 oy (1=4)on—1r
(57002 — w] 2] 4 [ (N+8 — ] VF3)2
+ 105k+1y — 2671 -1p
(57042 — @) ) 4 [pr s — D)2 ) (V2
* 1= 0)oh—1r + Sy
~ N)+1 ~ N)+4
|p’Y(N)+1 - wl( ) 2 . ‘p’y(N)+4 - wl( ) |2 ‘ 9 e |I37(N)+i B w'y(N)-i-i‘Q
= Sity Siry 6i1—1p 1<i<a L
1495 /A"
< ;iu (7) (t*(gaWN)) n t*(ﬁ“N“)) o(r). (4.140)

Since (4.22) ensures the right side of (4.139) is much larger than logr, the claim (4.137)
follows from (4.139) and (4.140).
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Ha+5k+1r Hb,5k+1 Hb

Y(N)+1

57 (V) w |

prN)+2

Figure 9: A long (j; — 1)th-scale interval Iy = [a, b] of kth-scale length with the totally
unbowed case, with L~ (I,,) = k + 1, showing the full path (black) and intermediate path
(gray.) The full path has marked points at the p?(\)+%,

Case 3d. The totally unbowed case (third option in (4.39)) for both Li(IN). Here
we have V(N) = 4 as there are the sandwiching hyperplanes at distance §/tr from
each end of Iy, and inner joining hyperplanes at distance 6**'r from each end, with
k+1 < j; — 1 (since Iy is long) such that Iy is of kth-scale length; there are no outer
joining hyperplanes. See Figure 9. From (4.37) (valid now for k + 1 in place of £ + 1)
and (4.39), this means that

~ N)+2 ~ N)+1
‘pfy(N)-&-Z _ wl( )+ 2 (5K +1p) |p7(N)+1 _ wl( )+ 2

>

j1—k—19
e (2 o(69r) diry ’

, SRS /AN
P T (3) t*@w))"”))' e

DN | =

Ok+1p

Here the second term in the max comes from the fact that to come under the third
(totally unbowed) option in (4.39), we must have 2"+ (k + 1) > 21~ 15(j; — 1). We note
that the definition of the totally unbowed case gives (4.141) for %" in place of w’ , but
by (4.25) this only changes each of the 4 terms in (4.141) by a factor 1 + o(1) as r — oo,
so we have accounted for this via the factor 1/2 in front of the max. The bound (4.141) is
for the left end of I; a symmetric bound is valid for the right end. As before, the direct
path is p7@®) — p7(V+1) and the full path is

PN Sull s gy (N) Ly gy ()L gy gy (N) 4y (N1

but this time the intermediate path is

Nint . wI(N) N wl(N)H NN wl(N)+4 _ wz(NH)
These points are collinear so Y g,.(I'V:t) = [p7(N+D — 57 (V)|
We use a special allocation for the totally unbowed case, the same for all 10 links of
N.full and TVt defined (when Iy is of kth-scale length) as

A?(FN,j’ull>
B 57# |ﬁ'y(N)+2 _ wI(N)+2|2 |ﬁ—y(N)+3 _ wI(N)+3|2 N \ |(ﬁfy(N+1) _ ﬁv(N))*lQ
540 Gty Gty 36k '

Now Y gy (TMint) = |p7(V+D) — 57(V)| 5o by Lemma 3.6(ii), applied with e = 1/4,
T, (FN7full) —T, (FN,int) > g{TEuc (FN,full) . |ﬁ7(N+1) _ ﬁ’Y(N)‘] — 4Cs.

while from (4.26),

(TN fully < i OB Nofull) _ (5v(N+1) _ () 1A
85, (DMt > 2 22 T e (D) — (p PN+ 5 () o). (4142
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From these we get deterministic tracking:

1045 (TNFuily

(5,u N ~ A
< 0K Jully _ 5Y(N+1) _ sy(N)
I [W(NH) — Y| (VD ,;w(N)hD

< (; - 5) X e (PV41) = 5740 — )]
L % {TEUC (DNFully (VD) ﬁv(N))l}

<, (FN,full) —, (FN,int) — b {TEW; (FN,qu) _ |ﬁ'y(N+1) _ ZS’y(N)‘:|

. 1 jl
+ 5y, (TN — 3 (;) to(r) + 4Csg. (4.143)

We now can establish the analog of (4.121) and (4.132) for the totally-unbowed-case
contribution to the tracking-failure probability (4.116), using (4.70) and (4.143):

P (TT (FN,full) _ T(ﬁ’y(N)’ﬁ’y(N—‘rl)) S _S_]l (FN,full)
+ 6 (TEUC (TN-ull) — |py (VD 5y (V) |) for some N with Iy long non-terminal
(j1 — 1)th-scale, in the totally unbowed case of (4.39) for both of L*(Iy),

for some (z,y) € X,; w ¢ J© (cag) U J(lc)>
< P(TT (FN,full) o TT (FN,int) < Th (FN,full) . Th (FN,int) o ].OA;i (FN,full)

1 )\ J1
- = (7) to(r) + 4cgg log r + 4Cs¢ for some N with Iy long

non-terminal (j; — 1)th-scale, in the totally unbowed case of (4.39)

for both of L* (Iy), for some (z,y) € X,; w ¢ J© (¢g9) U J(lc)>

< P(‘T(ﬁ’Y(N)—&-i—l pYINI+Ey h(lﬁ'y(NH—i _ﬁ'Y(N)+i—1|)‘ > A;l. (DN-ully or

< , > A4
‘T(wl(N)Jrifl’wl(N)H) . h(|w1(N)+z' . wI(N)+i—1D‘ > A?I (FN,full)
for some 1 < ¢ <5 and some N with Iy long non-terminal (j; — 1)th-scale,
in the totally unbowed case of (4.39) for both of Li(IN),

for some (z,y) € X,; w ¢ J© (c9) U J(16)>. (4.144)

Here we have again used j; = O(loglogr), from (4.22), to ensure (\/7)/to(r)/6 >
4cog logr + 4C56. With the second term of the max in (4.141) in mind, suppose that for
some N and some v, mg, m* > 1 we have

(@ 1)V2AM) < |7 N)| < (202 A0), (4.145)
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2m0 12]1 k— 20—<6k+1 ’\’Y(N) )
o (631=1r) 16u
|pw(N)+2 ’Y(N)+2|2 12 Sy (N)+ wL(N)JrS‘z
- ktip + dktlp
gl 5§ A\
e <7> £ ) (r), (4.146)

and

k+1 J1
gm* —1gj1—k—2 o(0"t7r) & ()‘> ("M o (r)

o(6r—1r) 16p \ 7
B |( Y(N+1) _ ﬁ'y(N))*|2
< )\h 5k
L k+1 J1
< om 231716*2Mi é t*(ﬁV(N))U(r). (4.147)
o(671=1r) 16
Then using (1.11),
A4 (FN,full) L A J1
AN 2mo  gm Yok [ 2Vt 4.148
a(6kr)y  — car (270 +27) 76%1 ’ ( )
and by Lemma 3.2, for every possible value (u', ..., u%) of (p*V), ..., p?N+1)) and every

link (u'~1,u%), we have

A% (ut,. .. ud)
a(6kr)
(4.149)
It is important here that the lower bound (4.148) not depend on the length scale k of
I, except through the factor 271 ~* which is always at least 1. Similarly to the entropy
bounds in the proofs of Lemmas 4.6 and 4.7, and in Case 3c, we see that the number of
possible choices of I'V:f%! satisfying (4.145)—(4.147) is at most

. } d—1)/2
38 ovg \ (4172 om* o 2 ks Jlt @/
521\ B2 ' Sltxz 752
_— Lo\ 2(d-1)
. 2 j1—k )\6 J1
.<2 09 (§1+X2> (752) t) : (4.150)

Here the dots separate bounds for the number of choices (up to a constant) first of
endpoint hyperplanes ((57))y, (5™ +1);), and then of p?), of p?(¥+1, and finally
of (pYMN+L . pr(N)+4) For |(p7(M))*| < t1/2A(r), (4.148) and (4.150) remain valid for
mg, m* > 1 with 2" replaced by 1. For p7(N) p7(N+1) with

AV (N41 A~ (N |2 k-+1 J
Ajl_l |(p’Y( 1) _p’Y( )) | < 2j1—k—2 0(6 T) J (A) ! t*(ﬁ—y(N))O_(,’,)

okr - o(07=1r) 16p \ 7

P(’T(uz —u) = (T - uz\)‘ > A?1 (ut, ... ,uﬁ)) < Cyqexp (—045

(i.e. the left side too small to satisfy (4.147) for any m* > 1) they remain valid with gm”
replaced by 1. (Note that by (4.141), my > 1 covers all cases.) Hence as in previous
cases, inserting the bound (4.148) into (4.149), multiplying by the entropy factor (4.150),
and summing over v > 0,m* > 0,mg > 1, and k < j; — 2 we get that the right side
of (4.144) is bounded by

2\ (d—1)j1/2 s(d—1) A J1
C39 (7561255XZ) t exp | —Ca0 (75X1> t]. (4151)
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We have thus bounded the totally-unbowed-case contribution to the tracking-failure
probability (4.116).

Case 3e. Mixed cases, which we subdivide as mixed forward case, mixed bowed
case, and mixed totally unbowed case, according to the condition at the dominant
end (as defined after (4.42)) of Iy. In Cases 3a-3d we have assumed that the same
option in (4.39) occurs at both ends of the interval I, but this is strictly for clarity of
exposition. As explained in Step 1, in mixed cases we have joining hyperplanes only
at the dominant end of I . The situation is symmetric so let us assume the left end is
dominant. In mixed cases the full path in I is always p?N) — p7(N+1 5 ... py(N+D),
with v(N + 1) —y(N) = 4 or 5. Suppose Iy is a (j; — 1)th-scale interval of kth-scale
length. The intermediate paths are analogous to those in Cases 3a-3d, as follows. If
the dominant left end has the forward case then there is one joining hyperplane in Iy,
containing p?(N)+2, at the left end at distance §7* ~'r from p"), and the intermediate

path is

Nint . ﬁﬂ,(N) N wI(N)H _>ﬁ7(N)+2 _>ﬁ'y(N)+3 _>]57(N+1)

If the (dominant) left end has the totally unbowed case then there is one (inner) joining
hyperplane in I, containing p*(™)+2, at the left end at distance 6**!r from p*"), and
the intermediate path follows the line from p?®) to p7(NV+1),

v(N)+1

Y(N)+3
— w

(N) _)..._)wJ_

l—vN,inl . p’y —)ﬁ'Y(NJrl),

similar to Figure 9 but without the third hyperplane from the right. If the left end has
the bowed case with L~ (N) = ¢ < j; — 1 then there are two joining hyperplanes in Iy,
containing p?(N)12 and p?*(V)+3, at the left end at distances §‘t'r and §%r from p*V), and

the intermediate path is

Nsint : ﬁ’y(N) N 2’\/(N)+1 N 27(N)+2 _>13’y(N)+3 _>]37(N)+4 _)157/(N+1);

see Figure 8. If the left end has the bowed case with L= (N) = j; — 1 then there is one
(inner) joining hyperplane in I, containing $”™)+2, at the left end at distance §/' ~!r
from p7"Y), and the intermediate path is

pNnt . py(N) _y 2y (N)+L Ly 5y (N)42 _y 5y (N)+3 _y 5y (N+1)

similar to Figure 8 but with the middle two hyperplanes coinciding. In each case, we
define the subpaths I''V:/*“//.~ and I'V:""*:~ between the left end of the interval and the left
inner joining hyperplane. In all cases the arguments are essentially the same as in the
analogous non-mixed case, with the addition that for the final transition ending at p?(V+1),
one uses (4.44) to bound [p7(V+D-1 _ wl(NH)*lL We will not reiterate the arguments
here, but simply state that the result is again the analog of (4.121) and (4.132), bounding
the mixed-case contribution to the tracking-failure probability (4.116):

P(T(ﬁW(N)jﬁW(N+1)) —Ts (FNtfuu) > 9, (FN,full)

+ 5u(|ﬁ’7(N+1)_ﬁ'Y(N)|_TEuC (T ful ) _i_é/\jl [tG(T)+5M<TEuc (D32=1:2) — ( — i’)l)}

Mt
L Mita(r)

5 for some N with Iy non-terminal long (j; — 1)th-scale, in the
m

mixed case of (4.39) for some (z,y) € X,; w ¢ J(© (¢g9) U J(lc)>

< P(‘T(u,v) — h(Jv — u|)| > A for some link (u,v) of VU= op TN:int.=
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(or FN’f“”, 'V in the mixed totally unbowed case) for some N with Iy

long non-terminal (j; — 1)th-scale, in the mixed case of (4.39)

for some (z,y) € X,; w ¢ J© (cg9) U J(lc)>, (4.152)
where
o0 in the mixed forward case for Iy,
A= A3 (PNJull.=) in the mixed bowed case for Iy,

A} (DNJull) — in the mixed totally unbowed case for .

As in Cases 3a-3d, the right side of (4.152), and thus the mixed-case contribution to the
tracking-failure event (4.116), is bounded above by

. )\ .jl
f(X, 6, 8)7 exp (—c41 <W> t> (4.153)
for some f(\, 9, 5).

We have now bounded all contributions to (4.116), by the sum of (4.122), (4.123),
(4.134), (4.135), (4.138), (4.151), and (4.153). From this and (4.113) we have the com-
pletion of the (j; — 1)th-scale iteration:

P(T(x, y) < h((y — 2)1) — to(r) for some (z,y) € XT>

<p (TT (T9712) — h((y — 2)1) < — (1= BXIY) to () + TopN! (TEM (03,719) — (j — :2)1)

+ 5u<TEuC (T275%) = Ypue (T2,10) ) for some (z,y) € X,; w & J© (co9) U J(lc))

. A J1
+ c30€ 33t + c42 €XP <—C43 (75){1) t) . (4154)

As in the comments after (4.81) and (4.112), the increase of the coefficients 4, 6
in (4.81) to be 5, 7 in (4.112), together with an increment to the “length-change” term
with coefficient du, represent a further reduction taken from the original bound to(r)
in (1.14), and allocated to bound errors in the second stage of the (j; — 1)th-scale
iteration, just completed. In this second stage, however, the increment of the length-
change term, due to replacing I'J; "' with T'J2 -2, is negative (removing points reduces
path length) and may compensate at least in part for the increases from 4, 6 to 5, 7.
This compensation, made possible by control of tracking errors, is what allows the
total allocation through all iterations to potentially exceed the entire original bound
to(r)—see (4.167).

4.9 Step 7. Further iterations of coarse-graining

The further iterations proceed quite similarly to the (j; — 1)th-scale iteration; for the
most part, to do the jth-scale iteration we simply replace j; — 1, j; throughout by 5,5 + 1.
We will sketch the (j; — 2)th-scale (third) iteration to make the pattern clear.

For the first stage of the (j; — 2)th-scale iteration, the current marked PG path at the
start is 7,712 : 0% — b' — - — b™*!, which we rename '/ >, Letting

I7,={i€{3,...,n— 2} : b’ lies in a non-incidental (j; — 2)th-scale hyperplane in H,,,}
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we shift each V¥, i € Igy, to the (j; — 2)th-scale grid, creating the updated marked PG

path
D=2 40 5 pl 5o 5 — pHL,

zy

Removing those b" which lie in non-terminal (j; — 1)th-scale hyperplanes then creates
the marked PG path

j1—2,2 ., ~0 1 ) 2+1
PR=22: 0 =t oo (2

Yy
in which (recalling (4.24)) ¢° = &, ("1 = g, ¢! and (™ lie in terminal j;th-scale
hyperplanes, ¢2, ("2~ ! lie in terminal (j; — 1)th-scale hyperplanes, and ¢3, ..., ("2 lie in
(j1 — 2)th-scale hyperplanes. Noninteraction of shifts again applies (see Step 4), since if
b® and b* both lie in (j; — 2)th-scale hyperplanes then there are sandwiching (and possibly
also joining) hyperplanes in between, ensuring |i — k| > 2. For N < ny we write %"/t
for the portion of I'2~2! in the interval (denoted I3,) from (¢V); to (¢(V*1)1, and define

7(2,N) by ¢V = 72N N < ny + 1, analogous to v(N) used in the previous iteration.
Similarly to (4.106)—(4.108) we have

3 AL (100 < %)\jl‘l [to(r) + 00 (Cpue (P,720) = (G- 301)],  4.155)

i€y

o [C e (U2 21) = Yo (0720

< 5)@;‘1 {to(r)

+ (5,U (TE’uc(FJx-ly_ZO) - (@ - i)l)] 5
(4.156)

and

\Th (C3,721) = T (T34729) \ < At [“’3(” + 5u(TEuc(Fi1;2’°> - (- :ﬁhﬂ . (4.157)

These lead to a tracking bound like (4.111) for the first stage (shifting to the (j; — 2)th-
scale grid) using Lemma 4.6:

P<TT(F§3‘270) = YR <= > AS(T5720,0) + Ty (T,720) = 1 (T9721)

i€l?,
for some (z,y) € X,; w & JO (co9) U J(1C)>
< P(max (|T(z§i—1,i)i) — h(lp* = b)), [T ) — h(jbt — bi—1|)|)
1 .
> ZA}l_l(Fgﬁly’Q’O,i) forsome 1 <i<n+1and (z,y) € X,
with {i — 1,i} N 12, # B;w ¢ J©(ca0) U J<1C>)

< P<|T<v,w> — hjw —o)| > A2, (v,0)

for some (j; — 1)th-scale transition v — w with v,w € G;f N ]Lj1_1>

A Ji—1
S 070 exp <—C71 (7(5”) t) . (4158)

As with (4.81) and (4.112), with (4.154) this yields

P(T(m, y) < h((y — 2)1) — to(r) for some (z,y) € XT)
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<p <TT(F§}y2’1)—h((y —2)1) < — (1 — 20) o (r)+ 40N (TEW (131,-10) —(j}—i)l)

3N (t0(r) + 60 e (T257) = (5 - 1]
+ 20 (10 () + 64 [T (T2,72) = (5 — )1 )

— 5M<TEuc (T3 710) — Ty (T2,721) ) for some (z,y) € X,;

Ty Ty

w ¢ J(O)(ng) ] J(lc)>

A Ji A Jji—1
+ 032e—c33t + C42 €XP (—643 <75X1) f,) + Crg exp (—071 (75)(1) t) . (4.159)

Remark 4.9. The second probability here contains three quantities of the form

N (10 () + [T e (T2) = (5= 1] ).

with certain additional integer coefficients: 2 and 4 in the first quantity, 3 in the
second quantity, and 2 in the third. As noted in Remark 4.8 and after (4.112), (4.116),
and (4.154), these represent the accumulated error allocations from the jith, (j; — 1)th,
and (first-stage) (j; — 2)th-scale iterations, respectively. We have split these out here
for clarity; in (4.113) and (4.154) the first two of the three quantities are combined,
giving the terms with coefficients 5 and 7. In general after the first stage of the jth-
scale iteration (which is the source of the third quantity), the second quantity would
represent allocations from all stages j; — 1 through j + 1. With this in mind we define
the accumulated-allocations upper bounds

A0 <2 i) 2 (027 - 2]
Ji—1

+ > 3N (t0(r) + 0| Toue (T) — (3 — @)1 )
k=j+1

2N (ta(r) + o [TEM (1239) — (5 — @)1}) (4.160)
and

AZ(T,,) =2\ (ta(r) + 26 [TEu (D310) — (5 — a?)l]>
+ jf AR+ (ta(r) + o {TEM (TE0) — (§ — :z)l} ) (4.161)
k

=J

with A}(I‘Iy) a valid upper bound for accumulated allocations after the first stage of
the jth-scale iteration, and A?(I‘xy) valid after the second stage. Comparing (4.160)
to (4.112), in this case we have j = j; — 1, the sum in (4.160) has no terms, and the
other two terms on the right in (4.112) merge into one. Comparing (4.161) to (4.154),
in this instance also j = j; — 1, and the sum in (4.161) has one term which in (4.154)
is merged with the other term on the right. Equation (4.161) may also be compared
to (4.81), where j = j; and the sum in (4.161) has no terms. We can rewrite the second
probability in (4.159) as

p <T:ﬁ (T3,721) = h((y — o)1) < —to(r) + A} _5(Tay)
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= 0(Yue (T571°) = Ve (13,72) ) for some (z,y) € Xyi w0 # I (ez0) U J“C))
(4.162)

Moving on to the second stage of the (j; — 2)th-scale iteration, from (4.159), using
the form (4.162), we have similarly to (4.113) and (4.116)

P(T(m, y) < h((y — 2)1) — to(r) for some (z,y) € XT)

<P <TT (T3, %) = hl(y —2)1) < —to(r) + AF, _5(Twy)
=Y (P27°) = Tue (4,722 ) for some (2, ) € X, w ¢ 1O (cao) U J“C’)

na
+ P<TT (D3>1) =Yg (P2722%) < = D 85, (T2
N=0

_ %Wl (to(r) + 01| e (T24,722) = (5 - 2] )

+ 5M(TEuc (T9721) — Thye (Fily’2’2) ) for some (z,y) € X,;

zy

w ¢ J(O) (029) U J(lc)>

A J1 A ji—1
+ C32€—c33t + cq0 €Xp (—643 (75)(1) t) + Crgexp (—071 (75)(1) t) , (4.163)

the last probability being the tracking-failure probability. We now divide into Cases 1-5
as in the (j; — 1)th-scale iteration. In each case (excluding 3c) there is an intermediate
path 27t in each (j; — 2)th-scale interval I3, which is slower than the direct path (up
to a multiple of log r), satisfying

YA (2Nt > TN pr N (2, N +1) — 9(2,N) — 1)eag log 7

assuming w ¢ J(®(cy9), and hence

no ) )

Z TT(FQ’N’Znt) Z TT (F];ZIZQ) — (’I”L — ng)CQQ log r,

N=0
and which satisfies deterministic tracking in a form like (4.117), sometimes with extra
terms in the form of error allocations, as in (4.143); this deterministic tracking says that
the intermediate path is sufficiently shorter relative to the full path, to within the error
given by the allocations. This enables us to bound the last probability in (4.163) by a
tracking-failure probability of the form

P(TT (FQ,N,full) _ TT (FQ,N,int) S Th (F2,N,full) _ Th (FQ,N,’int> _ (allocations)

for some N for some (z,y) € X,; w ¢ J© (cg9) U J(10)>, (4.164)

differently for each of the 5 cases; see for example (4.144) for the totally-unbowed case.
This is then bounded by summing probabilities of form

P(‘T(v, w) — h(lw —v])| > 4)
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over all possible links (v, w) of paths I'2N:full T2.Nint for gl N, using Lemmas 4.6 and 4.7.
The end result of the (j; — 2)th-scale iteration is that

P(T(x, y) < h((y — x)1) — to(r) for some (z,y) € XT)
<P (TT (T2,72%) = hl(y — 2)1) < ~to(r) + AF, _5(Tay)

—op (TEuc (P2 °) = Toue (12,722 ) for some (z,y) € X5 w ¢ J© (ca9) U JUC))

Ji—1 A j+1
+ egpecant Z Ca2 €XP <C43 <75X) t). (4.165)

Jj=j1—2

After all iterations are completed through the j>th scale, this becomes

P(T(m,y) < h((y — 2)1) — to(r) for some (z,y) € Xr)
<P (TT (P32) =y = 2)1) < () +A% (D) =08 Tiue (T2,7°) = Tiue(T2%))

for some (z,y) € X,; w & J© (cg9) U J(lc)>

il A Jj+1
+ eggecant 4 Z Ca2 €XP (—043 (W> t> . (4.166)

J=Jj2

We claim that

A8, (Cay) = 01X e (D7) = Tae (057) ) < 5t0(r) + (Ve (D) = (0 2.
(4.167)
This says that the second term on the left, representing part of the cumulative effects
of tracking, cancels enough of the cumulative allocations A?z (T'zy); see the comments
after (4.116) and (4.154). To prove (4.167) we make the subclaim

D:= max Tpgyu (T}))—(§—&) < Q(TEM (T35 = (5 — 5:)1) +to(r). (4.168)
J2<j<ji—1

Assuming (4.168) and assuming A satisfies 7\/(1 — A\) < 1/4 we have from the defini-
tion (4.161)

o J2<j<ji—1

AZ (L) < % (ta(r) + (M{ max  Ypgue (I7) = (9 - f)l})

14 6p
4

IN

to(r) + 5u(rEuc (D3710) — (g — 5;)1) (4.169)

and (4.167) follows. To prove (4.168) we use (4.107) (which generalizes to all j in
place of j; — 1) and the fact that, since removing points reduces length, we have
T Euc(Fgﬁ) <7 EUC(F;;) for all j. This yields that for all j > 1,

Ji—1
Toue (159) < True (T30 + D [True (1) = Yiue (1) |
k=j+1
=1 k41
4 A to(r)
< Y e (D92~ 10 [ 5 D] 4.170
< Toue (070) + D S|~ +om (4.170)
k=j+1
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and therefore

A8 A3
_ ——D 4.171
SR , (4.171)

D < Ypye (9719 — (5 — 2

from which (4.168) follows, and hence also (4.167). The right side of (4.166) is therefore
bounded above by

P (TT (T72%) = h((y — 2)1) < —%ta(r) + o (TEUC (132:2) — (j — 55)1)

Jj2+1
for some (z,y) € X,; w ¢ J©(c9) U J(lc)> + €44 €XP <—C45 (75><1) t> :

(4.172)

4.10 Step 8. Final marked CG paths

In I‘-@’Q, only terminal hyperplanes contain marked points (excluding %, ), one near
each end of [#;,¢;] for each scale jo < j < j;. The marked point in the j-terminal
hyperplane is in the grid IL; for all j. As noted in Step 1, the gap between the j,-terminal
hyperplanes is at least 46> and at most 507>~ 'r. Now I'/2? is our final CG path, so we
rename it

-+

F:(;y(’::%:uoﬁ~~%uR L=y,

where R = 2(j; — j2 + 1). We also define a projected path with collinear marked points

Fgf’m' R A SRR vR“,

where v’ = (u');e; is the projection onto the e; axis. For j; — 1 < j < jo, the links
(ur=7 ur=+1) and (uf~71+7 yf=51+i+1) each have one end in a j-terminal hyperplane
and the other in a (j + 1)-terminal hyperplane; these will be called the jth-scale links of
I'{C. The links (u’, u') and (uf?,u®*!) are called final links, and the link (u/2 uf/2+1)
between js-terminal hyperplanes is called a macroscopic link. See Figure 3 in Section 4.3,
where u’, ..., u" are the marked points in ' and (u?, u*) is the macroscopic link, which
(by definition of j») always covers at least 1/6 the length of [Z1, §1].

We have Y gy (TS7P7) = (§ — )1 so by Lemma 3.6(ii) (applied with ¢ = 1/4 and
assuming, as we may, that § < 1/4), since R < 27,

Ty (TS7) = T (TOPT) > (; + 6) (Y ue (TSF) = (5= #)1) = 21 Cse.
Therefore, using (4.70), the probability in (4.172) is bounded above by
P (rf (PSG) — 1, (1¢) < —%to(r) + (su(rm (TS — (5 - 5@)1)
— {Th (ngG) - Ty (F%GPT)} for some (z,y) € X,; w ¢ JO (c99) U J(lc)>
-3 2

< P(TT (TSE) =1 (TS < Loy~ & (TEUC (TS) = (5 - 33)1)

for some (z,y) € X,; w ¢ J@(cp9) U J(lc)>. (4.173)
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To bound this we use allocations

. N b (= )"
ASC (v, w) = =N {t* + —
P00 = 1V |e oot + S =
for jth-scale links, AS“ (v, w) for final links, and A$,%(v, w) for macroscopic links. From
(4.86) and (4.87) we have

* Rl i i)
op P ot S )P
18 Kehi ro(r) — 3 120(r) — [(wi=1 — ut)]

Therefore using also (4.27) the total of these for all links in a path I‘Ty satisfies

AgG(uR/z,uR/zﬂ)+Ajch(u0,u1)+AjCIG(uR,uR“)

Ji—1
+3 {Acfl (uh =7 1 =31y 4 ACG (yFi=iti UR—.71+j+1)]
J J ’
J=J2
Ji—1 i R+1 . .
MO s ) o T (it — )2
- j=;1 4 [(3 T gt ro(r) )U(T) T ; [(ui=1 —uf),|

J1 i—1 uz)*|2

i " L (™ —
SZ Iy (14 20) 1o +Z/\< ); T ]

j:Jz J=J2

)\ 166[1)\ CcG ~ ~
ST Ay (TE“C (Tey’) = (0~ x)l)
1 1% PO
< sto(n) +4 (Thue (TSE) = (5 - an). (4.174)

Therefore the last probability in (4.173) is bounded above by
J1 o _ _ _ '
3 P(‘T(u“, ') — h(jui~! — u’|)’ ASE (=1, u') for some jth-scale link
(u™1, u') of I‘fyG and some (z,y) € X,; w ¢ J @ (co9) U J(lc)>

T(u'= ') = h(|u'™t =)

CGy, i1 i T
> A7 (u'"",u") for some macroscopic link
(u'~',u") of TS and some (z,y) € X,; w ¢ JO (ca9) U J(lc))
T~ u) — h(ju'=t — uf])

> A$%(u'", u’) for some final link

(u'", u') of Fgf and some (z,y) € X5 w ¢ J© (c9) U J(lc))' (4.175)

Considering the probability for final links (v, w), the number of possible such links in
Gj[ is at most c472¢ and for each such link we have from Lemma 3.2 and (4.22), using
AjC;G(v, w) > Mito(r)/12,

P ({0 == o) 455000) < Cunn (- o))

a(2871r)
Cag A J1
<ecgrexp | —— t | < carexp(—cqgtlogr). (4.176)
J1 \6x
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The probabilities for jth-scale and macroscopic links can be bounded using minor
modifications of Lemma 4.6, showing that (4.175) (and hence also the probability on the
right in (4.166)) is bounded above by

J1 A 7 A .
2650 €xXp | —Cs1 (75x1) t | + cs0exp <C51 7(5X1t> + cagCarr™® exp (—caot log )

Jj=1
S C52€7C53t. (4177)

With (4.166) this completes the proof of (1.14). As noted after Theorem (1.3), the
downward-deviations part of (1.13) is a consequence, so the proof of the downward-
deviations part of Theorem (1.3) is complete.

5 Proof of Theorem 1.6 for fixed (z,y)

We move on to step (2) of the strategy in Remark 1.7. As with the proof of Theorem 1.3
(downward deviations), there are simpler cases which can be proved from Lemma 3.2
and do not require Theorem 1.3. These we can handle uniformly over (z,y); after dealing
with these, in Lemma 5.1 we will handle the main case, for the moment only for fixed
(@,y).

Let
CoT

"0 = (og r) /X0 -1

with ¢ to be specified; we will consider separately short geodesics (meaning |j — | < 1)
and longer ones. When I';, ¢ G, , for some z,y € VNG, (K) with |(y — z)*| < (y — 2)1,
taking u to be the first vertex in I';, outside G, ;, we see that one of the following cases
must hold.

Transverse wandering cases (see Figure 10):

(i) (non-transverse wandering) there exist 7,7, € ¢Z% with &, € Gr(K),u ¢ Gy
with d(a, G, s) <5, and z,y,u € V with

IHaX(|£L’ - (2|7 ‘y - g‘v ‘u - ﬁ|) S 5v d— 1; u € Fzy7 7:L1 ¢ [i'lagl]a

(i) (wandering by short geodesics) there exist 2,9, @ € ¢Z¢ with &, € G,.(K), 1 ¢ Grs
with d(@, G, s) <5, and z,y,u € V with

max(|xf:i|,|y—g|7\ufﬂ\)§5vd71, UEF-’EZ,M ﬂle[j:lagl]a \@*ﬂﬁro,

(iii) (large wandering) s > ci(logr)'/? and there exist #,, & € ¢Z¢ with z,§ € G,.(K),
U ¢ Gy s with d(4, G, 5) <5, and z,y,u € V with

HlaX(|l‘7;i|,|y7:Lj/|,|U7?fL|) §5Vd717 |y*$| > To, uerfcw uy € [x17y1]7 (52)
(iv) (moderate wandering) s < c;(logr)'/? and there exist =, y,u € V with

x,yEGT(K), U¢Gr,sa d(qur,s) §2; \y—x\ >TO; uermya uy € [xlayl]v
(5.3)

where ¢; is to be specified. In all cases (i)-(iv) we assume |(y — z)*| < (y — z);.

Cases (i)—(iii) are the ones which do not require Theorem 1.3 and can be proved from
Lemma 3.2. This is because the exponent obtained from that lemma is at least of order
log r, meaning it dominates the entropy from the number of possible choices of z, ¢, u.
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U,
/ \ Grs
............................ . R Fz \ Gr K
Iy Y Sy 5{ y (K)
0 / x rep
u X Xz //
L] \‘ Vi
\
\ T,
\\:L.L _ // Y

Figure 10: The inner box G,(K) has height 2K A(r), and the outer box G, ; has height
2sA(r). The dotted line shows I';y in transverse wandering case (i), the solid line shows
case (ii), and the dashed line shows cases (iii) and (iv), for large and small s, respectively.

It follows from routine geometry that under (i), for C34 from (1.17) we have

s20(r)logr if s < (Csylogr)t/?,
i — 2|+ |9 — | — |[§ — 2| > d(G,(K),G¢,) > ] s0(r) if (C34logr)/? < s <r/A(r),
sA(r) if s >r/A(r)

so also, using Lemma 3.6(ii),

Ls25(r)logr if s < (Csqlogr)l/?,
h(|i —2]) + h(|§ — al) — h(lg — 2[) > { &s?o(r) if (Csqlogr)/? < s <7/A(r), (5.4)
EsA(r) if s >r/A(r),

while R R R
T(@,a) + 7@, 5) — T, 5)| < M(@) + M(5) + M(@).

Therefore one of the following 6 quantities

,\T(@, ) —h(lg—2))|, M), M), M)

‘T(i‘,ﬂ)—h(m—jz\)

. |7 ) —hg—a)

exceeds 1/6 of the right side of (5.4). There are at most cos%r2d possible values of (%, g, @)

under (i), so from Lemmas 3.1 and 3.2, provided Cj3, is sufficiently large we have

P((i) holds)

o502 . Cyy exp —03%) < 046’6552 if s < (Csqlog r)1/2
20,
< { casir?d . Oygexp (—c3 sgég«?) < cyem if (C34logm)/2 < s <r/A(r),

c25%24 . Cygexp [ —cs U(SSAA((TT),))) < e s AM/o(AM) if 5 > /A(r).

(5.5)
Under (ii) we have for some cg

ces2A(r)?/rg if s < ro/A(r),

A1 — il — G — 2] >
o — 2|+ g —a| —|g— 2] > {CGSA(T) if s > ro/A(r).

o(sA(r)) > crs%. Hence similarly to (i), provided we take ¢, large in (5.1),

Further, for s < r/A(r) we have 1/sA(r)o(sA(r)) < ¢7/A(r)? or equivalently sA(r)/
P((iz’) holds)
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cgsr?d . Cypexp (—co izg‘ﬁg;) < ¢rpe— s’ logr if s <rg/A(r)
< cgstr? . Cyyexp (—cg U(SSAA((TT))) < cppe s ifro/A(r) < s <r/A(r),
cgsir?d . Cyyexp (—co U(SSAA((TT))) < cpe sAM/a(AM) if 5 > /A(r).
(5.6)
Under (iii) we have
o o o c128%0(r) if e1(logr)V/? < s <r/A(r),
o —&[+]g—al —|§— 2] =
c128A(r) if s >r/A(r).
Hence as in (i) and (ii) we get
P((m) holds)
138921 - Cugexp (—c14 50(02(,?) < cjze i if ¢1(logr)t/2 < s < r/A(r)
c13592% . Cyyexp (—c1q U(SA( ) < cpge—CssAM/a(SAM) if 5 > /A(r).
(5.7)

To deal with (iv) and complete the proof for fixed (z,y), we have the following lemma.
We note the difference from Lemma 4.2, which covered many z,y simultaneously but
considered only larger transverse wandering, of order A(r)logr or more. Note that so
far we have not had to impose any conditions on c¢; appearing in (iii) and (iv), so we can
take ¢; to be Cg from the lemma.

Lemma 5.1. Suppose G = (V,E) and {n., e € E} satisfy A1, A2, and A3. There exist C;
such that for all K > Cr4 and all x,y € G,(K) with |(y — z)*| < (y — 2)1,

P(rmy ¢ G) < Cpse=C%" forall Oy K < s < Crs(logr) /2. (5.8)

Proof. Fix =,y € G,(K) and let 7y = (y — x);. We consider first the case of r; < r/2. To
facilitate application of (1.14) in Theorem 1.3, we need to replace G, ; with a cylinder
of length only 2r;. To that end, let m > 0 satisfy mr < z1 < y1 < (m + 2)rq, and for Cao
from (1.11) let

r (1+x1)/2
) o G = by, (m+ 2)m] % 25A(0) B,

s1 = 2C —
S1 225 (27‘1

the latter being a slice of G, ;. Define sy by 2sA(r) = s2A(2r1). Then sy > s, and

from (1.11) we have s, > sy, and GT 22 is a translate of Ga,, (s2).

In view of (5.5) and (5.6), we need only consider (z,y,u) as in (5.3); in particular
r1 > 19/2, with ro from (5.1). Here we have for some c¢g

lu—x| + |y — ul — |y — x| > cos50(2r1)
and hence h(ju —x|) + h(ly —ul) — h(ly — z|) > %8%0’(27“1),
so as in transverse wandering cases (i)-(iii), since u € I';, one of the quantities
h(|u - $|) - T(:L‘,u), h(‘y - UD - T(u, y)7 T(I,y) - h(|y - £U|)

must exceed cous3o(2r;)/6. It follows from (1.12) and the downward-deviations part
of Theorem 1.3 (with ¢,7, K,t there taken as 1/2,2r1, Kso/2s,cous3/6 here) that for
ro =X —mriei, Yo =y — mrie; we have

P (T';, contains a vertex u as in (5.3))
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< P(max (h(|u —z|) = T(x,u), h(ly — ul) — T(u,y)) > %530(27@) for some u € G(m)>

r,2s

2T iy~ o) = W doter))

< P(max (1@ = ol) = T(ao, @), h(lyo — @) — T(@ o) )

# P (Tlwy) = nlly — ) = Yisgotor)

2
< Core™ %2

< Core™ . (5.9)
The proof in the case r; > r/2 is the same but without the need to shorten G, ;. O

This completes the proof of Theorem 1.6 for fixed (x, y), and thus of (2) in Remark 1.7.

6 Proof of Theorem 1.5

We move to (3) of Remark 1.7. We begin with an extension of a consequence of
Theorem 1.3, removing the requirement that y lie in the same tube G, (K) as z, to create
a bound on the probability of a fast “hyperplane-block to hyperplane” passage time.
Define

A, =10,2] x [=A(r), A(r)]47

Lemma 6.1. Suppose G = (V,E) and {n.,e € E} satisfy A1, A2, and A3. There exist
constants C; such that for all r > Cr9 and t > Cgg,

P(T(:c,y) < h(r) —to(r) for some z € A, NV and y € Hff) < Cgre 52t (6.1)

Proof. It is enough to consider y € Hj, . o and t < h(r)/o(r). We first deal with large |y*|.
With ¢y to be specified we have

P(T(:@y) <h(r)—to(r) for some 2 € A,NV and y € Hy, ;19 With |y*| > co(log r)1/2A(r)>
< Z rP (T(m, y) < h(r) —to(r) for some z € A, NV and y € H}. 49
with 287 eg(log )2 A(r) < [y < 2kco(logr)1/2A(r)>
s ~
< Z P (T(ﬁc, 7)) < h(r) — to(r) for some & € A, N ¢Z% and § € H, N qZ*°
with 28~y (log )2 A(r) < |97 < 2kco(logr)1/2A(r)>. (6.2)

For ¢y from (4.26), let ko = max{k : 2¥¢cq(log7)'/?A(r) < cgr}. For k < ko, and for &, §j of
the last event, we have from (4.26) and Lemma 3.6(ii) that

Ak |2 22k 2 1 2

g — 2| > T+M ZT+M so h(|lg—2|) > h(r)+@22ka(r) logr, (6.3)
3r 12 24
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and the number of allowed #, § is at most ¢;(2%(logr)'/2)4=1A(r)2(d=1) < 2kdy2d There-
fore by Lemma 3.2, provided ¢y is large, the sum up to ky on the right side of (6.2) is
bounded above by

ko 2
P (T(& §) < h(lj — &) — to(r) — %2%@) log r for some & € A, N gZ*
k=1

and § € H, N ¢Z® with 257 Y¢o(log )2 A(r) < |97 < 28¢o(log r)l/zA(r)>

k?(] 2
< okd,.2d _C o(r) + 1 92k e 1
< 321 =" Cqq €XP 45 (21) + o4 0BT

< cge” 3t (6.4)
For k > kg, in place of (6.3) we have
[—&| > r4ca|g*| > r+cs28Leg(logr)2A(r)  so h(|g)—5£|)2h(r)+%2k(log mY2A(r),

and we obtain similarly that the sum from ky+ 1 to oo on the right side of (6.2) is bounded
above by

3 P(T(;i,g) <h(|j — &) — to(r) — #zk(log r)Y/2A(r) for some & € A, N ¢Z? and
k=ko+1

§ € H,. N qZ* with 287 ey(log )2 A(r) < |5*| < 2¥¢o(log r)l/QA(r)>

= C C4Co b
< okdy2dcy - 0 t 2089k (1og 1) /2 A
< X0 2w e (g Ay (10 T2 o8 280)
ce(to(r) +1)
< s T
< c5exp ( ()
< cge” (6.5)

The last inequality uses ¢t < h(r)/o(r), which we may assume, as noted above.
We now deal with the remaining case |y*| < co(logr)/2A(r). For Cas from Theo-
rem 1.3, we take K = /t/Cas(d — 1) and subdivide H, , o into blocks of side K A(r):

d—1
Vi = [, +2] x [[[(mi = VEA(r),miKA(r)], m ez

i=1

Let z,, denote the center point of Y}, and let
M = {m € 7971 .0 ¢ Yo, Jy € Y with |y*] < co(logr)l/2A(r)}.

Given m € 9, there exists a cylinder C,,,, with axis containing Iy, radius 2v/d — 1K A(r),
and length 2r, which contains A, and Y;,. See Figure 11. Further, doo (Y, [r, 7 + 2] X {0})
is a positive integer multiple of KA(r), and for z € A, and y € Yy, satisfying doo (Y, [r, 7+
2] x {0}) = jKA(r) for some j, we have using (4.26) and Lemma 3.6(ii) that
I KA(r))? i K)? | K)?
ly — x| >r+ (]3& =r+ U 3) o(r) and hence h(ly —x|) > h(r) + M(jG ) a(r).
r

The definition of K says t = Cy(d — 1) K2, so by rotational invariance we can now apply
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e

A
NEA
N

VAV YAV

Figure 11: The block A, in Hy (“fattened” slightly to thickness 2), the similar but smaller
block Yy, of H,, and the cylinder C,, containing both, for m = (0, 1). The gray blocks in
H, are those with j = 1.

Theorem 1.3 (for downward deviations) to the cylinder C,, and obtain
P(T(x, y) < h(r) —to(r) forsome x € A, NV and y € Ym>

pGK)?
<P(T(z,y) <h(y—=x|) — t+T o(r) forsome z € A, NV and y € Vi,

- 2
< Cyrexp <—028 (t+ ”(Jé{) )) . (6.6)

Summing over j < jo = max{j : jKA(r) < co(logr)/?A(r)} gives

P(T(a:, y) < h(r) — to(r) for some x € A, NV, y € Hj, 5 with [y°| < co(log T)I/QA(T))
< P(T(as,y) < h(r) —to(r) for some x € A, NV,y € Yy, and m € M

With dee (Yo, [, + 2] x {0}) < jOKA(r))
< ZP(T(x,y) < h(r) —to(r) for some z € A, NV,y € Yy, and m € M
with doo (Y, [, 7 + 2] x {0}) = jKA(T’))

< i(zj +2)" Corexp (‘C% (t " M(16K)2>>

=0
S C7€_CBt. (6.7)
With (6.2), (6.4), and (6.5) this completes the proof of Lemma 6.1. O

Define the “small box”

G, =10,7] x [—A(T),A(r)]d_l.
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Ar L 3 —\\g’g(}l)"
0 gr A ]{37"61

kr

Figure 12: The big box G, of size kr x (4j+2)A(r) =~ kr x KA(kr), here with k = 5, = 2.
Each small box G, i, has size r x 2A(r). A, (31) is a fast source if some path like the
dashed one is “sufficiently fast” relative to h(r).

We now tile a region of R? with translates of G,. Fix k, K to be specified and let
j = j(r, k, K) be the least j for which (25 + 1)A(r) > KA(kr). Define the “big box”

G =10 kr] x [=(2] + DA(r), (2] + DA,

so the width of G* is near 2K A(kr). For m € Z% let G, .., A, be G,., A, translated by
(rm1,2A(r)m*), and let M = {m € Z% : G, ., C G*}; see Figure 12. Then the number of
small boxes comprising G is

KA(kr) - rd—1p.14+(d—
< +(d=1)x2
A(r) ) = F ’

and we have Gt D Gj, x N Hio ). Let £n(t) be the event in (6.1) translated to G, m,
that is, we replace A, with A, ,, and H,” with H(tnﬁl)r. Fix C to be specified; when
w € Em(Clogk) we say A, m is a fast source. Let L(r) = (h(r) —ru)/o(r), so

M| =k(2j + 1) <2k (

0<L(r) <Cylogr (6.8)

by Proposition 3.3.

We now consider the passage time between the ends of the big box. If I';, C Gk
then I'g xr., must intersect at least k of the regions A, ,, one for each 0 < m; < k.
If there are no fast sources, this means T'(0,kre;) > krp + kL(r)o(r) — Co(r)klogk.
Provided K is large, it then follows from Lemmas 5.1 and 6.1 that

P(T(O, krer) < krp+ EL(r)o(r) — Co(r)klog k)

< P(Tosre, & Grric) + P(Umem Em(Clogh))
S 075670761(2 + 081‘M|€7082C10gk
S 0756—07(5](2 + Cle—lkl-‘r(d—l)Xge—CsQClogk. (69)

By taking K large and then C' large, we can make the right side of (6.9) less than 1/2 for
all £ > 3. On the other hand, from (1.12) for large ¢ > 1 we have

P(T(O, krei) < krp+ L(kr)o(kr) + ca(kr)) > 1 — Cyye O2¢ > %
From this and (6.9) it follows that
(L(kr)+c)a(kr) > k(L(r) — Clogk)o(r) forall r large and k > 3. (6.10)

Fix k > 3 large enough so k' =X2 > 3Cy3c, with Cys from (1.11), and, to get a contradiction,
suppose there exists r arbitrarily large with £(r) > 2Clogk. By (1.11) and (6.10) we

then h
en have o(r) kL(r) Jlxe

>
E(k?") - O’(k"l‘) 2 3C53
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Then iteration and (6.8) give that for all n > 1, Cys(nlogk + logr) > L(k™r) > "L(r).
Since this is false for large n, we must have L(r) < 2Clogk for all large r, so L(-) is
bounded, which completes the proof of Theorem 1.5, and thus (3) of Remark 1.7.

7 Proof of Theorem 1.3—upward deviations

We move on to (4) of Remark 1.7. The proof is similar to the LPP proof for d = 2
in ([13] Proposition 10.1). As with downward deviations, we need only consider z,y as
in (4.24). Let H,, be as in the downward-deviations proof, and

H!°" = {all terminal hyperplanes in H,},

zy

SO 7—[;6; = {H,,,...,Hs, } for some n,si,...,s, depending on (z,y). Note that Hﬁfyr
does not depend on I'y,; the j-terminal hyperplane at each end of [#1, §1] is just the

second-closest jth-scale hyperplane to the endpoint. We form a marked PG path

Qpy 1 = W — st =g

by taking u’ as the closest point to w’ = Ilz; N Hy, in the jth-scale grid, when Hy, is a
j-terminal hyperplane; this means |u’ — w'| < v/d — 187A(r) and n < 2j; (from (4.22)).
Thus the CG approximation gets coarser as we move away from the endpoints of the
interval. See Figure 3.

We proceed generally as in Step 8 of the proof for downward deviations (Section 4.10).
Let w’, be the orthogonal projection of u’ into II;;. We use the terminology jth-scale
link, final link, and macroscopic link from there. For j < j;, for a jth-scale link (u'~!, u?)
we have (u —u*~1); > (1 —6)6’r and

(=" — '+ o — ]2
or

%

2d— )FIAGY

i i—1
S|wL _wJ_ | + 67T

lut — a7 < |wh —w T+

(7.1)
Further, the angle o between e; and § — & satisfies tana < 2K A(r)/er and therefore

Kpi
€

Ju!

—w'| < e o(r), (7.2)

i i KA(r)
|w* —w' | < ¢
er
and similarly for i — 1 in place of . We have also ¢7r/2 < (u’ —u*~1); < 2677 so from (4.26)
and the bound on tan o we also get

(19— al - (5 - 21) = 222500,

€ €

|w' — w' Lﬂ —w'

—1| _ (wl _ wi—l)1 _

(g —2n

Combining this with (4.19), (7.1), and (7.2) and using (u’ — u*~!); = (w® — w~1); we see

that

‘ui _ ui—l‘

< (= (Juf = e =l = ) 4 ot = | o -l
+ (|wl —wiY (i — wif1)1)

d—1)B% 20,KpB7 45 K? 887 K2
')5 + aKpB +

o 2( . ,
i, 0—1 i i—1
<(u'—u")+ < 5 . = > or) <(u' —u'" )1+ = o(r)
and therefore by Theorem 1.5, using (4.19) and the assumption ¢ > Coys K2,
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h(ju® —u'=Y)
) . 1667 K2 . . . 16007 K2
< h((w! = ") + =50 (r) < puf — w1 4 2050 (287) + o —o(r)
) . §ix 2 . 2\
< p(ut —u Y + 02720(7’) < p(u' —u™hy + to(r). (7.3)

2

€
It follows using Lemma 3.2 that

P(T(ui—l,ui) ot —w Y, > /\jto(r)> <P (T(ui—l,ui) ~ R — i) > )\;ta(r)>

Nt
< Cyaexp ( Cus (227(7’;)

J
< Cygexp <—C3 (5;\1) t> . (7.4)

The same is valid for a final link, with j = j;. For macroscopic links it is valid with (2677)
replaced by o(r), giving

P(T(uifl,ui) — p(u® — w1y, > )\ta(r)) < COyge N, (7.5)
The numbers of possible links inside G, (K) are as follows:

(i) jth-scale links: at most c5K2(@—1) /527 g2i(d=1),
(ii) final links: at most cgr29,
(iii) macroscopic links: at most ¢; K2(4=1),

Since t > Cy6K?, provided Cy is taken large enough it follows from these bounds
and (4.20), (4.22), (7.4), (7.5) that

P(for some &,y € G,(K) and j < j;, there is a jth-scale link (v, w) in Qg
. . A\
satisfying 7'(v, w) — p(w — v); > /\jta(r)> <cgexp [ —cio (5><1> t],

P(for some #,9 € G,(K) there is a final link (v, w) in Qg

J1
satisfying T'(v, w) — p(w — v); > /\jlta(r)) < cgexp (—010 (&) t) ,

P(for some Z,9 € G,(K) the macroscopic link (v, w) in Qg

satisfies T'(v, w) — p(w — v)1 > )\ta(r)) < cge” 10, (7.6)
If w is not in any of the events in (7.6), and w ¢ J(O)(ng), then for all z,y as in (1.13),
n+1
T(z,y) ZT Y + cognlogr

< u(y — )1 + caggr logr + (A + M)to(r) + Z/\Jtcr

2
h(ly — z|) + T )\ta(r).
Taking A < 1/3 it follows that
P(T(:c, y) — ET(x,y) > to(r) for some z,y € G.(K) with |y — x| > er) < cppe” M,

which completes the proof of Theorem 1.3 for downward deviations.
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8 Proofs of Theorem 1.6 and Lemma 1.2

We finish with (5) of Remark 1.7 by proving Theorem 1.6. In the proof in section 5 for
fixed z,y, transverse wandering cases (i)-(iii) were dealt with uniformly over x,y, so we
need only consider the case there:

(iv) s < co(logr)'/? and there exist z,y,u € V with

x7yEGT(K)7 u¢GT’,87 d(u7GT,S) §27 ‘Zl/_l’| >7"0, uerxyy ul e [xlayl]' (81)
See the dashed line in Figure 10. As in section 5, this means that, for Css from Lemma 3.6,
2

S
ju—al+ly—ul = ly—al > (), so h(lu—a])+h(ly—ul) = h(ly—al) > “o-0(r) - Csg

while
T(z,u) +T(u,y) — T(z,y) =0
so by Theorem 1.3 and Remark 1.4,

2
P((iv) holds) <P (there exist v, w € G (2s) with |T'(v, w) — h(|w — v[)| > ;a(r)>

< Cage™ %", (8.2)
Together with cases (i)-(iii) in section 5, this completes the proof of Theorem 1.6.
Proof of Lemma 1.2. We consider pT first. Fix M (large) and ¢ > 0, and define
f(r) =logp(e") —xr, r=>0,
Bo=sup{f(r):0<r <M}, Bp=sup{f(r):2"'M <r<2"M} k>1,

so f(r) = o(r) and hence 3 = o(2*). Letting
(281 42k M1

2 )
we define the piecewise linear function f* as follows. First let f* = 8; on [0, ap]. Then
for those k > 0 with 8, > Sr.1, define fT on (ax, ar11] by

Bre if t € (ay,2"M]

() = Be ift =ag41
linear on [2F M, ay1].

k>0,

ap =

For k > 0 with 8y < Bky1, define f* on (ay,axs1] by

Br+1 ift € [2KM, ag1]

() = Br ift = ay

linear on [ay,, 28 M].
Since £, = o(2¥) it is easily seen that if we take M sufficiently large, then |(f1)/| < €
everywhere ()’ exists, and (f1)'(r) — 0 as r — oo. Defining p* on [1, 00) by

logpt(e") = fH(r) +xr

it follows that forall s > r > 1,

1 + —1 + +(1 — (1
ogp’(s) —logpt(r) _ frlogs) = fllogr) | ori g
log s — logr log s — logr

and the powerlike property follows with |y; — x| < ¢,7 = 1,2. From the definition, p*
is increasing provided |(fT)’| < x everywhere, and p*(r)/r'~? is decreasing provided
[(fT)'| £1— x — 6 everywhere. Both of these are valid provided M is large enough.
The proof for p~ is similar—we simply replace f with —f starting with the definition
of the f3;’s. O
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