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Abstract: We build a general framework which establishes a one-to-one
correspondence between species abundance distribution (SAD) and species
accumulation curve (SAC). The appearance rates of the species and the
appearance times of individuals of each species are modeled as Poisson
processes. The number of species can be finite or infinite. Hill numbers are
extended to the framework. We introduce a linear derivative ratio family
of models, LDR 1, of which the ratio of the first and the second derivatives
of the expected SAC is a linear function. A D1/D2 plot is proposed to de-
tect this linear pattern in the data. By extrapolation of the curve in the
D1/D2 plot, a species richness estimator that extends Chaol estimator is
introduced. The SAD of LDR; is the Engen’s extended negative binomial
distribution, and the SAC encompasses several popular parametric forms
including the power law. Family LDR; is extended in two ways: LDRg
which allows species with zero detection probability, and RDR; where the
derivative ratio is a rational function. Real data are analyzed to demon-
strate the proposed methods. We also consider the scenario where we record
only a few leading appearance times of each species. We show how maxi-
mum likelihood inference can be performed when only the empirical SAC
is observed, and elucidate its advantages over the traditional curve-fitting
method.
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1. Introduction

Estimating the diversity of classes in a population is a problem encountered
in many fields. We may be interested in the diversity of words a person know
from his/her writings [18], the illegal immigrants from the apprehension records
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[3], the distinct attributes in a database [24, 16], or the distinct responses to
a crowdsourcing query [48]. Among different applications, species abundance is
the one that receives most attention. For this reason, it is chosen as the theme
of this paper with the understanding that the proposed framework and methods
are applicable in other applications as well.

Understanding the species abundance in an ecological community has long
been an important task for ecologists. Such knowledge is paramount in con-
servation planning and biodiversity management [35]. An exhaustive species
inventory is too labor and resource intensive to be practical. Information about
species abundance can thus be acquired mainly through a survey.

Let N = (Ny, N1, ...) where Ny, is the number of species in a community that
are represented exactly k times in a survey. We do not observe the whole N,
but N = (N1, No, ...) which is the zero-truncated N. In other words, we do not
know how many species are not seen in the survey. We call the vector N, the
frequency of frequencies (FoF) [21].

A plethora of species abundance models have been proposed for N. Com-
prehensive review of the field can be found in Bunge and Fitzpatrick [6] and
Matthews and Whittaker [34]. A typical assumption in purely statistical models
is

N | Ny ~ Multinomial (N, p), (1.1)

where Ny = Y77 | Ny is the total number of recorded species, and p=(p1, p2, . . .)
is a probability vector, such that py is the probability for a randomly selected
recorded species to be observed k times in the survey for k = 1,2,.... We call
this vector p, the species abundance distribution (SAD). The great significance
of (1.1) relies on three assumptions: (Al) the species names are noninforma-
tive; (A2) the observed data for different recorded species are independent and
identically distributed (iid), and (A3) for each recorded species, its observed
frequency contains all useful information.

Species accumulation curve (SAC) is another popular tool in the analysis
of species abundance data. The survey is viewed as a data-collection process
in which more and more sampling effort is devoted. The individual-based SAC
is the number of recorded species expressed as a function of the amount of
sampling effort.

Despite the different emphases of SAD and SAC, the two approaches have an
overlapped target: Estimating D, the total number of species in the community.
For SAD, it means estimating Ny, the number of unseen species as D = Nyo+N..
For SAC, D is the total number of seen species when the sampling effort is
unlimited.

As SAD depends largely on the sampling effort, it is necessary to include
sampling effort explicitly in the model in order to make comparison of different
SADs possible. This addition establishes a link between SAD and SAC. Sampling
effort can be of continuous type, such as the area of land or the volume of water
sampled, or the duration of the survey. Discrete type sampling effort can be
the sample size. To emphasize the sampling effort considered, the SAC is called
species-time curve, species-area curve, or species-sample-size curve when the



5490 C. T. Liand K.-H. Li

sampling effort is time, area, or sample size respectively. Species-area curve has
been studied extensively in the literature. Review of it can be found in Tjgrve
[46, 47], Dengler [15] and Williams et al. [50]. In this paper, we use time as the
measure of sampling effort. We consider the vector N to be a function of the
time ¢, denoted as N (¢). Notations Ny, N, N4, p and py, are likewise denoted as
Ni(t), N(t), NL(t), p(t) and py(t) respectively. The (empirical) SAC is N, (t).
Throughout the paper, we assume without loss of generality that the survey
starts at time 0 and ends at time ty > 0. Because of the great similarity of the
species-time relationship and species-area relationship [39, 32], time and area are
treated as if they are interchangeable in this paper. When SAC is a species-area
curve, we refer to the Type I species-area curve [43], where the areas sampled
are nested (smaller areas are included in larger areas), resulting in a curve that
is always nondecreasing.

The study of the relation between the (empirical) SAD and the (empirical)
SAC started early since the introduction of rarefaction curve ([1, 42]) which
describes how we interpolate SAC using the observed FoF. Let ny(¢o) be the ob-
served Ny (to) for k =1,2,..., ny(to) = Y pe; nk(to), and 7i(to) = {ny(to) be>1-
The rarefaction curve for species-time relationship is

9] k
N (t) = nlto) (1 — (1 - %) ) , (0<t<tg). (1.2)

The rationale of (1.2) is that 1 — (1 —t/to)* is the probability for a species with
frequency k in time interval [0, tg] to be observed before time ¢ if the appearance
times of it in [0, o] are iid UJ0, #o] distributed. Equivalent formula for species-
area curve appears earlier in Arrhenius [1]. Good and Toulmin [22] proposed
an extrapolation formula for species-sample-size curve which when expressed as
species-time curve is

. s t k
Ny () = s (fo) + (= 1) (to) (5 _ 1> D (> t). (13)
=1

Equation (1.3) is (1.2) with a change of domain. Define the empirical SAD,
Pr(t) = ni(t)/ny(t). Equation (1.3) becomes

N4 () = na (o) [1 - ;ﬁk(to) (1 _ %)k] — . (to) {1 — (1 - %)} :

(1.4)
where iLt(S) is an estimator of h;(s), the probability generating function of the
SAD at time ¢. Equation (1.4) delineates a simple and yet convincing formula
to find SAC from SAD and vice versa. The aim of this paper is to propose and
study a statistical framework under which model in (1.1) and the relation in (1.4)
hold when N, (t), n(to) and hy,(s) are replaced by E(N,(t)), E(N4 (to)) and
ht, (s) respectively. Our framework assumes (A1), (A2) and that the appearance
times of each species follow a Poisson process which is sufficient for (A3) and
the validity of (1.2).
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Finite D is commonplace in SAD approach although no consensus has been
reached. Empirically, log-series distribution, an SAD that assumes infinite D,
is one of the most successful models. Many SACs do not have asymptote. It is
common that the observed number of rare species is large, and shows no sign
to decrease. In Bayesian nonparametric approach in genomic diversity study,
Poisson-Dirichlet process which assumes infinite D is used (see for example Li-
joi et al. [31]). In reality, the existence of transient species (species which are
observed erratically and infrequently [38]), and the error in the species identifi-
cation process (a well-known example is the missequencing in pyrosequencing of
DNA (see for example Dickie [17])) are continual sources of rare species making
the species number larger than expected. In our framework, D is random and
can be finite or infinite with probability one. We use species richness to refer to
E(D) when D is random, and D when D is deterministic.

A special feature of our framework is that species can have zero detec-
tion probability. We call such species, zero-rate species, and all other species,
positive-rate species. Zero-rate species can either be seen only once or unseen
in a survey. If there are finite number of zero-rate species, the probability of
observing any of them is zero. Therefore, if zero-rate species is observed in a
survey, almost surely there are infinite number of them. We interpret observed
individuals of positive-rate species as outcomes of a discrete distribution, where
individuals of the same species can appear any nonnegative number of times
in a survey. On the other hand, individuals of zero-rate species are outcomes
of a continuous distribution, and no two such individuals belong to the same
species. In our framework, the distribution is allowed to be a mixture of the two.
Suppose we want to estimate the population of a town through recording each
person we meet on street. Then tourists from distant countries can be viewed
as “zero-rate species”. In the first example in Section 9, it is suspected that
the sequencing error in pyrosequencing of DNA may be a source for zero-rate
species.

Poisson distribution is a main component in our framework. Though Poisson
distribution is common in existing SAD models, time ¢ scarcely plays a role. In
mixed Poisson model (see for example Fisher et al. [20], Bulmer [5]), the observed
frequencies of the species are independent and each follows a Poisson distribution
with its own rate, say A; for species i. The value D is a fixed unknown finite
value and {\;} are iid sample from a mixing distribution. Another related model
was proposed in Zhou et al. [51]. The paper focuses mainly on finite D. Neither
time nor zero-rate species are included in the model.

The outline of this paper is as follows. We propose in Section 2 a new model
for the sampling process, called the mixed Poisson partition process (MPPP).
We emphasize on the parametric approach where additional assumptions are
made on top of the framework so that the process depends only on a few pa-
rameters. Once the parameters are estimated, we can make inference on different
characteristics of the population, say the SAD at any fixed time, the Hill num-
bers, or the expected future data. We study N(¢) in Section 3. In Section 4,
we consider the expected species accumulation curve (ESAC). We prove the
one-to-one correspondence among (i) an MPPP, (ii) an ESAC which is a Bern-
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stein function that passes through the origin, and (iii) the expected number
of recorded species and the SAD at time ty such that the first derivative of its
probability generating function is absolutely monotone in (—oo, 1). In Section 5,
we introduce LDRj, a parametric family of ESAC. The SAD of LDR; is the
Engen’s extended negative binomial distribution. This family has an attractive
property that the ratio of the first and the second derivatives of the ESAC is a
linear function of . We extend LDR; to LDRy which allows zero-rate species.
In Section 6, a D1/D2 plot for LDR; and some diagnostic plots for specified
LDR; distributions are proposed. Extrapolation of the curve in D1/D2 plot is
considered in Section 7. Estimator of species richness is suggested basing on a
modified first-order extrapolation. In Section 8, LDR; is generalized so that the
derivative ratio is a rational function instead of a linear function of ¢. Four real
data are analyzed in Section 9 to demonstrate the applications of the proposed
models and the suggested plots. In Section 10, we propose and study a design
where only a few leading appearance times of each species are recorded. In Sec-
tion 11, we consider the maximum likelihood approach on the empirical SAC.
We give a discussion in Section 12.

2. Mixed Poisson partition process

Poisson process is the backbone of the framework. A Poisson process is a point
process characterized by an intensity measure over the m-dimensional space
R™ (we usually have n = 1 in this paper). The intensity measure which we
denote as w delineates how many points are present on average in different
parts of R™. More precisely, the number of points in a set A C R™ follows
the Poisson(w(A)) distribution. Furthermore, for any finite collection of disjoint
subsets Aq,..., Ay CR", S1,...,S; are mutually independent, where S; is the
number of points in A;. If w(dz) = f(x)dz, we call f(x) the intensity function.
A simple example is the homogeneous Poisson process where w(dz) = Adx for
a constant A. The parameter A is called the rate of the process.

If w is finite (i.e., [w(dz) < 00), simulation of a Poisson process can be per-
formed in two steps: (i) simulate the total number of points W ~ Poisson( [ w(dz)),
and (ii) simulate X1, ..., Xy iid from the probability measure w/ [ w(dz). Nev-
ertheless, if w is infinite, then the number of points is infinite, and it is impossible
to simulate all the points in the process. In this case, we can only simulate a se-
lected finite subset of points of the process using the thinning property of Poisson
processes [29]. For each point z in the Poisson process, let a(x) € [0,1] be the
probability for the point x to be selected, and 1 — «(x) be the probability for it
to be discarded. Then the selected points form a Poisson process with intensity
measure aw, where aw(A4) = [, a(x)w(dz). We can simulate the selected points
when the measure aw is finite using the aforementioned method. For example,
if we are interested only in the points that lie in a bounded region A C R™ of a
homogeneous Poisson process with rate A, then a(z) = 1{x € A} where 1{.} is
the indicator function. The number of selected points follows Poisson(\ [, dx)
distribution, and the selected points are iid uniformly distributed in A.
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We model the observations in a species abundance survey by a stochastic
process where rates of the species follows a Poisson process.

Definition. (Mixed Poisson partition process) A mixed Poisson partition pro-
cess (MPPP), G, is characterized by a nonzero species intensity measure v,
which is a measure over R, the set of all nonnegative real numbers, satisfying

/00 min{1, A"} (d)\) < oco. (2.1)
0

The definition of an MPPP consists of three steps:

1. (Generation of positive rates of species) Given v, define ¥ to be a measure
over Ry (R is the set of positive real numbers) by 7(d\) = v(d\)/A,
(i.e., dv/dv = 1/X for A > 0). Let A1, Ag,... (a finite or countably infinite
sequence) be a realization of a Poisson process with intensity measure .

2. (Generation of individuals of positive-rate species) For each \; in Step 1,
we generate a realization 7); (independently across i) of a Poisson process
with rate A;. The realization 7,; represents the arrival times of a species
with rate ;.

3. (Generation of individuals of zero-rate species) We generate a realization
1o of a Poisson process with rate v({0}), independent of 7,72, . ... This
represents the times of appearance for all the zero-rate species.

Finally, we take G = {n1,7n2,...} Uno. For any ¢ > 1, all points in n; are arrival
times of the same species, whereas each point in 79 is from a different zero-rate
species (we use a slight abuse of notation to treat each point in 79 as a point
process with only one point).

Measures v and © may be finite or infinite. Let A = [ v/(d\). As the expected
number of individuals seen in time interval [0,¢] is equal to tA (see (3.4) in
Section 3), we can interpret A as the expected total rate. When v is finite (i.e.,
A < 0), conditional on the event that there is an individual observed exactly at
time ¢, the distribution of the rate of the species of that individual is v/A (see
Proposition A in Appendix A for a proof). Therefore, we can regard v as the
intensity measure of A\ of the observed individuals. If 7 is finite, the expected
number of positive-rate species in the community is finite. From Step 3 in the
definition, if v({0}) > 0, there are infinite number of zero-rate species and they
arrive at a constant rate. With probability one, D is finite if and only if v({0}) =
0 and 7(Rso) < oo. In such case, D follows a Poisson(#(Rx¢)) distribution.
Measure 7 specifies the distribution of the rates of positive-rate species. More
precisely, 7([Ag, A1]) with Ag > 0 is the average number of species with rate in
[Ao, A\1]. Measure v specifies the distribution of the rates of the species of the
individuals including those of the zero-rate species. More precisely, v([Ao, A1])
is the average number of individuals (per unit time) belonging to species whose
rates lie in [Ag, A1]. Condition (2.1) is essential because it is equivalent to the
finiteness of the ESAC (i.e., E(N4(t)) < oo for any finite nonnegative ). A
proof of it is given in Appendix B. Figure 1 illustrates the generation of the
MPPP.
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Fic 1. An illustration of the MPPP. In step 1, we generate the rates \; of the positive-
rate species according to a Poisson process with intensity measure 0. If (Rso) < oo, then
this is equivalent to first generating npos, the number of positive-rate species according to
Poisson(#(R>0)), and then generating a random sample A1, , ..., Any,,, Of siz€ Npos from the
probability measure ©/0(Rsq). In step 2, we generate the individuals of species i according to
a Poisson process with rate A\; for i =1,... ,npos. In step 3, we generate the individuals of
zero-rate species (species 6 to 9 in the figure) according to a Poisson process with rate v({0}).

When 7 is infinite, we cannot simulate all \;’s in Step 1 in practice. We can
use the following method to simulate a realization of the process in interval
[0,t0]. The probability for a species with rate A to be recorded in [0,%o] is
1 — exp(—Atp). Applying the thinning property, the intensity of the recorded
positive-rate species is (1 — exp(—Atp))> which is always finite. To include also
the recorded zero-rate species, the intensity is (1 — exp(—Atg))A~tv (we take
(1—exp(—Atg))A ™1 =ty when X = 0). After generating \i, A, . .. according to a
Poisson process with this intensity measure, we simulate for each ¢, a realization
7n; (independently across i) of a Poisson process with rate )\;, conditional on
the event that 7; has at least one point in [0,to] (if A; = 0, then 7; contains
one uniformly distributed point in [0, #]). An alternative equivalent definition
that unifies the generation of individuals of zero-rate species and positive-rate
species is given in Appendix C.

A special feature of the framework is that D is random and can be infinite
with probability one. This change necessitates modification of biodiversity mea-
sures, among which Hill numbers are popular. When D is deterministic, Hill

1/(1—q)
number of order ¢ [25] for ¢ > 0 and ¢ # 1 is 1D = (21 (psp(i))q> !

psp(?) is the relative abundance of species ¢ in an assemblage (the number of
individuals of species i divided by the total population). When ¢ = 1, 'D is de-

where
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fined as limg—,1 9D = exp(— >, psp(i) log(psp(i))). Hill numbers are interpreted
as the effective number of species. The order ¢ determines the sensitivity of
the measure to species relative abundances. When ¢ = 0, all species regardless
its abundance are treated equally. Larger ¢ imposes more weight to abundant
species. Hill numbers encompass three important diversity measures as its spe-
cial cases. They are the species richness (¢ = 0), the exponential of Shannon
entropy (¢ = 1), and the inverse of Simpson index (¢ = 2). A notable property of
Hill numbers is that they obey the replication principle: The diversity of an as-
semblage formed by pooling m equally abundant and equally large assemblages
with no species in common is m times the diversity of a single assemblage.

Under our framework, each species corresponds to a Poisson process, and the
relative abundance of a species is its rate divided by the expected total rate, A.
Reasonable modifications to the definition of Hill numbers are to replace psy (%)
with A/A, where X is the rate of a species, and to replace summation over species
with integration with respect to the measure A~!v so that the integral of \/A
is one. It works well when A is finite, but fails when A is infinite. To fix the
problem, we need a meaningful surrogate rate which fulfills two requirements:
(i) the expected total rate is finite, and (ii) it approaches the true rate A as a
limit. The first appearance time of a species with rate A follows the exponential
distribution with density function Aexp(—At), which can be regarded as the
instantaneous rate of its first appearance at time t. This rate approaches A when
t decreases to zero. The expected total instantaneous rate of first appearances
over all species at time ¢ is Ay = [exp(=At)v(d\) (= E(N1(t))/t from (3.1))
which is always finite for positive ¢. Replacing psy(4) with Xexp(—At)/A; and
taking ¢ — 0, we define, the Hill numbers, D, for our framework as

1/(1-q)
lim; o (Atq S At exp(—)\qt)u(d)\)) (g >0,qg#1)
ap, =
lim;_,o A exp ( - A% J (log A — At) exp(—/\t)u(d)\)> (g=1).

When v({0}) >0 and 0 < ¢ <1, 9D, = co. When A is finite,

1/(1—q)
(A‘q S A"‘lv(dA)) (g=0,g#1)

P, =
A exp < —1 flog(/\)u(d)\)> (g=1).

Diversity 9D,, is non-increasing with respect to ¢. Unlike the classical Hill num-
bers, 9D, can be less than one. For instance, from (3.3), °D, = E(D) which
can be any positive value. It can be proved that for any positive constant +,
D, = (D, ), an analogue of the replication principle for Hill numbers.

3. Frequency of frequencies

A sufficient statistic for a realization G' of an MPPP in time interval [0, %] is
N(to). Consider a time interval [0,t]. For each A in Step 2 of the definition, it
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contributes one to one of the counts Ny (t), where k follows a Poisson distribu-
tion, Poisson(At). By the splitting property of Poisson processes [29], their total
contribution to Ny, (t) follows Poisson( [ (At)*(k!)~te=*i(d))) distribution inde-
pendent across k. The zero-rate species only increase N1 (t) by a Poisson(v({0})t)
random variate. Therefore, for & > 1,

k exp(—
Ni(t) ~ Poisson (/ Wﬂ(d)\) +1{k = l}y({O})t)

k—14k _
= Poisson </ WV(CD\)) ,

(we use the convention that 0° = 1). Equations (3.2) and (3.3) follows from
(3.1) for k > 1. The correctness of (3.1) when k£ = 0 follows from (3.2), (3.3)
and the fact E(Ny(t)) = E(D) — E(N4(t)).

=14k ayry(—
Bn) =[S0, ko (3.1)
BVL0) = SoEmu) - [ @, e
k=1
E(D) = tlggoE(NJr(t)):/xlu(dA). (3.3)

Again for (3.2), we set (1 — exp(—At))/\ =t when A = 0. When v({0}) > 0,
E(D) is infinite. Since all elements in {Ny(t)}x>1 are independent and follow
Poisson distribution, variable N, (t) is Poisson distributed, and so do D and
No(t) when their expected values are finite.

Write S(t) = Y pe; kN (¢) which is the number of individuals observed before
time ¢.

E(S(t)) = iwwdk):t v(d\) =tA.  (3.4)
(k—1)
k=1 ’

From (3.1), for k > 0,

(k+1)E(Nit1(to)) (Ato)* exp(—At)
t0k+ 0 _/)\ 0 s

v(d\).

By the thinning property of Poisson processes,

(Ato)* exp(—At)

TN v(d\)

is the intensity measure of the rate for the species represented k times in [0, ¢o].
We can interpret (k+1)F(Ng+1(to))/to as the expected total rate for all species
represented & times in [0,tp]. As pointed out in Section 2 and from (3.4), A =
E(S(to))/to is the expected total rate for all species. Conditional on the event
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that we will observe an individual at a given future time ¢; > ¢y, the probability
that this individual belongs to a species represented k times in [0, to] is equal to
(k +1)E(Ng41(t0))/to _ (k+1)E(Ni11(to))

E(S(to))/to B E(S(t0))

(formal proof is given in Appendix D) which corresponds to the renowned Good-
Turing frequency estimator in Good [21]. Tt is worth pointing out that the above
equation holds for individual observed at a given future time rather than the
next observed individual.

From the well-known relation between independent Poisson random variables
and multinomial distribution, model (1.1) is valid under the framework with

E(NK(®) (R ™IN=1E exp(—At)w(dN)
B(N.(1) ~ A1 - exp(-A)w(dn)

pr(t) = (k=1,2,...). (3.5)
Formal proof is given in Appendix E. If E(D) is finite, lim;_, o px(t) = 0 for any
fixed k. The joint probability mass function of N(¢g) is

H E(Ni(to)) nk(to)

P(N(to) = fi(to) | v) = exp (~E(Ny(to)) 1 (to)!

In terms of the expected FoF, the log-likelihood function is

log(L({E(Ni(to)) =1 | ilto))) = —E(No(to)) + Y _ ni(to) log(E (N (to)))-
- (3.6)
In terms of p(tp) and E(N4 (o)), it is

log(L(p(to), E(N+(to)) | 7(to)))

—E(N4(to)) + n4(to) log(E(N4(to))) + Z nk(to) log(px (o))
k=1

If the unknown vector p(tp) and the quantity F(N,(tp)) are unrelated, the
above log-likelihood function implies that the maximum likelihood estimator

(MLE) of p(to) is the conditional maximum likelihood estimator (conditional
on the observed ny (tp)) for the multinomial distribution in (1.1). The MLE of

E(N4(to)) is n(to)-

4. Expected species accumulation curve

Denote the expected (empirical) SAC (ESAC) as ¢(t) = E(N4(t)). Condition
(2.1) guarantees that v (¢) is finite for any finite ¢. For a real-valued function g(t),
let g(™(t) stand for the m-order derivative of function g(t). Clearly 1(0) = 0
From (3.2),

PP (1) = /(—A)kflexp(—xt)u(dm, (k=1,2,...). (4.1)
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Note that ¥((0) = [v(d\) = A. From (3.1) and (4.1),

EE(Nk(t)), (k=1,2,...). (4.2)

p(t) = (1)

Analogous expression for (4.2) appears in Béguinot [2] as an approximate for-
mula under the multinomial model for fixed total number of observed individuals
for the species-sample-size curve with the derivative operator replaced by the
difference operator.

Before studying the link between ESAC and SAD, two mathematical terms
are needed. A function ¢(t) is a Bernstein function if it is a nonnegative real-
valued function on [0, 00) such that (—1)**+1g(*)(¢) > 0 for all positive integer k
[44]. An infinitely differentiable function f(s) on an interval A is called absolutely
monotone in A if f*)(s) >0 for k =0,1,... and s € A. The relation between
absolutely monotone function and probability generating function is well known
(see for example Strook [45]).

Proposition 1. a. A function %(t) is the ESAC of an MPPP if and only if
1(t) is a Bernstein function that passes through the origin.

b. A function h:(s) is the probability generating function of p(t) for a fixed
positive ¢ of an MPPP if and only if h:(0) = 0,h(1) = 1, and h(s) is
absolutely monotone in (—oo, 1).

c. An MPPP is uniquely determined by its ¢(t), or (he, (), ¥(to)) for the prob-
ability generating function hy,(s) of p(to) for a fixed positive t.

d. For any MPPP, and ¢ > 0, we have

P((1 = s)t)
e(t)

Proof of Proposition 1 is given in Appendix F. Equation (4.3) is the popula-
tion version of (1.4).

It worths pointing out that Boneh et al. [4] proved that (—1)*+1(*)(t) >0
for a different setting (D independent Poisson processes with different rates)
and called it “infinite order alternating copositivity”.

From (3.6), the log-likelihood function can be re-expressed as a function of

P(t).

hi(s) =1-— (s € (—o0,1)). (4.3)

log(L(3 | to))) = —4(to) + D _ nx(to) log(| (ko) |)- (4.4)

k=1

It can be shown that the Taylor expansion of ¥ (t) at ¢ty converges to ¥(t)
when 0 <t < 2tq:

[%S) k
¥(t) = B(N4(to)) + Y _(—=1)¥ T E(Ny(to)) (% — 1) , (0<t<2ty). (4.5)
k=1

It signifies that Good-Toulmin estimator in (1.3) performs satisfactorily in short-
term extrapolation when ty < t < 2t;. We deduce from (4.5) the following
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unbiased estimator for different order of derivative of ()

Gy (CIE S kg (to) (T :
YY) = " kz::j(’“—j)! (1 t0> . (1>1,0<t<2t). (4.6)

We use (4.6) only for 0 < ¢ < t, ! because outside this interval, 1)) () may not
have the correct sign (—1)7+1,

Estimator in (4.6) is useful. For example, a concave downward curve when
we plot 1/ (¢) for t € (0,t0] 2 is an indication that E(D) = oo because if
we believe that there is a linear function b + ct with positive b and ¢ such that
b+ ct > 1/4pM(t) for all t > 0, then

E(D) = /000 oW (z)dx > /Ooo(b + cx) "t = oco.

From (4.2), a parallel result of Equation (4.6) is the following relation among
expected FoFs

> K\ [ t) AN
) =Y e (M) (£) (1-5) . Gzrosi<zn)
k=j
(4.7)
which can be proved using the law of iterated expectations when 0 < t < t,.
Furthermore, for 0 <t <ty

BIN,(t) | N(to) = i(to)) = gnkug) (%) (}) (1- %)H LGz,

5. Linear first derivative ratio family

MPPP is nonparametric in nature. It is defined by an intensity measure, an
ESAC or an SAD. When parametric approach is preferred, we restrict our in-
terest to a family of distributions in MPPP, say by putting constraints on the
SAD. A way to portray an SAD is to delineate its probability ratio, p;(t)/pj+1(t)
for j = 1,2,.... It is equivalent to examine —\W)(¢) U+ () = tp;()/[(5 +
1)pj+1(t)], which we call the jth derivative ratio. From (4.1) and the Cauchy-
Schwarz inequality, for j = 1,2,...and t > 0, %) (#)U+2)(t) > (U ()2 Tt
deduces that jth derivative ratio is always a nonnegative nondecreasing function
of t. Among all derivative ratios, the first derivative ratio is most important be-
cause —p (D (t) /13 (t) = —[dlog(v (M (t))/dt] =" which relates to the logarithmic
derivative of 1) (t) = E(Ny(t))/t, the expected total rate for unseen species at
time ¢. The following proposition gives a sufficient condition for it.

1'We include ¢ = 0 here for completeness. Remember that (1) (0) = A can be infinite.
2Tt corresponds to the diagnostic check for the log-series distribution in Table 1 in Section 5.
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TABLE 1

Models in LDR1 (in the expressions, “a” is a positive scale parameter)

c=0 SAD (Zero-truncated Poisson distribution)®:
(=6>0)  prt) = (t/b)* exp(~t/b)/[k!(1 — exp(~t/b))]
ESAC (Negative exponential law):
P(t) = abexp(1/b)(1 — exp(—t/b))
Diagnostic check: log()(1) (t)) = 1/b + log(a) — t/b

Y — (e=1)cF PP (1 /et k—1) (bfct)l 1/ c—F
c# 0.1 SAD® pi(t) = EID(1/¢)[(b+ct)t—1/c—pl—1/c]
. _a(b+o) b 1-1/c p \1-1/c
b>0 ESAC: p(t) = 202 ((45) - (%)
c=1/2 SAD (Geometric distribution)™ py(t) = (2b/t)[t/(2b + t)]F

(=b>0) ESAC (Hyperbola law)* 9 (t) = a(2b + 1)%t/(2b(t + 2b))
Diagnostic check: (1) (¢))=1/2 = (t 4 2b)/[a'/2(2b 4 1)]

c=1 SAD (Log-series distribution): p (t) = [t/(t + b)]*/(klog(1 + t/b))

(=b>0) ESAC (Kobayashi’s logarithm law)? () = a(b+ 1) log(1 + t/b)
Diagnostic check: 1/9M () = (b+t)/[a(b+ 1)]

b=0 SAD % When 1 < ¢ < o0, pi(t) = (c — 1)I'(1/c + k — 1) /[klcD(1/c)]

(=e>1 When ¢ = o0, p1(t) =1, p(t) =0 for k > 1.

orc=o00) ESAC (Power law): When 1 < ¢ < oo, ¥(t) = act'~1/¢/(c — 1)
When ¢ = oo, 9(t) = at
Diagnostic check: log(y(1) (t)) = log(a) — log(t)/c

11t is the simplest MPPP with all species having the same rate 1/b.

2When 0 < ¢ < 1 (= b > 0), it is the zero-truncated negative binomial distribution.

31t is a special case of the zero-truncated negative binomial distribution.

4 Also known as Michaelis-Menten equation and Monod model.

5 Kobayashi [30] (see also Fisher et al. [20] and May [36])

6 This distribution appears in Zhou et al. [51].

Proposition 2. A sufficient condition for a function £(t) on [0,00) to be the
first derivative ratio for an MPPP is that (i) £(¢) is a Bernstein function, and
(ii) £(0) > 0 or £M(0) > 1.

We prove Proposition 2 in Appendiz G. Hereafter we use £(t) = —pM(t)/
Y2)(t) to denote the first derivative ratio.

The simplest nontrivial Bernstein function is the positive linear function on
[0,00). It suggests the following fundamental family of distributions in MPPP.

Definition. (Linear First Derivative Ratio Family) An MPPP is said to belong
to the linear first derivative ratio family (denoted as LDRy) if its first derivative
ratio £(t) takes a linear form £(¢) = b+ ct for b > 0 and ¢ > 0 such that ¢ > 1
if b=0.

Family LDR; encompasses some common SADs and ESACs. We list the
characteristics of all models in LDR; in Table 1. When b = 0, ¢ must be larger
than 1 (see condition (ii) in Proposition 2), otherwise from the second row of
Table 1, limyo 9 (t) = oo for finite ¢. In Table 1, equality of transformed ™) (%)
for some models is presented. Such equalities can be used to produce diagnostic
check for specified SAD in LDR; when (1) (¢) is replaced by its estimator in
(4.6).

LDR; has three parameters a, b and ¢. Parameters b and ¢ determine the SAD,
and a = 1()(1) is a scale parameter. As pointed out at the end of Section 3,
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the MLE of b and ¢ is equivalent to the conditional MLE (conditional on the
observed n4 (tg)) of the multinomial model in (1.1). The MLE of a is chosen to
make E(N (t)) equal to n(to).

From Table 1, we can find F(Nj(t)) and ¢*)(t) using the relations E(Ny(t)) =
pr(t)1(t), and

Y1) = (O ).

It can be shown that for LDR4, v({0}) = 0, and

I'(1/c)
abexp(1/b)315(dN) (c=0),

(d)) =

{a((b+c)/c)1/C,\1/c2 exp(—bA/c)dA (¢ > 0), o)

where §;/,(A) = 1{1/b € A} is the Dirac measure. The intensity measure o
takes the form as a gamma distribution with extended shape parameter 1/c—1
for nonnegative c¢. Therefore, p(t) is the Engen’s extended negative binomial
distribution [19] with support {1,2,...}. The parameter ¢ determines the shape
of the gamma distribution.

The Hill number of order ¢ for LDR; is

abexp(1/b) (c=0)
o J a1 /TENYID (e> 0,951 L g #1)
“ )l + D) (b exp(~T(L)) (c>0,q=1)
00 (c>0,g<1-1),

where U(z) is the digamma function. F(D) can be found either as °D, or
lim; . ¥(t). Species richness, E(D) = °D, = oo if and only if ¢ > 1. In this
case, E(Ny(t)) is increasing in ¢ for any fixed k. When E(D) < oo, E(Ng(t)) is
unimodal with respect to t.

An ESAC is called following a power law, if ¢(t) o< ™ for 0 < 7 < 1. From
Table 1, the SAD at time ¢ for a power law has the form

P(X:k:):%, (k=1,2,...)

where 0 < 8 <1 (Bis1/cin Table 1), and (a); = a(a+1)...(a+i—1)fori>1
and (a)o = 1 is the rising factorial (this distribution appears in Zhou et al. [51]).
This SAD distribution does not depend on ¢. We call this discrete distribution,
the power species abundance distribution (PSAD). If X follows a PSAD with
parameter 3, then X — 1 follows the generalized hypergeometric distribution,
o F1(B,1;2; 1) distribution [28, 27].

Proposition 3. Under the MPPP, power law is the only ESAC which has SAD
independent on t. Furthermore, if an SAD under MPPP has a proper limiting
distribution when ¢ approaches infinity, then the limiting distribution must be
a PSAD.
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The proof of Proposition 3 is given in Appendix H.

Three distributions in LDR; are exceptional. They stand for three boundary
situations. The first one is the zero-truncated Poisson distribution (¢ = 0). It
models the extreme case when all species have equal abundance. In the approach
that assumes finite D, it is a common reference distribution, say in interpreting
9D,, and deriving nonparametric estimator of D.

The second one is the log-series distribution (¢ = 1). It is where E(D) jumps
from finite value to infinite value in LDR;. Therefore, if we are interested only
in finite D models, it is a boundary case. Because of this property, it is used
in this paper as a reference distribution in graphical check for the finiteness of
E(D) (refer to the end of Section 4, and the checking of slope 1 in the D1/D2
plot introduced later).

The last one is the power law (b = 0). It is the only possible limiting dis-
tribution of SAD in MPPP as ¢ approaches oo. All SADs in LDR; with ¢ > 1
converge to it when t increases without bound. It is also the only distribution
in LDR; that has E(S(t)) = oo for any ¢ > 0.

We extend the linear first derivative ratio family to linear jth derivative ratio
family, which we denote as LDR;. A t(t) belongs to LDR; if —¢()(¢) /41 (¢)
is a linear function of ¢. We prove in Appendix I that LDRy; = LDR3 = ..., and
LDR; is simply a mixture of zero-rate species and LDR; (i.e., the 7 of LDR4
satisfies (5.1), but »({0}) can be positive).

6. Diagnostic plots

An advantage of LDR; is that it has a simple diagnostic plot: Draw é(t) =
— M (8) /1)@ (t) as a function of t € [0, o] for V) (¢) and ¥ (t) defined in (4.6).
If the curve in the plot is almost linear, LDR; is an appropriate model. Approx-
imate intercept and slope of the curve can be used as initial estimate of b and ¢
in finding the MLE. We call the plot, D1/D2 plot, and the curve for £(¢) in the
plot, the D1/D2 curve.

Similarly, to investigate how well LDRs fits a data, we can plot the function
— @ () /B (#) for t € [0, to] where P (¢) and 3 (¢) are defined in (4.6). We
call the plot, D2/D3 plot, and the curve in it, the D2/D3 curve.

As Ni(to), Na(tg), ... are independent and Poisson distributed, by the delta

~

method, we can approximate Var(£(t)) by

— o Var@W ()  dOVar@ (1) 200 (0)Con(d ™M (1), (1))
VarO) = —onm T geny b@(t) ’
where
Far(@W(1)) = %2 3" KNk (to) (1 — t/t0)? 2, (6.1)
0 k=1

Var(@® (1)) = %Zk%k )2 Ny (to) (1 — /1),
k=2
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and
o0

Cov(PM (), 0@ (1)) = —5 3 k2 (k — 1) Ny (to) (1 — t/to)* .

t3
0 k=2

We use &(t)£1.961/ @(é(t)) as an approximate 95% pointwise confidence band

for £(t) in the D1/D2 plot. Similar confidence band can be constructed in D2/D3
plot (see Appendix J).

The diagnostic checks in Table 1 suggest graphs to examine the fitness of
zero-truncated Poisson distribution, geometric distribution, log-series distribu-
tion, and power law to the FoF. Graphical check for the leading three distribu-
tions exist in the statistical literature. See for example Hoaglin and Tukey [26].
Our plots are new additions from a totally new point of view. The plot focuses
on 1/3(1)(15), the estimated expected total rate of unseen species at time ¢. The
graphical check detects discrepancy between the estimated function and its ex-
pected pattern for ¢ € [0,%y] when a specified distribution is assumed. Since the
plotted y-value in the diagnostic plot has the form g(¢)()(¢)), an approximate
pointwise confidence band for the curve can be obtained using the approxima-
tion Var(g(@M (1)) ~ [¢W (M )]2Var(@M(t)) for Var(y(M(t)) defined in
(6.1).

Currently a standard diagnostic plot for power law is the log-log plot which
plots log(:)(t)) against log(t) for 0 < ¢ < to. As dlog(i(t))/dlog(t) = p(t), log-
log plot detects whether py(¢) is a constant function. As suggested by the diag-
nostic check of power law in Table 1, we can plot log(¢)(M) (¢)) against log(t) for
0 <t < tp. We call it log(D)-log plot. Log(D)-log plot checks whether pa(t)/p1(t)
is a constant function because dlog()(V)(t))/dlog(t) = —2pa(t)/p1(t). Log(D)-
log plot is more sensitive to discrepancies with the power law because p;(t)
changes very slowly with respect to ¢ for many SADs. It is well-known in species-
area relationship studies that the curve in log-log plot is approximately linear
for various dissimilar SADs [39, 40, 36, 33].

In Figure 2, we consider four LDR; distributions for which the diagnostic
graphs are designed. The parameter (b,c) are (1.5, 0) (zero-truncated Poisson
distribution), (1, 0.5) (geometric distribution), (0.5, 1) (log-series distribution)
and (0, 1.5) (power law). Parameter a is chosen so that ¢ (5) = 200. We draw
the ESAC in panel (a) and the SAD at ¢t =5 in panel (b). We can discriminate
the power law (the black curve in the panel (a)) from other distributions as its
Y1 (0) = 0o (D (0) = A is the expected total rate). Other than this, we learn
little about the parameters b and ¢ from visual inspection of the plots in panels
(a) and (b). We need special plots to discriminate different parameter values. In
D1/D2 plot in panel (c), the four distributions correspond to four straight lines
with different slope c¢. The graphical checks in panels (d)-(g) are designed for
each special distribution so that when FoF follows that distribution, the curve in
the plot is a straight line, which is drawn as a heavy line in Figure 2. Therefore,
how straight the curve is can be used to assess how well the distribution fits the
data.
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(a) ESAC (b) SAD at time t=5 (c) D1/D2 plot
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F1c 2. Plots for four LDR1 models with £(t) = (1.5—c)+ct forc=1.5,1,0.5,1. Whenc=1.5
(b=0), it is a power law and the curve is shown in black color. When ¢ =1, it is a log-series
distribution, and the curve is shown in red. When ¢ = 0.5, it is a geometric distribution, and
the curve is shown in green. When ¢ = 0, it is a zero truncated Poisson distribution, and the
curve is shown in blue. In panel (a), we draw the ESAC. In panel (b), we draw SAD at time
t =5. In panel (c), we draw D1/D2 plot. In panels (d)-(g), we draw the graphical checks for
zero truncated Poisson distribution, geometric distribution, log-series distribution and power
law respectively. The straight line in the plots are drawn with larger weight.
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7. Species richness via extrapolation

Assuming the whole curve £(t) to be linear may be too ambitious. If species
richness is our main concern, our aim is to estimate E(Ny(tp)). It is convenient
to concentrate only on the rare species. We classify species into two groups: rare
species and abundant species. Assume that (B1) all species represented 0, 1, 2,
and 3 times in time interval [0, ¢g] are rare, and (B2) rare species follows LDR4
distribution. 3 Observations n;(tg), na(to) and ns(to) are data from this model
truncated at both ends. We do not know how many rare species are represented
four times or more in [0, ¢y] because the observed n;(ty) for j > 4 may include
abundant species.
It can be shown that for LDR;,

E(N;(to))E(Nj+2(to)) (J+1D(jec+1)

= = - , 7.1
B(Njilta) G+ - De+ 1) =
when 7 =1,2,... and is independent on ty. When j = 1, we have
E(N1(to)) E(Ns(to)) _ 2(c+1)
E2(Na(to)) 3

The information about the rare species from Ny (o), Na(to) and N3(to) is barely

enough to make ¢ estimable. When Na(tg) > 0, a plug-in estimator of ¢ is

_ 3Ny (to)Ns(to)
2N3 (to)

Ak

-1

Estimator ¢* needs modification to take into account two inequality constraints:
c¢>0and b > 0. Under LDR, the constraint b > 0 is equivalent to ¢, the slope
of &(t) satisfying E(Ny(to))/(2E(Na(to))) = &(to)/to > c¢. Therefore, our final
estimator of ¢ when Na(tg) > 0 is

ép = max(min(é*, Ny (to)/(2Na(to))), 0).

If0<ec<1, E(No(ty)) (= E(D)—(to)) is finite, and (7.1) remains true when
j = 0. We have

E(No(to)) = { fOQ(N1(t0))/[2(1 — ¢)E(N2(to))] E(c)i f)< 1) (7.2)

Using estimator ¢ and (7.2), we have the following estimator of E(Ny(to)).
NZ(to)/[2(1 — ér)Na(to)] (Na(to) > 0,0 < ép < 1)

R o (Na(to) > 0,ép > 1) or
E(No(to)) = (]sfl(to) >F£),N2(t0) = 0)
0 (N1 (to) = Na(tg) = 0).

(7.3)

3The categorization of species into rare species and abundant species in (B1) and (B2) is
vague and data-dependent. A clear-cut threshold at 3 for the abundant species is artificial. It
leads to an intuitive but debatable conclusion: All abundant species are represented at least
four times in [0, to]. Results deduced from (B1) and (B2) can only be approximations.
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From (B1), all unseen species are rare. Estimator E(Ny(to)) depends only on
rare species data Ni(to), Na(to), and Ns(to). When ép = 0, E(No(ty)) reduces
to Chaol estimator [7] of E(Ny(to)), which is NZ(to)/[2N2(to)]. If Na(tg) > 0
and ép > 1, a reasonable estimate of E(Ny(to)) is infinity. When Na(t9) = 0, our
estimate of F(Ny(t)) is co when Nj(tg) > 0, and is 0 when Nj(tp) = 0. From
(B1), all abundant species are observed before time ¢y. Their contribution to D
is included in N, (o). Our estimator of E(D) is E*(D) = Ny (to) + E(No(to)).

Chaol estimator [7] is a lower bound estimator of D, and works well when
the rare species have equal abundance, which corresponds to the LDR; model
with ¢ = 0. Our estimator £*(D) is an extension of Chaol estimator in the
sense that we assume the rare species follow LDR; model, and estimate the
parameter ¢ using the FoF of rare species. It reduces to Chaol estimator when
ép =0.

A better way to understand the estimator £* (D) is to relate it to an extrapo-
lation of £ (t) because we can assess its suitability in the D1/D2 plot. Abundant
species usually appear early. Species that show up late are likely rare. The rear
part of £ (t) depends mainly on rare species. Extrapolation is a technique to
extend our knowledge about rare species to the unseen species. (B1) and (B2)
imply that £(¢) is approximately linear when t > to.* Consider two simple lin-
ear extrapolation methods in D1/D2 plot. The zeroth-order extrapolation uses

~

£(t) = £(to) = toN1(to)/[2N2(to)] for t > to. Another extrapolation uses

N

E(t) = &(to) + ep(t —to), (t> to). (7.4)

As &5 = £M(tg), (7.4) is the first-order extrapolation of £(t) when ép = ¢*. We
call (7.4) a modified first-order extrapolation. It is always true that

b(t) = (to) + ¢ (to) /lexp (— ’ %dm) dy, (t> to). (7.5)

to to é’

If we estimate 1(tg) by its MLE N, (to) and M (ty) = E(Ny(to))/to by its
plug-in estimator Ny (tg)/to, then we can estimate 1) (t) for all ¢ > ¢y using (7.5)
once an extrapolation rule for £(t) is chosen. Species richness is just the limiting
value of this ¥(t). If zeroth-order extrapolation is used, the estimator of F(D) is
Chaol estimator. If modified first-order extrapolation rule is used, the estimator
of E(D) is E*(D). As &(t) is nondecreasing, zeroth-order extrapolation is a
lower bound of all reasonable extrapolations. It explains why Chaol estimator
estimates a lower bound of E(D).

All £(t)’s that fulfill the sufficient condition in Proposition 2 are asymptot-
ically linear because its derivative is nonnegative and non-increasing and thus
must have a finite limit. Furthermore, for concave £(t), the modified first-order
extrapolation is probably the first-order extrapolation. Therefore, under the

4We do not require £(t) to be exactly linear when t > to because given the rear part of
£(t), we can find E(N;(t)) for ¢ > 1 and t > ¢o and then perform interpolation using Equation
(4.7) to find &(¢) for all ¢t > 0. If £(t) is linear after tp, it can be shown that £(t) is linear in
[0, 00).
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sufficient condition in Proposition 2, modified first-order extrapolation is an ad-
equate extrapolation curve when ¢, is large, and E*(D) should give a plausible
estimate.

Equation (7.5) is useful. If £(t) > 8 + ¢ for a 5 > 0 when ¢ > ¢t* > 0, then

¥(t)

Y

t Y

B+t
B+t

¢wﬂ+wmuww+ﬁn%(

>—>oo when ¢t — oo.

Similarly, if £(t) < 8+t fora 8> 0and 0 <~ < 1 when ¢t > ¢* > 0, then

t Yy 1
w0 < vy o) [ew (- [ 5 ar)a

(B +t)

= )+ o) T

(847717 = (B4 71)

where the last expression has finite limit when ¢ increases to infinity. These two
facts can be used to detect the finiteness of E(D) in D1/D2 plot. If we can judge
from the () in the D1/D2 plot that there are positive values 8 and ¢* such
that £(£) > S8 + t whenever ¢ > t*, then E(D) is likely infinite. On the other
hand, if £(t) < B+t for a 0 < 4 < 1, it is reasonable to believe that E(D) is
finite. To assist judging whether the rear part of é (t) has slope larger than or
smaller than 1, it is helpful to add grid lines with slope 1 in the D1/D2 plot as
demonstrated in Figure 3.

We can assess the adequacy of Chaol estimator through investigating how
well Ny (to), Na(to) and N3(tp) fit a truncated Poisson distribution by testing

Hy : 3E(N1(to))E(N3(tg)) — 2E*(Na(to)) <0

against
Hi: 3E(N1(t0))E(N3(t0)) — 2E2(N2(t0)) > 0.

If the null hypothesis is not rejected, Chaol estimator gives reasonable esti-
mate of E(D), otherwise it only estimates a lower bound of F(D). An unbi-
ased estimator of 3E(Ny(tg))E(N3(to)) — 2E?(Na(to)) is T = 3N1(to)N3(to) —
2N (tg)(Na(to) —1) which is our test statistic. An unbiased estimator of Var(T)
is

Var(T) = 9N (to)N3(to) (N1 (to) + N (to) — 1) +8Na(to) (3 — 5Na(to) + 2N2(t0)).

The approximate p-value of the test is P(N(0,1) > T/ @"(T) ), where
N(0,1) stands for standard normal distribution. We reject Hy at significance
level o when the p-value is less than a.



5508 C. T. Liand K.-H. Li

(a) Swine feces data (D1/D2) (b) Swine feces data (D2/D3) (c) Accident data (D1/D2)

-D2/D3

time time time

(d) Tomato flowers data (D1/D2) (e) Bird abundance data (D1/D2)

-D1/D2
-D1/D2
0.3 0.4 05
! ! !

0.2

0.1

Fic 3. D1/D2 and D2/D3 plots for the data. Panels (a), (¢), (d) and (e) are D1/D2 plots for
the four examples, and Panel (b) is the D2/D3 plot for the first ezample. The light black solid
curves are the D1/D2 or D2/D3 curve. The light black dashed curves are the 95% pointwise
confidence bands. The heavy black dashed lines are the lines fitted by the MLE under LDR;.
The heavy green solid curves in panels (a), (c), (d) and (e) are the fitted curves under RDRq.
The blue dotted lines in the D1/D2 plots are grid lines with slope 1. They are added to assist
checking the slope of the curve. D1/D2 curve with slope larger than 1 is a signal for infinite
E(D), while slope less than 1 is for finite E(D). The zeroth-order and the modified first-
order extrapolation lines are drawn in D1/D2 plot in orange and purple respectively. They
correspond to the extrapolation used by Chaol estimator (orange line) and E*(D) (purple
line) respectively.

8. Rational first derivative ratio family

When the curve in the D1/D2 plot is not linear, but concave, it is natural to
model £() as a rational function. Quotient of two linear functions is too restric-
tive because it is in general asymptotically flat. It not only implies that E(D)
is usually finite, but also that the rare species are homogeneously abundant.
Therefore, we consider a ratio of a quadratic polynomial and a linear function.
This form of £(t) is asymptotically linear with flexible slope. After simple ma-
nipulation, we obtain the following expression for £(t).

Definition: (Rational First Derivative Ratio Family) A first derivative
ratio, £(t) belongs to the rational first derivative ratio family (denoted as RDRy)

if
1

t) = :
(*) c1/(t4b1) + c2/(t + b2)
where by and c; are positive parameters, and b; and ¢y are nonnegative param-

(8.1)
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eters. For uniqueness we assume by < by. If by = 0, we require ¢; < 1. This
additional restriction is to ensure that ¢(t) is finite for all finite ¢.

Function £(t) in (8.1) fulfills the sufficient condition in Proposition 2. When
cos = 0, RDR; model becomes LDR; model. RDR; has five parameters, a =
w(l)(to), bl, bQ, C1, and Co.

To calculate the log-likelihood function using (4.4), we need to compute 1 (tg)
and ¥ *)(ty) for all k such that ng(tg) > 0. The following equality which can be
proved by mathematical induction for k£ > 1 is helpful,

k(k —14+c+ Cg)w(k) (t) + [C1t + byey + ot + bres + k(Qt + by + bg)}w(k—i_l)(t)
+ (t 4 b1)(t + b)) (1) = 0.

To use it, choose a value for to. Given a = (") (to) which is a scale parameter,
and the values of the parameters by, bs, ¢; and ¢, we can find (to) =
—pM () /&(to). Then apply the above recurrence relation for ¢ = to to compute
all necessary (%) (ty) in (4.4). The ESAC is

t
P(t) = a(to + b1)* (to + ba)? / (2 + b))~ (z + bo) " da.
0

Thus E(D) < oo if and only if ¢; + ¢ > 1. It can be proved that v({0}) = 0.
We give the expression for 4D, in Appendix L.

9. Examples

Four real FoF data are presented in Table 2. Nonparametric analysis of the data
can be found in Bohning and Schén [3], Lijoi et al. [31], Wang [49], Chee and
Wang [12], Norris and Pollock [37], and Chiu and Chao [13]. In this section,
we fit the data using the parametric models in Sections 5 and 8, demonstrate
the use of various diagnostic plots, and compare different diversity estimates.
Without loss of generality, we set tg = 1. The significance level of the tests is
fixed to 5%.

The first data is the swine feces data which appeared and was analyzed in
Chiu and Chao [13]. It is for the pooled contig spectra from seven non-medicated
swine feces. The large nq (¢o) relative to other frequencies is viewed as a signal for
sequencing errors. Chiu and Chao [13] proposed a nonparametric estimate of the
singleton count basing on the other counts, and the difference of this estimate
and the observed singleton count is interpreted as outcome of missequencing. An
implicit assumption of this approach is that sequencing errors inflate only the
singleton count, and all other frequency counts are unaffected. It is equivalent
to claim that there are sequencing errors which create solely zero-rate species.

To investigate whether zero-rate species really exist, we draw the D1/D2
and D2/D3 plots with 95% pointwise confidence bands in panels (a) and (b)
respectively in Figure 3. The approximate linear curve in both plots indicates
that both LDR; and LDRs are reasonable models. The heavy dashed lines in
panels (a) and (b) are the lines fitted by MLE under LDR;. The fitted line is
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TABLE 2
Four real FoF data and the MLE for the selected model using AIC

(i) Swine feces data

(@ = 8025.0,b; = 0.429, by = 3.178,¢; = 0.115, & = 0.294 under RDR;)
k 1 2 3 4 5 6 7 8 9 10 11

nk(to) 8025 605 129 41 16 8 4 2 1 1 1

(ii) Accident data

(& =1318.1,b; = 0.617,by = 198.9,¢; = 0.211, & = 45.362 under RDR;)
k 1 2 3 4 5 6 7

ne(to) 1317 239 42 14 4 4 1

(iii) Tomato flowers data

(@ = 1433.7,b; = 0.050, by = 1.451,&; = 0.074, & = 0.693 under RDR;)

k 1 2 3 4 5 6 7 8 9 10 11 12 13
ng(to) 1434 253 71 33 11 6 2 3 1 2 2 1 1
k 14 16 23 27
ne(to) 1 2 11
(iv) Bird abundance data (& = 14.696,b = 0.044, ¢é = 0.772 under LDR)
k 1 2 3 4 5 6 7 8 9 10 12 13 14
ng(to) 11 12 10 6 2 5 1 3 2 4 1 1 1
k 15 16 18 25 29 30 32 39 44 53 54
ng(to) 2 1 2 1 1 1 1 1 1 1 1

close to the curve in D1/D2 plot, but is not so in the D2/D3 plot. As the dashed
line lies inside the confidence bands in panel (b), the disagreement between the
singleton count and other counts is not strong enough to reject that they come
from the fitted LDR1. The Pearson’s chi-square test statistic after grouping all
cells with expected frequency less than 5 is 4.325 with 4 degrees of freedom.
The estimated E(Ny(t9)) under this LDR; is 8027.6 which is marginally larger
than ni(to). As E(Ny (o)) > ni(to), the MLE of v({0}) under LDRy should be
zero. There is no significant evidence for the existence of zero-rate species. The
heavy green curve in panel (a) is the fitted curve under RDR4. The heavy green
curve is very close to the D1/D2 curve. RDR; performs better than LDR; in
terms of Akaike information criterion (AIC) (the AIC for LDR; is —136060.6,
and that for RDR; is —136061). °

In panel (a) blue grid lines with slope 1 are drawn. From Section 7, the slope
of the rear part of £(t) larger (or smaller) than 1 is an indication that E(D) is
infinite (or finite). Apparently the slope of é (t) has slope always larger than 1.
We are confident that E(D) is infinite. The modified first-order extrapolation
line for E*(D) (the purple line) and the zeroth-order extrapolation line for
Chaol estimator (the orange line) are drawn. As ép > 1, E*(D) = oo. The
orange extrapolation line does not look good. Chaol estimator does not perform
satisfactorily.

The second data come from 9461 accident insurance policies issued by an
insurance company. It was used in Bohning and Schén [3], Wang [49], and Chee
and Wang [12]. The species corresponds to the policies, and the frequency count

5The standard likelihood ratio test is not valid as the tested parameter value is on the
boundary of the parameter space.
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to the number of claims during a particular year. The £(t) in the D1/D2 plot
for the accident data in panel (c) is concave but not far from linear. The heavy
dashed line is the fitted line under LDR;. The p-value for the Pearson chi-square
test for LDR; is 0.0979. The MLE of ¢ is 1.1146 which is larger than 1. Therefore,
the MLE of E(D) is infinite. Compared with the blue grid lines with slope 1, the
average slope of the D1/D2 curve is close to one showing uncertainty about the
finiteness of F(D). The heavy green curve in panel (c¢) is the fitted curve under
RDR;. It is preferred to LDR; because it has smaller AIC (the AIC for LDR,
and RDR; are —18691.95 and —18692.15 respectively). The MLE of E(D) under
RDR; is 6354. It is less than the true value D = 9461, and is comparable to the
nonparametric estimates presented in Chee and Wang [12] which ranges from
4016 to 7374. The purple line is the modified first-order extrapolation used by
E*(D). As the slope of the purple line is less than one, E*(D) is finite. For this
data, ép = 0.4525 and E*(D) = 8249.2 which is closer to the true value. The
orange extrapolation line for Chaol estimator is also drawn. The difference of
the two extrapolation lines is not small.

The third data come from a CDNA library of the expressed sequence tags of
tomato flowers. It was studied in Béhning and Schén [3] and Lijoi et al. [31].
The D1/D2 plot in panel (d) shows that LDR; model does not fit the data
well (the p-value of the Pearson chi-square test is 0.0059). The curve looks like
a Bernstein function. An RDR; model is fitted and the fitted curve is shown
in the plot by a heavy green curve. The model fits the data well (Pearson chi-
square statistic after grouping all cells with expected frequency less than 5 is
1.470 with 2 degrees of freedom). As & + é; = 0.767 < 1, the estimated E(D)
is infinite. This estimate of E(D) agrees with the finding when we compare the
slope of the rear part of the curve with one under the assistance of the blue grid
lines. The modified first-order and zeroth-order extrapolation lines are drawn in
purple and orange respectively. The difference of the slopes of the lines is not
small.

The fourth data is the bird abundance data for the Wisconsin route of the
North American Breeding Bird Survey for 1995. Totally 645 birds from 72
species are recorded. The data was studied in Norris and Pollock [37] where
a mixture of five Poisson models was fitted, and the estimated D is 76. Com-
paring with the blue grid lines, the slope of the D1/D2 curve is less than one.
Species richness should be finite. The £(¢) in the D1/D2 plot does not look like
a straight line. However, the LDR; model is not rejected as the p-value of the
Pearson’s chi-square test is 0.116. The estimated E(D) is 124.50. We also fit a
RDR; model to the data. The fitted line for this model is shown in the figure as
a heavy green curve. The MLE of E(D) under RDR; is 80.7. LDR; is preferred
to RDR; as its AIC is —25.63 which is less than that for RDR which is —24.53.
RDR; does not fit the rear part of é (t) well because of an abrupt change of slope
around t = 0.5. After t = 0.6, £(t) looks quite linear. It suggests that E*(D)
may be a good estimate. For this data, E*(D) = 77.90, which is close to the
Chaol estimate 77.04.

We investigate the performance of various special graphical checks in Fig-
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F1G 4. Diagnostic plots for data. Each column corresponds to one diagnostic plot. The first
four columns are plots suggested in Table 1. They check ¢ = 0 (zero-truncated Poisson distri-
bution), ¢ = 0.5 (geometric distribution), c = 1 (log-series distribution) and b =0 (log(D)-log
plot for power law). The last column is the log-log plot used to check the power law. The
two red dashed curves are the 95% approzimate pointwise confidence band. There are five
rows. The first four rows are for the real data: swine feces data, accident data, tomato flow-
ers data and bird abundance data respectively. The last row is for data simulated from the
LDR; distribution to be checked. Their parameter vector (a, b, c) are (200,1,0) (zero-truncated
Poisson distribution), (200,1,0.5) (geometric distribution), (200,1,1) (log-series distribution),
(200,0,3) (power law), and (200,0,8) (power law) respectively. When the curve is close to a
straight line, it means that the checked distribution fits the data.
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ure 4. If the curve in the plot is close to a straight line, we assume that the
corresponding distribution fits the data. The red dashed curves are the 95%
approximate pointwise confidence band. The five columns correspond to five
graphical checks: namely the plot for zero-truncated Poisson distribution (check
¢ = 0), for geometric distribution (check ¢ = 0.5), for log-series distribution
(check ¢ = 1), for power law (check b = 0; it is the log(D)-log plot), and the
log-log plot for power law. The first four rows of plots are for the four real FoF
data. The last row is for data simulated from the specified distribution which
the diagnostic plot is designed to check. The curves in the last row are close to
a straight line as expected. The log-log plot in the last column does not perform
satisfactorily. The first three graphs shows almost perfect line. Comparatively,
the log(D)-log plot correctly declare discrepancy of power law to the four real
data. The graphical check for log-series distribution correctly detects that acci-
dent data follow closely to a log-series distribution (the MLE of ¢ under LDR4
is 1.1146). The curves for swine feces data and the tomato flowers data are con-
cave. It implies that E(D) is infinite as pointed out at the end of Section 4. The
plot for geometric distribution and zero-truncated Poisson plot look reasonable
except for the accident data.

Consider estimation of Hill numbers. In Table 3, we compare the model-based
estimator developed in the paper, and Chao-Jost estimator proposed in Chao
and Jost [10]. For our model-based estimator, 95% confidence intervals are con-
structed using parametric bootstrap method. Details are given in Appendix K.
The difference between our estimators and Chao-Jost estimator is mild when
q = 2. In other situations, the difference can be large. Sometimes the two con-
fidence intervals do not overlap. The width of the 95% confidence interval for
our parametric estimator is larger than that of the corresponding interval for
Chao-Jost estimator. The interval estimate for Chao-Jost estimator is obtained
basing on the assumption that D is finite and all unseen species have equal
abundance. For the accident data, the true D is contained in the model-based
95% confidence interval, but not in that for the Chao-Jost estimator.

Consider estimation of species richness. In Table 4, we compare E*(D), Chaol
estimator, iChaol estimator in Chiu et al. [14], and the abundance-based cov-
erage estimator (ACE) in Chao and Lee [9] and Chao et al. [11]. We construct
the 95% confidence intervals for E(D) basing on E*(D) using parametric boot-
strap method. Details are given in Appendix K. Estimator E*(D) usually gives
larger estimate. For the bird abundance data, all estimators give similar point
estimate. For the accident data, £* (D) gives the best estimate of the true D.
For the remaining two data, the differences are huge. Our estimate is infinite,
while other estimates are finite as assumed.

The difference between E*(D) and the other three methods can well be ex-
plained by the test on whether the observed Nj(tg), Na(to) and N3(to) fit a
truncated Poisson distribution. The p-value of the test at the end of Section 7
for the bird abundance data is 0.374. For this data, all estimates are close to
each others. The p-value for accident data is 0.040. The difference is significant,
but not huge. The p-value of the other two data are smaller than 6 x 10~6 imply-
ing that the deviation is huge. The 95% confidence interval for swine feces data
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TABLE 3

Chao-Jost Estimates and Our Parametric Estimates of Hill Numbers for Selected
Models (Values enclosed between square parentheses are 95% confidence interval)

Data Model/Method %D, D, 2D,
Swine RDR; oo 194649 27698
feces (105408, oo] (62348,407027]  [23940, 31195]
data Chao-Jost 1 62051 53835 27801
[59197,64905]  [51634,56035]  [26076,29526]
Accident RDR; 6354 5203 3557
data [4741,16013] [4458, 6684] [2996, 4210]
(True D Chao-Jost 5248 4788 3606
= 9461) [4713,5783] [4449, 5126] [3322, 3890]
Tomato RDR1 0o 5941 1311
flowers [7849, o] [4054, T741] [699, 2120]
data Chao-Jost 5887 4079 1450
(5405, 6370] [3809, 4349] [1254, 1646]
Bird LDR; 124.51 43.84 28.43
abundance [63.63,417.98] [32.82,57.58] [19.55,39.91]
data Chao-Jost 77.03 41.94 27.57
[61.68,92.39] [39.35, 44.54] [24.72,30.41]

L Hill numbers estimates are the estimator derived in Chao and Jost [10]. Point and

interval estimates are computed using R package SpadeR [8].

TABLE 4

Point and 95% Interval Estimates of Species Richness

Data Estimator  Estimate 95%Lower  95%Upper
Swine E*(D) oo 00 00
feces Chaol ! 62051.3 57409.9 67136.2
data iChaol 2 67615.0 62889.6 72753.5
ACE 3 68827.7 62928.4 75370.3
Accident E*(D) 8249.2 5087.4 00
data Chaol 5247.8 4682.7 5917.3
(True D iChaol 5966.7 5396.9 6622.6
= 9461) ACE 5683.8 5031.1 6461.5
Tomato E*(D) () 18108.3 00
flowers Chaol 5887.4 5274.4 6609.2
data iChaol 6512.3 5951.4 7149.5
ACE 6645.5 7779.2 11859.5
Bird E*(D) 77.9 725 297.0
abundance Chaol 77.0 73.3 92.1
data iChaol 77.5 74.6 83.3
ACE 78.7 74.3 91.7

I Chaol estimate and the confidence interval are computed using
R package SpadeR [8].
2 iChaol estimator is an improved Chaol estimator proposed in
Chiu et al. [14]. The point and the interval estimates are com-

puted using R package SpadeR [8].

3 Abundance-based coverage estimate (ACE) [9] and the confi-
dence interval are computed using R package SpadeR [8].

is [o0, 00], a much stronger signal when compared to the confidence interval in
Table 3. For E*(D), only the 95% confidence interval for bird abundance data
has finite width. It has the lower endpoint close to the lower endpoint of other
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confidence intervals, but it has much larger upper endpoint.

Estimator £*(D) gives wider confidence interval than that for Chaol estima-
tor because it uses a modified first-order extrapolation that requires the estima-
tion of slope, whereas zeroth-order extrapolation does not have this requirement.
Nevertheless, first-order extrapolation looks more rational when compared to
zeroth-order extrapolation which can only estimate a lower bound.

10. p-appearance design

Usually we collect all available information within the survey period. Under our
framework, all useful information is in FoF. If labor saving is our concern, we
may neglect some minor information, say halt recording a species as soon as its
observed frequency reaches a fixed positive integer p in the study period [0, to].
In this case, the observation period for each species varies. The period is short for
abundant species, and long for rare species. We call this design, the p-appearance
design. This design places more emphasis on rare species than abundant species
which is in line with the common understanding that information about the
rare species is critical when our interest is in D. In bird survey, species can be
identified by distant sightings or short bursts of song. Stop recording abundant
species early helps the researcher concentrating more on the rare species. When
p = 00, we obtain 7n1(tg). When p = 1, we record only the first appearance-time
of each seen species. It is exactly the information available in the empirical SAC.

We call the appearance time of the pth individual of a species in a survey, the
p-appearance time of that species. Our observations are {ni(to),...,n,—1(to),
71,72, ..., m} Where r1,..., 7, are the observed p-appearance times. The log-
likelihood function given a realization {n;(to)};=1,... p—1, {7i}i=1,...,m is proved
in Appendix M to be

p—1 m
log(L(|{n; (o)}, {r:})) = —th(t0)+>_ my(ta) log([ (to) )+ log (| (r:)]).
j=1 i=1
(10.1)
A numerical advantage of (10.1) is that it does not require a general expression
of ) (t) for all k > 1. A small simulation experiment in Appendix N shows that
the loss in information of p-appearance design when compared to the standard
design is marked when p = 1, and minor when p = 4.
By the displacement theorem of Poisson process [29], the p-appearance times
form a Poisson process with intensity function

_ [0l T ey
o) = [ S ran) = 0. 02
From (4.2), another expression for f,(r) is f,(r) = pE(N,(r))/r. Equation (10.2)
gives another interpretation of 1) (t). For example, 1) (r) is the intensity
function of the l-appearance times (thus 1) (r)/1(ty) is the density function
of the l-appearance times of all seen species in [0,tg]), and 7|y (r)| is the
intensity function of the 2-appearance times.
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11. Inference on empirical species accumulation curve

Suppose we only observe the empirical SAC, n (t) for ¢ € [0, ¢o], or equivalently,
the 1-appearance times of all seen species in [0, to], say 71, ... s Tn (to) (i-e., the
case p = 1 in Section 10). From (10.1), the log-likelihood function is log(L(v) |
{r:})) = Z?:*l(to) log(v¥ ™M (r;)) — ¥ (to). If 1b(t) has a free scale parameter, MLE
of ¥(tg) is n4(tp). The MLE of ¢(t) for power law has a simple closed form
ny(to)(t/to)?, where z = min{n (t9)/ >, log(to/r:),1}.

Given a parametric form of (t), a traditional approach is to fit it to the
empirical SAC by linear or non-linear least-squares method. Two differences
between the MLE approach and the curve-fitting method are noteworthy. First,
the MLE of ¥(tg) is equal to ny(tg) whenever () has a free scale parameter,
and it is not the case in the curve-fitting approach. Second, the MLE method fits
the density function to the 1-appearance times, while the curve-fitting method
fits a function to the empirical SAC. The curve-fitting methods do not take
the interdependence among the points in the empirical SAC into consideration.
Since such interdependence is present in species-time curves and Type I species-
area curves [43], the curve-fitting approach is theoretically flawed. Although
improvements can be made in curve-fitting approach through transformation
and/or adding weights, maximum likelihood approach is preferred for its proven
effectiveness under the assumption that the model is correct.

In certain situations, only the values of the empirical SAC at a finite set of
times are available. For example, only the cumulative number of species observed
after day 1, day 2, and so on are recorded. Suppose the observed N (¢;) is ny (¢;)
fori=1,...,mwith0=/{¢y < {; < ... < /¥, =ty. The log-likelihood function
is

log(L(4 [ {n4(€i)}i=1.....m))
(ng-(€i) — ny (1)) dog (v (L) — (Liz1)) — ny (to) log (v (to))-

.

Il
-

K2

In the simulation study in Appendix O, MLE has smaller root mean squared
relative error in extrapolation when compared to the curve-fitting method.

The distribution function of the l-appearance times in time interval [0, ¢o] is
¥ (t)/1(tg). This fact holds in general for any nondecreasing (t) with ¢ (0) =
0, including sigmoid function such as the cumulative Weibull function. If we
assume that the 1-appearance times are independent, we can perform maximum
likelihood inference conditional on n4 (t9) when a parametric form of ¥(t) is
given. Full maximum likelihood calculation is possible when further assumption
on the distribution of Ny (#p) is made. As the empirical SAC is proportional to
the empirical distribution function of the l-appearance times, statistical tools
for empirical distribution function can be used. For example, we can apply the
Dvoretzky-Kiefer-Wolfowitz inequality to construct confidence bands for the
distribution function ©(t)/¥(to).
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12. Discussion

A general framework, MPPP, is proposed for species abundance data. This
framework has the following novel features: (1) it delineates the relation between
two analytic tools — SAD and SAC, and an MPPP can be characterized by either
one of them; (2) it characterizes the class of possible ESACs to be the class of
Bernstein functions, giving solid theoretical support to the empirical observation
that SACs are nondecreasing concave functions; (3) it allows the existence of
zero-rate species; (4) it contains the LDR model, a parametric model where the
first derivative ratio of the ESAC is linear, which admits several graphical checks,
and two generalizations, namely LDRs which includes zero-rate species, and
RDR; model where the first derivative ratio is a rational function; (5) it admits
a new species richness estimator £*(D); (6) it admits a natural generalization
of Hill numbers as measures of species diversity, which are well-defined even
when the number of species is random and infinite; and (7) it allows inference
to be performed when only the first p appearance times of a species is recorded,
which we refer as p-appearance design.

Compared to the conventional curve-fitting approach to SAC, our framework
has a more solid theoretical underpinning, as an MPPP is uniquely characterized
by an ESAC that is a Bernstein function. In the study of species-area curve,
power law is popular. Nevertheless, under our model, power law is an extreme
case. Its E(D) and E(S(t)) for any positive ¢ are infinite, and its PSAD has a
heavy right tail. Even though curve fitting can give reasonable estimates, the
MPPP framework provides a parametric generative model in which maximum
likelihood estimates can be obtained. Matthews and Whittaker [34] suggests
using maximum likelihood methods instead of least-squares approaches in SAD
fitting. We would like to extend their advice to ESAC fitting.

One possible future direction is to apply MPPP in a nonparametric setting,
which lessens the need for model selection. Another future direction is to un-
derstand the tradeoff that arises in the p-appearance design. A small p can
reduce the sampling effort, at the expense of less accurate estimates of parame-
ters. Investigating this tradeoff in a theoretic and empirical setting can provide
guidance to the design.

Appendix A: Conditional distribution of the rate of an individual at
a fixed time

Informally, if we condition on the event that there is one individual at exact
time ¢, then the rate of its species follows the distribution v/A if A < co. The
formal statement below involves a limit argument.

Proposition A. Fix ¢ > 0, and assume A < co. Conditional on the event that
there is at least one individual in the time interval [t,¢ + €] for € > 0, then the
probability that there is exactly one individual in [¢,¢ + €] tends to 1, and the
rate of its species converges in distribution to the distribution v/A as € — 0.
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Proof. Let A be the event that there is at least one individual in the time interval
[t,t + €], and B be the event that there is exactly one individual in the time
interval [¢,t+ €] for € > 0. The probability that a species with rate X is observed
during [t, t+€] is 1—exp(—Ae). By the thinning property, the rates of the positive-
rate species observed during [t,t 4 €] form a Poisson process with intensity
measure (1 — exp(—Ae))7(d)\). Considering also the zero-rate species, the rates
of the species observed during [t,t + €] form a Poisson process with intensity
measure (1 — exp(—Xe))A"1v(d\) (where (1 — exp(—Xe))A~! = € when A = 0).
Event A is that this Poisson process has at least one point. As 1 —exp(—z) < x
when x > 0,

P(A) = 1—exp <— /000(1 - exp(—/\e)))\lv(d/\)>
< /00(1 —exp(=Ae))Aty(d)) < eA.
0

Similarly, the rates of the species observed exactly one time during [¢, ¢+ €] form
a Poisson process with intensity measure

[exp(—Ae)Ae] A v(dN) = eexp(—Ae)v(dN).

Event B is that this Poisson process has exactly one point. Thus

P(B) = exp (e /0 h exp()\e)y(d)\)> /0 " cexp(— A (dn),

which is equal to eA(1 4 o(1)) when e — 0 because A is finite. Therefore,

hmP(B | A) = hm ﬂ > lim M

A) T 50 €A =1

As probability cannot be larger than 1, it implies that P(B | A) — 1 as ¢ — 0.
Given that exactly one individual appears in [t,t + €|, let X be the rate of

the species that the individual belongs and F' be its distribution function. For

any positive Ao, let C), be the event that X is less than or equal to Ag. Then

P(Cy,) P (_6 o eXP(—)\E)V(dAD 2 eexp(=Ae)r(dA)
P(B)  exp (—¢ [, exp(—Ae)v(dN)) [ eexp(—Ae)v(dN)

F(h) =

It follows that

A
. fo *v(dN)
)
Therefore, X converges in distribution to the distribution v/A as e — 0. (]

For the case A = oo, as € — 0, the rate of the species observed in [t,t + €]
diverges to infinity.
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Proposition B. Fizt > 0, and assume A = co. Conditional on the event that
there is at least one individual observed in the time interval [t,t + €] for e > 0,
then the minimum rate among observed species converges in probability to oo as
e — 0.

Proof. Let A be the event that there is at least one individual in the time interval
[t,t + €]. As in the case A < oo in Proposition A, for any fixed Ao > 0, we have

P (at least one individuals in [t,t + €] with rate < Ag)

Ao
=1—exp (—/0 (1- exp(—)\e)))\_ll/(d)\)>

Ao
—exp(—Ae _11/
< / (1= exp(—Ae))A~ v (dN)
Ao
Se/o V(d\) = O(e)

as € — 0 since fOAO v(d)) < oo due to [ min{1, A=*}v(dA) < oo by the defini-
tion of MPPP. On the other hand, as 1 — exp(—z) > zmax{1 — 2/2,0} when
z >0,

P(A) = P(Ny(e) > 0) = 1 — exp(=1(€)) = ¢(e) max {1 —¢(€)/2,0}.
Since lim._, ¢ (€)/e = 11 (0) = A = oo, for any \g > 0,

lin% P(at least one individuals in [t,t + €] with rate < Ag | A)
€E—>

. O(e)/e _
= ll—% (Y(e)/e) max {1 —v(e)/2,0} 0

Appendix B: Proof of the equivalence between Condition (2.1) and
the finiteness of ESAC

Suppose Condition (2.1) holds. Then

/%Mu(d» < /min {t,%}u(dA) < max{t,1}/min{1,§}u(dn < 5

for t > 0. On the other hand, if E(N4(1)) < oo, then

Jmingra @y < oo [EEEE = FOEDL <o
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Appendix C: Equivalent definition of the MPPP

In the definition of the MPPP in the paper, the individuals of the zero-rate
species and the individuals of the positive-rate species are generated separately.
Here we present an alternative definition where all individuals are generated in
a unified manner.

Definition. (Equivalent definition of MPPP) An MPPP G is characterized by
a nonzero species intensity measure v, which is a measure over R satisfying
Jo© min{1, A7 }r(d\) < oo. Define & to be a measure over R by

= [ [ 1t0v e ye e vian)

for any measurable set A C R2 ;. Generate (A1, 1), (A2,t2), ... (a finite or count-
ably infinite sequence) according to a Poisson process with intensity measure 2.
For each simulated (\;, t;), we generate a realization 7); (independently across )
of a Poisson process with rate A;, conditioned on the event that the first point is
at time ¢;. (That is, it contains the point ¢; together with a Poisson process start-
ing at time ¢;. If A; = 0, then 7, contains only one point ¢;.) Each 7; stores the
appearance times of one species with rate A;. Finally, we take G = {n1,72,...}.

This definition models the species that will eventually be observed in a study.
The first appearance time for each of such species (i.e., the first point of each
7;) is explicitly included in the definition of .

Appendix D: Proof of the probability that an individual observed in
a given future time belongs to a species represented k
times in [0, ¢o]

Let A* be the rate of the species observed in a given future time. Suppose A < co.
From Proposition A in Appendix A, the probability measure of \* is v/A. Thus
P(individual observed in a given future time belongs to a species
represented k times in [0, ¢])
= F[P(individual observed in a given future time belongs to a species
represented k times in [0,tg] | A¥)]

_E [()\*to)k exp(—\*tg)

k!
A/ )\ to exp —A tO)V(d)\*)

(k+1E (Nk+1(750))
E(S(to))

The last expression holds also when A = oo (i.e., the above probability is zero)
because from Proposition B in Appendix A, the rate of the future individual
approaches infinity and thus that species should have been seen infinite number
of times in [0, ¢o].
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Appendix E: Proof of Equation (3.5)

pr(t) = Pr(a species is represented k times in time interval [0,¢] |
it is observed in time interval [0, ¢])
= FE(Pr(a species is observed k times in time interval [0,¢] |
the rate of the recorded species is A) | the species is observed in
time interval [0, ¢])

B (At)F exp(—At) /k!
E ( 1 — exp(—At)

it is observed in time interval [0, t]) .

From the thinning property of Poisson processes, the probability measure for A
given that the species is observed in time interval [0, ¢] is
A1 — exp(—=A\t))v
J A1 — exp(=A*t))v(dA*)

Therefore,

)P exp(—At)/k! A1 — exp(—=At
) = O e T ey
[ NE=1¢F exp(—At) /klv(dN)
T 10 = expl- A D)
E(Nk(1)
B(N.(0)

Appendix F: Proof of Proposition 1

For any MPPP, from (4.1), ¥(t) is a Bernstein function. Clearly (0) = 0. It
proves the necessity part of (a). The sufficiency part of (a) follows from the fact
that every Bernstein function ¢(t) with g(0) = 0 has a unique Lévy-Khintchine
representation

gw=m+AﬂbmeMMMM

where £ > 0, and 1 is a measure over [0,00) such that [ min{1, A}u(d\) < oo.
Define an MPPP with v({0}) =« and # = . The condition [ min{1, A\}u(d)\) <
oo becomes Condition (2.1). From (3.2), the ESAC of this MPPP is equal to g(t).
It proves the sufficiency part of (a). It also proves that () uniquely determines
an MPPP in (c) because Lévy-Khintchine representation is unique.

To prove (d), we only need to show that hi(s) in (4.3) is the probability
generating function of p(t). Clearly h:(0) = 0. From (4.2), for k > 1, hgk)(())/k! =
(=)Lt E) (1) /(K (t)) = E(Ni(t))/1(t) = pe(t). It completes the proof of
(d).
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Given h, (s) and (o) for a fixed to > 0, from (4.3), 1(t) = ¥ (to)(1 —he, (1 —
t/t9)). The ESAC is uniquely determined and so is the MPPP. It completes the
proof for the remaining part of (c).

To prove the necessity of (b), let g(s) be the probability generating function

of p(to). From (4.3),
v~ )to)

gle)=1- ¥(to)

Thus ¢g(0) = 0 and g(1) = 1. Furthermore,

P(t) = ¥ (to)(1 = g(1 —t/to)).

It follows that when k > 1, ) (t) = (=1)*14(tg)g™) (1 — t/to)/th. Because
Y ®)(t) has sign (1)1, g(*)(s) > 0 for s € (—o0,1). It completes the proof of
the necessity part. For the sufficiency part, suppose g(0) = 0,g(1) = 1, g(s) is
absolutely monotone in (—o0,1). Let to and ¥ (¢y) be two given positive values.
Define x(t) = 9(to)(1 — g(1 — t/tg)). It can be shown that x(¢) is a Bernstein
function such that x(0) = 0. From (a), there is an MPPP with ESAC equal
to x(t). We have x(to) = ¥(to). From (4.3), g(s) = he,(s) is the probability
generating function of p(tg) of this MPPP. It completes the proof of (b).

Appendix G: Proof of Proposition 2

Let &(t) satisfy conditions (i) and (ii) in Proposition 2. Therefore, there exist
e > 0 and 0 > 0 such that for all 0 < ¢t < §, we have £(t) > (1 + €)t. Let

g(t) =6 fg exp(f;(l/f(x))dm)dy. We show that g(t) is a ¥(¢) in the Proposition.
When 0 < t <9,

g(t) < (5/06exp (/j ﬁdw) dy = 5/06 (S)l/(HE) dy = (52¥ < 00.
When t > 6,
5/06 exp (/j(l/{(az))dm) dy+5/(: exp ( /j(l/{(x))dx) dy

t
52(1+6)/6+5/ 1dy < 0.
5

g9(t)

IN

Therefore, g(t) is finite for any ¢ > 0. As g (t) = 6exp(£6(1/§(x))dx), and

9 (t) = —exp(f? (1/€(x))dz)(1/£(1)), we have —gV(t)/g®)(t) = £(¢). Since
g(0) = 0, from Proposition 1(a), it is sufficient if we can prove that

DM 20, (k> ). (G.1)

Clearly (G.1) holds when k = 1. Suppose (G.1) holds when k < d for a d > 1.
As g (1)E(t) = —g(M(t), after taking derivative (d — 1) times on both sides, we
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have

U
—

(d; 1) gD (1) (1) = —g(@D ().

For i > 1, sign(g4t1=9 (t)¢@(t)) = sign((—1)*%(=1)"+1) = (=1)**+!. Further-
more, sign(—g(®(t)) = (—=1)%. Thus sign(g(¢+D (t)&(t)) = (—1)%. It implies that
sign(g(t(t)) = (—=1)¢ completing the proof of (G.1) by induction.

I
o

Appendix H: Proof of Proposition 3

If an SAD is time invariant, then its probability generating function, h;(s) does
not depend on ¢. From (4.3), there is a positive function g such that ¥(ty) =
¥(t)gly) for y € [0,00). Take logarithm on both sides, take derivative with
respect to ¢, and then set t = 1. We have

dlog(¥(y)) _ »M(1)
dy Y1y

The solution of the above differential equation is ¥ (y) = w(l)y’/’(l)(l)/w(l). As
t(t) is a Bernstein function, 0 < ¢ (1)/4(1) < 1. Hence power law is the only
law with p(¢) independent on t.

Consider the second part of Proposition 3. Suppose an SAD in MPPP con-
verges to a proper distribution with probability generating function f(s). Then
the hy(s) of this SAD converges to f(s) for any s € [0,1]. Let = and y be
any two values in [0, 1]. From (4.3), 1 — f(1 — zy) = lims o ¥(zyt)/9(t) =
liy o0 () /26(t) Hmy o (t) (1) = (1 — f(1 — y))(1 — F(1 — ). Wite
m(x) = (1 — f(1 —x)). Then 7(zy) = m(x)7(y). Similar to the proof above, we
have m(x) = x® when « € [0, 1]. It implies that f(s) =1—-7(1—s) =1—(1—s)*.
As f(1) =1, a > 0. Since P(1) = fM)(0) = a, we have 0 < o < 1. It completes
the proof as the probability generating function of power law is 1 — (1 —s)'~1/¢.

Appendix I: Proof of LDR; C LDR,; =LDR3 =...
For any positive integer j, condition —)(¢) = (b + ct) U+ (¢) implies
(D) = D) + (b ety 1)

Therefore, LDR; C LDR;1; for j > 1. Let ¢(t) = at + ¢(t) where o > 0
and 9(t) € LDRy. Then —¢® (1)/¢®) (t) = —P) (1) /43 (t) which is a linear
function of ¢ because ¥(t) € LDR; C LDRy. Clearly ¢(t) € LDR> but not in
LDR;. Therefore, LDR; # LDRj. It can be shown that every element in LDRy
has the form at +(t) for a ¢(t) € LDR;. It means that LDRy is a mixture of
zero-rate species and LDR;.

Consider 9 (t) € LDR; for j > 3. Let —\W(¢)/0UtD(t) = b+ ct (ie.,
dlog(y V) (t))/dt = —1/(b+ ct)). As jth derivative ratio is always a nonnegative
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nondecreasing function of ¢, both b and ¢ are nonnegative. For simplicity, we
only consider the case when ¢ > 0 and ¢ # 1 (cases when ¢ = 0 and ¢ = 1 can
be studied through letting ¢ — 0 and ¢ — 1 respectively). Then

VO (t) =D D)6+ ct) /(b + o))V, (L1)

c c e\ e

w(jfl)(t) - w(jfl)(l) _ w(j)(l) (ZH__1>] +1/,(J)(1) (i)i_1> <l;)':_ Ct> ,
(1.2)

and

W0 = WD)+ [0 - (255)] -

b+ e)2pD ) [ [b+et\> e )
<b+c> a

(c—1)(2¢—1)

If ¢ > 1 and W (1) # 0, from (1.2), sign(yU=D(t)) = sign(»9) (1)) # 0
when t is large. It is impossible because they should have different sign. If
¢ > 1 and ¥ (1) = 0, from (I.1), ¥ (t) is a zero function. It is impos-
sible as —W)(¢) /UHD(t) is undeﬁned If 0 < ¢ < 1, from (I.2) and (I.3),
sign(u0- (1) = sign(u0 (1) + WO DI+ /(1 - o)) = sign(¥V- (1)
when t is large. It is possible only when sign(yU=1(t)) = 0. It implies that
D (1) 450 (1)[(b+6) /(1)) = 0. From (L1) and (12), —¢U~D (1) /) (¢) —
(b+ct)/(1 —c). Thus ¢(t) € LDR;_;. It follows that LDR; = LDR;_; for all
Jj=3.

n (1.3)

Appendix J: Pointwise confidence band for D2/D3 plot

Similar to the confidence band for D1/D2 plot, an approximate 95% pointwise

confidence band for D2/D3 plot is —¢ @) (t) /1)) (t)i1.96\/‘7(;“(—1;(2) () /B (t)),
where

Far (J?”) “))
0

_ 1 = e PP2(t) o~ gy 20 o~ o) g
= S Var(§? (1)) + J (3)4(t)Var(¢ (t)) FEET Cov(® (1),43) (1)),
with
— 4\ 2k
Var 1/1(2 == Zkz )2 Ny (to) (1 — > ,
bi= to
_ £\ 2k6
VG/T w(3) Z k2 _ 1 2)2Nk<t0> <1 o _) ’
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and

—— - N 1 £\ 265
Cov (@@ (1), 09 (1) = —= S K2(k — 1)(k — 2)Ne(to) (1 _ r) ,

0 =3 0

Appendix K: Parametric bootstrap confidence interval for Hill
numbers

We have 0, an estimator of § which is E(Ny(tg)) or a Hill number of order g.
We want to construct a 100(1 — «)% confidence interval for 6. Let B be the
total number of bootstrap samples such that a(B + 1)/2 is an integer. In this
paper, we use = 0.05 and B = 2999. As 6 can be infinite, we avoid using
methods that require arithmetic on 0, such as the basic method. The procedure
to construct a parametric bootstrap confidence interval is as follows:

Fori=1to B do {

Generate a bootstrap sample from a parametric model.

Compute , which we denote as 6; basing on the bootstrap sample. }

Sort 61,0s,...,05 in ascending order. Denote the sorted 01,0,,...,05 as
é(l) < é(g) <...< é(B) Set é(O) =0and é(B-{-l) =00. A 100(1*0[)% confidence
interval for 6 is

[0) 5 Ous+1)—a)+i) |-

where j is an integer such that 0 < j < (B + 1)a and the above 100(1 — @)%
confidence interval is smallest.

Infinity is a special value of 6 which can have positive probability mass. We
use the smallest 100(1 — «)% confidence interval, and attempt to construct
confidence interval with finite upper endpoint if possible.

When 6 is an estimator of a Hill number under parametric model LDR;
or RDR;, the bootstrap sample is a simulated FoF under the selected model
with the parameter equal to the MLE. This simulation consists of two steps:
(i) simulate N, (to) from Poisson(E (N4 (t))) distribution, and (i) generate a
random sample of size N, (fo) from the fitted SAD and they form the FoF.

When 6 = E(No(to)) in (7.3), the bootstrap sample is {N;(to)}i=1.2.5. We
simulate N} (to) from Poisson(N;(to)) distribution for i = 1,2,3 independently
across i. After a confidence interval for E(Ny(tg)) is constructed, add N4 (¢o)
to it to find a confidence interval for E(D). If at least one of Ni(tg), Na(to)
or Ns(tg) is zero, modification is recommended to avoid having any N (o)
(¢ = 1,2,3) to be fixed to 0. When there is j > 3 such that N;(¢g) > 0, we
move the ending time ¢y a little bit backward to t, say ¢t = tg — to/S(tg) where
S(to) is the total number of individuals observed in time interval [0, ¢], and find
{Ni(t)}i=1.23 using (4.8) as shown below:

s-Eaa() (2) (-2
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Clearly Ni(t) > 0 fori = 1,2,3. We use {Ni(t)}izlgg in place of {Ni(to)}izlgg
in bootstrapping. We estimate N (¢) (= v(t)) using the relation in (4.5). Add
this estimate to the confidence interval for Ny(t) to construct a confidence in-
terval for E(D).

Appendix L: Expressions of 2D, for RDR;

If ¢1 or ¢y is zero, RDR; reduces to LDR;. Assume that ¢; and ¢y are positive.

@ _ a(to + b1)% (to + bo)e2 CXp(—bl)\))\ClJFC?*?
n () (e2)

1
/ Y (1= y)Lexp(—(by — b1)Ay)dy.
0

Assume further that b; > 0, which implies that A is finite. When ¢ > 0 and
q#1,

s T 6 sl Dt + b2\ (bibol(c1 +ea+g—1)
v bl b2 F(Cl)F(CQ)

1 1/(1-q)
J R R e RS TER Sa7)
0
where 9(y) = bay/(bay + b1(1 — y)). When ¢ = 1,
to + by cl to + by 2 b1bs
D, = 0 b2
¢ ( b1 by P B(cy,c)

' co—1 11 ¥(er +c2) —log((ba — b1)y + by)
/0 ()= (1 — 0(y) (ernyEm dy) 7

where B(z,y) is the Beta function and ¥(z) is the digamma function.

Appendix M: Proof of the log-likelihood function for p-appearance
design

Let Y; be the length of the observation period for species i, and J; be the
observed frequency of species 7 in its observation period. For species i, we observe
(Y;, J;). Either Y; = ¢y or J; = p. For a species with rate A, the probability
function of J is

. o) exp(—Mtg) /4! j<p
> ke p(Ato)" exp(=Ato) /KL (5 = p).
Since the time of the pth individual follows Erlang(p, A) distribution,
MyP~Lexp(—=\y
P(Y € lyy+dy), J=p | A) = CM gy )

(p—1)!
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By (M.1) and (M.2), the joint probability density function of the observations
{(Ys, Ji) Yi<ns (to)s 58Y {(¥i, Ji) bi<n. (t0) given v is proportional to

_ i~ 1t”’ —Ato APy~ le=Aui
el | T / v(d\) 11 / v(d\)

10§ <p i ji=p

Therefore, the log-likelihood function is

p—1
log(L(y | {yi ji}e)) = —(to)+Y_ ny(to) log(| 17 (to) )+ D log(| ¥ (i) ])-
Jj=1 yi<to

Appendix N: Simulation experiment on the loss of information of
the p-appearance design

Let us reconsider the bird abundance data for the Wisconsin route of the North
American Breeding Bird Survey for 1995 in Section 9. We choose v(d\) =
YAFX | py0)dX\ where f(X | p,0) is the density function of Lognormal(u,o?)
distribution. The parameter v is the expected total number of species. From
Section 3, the MLE of (u, o) is identical to the conditional maximum likelihood
estimate of the corresponding Poisson-lognormal model [5]. The fitted lognormal
mixing distribution is Lognormal(i, 52) distribution with g = 1.23 and 6 = 1.30.
Let w;(p,0) = P(Y = i) where Y is a Poisson-lognormal random variable with
parameters p and o. We use the function “dpoilog” in R-package “poilog” [23] to
compute this probability. The estimated « is 4 = n (¢9)/(1 —wo (i1, 5%)) = 85.2.

Without loss of generality, set tg = 1. We use this data to investigate the in-
formation loss of the p-appearance design. The p-appearance data are simulated
from the data using the following procedure:

Simulation procedure: Suppose species ¢ has observed frequency m; in time
[0,1]. If m; < p, our data for this species is m;, the frequency of it in time
[0,1]. If m; > p, we simulate the p-appearance time of the species, r; from
Beta(p, m; +1— p) distribution, which is the distribution of the p order statistic
of m; samples from the U(0,1) distribution.

It can be shown that E(Ng(t)) = ywg (u+ log(t), o). The log-likelihood func-
tion is

log(L(v, p, 0 | {nj(l)}j—l wo=1:{ri}))
—y(1 = wo(p, o)) + an )log(Ywk (i, @) + > log(yw, (. + log(ri), 7).

As the MLE of E(N4+(1)) = v(1 — wo(w,0)) is ny (1), MLE of p and o, say fi
and & respectively can be found through maximizing the following function.

—ny (1) log(1 — wo(, 0 +an )log(wi (i, ) + Y _ log(w,(p +log(ri), o).

T
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TABLE 5
Mean and standard deviation of MLE for North American breeding bird survey data (1995)

P 1 2 3 4 5 6 )
mean of o 1.10 1.28 1.23 1.21 1.21 122 1.23
sd of i 0.56 0.09 0.07 0.04 0.04 0.03 0*
meanof 6 1.39 1.24 129 1.29 131 130 1.30
sd of & 0.48 0.15 0.13 0.08 0.09 0.07 0*
mean of ¥ 904 83.8 85.0 855 857 853 85.2
sd of 4 187 252 232 138 1.56 1.29 0*
* When p = oo, we always observe the full data, and the sample
standard deviation (sd) of the estimator across simulation is zero.

TABLE 6
Simulation results for Power law in extrapolation to t for fized (1) given ten equally spaced
observations of SAC in time interval [0, 1]

(t, (1)) c=125 ¢=15 ¢=2 ¢=3 c¢c=4 c¢=5
(2,200)  RMSRE(Curve-fitting) __ 0.075 ___0.078 _ 0.083 0.091 0.096 0.100
RMSRE(MLE) 0.073 0.074 0.077 0.080 0.082 0.083
(2,1000) RMSRE(Curve-fitting) 0.034 0.035 0.037 0.040 0.042 0.044
RMSRE(MLE) 0.033 0.034 0.035 0.036 0.037 0.037
(4,200) RMSRE(Curve-fitting) 0.081 0.089 0.103 0.120 0.132  0.140
RMSRE(MLE) 0.078 0.084 0.093 0.103 0.109 0.112
(4,1000) RMSRE(Curve-fitting) 0.036 0.040 0.045 0.052 0.057 0.060
RMSRE(MLE) 0.035 0.038 0.042 0.046 0.049 0.050
TABLE 7

Stmulation results for log-series distribution in extrapolation to t for fized (1) given ten
equally spaced observations of SAC in time interval [0, 1]

(,¥(1) b=.01 b=.02 b=.03 b=.06 b=.1 b=.2
(2,200) RMSRE(Curve-fitting)  0.072  0.073  0.073 _ 0.077  0.090 0.122
RMSRE(MLE) 0.072 0072 0.072 0072 0.073 0.076
(2,1000) RMSRE(Curve-fitting)  0.033 _ 0.034 _ 0.036 _ 0.043  0.065 0.106
RMSRE(MLE) 0.032  0.032 0032 0033 0.033 0.034
(4,200) RMSRE(Curve-fitting)  0.074  0.075  0.077 _ 0.084  0.110  0.166
RMSRE(MLE) 0.073 0.074 0.074 0076 0.079 0.086
(4,1000) RMSRE(Curve-fitting)  0.034  0.037 _ 0.042  0.0565 0.091 0.155
RMSRE(MLE) 0.033 0.033  0.034 0.034 0.035 0.038

The MLE of v is 4 = ny(1)/(1 — wo(f,6)). We consider p = 1,2, ...,6. For
each p-value, we simulate 100 independent sets of p-appearance data. For each
simulated data, u, o and y are estimated. The sample mean and sample standard
deviation of the estimates are presented in Table 5. Graphical display is given
in Figure 5.

The mean of the estimate is close to that basing on 7(1). The standard
deviation of the estimator decreases as p increases. From the simulation results,
the standard deviation of the estimators when p = 1 is considerably worse than
those when p = 2. Value p = 4 performs well for this data. The total number of
species with frequency less than 4 is 33, around 46% of the seen species.
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F1¢ 5. Boz-and-whisker plots for estimators across different values of p in the simulation.
The horizontal dashed line in each plot shows the estimate when the full Wisconsin route of
the North American breeding bird survey data for 1995 is used. The variability of the estimate
delineates the additional noise due to the p-appearance design.

equally spaced observations of SAC in time interval [0, 1]

TABLE 8
Simulation results for geometric distribution in extrapolation to t for fized (1) given ten

(€, ¥(1)) b=05 b=1 b=2 b=4 b=6 b=.238
(2,200) RMSRE(Curve-fitting)  0.322  0.458  0.586  0.687  0.731  0.756
RMSRE(MLE) 0.085  0.106 0.136  0.165 0.174 0.174
(2,1000) RMSRE(Curve-fitting) _ 0.316  0.454  0.583  0.684  0.728  0.753
RMSRE(MLE) 0.054 0079 0.111 0.134 0.136 0.132
(4,200) RMSRE(Curve-fitting)  0.320  0.462  0.601 _ 0.716 _ 0.768  0.798
RMSRE(MLE) 0.102  0.145 0218 0311 0.366 0.397
(4,1000) RMSRE(Curve-fitting) _ 0.315  0.458  0.598  0.713 _ 0.766  0.796
RMSRE(MLE) 0.075  0.122 0.188 0254 0.279  0.287

Appendix O: Simulation comparison of MLE method and
curve-fitting method in extrapolation when finite
number of points in the empirical SAC are available

Without loss of generality, we set tp = 1. Our data is {n4+(0.1),n.(0.2),...,
n4(1)}. We consider three distributions: power law, log-series distribution and
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geometric distribution. The curve-fitting methods for the distributions are de-
scribed below:

(a) Power law: 9(t) = 7t'~'/¢. For curve fitting, we regress log(n(t)) on log(t).

(b) Log-series distribution: 1 (t) = 7log(1+t/b)/log(141/b). For curve fitting,
we regress n (t) on log(t). It is the standard approximation method which
assumes that 1 +¢/b~ t/b.

(c) Geometric distribution (hyperbola law): 9(t) = 7(1 + 2b)t/(t + 2b). There
are various curve-fitting methods for hyperbola law (see for example Raai-
jmakers [41]). In this simulation, we regresses 1/n(t) on 1/t.

The parameter 7 = (1) is the expected number of recorded species at time
to = 1. In the experiment, 7 can take value 200 and 1000. The distribution pa-
rameter can take 6 values. For power law, the value of ¢ can be 1.25, 1.5, 2, 3, 4
and 5. For log-series distribution, the value of b can be 0.01, 0.02, 0.03, 0.05, 0.1,
and 0.2. For geometric distribution, the value of b can be 0.05, 0.1, 0.2, 0.4, 0.6
and 0.8. For each combination of parameters, we simulate 5000 data. The MLE
and the curve-fitting estimate of ¢(2) and (4) are found for each simulated
data. We evaluate the performance of an estimator by the root mean squared rel-

ative error (RMSRE) (for estimator 0 for §, RMSRE = \/Zle((éz —6)/0)2/n).
The results of the simulation are presented in Tables 6, 7 and 8. The RMSRE

for MLE is smaller than that for the curve-fitting method in this simulation
study.

Acknowledgments

The authors are grateful to the associate editor and two anonymous referees for
helpful suggestions that improved the presentation of this article.

References

[1] ARRHENIUS, O. (1921). Species and area. Journal of Ecology 9 95-99.

[2] BEGUINOT, J. (2016). Extrapolation of the species accumulation curve as-
sociated to “chao” estimator of the number of unrecorded species: a math-
ematically consistent derivation. Annual Research & Review in Biology 11
1-19.

[3] BOHNING, D. AND SCHON, D. (2005). Nonparametric maximum likelihood
estimation of population size based on the counting distribution. Journal
of the Royal Statistical Society: Series C (Applied Statistics) 54 721-737.
MR2196146

[4] BoNEH, S., BONEH, A., AND CARON, R. J. (1998). Estimating the pre-
diction function and the number of unseen species in sampling with re-
placement. Journal of the American Statistical Association 93 372-379.
MR1614597

[5] BULMER, M. G. (1974). On fitting the Poisson lognormal distribution to
species-abundance data. Biometrics 30 101-110.


https://www.ams.org/mathscinet-getitem?mr=2196146
https://www.ams.org/mathscinet-getitem?mr=1614597

[6]

[10]

[11]

[21]

[22]

23]

SAD and SAC 5531

BUNGE, J. and FITZPATRICK, M. (1993). Estimating the number of species:
a review. Journal of American Statistical Association 88 364-373.

CHAO, A. (1984). Nonparametric estimation of the number of classes in a
population. Scandinavian Journal of Statistics 11 265-270. MR0793175
CHAO, A. and HsieH, T. C. (2016). User’s guide for online program
SpadeR, (species-richness prediction and diversity estimation in R). doi:10.
13140/RG.2.2.20744.62722

CHAO, A. and Lee, S. M. (1992). Estimating the number of classes
via sample coverage. Journal of the American Statistical Association, 87
210-217. MR1158639

CHAO, A. and JosT, L. (2015). Estimating diversity and entropy profiles
via discovery rates of new species. Methods in Ecology and Evolution 6
873-882.

CHAO, A., MA, M. C., and YAaNG, M. C. K. (1993). Stopping rules and
estimation for recapture debugging with unequal failure rates. Biometrika
80 193-201. MR1225224

CHEE, C.-S. and WANG, Y. (2016). Nonparametric estimation of species
richness using discrete k-monotone distributions. Computational Statistics
and Data Analysis 93 107-118. MR3406199

CHiu, C.-H. and CHAO, A. (2016). Estimating and comparing microbial
diversity in the presence of sequencing errors. PeerJ 4 1634.

Cuiu, C. H., WaNG, Y. T., WALTHER, B. A. and CHAO, A. (2014).
An improved nonparametric lower bound of species richness via a modified
Good-Turing frequency formula. Biometrics 70 671-682. MR3261786
DENGLER, J. (2009). Which function describes the species-area relation-
ship best? A review and empirical evaluation. Journal of Biogeography 36
728-744.

DEOLALIKAR, V. and LAFFITTE, H. (2016). Extensive large-scale study
of error surfaces in sampling-based distinct value estimators for databases.
In: IEEE International Conference on Big Data, pp. 1579-1586.

DickiE, I. A. (2010). Insidious effects of sequencing errors on perceived
diversity in molecular surveys. The New Phytologist 188 916-918.
EFrON, B. and THISTED, R. (1976). Estimating the number of unseen
species: How many words did Shakespeare know? Biometrika 63 435-447.
ENGEN, S. (1974). On species frequency models. Biometrika 61 263-270.
MR0373217

FISHER, R. A., CORBET, A. S., and WiLLIAMS, C. B. (1943). The relation
between the number of species and the number of individuals in a random
sample of an animal population. Journal of Animal Ecology 12 42-58.
Goop, I. J. (1953). The population frequencies of species and the estima-
tion of population parameters. Biometrika 40 237-264. MR0061330
Goop, I. J. and ToUuLMIN, G. (1956). The number of new species, and the
increase in population coverage, when a sample is increased. Biometrika 43
45-63. MR0O077039

GRroTAN, V. and ENGEN, S. (2015). Package ‘poilog’. Biometrics 30
651-660.


https://www.ams.org/mathscinet-getitem?mr=0793175
https://doi.org/10.13140/RG.2.2.20744.62722
https://doi.org/10.13140/RG.2.2.20744.62722
https://www.ams.org/mathscinet-getitem?mr=1158639
https://www.ams.org/mathscinet-getitem?mr=1225224
https://www.ams.org/mathscinet-getitem?mr=3406199
https://www.ams.org/mathscinet-getitem?mr=3261786
https://www.ams.org/mathscinet-getitem?mr=0373217
https://www.ams.org/mathscinet-getitem?mr=0061330
https://www.ams.org/mathscinet-getitem?mr=0077039

5532

[24]

[39]
[40]

[41]

C. T. Li and K.-H. Li

Haas, P. J., NAuGHTON, J. F., SESHADRI, S., and STOKES, L. (1995).
Sampling-based estimation of the number of distinct values of a attribute.
VLDB 95 311-322.

Hir, M. O. (1973). Diversity and evenness: a unifying notation and its
consequences. Ecology 54 427-432.

HoAGLIN, D. C. and TUKEY, J. W. (1985). Checking the shape of discrete
distributions. In Fxploring Data Tables, Trends, and Shapes, Eds. D. C.
Hoaglin, F. Mosteller & J. W. Tukey, pp. 345—-416. New York: John Wiley
and Sons. MR2056572

KeEMP, A. W. (1968). A wide class of discrete distributions and the asso-
ciated differential equations. Sankhya, Series A 30 401-410.

Kemp, C. D. and KEMP, A. W. (1956). Generalized hypergeometric dis-
tributions. Journal of the Royal Statistical Society, Series B 18 202-211.
MR0083837

KiNaMAN, J. F. C. (1993). Poisson Processes. Oxford: Oxford University
Press. MR1207584

KoBAYASHI, S. (1975). The species-area relation ii. a second model for
continuous sampling. Researches on Population Ecology 16 265-280.
Lwoi, A., MENA, R. H., and PRUNSTER, I. (2007). Bayesian nonparamet-
ric estimation of the probability of discovering new species. Biometrika 94
769-786. MR2416792

MAGURRAN, A. E. (2007). Species abundance distributions over time.
Ecology Letters 10 347-354.

MarTIN, H. G. and GOLDENFIELD, N. (2006). On the origin and ro-
bustness of power-law species-area relationships in ecology. PNAS 103
10310-10315.

MATTHEWS, T. J. and WHITTAKER, R. J. (2014). Fitting and comparing
competing models of the species abundance distribution: assessment and
prospect. Frontiers of Biogeography 6 67-82.

MaTTHEWS, T. J. and WHITTAKER, R. J. (2015). On the species abun-
dance distribution in applied ecology and biodiversity management. Journal
of Applied Ecology 52 443-454.

MAy, R. M. (1975). Patterns of species abundance and diversity. In Ecol-
ogy and Evolution of Communities, Eds. M. L. Cody & J. M. Diamond,
pp- 81-120. Cambridge: Belknap Press.

NoRRIS, J. L. and PoLLock, K. H. (1998). Non-parametric MLE for Pois-
son species abundance models allowing for heterogeneity between species.
Environmental and Ecological Statistics 5 391-402.

NovorNy, V. and BAsseT, Y. (2000). Rare species in communities of
tropical insect herbivores: pondering the mystery of singletons. Oikos 89
564-572.

PresTON, F. W. (1960). Time and space and the variation of species.
Ecology 41 612-627.

PRESTON, F. W. (1962). The canonical distribution of commonness and
rarity. Fcology 43 185-215.

RAAIIMAKERS, J. G. W. (1987). Statistical analysis of the Michaelis-


https://www.ams.org/mathscinet-getitem?mr=2056572
https://www.ams.org/mathscinet-getitem?mr=0083837
https://www.ams.org/mathscinet-getitem?mr=1207584
https://www.ams.org/mathscinet-getitem?mr=2416792

SAD and SAC 5533

Menten equation. Biometrics 43 793-803. MR0920468

SANDERS, H. L. (1968). Marine benthic diversity: a comparative study.
American Naturalist 102 243-282.

SCHEINER, S. M. (2003). Six types of species-area curves. Global Ecology
& Biogeography 12 441-447.

SCHILLING, R. L., SONG, R. and VONDRACEK, Z. (2012). Bernstein Func-
tions: Theory and Applications. de Gruyter. MR2978140

STROOCK, D. W. (2010). Probability Theory: an Analytic View. Cambridge
University Press. MR2760872

TJoRVE, E. (2003). Shapes and functions of species-area curves: a review
of possible models. Journal of Biogeography 30 827-835.

TJoRVE, E. (2009). Shapes and functions of species-area curves (ii): a re-
view of new models and parameterizations. Journal of Biogeography 36
1435-1445.

TRUSHKOWSKY, B., KRASKA, T., FRANKLIN, M. J., and SARKAR, P.
(2012). Getting it all from the crowd. arXiv preprint arXiv:1202.2335.
Wanga, J.-P. (2010). Estimating species richness by a Poisson-compound
gamma model. Biometrika 97 727-740. MR2672494

WiLLiams, M. R., LamonT, B. B.; and HENSTRIDGE, J. D. (2009).
Species-area functions revisited. Journal of Biogeography 36 1994—2004.
ZHou, M., FAvArO, S., and WALKER, S. G. (2017). Frequency of fre-
quencies distributions and size-dependent exchangeable random parti-
tions. Journal of the American Statistical Association 112 1623-1635.
MR3750886


https://www.ams.org/mathscinet-getitem?mr=0920468
https://www.ams.org/mathscinet-getitem?mr=2978140
https://www.ams.org/mathscinet-getitem?mr=2760872
https://arxiv.org/abs/1202.2335
https://www.ams.org/mathscinet-getitem?mr=2672494
https://www.ams.org/mathscinet-getitem?mr=3750886

	Introduction
	Mixed Poisson partition process
	Frequency of frequencies
	Expected species accumulation curve
	Linear first derivative ratio family
	Diagnostic plots
	Species richness via extrapolation
	Rational first derivative ratio family
	Examples
	-appearance design
	Inference on empirical species accumulation curve
	Discussion
	Conditional distribution of the rate of an individual at a fixed time
	Proof of the equivalence between Condition (2.1) and the finiteness of ESAC
	Equivalent definition of the MPPP
	Proof of the probability that an individual observed in a given future time belongs to a species represented k times in [0,t0]
	Proof of Equation (3.5)
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of LDR1 LDR2 = LDR3 = …
	Pointwise confidence band for D2/D3 plot
	Parametric bootstrap confidence interval for Hill numbers
	Expressions of qD for RDR1
	Proof of the log-likelihood function for -appearance design
	Simulation experiment on the loss of information of the -appearance design
	Simulation comparison of MLE method and curve-fitting method in extrapolation when finite number of points in the empirical SAC are available
	Acknowledgments
	References

