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Abstract

An infinite system of stochastic differential equations for particle locations is consid-
ered. The particles exhibit local interactions through drift coefficients that depend
upon other particles within a fixed distance. Strong existence and uniqueness is
proved for this particle system with potentially discontinuous, local interactions.
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1 Introduction

Many real particle systems exhibit local interactions. For example, celestial bodies
experience gravitational pull and electrons face magnetic repulsion with forces decaying
at rates 1/r2, where r is the distance between the particles. Further, individual motions
in a species are generally affected by close neighbours and not by those at a distance. We
consider extreme local interactions where particles only interact when within a distance
r and establish a sensible model by proving strong existence and uniqueness.

Interacting particle systems have been considered in classical mechanics in the
ordinary differential equation setting for over fifty years (see Lanford [10]). Further,
much work has already been done on systems of interacting stochastic differential
equations (SDEs). We mention just a few examples here and refer the reader to the
citations of these articles for more works on interacting SDEs. Lang [11] initiated the
study of a countable system of stochastic gradient differential equations of the form

dXi
t = −

∑
j 6=i

∇U(Xi
t −X

j
t )dt+ σdBit, (1.1)

where {Bi} are independent standard Brownian motions and U is a superstable potential.
Fritz [5] furthered this work, proving existence, strong uniqueness and regularity for
solutions of (1.1) with U chosen so the system had a finite radius interactions.

Kondratiev et al. [7] consider well-posedness and scaling limits of the interacting
diffusion dynamics X(t) = {xt}

dxt =
√

2 exp

1

2

∑
yt∈X(t),yt 6=xt

φ(xt − yt)

 dBxt (1.2)
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Local interactions

on the space Γ of locally finite configurations of Rd using Dirichlet forms, where {Bx}
are independent standard Brownian motions. This equation is decidedly different from
the one discussed above as there is no drift coefficient and the interaction is through the
diffusion coefficient. Ma and Röckner [12] and Röckner and Zhang [15] also consider
infinite systems of interacting diffusion processes using Dirichlet forms. The area
remains very active (see e.g. Conrad et al. [2], Fradon and Roelly [4], Tsai [16] and
Osada and Tanemura [14] and their references).

Athreya et al. [1] show weak existence and uniqueness of the interacting SDEs

dXi
t = −λibi(Xt)X

i
tdt+

∞∑
j=1

σij(X)dBjt (1.3)

in any separable Hilbert space (H, 〈·, ·〉), where {Bj} are independent standard Brownian
motions and Xi

t = 〈Xt, ei〉 with {ei} being a basis for H. Ellipticity, Hölder continuity
and boundedness conditions are assumed and Strook-Varadhan techniques are used by
treating the system as a perturbation of an H-valued Ornstein-Uhlenbeck process. To
connect this system to theH-valued stochastic differential equation, they take (λibi(x), ei)

to be an eigenvalue/vector pair of an operator b(x) and aij(x) = 〈ei, a(x)ej〉 for another
operator a(x) for each i, j and x ∈ H and then assume λi ↗ ∞ at a certain rate. The
well-posedness of the H-space equation is related to earlier work by Zambotti [17].

Kurtz and Xiong [9] showed existence and uniqueness for systems of weakly-inter-
acting SDE particle and then ultimately for a class of stochastic partial differential
equations (SPDE). The conditions they used to facilitate their SPDE goals preclude the
type of strong local interactions we are interested in.

We consider the following system: The particle positions follow the Rd-valued SDEs

Xi
t = xi +

∫ t

0

σ(Xi
s)dB

i
s +

∫ t

0

b(Xi
s, Ns)ds+

∫ t

0

α(Xi
s)dWs, ∀i ∈ Z, (1.4)

where {Bi}i∈Z, W are all independent standard Rd-valued Brownian motions and Ns =∑
i δXis is the configuration of the system of particles of mass 1 at time s. Our interests

are in the situation where the particles only interact with each other when they are
within a fixed radius r of each other. They could interact strongly within r and not at all
outside of r creating discontinuous interactions through our drift coefficient b.

2 Motivation and results

| · | will denote Euclidean distance. To motivate our conditions, re-consider (1.1) with
the mindset of replacing ∇U(x− y) with some general drift coefficient b.

Example 2.1. Consider the case r = 1 for notational simplicity. Suppose U is a smooth
function with derivatives bounded by K say, U(x) = 0 if |x| > 1 (as in Fritz [5]) and

b(x, ν) = −
∫
Rd
∇U(x− y)ν(dy)

so b(Xi
s, Ns) = −

∑
j 6=i∇U(Xi

t −X
j
t ). Then, it follows by the support property of U that

∣∣∣∣∣∣b
x,∑

j

δzj

∣∣∣∣∣∣ =

∣∣∣∣ ∑
j:|x−zj |≤1

∇U(x− zj)
∣∣∣∣ ≤ K ∑

j:zj 6=x

1[x−1,x+1](z
j),
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which is a growth condition to replace the usual boundedness condition, and∣∣∣b(x,∑ δzi
)
− b

(
x̃,
∑

δz̃i
)∣∣∣ (2.1)

≤
∣∣∣∣ ∑
j:|x−zj |≤1

∇U(x− zj)−
∑

j:|x̃−z̃j |≤1

∇U(x̃− z̃j)
∣∣∣∣

≤
∑

j:|x−zj |≤1

∣∣∇U(x− zj)−∇U(x̃− z̃j)
∣∣+

∑
j:|x̃−z̃j |≤1

∣∣∇U(x− zj)−∇U(x̃− z̃j)
∣∣

≤ K|x− x̃|#{j : |x− zj | ≤ 1}+K
∑

|x−zj |≤1

|z̃j − zj |

+K|x− x̃|#{j : |x̃− z̃j | ≤ 1}+K
∑

|x̃−z̃j |≤1

|z̃j − zj |.

Conditions (Lip, B) to follow hold with r = 1 if α, σ are bounded and Lipschitz continuous.

We adapt our existence-uniqueness definitions and Yamada-Watanabe implication
from Karatzas and Shreve [6, Chapter 5]. They use regular conditional probability, known

for complete separable metric spaces, but the metric q(z, y) =
√∑

i∈Z e
−|xi||zi − yi|2

turns our particle state space (Rd)Z into such a space. Also, the notion of solution
requires coefficient measurability so we consider N as a counting measure and the
counting measures, Mc(R

d), as Radon measures on Rd with the vague topology. Let
B(X ) denote the Borel σ-algebra on a topological space X .

Definition 2.2. Let (Ω,F , P ) be a probability space with filtration {Ft}t≥0 satisfying the
usual conditions and W, {Bi} be independent and adapted standard Brownian motions.
Suppose σ, α are Borel measurable and b is also B(Rd)⊗ B(Mc(R

d))/B(Rd) measurable.
Then, an (Rd)Z-valued process {Xi} is a solution to (1.4) if:

a) {Xi} is {Ft}t≥0-adapted and has continuous paths,

b) N =
∑
i δXi ,

c) P (
∫ t
0
|bj(Xi

s, Ns)|+ σ2
j,k(Xi

s) + α2
j,k(Xi

s) ds <∞) = 1, ∀i ∈ Z, 1 ≤ j, k ≤ d, t > 0, and

d) the equation (1.4) holds a.s.

Definition 2.3. {Xi} is a weak solution to (1.4) if it is a solution and (Ω,F , P ), {Ft}t≥0,
W, {Bi} are found as part of the solution.

Definition 2.4. {Xi} is a strong solution to (1.4) if it is a solution with respect to given
W, {Bi} on a given (Ω,F , P ) and Ft = σ (Gt ∪N ), where Gt = σ

(
Ws, B

i
s; 0 ≤ s ≤ t, i ∈ Z

)
,

G∞ = σ
(⋃

t>0 Gt
)

and N = {N ⊂ Ω : ∃ G ∈ G∞ with N ⊂ G and P (G) = 0}.
Definition 2.5. The pathwise uniqueness holds for (1.4) if for any two solutions {Xi},
{Y i} on the same probability space (Ω,F , P ) with respect to the same initials {xi} and
Brownian motions W, {Bi}, we have almost surely that Xi

t = Y it for all t ≥ 0 and i ∈ Z.

It follows by the proof of the Yamada-Watanabe theorem in e.g. Karatzas and Shreve
[6, Proposition 5.3.20 and Corollary 5.3.23] that the weak existence and the pathwise
uniqueness implies the existence of a unique strong solution that will have the form
X = h(x,W,B) for some measurable function h.

To consider the existence and the uniqueness for the solution to (1.4), we impose the
following regularity conditions:

(I):
∑
i∈Z e

−p |xi| <∞ for all p > 0. Non-clumped initial configuration.

(B): There are constants K, r > 0 such that, for any x ∈ Rd, {zi}i∈Z ⊂ Rd

(Bσ) maxj |σj(x)| ≤ K, where σj is the jth row of σ
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(Bα) maxj |αj(x)| ≤ K, where αj is the jth row of α

(Bb) |b (x,
∑
i δzi)| ≤ K

∑
j 1D(x,r)(z

j).

Here and below, D(x, r) = {y ∈ Rd : |y − x| ≤ r} is the closed ball of radius r > 0.

(Lip): There are K, r > 0 such that, for any x, x̃ ∈ Rd and {zi}i∈Z, {z̃i}i∈Z ⊂ Rd

|σ(x)− σ(x̃)|+ |α(x)− α(x̃)| ≤ K|x− x̃| (2.2)∣∣∣b(x,∑ δzi
)
− b

(
x̃,
∑

δz̃i
)∣∣∣ (2.3)

≤ K|x− x̃|
(
1 + #

{
i : |zi − x| ≤ r

}
+ #

{
i : |z̃i − x̃| ≤ r

})
+K

 ∑
|zi−x|≤r

|zi − z̃i|+
∑

|z̃i−x̃|≤r

|zi − z̃i|

 .

While (B) stands for boundedness and (Lip) for Lipschitz, b satisfies a growth condition
not a bounded one. Its Lipschitz condition has growth and is over the configuration
space as well as the point x. Condition (Lip) restricts the interaction of the particle
system through b to neighbors of distance no larger than r. b is said to be bounded if∣∣∣∣∣b

(
x,
∑
i

δzi

)∣∣∣∣∣ ≤ K, ∀x ∈ Rd, {zi}i∈Z ⊂ Rd.
The maximum number of particlesMi

T in the ball of radius r around particle i up until
time T will be important in stating and proving our existence and uniqueness result.

Definition 2.6. Mass functions {pim} are uniformly non-heavy tailed if there are C >

0, α ∈ (0, 1) so that pim ≤ Cαm for m ∈ N, i ∈ Z.

We will refer to α in the above definition as the tail-decay base. Our interest in
non-heavy tailed mass functions is in characterizing solutions to (1.4).

Definition 2.7. Solution {Xi} is sub-explosive if for any T > 0, {Mi} has uniformly
non-heavy tailed probability mass functions, where

Mi = Mi
T = sup

t≤T
Bit, Bit = #{j : |Xj

t −Xi
t | ≤ r}.

Note: We will use this notation Bit and Mi throughout this note.

Remark 1. The particles of sub-explosive solutions to (1.4) have finite moments. Indeed,
let T > 0 and m be even. Then, Condition (B), Ito’s formula, Young’s inequality and
Gronwall’s inequality imply a Cm = Cm(T ) > 0 such that

E|Xi
t − xi|m

≤ m
∫ t

0

E
[
|Xi

s − xi|m−1|b(Xi
s, Ns)|

]
ds+ 2K2

(
m

2

)∫ t

0

E|Xi
s − xi|m−2ds

≤
∫ t

0

(m− 1)E|Xi
s − xi|m +

E|Bis|m

m
ds+ 2K2

∫ t

0

(
m− 1

2

)
E|Xi

s − xi|m +
2

m
ds

≤ Cm, ∀t ∈ [0, T ].

We also consider the Euler approximations to (1.4): If Dn(s) = bsnc
n , Wn(s) = W ( bsncn )

and Bin(s) = Bi( bsncn ), then Xn, defined by the Euler equations

Xi
n(t) = xi +

∫ t

0

σ(Xi
n(s−))dBin(s) (2.4)

+

∫ t

0

b(Xi
n(s−), Nn(s−))dDn(s) +

∫ t

0

α(Xi
k(s−))dWn(s)
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for i ∈ Z, where Nn(s) =
∑
j δXjn(s) is the discretized particle configuration, exist in

D(R+, (R
d)Z) for every n ∈ N. When we say that the Euler approximations are uniformly

sub-explosive we mean that the C,α implied from Definitions 2.6 and 2.7 can be chosen
independent of n. This implies the Cm in Remark 1 is independent of n.

The principle result of this note is the following, which will be proved in later sections:

Theorem 1. Suppose Conditions (I, B, Lip) hold. If any solution is sub-explosive, then
the system of stochastic differential equations (1.4) is pathwise unique. If, in addition,
the Euler approximations are uniformly sub-explosive, then there exists a sub-explosive
solution.

We give a second example of coefficient b.

Example 2.8. Suppose ζ is a bounded Lipschitz function in both variables, h is a
Lipschitz function with compact support B(0, r) and

b(x, ν) = ζ

(
x,

∫
h(x− y)ν(dy)

)
.

Then, it follows by the support property of h that∣∣∣b(x,∑ δzi
)
− b

(
x̃,
∑

δz̃i
)∣∣∣ (2.5)

≤ K|x− x̃|+K

∣∣∣∣ ∑
|x̃−z̃i|≤r

h(x̃− z̃i)−
∑

|x−zi|≤r

h(x− zi)
∣∣∣∣

≤ K|x− x̃|+K
∑

|x̃−z̃i|≤r

|h(x̃− z̃i)− h(x− zi)|+K
∑

|x−zi|≤r

|h(x− zi)− h(x̃− z̃i)|

≤ K|x− x̃|+K2|x− x̃|#{i : |x̃− z̃i| ≤ r}+K2
∑

|x̃−z̃i|≤r

|z̃i − zi|

+K2|x− x̃|#{i : |x− zi| ≤ r}+K2
∑

|x−zi|≤r

|z̃i − zi|.

(Lip, B) follow if α, σ are bounded and Lipschitz continuous. b is in fact bounded.

The following result, proved in Section 6, shows that our main result is not hol-
low.

Lemma 2.9. Suppose Conditions (I,B,Lip) hold, b is bounded, there is a κ ∈ (0, 2) such
that

∑
j 6=i |xj − xi|−κ <∞ for all i, and {Xi} solves (1.4). Then, {Xi} is sub-explosive.

The following directions for future work would likely require new or enhanced
methods. Interactions that die out quickly rather than cut off immediately would be
desirable for some applications. There is hope for building upon our results in this
direction by considering multiple radii with different levels of interaction in each. Next,
our results are independent of the possible attractive or repulsive nature of b. It would
be interesting to understand how the possible initial conditions depend upon choices
of b. Finally, it would be interesting to allow the diffusion coefficients to depend upon
the configuration.

The model in Fritz [5] seems more general than (1.4) in the sense that the diffusion
term can be interactive. Still, it has a structure mimicking that of (1.1). The state space is
Ω = {(Rd)Z : H̄(ω) <∞}, where H̄ is a functional defined through the potential U . The
boundedness and Lipschitz conditions (through assumptions on U ) are not comparable
to (B, Lip), which we think are natural. Finally, instead of the sub-explosive solutions,
the concept of tempered solutions, defined through the potential U again, is employed.
The results in these two papers appear to supplement each other.
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3 Proof of uniqueness

We use a function from in Mitoma [13]. Let cρ be such that ρ is a density, where

ρ(x) = cρ1|x|<1 exp
(
−1/(1− x2)

)
, φ(x) =

∫
R

e−|a|ρ(x− a)da, x ∈ R.

Then, φ is a smooth function, and for each n ∈ N, there exists constants Cn > 1 and
Kn > 1 such that the nth derivative, φ(n), of φ satisfies

φ(n)(x) ≤ Cne−|x| ≤ Knφ(x), ∀ x ∈ R. (3.1)

It is also easy to verify that

φ(xi) ≤ e2φ(x̃j) exp
(
|xi − x̃i|+ |x̃j − x̃i|

)
. (3.2)

For simplicity of notation, we take r = 1 in our proofs. Also, fix T > 0.

Proposition 1. Suppose Conditions (I, B, Lip) hold. If any solution is sub-explosive, then
the system (1.4) satisfies pathwise uniqueness.

Proof. For simplicity of notation, we assume d = 1 here. Let {X̃i
t , i ∈ Z} be another

solution to (1.4) satisfying Condition (I) with Ñt being defined as Ñt =
∑
i δX̃it

.

Suppose tk = kδ for all k ∈ N0 and some fixed δ = T
k0

with k0 ∈ N to be determined
later. Moreover, assume our two systems are indistinguishable on [0, tk] for some k < k0,
which is known to be true for k = 0. We will show {Xt, t ∈ [0, tk+1]} = {X̃t, t ∈ [0, tk+1]}
a.s. Applying Itô’s formula for s ∈ (tk, tk+1], we have

d|Xi
s − X̃i

s|2 = 2(Xi
s − X̃i

s)(σ(Xi
s)− σ(X̃i

s))dB
i
s

+ 2(Xi
s − X̃i

s)(b(X
i
s, Ns)− b(X̃i

s, Ñs))ds

+ 2(Xi
s − X̃i

s)(α(Xi
s)− α(X̃i

s))dWs

+
{
|σ(Xi

s)− σ(X̃i
s)|2 + |α(Xi

s)− α(X̃i
s)|2
}
ds.

As φ ∈ C2(R), we have by Itô’s formula again that

dφ(Xi
s) = φ′(Xi

s){σ(Xi
s)dB

i
s + α(Xi

s)dWs + b(Xi
s, Ns)ds}+

1

2
φ′′(Xi

s)(σ
2(Xi

s) + α2(Xi
s))ds.

Next, by integration by parts and the previous two equations, we have

d|Xi
s − X̃i

s|2φ(Xi
s) = φ(Xi

s)2(Xi
s − X̃i

s)(b(X
i
s, Ns)− b(X̃i

s, Ñs))ds (3.3)

+ φ(Xi
s)2(Xi

s − X̃i
s)[(σ(Xi

s)− σ(X̃i
s))dB

i
s + (α(Xi

s)− α(X̃i
s))dWs]

+ φ(Xi
s)
{

(σ(Xi
s)− σ(X̃i

s))
2 + (α(Xi

s)− α(X̃i
s))

2
}
ds

+ |Xi
s − X̃i

s|2φ′(Xi
s)[σ(Xi

s)dB
i
s + α(Xi

s)dWs + b(Xi
s, Ns)ds]

+
1

2
|Xi

s − X̃i
s|2φ′′(Xi

s)(σ
2(Xi

s) + α2(Xi
s))ds

+ 2(Xi
s − X̃i

s)(σ(Xi
s)− σ(X̃i

s))[φ
′(Xi

s)σ(Xi
s)]ds

+ 2(Xi
s − X̃i

s)(α(Xi
s)− α(X̃i

s))[φ
′(Xi

s)α(Xi
s)]ds.

Now, it follows by Conditions (B,Lip) as well as the properties of φ that there is a constant
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K > 0 (depending only on K, K1 and K2) such that∣∣∣φ(Xi
s)
{

(σ(Xi
s)− σ(X̃i

s))
2 + (α(Xi

s)− α(X̃i
s))

2
}∣∣∣

+
1

2
|Xi

s − X̃i
s|2φ′′(Xi

s)(σ
2(Xi

s) + α2(Xi
s))

+ 2(Xi
s − X̃i

s){(σ(Xi
s)− σ(X̃i

s))[φ
′(Xi

s)σ(Xi
s)] + (α(Xi

s)− α(X̃i
s))[φ

′(Xi
s)α(Xi

s)]}
≤ K|Xi

s − X̃i
s|2φ(Xi

s). (3.4)

Next, it follows by Condition (Bb) and the properties of φ that

φ′(Xi
s)|b(Xi

s, Ns)| ≤ K(1 +Bis)φ(Xi
s) (3.5)

and, if B̃is = #{j : |X̃j
s − X̃i

s| ≤ 1}, that

|b(Xi
s, N)− b(X̃i

s, Ñ)|φ(Xi
s) ≤ K(2 + Bis + B̃is)φ(Xi

s), (3.6)

which is used when |Xi
s − X̃i

s| > 1. But, if |Xi
s − X̃i

s| ≤ 1, then by (2.3) with Ns =
∑
i δXis ,

|Xi
s − X̃i

s||b(Xi
s, Ns)− b(X̃i

s, Ñs)|φ(Xi
s) (3.7)

≤ K|Xi
s − X̃i

s|2
(

1 +Bis + B̃is

)
φ(Xi

s)

+K

∑
j∈Bis

|Xi
s − X̃i

s||Xj
s − X̃j

s |+
∑
j∈B̃is

|Xi
s − X̃i

s||Xj
s − X̃j

s |

φ(Xi
s).

However, in this |Xi
s − X̃i

s| ≤ 1 case∑
i

∑
j∈Bis

|Xi
s − X̃i

s||Xj
s − X̃j

s |φ(Xi
s) (3.8)

≤ 1

2

∑
i

∑
j∈Bis

|Xi
s − X̃i

s|2φ(Xi
s) +

1

2

∑
i

∑
j

|Xj
s − X̃j

s |2φ(Xi
s)1|Xjs−Xis|≤1

≤ 1

2

∑
i

Bis|Xi
s − X̃i

s|2φ(Xi
s) +

e2

2

∑
j

Bjs|Xj
s − X̃j

s |2φ(Xj
s ),

where we used (3.2). Similarly, when |Xi
s − X̃i

s| ≤ 1∑
i

∑
j∈B̃is

|Xi
s − X̃i

s||Xj
s − X̃j

s |φ(Xi
s) (3.9)

≤ e2
∑
i

∑
j∈B̃is

|Xi
s − X̃i

s||Xj
s − X̃j

s |φ(X̃i
s)

≤ e2

2

∑
i

B̃is|Xi
s − X̃i

s|2φ(X̃i
s) +

e4

2

∑
i

B̃is|Xi
s − X̃i

s|2φ(X̃i
s)

so, combining the cases, we have by (3.6)–(3.9) a constant K̃ > 0 (depending only upon
K, K1, K2 and e) such that∑

i

|Xi
s − X̃i

s||b(Xi
s, N)− b(X̃i

s, Ñ)|φ(Xi
s) (3.10)

≤ K̃
∑
i

|Xi
s − X̃i

s|2
(
φ(Xi

s) +Bisφ(Xi
s) + B̃isφ(Xi

s) + B̃isφ(X̃i
s)
)
.
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Summing up and taking expectation on both sides of (3.3), we have by (3.4), (3.5) and
(3.10) a K̂ > 0 (depending only upon K,K1,K2) such that

f(t) ≡ E
[∑

i

|Xi
t − X̃i

t |2φ(Xi
t)

]
≤ K̂

[∫ t

tk

f(s)ds+ It + Ĩt + J̃t

]
, (3.11)

where

f̃(t) = E

[∑
i

|Xi
t − X̃i

t |2φ(X̃i
t)

]
≤ K̂

[∫ t

tk

f̃(s)ds+ Jt + J̃t + It

]
,

It =

∫ t

tk

E
∑
i

Bis|Xi
s − X̃i

s|2φ(Xi
s)ds, Ĩt =

∫ t

tk

E
∑
i

B̃is|Xi
s − X̃i

s|2φ(Xi
s)ds,

and

Jt =

∫ t

tk

E
∑
i

Bis|Xi
s − X̃i

s|2φ(X̃i
s)ds, J̃t =

∫ t

tk

E
∑
i

B̃is|Xi
s − X̃i

s|2φ(X̃i
s)ds.

Now, by Holder’s inequality and Remark 1 (for E|Xi
s − xi|6, E|X̃i

s − xi|6) there is a K+ so
that

It − n
∫ t

tk

f(s)ds ≤
∫ t

tk

E

{∑
i

|Xi
s − X̃i

s|2φ(Xi
s)(B

i
s − n)1Bis>n

}
ds (3.12)

≤ K+

∫ t

tk

∑
i

{
E

1
3 [φ3(Xi

s)]E
1
3

[
(Bis − n)31Bis>n

]}
ds.

Thus, if Mi = sups≤tB
i
s, then by Lemma 5.1 and Lemma 5.2 (both to follow) as well as (I)

there is a K# > 0, a p ∈ (0, 1) and a c = c(T ) such that

It ≤ n
∫ t

tk

f(s)ds+K#

∫ t

tk

∑
i

e−
p
3 |x

i|α
n
3 ds (3.13)

≤ n
∫ t

tk

f(s)ds+ cδα
n
3 .

Hence, by symmetry

Ĩt ≤ n
∫ t

tk

f(s)ds+ cδα
n
3 , Jt ∨ J̃t ≤ n

∫ t

tk

f̃(s)ds+ cδα
n
3

so

f(t) + f̃(t) ≤ K̂
[∫ t

tk

(1 + 3n)(f(s) + f̃(s))ds+ 6cδα
n
3

]
. (3.14)

By Gronwall’s inequality, for t ≤ (tk + δ), we have

f(t) + f̃(t) ≤ 6cδα
n
3 eK̂(1+3n)(t−tk) → 0,

provided 0 < δ < − lnα
9K̂

. Hence, {Xt, t ∈ [tk, tk+1]} and {X̃t, t ∈ [tk, tk+1]} are indistin-
guishable by their continuous paths. Pathwise uniqueness on [0, T ] follows by induction.
Pathwise uniqueness on [0,∞) follows since T > 0 was arbitrary.
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4 Existence

Proposition 2. Suppose Conditions (I, B, Lip) hold. If, in addition, the Euler approxima-
tions are uniformly sub-explosive, then there exists a sub-explosive solution.

Proof. Let {Fnt } be the filtration generated by Xn, defined in (2.4). Now,

|b(Xi
n(s−), Nn(s−))| ≤ KBin,s−

by Condition (B), where Bin,s− = #{j : |Xj
n(s−) −Xi

n(s−)| ≤ 1}. For η > 0, there is an

mi
η such that P (sups≤T KB

i
n,s− ≥ mi

η) ≤ Cαm
i
η < η

6e
−|i| by the assumption that the Euler

approximations were uniformly sub-explosive. Hence, by Markov’s inequality

P

(
Xn(s) ∈

∏
i∈Z

[
xi −mi

ηs−

√
12K2s

ηe−|i|
, xi +mi

ηs+

√
12K2s

ηe−|i|

])
≥ 1− η

for all n ∈ Z, so the pointwise compact containment condition is satisfied. Next, moving
to the modulus of continuity condition and taking δ ∈ (0, 1), we have

E[q2(Xn(t+ h), Xn(t))|Fnt ] =
∑
i∈Z

e−|x
i|E[|Xi

n(t+ h)−Xi
n(t)|2

∣∣Fnt ] (4.1)

for all t, t+ h ∈ [0, T ] with h ∈ (0, δ) but

|Xi
n(t+ h)−Xi

n(t)|2 =

∣∣∣∣ b(t+h)nc∑
j=btnc+1

{
σ

(
Xi
n

(
j − 1

n

))[
Bin

(
j

n

)
−Bin

(
j − 1

n

)]
(4.2)

+ α

(
Xi
n

(
j − 1

n

))[
Wn

(
j

n

)
−Wn

(
j − 1

n

)]
+ b

(
Xi
n

(
j − 1

n

)
, Nn

(
j − 1

n

))
1

n

}∣∣∣∣2.
Hence, it follows by independence and Condition (B) that

E[|Xi
n(t+ h)−Xi

n(t)|2|Fnt ] (4.3)

≤ K2

n2
E

[∣∣∣∣∣
b(t+h)nc∑
j=btnc+1

Bi
n, j−1

n

∣∣∣∣∣
2∣∣∣Fnt

]
+

b(t+h)nc∑
j=btnc+1

E

[
σ2

(
Xi
n

(
j − 1

n

))
+α2

(
Xi
n

(
j − 1

n

))∣∣∣Fnt ] 1

n

and so by Condition (B) again

E[q(Xn(t+ h), Xn(t))2|Fnt ] ≤
∑
i∈Z

e−|x
i|K2E

[ ∣∣Mi
n,T

∣∣2 ∣∣∣Fnt ] ∣∣∣∣b(t+ h)nc − btnc
n

∣∣∣∣2 (4.4)

+
∑
i∈Z

e−|x
i|2K2 b(t+ h)nc − btnc

n

≤
∑
i∈Z

e−|x
i|K2

(
δ +

1

n

){
2 + E

[ ∣∣Mi
n,T

∣∣2 ∣∣∣Fnt ](δ +
1

n

)}
.
= γn(δ).

However, by Condition (I) and the uniform sub-explosive assumption of the Euler approx-
imations there is cγ > 0 (see (5.6) below with n = 0 and k = 2) such that

lim sup
n→∞

E[γn(δ)] ≤ cγδ. (4.5)

Hence, {Xn} is tight inD(R+,R
Z) and {Xn,Wn, Bn} is distributionally relatively compact

by Ethier and Kurtz [3, Theorem 3.8.6 and Remark 3.8.7]. Now, as in Kurtz and Protter
[8, Proposition 7.4] the limit (X,W,B) of any convergent subsequence (Xn,Wn, Bn) is a
distribution solution to (1.4), which we know is pathwise hence distributionally unique.
Hence, a solution to (1.4) exists weakly and hence strongly.
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5 Auxilliary lemmas

Lemma 5.1. Suppose Conditions (I, B, Lip) hold, m ≥ 1, T > 0 and {Xi} is a sub-
explosive solution to (1.4). Then, there are constants C > 0, p ∈ (0, 1) (depending on T )
such that

E
[
φm(Xi

t)
]
≤ C exp(−p |xi|), i ∈ Z, t ∈ [0, T ]. (5.1)

Proof. By φ properties (3.2) and (3.1)

φ(Xi
t) ≤ e2φ(xi) exp(|Xi

t − xi|) (5.2)

so noting φm ≤ cm,pφp for p ∈ (0, 1) and using (B), one finds K0,K1 > 0 such that

φm(Xi
t) ≤ K0e

−p |xi| exp(p|
∫ t

0

σ(Xi
s)dB

i
s +

∫ t

0

α(Xi
s)dWs|+ p

∫ t

0

|b(Xi
s, Ns)|ds)

≤ K1e
−p |xi| exp(p sup

u1,...,ud≤2K2t

|(βi,1u1
, . . . , βi,dud )|+ ptK sup

s≤t
Bis). (5.3)

Here, each βi is a d-dimensional Brownian motion such that∫ u

0

σj(Xi
s)dB

i
s +

∫ u

0

αj(Xi
s)dWs = βi,j

τ i,ju

and, by Condition (Bσ, Bα), τ i,ju is a stopping time such that

τ i,ju =

∫ u

0

σj(Xi,M
s )σj(Xi,M

s )T + αj(Xi,M
s )αj(Xi,M

s )T ds ≤ 2K2t

for u ≤ t. But, P
(
supu≤U |βu| ≥ y

)
≤ 4e−

y2

2U is a standard large-deviation-type bound for
scalar standard Brownian motion β so

P

(
2p sup

u≤2K2t

|βi,ju | ≥
x− 2pKmt√

d

)
≤ 4e

− (x−2pKmt)2

(4pK)2dt

and consequently

P

(
2p sup

u1,...,ud≤2K2t

|(βi,1u1
, . . . , βi,dud )| ≥ x− 2pKmt

)
≤ 4de

− (x−2pKmt)2

(4pK)2dt . (5.4)

If we let Mi = sups≤T #{j : |Xj
s −Xi

s| ≤ 1}, then by (5.3), (5.4), Holder’s inequality and
the Gaussian moment generating function, there are K0, K1 > 0 such that

Eφm(Xi
t) (5.5)

≤ K0e
−p |xi|

∑
m∈N

E

[
exp(p sup

u1,...,ud≤2K2t

|(βi,1u1
, . . . , βi,dud )|+ tpKm)1Mi=m

]

≤ K0e
−p |xi|

∑
m∈N

E
1
2

[
exp(2p sup

u1,...,ud≤2K2t

|(βi,1u1
, . . . , βi,dud )|+ 2tpKm)

]
P

1
2 (Mi = m)

≤ K0e
−p |xi|

∑
m∈N

√∫ ∞
2tpm

P
(

2p sup
u1,...,ud≤2K2t

|(βi,1u1 , . . . , β
i,d
ud )| ≥ x− 2pKmt

)
exdxP

1
2 (Mi=m)

≤ K0e
−p |xi|

√∫ ∞
0

4de
− y2

(4pK)2dt eydy
∑
m∈N

epKmtP
1
2 (Mi = m)

≤ K1e
−p |xi|√te2(pK)2dt

∑
m∈N

epKmtP
1
2 (Mi = m).
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Since our solutions are sub-explosive there are constants α ∈ (0, 1) and C > 0 such that∑
m∈N

epKmtP
1
2 (Mi = m) ≤ C

∑
m∈N

(epKTα
1
2 )m <∞

by choosing p > 0 small enough. The lemma follows easily by the last two equations.

Lemma 5.2. Suppose Conditions (I,B,Lip) hold and {Xi} is a sub-explosive solution to
(1.4) with base α. Then, there exists positive constant C > 0 (depending on T ) such that

E
[
(Bis − n)k1Bis>n

]
≤ Cαn ∀i ∈ Z, s ∈ [0, T ].

Proof. Recalling Mi = sups≤T B
i
s, one finds by the sub-explosive assumption that

E
[
(Bis − n)k1Bis>n

]
≤ E

[
(Mi − n)k1Mi>n

]
(5.6)

=

∞∑
m=n+1

(m− n)kP (Mi = m)

≤ C
∞∑
m=1

mkαn+m.

The lemma follows immediately.

6 Prevalence of sub-explosive solutions

Proof of Lemma 2.9. To ease the notation, we take i = 0 and abbreviate Mi
T to M.

Particle 0 is within a distance 1 of itself. Testing the others, we have by the boundedness
of b (recall |b| ≤ K for this lemma) that

P (M > x) ≤ P
(

#
{
|j| > 0 : inf

u≤T
|Xj

u −X0
u| ≤ 1

}
> x− 1

)
≤ P

(
#
{
|j| > 0 : sup

u1,...,ud≤KT
|(βj,1u1

, . . . , βj,dud )|+ 2KT ≥ |xj − x0| − 1
}
> x− 1

)
since, for |j| > 0, there exists a d-dimensional Brownian motion βj such that∫ u

0

[σl(Xj
s )dBjs − σl(X0

s )dB0
s + αl(Xj

s )dWs − αl(X0
s )dWs] = βl,j

τ l,ju
,

where τ l,ju ≤ KT
.
= 6K2T is a stopping time. Thus, for |j| > 0, l ∈ {1, . . . , d}

P

(√
d sup
u≤KT

|βl,ju | ≥ |xj − x0| − 1− 2KT

)
≤ c1e−c2|x

j−x0|2 , (6.1)

where c1 = 4e
(1+2KT )2

2dKT and c2 = 1
4dKT

, by a standard large-deviation-type bound for the
Brownian motion and Young’s inequality, so

P

(
sup

u1,...,ud≤KT
|(βj,1u1

, . . . , βj,dud )| ≥ |xj − x0| − 1− 2KT

)
≤ c1de−c2|x

j−x0|2 . (6.2)

Now, take pj = cκ|xj − x0|κ where cκ =
∑
|j|>0 |xj − x0|−κ so

∑
|j|>0

1
pj

= 1. Then, by
Markov’s and Holder’s inequalities as well as the facts

E exp (pj1A) = 1 + (epj − 1)P (A) , log(1 + x) ≤ x
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one has from above that:

exP (M > x) ≤ eE exp

∑
|j|>0

1supu1,...,ud≤KT |(β
j,1
u1
,...,βj,dud )|+2KT≥|xj−x0|−1

 (6.3)

≤ eΠ|j|>0

(
E exp

(
pj1supu1,...,ud≤KT |(β

j,1
u1
,...,βj,dud )|+2KT≥|xj−x0|−1

))1/pj
≤ e exp

(∑
|j|>0

epj − 1

pj
P

(
sup

u1,...,ud≤KT
|(βj,1u1

, . . . , βj,dud )|≥|xj − x0|−1−2KT

))
.

Thus, it follows from (6.2), (6.3), Taylor’s theorem as well as the fact that for any p > 0

there is a Kκ
p such that yκ ≤ Kκ

p + py2, ∀y > 0 that

P (Mt > x)� e−x exp

(
c1d

∑
|j|>0

epj−c2|x
j−x0|2

)
(6.4)

� e−x exp

(
K
∑
|j|>0

e−
c2
2 |x

j−x0|2
)

for some K > 0. However, it follows from elementary inequalities that

|xj − x0|−κ = exp(−κ ln |xj − x0|) ≥ exp

(
−K2

c2 −
c2
2
|xj − x0|2

)
(6.5)

for some K2
c2 > 0. Hence, the sum within the exponential function in (6.4) is finite by the

hypothesis
∑
|j|>0 |xj − x0|−κ <∞.
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Probab. Theory Related Fields 166(3–4), 801–850. MR3568040

[17] Zambotti, L. (2000). An analytic approach to existence and uniqueness for martingale
problems in infinite dimensions. Probab. Theory Related Fields 118, 147–168. MR1790079

ECP 28 (2023), paper 59.
Page 13/13

https://www.imstat.org/ecp

https://mathscinet.ams.org/mathscinet-getitem?mr=0431435
https://mathscinet.ams.org/mathscinet-getitem?mr=1772834
https://mathscinet.ams.org/mathscinet-getitem?mr=0820620
https://mathscinet.ams.org/mathscinet-getitem?mr=4126938
https://mathscinet.ams.org/mathscinet-getitem?mr=2049640
https://mathscinet.ams.org/mathscinet-getitem?mr=3568040
https://mathscinet.ams.org/mathscinet-getitem?mr=1790079
https://doi.org/10.1214/23-ECP559
https://imstat.org/journals-and-publications/electronic-communications-in-probability/


Electronic Journal of Probability
Electronic Communications in Probability

Advantages of publishing in EJP-ECP

•Very high standards

•Free for authors, free for readers

•Quick publication (no backlog)

•Secure publication (LOCKSS1)

•Easy interface (EJMS2)

Economical model of EJP-ECP

•Non profit, sponsored by IMS3, BS4, ProjectEuclid5

•Purely electronic

Help keep the journal free and vigorous

•Donate to the IMS open access fund6 (click here to donate!)

•Submit your best articles to EJP-ECP

•Choose EJP-ECP over for-profit journals

1LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/
2EJMS: Electronic Journal Management System: https://vtex.lt/services/ejms-peer-review/
3IMS: Institute of Mathematical Statistics http://www.imstat.org/
4BS: Bernoulli Society http://www.bernoulli-society.org/
5Project Euclid: https://projecteuclid.org/
6IMS Open Access Fund: https://imstat.org/shop/donation/

http://en.wikipedia.org/wiki/LOCKSS
https://vtex.lt/services/ejms-peer-review
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://imstat.org/shop/donation/
http://www.lockss.org/
https://vtex.lt/services/ejms-peer-review/
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
https://imstat.org/shop/donation/

	Introduction
	Motivation and results
	Proof of uniqueness
	Existence
	Auxilliary lemmas
	Prevalence of sub-explosive solutions
	References

