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Lipschitz continuity of the Wasserstein projections in the
convex order on the line
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Abstract

Wasserstein projections in the convex order were first considered in the framework
of weak optimal transport, and found applications in various problems such as con-
centration inequalities and martingale optimal transport. In dimension one, it is
well-known that the set of probability measures with a given mean is a lattice w.r.t.
the convex order. Our main result is that, contrary to the minimum and maximum
in the convex order, the Wasserstein projections are Lipschitz continuity w.r.t. the
Wasserstein distance in dimension one. Moreover, we provide examples that show
sharpness of the obtained bounds for the 1-Wasserstein distance.
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1 Introduction and main result

In mathematical finance, the risk neutral distributions at times 77 and 75 with T} < T5
of the vector of discounted prices of d assets are in convex order. For an exotic option
with payoff depending on the vectors of prices at times 7T} and 75, robust price bounds
are obtained by solving martingale optimal transport (MOT) problems [8, 14, 10]. Even
when d = 1, the distributions of the asset price are only imperfectly known, since one has
to recover them from prices (up to a bid-ask spread) of finitely many Call or Put options.
Furthermore, to numerically compute the robust price bounds the two distributions are
approximated by finitely supported measures which permits to reformulate the MOT
problem as a standard finite linear programming problem (LPP). The convex order may
be violated in these steps, which, in view of Strassen’s theorem, turns the corresponding
LPP infeasible. This necessitates the restoration of the convex order which motivates
the study of Wasserstein projections in the convex order, see [2].

For p > 1, we denote the celebrated p-Wasserstein distance between p and v in the
set Pp(]Rd) of probability measures on R? with finite p-th moment by

. 1/p
WP(.U’ l/) = (lnfﬂ'EH(u,u) f]RdX]Rd ‘ZE - y|p77(dx7 dy)) ) (11)
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Lipschitz continuity of the Wasserstein projection

where we write II(u, v) for the set of couplings with marginals ; and v. We say that p is
smaller than v in the convex order and denote p <. v if

Vf: RY = R convex, [p. f(z)p(dr) < [qa f(z)v(dy). (1.2)

Then metric projections w.r.t. W, of u (resp. v) onto {n € P,(RY) : n <. v} (resp.
{n € Pp,(R?) : u <. n}) are called Wasserstein projections in the convex order.

When d = 1, explicit formulas for the quantile functions of the Wasserstein projection
of 1 (resp. v) on the set of probability measures smaller than v (resp. greater than p) in
the convex order are derived in [2]. We denote the associated measure by Z(u, v) (resp.
J (1, v)) and recall that the quantile function Fr ! of a probability measure p on R is
the left-continuous pseudo-inverse of its cumulative distribution function F),. Then [2,
Theorem 2.6 and Proposition 4.2] state, for u € (0,1),

FI_(LV)(u) = F, ' (u) — 0_ co(G)(u) and F}(IWJ) (u) = F, H(u) + 0_ co(G) (u), (1.3)
where G(u) := [,'(F;' — F;')(v) dv, co denotes the convex hull, and J_ the left-hand
derivative. More specifically, we have Z(u,v) <. v, p <. J(i,v), and if p,v € P,(R)

WP(/LaI(Na V)) = nigfu WP(/’H 77) and Wp(j(/% V)7 V) = #igfn Wp(na V)'

When p > 1, Z(u,v) and J (i, v) are the unique respective metric projections but unique-
ness may fail when p =1, c.f. [2, Remark 2.3]. Our main result reads as follows.

Theorem 1.1 (Lipschitz continuity). When d = 1 and p € [1,00), the Wasserstein projec-
tions Z, J are Lipschitz continuous. For u,v, i/, € P,(R), we have

WP(I(/'L7V)7I(/”L/7VI)) S 2Wp(:u’vul) + Wp(yv l/,)v (14)
Wo (T (,v), T (W', v")) < Wy, p) 4+ 2W, (v,0'). (1.5)

1.1 Discussion on Wasserstein projections in dimension d and related prob-
lems

Wasserstein projections in the convex order have also been considered in general
dimension d > 1. For u,v € Pp(Rd) with p > 1, there exists by [2, Theorem 2.1] a unique
Zp(p, v) <. v such that W, (i, Z, (1, v)) = inf,<_, Wp(p, 1) but, unless d = 1, Z, (¢, v) may
depend on p according to [2, Example 2.5]. Similarly, by [2, Theorem 4.1] there also
exists a W,-projection J,(u,v) of v onto {n € P,(R%) : v <. n}, which is unique under
the additional assumption that v is absolutely continuous w.r.t. the Lebesgue measure.
When d = 1, Theorem 1.1 is a generalization of [2, Propositions 3.1 and 4.3]. These
propositions state that for probability measures p, v, i/, v’ € P,(R?) such that u <. v, and
Z,(p,v) = pand Jp(p, v) = v, then (1.4) and (1.5) hold true when Z and 7 are replaced
with 7, and J,, respectively. Hence, by Theorem 1.1, it is possible for d = 1 to drop the
convex ordering constraint u <. v. The extension of Theorem 1.1 to dimensions d > 1 is
to the authors’ understanding an interesting open question.

Gozlan, Roberto, Samson, and Tetali [17] introduced a generalization of optimal
transport, the weak optimal transport, in order to study measure concentration inequali-
ties. The following barycentric weak optimal transport problem received in recent years
special attention, see for example [17, 16, 15, 1, 2, 4, 5]: for pu, v € P,(RY), consider

VZZ;(M»V) = infﬂEH(p.,l/) fRd !iB - f]Rd y’frm(dy)‘p N(d$)u (1.6)

where we write (7,),cra for a disintegration kernel of 7 w.r.t. its y-marginal: 7(dz, dy) =
p(dz)m,(dy). This problem has an intrinsic connection with the problem of finding Wasser-
stein projection. Indeed, we have that the values of V,(x, v) and W, (i, Z, (1, v)) coincide,
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see [2, 4]. Moreover, if 7* is an optimizer of (1.6) then the image of the first marginal
p under the map = — [, 75 (y) dy is a minimizer of inf, < , W, (i, 7) and coincides with
Z,(p, v) when p > 1. Therefore, when y, v € P,(R?) are finitely supported, (1.6) can be
used to compute the Wasserstein projection. In particular, Z»(u, v) can be computed by
solving a quadratic optimization problem with linear constraints. We refer to [17, 3]
for dual formulations of weak optimal transport problems with additional martingale
constraints, to [4] for the existence of optimal couplings and necessary and sufficient
optimality conditions, to [7] for continuity of their value function in terms of the marginal
distributions ¢ and v, and to [6] for applications of such problems. We point out the
connection of Wasserstein projections to Cafarelli’s contraction theorem that was discov-
ered in [13]. Note that dual formulations of the minimization problems defining Z,(x, v)
and J,(u, v) have recently been studied by Kim and Ruan [20].

1.2 Wasserstein projections in dimension one

In dimension d = 1, Wasserstein distance and convex order both can be characterized
in terms of quantile functions, which gives intuition why they appear in (1.3). It is
well-known that the comonotonous coupling is an optimizer in (1.1):

1ot ~1 /p ~1 ~1
Vit € Py(R), Wy(p,v) = (Jy 1B () = o )lPdu) " = B = B e (17)
Moreover, by [21, Theorem 3.A.5], for u, v € P1(R) that share the same barycenter,

v

p<cv <= Yuel0,1], [ F, (v)dv> [ F(v)dv. (1.8)

A complete geometric characterization of Z(u,v) and J(u,v) is given in [5]. Note
that (1.3) implies

WP(I(M7 V)a,u) = Wp(j(/% V)’V) and WP(I(ny)vy) = Wp(j(l%”)’/i)a (1.9)

where, according to [2, Corollary 4.4], the first equality still holds for d > 2 when 7 and
J are replaced by Z,, and J, respectively. The next examples show that the constants
in (1.4) and (1.5) are sharp for p = 1.

Example 1.2.Let 4 € P,(R) and v be a Dirac measure. As v is the only measure
dominated by itself in the convex order, Z(u,v) = v and, as a consequence of (1.9),
J(u,v) = p. When ¢/ is also a dirac mass, we deduce for any 4’ € P,(R) that

WP(I(:“vy)?I(:uvyl)) = Wp(”? V/) and Wp(j(ua V),j(,u/,y)) = Wp(:“?//)'

Hence the factor 1 multiplying W, (v, ') in the right-hand side of (1.4) and multiplying
W, (1, ') in the right-hand side of (1.5) is optimal. o

Example 1.3. We fix 1 := ¢y and define, for « € (0,1),
v = (1—a)d_g2 + ads.
We have Z(v*,v*) = v* and Z(i,v*) = da(1—a(1—a)), SO that
Wl(z(’/avya)al-(:uvya)) =2 (a + az(a(l - a) - 1)) )
Wi (1, V) = a4+ (1 — a).
Then, an application of the de ’'Hépital rule yields lim, o Wy (I(l”/;’z’: )V’f§“’”a)) = 2. Hence,
the factor 2 in (1.4) is optimal when p = 1. Since J(da(1-a(1-a)),¥*) = v* and

T (0a(1—a(1-a))»%0) = da(1—a(1—a)), We find in the same way that the factor 2 is also
optimal in (1.5) when p = 1. &
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Example 1.4. Let u, i/, v, be the probability measures with quantile functions:

Ft(w) = ulo )(w) + 51 1) (), F7(u) = 4,

Fot(u) = ulg g (u) + 25411 4y (u),  FH(u) %]1(0 19(w) + 511 1 (w).

)

We check that FI_(/ u)( u) = 5 and FI_(/ ,)( u) =31y + 3tbu ]1(1 1)(u), whence,

Wg(I(U7y)aI(U »V )) = Wf;(ﬂvﬂl) + Wg(yr V/)

with two positive summands. &

1.3 On the convex-order lattice in dimension one

In dimension one, when i and v share the same barycenter; it is possible to restore
convex ordering by using that P; (R) is a complete lattice for the increasing and decreas-
ing convex orders (see [19]). Both orders coincide with the convex order on the subset
Pio(R) of P,(IR) consisting in probability measures with barycenter zy € R. On P{°(R),
the minimum A, and maximum V. can be expressed in terms of potential functions: the
potential function of x € P;(R) is defined by

un(@) = Jg v =yl u(dy).
For p,v € P{°(R), p A. v and p V. v are uniquely determined by
Upnw = CO(Uuy Auy) and  wyy., = uy V Uy,
On the domain P;°(R) x Py°(R),
(,v) = pAcv and (p,v) — pVev

are continuous mappings into P;°(IR): [9, Lemma 4.1] provides continuity for p = 1 and
[2, Lemma 4.3], which ensures uniform integrability, permits to deduce continuity for
general p > 1. However, unlike 7 and 7, the minimum and maximum in the convex order
are not Lipschitz continuous.

Example 1.5. Consider for n > 3 the measures in P,(R):

i _t o i o i_ i _i_ i _i o _i o -i_ i Z/
— \ 1
v 1\ 1\ 1\ 1\ 1\ 1
\ I \ i A i

[ oy
2n — 2n ‘\ II \l \l’ ‘\ l, W] ‘\l
é ] é $ é é
e AR RN N
K _n 2;;17 \ ~7“~L‘ 1_\,—1"\— ’
i=1 o \ l:\:—J:\ 1 AN
n—2 \x,l—‘ \—l,— ‘\ /I ~\\~ll‘~:‘l
3 1 3
77 :7674_*251—"_ 67171 ——|———-§-——#---¥---#---;----|--7]
2n w — n 1 o n—1
= 0 n n 1

Observe that, for the martingale kernel K (z,dy) := %5%% 25I+2 p(dz) K (z,dy) €
II(p,v). By Strassen’s theorem [22] we find that p <. v, n <. g where [i(dy) =
Jyer K (2, dy) n(dzx) is such that u — i = R(SL + = -1 — +0s — —6% s so that

4dn " 5, 4n

b <.p Hencen<.pu<.vand uV.v=v, uNen =, AV =, hAeh =1. Wecompute
Wp(#a’/) = Wp(n,u) = i and Wp(n,V) = ﬁa

from where we conclude that

Wp(pVevipVen) _ Wp(pAeViphen) _ nt/?

W) W) R (1.10)
Consequently, A. and V. are not Lipschitz continuous. &
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In particular, this example shows that for probability measures with the same barycen-
ter, in general, the Wasserstein projections do not coincide with the minimum and
maximum in the convex order. Beyond that, they satisfy the following order relation.

Proposition 1.6. Let 11, v € P,(R) have the same barycenter. Then
I(p,v) <cpAcv and J(u,v) >c puVer. (1.11)

Proof. The map u +— FI_(L ) (u) — F*(u) is non-increasing due to (1.3). Therefore,

monotonicity of the integrand yields, for u € (0, 1) that

Lo Fry @) = F @) do = [y (Fyl, ) (0) = Fi7 () do = [ yv(dy) = [ @ plde),

where the last equality comes from the inverse transform sampling and the fact that
Z(u,v) and v share the same barycenter, which is a consequence of Z(u,v) <. v. If y and
v have the same barycenter, then Z(u, v) shares this barycenter and we deduce by (1.8)
that Z(u, v) <. p, thus, Z(u,v) <. u A, v. Analogously, we have y <. J(u,v), and if 4 and
v share the same barycenter, v <. J(u,v), hence, uV.v < J(u,v). O

2 Proof of Theorem 1.1

The proof of Theorem 1.1 relies on the next two results whose proofs are postponed.
Lemma 2.1. Forp > 1, T and J are continuous maps on P,(R) x P,(R) to P,(R).

Proposition 2.2. Let f and g be real-valued cadlag functions on [0, 1] with respective
antiderivatives F and G. We have, forp > 1,

10+ (co(F) = co(G))I,, < If = gll,,- (2.1)

Proof of Theorem 1.1. Let pu, 1/, v,v’ € Pp(R). Assume for a moment that (1.4) and (1.5)
hold for probability measures with bounded support. Since such measures are dense in
P,(R), there exist p,, 1, Vn, v}, € Pp(R), n € N with bounded support such that

lim Wp(lu'v Nn) + WP(/J'/’ /’L’/ﬂ) + WP(”? Vn) + Wp(l/a V;z) =0. (2.2)

n—-+oo

We have by Lemma 2.1 that (J (tn, Vn))nen and (J (¢, v),))nen converge to J(u,v) and
J (W', V') resp. in Pp(R). Therefore,

Wo (T (), T (W' 1)) = Tm Wy (T (ks vn)s T (p, 7))

n—-+o0o
< nll)rfoo 2W,p (s i) + Wy (vn, vy,)
= 2Wp (1, 1) + Wy (v, V).
Hence, we may assume that u,v, i/, ' have bounded supports. This implies that the
associated quantile functions are bounded on (0, 1) and since they are non-decreasing

and have at most countably many jumps, coincide M-a.s. with cadlag functions on [0, 1],
where )\ denotes the Lebesgue measure on [0, 1]. Therefore,

G:ve [J(F, P =F ) (uwdu and G o [J(F = F ') (u) du,

are the antiderivatives of cadlag functions on [0, 1]. By Proposition 2.2 and (1.7),
104 (co(G) = co(GN) [lp < [104(G =Gy = [|1F;, ' = F, = Fut + F
< HF[L_l - FJ1||p + ||Fu_1 - F;/al = Wy, ') + Wy (v, V).
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By (1.3), we have for A\-almost every u € (0, 1) that

() = Fy'(w) = 85 co(@)(w) and Fy ', ) (u) = Fyy'(u) — 9 co(@) (u),
FE(H V)( u) = F;l(u)+6+ co(G)(u) and Fj(lu D/)( u) = F;l(u)+8+ co(G")(u).

Therefore, using (1.7), we obtain
WP(I(/U‘7V)1I(H‘ V - H I(# v) FI_(,u )

—1
,u

L+wumwwmd@muswwmwww%ww»

— 04 co(G) — F;l + 04 co(G)
P

In the same way,

Wil (1,11, T 01)) = [ E 48 00(G) — F3t — 0 eo( @),
< Wy, f') 4 2W, (v, 1/'). O

Proof of Lemma 2.1. In the following we will only show continuity of 7 and remark that
continuity of Z follows mutatis mutandis (and can be even shown with a simpler line of
argument, since Z(u,v) <. v). Let (un)nen, (Vn)nen be sequences that converge to fioo,
Voo TESP. in P,(R).

Step 1. We show that (J (tn, ¥n))nen is a precompact subset of P,(RR). As a conse-
quence of the de la Vallée-Poussin theorem, see for example [12, Theorem 4.5.9 and
proof], there exists a continuous, increasing and strictly convex function §: Ry — Ry
such that lim,_, ., ﬁ =0and

sup,ew [ 0(|z[7) pn(dx) < 00, sup,ew [ O(lylP) vn(dy) < oo

Note that, when p > 1, 8o (| - |P/2P) is also strictly convex as the composition of a convex,
increasing function with a strictly convex function. On the other hand, whenp =1, z # y
and o € (0,1), either |z| # |y| or the inequality |az + (1 — a)y| < o|z| + (1 — «)|y| is strict,
so that, since 6 is increasing and strictly convex, 6 o (| - |/2) is again strictly convex. We
conclude that in any case 6 o (| - |P/2P) is strictly convex.

Consider the transport problem Wy given by

Wo(n,v) 1= infrerigua | 0 (E520) w(da, dy), 2.3)
for n,v € P,(R), and observe that
Won,v) < [0 (B @ v(da, dy) < 3 (f 0(al?) n(dw) + [ 0(1yl?) v(dy)
We have by [5, Theorem 1.4] that
Vo(pv) = 1of We(n,v) =Wo(T (1, v),v) < We(p, v),

from which we deduce that (Vy(in, Vn))nen is a bounded sequence. For n € N, let 7, be
an optimizer of Wg(j(um Un), V) in IN(J (fn, V), vn). We then find by monotonicity of ¢

combined with 2';” r < |z —y|” + |y|P and convexity of 0,

f9 (lr‘ ) NnaVn)(dl')S fe (%) ﬂ”(dw’dy)

<4 (Volotn ) + 1 0 (%) valaw)
< 5 Vo, vn) + [ 0(|ly[?) va(dy)).
ECP 28 (2023), paper 18. https://www.imstat.org/ecp
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Therefore, the left-hand side is uniformly bounded in n € IN. Recall that ﬁ vanishes for

r — oo and so does sup,s.,. a5 Since

S 1oy (B5) B2 7 o v (@) < 50D, 525 [0 (S) T (v ),
with the integrals on the right-hand side uniformly bounded in n € IN, we deduce that

im0 SUPpen [ Lr,o0) (12[P) [P T (b, v ) (da) = 0.

In particular, by Markov’s inequality, we get that the sequence (7 (tn, Vn))nen is tight
and by [23, Definition 6.8] precompact in P,(R).

Step 2. Precompactness allows us to pass to a subsequence convergent in Pp(]R)
with limit . Consider the continuous, increasing, and strictly convex function é(x) =
V2P +1 on Ry with (z) < zP + 1. By stability, that is [5, Theorem 1.5], we obtain

Vé(,uv v)= nlgrgo Vé(ﬂm Vn) = nlggo Wé(j(ﬂm Un),Vn) = Wé(% v).

Since W, -convergence preserves convex ordering, we get that 4 <. v and by uniqueness
of the optimizer of V;(u,v), v = J (i, v). Hence, (J (tin, Vn))nen converges to J(u,v) in
Pr(R). O

The proof of Proposition 2.2 relies on the next three lemmas. The proof of the first
one is postponed after the one of the proposition.

Lemma 2.3. Let0 < a < b and F,G : [0,b] — R be continuous on [0, b], convex on [0, a)
and affine on [a,b]. Then for any non-decreasing convex function 6: R — R we have

b b
[ 8004 (cotF) ~ co(@) (w)du < [ 0(0:(F - ) (w)du (2.4)
0 0

where co denotes the convex hull and 0, the right-hand derivative.
Lemma 2.4. Let 0 <a <b< oo, F:[0,b] - R, and

H(z) = {CO(FHO’“))(JC) ifa € [0,0)

(2.5)
F(x) ifx € [a,b].

Then co(H) = co(F).

Proof. The function co(H) is convex and satisfies co(H) < H < F. By definition of the
convex hull, we deduce that co(H) < co(F). Conversely, co(F) is convex and bounded
from above by F, so that the restriction co(F')|o,q) is convex and bounded from above by
Flj0,q)- Hence co(F)ljp,q) < co(F|j0,q)) and, since co(F') < F, we have co(F') < H by (2.5).
By definition of the convex hull, co(F') < co(H), which concludes the proof. O

Lemma 2.5. Let f: [0,1] — R be a cadlag function. Then there exists for everye > 0 a
piecewise constant, cadlag function g: [0,1] — R with at most finitely many jumps such
that sup,c(o 1) [f(2) — g(z)| <e.

Proof. This follows from [11, Section 12, Lemma 1] and the discussion below. O

Proof of Proposition 2.2. For the moment we assume that the assertion of the proposition
holds true for antiderivatives of piecewise constant, cadlag functions. Since f and g are
cadlag, there exist by Lemma 2.5 for every n € IN* := IN \ {0} piecewise constant, cadlag
functions f,, g, : [0,1] — R with finitely many discontinuities such that

sup {If(2) = fu(@)| + lg(x) = gn(2)[} < 1/n.

z€[0,1

ECP 28 (2023), paper 18. https://www.imstat.org/ecp
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Therefore, (f,)nen+ and (gn)nen- converge in LP()A) to f and g, respectively. Let, for
n € N*,u € [0,1],
F,(u) :== F(0) —|—/ fn(v)dv and G, (u) := G(0) + / gn(v) dv.
0 0

We have ||[F — Fulloo < L, |G = Gulloo < L. Since co(F) — ||F = F, |« (resp. co(F,) —
|IF' — F,|loo) is @ convex function bounded from above by F — ||F — F,,||oc < F,, (resp. F),
| co(F) = co(Fy)|lso < [[F = Fulle < 1 and, in the same way, || co(G) — co(Gy)|s < L.
By [18, Theorem 6.2.7], we have A-almost sure convergence of (0 co(F,))nen+ and
(04 co(Gr))nen+ to 01 co(F) and d; co(G), respectively. Again, as f and g are cadlag,
we have max(||flco, [|9]lcc) + 1 =: K < 00, and max(|| fn]lco; [|gn]|eo) < K for all n € IN*,
which yields by definition of the convex hull that co(F,,)(u) > F,,(0) — Ku and co(Fy,)(u) >
F,(1) — K(1 — u). Hence,

co(Fy)(u) — co(Fn(0)) > _K, co(F3)(1) — co(Fy)(u)

U 1—u

<K,

and by monotonicity of the one-sided derivatives (and the same reasoning for G,,) we
obtain that max(||0+ co(Fy)|cos |0+ c0(Gr)|leo) < K. Then dominated convergence yields
that (94 co(Fy))nen+ and (04 co(Gr))nen+ converge in LP(\) to 04 co(F) and 95 co(G),
respectively. Finally, by applying (2.1) and the triangle inequality we get the desired
inequality:

10+ (co(F) = co(G))l,, = lim_ [0 (co(Fn) = co(Gn))ll,

< HBTOO fn — gan =[f- g”p .

It remains to show (2.1) for piecewise constant, cadlag functions f and g with finitely
many jumps. To this end, let (ax)o<k<n be a partition of [0, 1] adapted to f and ¢, i.e.,
0=ap<...<a,=1landforallk € {0,---,n—1}, fla;.ar.:) @0d gla; a.,,) aTe constant.
For k € {0,--- ,n}, we consider

Fboo s co(Flp,a)(x) ifx € 0,az),
F(x else;

~

GF s co(G(0,a,)) () if z € [0, ax),
G(z) else,

and write f* = 9, F* and ¢* = 0, G*.
Note that F* = F! = F, G = G! = G and F" = co(F), G™ = co(G). By induction we
will show that, for k € {0,...n —1}.

P = g Ml < 117 = gF - (2.6)

As the initial case is trivial, we assume that (2.6) holds for 0 < k£ < n — 2. First, observe

LA = g G = 1 = 8" Dl [l + 105 = Dl nll;

= H6+ (CO(F|[0aak+1)) - CO(G|[0aak+1))) ||z + ||(fk - gk)|[ak+1»1]| .

-

Applying Lemma 2.4 with a = ay, b = agy1 yields co(Flj,q,,,)) = co(Fk|[0,ak+1)) and
CO(G|[07ak+1)) = CO(Gk|[07ak+1)>, so that,

ka+1 - gk—HHi = H@+ (CO(Fk|[01ak+1)) - CO(Gk|[0’ak+1)))HZ + H(fk - gk)|[ak+1vl]||§'
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Since f and g are absolutely bounded by some constant C' > 0, we have co(F|jo,q,))(u) >

F(ag) — Clar — u), co(Glo,a,)) () > G(ar) — Clag — u), thus, limy se, co(F|jgq,))(u) =
F(ax) and lim, ~q, co(G|[0,a;)) (1) = G(ax,). In particular, F* and G* are continuous. We
can apply Lemma 2.3 with a = aj, b = ax41 to obtain

|‘8+(CO(Fk|[0,ak+1)) (G |0 ak+41) ) Hp < H(fk _gk)|[0,ak+l)Hp’

from which we deduce (2.6). In particular, we have shown the assertion:

10+ (co(F) = co(G)Il, = I/ = g"ll, < [f* = 3°ll, = IIf — gll,,- D

The proof of Lemma 2.3 relies on the next two lemmas.
Lemma 2.6. Let 0: R — R be convex, z,z € R withz < z, and y,§ € [z, z]. Then

0(y) — 0x) < L=5 (0(2) — 0(9)). @.7)
Proof. Since 0 is convex, we have
0(y) — 0(x) < L=2 (0(2) — 6(x)) and =L (0(z) — 6(x)) < 6(2) — ().

Combining these two inequalities yields (2.7). O

8

Lemma 2.7. Let u € P1(R) and f : R — R be a measurable map such that . is equal to
the image fy\ of the Lebesgue measure X on (0,1) by f. Then

Yo € [0,1], ful flu)du < fvl Ft(u) du.

Proof. The conclusion being obvious when v =1, we suppose v € [0,1). The image 7 of

L(y,1)(u)A(du) by f is such that n < pu. We have - > = =: 7j € P1(R) and thus
- (Ft(-(1—v)u),4o0)) _ 1-Fu(F, ' (1-(1-v)u))
L= F(F (1= (L —w)u)) < & T=o = o <

where u € (0,1), so that F{l(l —u) < Fﬂ—l(l — (1 — v)u). With the inverse transform
sampling, this implies

fvlf(u)du:(l—v)folFﬁ_l(l—u)du< fo T1-(1-v)u du—f FH(u)du. O

Proof of Lemma 2.3. Let f,g: [0,b) — R be given by the right-hand derivative of F' and
G resp., thatis f := 04 F, g := 04G. Since F and G are convex on [0,a) and affine on
[a,b], f and g are non-decreasing on [0, a) and constant on [a, b).Our first goal is to find an
explicit representation of the convex hulls of F' and (. To this end, consider the infimum

. F(b)—F(x
¢ :=inf {x €1[0,b) | f(x) > %}, (2.8)
which is well-defined and not greater than a as f(a) = W Moreover, the infimum

in (2.8) is attained by continuity of F’ and right-continuity of f. When ¢ > 0, we get by (2.8)
and monotonicity of f on [0,a) that sup,c(o ) f(7) = limg . f(z) < limy ~ % =

%. Under the convention sup,¢(o ) f (x) = —oo when ¢ = 0, we therefore find

SUD,efo,0) f(2) < FEHEHD =16 < f(e). (2.9)
For z € [c,a], using (2.9) and the fact that f is non-decreasing on [0, a), we obtain

F(b) — F(zx)=F(b) — F(c)+ F(¢) — F(x) = (b—c)d)—fczf(u)du
< (b—c)ptc—)p = (b— )¢ < (b— 1) (2). (2.10)
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Figure 1: Illustration of F' and its convex hull co(F').

We claim that

co(F)(z) = F(min(z, c)) + max(z — ¢,0)¢p, z € [0,b]. (2.11)
Denote the right-hapd side of (2.11) by F. Note that F is convex on [0, b] since the right-
hand derivative 0, F'(x) = 1o f(z) + 1) ¢ is non-decreasing by (2.9). We calculate

F(x) = F(c)+ F(z) — F(b) + F(b) — F(¢) > F(¢) — (b—z)¢ + (b — ¢)p = F(x),

for x € [c, a], which yields that F < F on [0, a] U {b}. Since both functions are affine on
[a, b] we conclude that F' < F and therefore, by definition of the convex hull, F' < co(F).

In order to show (2.11), it remains to verify that co(F) < F. By convexity of co(F)
and the inequality co(F') < F, we have, for z € [c, ),

co(F)(z) < §=¢F(b) + §=£F(c) = F() + (z — ¢)¢ = F(a),
and co(F)(z) < F(z) = F(x) for z € [0, ¢, thus, co(F) < F.

Reasoning the same way for GG, we deduce that d defined analogously to (2.8)

d:=inf{z € [0,b): g(x) > QOS]

is not greater than a and has the properties
SUP,efo.a) 9(7) < =G = 5 < g(d), (2.12)
co(G)(z) = G(min(z,d)) + max(z — d, 0)~. (2.13)

After this preparatory work we proceed to show the assertion, that is (2.4). Without
loss of generality, we assume that ¢ < d. Note that, by (2.11) and (2.9), 04 co(F)(z) =
min( f(min(z, ¢)), ¢) and, by (2.13) and (2.12), 94 co(G)(x) = min(g(min(z, d)),~). There-
fore, the left-hand side of (2.4) coincides with

Jo 0 Fu) = g(w)]) du+ [70 (16 — g()]) du+ [70 (|6 =) du,
To conclude, we thus have to show
JE0U6 — g)) dut [76 (10 =) du < [70(f(w) ~ g(w)]) du.  (214)
Case 1: Suppose that ¢ > v. By (2.9), the monotonicity of f on [0,a) and (2.12),
guw) <y <9< flu) ue€led).

Then, by applying Lemma 2.6 (with, in the notation of this lemma, z = ¢ —=, y = f(u) —7,
§=¢—g(u), z= f(u) — g(u), which satisfy % = 1), we find

0(f(u) —g(u)) —0(d—g(u) >0(f(u) =) —0(¢p—7), ueled)
so that [0 (|f(u) — g(w)]) — 0(¢ — g(w)) du > [*0(f(u) =) —0(¢ —)du.  (2.15)
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F(b) F(d)

Denoting by ¢ the fraction ——, we have, since ¢ is non-decreasing and convex,

J10(F@) =gl 322 > 0 (|7 5242 dul) =0 (16 -11) . @16)
We bring all terms of (2.14) to one side and find
J20(1F () = gu)]) du— [10(¢ — g(u) du— [ 0(¢ — ) du
> [10(f(u) =) — 06— ) du+ [ 6(1¢ —~]) — (6 — ) du
> (b ) (0 (52 (S fw) = vdu+ [} 16— ldu)) =66 =), (@17)

where we use (2.15) and (2.16) for the first inequality and then convexity of 6. Since
L (fjf(u) — ydu+ f;gi;—'ydu) — 6 — ~, we find that the
right-hand side of (2.17) is non-negative, from which we derive (2.14).

Case 2: Suppose that ¢ < v and let e := inf{u € [¢,d] | g(u) > ¢} where, by convention,
the infimum over the empty set is defined as d. By (2.9), the monotonicity of f on [0,a)
and d < a, we have g(u) < ¢ < f(u) for u € [c, e), thus, by monotonicity of 9,

J2 00 = g(u)]) du = [70(6 — g(w)) du < [70(f(u) — g(u)) du= [ 0(f(w) — g(u)]) du.

(2.18)
On the other hand, by (2.11),
Yz € [¢,b], F(x) > co(F)(z) = F(b)+ (z —b)¢ (2.19)
so that qNS = w < ¢. As 6 is non-decreasing and convex, we obtain
S0 () = g(w)) 225 20 (v~ 6). (2.20)

As consequence of (2.18) and (2.20), the following inequality suffices to get (2.14):

JE0(g(u) — @) du+ (b— d)O(y — 6) < [10(|f(w) — g(u)]) du+ (b—d)b(y — ). (2.21)

Showing (2.21) is equivalent to proving that the respective images p and v of the
Lebesgue measure A on (0,1) by the maps

() = {g(e + (b~ e)u) -

y—¢ else,
T2(0) i {If(e + (b= e)u) — g+ (b~ e)u)
y—¢ else

are in the increasing convex order. By [21, Theorem 4.A.3], this is equivalent to
fvl Fo ) du < fvl F Y (u)du, velo,1]. (2.22)

Since T is non-decreasing, we have by [2, Lemma A.3] that 7" (u) = F, ! (u) for A-almost
every u € (0,1). This observation combined with Lemma 2.7 leads to

[y o w)du= [} T (u)duand [, F,(u)du> [} T?(u)du, v € [0,1]
and (2.22) is implied by

[T () du < [, T?(u) du, v € [0,1]. (2.23)
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Recall that qNS < ¢, so that this inequality holds for v € [d’e 1]. Next, abbreviate d

b—e? b::
let v € [0,w), and write é := e+ (b — e)v. Using g < f + |f — g|, we have that

=:w,

Jo T ) dus [ fle+ (b= e)u) + T?(u) — ¢du+ [y — ¢ du
= F@-F(@)-(d=8)¢+(b-d)(v=¢) | fw T2 (u) du.

b—e

Remember that (b — d)¢ = F(b) — F(d) and (2.19) applies to = = é since é > e > ¢. Thus,
F(d) — F(&) = F(b) — F(&) = (b — d)$ < (b—€)é — (b~ d)¢.
b—

Asl—w= bfg, we obtain

fvl T! (u) du< (b—d)(‘?}:f"r’y—(ﬁ) + fU“’ T2(u) du
:Z:Z(’y —¢) + fvw T?(u) du = fvl T2 (u) du. O
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