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Abstract: Linear discriminant analysis (LDA) is an important classifica-
tion tool in statistics and machine learning. This paper investigates the
varying coefficient LDA model for dynamic data, with Bayes’ discriminant
direction being a function of some exposure variable to address the hetero-
geneity. We propose a new least-square estimation method based on the
B-spline approximation. The data-driven discriminant procedure is more
computationally efficient than the dynamic linear programming rule [21].
We also establish the convergence rates for the corresponding estimation
error bound and the excess misclassification risk. The estimation error in
L2 distance is optimal for the low-dimensional regime and is near optimal
for the high-dimensional regime. Numerical experiments on synthetic data
and real data both corroborate the superiority of our proposed classification
method.
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1. Introduction

Classification is one of the most essential topics in statistics and machine learn-
ing, and widely applied in many scientific and industrial fields. Consider a pair
of random variables (X,Y), where X € R? is the covariate and Y € {0,1} is the
label. If Y = 1, the covariate X follows the p-dimensional multivariate normal
distribution N (p, X), otherwise X is distributed as N'(p, ). We assume the
prior probabilities of two classes are equal, that is P(Y = 1) =P(Y =0) = 1/2.
For a new random covariate X v, we aim to predict its unknown label Ve
according to some discriminant rule. If we know the parameters p,, p, and 3
in advance, let g = (pq + p5)/2, then the well-known Bayes’ linear discriminant
rule is given by

w(Xnew) =1I ((Xnew — /JJ)TE_I(LLI — [LQ) 2 0) (11)

where 37" (g, — ) is called Bayes’ discriminant direction. In real data analysis,
a data-driven Bayes’ classification rule is given by plugging sample means i,
Uy and pooled sample covariance matrix S in (1.1), which is asymptotically
optimal when the dimensionality p is fixed [1].
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Driven by contemporary measurement technologies, high-dimensional data
sets have been broadly collected in classification problems. Classical LDA has
been proved to perform poorly (no better than random guessing) in the high-
dimensional setting, especially when the dimension is much larger than the
sample size [3]. To address high-dimensional issue, the sparsity assumption is
introduced to LDA. Several proposed methods assumed that both 37! and
4y — My have sparse structures. For example, [30] used the thresholding pro-
cedure to estimate £ 7! and 1 — [y separately, then constructed a plug-in
sparse Bayes’ linear discriminant rule. Similar regularized methods can also be
found in [16, 35, 34], etc. In addition, some works only assumed Bayes’ linear
discriminant direction X! (p; — ) is sparse. [4] proposed the linear program-
ming discriminant (LPD) rule by directly estimating the product ™" (p; — o)
through constrained ¢; minimization. Recently, [6] proposed an adaptive LPD
procedure that achieved the minimax optimal convergence rate of estimation er-
ror and excess misclassification risk in high-dimensional case. [25] estimated the
sparse discriminant direction via a sparse penalized least squares formulation.
[24] studied high-dimensional sparse semiparametric discriminant analysis and
relaxed the Gaussian assumption. For multiclass problem, [23] proposed a sparse
discriminant procedure by estimating all discriminant directions simultaneously.

Heterogeneous data is widespread in many modern scientific fields, such as
finance, biology, and astronomy [12]. The prevalent statistical approach to ad-
dress the heterogeneity is imposing the dynamic or varying coefficient assump-
tion, where the population means and covariance matrix may vary with some
observable exposure variable. In specific, [9, 10, 32] investigated the dynamic
covariance model in the high-dimensional regime. Under the dynamic setting,
Bayes’ discriminant direction is a function of the exposure variable. Conse-
quently, classical plug-in Bayes’ discriminant rule will deteriorate in analyz-
ing non-static data, and thus leads to unsatisfactory performance. To address
the dynamic data, [21] proposed the dynamic linear programming discriminant
(DLPD) rule by assuming pq, o and 3 are functions of some ¢-dimensional
random covariate U. To estimate the sparse Fisher’s linear discriminant direc-
tion function 8*(u) = X! (w)(; (u) — py(u)) given U = u, they first used the
Nadaraya-Watson method to obtain estimators i, (u), fo(u) and f](u) Then
they estimated 8*(u) using the linear programming approach [4, 8]:

B(uw) = arg min {8l subject to |S(u)B — (i (w) — Ay(u)) |0 < An .
(1.2)
where ), is a tuning parameter. However, this classification procedure is compu-
tationally expensive for large scale prediction problem. For each new observation
(X news Unew), DLPD method needs to re-estimate fiq(Unew), to(Unew) and
E(Unew) and re-solve the corresponding large scale linear programming (1.2).
In addition, the support set of discriminant direction 8*(u) decides which vari-
able contributes to classification but (1.2) can not provide a invariant support
set since it is a point-wise estimator. In some real applications, the varying sup-
port set of discriminant direction in DLPD method may lack interpretability.
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The dynamic discriminant analysis shares the same semi-parametric spirit
with the classical varying coefficient model [17], where the unknown param-
eters are assumed to be a smooth function of the exposure variable. In the
past decades, the varying coefficient method has been applied to a variety of
statistical models, such as linear regression model [19, 15], generalized linear
model [7, 14], quantile regression [18, 33] and support vector machine [22], etc.
Motivated by the least square form of Bayes’ discriminant direction, we pro-
pose a new estimation method for the discriminant direction function based on
B-spline approximation, which can be applied in the classification for dynamic
data. In high-dimensional regime, we can estimate the approximation coefficient
by solving a penalized least square problem. The computational drawback of the
DLPD rule [21] is circumvented in our developed varying coefficient discriminant
procedure. For each new observation, we only need to re-compute the B-spline
basis vector. Hence it has a significant computational advantage over the DLPD
rule. In the high-dimensional case, the support set of our proposed estimator is
irrelevant with the value of exposure variable, which is indeed helpful to select
important features contributing to classification.

The remainder of this paper is organized as follows. In section 2, we propose
a new discriminant direction function and its varying coefficient estimators in
both low-dimensional and high-dimensional regimes. In section 3, we establish
the upper bounds for the estimation error and uniform excess misclassification
risk for our proposed varying coefficient LDA procedure. In section 5 and 6, we
verify the performance of our method through simulations on synthetic data
and real data respectively.

Notations We define some notations that will be used throughout the paper.
For two real positive sequences a,, and b,,, we write a,, < b, if there exists some
positive constant m such that a,, < mb,. And we write a,, < b, if a, < b,
and b, < a,. For a real-valued vector * € RP, we use ||x|; = Z§=1 |51,
2 = (320 J2;1%)"/? and |@]e = maxi<j<p ;] to denote the £1, £ and (o
norm respectively. For a subset S C {1,2,...,p}, we use g to denote the sub-
vector (z; : j € ). Specially, for a vector b € RP?, we write sub-vector b(;) =
(bli—1)g+1," " ,bjg) T for j = 1,2,...,p. And for a subset S C {1,2,...,p}, we
use b(g) to denote the group sub-vector (b(;) : j € S). For a real-valued matrix
A € RPX4, {5 (spectral) norm is defined by [|Allz = sup gz ,=1,|jy.=1 |z Ay,
the maximal entry in absolute value is denoted by |A|s = max; ; |4;;|. For two
subsets S C {1,2,...,p} and T C {1,2, ..., q}, we write sub-matrix Agr = (4;;)
for i € Sand j € T. We use A ® B to denote the Kronecker product on two
matrices A and B with proper sizes. Specially, for a matrix A € RP?*P? and
two subsets S, 7" C {1,2, ..., p}, we write the group sub-matrix as A (gr) = (Aq;)
forie{(k—1)¢+1,...,kg: ke Stand je{(k—1)g+1,..,kq: k€ T}. Fora
sequence of real random variables X,,, we write X,, = Op(a,,) if for any ¢ > 0,
there exists some constant C' > 0 such that P(|X,,| > Ca,) <e.
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2. Varying coefficient LDA via B-spline approximation

In this section, we provide a detailed description of the varying coefficient linear
discriminant rule. Given the univariate exposure variable U = u € [0, 1], we
assume X ~ N (pq(u), X(u)) if Y =1 and X ~ N (py(u), E(u)) if Y = 0, then
Bayes’ discriminant direction is 8% (u) = X7 (u) (g, (v) — o (u)). We also denote
the pooled mean as p(u) = m py (u) + mapty(u), where m =P(Y = 1) and mp =
P(Y = 0). To introduce our new discriminant direction function, we define a new
response variable as Z = mp if Y = 1 and Z = —m if Y = 0. In addition, the
exposure variable U is assumed to be independent with the label Y. Motivated

by the least square form of the plug-in Bayes’ discriminant direction f)il(ﬁl -
Iiy) in static setting [1, 25], we propose a new discriminant direction function
0*(U)=(0:U), -, HZ(U))T as the minimizer of the following population least
square problem

2

P
i E Z — 0; X — ;i 2.1
0,(U)eL2(P) ; ()X =) | U, (2.1)

where P is the joint distribution of (X, Z,U) and £2(P) denotes the L? space
under measure P. It is worthwhile noting that the representation (2.1) is similar
to the approximation of coefficient function in the varying coefficient linear
model. Then the discriminant direction function 8*(U) satisfies

E[(X - p(U)(Z — (X - p(U)) 0" (U)|U] = 0.
A further computation gives rise to the following closed form,

0" (U) = mmE " (U) (11 (U) — pa(U))[L — (s (U) = p2(U) 07 (U)].

If the population covariance matrix X(U) is positive definite and p, (U
o (U) # 0, we are guaranteed that (p,(U) — puy(U))T0*(U) € (0,1). As a
consequence, Bayes’ discriminant direction function satisfies that

B*(U) = 71 U) (11 (U) — pa(U)) = ¢*(U)6"(U), (2.2)
where c*(U) = 1/[myme —mima (10, (U) — o (U)) TO*(U)]. For the equal-prior case

(m = ma), given any new observation (X yew, Unew ), we define the oracle varying
coefficient discriminant rule as

(X news Unew) = I (X new — (Unew)) " 0 (Unew) > 0) . (2.3)

Recall that ¢*(u) > 0, the classification result of (2.3) is consistent with using
Bayes’ discriminant direction 8% (Upey)-
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2.1. Approximation of discriminant direction function

Let B(-) = (B1(+),...,Br,(:)) be the scaled B-spline basis of the polynomial
splines space, which satisfies that By(-) > 0 and 31", Bi(-) = VI, According
to the B-spline approximation theory [11], under some regular conditions, each
coordinate of discriminant direction 6 (u) can be approximated by 67 (u) =
7E)B(u), where v ;) € REn is the approximation coefficient. If p; (u) and gy (u)
are known, the “best” approximation coefficients in population form are defined
as

(Xj = O))y] BU) | |- (24)
1

Yy, s Y(py) =arg min E || Z—
O V) =are min,
1<j<p

p
Jj=

Let 4 = (»7?1), . ,7),;;))7 and é(U) = (X — p(U))® B(U), it is easy to show
that

5= (EIBW)BW)T]) EB(U)Z].
For any u € [0, 1], we may write the approximated discriminant direction as

B(u) = (30 Bl A1, Bw) .

Therefore, the data-driven discriminant procedure boils down to estimate the
approximation coefficient 4 and the mean functions p,(u), p,(u) based on col-
lected samples. In the following subsections, we consider the equal-prior case,
that is mp = m2 = 1/2. And we provide the extension of our method to unbal-
anced case in Section 4.1.

2.2. Data-driven discriminant procedure

Let {(X;,U;,Y;) : i =1,2,...,2n} be an i.i.d. sample set. We denote the pseudo
response variable by Z; = 1(Y; = 1) — % for i = 1,2,...,2n and denote the value
of B-spline basis taken at U; by B; = (B1(U;), ..., Br, (U;)) . Without loss of
generality, we assume the sample size of the two classes is equal. The sample
index sets of two classes are 7; = {i : ¥; = 1} and 7o, = {i : ¥; = 0} with
|Il| = |Iz =n.

2.2.1. Classical low-dimensional regime

To construct the sample form of problem (2.4), we start with estimating the
mean functions p,(u) and p,(u). By the B-spline theory, we may estimate the
mean functions by fi,(u) = (&, B(u), - -- ,a;B(u))T for I = 1,2, where

—1
aj; = (Z BzB;r> Z B;X;;, forj=1,2,..,p.

i€y i€y
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Let p(u) = (14 (u) + pia(u))/2, the estimators (¥(;), -+ ,¥(;,)) can be obtained
by solving the following least-square problem

2
2n
. 1
min. —Z Z; — Z i — 0 (U)) B Y5 | - (2.5)
Yo ER™ i—1
1§j§p
With slightly abusing notations, we denote 74 = (’??1)7 S, (Tp)) and B; =

(X; — p(U;)) ® B;. In low-dimensional regime, the problem (2.5) has a closed

form solution
-1 2n

2n
= (Z §i1§:> Y Biz. (2.6)
=1 =1

2.2.2. Sparse high-dimensional regime

In the high-dimensional case, we assume Bayes’ discriminant function 8*(u) is
sparse with the support set S := {j : E[|8;(U)[*] > 0} and [S| = s. Without
loss of generality, let S = {1,...,s

Since 6" (u) has the same support set with 8*(u), the “best” coefficients for
approximating 07 (u) for j € S are defined as

S

Fay V() =arg_min - E|(Z-Y (X —uwOB| |- @7
) j=1
1<j<s

Consequently, for any u € [0, 1], we shall approximate the discriminant direction
function 6*(u) by

o) = (¥ B(), - 7] Bw,0,---0)

Let D = E[B(U)B(U) ] and b = E[B(U)Z], the approximation coefficient vec-
tor can be equivalently written as 4 = (7)']—, e ,'y;r, 0T ('72—5) '~)/EFSL))—r
where ¥(g) = D(_Sls)b(s) and ¥(gey = O(p—s)L,,- It means that the estimator of
approximation coefficient 4 should have group sparsity structure. Therefore, we
add the group lasso penalty [38] to the objective function in (2.5), and then

obtain the estimators (¥ (1), -+ ,¥,)) by solving
1 2n . 2 D
P L Z 5~ BONBE) g | 20 Y gl 28)
(1])§j§p = 7=t

where )\, is a tuning parameter. After some simplifications, the problem (2.8)
is equivalent to the following quadratic programming form

_ 1
¥=arg_min -y Dpy —byy +An ZH’m)Ilz : (2.9)

~ERPLn
Jj=1
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where
2n

2n

1 ~ ~ 1 -

D, = o B,B;, b,= %ZB@.
i=1 i=1

The problem (2.9) can be efficiently solved by several well studied optimization

methods, such as group coordinate descent algorithm and iterative shrinkage

thresholding algorithm (ISTA) [2]. We provide a detailed description about ISTA

to solve (2.9) in Appendix E.

2.2.3. Discriminant rule and asymptotic optimality

After obtaining fi(u) and 4, the estimator of discriminant direction function is
given by

B(u) = (30 B(u), - ,fy(Tp)B(u))T . (2.10)

For any new observation (X pew, Unew ), the data-driven varying coefficient linear
discriminant rule is

~

DX nows Unew) = T ((Xnew = B(Unen)) 0(Unen) 2 0) . (2.11)

For any u € [0,1], the optimal misclassification risk of oracle rule (2.3) is

R(u) = ®(—A(u)/2), where A(u) = \/(#1(“) = o () TET () (g (w) — pa(u)
and ®(-) is the cumulative distribution function of a standard normal random
variable. Given the samples and u € [0, 1], the conditional misclassification risk
of data-driven rule (2.11) is

Ro(u) := 1o [ (B — 111 (1)) T (u) T (Bi(w) — po(u)) TO(u) 7
2\ Vo wswew /7 \ Vo wswew

where fi(u) = (fi;(u) + fiz(u)) /2 and ®(-) = 1 — ®(-). Through utilizing the
technique developed in [6], we have the following proposition to provide an upper
bound for the excess misclassification risk.

Proposition 2.1. Suppose that for any u € [0,1], ||X(u)||2 is uniformly upper
bounded from infinity and A(u) is uniformly lower bounded away from zero. In

addition, if ||fy(u) — py ()]s = o(1), [|fiz(w) = pa(u)ll2 = o(1) and [B(u) -
0" (u)||2 = o(1) for any u € [0,1], we have

|Ro(u) = R(u)| S 18(w) = 07 (u)ll3 + | (A(u) - p(w)) " B @) (2.12)

3. Theoretical results

In this section, we will present the estimation error bounds and the convergence
rates of excess misclassification risk of our proposed varying coefficient LDA pro-
cedure in both low-dimensional regime and high-dimensional regime. Specially,
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for two function vectors v(-) = (1(+), .., (1)) T and &€(-) = (&1(-), s Em () T
mapping from [0, 1] to RP, we define the Lo distance between v(-) and &(-) as

nu—su2=(AWwwy—«m@mQ%.

3.1. Classical low-dimensional regime

Before presenting the convergence rates of our proposed estimator, we intro-
duce the following necessary technical assumptions for the clarity of ensuing
theoretical results.

(C1) There exist two constants 0 < Ao < A\; < oo such that for any u € [0, 1]
>\0 S )\min (E(u)) § /\max (E(U)) S )\13

where Apin (E(u)) and Apax (2(u)) are respectively the minimum and
maximum eigenvalues of ¥ (u).

(C2) The density function h of the exopsure U satisfies that 0 < Dy < h(u) <
Dy < oo for two positive constants D and D and any u € [0, 1].

(C3) Each entry of functions g (u), po(u) and B (u) =1 (pq (u) — py(u)) belongs
to the following function space

we([0,1]) := {f :[0,1] = R, sup|f©(z)| < D for £ =0,1,....t and
sup /(@) = fO (@) < Lo~ '|"}

where d = r+t¢ > 1 and f®) denotes the s-th derivative of function f and
fO = ¢

(C4) Assume sup,,¢po,1) max{||p (u) — po(u)ll2, [|0"(uw)ll2} = d, < M for some
large constant M. In addition, p = o(n(24=1)/(2d+1)),

Assumption (C1) is very common in high-dimensional linear discriminant anal-
ysis literature [25, 4, 21]. Assumptions (C2) and (C3) are regular conditions in
B-spline approximation theory, similar assumptions also appear in [37, 13]. For
the simplicity of convergence rates, we assume ||go;(u) — po(u)||2 and ||0” (u)||2
are both uniformly bounded in (C4). The condition on the dimensionality en-
sures that L,+/plogn/n = o(1) under the optimal length of B-spline basis
L, = n!/24+1) which guarantees the optimality of our proposed estimator.

Note that Ly error of our proposed estimator can be decomposed into two
parts: the approximation error ||@ — 6*||1, and the estimation error || — 0|, .
Our first result shows that the approximation error shrinks as the length of
spline basis vector L,, grows, which also attains the optimal convergence rate of
classical B-spine approximation error (see [20, 29]). The proof of Theorem 3.1
is given in Appendix B.2.
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Theorem 3.1. Assume the assumptions (C1)-(C4) hold, then the approxima-
tion error in Lo distance is bounded by

16 — 6", < vpL, " (3.1)

The following theorem provides the upper bound of estimation error for the
discriminant direction function estimator (2.10). Compared with the analysis in
the varying coefficient linear model, the theoretical development in this paper
is more challenging. The reason is two-fold:

e There is no direct relation between the pseudo-response variable Z; and
the covariate X ;. The empirical processes in the proof are established
upon a fine-grained decomposition to D, — D (see Appendix C.3).

e The estimator for approximation coefficient 4 in (2.5) involves the mean
function estimators g, and f1, computed from the same samples. We uti-
lize chaining technique to establish several concentration inequalities on
the operator norm of matrices and ¢» norm of matrix-vector-products (see
Lemma C.4-C.5).

The proof of Theorem 3.2 is deferred to Appendix B.3.

Theorem 3.2. Assume conditions (C1)-(C4) hold. Let a,, = \/L,logn/n +
L%, the estimation error in Lo distance is bounded by

~ o~ L, logn logn _
16— 8|1, = Op (,/% + a,Lme/% + \/ﬁLnd> L (32)

Remark 3.1. Together with the approximation error in Theorem 3.1 and as-

1
sumption (C4), if we take the length of B-spline vector as L, < (n/logn)2@+I
it is easy to see that the Ly error can be bounded by

~ 1 5T
160"l = O (@ () ) . 53)

According to [31], the minimax convergence rate for one-dimensional function
in function space W?([0,1]) is n~=% 41 Apparently, our proposed estimation
procedure is optimal up to a logarithmic factor.

From assumptions (C1) and (C4), we know | (f(u)—p(w)) " B*(w)|? < || (u)—
p(w)||3. In Proposition A.1, we establish the uniform bound for the mean func-
tion estimator, that is

N pLylogn _
sup |[[p(u) — p(u)l]2 = Op (\/ —+ \/z_?Lnd) .
u€0,1] n

In addition, we also have sup,¢jo 1 16(u) — 5(u)||2 = Op(Ln+/plogn/n) since
¥ — 7|2 shares the same bound with (3.2) (see Appendix B.3) and ||B(u)||2 <
V/L,,. In conjunction with (3.3), we can obatin the Ly bound of the excess
misclassification risk in the following corollary.
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Corollary 3.1. Under the same settings of Theorem 3.2, we assume A(u) >

¢ > 0 for some constant ¢ and take L,, < (n/log n)ﬁ, then it holds

2d
logn 24+T
1Re— Rl = 0s <p( = )

3.2. Sparse high-dimensional regime

The following assumption plays a similar role as the condition (C4) in
low-dimensional regime.

(C5) Assume sup,,¢(g,1) max{||(t1 (u) —po(u)s||2, |07 (u)|[2} = 65 < M for some

large constant M. In addition, s = o(n(2¢=1)/4(d+1)),

The approximation error bound under sparse setting is presented in the fol-
lowing theorem, which can be easily obtained by tracing the proof of Theo-
rem 3.1 since 67(-) = 0;(-) = 0 for j € S°.

Theorem 3.3. Assume the assumptions (C1)-(C3) and (C5) hold, then the
approzimation error in high-dimensional case is

16— 67w, < VaL;".
Below we provide the estimation error bound for the group-sparse estimator
n (2.9), and the proof is deferred to Appendix B.4.

Theorem 3.4. Assume conditions (C1), (C2), (C3) and (C5) hold, let a,, =
V/Lnlogn/n+ L%, for any 9 > 0, if we take

Lyl 1 _
Ap > C <,/¥ + anLns,/% + \/EL,Ld> (3.4)

for some sufficiently large positive constant C, then
16 =6, < Vshn
holds with probability at least 1 — L,p=" — L,p~Y5Ln.

Remark 3.2. To interpret the orders in (3.4), we introduce the crucial quantity
in the proof of Theorem 3.4: maxi<;j<p [[(Dn)(5)7(s) — (bn)(j)ll2, which can be
bounded by

D)) () = On) (i ll2 < 1(Dn = D)isy¥(s)ll2 + 1 (bn = B) ) ll2

5 (3.5)
+ DGV is) = b ll2-

For any 1 < j < p, the first two terms in (3.5) can be bounded by /Ly logp/n+
anLysy/logp/n through concentration. For j € S, D(;g) 'y(s)—b(J) = 0 holds due
to the definition of y in (2.7). For j & S, despite the fact D (se5)¥(s)—b(se) # 0,
we can still show that it is bounded by ||(8" (u) — O(u))s||2 (see Appendiz B.4),
which is exactly the last term \/sL;® in (3.4).
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If we set the length of B-spline basis vector as L,, < (ns/ logp)Tlﬂ, the Lo
error of the group-sparse estimator 6(-) will be

d
~ v prEsy
16 — 6|1, = O <82dd*+1 (%) ) . (3.6)

Compared with the oracle minimax rate \/Enfﬁ, there is an additional factor
s1/(24+1) i (3.6) due to the bias D (s¢5)¥(s) — b(s<). To obtain the convergence
rate for the excess misclassification risk, it suffices to control the upper bound
of |(fu) — pa(u)) " 8" (u)]°. Recall the fact D) (w) = (1) ~ pay(u), then
simple algebra shows that 8§(u) = (Zss(u)) ™t (py(u) — py(u))s. Combmlng
with condition (C5), we have |(gi(u) —p(w)) " B* (u )|2 < (i ( )—w(u)s|3. Then
the following corollary is a direct result of (3.6) and Proposition A.1.

Corollary 3.2. With the same conditions and choice of A\, in Theorem 3.4, if
1 ~
we take L, < (ns/logp)2@+1 | the excess misclassification risk of @ satisfies that

—2d
logp 2d+1
(7))

[Rn — RllL, = Op (

4. Extensions

This section will generalize our approach to more general classification problems
in dynamic data.

4.1. Binary classification with unequal prior

For general static binary classification problem, Bayes’ discriminant rule is given
by

900 = (X = )72y~ )+ 107 > 0) (41)

where m = P(Y = 1),m = P(Y = 0) and p = mipy + mapty. In varying
coefficient regime, according to (2.2), (4.1) can be generalized to the following
form

VXD =T (X = @) @0 @)+l 20) . (12)

where ¢*(U) = 1/[mm — mim2(pq (U) — po(U)) T6*(U)]. The prior probabilities
can be estimated by 7, = ZZV I(Y; =1)/N and 75 = vazl I(Y; =0)/N, where
N is the total sample size. To estimate 0" (u), we only need to set Z; = 7o
ifY; =1and Z; = -1 if ¥; = 0 in (2.8). As a consequence, for any new
observation (X pew, Unew), we can perform varying coefficient discriminant rule
by plugging in corresponding estimators into (4.2).
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4.2. Multivariate exposure variable

For multivariate U € R™, we may consider the following single-index extension.
Specially, given U = u, we assume the covariate X ~ N (p; (u”¢*), S(u' ¢*))
if Y =1and X ~ N(py(u¢*), Z(u'¢*))if Y = 0. Then Bayes’s discriminant
direction is also a function of u ' ¢*, that is Hj(u) = g;(uTgo*) for j=1,...,p,
where g7 (-) is a smooth univariate function. Similar to (2.1), g s are defined as
the solutions of the following least-square problem

2

P
i E||Z- (UTO WX, — (U o U
e ;gﬂ ") (X, — (U T ")

If ¢* is known, we can approximate the function g; (UTe*) by 'yg)B(UT(p*).
And the optimal approximation coefficients (¥ (qy,...,¥(,)) are defined as

2
p

arg min Efl|lZ- X —p;(UT )y \B(UTp*
o S (U BIUT)

As for the initial estimator of ¢, according to our assumption, we can equiv-
alently write the covariate X; as the form of the standard single index model

1/2
Xizul(UiTso*H(E(Ufcp*)) e if V=1,
T, _* T = /2 :
Xi=mUTe) + (30T ) e i V=0,

where €; ~ N(0,1,). We may utilize the method proposed in [36] to obtain the
estimator of ¢*, denoted by @. By plugging in ¢, the estimators of univariate
functions g7 s can be estimated by the B-spline procedure in our paper.

5. Numerical experiments

This section investigates the numerical performance of the proposed varying
coefficient discriminant procedure. In our simulation study, we only consider
the balanced case where the sample sizes of the two classes are equal.

The exposure variable U; for ¢ = 1,2, ..., 2n are generated independently from
uniform distribution on [0, 1] in the following experiments. After generating Uj;,
we sample the covariate X; with Y; = 1 from N (p,(U;), X(U;)) fori = 1,...,n
and sample X; with Y; = 0 from N (u,(U;), 2(U;)) for i = n+ 1, ..., 2n, where
py(u) = 0 and po(u) = 3(u)B(u). Several combinations of B(u) and X(u)
are considered in our simulation. Each entry of Bayes’ discriminant direction
function take values as:

e Direction 1: ﬁj(l)(u) =1for1<j<p(ors);
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e Direction 2: ,8;2)(u) =ufor 1 <j<p(ors);
e Direction 3: ﬁj@)(u) =sin(4u) for 1 < j <p (or s);
e Direction 4: 5](.4)(14) =e¥for1 <j<p (ors).

In high-dimensional case, we set 3;(-) = 0 for s + 1 < j < p. Three covariance
matrices are considered in our simulations:

e Covariance matrix 1, az(’lj)(u) =059l for 1 <i,j < p;

e Covariance matrix 2. Ug?j)(u) =ul=il for 1 <i,j < p;

e Covariance matrix 3. Ugf)’j)(u) =ul(i #j)+1(i=j) for 1 <i,5 <p.

The combination of Direction 1 and Covariance matriz 1 is a classical static
setting, where each entry of the mean vector and covariance matrix is a constant
value. The other combinations are dynamic settings. We use the cubic spline in
our simulation, and select the number of spline basis functions by 5-fold cross-
validation. We compute the misclassification risk based on an independently
generated test set with size 200.

5.1. Low-dimensional case

For low-dimensional case, the sample size of each class is fixed as n = 100 and the
dimensionality p is varying from {5, 10,20}. The proposed method in this paper
(abbreviated as VCLDA) is deployed to the generated data. For comparison, we
also conduct the following two classification rules:

1. Oracle: use the population Bayes’ discriminant direction 3 (u)~!(pq (u) —
po(u)) to conduct classification.

2. LDA: use the static estimators of mean vectors and covariance matrix, i.e.,
the sample means and sample covariance matrix, to compute discriminant
direction.

We report the averaged misclassification risks computed from the test set in
Table 1. The oracle classification rule is the most accurate among all procedures.
In a static setting, we can see that LDA achieves nearly oracle performance. As
we expected, the performance of LDA procedure degrades drastically in the
dynamic case. Meanwhile, the misclassification risk of VCLDA is significantly
lower than LDA, and very close to the oracle procedure in all dynamic settings.

5.2. High-dimensional case

In high-dimensional simulation, we fix the sample size of each class as n = 100
and consider the dimensionality p = 100 and p = 200. Moreover, the sparsity
under each dimensionality varies in {5, 10,20}. For comparison, we also conduct
the oracle rule, the static LPD rule [4] and DLPD rule [21] in the test set. The
misclassification risks and their standard errors under four discriminant direc-
tion functions are summarized in Table 2-5 respectively. Undoubtedly, the oracle
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TABLE 1
Misclassification risk and its standard error (in parentheses) of each method in
low-dimensional case.

p 3>  Orcale VCLDA LDA Orcale VCLDA LDA
Je18) B2
1 0.048 0.075(0.021)  0.050(0.016) 0.227 0.259(0.039)  0.255(0.032)
5 2 0.055 0.078(0.021)  0.119(0.028) 0.221 0.249(0.034)  0.272(0.032)
3 0.039 0.058(0.020)  0.093(0.023) 0.202 0.221(0.032)  0.245(0.030)
1 0.005 0.028(0.014)  0.006(0.006) 0.155 0.193(0.033)  0.197(0.029)
10 2 0.014 0.038(0.015)  0.152(0.025) 0.163 0.198(0.029)  0.270(0.035)
3 0.004 0.027(0.012)  0.104(0.023) 0.126 0.155(0.031)  0.212(0.026)
1 0.000 0.020(0.012)  0.000(0.001) 0.108 0.157(0.032)  0.166(0.028)
20 2 0.002 0.041(0.019)  0.215(0.034) 0.125 0.182(0.034)  0.312(0.035)
3 0.000 0.042(0.017)  0.117(0.025) 0.081 0.128(0.024)  0.222(0.029)
B3 IS
1 0.194 0.234(0.034)  0.317(0.034) 0.010 0.024(0.012)  0.029(0.013)
5 2 0.192 0.234(0.033)  0.382(0.047) 0.025 0.040(0.015)  0.156(0.025)
3 0.173 0.209(0.028)  0.351(0.047) 0.018 0.033(0.014)  0.137(0.023)
1 0.125 0.186(0.027)  0.281(0.038) 0.001 0.011(0.008)  0.016(0.009)
10 2 0.117 0.183(0.030)  0.437(0.046) 0.007 0.027(0.014)  0.195(0.029)
3 0.092 0.154(0.031)  0.353(0.051) 0.003 0.022(0.013)  0.157(0.023)
1 0.083 0.189(0.031)  0.286(0.039) 0.000 0.014(0.009)  0.011(0.008)
20 2 0.077 0.200(0.037)  0.476(0.041) 0.001 0.041(0.023)  0.246(0.035)
3 0.054 0.176(0.037)  0.391(0.059) 0.000 0.044(0.022)  0.172(0.029)

classification rule is the most accurate among all procedures. In a static setting,
it can be seen that the DLPD rule almost achieves the same performance as
the LPD rule in static settings (see Table 2). As we expected, the performance
of the classical LDA procedure degrades drastically in the dynamic case, which
performs like random guessing in a highly dynamic setting. Except for the static
setting, we can see that the misclassification risk of our proposed VCLDA rule
is significantly lower than the DLPD rule, especially for the setting with Covari-
ance matriz 2. In addition, the results indicate that the performance of VCLDA
is most close to the oracle procedure.

In fact, VCLDA fully uses the information that the discrimination direction
varies with different values of U while the active set of the discrimination coef-
ficient will not change in our simulation settings. The former leads to a lower
misclassification risk than the static LPD rule, and the latter leads to better
performance over the DLPD rule.

6. Real data analysis

Diffuse large B-cell lymphoma (DLBCL) is a heterogeneous disease with recog-
nized variability in clinical outcome, genetic features, and cells of origin. It is
of vital importance for precision medicine if we can predict DLBCL in advance.
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TABLE 2
Misclassification risk and its standard error (in parenthesis) of each method under Direction
1 in high-dimensional case.

s 3 Orcale VCLDA LPD DLPD Orcale VCLDA LPD DLPD
p =100 =200
1 0.048  0.076(0.019) 0.053(0.012) 0.053(0.015)  0.048  0.071(0. 018) 0.057(0.016)  0.057(0.016)
5 2 0.055 0.070(0.017)  0.195(0.154)  0.202(0.035) 0.056 0.067(0.017)  0.153(0.106)  0.134(0.040)
3 0.039 0.060(0.017)  0.332(0.192)  0.085(0.018) 0.039 0.060(0.017)  0.150(0.058)  0.100(0.029)
1 0.005 0.015(0.009)  0.103(0.193)  0.101(0.187) 0.005 0.025(0.012)  0.007(0.006)  0.007(0.006)
10 2 0.014 0.041(0.017) 0.152(0.028) 0.168(0.034)  0.014  0.043(0.019)  0.148(0.023)  0.160(0.030)
30004 0.012(0.009) 0.123(0.026) 0.040(0.019)  0.004  0.016(0.011)  0.128(0.021)  0.040(0.015)
1 0.000 0.009(0.006) 0.055(0.157) 0.055(0.157)  0.000  0.004(0.005)  0.000(0.001)  0.000(0.001)
20 2 0.002 0.018(0.010) 0.208(0.067) 0.176(0.030)  0.002  0.014(0.009)  0.198(0.031)  0.164(0.026)
3 0.000 0.009(0.007)  0.123(0.022)  0.026(0.013) 0.000 0.009(0.008)  0.125(0.021)  0.029(0.018)
TABLE 3
Misclassification risk and its standard error (in parentheses) of each method under
Direction 2 in high-dimensional case.
s 3 Orcale VCLDA LPD DLPD Orcale VCLDA LPD DLPD
p=100 p =200
1 0.225 0.243(0.031)  0.371(0.109)  0.248(0.031) 0.227 0.244(0.032)  0.281(0.045)  0.300(0.042)
5 2 0217  0.252(0.028) 0.274(0.032) 0.338(0.046)  0.220  0.237(0.031)  0.280(0.042)  0.370(0.043)
30199  0.241(0.031)  0.268(0.030) 0.251(0.027)  0.204  0.232(0.031)  0.272(0.054)  0.239(0.032)
1 0158  0.173(0.027) 0.204(0.029) 0.210(0.030)  0.160  0.189(0.028)  0.206(0.031)  0.210(0.031)
10 2 0164  0.208(0.031) 0.260(0.050) 0.347(0.033)  0.165  0.185(0.026) 0.258(0.026)  0.345(0.034)
3 0.126 0.156(0.026)  0.212(0.025)  0.166(0.026) 0.127 0.140(0.024)  0.212(0.030)  0.174(0.028)
1 0107 0.126(0.024) 0.182(0.032) 0.146(0.030)  0.108  0.132(0.025)  0.166(0.025)  0.146(0.027)
20 2 0.126 0.184(0.028)  0.280(0.064)  0.336(0.028) 0.124 0.179(0.028)  0.270(0.027)  0.329(0.029)
3 0081  0.099(0.021) 0.207(0.056) 0.116(0.020)  0.081  0.093(0.020)  0.202(0.026)  0.124(0.023)

Using the data provided in [26], we establish the model to predict DLBCL ac-
cording to the gene expression. It is mentioned in [26] that tumors had less
frequent genetic abnormalities in younger patients. Thus, our proposed method
VCLDA seems suitable for setting up the prediction model by setting the age
as the exposure variable U.

The original data has 124 patients and 44972 gene expression levels. The
binary response means whether a germinal center B-cell is normal or not, which
is the significant signal of DLBCL. We screen out 150 gene expression levels
to build a model according to the t test on the binary response. We conduct
the following four procedures: LPD (exclude age as a covariate), LPD (include
age as a covariate), DLPD (regard age as U), and VCLDA (regard age as U).
We randomly choose ten patients as the test sample in each trial and regard
the remaining samples as the training set to run the classification procedure.
The average results of misclassification risks on the test sample over 100 trials
are reported in Table 6. It shows that the contribution of U is negligible as
a covariate in the static LPD rule. In contrast, it improves the classification
accuracy tremendously as an exposure variable in the dynamic model.

Additionally, the active sets selected by the DLPD method under different
ages are highly coincident. It means that the genes influencing DLBCL will
not change significantly with age, which is also reasonable in the gene analy-
sis. Two genes are excluded from the active set by the DLPD method during a
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TABLE 4
Misclassification risk and its standard error (in parenthesis) of each method under Direction
3 in high-dimensional case.

s 3 Orcale VCLDA LPD DLPD Orcale VCLDA LPD DLPD
p =100 p = 200
1 0193  0.244(0.033) 0.337(0.055)  0.291(0.04)  0.194  0.221(0.030)  0.335(0.053)  0.286(0.031)
5 2 0.193 0.211(0.029)  0.412(0.068)  0.302(0.032) 0.192 0.214(0.028)  0.395(0.068)  0.298(0.031)
3 0.172 0.203(0.033)  0.334(0.048)  0.298(0.029) 0.172 0.209(0.028)  0.341(0.051)  0.291(0.032)
1 0.123 0.147(0.024)  0.280(0.038)  0.232(0.028) 0.125 0.152(0.025)  0.278(0.039)  0.237(0.027)
10 2 0119  0.148(0.026)  0.450(0.075)  0.293(0.05)  0.122  0.145(0.028)  0.442(0.075)  0.270(0.032)
3 0.090 0.115(0.025) 0.282(0.046)  0.214(0.03)  0.091  0.126(0.025) 0.274(0.036)  0.226(0.035)
1 0080 0.110(0.022) 0.249(0.036) 0.201(0.027)  0.084  0.109(0.021) ~ 0.260(0.042)  0.201(0.031)
20 2 0.080 0.114(0.023) 0.487(0.045) 0.234(0.027)  0.079  0.114(0.023)  0.498(0.020)  0.229(0.027)
3 0.050 0.084(0.023)  0.218(0.037)  0.184(0.026) 0.052 0.071(0.019)  0.218(0.031)  0.221(0.033)
TABLE 5
Misclassification risk and its standard error (in parentheses) of each method under
Direction 4 in high-dimensional case.
s 3 Orcale VCLDA LPD DLPD Orcale VCLDA LPD DLPD
p =100 p =200
1 0010 0.018(0.009) 0.032(0.014) 0.015(0.010)  0.010  0.022(0.012)  0.033(0.012)  0.019(0.010)
5 2 002 0.049(0.016) 0.174(0.087) 0.207(0.035)  0.025  0.035(0.013) 0.271(0.163)  0.177(0.029)
3 0.018 0.037(0.014)  0.299(0.166)  0.056(0.021) 0.018 0.031(0.014)  0.175(0.021)  0.060(0.020)
1 0.001 0.010(0.007)  0.020(0.011)  0.005(0.009) 0.001 0.006(0.006)  0.020(0.011)  0.003(0.004)
10 2 0.007 0.025(0.011) 0.408(0.141)  0.195(0.031) ~ 0.006  0.020(0.011)  0.319(0.144)  0.174(0.028)
3 0.003 0.022(0.012) 0.179(0.041) 0.033(0.014)  0.003  0.016(0.010)  0.186(0.060)  0.037(0.014)
1 0000 0.007(0.006) 0.012(0.008) 0.000(0.001)  0.000  0.007(0.007)  0.011(0.008)  0.000(0.003)
20 2 0.001 0.011(0.009) 0.426(0.116) 0.189(0.029)  0.001  0.015(0.009)  0.479(0.063)  0.179(0.027)
3 0.000 0.008(0.005)  0.170(0.026)  0.027(0.016) 0.000  0.009(0.008)  0.178(0.022)  0.027(0.015)

very short age interval, which may be confusing and misleading to the relative
researchers. Nearly all active genes selected by the DLPD method are also se-
lected by the VCLDA method. Besides, as we find in coefficients estimated by
VCLDA, most of the genes have a weak influence on DLBCL when U is small,
which collaborates with the conclusion in [26] that tumors have less frequent
genetic abnormalities in younger patients.

7. Discussion

This paper investigates the LDA model for dynamic data and proposes a new
varying coefficient discriminant rule. The proposed classification procedure is
more efficient than the dynamic linear programming rule [21]. We also establish
the upper bounds for estimation error and uniform excess misclassification risk.
The synthetic and real data experiments also demonstrate a better classification

TABLE 6
The average misclassification risk and its standard error of each method in DLBCL dataset.

Method LPD (exclude age) LPD (include age) DLPD (U = age) VCLDA (U = age)

Avg 0.432 0.432 0.192 0.171
SE 0.211 0.211 0.167 0.122
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performance of our varying coefficient LDA method.

The Gaussian graphical model (GGM) is an essential formalism to infer de-
pendence structures of contemporary data sets, whose structure is equivalent
to the support of the precision matrix. Recently, [27] proposed the functional
graphical model and assumed the covariate is a p-dimensional functional data.
The authors proposed an estimator of the precision matrix function based on
kernel smoothing and CLIME [5]. Therefore, studying the high-dimensional,
varying coefficient GGM under a dynamic setting will be of great interest.

Appendix A: Preliminaries
A.1. Background of B-spline approximation

From now on, we will omit the argument in random vector B(U) and B(U)

and write B and B respectively whenever the context is clear. We introduce
the following facts about standard B-spline basis B*(u) = (B (u), ..., B} (u))"
(see [11, 13]), which will be used in our proof:

1. For any u € [0,1], both 0 < maxi<k<r, Bji(u) <1 and Eﬁ;l Bi(u) =1
hold.
2. For any n, € R, k=1,2,..., L,, we have

L, L, 2 Ly,
L?Znié/(anBZ(w)) dw S LYY . (A.1)
k=1 k=1 k=1

From the facts displayed above, for any r > 1, we also have
E[|Bi(U)"] = L;*,
and

2

[EB 2= sup [EWTB < sup (BB = 0L,

llvlla=1 lvll2=1
Similarly, we can also obtain that
L' S Mnin(E[B"B""]) < Anax(E[B"B""]) £ L;,".
Writing the scaled B-spline basis as B(u) = /L, B*(u), we have
[E[B]ll2 = O(1),

and
Amin(E[BBT]) = O(1), Amax(E[BB']) = O(1).
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A.2. Concentration inequality

The following concentration inequality will be used throughout the proof.

Lemma A.1 (Lemma 1, [4]). Let &y, ..., &, be independent random variables with
me(m 0. Suppose that there exists some ¢ > 0 and s, such that Y, E[¢2e?l&] <
. Then for 0 < x < s2,

P <Z & > C¢Sn$> < exp(—xZ)

i=1
where Cp = ¢+ ¢ 1.
Next lemma gives the moment inequalities for normal random variable.

Lemma A.2. Let X ~ N(0,0%), then for any 0 < ¢ < < o

)

1

e
@ /1= 25207

E[X2 ¢>|X|]

and for any ¢ >0 and k > 1

2,2

E[X*e#X)] < (E[X* 452] + E[X],2])  holds for any ¢ >0,

where X_452 ~ N (—¢0?,0%) and Xyp2 ~ N (po?,0?).

Proof of Lemma A.2. Using the basic inequality s?e® < e2° for any s > 0, we
have

]E[XQC(MX'] < (b_?E[ezd"Xl}
< oo [orrenx]

+oo
(;2 21 / e 5Tt gy
uxe

e 1
B ?\/1—2&02'

In addition, we also have

+oo
E[x*e?IX]] = / hem B okl g

0
O

~§
Q

+o0 22
ze m ¢Idx+/ xkeermd:c)
0

3

w

¢2

IN

9

(w
(

oo (w+¢~a2>2 oo G- ¢m2)2
dr + e dx
—00 —oo O

g
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A.3. Estimation error bound for mean functions

The estimation error bounds for mean function vectors in the following propo-
sition contribute to establish the convergence rates of discriminant direction
estimator and the excess misclassification risk.

Proposition A.1. Denote the estimator of the mean functions by piy(u) =
(@, B(u), -+ ,&1,B(u))" and fiy(u) = (@3, B(u), -+ ,&5,B(u))", then under
condition (C1)-(C4), for any ¥ > 0 we have

N | Ly logn _
sSup |I'l’1(u) - I’l'l(u)|00 S — Lnda
u€0,1] n
~ | Ly logn _
sup |y (u) — po(u)|se S \/ ——— + L, %,
u€l0,1] n

hold with probability at least 1 — 3pL,n~" respectively.

and

Lemma A.3. For any ¢ > 0, there exists some positive constant C' such that

IP’( ZCLM/IOg”) < p~Vn,
n

The proof of Lemma A.3 is deferred to Appendix C.1.

1 n
~> BB/ ~E[BB'|
n

=1

2

Remark A.1. It is worthwhile noting that Lemma A.3 is more tight than the
results Lemma A.7 in [13], where the authors established the following bound

_Os ( /Lnlogn> -
n

By the fact that B; = \/L,B; and B = \/L,B”*, using the relation above, we
can only obtain the following worse bound

— 0p [ 132 [logn
, n n *

Proof of Proposition A.1. First we introduce the population form of the approx-
imation coefficient,

LS BB BB (BT

2

1 n
~> BB/ ~E[BB']
n

=1

& = arg min E(X; —a'BU)|Y =1)°, (A.2)
a€cRLn
and denote fi;(u) = (6, B, - - ,&IPB)T. According to the splines’ approxima-

tion property [11, 20], we are guaranteed that

sup [ (u) — py(u)]oo S LT_Ld'
u€0,1]
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In addition, we have

al - alj = < Z B; BT) (% Z Bi(Xij - BJ&U))

i€y i€y
1
— <E Z BiBiT> ( > B au]) : (A.3)
1€Ly 1€Z1

For any positive definite matrix A € RP*? and ||AA]lz = o(1),

I(A+AA)™ = A7 o < AT oI+ ATTAA) T — 1]
< A7z (JAT AAl2 +0(1)) (A.4)
< 2| AT AA]l.

Now let A = E[BB] and AA =YY" B;B//n—E[BB']. Since Lemma A.3
claims that ||[AAl2 = o(1) almost surely, (A.4) results in

1
Z B; BT> ~EBB"]™!
161’1 2

<2 HE [BBT]~ ZB .B] —E[BB]

2

In conjunction with Lemma A.3 and )\min(E[BBT]) > M, we have
- 1 L,1
Z B. BT) < Loy 2o (A.5)
M1 n
161'1 2

holds with probability at least 1 — L,,n~". Substituting (A.5) into (A.3) yields

Z Bi[Xij — pn(Us) + p; (U;) — B @]
161’1

o — a2 < (A.6)

2

On the other hand, we note that given Y; = 1 and U;, X;; ~ N (115 (U;), 35, (U;)).
By choosing any 1 > 0 and using Lemma A.2;, we have

E |(Bi(U)? (Xij = a;(U3))? exp (o B (U1 X5 — s (U9)])]
<E{ (Bi(U)*E [(Xij — a5 (U:)? exp (nl X5 — o (U)) |Us] }
anjj(Ui)

<2E [(BZ(Uz‘))%f (%5, (U:) + Ejj(Ui))]

SE[(Bi(U)?] < Ly,
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where the first inequality follows from 0 < Bj(U;) < 1 and X;;(U;) is the
conditional variance of X;; given U;. Applying Lemma A.1 and uniform bound,
we can guarantee

~
n

</ Lnlogn (A7)
n

2
holds with probability at least 1 — 2L, n~". In addition, we note that

1
P (1%%?2" - ZI:(XU — 15 (Us)) Br(Us)
1€1,

< log n> < Lnnfﬁ.

It yields that

| = Bi(X - ()

1€y

=S Bily(U) ~ B @) < [[EBlm, @) - BTaw)

‘ 2

i€y 2
1 ~ ~
+ > Bilp;(Us) = B &y — E[By[u; (Ui) — B/ @]
i€y 2
Using Lemma A.1 again, we may show that
1 T T~ < 7-d L,logn
- ; Bilpj(Us) = B; o] = B[Bilp; (Us) = By augll)) S L") — =,
1€7y 2

holds with probability at least 1 — L,n~". Combining (A.7) and the following
fact

IE[Bu1;(U) — B @yllll2 < L, [E[Bll2 < Ly,

S,IM. (A.8)
n

2

we have with probability at least 1 — 3L,,n~"

1 ~
- Z B[ Xij — 1 (U;) + p;(Ui) — B auj]
i€Zq

Together with (A.6), we have proved the first assertion.
-1
For each fixed u € [0, 1], we denote n(u) = (IE[BBT]> B*(u). It holds that

o~

|1 () = fo ()5 = max [B(u)" (é1; — ;)]

-1
1 1 .
B(u)T (E 3 BiBiT> ~ > Bi[X;; — Bl a;]

1€y 1€y

= max
J

1 N -
- > n(w) " B;[Xi; — Bl ]
i€,

< L, max ,
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where the last inequality comes from Lemma A.3 and (A.8). It follows from (A.1)
that

Ln 2 L
E|(n(wTB;)’| =E (Z nk<u>B*(U>> SLat Y mi(u) S Ly
k=1 k=1

Further we have
E {(n(u)TB;F)Q (Xij — ulj(Ui))%nln(u)TB?IXm—uu(Ue,)Il} < L;l.
Then applying Lemma A.1, we can show that

< logn
~V nL,

1 ” ~
E}:n@OTBJXh—#HK@)+MUQQW—BIQM
€Ty

max
J

holds with probability at least 1 — pn~?. With the same probability, for any

fixed wu, it holds that
~ ~ L,logn
) = i ()], S /2225 (4.9)

Next we use chaining technique to prove the uniform result. Notice that, we may
divide the interval [0,1] to n™ sub-intervals with end points 0 = up < u; <
--~upm = 1. Then for any u € [0, 1], there exists some 0 < ¢ < n™ such that
|u —up| < n~M. Thus we have

o~ ~

11 (w) = (W) o < 1 (ue) = ()| o
+ {1 () = B (ue) oo + |1 () = (ue) oo }
S Ny (ue) = iy (ue) | oo + 07,

where we used both i, and p are Lipschitz continuous. It follows that

wn 5 (u) — o < = _ -M
S 1y (u) — g (u)| o S o nax, 12y (ug) = gy (ue) | o + 10

By choosing M = 1 and large ¢, the second assertion follows from (A.9) imme-
diately. O

Appendix B: Proofs of main results
B.1. Proof of Proposition 2.1

The proof is adapted from [6], here we provide it for completeness.

Lemma B.1 (Lemma 7, [6]). For two vectors 0,, and 0,,, if |0, — 0,2 = o(1)
asn — 00, and ||0||2 > ¢ for some constant ¢, then when n — oo,

0121105 l2 — 91971 =6, — 0n||§
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Proof. Let 6(u) = pq(u) — po(u) and A(u) = ¢ (u)(0(u) TS (u)8(u))"/? for
€ [0,1]. Recall the relation 8*(u) = X~ (u)d(u) = c*(u)@* (u) for c*(u) €

(0,1). To simplify notations, we will use f to denote f(u) for any function of u.

Following the proof technique in [6], we define a intermediate quantity

«sTP TP
R(u) = 3® <4C 5;”) ey <7C 53“’/2) .

Note that, ¢*8 ' 6 = 6T2_1/221/2(0*§), then using Lemma B.1

57'271/221/2(0*’9‘)
=)
2

50 _
|AA =||6"T=", -
A

—~ 112
Hz*l/% . 21/2(0*0)"
<

~ A
Using the fact that ¢*0* = 8* = X7'§ and ||X||2 is bounded,

2 (B.1)

(2 112
"271/26—21/2(6*0)“ < “271/25_21/2(6*9)"
2 2

. 2
_ H271/25 _ S0 - ¢0*) — V20"
2

< ()?I=)316 — 67)1. (B.2)

Then take Taylor expansion to the two terrms of R around —A/2 and A/2
respectively, we have

~ 1( ¢6'8/2 A\ _,/ A\ 1[A 662\, /A
()0 (4) 3 (32 3)

~ 2
c6'9/2 A)

1 " "
+ Z ((I) (bln) + L0y (an)) ( A 2

L (A 60 ( A?)
NGz A PAT

~ 2
c6'0)2 A)

1 " "
+ 1 (CI) (bln) +o (bZn)) ( A 2

where by,, is some point between —2 and

B 0*6T6/2
2 A

and by, is some point

«sTh
between % and %. Hence it holds that

A A2
" (biy) = @"(b2n) = 5 exp <‘?) .
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Together with (B.1) and (B.2), we can obtain
2
60

=

*6T

A —

IR-R| 5

< Hz—l/?a _ 21/2(0*5)’]2
2
<6 —67i3. (B.3)
Next we bound |R,, — R/, note that

c6'8/2 (h—p,)' (c70)

A A
(6/2 it o) TS0+ (8/2— it ) (0~ °6")
- A

<3 (G- w81+ 18- 6l — )
N B

HEZw Bl

where the first inequality follows from that A is bounded. Take Taylor expansion
c*570/2 c*578/2 .
= and = respectively, we have

on the two terms of R, (t) around —

1 uQT *9)+c*5i§/2 o 70*515/2
2 A A

) B

1 my)' (@) c6'8/2 o *6'6/2
2 A A A
(I)H NI)T (C*/é) C*6T0/2
A A
1 o) u po) (c0)  5'6)2
T ") A A

L (B.4)
. . (i-m1) " (c"0) 5782 .
where bs,, is some point between A and = and by, is some
o~ T ~
— *9 « T
w and €802 o0

point between

A A2
@ (by) = " (bin) = 5 exp (‘?) |
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In fact, we also used p—py = —8/2 and pp—py = §/2 to obtain (B.4). Then (B.4)
implies

Balt) ~ RIS |- )" (09| + |- m) @ 0)[
<l-w B (B5)

Combining (B.3) and (B.5), for any u € [0, 1], it holds that

|Ra(u) = R(u)] < |Ru(u) = R(u)| + |R(u) — R(u)]

< 10(u) — 0 ()3 + | (B(u) — p(w) " B (u)| . O

B.2. Proof of Theorem 3.1 and 3.3

Here we only prove Theorem 3.1, and the proof of Theorem 3.1 can be easily

obtained through the similar analysis. The following lemma provides the lower
~ T

bound and upper bound for the eigenvalues of E[BB |, and the proof is deferred

to Appendix C.2.

Lemma B.2. Assume the assumptions hold, then there exist two positive con-
stant My and My such that

Mido < A (E[BB ' ]) < Amax(E[BB ' ]) < Mo (A1 +6,/4).

Proof of Theorem 3.1. There exists 0;(U) = ﬁjTB(U) for j = 0,1,...,p such
that ~
sup 167 () — B (u)] < MoL;. (B.6)
u€l(0,1]

Let 4 = (7], ,:y;)T, then note that

o [o (9

The optimality condition of 675 (U) implies that

g B(z- E;Ta)} 7 (B.7)

E (X5 = (0) (Z -2 X - uj<U>>9;<U>> \U =0,
=1
which means
E l(Xj —u;(U))B(U) <Z =) (X - uj(U))e;(U)> -0

=1

Recall B = (X — p) ® B, then we can get
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—E|B(X - )T (0"() - 0(U)]

Let C(U) = E[(X — p(U))(X — p(U))"|U], then simple calculation yields
that

CU) =2(U)+ i(l"'l(U) — 12 (U)) (11 (U) = po(U)) T

For v = (Va)7...,VE;))T, we denote v(U) = (uz—l)B(U),...,uEr)B(U))T. Then

p
we have

—_——
ol BBz~ B )|
= S [E[Z(U) (X — p(U)(X —pu(U)) (6" (U) - 6(U))]|
= S E [IIZ7(U)[l2[[CU) |20 (U) — 6(U)|2]|
SVPLy* ‘VSUQI;]E[||'7(U)H2], (B.8)

where the last inequality follows from (B.6) and ||C(u)||2 < ||X(uw)||2 +d,. Using
the inequality (A.1) and |[v||2 = 1, we have

1/2 1/2
E[|7] < (E[IZ13)" = L (ZEM)B*W) s(Znu(j)n%) .

Combining (B.7) and (B.8), we are guaranteed that |5 — |2 < /pL;, . Recall
that 0, (u) = %TB(U), together with (A.1), we can have

2

1662, = /01 |ow - é(u)szu - Lni/ol ((%) - a(j))TB*(u)) du
j=1

p
S Z ||;77(j) - 9(]‘)”%
j=1
=17 =~
It yields that
16" — 6], < 10" — Olr, + 10 — O, S VPL,“. 0

B.3. Proof of Theorem 3.2
1 on B o 1 2n . .
Let D, = 5- > i1 Bi;B; and b, = 5- ) ;= B;Z;. Correspondingly, we write
~ T ~
D =E[BB | and b = E[BZ]. The following two lemmas give the concentration

bounds for two terms in estimation error |5 — 7|j2. We defer the proofs in
Section C.
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Lemma B.3. Under the conditions of Theorem 3.2, we have

[pl /1
|D, —D|, < Ln ]Lgn—kai/Qan ﬂ,
n n

holds with probability at least 1 — n~="tnP — pL,n=".

Lemma B.4. Under the conditions of Theorem 3.2, we have

- - L, | 1
ID.F — DA, £ /25 4 pLoany [ 20,
n n

—9Lpp _

holds with probability at least 1 —n pL,n=".

Lemma B.5. Under the conditions of Theorem 3.2, we have

logn

_1
|bn_b|oo,§, +Ln2ana

n
holds with probability 1 — pL,n~".

Proof of Theorem 3.2. From the definition of 4 and 7, we have
3-3=D,'b, -7 =D," (b, — D,7).
Now let us recall the optimal condition of 4,
~ ~ T~ .
O:E[B (Z—B »y)] —b-D5.
In addition, notice that

b=E[(X — u(U)) ® BZ|

= JE[n(U) ~ w(0)) © B] - 1B [(no(U) ~ w(U)) @ B

— E[(1,(U) — po(U)) ® B).

For v = (V(Tl), ...,V(Tp))T € RPEn | we denote v(U) = (I/(Tl)B(U), U

By the definition of || - |2 and (A.1), we have

|Ibll2 = sup |VTb|

veSpln—1

= sup ’E [VT (11 (U) = o (U)) ® B)”

vespln—1

= W EDU)" (1, (U) — pa(U))]]
<o, sup E[[H(U)])

vesSpln—1
<5, sup (E[BO)3)"*

vesSpln—1

5405

(B.10)

(B.11)

(B.12)

(B.13)

B(U))".
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. 1/2
=4, sw | Y E|wBU)?
veSpln—1 J=1
1/2
S0p  sup Z lv i3 = Op, (B.14)

ueSPLn 1

where 0, = sup,,e(o 17 |41 (1) — po(u)]2. According to Lemma B.3, we know that
ID,, — D||2 = op(1). Using the inequality (A.4), we get
D" =D, < 2{| D7, IID — D,
< 2M; ' [IDy =D,
where the second inequality follows from Lemma B.2. Hence we can guaran-
tee that |D.; |2 = O(1) with high probability. By plugging the bounds in
Lemma B.4 and B.5, together with (B.13), we have
17 = Fll2 < D |2[1Bn — Dyl
= D5 l2][bn — DnF — b+ D
5 ”bn - bHQ + ”Dn:)v’ - D%||2

L, 1 1
S\/w—kaann\/ oen (B.15)
n n

Recall 6 = (B(u) ™41y, - B(u) "5(,)) T and O(u) = (B(u) "3 1y, -+
B(u)T'Ny(p))T. Applying (A.1), we have

2
[ 1800 - Bt = 1. Z / "B~ ) do

P
Y IAG — A0 ls = 17 -7l
j=1
Then we have finished the proof of Theorem 3.2 by plugging (B.15). U

B.4. Proof of Theorem 3.

The following lemma provides the ¢ error bound for general quadratic group
lasso problem. We defer the proof of Lemma B.6 to Appendix C.6.

Lemma B.6. For general quadratic group lasso problem

L+ T Z
y=arg min oy Ay-—b 7+AZIII'YJ-II27
o

if the following two conditions hold
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1. A satisfies the restrictive eigenvalue condition with parameter : for any
&€ € RPLw such that ||€||1 < 4v/sL,|| €2, it holds that

&AL > (€]
2. for any & € RPE» such that Yy =0 for j € 5 and

. A
1ax [[(AF = b)gll2 < 3 (B.16)
then we have
~ . 124/sA P 48s\/ Ly A
17 -4l < 22 gna |-y < Bvlat

¢

Lemma B.7. Under conditions (C1)-(C5), let v € RPLn be a fized vector with
V(se) = 0, then for any 9 > 0 we have

~ ~ Ly logp logp
_ . < ol
@fv\gpll(Dw D’7)<J>I2NIIV|I2<\/ —— FanLas\[ == |,

holds with probability at least 1 — Ly,p~Y — L,sp™" — sp~9Ln.

Proof of Theorem 3.4. According to Lemma B.6, it suffices to show the restric-
tive eigenvalue condition of D,, and the inequality (B.16). For any & € RPL»
such that ||&]]1 < 4v/sL,|€]|2, we have
~~T
¢'D.¢=¢'EBB J¢+¢' (D, — D)
> Miol|€]13 — [1€]11|(Drn — D)o
> Mioll€ll3 — [I€]lF IDn — D
> (Mio — 4L, |Dy, — D] ) [I€]13.

By tracing the proof of Lemma B.7, we can guarantee sL,|D,, — D|s = op(1).
It implies that there exists some positive constant ( such that,

¢'D,¢ > C|€|3.

Hence we have verified the restrictive eigenvalue condition. Recall the approxi-
mation coefficient ﬁ(s) = D(Sls)b(s) and ﬁ(sc) = 0, then we have

(Dn'7 - bn)(S’) = (Dn)(SS)D(_Sls)b(S’) - (bn)(S)7 (B17)

and
(D = bi)(se) = (D) 505D gig)bs — (bn) (50 (B.18)

In addition, similar to (B.14), we can verify ||b(g)|l2 < ds. Together with Lemma
B.2, we have

1Y s)llz < ||D(_sls)\|2||b(S)H2 < s
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Then from (B.17), Lemma B.7 and B.5, for any j € S

[(Dny = bn) ) ll2 <maXH n)(.s) — (a‘,S)H<S)H +VIn[bs) = (bu)is)|,

[ L, logp \/ogp \/L logp
L,l /lo
3 ng+ Ls + .

holds with probability at least 1 — L,p~Y — L,sp~? — sp~?L». Next we will
derive the bound for j € S¢. From (B.18), we claim that for any j € S°

IDny =ba)(jll2 < H Dses)¥(s >)<3> *%)H + H n).5) ~ Dis)] ’Y(S)Hz

+ \/ ’b(sv - (Sr
} o

Using the optimality of 8*(U), we have
Together with 0;(U) = B(U)T3;), bise) = E[Bs:)Z] and By = (X; —
1 (U))B(U), we also have

Z = (Xj — (V)6 (U)

JjES

~ ~ ~T _
D(ses)¥(s) = E {B<SC>B<S>7<S>}

Bse) Y (X, — uy(U))B(U)T%)}

JjES

)
Bsey | S2(X; — ui(0))(6;(U) - 65(U))

{B(SC SO0 — 1w UG (U) - Z] } T b
jES
{ } —+ b(sc).

=E
E
E
Let ¢; s(U) = E[(X; — pu; (U))(X — p(U))s|U], then for j € S°, it holds that

Ljes

(DisesAis))) = by = E [Bip) (X = p(U)E(0°(U) - 8(1))s] -
For any v € St»—1,
[E [v7B ) (X — w(U)§ (0" (1) - 8(1))s]|

= [E[v"B(X; — (U)X — p(U)§(0°(U) - 0U))s] |
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- ’E [VTBCJ‘,S(U)T(Q*(U) - E(U))S} ‘

< sup lleiis()21(0° () 0w)sl2 £ 17 B
S o,5L (B [(VTBﬂ)l/Z
< VsL,,

where we used Theorem 3.3 and

sup |[es(U)llz = sup |[[(paj(u) = pj(w)) (1 (w) — p(u)) sl
u€([0,1] u€[0,1]

S osup [[(pg(w) — po(u))sll2 < ds.
u€l0,1]

Hence we have for any j € S¢,

< sup
2 veSLn—1

|Des975)6) — boy v ((Dses¥is) i — by )| < dvaLy"

Then applying Lemma B.7 and B.5, we claim that

L, lo
max (D, b Yylla S/ gp+ wLn \/ Py a, +sL?

holds with probability at least 1 — 10L,p~7. U

Appendix C: Deferred proofs of Section A and B
C.1. Proof of Lemma A.3

Proof. Let S“»~1 be the unit sphere in R%", we denote the %—covering of Stn—1
by {v1,...,vk} with K < 1757, Let Q = 3.1, B;B, /n — E[BB'], then we
have
1Qllz = sup_ IVTQV\-
veSkn

Ln

Based on the definition of covering set, for any v € S“»~1, there exists some

1 <k < K such that ||v — vg|2 < 1/8. It follows that
vTQu| < v Quil + 2w [ Qrr — )| + (v — ¥) Qi — )|
1 1
<lv] - -
< Wl Quil + Q1 + g lQl;
1
< ] Quil + 51l

Thus we have

< = 'B)?. )
Q2 <2 max vl Qui| = 213}&XK 1 E[(vy B)7] (C.1)
=
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Since | B:|2 = b, (Bi (U)? < Yorm, Bi(Ui) = 1, together with (A.1), we
have
E [(vy B}) exp{n(vy B})*}] < e"E[(vi B)?] S L, well3 = Ly,

together with Lemma A.1 we claim that

P < max >CLny/2n 10g"> <Kn "L <p e,
1<k<K nLy,

Then the conclusion follows immediately. O

n

LS i BBl BY]

=1

C.2. Proof of Lemma B.2

Proof of Lemma B.2. Let C(u) = E[(X — p(u))(X — p(u)) "], and then it holds

Clu)= 5 (B [(X ~ ) (X )Y = 148 [(X ()X — a(u)) |V =0])

= ) + (1 0) — ) (1 () — )T
From conditions (C1) and (C4) we have
20 < Amin(C(1)) < Anax(Cu)) < A + iém (C.2)
holds for any u € [0,1]. In addition, we notice that
E[BB '] =E (X - p(U)(X - p())") @ (BBT)]
—E [C(U) ® (BBT)} .
Then for any n = (772—1), e ,ng;))—r € RE7P with ||n]|2 = 1, we have

2

0 EBB In=E (> (X; - (V)BT n,
j=1

—F |:<BT”7(1)7 e ,BTn(p)> C(U) (BTTI(U, e ,BTTI(p))T}

p
2, Amin (C(w)) E [Z (BB

j=1
> MoAmin(E[BBT)).

Similarly, we have
~~T 1)
n'E[BB |n < ()\1 + Zp) Amax (E[BB]).

Then the result follows from Apin (E[BB']) = O(1) and Apax(E[BB']) = O(1)
(see Section A.1). O
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C.3. Proof of Lemma B.3

To prove Lemma B.3, we impose the following five lemmas on the concentration
inequalities of random matrices. The proofs can be found in Appendix D.1 - D.4.

Lemma C.1. Let Z; = Z(U;) = (X; — p,(U;)) @ B, then under condition
(C1)-(C4), we have for any 9 >0 and k =1,2

1 {Z'ZT—E[Z'Z-TIY:k” ~ ;. [plogn

nng:k g i 2N -
and

LS {za] - w[mavi=i]}a] < PR

" T, . o

hold with probability at least 1 — n~9PLn .
Lemma C.2. Under conditions (C1)-(C4), for k = 1,2 and any ¥ > 0, we

have
1 LT N U)T BT plogn
3 (K U0) 01 (03) = 1) J© (B.B]) QSLn\/ 22,
%ZI (1%~ m @) @) - W) @ (BB ) }5 = N

hold with probability at least 1 — n~YLnP.
Lemma C.3. Under conditions (C1)-(C4), let A; =[(p1(Us)— o (Us)) (101 (Us)—

o (U)T] ® (B;B}), then for any 0 > 0,

1 1

ST A-EA)| S Lay/ R
n < , n

n

1 - L, |
S5 (A -EA)F| </
n = ) n

hold with probability at least 1 — n~YLnP,

Lemma C.4. Under conditions (C1)-(C4), then for k =1,2 and any ¥ > 0,

LS i U@ — ()T © (BB
1€y

,Spo’/Q\/IOgn (\/Lnlogn "‘L;d) 7
n n
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LS {1 - m U @) - w(v) @ (BB} 7
i€Ly, 2
5an\/lo;g;n (\/Lnlé)gn +Lnd> ,

—9pL, -9

hold with probability at least 1 —n —pL,n

Lemma C.5. Under conditions (C1)-(C4), let G(U;) = [(uq(Ui) — po(U3))
(B(U;) — w(U) T @ (B;B,), we have for any 9 > 0

LY Gw) - Y G <pL?/2 log” <\/L n BN, d)
n
€T, i€lo

~ 1 L,l
-] <o ([ )
'LEIl 1€ZLo 9

—9pLy,

hold with probability at least 1 —n —pL,n™"?

Proof of Lemma B.3. Note that we can rewrite E[BE ] and 22" B;B, /Qn
as

E[BB| = JE{[(X — i) (X — @) "] & BBy =1)

I

4 %IE {[(X = ma)) (X = ()| @ (BBT)|y =0}
~

2

+ B [0 0) — o041, (0) ~ o) ] © (BBT)}

and

12

~ T
To upper bound || Zzn B; B /2n — E[BB ]||2, we begin with the following
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decompositions for Iy and Io,

Lo S (X B0, pU)T] © (B.B])
o S {[06 - )t 0T o 88}
1
b 3 {lmw0 A )] (8.5}
T
3 [0 — AU (W) - G(U) ] @ (B.B])
and ) ) )
5 2 (X = p(U))(Xi = u(U:) "] @ (BiB)
s S [0 - pU) ) BT @ (BB]))
+ % ;IZ {[(M(Uz) — AU))(Xi = u(U:) ] @ (BZBZT)}
I
e 3 [03) ) 0) )] @ (BB
1

Step 1.1. upper bounding ||I] — I} + I3 — I} — Ij||; First, we decompose I
as

L= o= > (X = m (U)X =y (U)] @ (BB])
i€y
I,
+ ﬁ > I(X = 1y (U)) ( (U3) = o (U:)) ] @ (BB
1€,

1
112
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> [ (U) = pa(U)) (X =y (U3) 7] @ (B:B,)

1€y

"5

1
113

> [ (U) = po(U)) (g (U3) = o (U3)) ] @ (B:B,)
€Ty

1
I14

By Lemma C.1, we have

. plogn
P <||I}1 —TI;||, > CLyy/ » ) <

n " 9Lnp

By Lemma C.2, we have

and

1

P (HI%ZHQ S LnW) > 1 g PLap,
1

p (HIigHQ < CLn\/@> 1 petinn

By Lemma C.3, we have

1., plogn e
P<||I%4—§I3||2,§an ng )Zl—ann 0.

Combining the results displayed above, it follows that

1 1
P <||I} ~If - oL Lo/ 2 f”) >1—3n P _ pL.nY.

Similarly, we also have

P <|II§ -L

1 [pl
B 512”2 S Ly P Ogn) >1- 3n = 0Enp anniﬁ-
n

(C.4)

Step 1.2. upper bounding |13 + I3||2, ||I3 + I3||> and ||[Ij||2 + ||T5|]2 Note

that

I3 + 132 <

1
2n

1

[(Xi =y (U))(B(U7) = u(Ui) '] @ (BiBY)
1€l

(X — po(U)(1(U:) — p(U:) "] ® (B;B])
i€Zo
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where G(U;) = [(11(Ui) — po(U:)(1(Ui) — w(Ui)) "] ® (BiB;). By invoking
Lemma C.5 and C.3, we have

1
P (III% + 1> pL?/"‘an\/%) >1—n b, (C.5)

where a,, = \/Lylogn/n + L. Similarly, we can obtain

- 1
P (nlé + 132 S po/%n\/"i”) >1—n 0, (C.6)

In addition, by Proposition A.1 we have
ITall2 + T3> < 2 max ||A&(U:) — w(U)3] Bill3
< 2pL,a2

Combining (C.3)-(C.7), we have

2n
1 ~ ~T ~~T 1 1
— S BB, ~EBB || L/ 4 pL¥ 0,20 (C.8)
2n P ) n n

holds with probability at least 1 — n=?EnP — pL,n=". O

C.4. Proof of Lemma B.J

Proof. By replacing the bounds for the operator norm of matrices with those
for 3-norm of matrix-vector-products in Section C.3, we can finish the proof

~T ~
Due to the fact that B, v(;) = 0;(U;) is bounded, we can drop a /L, factor
for matrix-vector-product bounds in Lemma C.1- C.3. OJ

C.5. Proof of Lemma B.5

Proof. Note that for any j =1,2,...,pand k= 1,2, ..., L,, we find that

2n
1 —~
o > B(U) (X — 15(U)) Zs
i=1
1 - 1 m
=1 2 BuU) Xy = i (U9) = 1 3 BrlU)(Xsy — 5 (U)
€Ty €12
11 on 11 2n
=19 ; By, (U1 (Us) k™ ; By, (Ui)iiz; (Us),

I Iz



5416 Y. Bao and Y. Liu

where we used fii; = B, @1, fiz; = B/ @s; and the optimal condition for & ;
and &, such that

> Bi(X;;—Blai;)=0, > Bi(X;;—Blay)=0.
i€y i€y
Moreover, note that

E[B(U)(X; = 1;(U))Z]

= LE[BUU)(X; — i O] = 1]~ {E[BUU)(X; — p U] =0

%\Hﬂkl}—‘

= 2 EB(U)n;(U)] ~ E[Be(U)paz; (V)

1T 13

The remaining detail is to upper bound |I; — I7]|. According to Proposition A.1
and By = /L, Bj;, we have

L= I < V/Ln ZBk )i (Us) — pa;(Us)]

ZBk i) (Ui) = E[By (U)pa;(U)]

Z 1B (Ui)| — E[| B (U

+ an/ LL,E[| B (U

ZBk i) (Ui) = E[B(U)pa;(U)]| -

Using Lemma A.1, we can verify

(=

ZBk )11 (Us) — E[Bi(U)pa; (U)]

logn )
P Sh/— | >1- .

In addition, recall the fact that E|Bj(U)| < MaL,', which yields that

1
P <|11 I <2l +L_1/2an> >1-n"

Thus we are guaranteed that
1
< /28y L_l/zan> >1—dpL,n~". (C.9)
n

O

and
1 2n

o O |Bi(U)| — E[|B ()]

=1

2n

1 ~ ~
ZBiZZ- —E[BZ]
=1

p<_
2n=
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C.6. Proof of Lemma B.6

Proof. By the optimality of 4, we have

[N ~ -
5 =9 AF-F) Z\I’m l2 < (AY=5)" (F =) + A > 7 ll2-
j=1 j=1
(C.10)
Using the condition (B.16) and dropping the first non-negative term in the left
hand side of (C.10), we are guaranteed that

P

p
il <D NAF = b)) ll2ll(F = F)ll2 + An D IF )l

j=1 j=1

r

7”2 Y =All2 + A ZH% 2
S
JES

>~
3
.
-
i

| /\

(5 — 7<J)||2+ STNE =D llz + 2 D ¥ ll2-

jESC jJeSs

It follows from the assumption ;) = 0 for j € S° that

1 o 1 o . _
5 2 NE =Dl < 521G =il + D16 ll2 = D 1Fe 12

jESe JjeSs JjeS JES
1 .~ . A~
<52 NE =Dl + 1 = A ll2
jeS JjES
<SG -l (C.1)
JES

where we used the fact [|[¥;llz — |7 ll2 < (¥ = 7)) ll2- From (C.10), we can
also obtain that

1 . . . P
5= AG-N<TINEF Aol + A S gl — e Z\m I
Jj=1 j=1
3=~
<= SIE =) - (C.12)

j=1

By the restrictive eigenvalue condition of A, we know

1 o 1.~ . Cis =~
53— A('r—v)zillv—v\\%

Together with (C.12) and (C.11), we further have

Cly - ’7H2<3)‘ ZH ])”2
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=3\ [ D_IEF =Dl + Do IGE =il

jes jese
<1200 ) 13 =)l
jes
< 2AVs[[(F = A)s) 2
< 1220 Vs[15 = All2,
which yields the first conclusion in Lemma B.6. In fact, we also used the following
relation
2
DNEF =Nl ] <sDIE =Dz = sl =F)s)ll3-
jes jes

And the second conclusion holds since

¥ =3l =D& =i+ D 1F =3l

jes jese
<VI DY NE =gl + VEa D IE =)l
JjES jese
<L Y NG Al
jeSs

<4y sLnlly = All2- O

C.7. Proof of Lemma B.7
Proof of Lemma B.7. Recall that 7)/(30) = 0, thus

max [(Dny = DY)l = max [[(Dy = D)0)(s) -

Then it suffices to show that

- 1 L,l _
max [[(Dn = D)grsFis)lle S /o8 + 24 L7 (C13)

1<j<p

with high probability. We use the same decomposition for D,, — D in the Sec-
tion C.3 and only prove the counterpart to {i : ¥; = 1}. Correspondingly, the
expectation E[-] means conditional expectation E[|Y; = 1]. We split the proof
into the following two main steps.

Step 1. upper bounding max; <<, ||[(I] =T} +T; — I} —I3)G.5)Y (sl Recall

. L1, ~
(Ii -Ii - 513)(3‘,5)‘7(3)

< H(Ih - IT)(;’,S):Y(S) H2
2
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+ H(I%z)(j,sﬁ(S)HQ + H(1:113)(j,3)’~)/(5)H2

1.
+ H(Ih - 513)@,3)7(5)
2

Notice that

LS Xy — i U) BT (X — pay (V)5 B;

i=1

H (Hl)(g‘,S)’NY(S) H2 =Ly

2

Given Y; = 1 and U;, 05(U)T (X — p1(U;))g is a normal random variable
with mean-zero. Due to our assumption sup,¢jo 11 (/0" ()2 < ds, together with
Theorem 3.3, we have

By | (B0 (X = (00)s) 03] = Bs(0) B85 V)
< M |0s(U)|3
<2 (18513 + 19s(U:) - 85(U)I3)
<20 (0 +sL,%) = 0(1).

Let Tijx = Bi(U)0s(Un)T (X — py (Us))g (Xij — p1j(Uy)) for 1 < j < p and
1 <k<L,, then we have

1
- > Tk — EalT il |- (C.14)

H(Ih - IT)(;’,S)’Y(S)HZ <L, max
1€y

1<k<L,

In addition,

By {(T; jx — E[T; j&])* exp [T jx — Ba[T; i)l }
<Eq1 {T71, exp [0 |T; j& — Ba [T i1} + (B [T k)]’ Eq {exp [T jx — Ea [T ji][]}
< exp(n[E [T j]l) (B1 {T75 exp 0| T jkl]} + [Ea[T5 k] Ea {exp [ | T jxl]}) -

Recall that El[(X” — [Llj(Uz))(X — “1(Uz))|Uz] = Ej,S(Ui)a we have

B\ [T 0] <Ex [BEU)Bs(U)T (X = (V) g (Xij = o (U)]

05(U) "2 5(U)
<A1 sup [|0s(u)|2E [B}(U)]

u€[0,1]

<E|Bi(U)

<L
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Denote H; = 05(U;)T (X — p,(Us)) - Applying the second assertion of Lemma
A.2, for any n > for sufficiently large C' > 0, we have

By {775 exp [n|T; 5k 1}
< B {(Bi(U)* (Xij — g (U)2H exp [l (Xij — 1 (U:) Hill}

< B | (B0 (2 (X =y 021 e[

SE[(Bi(U))?] S Ly

]

In fact, we also used the fact E[H?(U;)|U;] and E[(X;; — p1;(U;))?] are both
bounded. Moreover, for n = 1/(2C A1) for sufficiently large C' > 0, it holds

E, {en\Ti,jkl} <E, {en\(xifw(w))ml}
<E, {en | X i =15 (U3)] +H2\>}
<E, {(]E 277|ng i ( i)\Q}Ul} E, [62n|Hi|2|UiD1/1
o).
Combing the results above, we conclude that
Ey {(T;.j1 — E[Tit])* exp [0 | Tij — E[Tijell]} S L

According to Lemma A.1, we are guaranteed that

1
P (max ng) >1—L,p Y.
3k nL

In conjunction with (C.14), it follows that

" - L,logp _
P <1rgax H(I}1 _ II)U,SW(S)HQ < ,/”Tg> >1— L. (C.15)

For Ij, and I};, we have

. ZTJK‘ El[Tdk] S
i€y

1 n
1 ~
H(Iu)(g‘,s)’Y(S)H2 < L, 15%?2” o ZEUk ) (C.16)
and
1 n
1 ~
[@arosFio |, < Lo, 1230 Pn (@17
where

By ji = Bi(Us) (X — 11 (U)0s(U:) T (11 (Us) — po(U3)) g
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and
Fije = Bi(U) (X — p13(U:))0s(U3) T (X — py (U3))s -

Due to the fact that Zle(ﬁ(Tl)B;‘)Q < 1, we can verify that
2 2
max {El (EzjkenlEi,jk‘) JEq (F,L'%jkeani,jH) } < L;l.
Combining with Lemma A.1, (C.16) and (C.17), we are guaranteed that

- - Ly,logp _
1 1 n 9
(s (oo, « 9sriol, = 227) 21 .

(C.18)
For

By -T2 = o 37 [ (00) — alU0) (12 (U) — pa(U2) ] @ (BLB])
1€y

B[4 (U) ~ w0 (12 () ~ pa0)) ] @ (BB},

it is easy to obtain that

1_, -
(I}, — 513)(3',3)’)’(5)

/L1
P (max < ﬂ) >1—Lyp 7. (C.19)
1<5<p ) n

Combining (C.16), (C.18) and (C.19), we have

Lol _
g,/ﬂ) 1oLyt (C20)
9 n
L7ll —
< ,/ﬂ> >1-Lyp~". (C.21)
9 n

Step 2. upper bounding max;<j<, ||(I3 + I3 + I3 + I3 + I; + Ii)(j,sﬁ(s)ﬂz
Recall that

T
I —1I; - 513)(3',5)’)/(5)

P | max
1<5<p

Similarly, we also have

T
I -1;— 513)(1‘,5‘)7(8)

P | max
1<j<p

=

L= oo 3 {[(X: - pU) () -
i€l

(U)7] @ (B:B])}
+ % > {[(Xz' — u(U))((Us) — p(U)) ] @ (BiBiT)} :

1€To
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then we have

(T3 + Ig)(j,Sﬁ(S)\b

1 N ~ N
<L,  max oo ;(Xij — 1 (U)Be(U)O(U:) § ((U;) — pw(Uy)) s
i€Ty
1 " ~ N
+ Ln  Jax ‘% ;(Xij — 2 (U) B (U)O(U) § ((U;) — m(Uy)) s
i€Z>
VL LS GnU) = = 3 Ga(U)
n lgl}:%}in an < i,7k\Yi in < i,7k\Yi)|
1 1 2 2

where Giye(U) = (s (V1) - 12 (U:) BE(UDOWU) § (A(U3) — p(Uy))s. Notice
that

BN LU — p(U)s = S (6 — &) Bdi(Uh)
=1

+ > (@ By — m(U))6,(U;)
=1

= 6] (Vs —Ms) Bi+a@)l (MLB.).

where ﬁ_s = (ay, ..., a5) and ﬁ,s = (&, ..., &s). Then we have

o S0 (X — i (U BL) Y (V) — (U] (U)
i€y =1
< o Y206y — W) BLUIBWT (Vs ~ M) B
€Ty
o (X = g U B OB (MEB,)|.
i€y

From Proposition A.1, we know that ||ﬁ5 — M.SHF < V/sa,. By utilizing the
same chaining technique in Section D.3 to M. ¢ — M g, we can show that

- logp _9s
1 2\ < >1—_ ¥sLy
P (1??@ H(12 + Iz)(J,S)’Y(S)H2 S anlns o > >1-p : (C22)

Recall that

B
+
e
\
gl=
——
=
S
\
=)

(U)X — p(U:)T] @ (B:B])}

+ 5= > { [0 = BUNX. — u)] @ (B.B])} .
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Similarly, we can verify

1 2 =~ —9L,
P <1rgjaxp H(I3 + 13)@75)7(5)“2 < apLy —> >1-p e (C.23)

For

+ - > (W) = BU))(w(U) — B(U3) ] ® (B:iB]),
it follows from Proposition A.1 that
H(Ll; +L2;)(j,5)‘~7(5)H2
< Ln 1§k§ﬂa,‘lxgiﬁ2n Bk(Uz)[:u](Uz) e (Uz)]e(Uz)S(/'l’(Ul) “(Uz))S
< Luay mas [8(U)E(@(U:) — p(U0)s
1<i<
S Lnan max [[(A(U:) — p(Ui))sll, 16(U:) 52

< VsLyal,
(C.24)

holds with probability at least 1 — sL,p~?. Combining (C.20)-(C.24), we have

L, logp logp
wax [[(Dn —D)sYiellz S\ — = +anlns\[ ==

holds with probability at least 1 — sL,p~ Y — L,p~Y%L» — L,p~?. O

Appendix D: Proofs of auxiliary lemmas in Section C
D.1. Proof of Lemma C.1

Proof of Lemma C.1. We only prove the bound for 7Z;, and the case in 7y is
similar. Here we use E;[-] to denote the conditional expectation E[-|Y = 1].
Let SPL»—1 be the unit sphere in RPL» | we denote the 1 /8-covering set of
SPEn=1 by {vq, ..., un} with N < 17PLn) Tt follows that for any v € SPEn—1
there exist some v; such that ||[v — vlls < 1/8. Let Q; = Z,Z] —E\[Z,Z]],

then we have
Z Q’L n Z v, Qle

7611 i€y

< 2 max
1<I<KN

Note that
L Qi = (v] (X — m (U) © BY))) — B (v] (X, — 1y (U)) @ B))))
= [0 (Xi — i (U)? = Ea[9 (X — py (U))?
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where y(U;) = (1)) B} s oes (1) ) BY) T for v = () oo (1)) T Let

Rii = 0y(Us) (X — py(Uy)), then Ry ~ N(0,0(U;) "E(U;) o (Uy)) given U
and Y; = 1. Let o7 = v (U;) "2(U;)(U;), then we have o2 < Ao

E:[o7] < B [[20(UDIZUi)]12) < ME [|[20(U:)]3]
p 2 p
<MY E {(ua)Bf) } SLt D vl =17t
j=1 j=1

For n = 1/(8\2M>), simple calculation gives E;[e"%i:] = O(1). Using Hélder’s
inequality, we also have

E, (Rl% - El[RIQi])Q exXp (77|R12i - ]El[Rlzz]D}

<2exp (nEl [R?Z]) (]E1 [Rzliean,-] + (E1 |:R12i:|)2]}?‘1 {eaniD
U” T (B [2])’

<E; Ul2i (El [(Rli/O'li)S‘Ui} Eq [eanfiUi})l/Q] +L;2

4

4 R r2

SEy |opEy | e
L O

SE [o7] + L2 S L'

Invoking Lemma A.1, we can obtain that

1 — plogn
P — Q. < >1— = 9PLn
(mN w2V Q| S Ly ) 21

Next we prove the conclusion for matrix-vector-product. It suffices to show

that for any fixed v € Ranfl,
< M) <nL. (D)
n

1 ~
SN LT (ZiZiT _E, [zisz 5
Let »(U;) = (v(,yBj,...,v(,yB) T, then notice that

]P <
n
i€y
P)

v' Z.2[ 3 =v" (Xi —m(U;) @ B)7' (Xi — py (Uy)) ® By)
= VLo (Xi — py (U3) T B(U) (X5 — g (U3)) T O(U).
Denote R; = (X; — py (U;)) " &(U;) and S; = (X; — py (Uy)) ' O(U;), then
Ri|U; ~ N (0,5(U)TS(U)B(U)), SilUs ~ N (o, E(Ui)TE(Ui)E(UiD .
Also, we know that E; [R?|U;] < \; and E,[S?|U;] < \p since ||(u)|2 < 1 and

sup 16(w)ll> S 16" ()]l + VBL* = O(1),
u€e(0,1
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which is true due to the assumptions sup,¢(,1) 67 (u)[2 = O(1) and NI
o(1). Using Holder’s inequality, we have

E,q [(Risi —E; [RiSi])26n\RiSi_El[RiSi]|}
<2exp (nfEs[R;Si))) (Bn [R2S2eMS] 1 (B, (R Si)) By [en7:5))
SEy [R2 82615 4 By [R2)E [SP]E, [ee5:1] (D.2)

Denote o2 = v(U;) " 2(U;)v(U;). Then applying Lemma A.2 and moment for-
mula of normal distribution, it holds that

E, {R;*e?’ﬂﬂ"i‘ Uz} < 32e27°9% ((no?)* + 6(no2)20? + 30

Sol = (BU)TEUHW)",
where the second inequality holds since o; is bounded. Similarly, we can also
verify that

Ui] < (é(Ui)TE(Ui)é(Ui))Q.

E, [S;le?msi\

It follows from 8(U;) T (U;)0(U;) is bounded that

)

Ui] By [ste2ls

E, [R2S2e1R:S] — By (B, [R2S2enIFes

1/2
u])"
L |EO)TEO)EW) (0W)TEUHEUY)) |
v(U;) "B (U (U;)]
[ZO3] < L (D.3)

Then we take n = 1/(CA1) for sufficiently large C' > 0, it holds that

<E {(El {R?ezn\m\
[

IR
& =

E, [eanisi\} < (E1 [en(R?+s?)D < (E1 {ean?} E, {627151'2})1/2 = 0(1). (D.4)

Substituting (D.3) and (D.4) into (D.2), we have
E, [(Risi - ]El[Risi])267’|R"Si7E1[RiSi“] SLh

Applying Lemma A.1 again, we can prove (D.1) immediately. |

D.2. Proof of Lemma C.2 and C.3

Proof. The proofs of Lemma C.2 and C.3 are similar, here we only prove Lemma

C.2.
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For the first assertion for operator norm of matrix, it suffices to show for any
fixed v € SPL»~1 and & € SPL»—1 such that

LS T I~ U) a(U) — i (U) T] @ (B.B]) &

n
€Ty

< Ly 22T

n

holds with probability at least 1 — n="PL». For v = (Vz—l)w--,'/a:)) and £ =
(52—1)7 aéag)), we write

v(U;) = (V(Tl)Bf7 ...,I/E;J)B;‘)T7 EU;) = (58)3;’ ___75&)B:)T.
Then we have

v { (X = 1y (U) (11, (U3) = 1 (U))T) @ (BiB] ) | €

= Ln(E(U:) " (11 (Ui) = po(UN)))2(U:) T (X — g (U2))].

Let
T; = (§(U) " (11 (U) = po(U)[B(U) T (X — g (U))),

and o? = v(U;) " 2(U;)v(U;), then for n > 0 it holds that

. ~ 2 o UNT (X .
Eq[T2e" 7)) <y [(V(Ui)T(Xi—Hl(Ui))) v Us)  (Xi—py (Ui))]
2

770,2

<2E {e 7 (o7 + ¢20f)}

SE[IzW)IE] < L

where the first inequality follows from |€(u)T (py(u) — py(u))| is uniformly
bounded. By Lemma A.1, we are guaranteed that

For the assertion for matrix-vector-product, it suffices to show

1 T T T = pLylogn
~ 2 v (X = (U))(y (Ui) = pa(Ui)) ] @ (BiBi )y v| S\ ————

holds with probability at least 1 — n~"PL»_ Notice that

v {IXs = 0 (U)) (1 (U:) = (U3) ] @ (BiB]) } 5

=L (U T (X = 1y (U) (00T (s (U) = paU))
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and

O (1 (U9 — (U] < by sup [[B(w)]la = O(1).

Denote R; = (5(U;)T(X; — py (U3))) (G(Ui)T(ul(Ui) - uQ(Ul-))) Then we can
get
E, [R?eanil] S Er [(E(Ui)T(Xi - Hl(Ui)))z e”lﬂ;(Ui)T(Xi*"l(Ui))l]
SLy

Applying Lemma A.1, we can prove the desired result. O

D.3. Proof of Lemma C.j

Proof. Let M = (Ml, ...,Mp) € REn*P where the j-th column M; = (ay; +
agj) and

ay, = (E[BBT])% EBX,[Y =1], &y, = (E[BBT])AE[BXHY —0].

Similarly, we denote M = (1/\\/11, ceny ﬁp) € REnXP | where the j-th column 1/\\/Ij =
%((/)\élj + an) and

ajj= <% Z BiBZT> % Z B;X;j, as; = (% Z BiBZT> % Z B;X;;.

€Ty €Ty i€Zs i€Zs
Recalling the approximation error bound in the proof of Proposition A.1:

sup |ay;B(u) = py(u)] S L% sup |an;Bu) — pgy(u)| S Ly,
u€0,1] u€[0,1]

It means that ||MTBZ- — pU)|2 £ PL;? In addition, we define the good
event:

A::{Hf\\/lj_l/\v/[j\bgan: forlﬁjﬁp}a

where a,, = 1/ @—FL;C[. By Proposition A.1, we know that P(A¢) < L,n~".
Next we prove Lemma C.3 under the good event A.

We first prove the bound for the operator norm of the matrix. Let A; =
[((U) —p(U)) (X i—p1 (U:)) T|@(B; B, ). According to the proof of Lemma C.1,
it suffices to show that for any fixed v, & € SPE»~! such that

‘l T 0T Aug] < anz82py /"
n n

i€Zq
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holds with probability at least 1 — n~?PL»_ Notice that

'% S vTAE = Lo |- S @0 - pO)E (X - m(Uim‘
1€y i€y
< Ln % Y L&) (X — m (U)E(U)T (M7 B, — u(Ui))]’ (D.5)
i€y
Lo ST (X~ U)P) T (M- M) B,
€Ty

where B(U;) = (v}, By, ... v, B])T and &(U;) = (£()B;, ... €,y B})T for v =

(l/a), ...,VE;))T and € = (52—1), ...,52;,))—'—. Also, we know that

EUNT(Xi = m (U))U; ~ N (0.8 TEWEWS))

Denote T; = [E(Ui)T(Xi - ul(Ui))][ﬂ(Ui)T(ﬁTBi — (U;))]. Apply the second
assertion in Lemma A.2 with any constant > 0, we get

E, [Tizemm' <E, [Tizemz(uimxifm(Uf,m]

~ 2 ~ T
S oL | (B0 (X, - (i) EOT Cemm ]

<ol A (E(Uiﬂz(w)’é(m)w (E(zfi)Tz(Ui)’é(Ui))Q)]

< pL;E [EU) TE(UIEW)| S L L,

where we also used the fact

p
EU)TRWUHEWU:) < MIEUIE < MIBIIEY Ivpl3 < Av.
j=1

Applying Lemma A.1, we can verify that

1 ~ ~ ~ L,logn
= YWD T (X~ (U)PU)T(MT B, = p(U)]] S pLyy | 2B,
i€l
(D.6)
holds with probability at least 1—n~"L». Next we proceed to bound the second

term in (D.5). We define a matrix set as

== {M c RLnxp . M2 < ay for j = 172’“_’p},

where a,, = O(y/Lylogn/n + L;%) and M; is the j-th column of M. For each
1< j < p, we may find a set {¢¢ € REn,1 << nMEr: ||¢°)2 < an} such that
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there exists some 1 < £ < nMEn satisfying that |[M; — ¢‘|la < n M /Lha,'. Tt
means that we can find a subset 2 = {M’:1 < ¢ < pMPLln} C E. And for any
M € E, there exists some 1 < £ < nPLn such that [|M§—Mjl|y < anv/Lyn= .
It follows that for any M € =

1

2 2 0O )0 T B
<2 CLONE S CCONLIRD
L1 DT (X = U0 (MY = M0) B
<|: CLONE PO CCONLIRD

)

+ ny/BLun M max [E(U) (X — pun (U3)

where the last inequality is true since

1/2
P

p(U)T(MY)TBi| < [Pz | D((MF—M;)TBi)* | < y/pLoann ™.

j=1

Let Vo = [EU)T(X: — py (U))][(U:) T (MY T B}]. Then we have

LS B W)X - U)W T (M - M) B
i€l
< sup | STEU) (X - i UD)P(U) ™M B (.7)
(S i€l
= I<eSnitpLn % Z Vei| + any/pLyn ™" /logn,

€Ty

where the last inequality follows from the bound for the maximal of n inde-
pendent Gaussian random variables and the variance of £(U;) T (X; — pq (U;)) is
bounded almost surely. Notice that

EU)T(Xi = m(U))IU ~ N (0.EU)TSBUEW)

where E[€(U;)TS(U)EU:)] < L' and E(U;)TS(U;)E(U;) is almost surely

~

bounded. Using the second assertion of Lemma A.2 with any n > 0, together

M

IFor each coordinate of M;, we can divide the interval [—an,an] into n™ small intervals

with equal length 2an/NM.



5430 Y. Bao and Y. Liu
with | MD(U;)|2 < MY p||2(Us)|l2 < /Pan, we can verify that
e [vaer] < s,

Applying Lemma A.1, it is easy to show

LS W) (X~ U)E) T (MY) B
€Ty

max
1<4<nMpLyp

/L, 1
Span n 08T
n

(D.8)
with probability at least 1 — n~?EnP_ By choosing sufficiently large M and sub-
stituting (D.6)-(D.8) into (D.5), we can finish the proof.

For the case in the matrix-vector-product, we notice that

v AA = VL [0U) (X — u (UNPU) T (M B; — u(U3))]
+ VL [0U)T (X — py (U)][P(U:)T (M~ M) By).

By utilizing the same chaining technique and applying Lemma A.1, we can prove

[logn
Z VTA17 S anLyp ;gl

1611
holds with probability at least 1 — n~?PL»_ Then we can finish the proof. [

D.4. Proof of Lemma C.5
Proof. We prove Lemma C.5 under the good event A defined in Section D.4.

We prove the bound for the operator norm of the matrix, and ¢2 norm bound
for the matrix-vector-product is similar. It suffices to show that for any fixed

v, & € SPEn=1 guch that
i e (P ).
n n

Ly e Ly viaw

7,611 ’LGI
holds with probability at least 1 — n~"PL». To simplify notations, we denote
8(U;) = py (Us) — p5(U;) and write fu(u) = M7 B(u), where the j-th column of
M equals to (a1 + @25)/2. Recall the definition of G(U;), we have

G(U,) = (6(U)(ﬁ(U) )" ) e (B.B])

< ~M"B(U; ))T> ® (BiBiT)

G1(Us)
n (6(U1;) (ﬁTB(Ui) . u(Ui))T> ® (BiB,LT) .

G2(U;)
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It yields that

- Z v G(U;)E - = Z v G(U,
z€I1 zeIz
1 1
S E Z VTGl(Ui)S — E Z I/TGl(U
i€y i€T, (D.9)
Iy
1 T 1 -
+ —Zl/ G2(Ui)£__ZV Gl(U
n i€Zq n i€Zy
I,

Denote &(U;) = (v By, ..v ), B;)T and &(Us) = (&) B}, ... £,y B})T. Then
we have

VTG0 = (0T 8w) (BT (V- 3) By ) =i (M- M),

—

Here we use the same notation E in Section D.3. From Proposition A.1, we
know that

1 —~ —~ 1 —~ o~
= S () S ()
< sup %;mm—%gbﬂ(M)‘
- sup %iEEIjl(TZ-(M)—Em(M)D—%ié(n(M)—Em(Mm’
1
< o o - zimaal g |5 mon s o)
e (D.10)

In fact, the second equality holds since the randomness of T;(M) is from U;
and U; is independent of Y;. Using the facts | B;lla < Ly, |6(Us)|l2 < 6p,
Hﬁ( )le < 1and ||[p(U;)|2 <1, and following the chaining arguments in Sec-
tion D.3, we have

+ an/pLyn™™,  (D.11)

H11 < max
1<t<nMpLn

n LS (M)~ [T (M)

i€y

where a,, = O(y/L,logn/n + L;%). In addition, notice that

(E[T; (M)])" < E[@(U:) T6(U:)2E[EW:) T (M*) T B;)?]
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<E [[9(U)B18(U) 3] E | IMEW)I311B; 3
< poparE [[o(U3)]13]

p
< popaE [Z |Vj|§||BZ‘||§]

j=1
< pi2a2 L1

pYntn >

and

B (12 (M) = | (5(0)8(00)" (6007 M) ;)|
< pa2E [ ((U) T 5()))’]
< pdla’Lt.

pYntn

In fact, we used [M‘E(U;)[3 = M| 2]€(U:)|3 < pan and ||By||3 < Ly in the
relations above. Thus we have

B | (7 (M) - B [1; (M) O) 0 ()
<oenEIT: (M) {]E [Tiz (M) T (MZ)] T (&1 (MY)])*Efe= T ()] ]}
<E[77 (M)] + (B[1: (M)’
<9E {(ﬂ(Ui)Té(Ui))Q (E(Ui)T ()" Bi)Q]

SPLaZE [(B(U)T6(U0)°] < pLudZaZE [|5(U:)]]

P 9 P
SanégaiZ]E |:<IIE;)B:> ] < poa Z w13 = pélay.
j=1 =1

where the second inequality holds since T; (Mz ) is bounded. In accordance with
Lemma A.1, we obtain that

logn

P <H11 < paanL/2 + 2an\/§LnnM> >1—n ke, (D.12)

n

Similar bound also holds for IIj5, in conjunction with (D.10)-(D.12) and proper
choice for M, we are guaranteed that

1
P <H1 < panL3/?y ﬂ) >1—n Pk, (D.13)
n
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Now let W; = (B(U:)T8(U3)) <E(Ui)T[MTBi - u(Ui)]), then it follows from
the dependence between U; and Y; that

<= Wi—E[Wi| + %ZWZ-—E[WZ-] :

€Ty

Since W; is bounded and sup,, ‘MIB(U) —p;(w)| < L4 < an, we have
E | (W; — E[Wi))? MW EWI] < BW2] + E[Wi))*
< GE[MB; — u(U)[3IEW)I13]
< 3E[sup M B(u) — () [31EU0) ]
< 5§paiL;1.

Applying Lemma A.1, we get

N
P <H2 S pan —Ogn> >1—n Pk (D.14)
n

Plugging (D.14) and (D.13) into (D.9), we finish the proof Lemma C.3. O

Appendix E: Iterative shrinkage thresholding algorithm

Next we take ISTA as an example to illustrate the optimization procedure to

solve (2.9). Denote g(v) = %'yTDn'y — bI’y. Given a point v € RPE» ISTA

approach updates the solution through solving the following subproblem

Y+ =Qn(v)

zERPLn

. 1 -
=arg min { g(v)+(z—7) Vg(v) + %Hz =703+ An Z 12y ll2
j=1

z€RPLn

. 1 <
—arg_min 5. > llzg) = (v = V()3 + Anllzg 2 ¢ 5
j=1

where 7 is the step size. The solution of the subproblem is given by the soft-
thresholding operator, that is

(v =1V9(7) )
(v =1Vg()) ) ll2
The step size 7 is determined by a backtracking line-search [2] such that

(Yo = ” max {0, [|(v = nVg(¥))llz2 = nAn} -

9(v) S gv) + (vy =) T Vg() + %IIM — 3.

Another simple choice for 7 is 1/||D,||2, whereas it usually leads a very small
step sizes and slow convergence [28]. For the ease of reference, we provide the
detailed procedure in Algorithm 1.
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Algorithm 1 ISTA with backtracking line-search

Input: Initial point 79 € RPLn number of iterations T, shrinking rate p € (0, 1), initial
step size g € (0,1).
fort=0,1,...,7 —1do

Compute the gradient: Vg(v?) = Dpyt — by, _
Find the smallest nonnegative integer i; such that with n = p*tn:_1

9(@n(1") < 9(v) + (@n(r") — 4 TVa(r) + %nczmt) — 2.

Set 1 = p'tni—1 and update vi ! = Qp, (v%).

end for
Output: The final solution v .
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