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1. Introduction

Functional Data Analysis (FDA) and Functional Time Series Analysis (FTSA),
the research areas dealing with random functions resp. time series/processes of
random functions, have gained more and more significance. This is because con-
sidering random functions instead of vectors, provided the context allows it,
assures more accurate results. The extension on infinite-dimensional spaces is
enabled by ongoing developments in processing techniques, being unproblem-
atic for separable Banach spaces from a mathematical point of view, see [40].
FDA/FTSA find applications in economics [13, 14, 32, 47, 52], medicine [8, 56]
and other areas [4, 20, 42], and for extensive introductions, see [7, 19, 28, 31, 48].
In FTSA, analyzing the dependence within and between processes is of great
importance. If these are weak stationary, where mostly strictly stationarity and
finite second moments are assumed, this can be done with lag-h-covariance op-
erators resp. lag-h-cross-covariance operators, where the lag h indicates the time
difference of interest. Thereby, for articles that have dealt with stationarity of
functional time series, see [2, 15, 17, 29]. Another important subject of study
is Functional Principal Component Analysis (FPCA), see [24, 33], since FPCs,
the eigenvalues and eigenfunctions of the covariance operator, yield an efficient
representation.
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Related work Estimates for lag-h-covariance operators of stationary pro-
cesses in the separable Hilbert space L2[0,1] of measurable, square-Lebesgue
integrable real-valued functions with domain [0, 1] are widely studied for fixed
lag h, see, e.g., [7, 28, 31, 36, 44]. [49] developed covariance estimates in the space
of continuous functions C[0, 1], [59] in tensor product Sobolev-Hilbert spaces,
[43] for continuous surfaces, and [1, 12, 25] for general, separable Hilbert spaces.
[1, 25, 44, 49] constrained their assertions to autoregressive (AR) processes,
where [1] investigated random AR(1) operators. Thereby, [1, 7, 28, 31] utilized
classical moment estimators, [36] estimated the integral kernels, [25, 44] used
truncated spectral decompositions with estimated FPCs, and [59] used operator
regularized covariance estimates. Moreover, [51] studied covariance networks for
functional data on multidimensional domains, and [41, 60] dealt with covariance
estimation of sparse (multivariate) functional data. The limit distribution of
the covariance operator’s estimation errors was discussed in [35, 37]. A compre-
hensive study of lag-h-cross-covariance operators of L]0, 1]-valued processes is
conducted in Rice & Shum (2019, [46]) who established operator estimates and
deduced their limit distribution. Aue & Klepsch (2017, [3]) estimated lagged
covariance and cross-covariance operators of processes in Cartesian products
of L?[0,1] to deduce asymptotic assertions regarding estimators for operators
of linear, invertible processes in L?[0,1]. Enabling processes to have values in
Cartesian products was also handy in the study of AR(p) processes with p > 1,
see [7]. Also worth mentioning is that [53] derived bootstraps applicable to co-
variance and cross-covariance operators, that [45] focused on testing equality
of covariance operators, and [30] dealt with change point analysis of covariance
functions. Moreover, [5] discussed copulas to model the dependence structure in
arbitrary dimensions, and [16] discussed a similarity measure for second order
properties of non-stationary functional time series.

FPCA in L?[0,1] is also extensively discussed in the existing literature. In
[7, 28, 31, 35, 37] one finds asymptotic upper bounds of the estimation errors for
FPCs, estimated seperately and uniformly, in second mean and almost surely
(a.s.), and [61] introduced L'-norm FPCA.

Contributions This article studies, inspired by results in [3, 46] and Kiithnert
(2019, [38] and 2020, [39]), lagged covariance and cross-covariance operators
of stationary processes in separable Hilbert spaces, in particular of processes
in Cartesian products of abstract Hilbert spaces. To be precise, we analyze
processes Z& = (Zi)kez and ¥ = (% )kez defined for some m,n,p,q € N by

Fmri = Xontjpr - Xijp) 'y JEZ, (1.1)
resp. Znij = Ynijgr - Yiejq) s JELZ, (1.2)
whose elements come from stationary processes X = (Xj)rez resp. Y =

(Yk)rez with values in general separable Hilbert spaces. Important separable
Hilbert spaces are (L?(D))™, with bounded domain D C R™ and m,n € N
(see Example 2.1), and the space of Hilbert-Schmidt operators mapping be-
tween two separable Hilbert spaces (see Section 3.2). Also, Sobolev spaces
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Wk2(Q), with Q € R" denoting an open set and k,n € N, consisting of func-
tions f € L2()) whose weak derivates of order k have finite L? norm. The
use of successive stacking samples of time series, is, generally speaking, canon-
ical when dealing with time series whose modification obtained by ‘stacking’
satisfies managable equations or simplifies the initial representation, see Exam-
ple 2.2. Such an approach was used to estimate the operators of L2[0, 1]-valued
AR in [7], (G)ARCH in [38, 39], and invertible linear processes in [3, 38, 39].
Our specific definitions (1.1), (1.2) are useful in various scenarios. They en-
able reusing entries of Z} resp. % to enlargen the sample sizes when choosing
1 <p<m,1<q<n, where the largest sample size is obtained for p = ¢ = 1,
and 1 < p < m,1 < g < n allows observing only a certain season. The definitions
also enable successive stacking (realizations of) X} s resp. Y)/s without reusing
values by putting p = m, ¢ = n, and to bridge the time indices where (realiza-
tions of) X} s and/or Y} s are missing by an appropriate choice of p > m, ¢ > n.
Another advantage of our definitions are that our assertions hold also for pro-
cesses not obtained by stacking elements (see Example 2.1). The focus of this
paper is to deduce moment estimators for lagged covariance and cross-covariance
operators 6g.p, resp. Gaca.p, of the processes £ = (Z%)r and # = (%), and to
derive the asymptotic behaviour of their estimation errors. We also develop the
‘classical’ FPC estimates in our more general setting, and derive asymptotic re-
sults for the estimation errors for the FPCs estimated separately and uniformly.
Our results are stated for centered processes and for those having an unknown,
finite first moment. The lag and the processes’ Cartesian powers can be fixed or
increase with regard to (w.r.t.) the sample sizes, and the two processes in the
definition of the lagged cross-covariance operators not necessarily have to attain
values in the same space.

Structure The rest of this paper is organized as follows. Section 2 states
motivational examples. Section 3 outlines our notation, restates basic opera-
tor theory, defines our (lagged) (cross-)covariance operators as well as studies
their probabilistic features, and briefly reiterates concepts of weak dependence.
Section 4 deals with the estimation. Further, Section 5 conducts a simulation
study, and Section 6 summarizes the main results and outlines future research.
Moreover, Appendix A contains proofs, and Appendix B side results.

2. Motivational examples

The examples herein illustrate the use of lagged (cross-)covariance operators of
our processes & = (Z5)r and ¥ = (%), in different scenarios.

Ezample 2.1 (Fixed lag, fixed Cartesian powers). Investors of solar stocks of
European companies might be interested to measure the impact of the monthly
sunshine duration in central Europe (Fig. 1) interpretable as realizations of the
(four) share values of their portfolio (Fig. 2) one month ahead. Consecutive
observations of the monthly sunshine duration and monthly values of the four
shares can be interpreted as realizations of a process (X)x in L?[0,1]? resp.
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Fic 1. Graphs of monthly sunshine duration in central europe in March and April 2022,
retrieved from the homepage www.dwd.de of the German Meterological Service.
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F1a 2. Three consecutive realizations of a fictitious process describing the share values of four
assets of an portfolio, e.g., measured in EUR.

(Y3)r in (L2]0,1])*. By using (2%)x with m = p =1 and (%), withn =q =1,
the context in question can be described by our lag-1-cross-covariance operators.

Example 2.2 (Increasing Cartesian powers). For linear L2[0, 1]-valued processes
X = (Xp)g, ie. Xg = Z?io @1(eg—1) for all k, with ¢; denoting bounded, lin-
ear operators, [3, 38, 39] derived consistent estimates for all ¢;. The estimation
procedure was based on Yule-Walker equations consisting of lagged (cross-)co-
variance operators of processes, where (2}), with p = 1 was used, with the
Cartesian powers m = my; € N approaching infinity as the sample size M of a
sample X1,..., Xps of X did.

Ezample 2.3 (Increasing lag). When launching satellites which communicate
with ground stations or other satellites (see Fig. 3), one could wonder about
the impact of complex data transmission between the objects drifting apart in
time. The dependency of the sent satellite’s/satelittes’ to the received ground
station’s/stations’ or other satellite’s/satelittes’ information can be modelled by
(Zk)k for certain m, p resp. (%) for certain n, ¢, and can be described by our
lag-h-cross-covariance operators with increasing lag h = hys, v for increasing
sample sizes M, N of samples X1,..., Xjr and Y7,..., Yy of processes modeling
the individual elements.
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F1G 3. The European Data Relay Satellite System (EDRS) — a system of geostationary com-
munications satellites providing data transmission between satellites, UAVs and ground sta-
tions. Photo from https://www. esa.int/ESA_Multimedia/Images/2016/02/Inter-satellite_
laser_links

3. Definitions and basics
3.1. General notation

For any set B, we write B¢ for the complement of B, and 1p(-) for the indi-
cator function. Moreover, |-| and sgn(-) denote the floor resp. sign function,
and for any # € R,z = max(0,z) denotes the positive part of z. Further,
we write a V b := max(a,b) and a A b := min(a,b) for any a,b € R. For se-
quences (ap)n, (bn)n C (0,00), a, ~ b, < Z—n — 1, the common asymptotic
notation is denoted by o(-),O(:), and (for n — o0) a, = w(b,) < by, = o(ay)
and a, = Q(b,) & b, = O(ay,), and E(an,b,) = w(ay) No(b,). Oy denotes
the identity element of addition of a vector space V, Iy : V. — V the iden-
tity operator, and operator throughout means linear map. On Hilbert spaces
we assume the norms to be induced by their inner product. For a separable
Hilbert space (H, (-, )n),z L y< (z,y)y = 0 for z,y € H. Scalar multiplica-
tion and vector addition on H" == {(x1,...,z,) |21,..., 2, € H}, with n € N,
are defined componentwise, so (H™, (-, )yn) with (@, y)pn = > i {Ti, vi)n
for ¢ = (z1,...,2,)%, ¥y == (y1,...,yn)T € H" is a separable Hilbert space.
Our random variables are defined on a common probability space (2,2, P).

X £V denotes equally distributed random variables X, Y. For processes (X, )n
and (Yn)n, Xpn = Op(Y,,) (for n — oo0) means (X,,/Y,)n is asymptotically IP-
stochastic bounded. For p € [1,00), LY, = L% (2, A, P) is the space of (classes
of) H-valued random variables X with v,3,(X) = (E[|X|[5,)"/? < oo, and a
process (Xj)y, is an L%, -process if (Xy), C LY. Moreover, X € L3, is centered
if E(X) = 0y for all k with expectation in Bochner-integral sense, see [31],
p. 40-45, and centering of X € L}, is denoted by X’ := X — E(X).
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3.2. Basic operator theory

Here, we state useful spaces of (linear) operators between Hilbert spaces, see
[18, 21, 57, 58] for thorough overviews. Throughout, let (H;, (-, )3, ) denote real,
separable Hilbert spaces for ¢ = 1,2. The space of bounded operators mapping
from H; to Ha will be denoted by Ly, #,, with Ly, = Ly, 3,, where an
operator A: Hy — Hy is bounded if |[Al[z,,, 50, = SUP|ja)),, <1 [|A()]|3, < 00
Such operators are continuous, and (L3 34, | - |24, +,) 18 @ Banach space.
We denote the subspace of finite-rank operators of Ly, 3, by Fp, n,, with
Fr, = Fp, H,- A" denotes the adjoint of A € Ly, 3,, with A* € Ly, ;.
A crucial subspace of L4, %, is the space of compact operators mapping from
Hi to Ha, where A € Ly, 5, is compact if A maps the unit ball of H; to
a compact set in Ho. Such operators possess the singular value decomposition
A =37 5i(e;® f;), with 2 @y = (x, )3,y for © € Hy,y € Ha, where () jen
and (f;);en are complete orthonormal systems (CONSs) of Hq resp. Hs, and
(sj)jen the monotonically decreasing zero sequence of non-negative numbers, the
singular values of A. Their decay rate is interpretable as a regularity measure

of A and can be expressed by the p-Schatten-norm ||A||, == (Zjoil s?)l/p for
p € [1,00), where [[A|l, < [|Allq for p < q. (A7, 34,51 - [|p) is a Banach space
for p € [1,00), where .7 ,, = {A € Lo, 7, |Allp < oo} is the p-Schatten-
class, with 47 5, C A7 4, for p < g. The essential classes are Ny, 3, =
S5t s WIh Ny, = Nag, a0, |- |y e, = || - (115 and Sy 0, = 77, 4, with
Sy = Sy s I llss, w0, = |I[|2; the spaces of nuclear/trace class resp. Hilbert-
Schmidt operators. For any CONS (e; ) en of Hi, the trace of A € Ny, is defined
by tr(4) = Z;‘;1<A(ej), €j)Hy> and (Sa, #Has (s ) Sy, 2,) 1S @ separable Hilbert
space, with the inner product defined as (A, B)s,,, ,,, = Z]oozl (A(ej), B(ej)) s
for A, B € Sy, 7,. From this inner product can be derived

<.’13 & x/,y ® y/>$H1,H2 = <x,y>'H1<$/a ?/)7-[27 x,Y S Hlv .’17/, y/e HQ- (31)

Furthermore, on H; := L?[0,1], an integral operator A: H; — H; is defined by
the Lebesgue integral (A(z))(¢) == fol a(s,t)z(s)ds for any x € Hy,t € [0,1] if it
exists, where a: [0,1]2 — R is a measurable function, the (integral) kernel of A.
Such an operator satisfies A € Sy, if and only if folfol a®(s,t)dsdt < oo.

3.3. Lagged covariance and cross-covariance operators

Here, we formally define (cross-)covariance operators and their lagged versions
on real, separable Hilbert spaces, denoted by (H;,(:,-)3,) for i = 1,2, and
outline some of their features (see [7] for these operators on Banach spaces).

Definition 3.1. Let X € L%_Ll and Y € LZAZ. Then, the covariance operator of
X and the cross-covariance operator of X,Y are defined by

¢ =E(X'®X') resp. txy =EX'@Y).
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For centered random variables X € L%ﬁ and Y € L%{y (cross-)covariance
operators possess the following features, see [7] and also [31], sections 7.2-7.3.
Firstly, éx € Ny, is a self-adjoint, positive semi-definite operator with

1€x ] In, = BIXI[, (3-2)
Cx = ZCj(Cj ® Cj), (33)
j=1

where (c;);en is the without loss of generality (w.l.o.g.) monotonically decreas-
ing, non-negative, absolutely-summable eigenvalue sequence, and (¢;);jen the
related eigenfunction sequence of €x which forms a CONS of H;. Moreover, for
the cross-covariance operator holds €x y € Ny, w,, 65 y = Cv,x € Ny, w1y

HCgX;YHN’Hl,Hz: ||(£Y;X||NH2,’H1 < EHX||H1||YHH27 (34)

independence of X,Y = Gxy = 0ry, 4, (3.5)

and if Hl = Hg,%)@y = OL'Hl implies E<X, Y>f;.[1 =0.If 7‘[1 :HQ = LQ[O, 1],%}(
and %x y are integral operators with kernels kx (s,t) == Cov(X(s), X (¢)) resp.

kx vy (s,t) == Cov(X(s),Y (t)),s,t € [0,1]. Further, for centered random vari-
ables W, X € L%_Ll and an operator A € Ly,, holds

Cwix = 6w + Cwx +Cx,w + Cx, (3.6)
Caix) = AGx A, (3.7)
and if W, X € L%l,Y, YAS L%_b are centered, and A € Ly,,B € Ly,
CWix,y+z = Cwy + Cw,z + Cx,y + Cx,z, (3.8)
Cax),B(y) = BCx yA" (3.9)

In order to define the functional counterparts of the auto-covariance and
cross-covariance function, the lag-h-covariance resp. lag-h-cross-covariance op-
erators, given processes not necessarily have to be strictly, but weak stationary.

Definition 3.2. Let (Xj)rez be an Hi-valued process.

(a) (Xg)g is (strictly) stationary if (Xgy+hy---, Xk, +h) 4 (Xgyyeoor Xi,))
holds for all k1, ..., k,,h € Z where n € N.

(b) (Xi)k is weak stationary if it is an L3, -process, if B(Xy) = ¢ holds for
some c € Hy for all k, and if Cx, x,= Cx,,x,_, for all k,1.

(¢) (Xk)k is an Hi-white noise if it is a centered L3, -process with B|| X||* >
0 for all k, if €x, does not depend on k, and if €x, x, = Or,,, for k # 1.

(d) (Xk)k is a strong Hy-white noise if it is a centered, i.i.d. L, -process with
|| Xl > 0.

Definition 3.3. Let X = (Xp)rez C L3, and Y = (Yi)rez C L3, be weak
stationary processes, and let h € Z. Then, the lag-h-covariance operator of X
and the lag-h-cross-covariance operator of X,Y 1is defined by

Cx:h = Cx,,x, resp. Cxy:h = CXo,,-
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z=Kkg(s,t)
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FI1G 4. The integral kernel ke(s,t) in (3.11) for s,t € [0, 1].

We also call the lag-0- covariance operator of X, and write €x = €x:.

Remarks 3.1. The features of (cross-)covariance apply to lag-h-(cross-)covariance
operators. Thus, ‘K)Zh = ¢x.—n and ‘@;Y;h = Gv.x;—p for any h, €x; = Oty for
h # 0 if X := (Xj)x consists of independent variables, and if X = (Xy)p, Y =
(Yx)r are independent, €xy:n = 0zy, w0, Further, if Hy = Ho = L?]0,1], the
lag-h-(cross-)covariance are integral operators with auto-covariance resp. cross-
covariance function as integral kernels, which justifies to have the expression
‘(cross-)covariance’ in ‘lag-h-(cross-)covariance operator’.

Now, we illustrate a specific covariance operator. For further examples and
sketches, see Section 5.
Ezample 3.1. Let H := L?[0,1], and let € := (g )rez be a process with

_ Zr+ Bi(t) as
vitt 7

where Zj, ~ N(0,1), By, = (By(t))tc[0,1] are Wiener processes, and the random
variables ...,Z_1,B_1, Zy, Bo,Z1,B1,... are independent. Then, (e)kez is
an i.i.d., centered L} -process with o(t) ~ N(0,1) for all ¢ € [0,1], and for the
integral kernel ke,o = ke of €¢,0 = % holds

ke(s,t) = Cov(eo(s),e0(t)) = ,/%7 Vs, t € [0,1]. (3.11)

et : Vk e Z, Ve o,1], (3.10)

3.4. Functional AR processes

In this section, we recall functional AR(1) processes and their properties (see
[7]), which we utilize in our examples and simulation study. Let (H, (-, )3) be
a separable Hilbert space. Then, a centered H-valued process X = (X )gez is
an autoregressive process of order 1 (AR(1) process) if it satisfies

Xk :a(Xk,1)+5k, Vk € 7Z, (3.12)
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with a € L3, and where € := (ex)kez is an i.i.d. H-valued process or an H-white
noise. Here, we impose ()i to be a strong H-white noise. If for some d € N
holds ||a?||z,, <1, (3.12) has the unique stationary solution

Xy =) aler), VkeZ,
1=0

which converges a.s. as well as in L?_[, where o stands for the identity operator
I . Moreover,
Cxn = a"Gxo, h >0, (3.13)

where 6x.o can solely be described by %¢,0 and a through

(fx;o = Z ai%;oa*i. (314)
i=1

Remarks 3.2. For extensive works on functional AR(MA) processes, we refer
to [7, 54] and [1, 9, 11, 12, 23, 25, 44] from a technical point of view, and to
[14, 34, 50] for methods combined with applications.

3.5. Weak dependence

In order to derive estimators in the context of time series, usually some form of
weak dependence is required. A frequently used form is LP-m-approzximability
developed by Hérmann & Kokoszka (2010, [27]).

Definition 3.4. Let (H, (-, )%) be a separable Hilbert space and let p > 1. Then,
a process (Zy) ez is Ly, -m-approzimable if it is an LY, -process with

Z, = f(esenr,-..), VREL, (3.15)

where (e )kez is an i.i.d. process with values in a measurable space S and where
f: 8% = H is a measurable function, such that >~ Vpu(Zm— Zmm) < 00,
with vy 3(-) = (E|| - |[5)/? and

Ziym = f(Eks €1, s Ek—m+1, Ek—mik Ek—m—Tiks - - )5 (3.16)

where ()5 are independent copies of (ex)r for each n.

Hence, Ll;_t—m-approximability of a process means it is causal w.r.t. another
process, that is (3.15), and approximable by an m-dependent process so that
the approximation errors measured by the L% -norm v, /() are summable.
Also, (3.15) yields stationarity of (Zx)x due to [55], Theorem 3.5.3, and (Zk.m )k

are stationary, m-dependent processes for each m with Zj.,, 4 Zy, for all k, m.
This type of weak dependence is, due to its definition based on m-dependence,
particularly feasible for transformations when verifying asymptotic upper
bounds. Further, Lemma B.1 shows that L*-m-approximability of (X3)s and
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(Y% )r transfers to our processes (2% ), and (%) implying L2-m-approximability
of (Zr ® #in)k. Moreover, it can be shown that LP-m-approximability for
p = 2, thus for any p > 2, implies that the long run covariance operator defined
as follows exists.

Definition 3.5. Let Z = (Zy)rez be a weak stationary L%{—pmcess. Then, the
long run covariance operator is defined as ), ., Czi if it exists.

For the estimation of these operators, see, e.g., [6]. Further, one can show (see
[7], p. 87-88 for centered functional AR(1) processes) that for any stationary
L%,-process Z = (Zy,)kez holds with 7} = Zj—mg for any j:

132 |, = 3 B2 20 (3.17)
kEZ Hookez

Ezample 3.2. Let X = (X), be a centered, H-valued AR(1) process as in (3.12)
with |[a|z,, < 1. Then, the long run covariance operator ), ., Gx.x exists, be-
cause (3.13), 6x, = Cx;—n and ||Cxnl|n;, = ||Cx pl|n, for all h, submultiplicity
of the operator norm, ||¢x:;||x; = E||Xol|3, = ¢ < co and further basic conver-
sions yield

D Gl =1%ol +2 ) 16lln,

keZ k=1

< liollni (12 llall2,, )
k=1
1
_ Ltlladley _
1= lalles

4. Main results

This section dedicates to the estimation of lagged covariance and cross-covar-
iance operators of UY™- and V"-valued processes for m,n € N, and additionally
of the FPCs, where (U™, (-, )ym) and (V™ (-, )yn) are real, separable Hilbert
spaces coming from real, separable Hilbert spaces (U, (-, -)7) and (V, (-, -)p).

4.1. General assumptions

For our processes in Section 1 we throughout impose the following.

Assumption 4.1.  (a) The entries in (1.1) are elements of a stationary L2-
process X = (Xp)rez. X1,..., Xy is a sample of X with M > m, thus
Zms-- o Xz with M = My = LWJ + m is a sample of £, and the
sample size is A = My = My — m + 1.

(b) The entries in (1.2) are elements of a stationary L},-process Y := (Yi)rez.
Y1,..., Yy with N > nis a sample of Y, thus %, ..., % with A4 = Ay =
L%J +n is a sample of %, and the sample size is A = My = Ay —n+1.
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Our model also allows the numbers describing the ‘degree of reuse’ p,q of
given variables and the Cartesian powers m,n to depend on the sample sizes.

Assumption 4.2. Let p* ¢* € N. The sequences (pi)ren, (qx)ren € N of the
variables describing the ‘degree of reuse’ in Assumption 4.1 satisfy

(a) p=py — p* or p=py = Z(1, M) for M — oo;
(b) g=av — ¢* or ¢ =gy = E(1, N) for N — oo.
2 (a

From the Assumptions 4.1—4 ) and (b) follows

M= My ~p M resp. N =My ~q 'N. (4.1)

Assumption 4.3. Let m* n* € N. The sequences (myg)ren, (nx)ren C N of Carte-
sian powers in Assumption 4.1 satisfy
(a) m=mp —m* or m=my ==(1,.#)=Z(1,p M) for M — oc;
(b) n=ny - n* orn=ny =Z(1,4) =Z(1,¢ N) for N — oo.
The time difference where some random variable has a certain effect on an-
other one, i.e. the lag h € Z, could also change over time or the sample size as
follows.

Assumption 4.4. Let h* € Z. The sequence of lags (hy)neny C Z fulfills

(a) h="hy — h* or h=hy =E(1,.4) =Z(1,p M) for M — oc;
(b) h=hy — h*or h=hy =Z(1,4) =Z(1,¢g'N) for N — oo.

In order to specify the asymptotic behaviour of our estimation errors exactly
without demanding too much, we impose the following summability conditions
for our processes X =(Xp)r, Y = (Yi)r in Assumption 4.1.

Assumption 4.5.  (a) >z || Cxrllng, <oo;
(b) Xkez l1Cvikllng, <oo.

Assumption 4.6.  (a) (Xx)xC Ly, and diinezl B(X0®X], XI® X{)s, | <oo;
(b) (Vi)rCLy and 3, ;. cp | B(Y®Y, Y/ ®Y])s, | <oo.

Assumption 4.7.  (a) (Xx)xC Lj, and > i jenl B{(Xo®X:)! (X;@Xi4 ) )s| <oo;
(b) (Xi)kC Ly, (Ye)k € Ly, and 32, ez | B((Xo ® Vi)', (X @ Vi) )| < 00.

Remarks 4.1. Assuming absolute summability of the series defining the long run

covariance operator in Assumption 4.5 is needed to guarantee convergence of
any rearranged series. However, for p = 1 postulating convergence only suffices.

4.2. Preliminaries

In various occasions, the first moments mg- == E(27), mg = E(#]) of our pro-
cesses (1.1)—(1.2) have to be estimated, for which we use the moment estimators

1 1 &
Mg = T Z Z; resp. Iy = e Z %;. (4.2)
1= mpar 1=
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Lemma 4.1. Let Assumptions 4.1—4.3 hold. Moreover, let m = mys,p = pur-
Then, Mg and Mgy in (4.2) are unbiased estimators for mg for all M € N resp.
for may for all N € N.

(a) If also Assumption 4.5 holds,

A M—ro00
=B |ihgr — magl[fm —5 n2.x (4.3)
mar

S

N
2, my, (4.4)

— El|/hg — ma/|
nN

where the constants 12,z = N2 (W, z, (rg)s, r+)» With W, Z, (rs)s,r*) € {(U, X,
(o, p"), VY, (av)n,q")}, are defined by

CZ:or , ifr=rg =r*eN,
= | [seatsclicn, i r=rs s
E|| Zoll3y, if r=rs=2(1,5).
(b) If also Assumption 4.6 holds,
«%3 A M —o00
—M= Elligr — marllgm — max, (4.6)
My
</V3 ~ N—oco
anNlQEllw—m@ll?m =y, (4.7)
N

with P = {(pr)klpr — p*} and Q = {(qx)k|lqx — ¢*}, where the constants
N.Z = M4, (W,Z(0s)s.0%(rs)s. ) With (W, Z, (0s)s, 0% (rs)s, ) € {(U X,
(mM)M7 m*7 (pM)Map*); (]}7 Y7 (nN)Na n*7 (QN)Nv q*)} are with C; € [O, 7«%] fO?”
all i defined through

1 ! i ! i . * *
Fz|l|<o* Zi,]gkez 51-,0* E<ZO®Zl+ir*>Zj7'*®Zl+kr*>3ua if og = 0%, rg =17

. Zi,j,kez i B(Zy®Z},., Z]/vp*®Z,;p* Sus if og — 00, 15 — 1%,
’ D iij<or o~ Bl Z5 12111 if o5 — 0", rs — 00,
Srez BN ZY| N Z3 2, if 05 — 00, 5 = 00.
(4.8)

4.3. Estimation of lag-h-covariance operators

When estimating lag-h-covariance operators, we distinguish, as for real-valued
processes, between centered processes and those with an unknown, finite first
moment. If X = (Xj); in Assumption 4.1 (a) is centered, hence also & =
(Zk)k, we estimate g, with |h| < .#y by the moment estimator

1 /ZM .
m E}czjn+|h| %k & t%/k-‘rfu if h< 07

1 A1,k

Cg\.%';h = .
A1,k k=m 2k ® %kJrh, if h > 0,

(4.9)
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with M, = A — b, //ZMJL = My — |h]. These estimates satisfy %@g;h € Fym
(i.e., they are finite-rank operators) with €z, = Ga_1, and g = Ga is self-
adjoint and positive semi-definite. The associated estimation errors fulfill

m
| Carn — CarnllZm= Y 11xj—itnp — Cxjmitnpl|Zys (4.10)

ij=1

where ?X;j_ﬂrhp corresponds to ngg;h in (4.9), with 2} and 24 replaced
by Xiy (k—m)p 1eSP- X1 (k4h—m)p for all 4, j, k. Using this identity leads to the
following asymptotic result of the estimation errors.

Theorem 4.1. Let Assumptions 4.1-4.4, 4.7 (a) hold, and let X be centered.
Further, let h = hag, m = mag, p = pu and Mgy, = A — |h|. Then, ‘fgy;h is an
unbiased estimator for Ga), with |h| < Moy, and

M, M
N || Gae— a2 5 T x (4.11)

where the constant T2 x = To (1, X, (har)as ,h* (mar)as ;m* (paoas,p*) 08 defined as

0, if hp — + o0,
T, x = Z’LEZZ‘]|<W*£J mE{(Xo®Xite), (X;@Xitjte) Vs, if hp = c€Z,m —m7,
>iiezn E{(Xo®X3), (X @ Xi15) dsu» if hp = c € Z,m — .

(4.12)

Remarks 4.2. We stated the limit in Theorem 4.1 for hp — + oo without fur-
ther calibration for the sake of simplicity. Nevertheless, it would also have been
appropriate to calibrate the estimation error with the reciprocal of the iden-
tity (A.13), provided it is not equal zero.

Now, we consider that the first moment mx of X = (X)x is unknown,
therefore also mg = (mx,...,mx)? € U™. Then, if |h| < M — 1, we use

M X N .
m 2 kmmy n) (2 —1har) @ (Zpn—1hg), if h <0,

Ain ) -, ' (4.13)
//th 12 (%k—mg)(@(%mrh—mx), if h >0,

2
Cg‘%’;h T

to estimate €z, where the moment estimators are defined by

L s gn i h< 0,

A ) Ak i=m-+|h|
T A g, >0
//{M’h Ez m 1 -
1 My .
m‘/%_ ) An ZJ m+|h|€%+h’ if h < 0,
._ 1 Mirn s
e D SR )

As for the estimators given a centered process, holds ‘5;'?; n € Fum with ‘@r h =
%@%7 n> and ‘fg’r = ‘fg’y.o is self-adjoint and positive semi-definite.
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Theorem 4.2. Let Assumptions 4.1-4.4, 4.6-4.7 (a) hold. Also, h = hyy,m =
mar,p = pu and Mgy = Ay — |h|. Then, gy, is an unbiased estimator for

) p ol
Car.n, with |h| < Ay — 1 if Zj,éi’ik# Caj+h—k = Ozym , and

A, 5
B[~ Gl < B (4.14)

lim sup
M—o0

with T2, X = TQ,(ny,(hM)M,h*,(mM)M,m*,(pM)M.,p*) from (4.12).

Remarks 4.3.  (a) Theorems 4.1-4.2 extend the existing literature, e.g. [1, 7,
23, 25, 28, 27, 35, 38, 39], in several ways. This is because the assertions are
derived in Cartesian products of general, separable Hilbert spaces under
mild conditions, and the processes can have arbitrary finite, first moments.
Further, the Cartesian power m, the variable p describing the ‘degree of
reuse’ and simultaneously the lag h might grow w.r.t. the sample size M,
and the upper bounds are specified so accurately that they reflect the
dependence of the asymptotic behaviour of these sequences.

(b) The statements of Theorems 4.1-4.2 can obviously also be formulated for
the process Y = (Y )kez by assuming that the parts (b) instead of (a) of
Assumptions 4.1-4.4, 4.6, and Assumption 4.7 (a) formulated for Y hold.

(c¢) That Theorem 4.2 states an inequality with a slightly modified value in-
stead of a precise limit as in Theorem 4.1, is, because we used the A- and
the Cauchy-Schwarz inequality.

4.4. Estimation of lag-h-cross-covariance operators

Herein, we transfer the estimation procedure for lag-h-covariance to lag-h-cross-
covariance operators Gz a.,. If X = (Xi)r and Y = (Y3), in Assumption 4.1
are centered and subsequently also & = (Zj)r and & = (%), we estimate

%xg;hwithn—///Mgth%v—mby

jIVI,N,h
> 20© D, (4.15)

=lm,n,h

A 1
Cron LMNh
with ZNmyn,h =mV(n— h),jM,Mh = My N (Jij;v —h) and LN = j]\/LNJI +
1-— Zm,n,hv where Cfxg/;h € Fymyn and ‘6;’2@;,1 = ‘fg{g;,h. In order to derive the
asymptotic behaviour of the estimation errors for ¢a4.; explicitly, we impose
that one sample size asymptotically depends on the other one. This also allows
to simplify our conversions.

Assumption 4.8. The sample sizes M and N of Xq,..., X resp. Y1,..., Yy in
Assumption 4.1 fulfill N = Ny; ~ e¢M? for M — oo for some ¢ # 0 and 6 > 0.
Assumption 4.9. The sequences in Section 4.1 fulfill Zm,n,h = o(jMyN,h) for
M — oo, provided that Assumption 4.8 is satisfied.

Assumption 4.10. The sequences (pg)k, (gx)r in Assumption 4.2 satisfy pas ~ gy
for M — oo, provided that Assumption 4.8 holds.
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An equation like (4.10) does not apply to all combinations of p and ¢, but
under Assumption 4.10 holds for M — oo (and thus N — o0),

E||Caan— Caanl \?sum,vn

~ Z Z E‘|%X7Y;j—i+(m+h—n)p_ %X,Y;j—i-i-(m-i-h—n)pH?Suyva (416)

i=1 j=1

where even equality in (4.16) is given if p and ¢ are coinciding constants.

Theorem 4.3. Let Assumptions 4.1—4.4, and Assumptions 4.7 (b) and 4.8-4.10
hold, and let X,Y be centered. Further, let m = my,p = pyy,n = NN, q = N,
and h = hy, with L = Lyyny = M N N. Then, ngg/;h is an unbiased estimator
for Caay, with n — My < h < My —m, which satisfies

LunNh 5 M .
— Bl [ G — CaranllSmyn 0 T2 (4.17)

where Ty (x,v) = T2,(U,V),(X,Y),(ho)e ,h* (manas ;m* (paar 0™ (n)n s (aw)wg*) Stands
for a constant defined by

o

m+h —mn)p — +o0,

Ztg Z\JKW v D) E((Xo0®@Yige)' (X;®Yisjie) )syys if

if ( )

f (m+h—n)p—ceZ,m—m’n—n’
7:2,(ny) = Zug E((Xo®@Yite), (X;®Yigjve) ) s if (m+h—n)p—c€Z,m—oco,n—n"

if ( )

if ( )

Pijer U () E((Xo®Yite)' (X;®Yisjte) ) suw m+h—n)p—c€Z,m—m’n— oo,

Yijez B Xg@Y) (X;0Yi45) ) suw» m+h—n)p—c€Z,m—oo,n— o0,

(4.18)

with 7*(j) defined in (A.5) for all j, satisfying [7*(j)| <1 for all j.

If mx and/or my in Assumption 4.1 are unknown, and consequently also
mg = (mx,...,mx)" € U™ and/or mg = (my,...,my)’ € V", € ., with
n— ,///M < h < Ay — m is estimated by

jMNh
. 1 2
Cor oy = ——— L —n oy — 1104 4.19
L A e Z (Zh—1har) @ (Dhoior, — gy ) (4.19)
=lm,n,h

if Aunn > bnnh, With moment estimators

A L Noh
Mg = Zi, 1y Y. 4.20
gMNh Z v D%MNh‘Z i (4.20)
7mnh 77nnh

Thereby, ‘Kxg n € Fumyn and ‘5%9, = %@, Z—h for all h. To deduce the asymp-
totic behaviour of the lag-h—cross—covarlance operators in the case of unknown
first moments, we also require that m V n = o(Zy ) for M — oo, assuming
that Assumption 4.8 holds. Under Assumptions 4.4 and 4.9, this is given if the
following assumption is also fulfilled.
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Assumption 4.11. The sequences (mg)k, (hr)r in Assumptions 4.3-4.4 fulfill
h, = o(nw) for M — oo, with L = Ly n == M A N, provided that Assump-
tion 4.8 is satisfied.

Theorem 4.4. Let Assumptions 4.1-4.4, 4.6, and Assumptions 4.7 (b) and
4.84.11 hold. Further, let m = myr,n =ny and h = hy, with L = Ly n == M A
N. Then, ‘fqu;h is an unbiased estimator for Ca g, with n—//ZM <h< Jl{v—m
if Zlgi,kng,N,h,i;ék G krh—i = Ocymn, which satisfies

LuNh 5
limsup =" E||Ca-a., — Cararn,
msup — = || Cacan Y,

|g2swwn < 379,(x,Y)s (4.21)

With To,(X ¥) = To,(U,),(X,Y),(he)e %, (manarm* (paoarp* () m* (ax)q7) 00 (4:18).

Remarks 4.4. (a) Although estimating (lagged) cross-covariance operators is
widely discussed, see e.g. [3, 7, 25, 46], Theorems 4.3-4.4 are new in many
ways. First, both processes can attain values in arbitrary separable Hilbert
spaces which do not necessarily need to match, nor do the drawn sample
sizes M, N. Further, the upper bounds are, as in Theorems 4.1-4.2 for the
lagged covariance operators, derived for centered and for not necessarily
centered processes, the lag h is allowed to be both fixed and to vary w.r.t.
the sample sizes, as are the Cartesian powers m,n.

(b) The initial and final value of the sums in (4.15) and (4.19) guarantee that
Zi and %, are simultaneously well-defined.

(¢) Assumption 4.9 ensures that the number of the summands of our estima-
tors grow when the sample sizes do.

(d) By following the lines in the proof of Theorem 4.4, it becomes clear that
omitting to estimate 2} resp. Ziyp in (4.20) if X is centered and my
unknown, resp. if mx is unknown and Y centered, has no positive effect
on the convergence rate (4.21) in Theorem 4.4.

4.5. Estimation of FPCs

Herein, we examine the estimation procedure of the FPCs of €g = %g.0 of
the U™-valued processes & = (Zk)kez in Assumption 4.1 (a). Throughout,
(¢j)jens (€5)jen resp. (¢)jen are the eigenfunction and (cj)jen, (¢j)jen Tesp.
(¢j)jen the associated w.l.o.g. monotonically decreasing eigenvalue sequences of
Car, Car = ‘fmo in (4.9) resp. %‘% = ‘K;&O in (4.13), where we occasionally write
¢j = ¢jm and ¢; = ¢, since the Cartesian power m can vary w.r.t. M. We
would like to emphatically point out that hereafter, whenever dealing with the
FPCs ¢;,¢; and 6;-, E}, we implicitly assume centeredness resp. an unknown first
moment myx.
At first, according to [7], Lemma 4.2,

sup & — ¢;| < |6 — Garllcym:  sUP|&; — ¢j| < |6 — Carllcym-  (4.22)
JEN JEN
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Corollary 4.1. Let the assumptions of Theorem 4.1 hold. Then,
Mg
limsup —— Esup(é; — ¢;)* < 7o.x,
M—oo MM jeN
With To, X = To (14, X ,(har)ar s % (mar)arm= (an)ar,p*) 0 (4.12) for h = 0. If additionally
holds Assumption 4.6 (a) (i.e. all assumptions of Theorem 4.2 are satisified),
Mg
lim sup — Esup(¢] — ¢)? < 3m x.
M—oo M™pr jeN
Eigenfunctions are unambiguously determined except for their sign, why
¢; = sgn(t;, ¢j)ymc; resp. ¢ = sgn(¢], ¢;)ym &) (4.23)

seem to be reasonable estimators for c¢;, where ‘sgn’ is the sign function. To
state upper bounds of estimation errors when using the estimators in (4.33),
the following technical preliminaries are needed. Due to [7], Lemma 4.3,

1165 = ¢jllum < 5||Ca — Carllym 1€ — 5llum < 751|Ca — Carllcym  (4.24)
for any j € Nif the eigenspace of ¢; is one-dimensional, where ¥; = 2271, ;=
2\/5(%'—1\/%-) for 7 > 1, and

7= (¢ =) jEN (4.25)

Assumption 4.12. 6y is injective, and the eigenvalues of g satisfy c; # c;ji11
and k(j) = ¢; for all j € N where x: R — R is a convex function.

Under Assumption 4.12 holds both
c1>co > >0, (4.26)
and for any sequence (k;); C N with k=Fky,=Q(1),

supy; = k. (4.27)
i<k
Corollary 4.2. Let (k;); € N be a sequence with kyy = Q(1) for M — oo,
and let m = mpr, Y1 = 2\/§'yLm and Yjm = 2\/5(%-,1,”1\/ vim) forj > 1,
where Y = (¢jm — ch,m)_l for 7 € N. Then, under the assumptions of
Theorem 4.1 and Assumption 4.12 holds for M — oo

M 9 )
lim sup —'yj o BlEG —ollim < 2x, JEN, (4.28)
M—oco T
.//[ 2 o 9
lim sup =25~ Esup ||¢; —¢il|lim < T2 x, 4.29
M_mop g Yienr ;mas jgkﬁ 165 — 5l 2,X ( )

With To, X = To @, X, (hat)as sh* (manas ;m (paarp*) 01 (4.12) for b = 0. If also holds
Assumption 4.6 (a) (thus all assumptions of Theorem 4.2 are satisfied), we have

My
lim sup —’yj iMEHc —¢jl|fm < 3r2x, jEN, (4.30)

M—o0

< 3nx- (4.31)

A
lim sup —’ykM mMIE sup 18] — ¢5]1Zm <
M—oo MM
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However, although we were able to derive asymptotic results for the estima-
tion errors between the estimates ¢; and c¢; as well as between ¢; in (4.23) and
¢j, using these estimators can be problematic. This is because ¢; £ ¢; a.s. and
¢ L ¢ as., thus sgn(e), ¢j)ym # 0 a.s. and sgn(c}, ¢j)ym # 0 a.s. is not guaran-
teed for fixed j, M, making allocating an a.s. unique estimator for ¢; impossible.
Having an a.s. unique estimator for the eigenfunction for a fixed sample size was
inevitable in conversions leading to asymptotic upper bounds of the estimation
errors for operators of L2[0, 1]-valued (G)ARCH and linear, invertible processes
n [38, 39], and to have such an estimator also benefits the simulation, since
then a case decision is obsolete.

Fic 5. Ezample estimation of an eigenfunction (resp. eigenvector) ¢; in R%. ¢, ¢; and ¢,
denote vectors on which the estimate for ¢; in three different circumstances is based. Based on
¢j and ¢, appropriate estimators for ¢; are unambiguously determinable where only the sign of
¢; had to be reversed. Further, ¢; is orthogonal to ¢;, consequently from ¢; no unambiguously
determined estimator for ¢; can be derived why both —¢; and ¢; could be used to estimate c;.

We bypass this problem by adding suitable perturbations to ¢; and E;. Hereto,
let (u;);eny be a CONS of U™, and let ((;);en be a sequence of non-degenerated
random variables which are independent of the observations of X, centered,
absolutely continuous, and integrable with uniformly bounded absolute first
moments, so there exists some p € (0, 00) with

supE|¢;| < p. (4.32)
ieN

These properties are satisfied, for instance, for a sequence of i.i.d., standard
Gaussian random variables. Given these properties, the estimators

=g+ L ZC“ md € o g T ZC”, (4.33)

J map J J J mpnr

are well-defined for all j according to the monotone convergence theorem. There-

by, the factors 7214 ’yj s Which are the reciprocals of the factors in (4.28)

and (4.30) in Corollary 4.2, were established to derive asymptotic results. For
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any 7, E} and E;r are due to their definition unbiased estimators for ¢; as well
as absolutely continuous, because the convolution of a random variable with
an absolutely continuous random variable is also absolutely continuous. Hence,
E} L ¢;as. and E;r L ¢; a.s., and thus sgn(E;, ¢;)um # 0 a.s. and sgn(E;r, ¢ium#0
a.s. Utilizing these features leads canonically to the estimators

&= {h@\{o}(sgn(f} ¢j)um) sgn (€l ¢;)eem + 1oy (sgn (e, Cj)wn)]fj» (4.34)
E;i = |:1]R\{O}(Sgn<éja Cj>um) Sgn<E;!-? Cj>um + 1{0}(Sgn<E;ra cj>u’"):| E§7 (435)

where 14(+) is the indicator function of a set A, which also satisfy for all j, M,

= Sgﬂ(fj,cﬁumﬁj a.s.  resp. ¢ = Sgﬂ(E}T7 ¢j)ym ¢ a.s. (4.36)
Theorem 4.5. Here, we use the notation and variables in Corollary 4.2. Also,
let (kj); € N be a sequence with kyy = Q(1) for M — oo. Then, under the

assumptions of Theorem 4.1 and Assumption 4.12, with u from (4.32), holds

. A y .
lim sup _M%_ 31M]E||c§ —¢|[Zm < 1079, x +8u, jEN, (4.37)
M—oo Mpr
. -/%M~_2 . ot 112
limsup —7, = Esup [[¢; — ¢j]|m < 1072, x + 84, (4.38)
M—oo T ’ i<km

and if also Assumption 4.6 (a) holds,

) M . _ y ,
lim sup —M'yjanEHc;‘-t —¢|[Zm < 3079 x +8u, jEN, (4.39)
M—oc MM

2 < 3079 x + 8. (4.40)

. My . y

lim sup 0 B sup (16— |

Remarks 4.5.  (a) Corollary 4.2 and in particular Theorem 4.5 can be seen as

generalizations of results in [7, 27, 35, 37] where the estimation of eigen-

functions of centered L?[0, 1]-valued processes without considering Carte-

sian products was discussed. This is due to the fact that our results state

explicit upper bounds for the estimation errors in sense of second mean

for the eigenfunctions of the covariance operators of not necessarily cen-

tered processes in Cartesian products of general, separable Hilbert spaces,

where both the ‘degree of reuse’ and the Cartesian power might depend on

the sample size. Furthermore, Theorem 4.5 guarantees that the estimators
stated there are a.s. unique for all eigenfunctions and any sample size.

(b) If m = mys is bounded, so are the sequences of reciprocal spectral gaps

(vj,m ) for all j, and (vkm)asr is guaranteed to be bounded if k = kys and

m = myy are. In these cases, even more general if for M — oo holds 7 m =

v
Corollary 4.2 and Theorem 4.5 are null sequences, thus the estimators in
these results for the eigenfunctions are consistent.

w(y/ L) for all j, resp. yp,m = w(,/2L), the estimation errors stated in
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(¢) In Theorem 4.5 it is obviously advantageous to choose a sequence ((;);en of
non-degenerated, centered, absolutely continuous, and integrable random
variables so that for pu € (0, 00) as small as possible holds sup;cn E|G| < p.
This can, for instance, be achieved by considering ((;):en to be a sequence
of i.i.d. N(0,0?)-distributed random variables with o > 0, consequently

sup;eny E|G| = E|G| = a\/g, putting p = a\/g, and choosing o as small
as possible depending on other framework conditions.

(d) The upper bounds in Theorem 4.5 can be further slightly improved by
applying stricter inequalities if possible, and also by choosing the series
in (4.33) to have a smaller limit than our for convenience chosen series

POy 2% having the limit 1.

5. A simulation study

Herein, we simulate realizations and estimators of our lagged covariance and
cross-covariance operators. To avoid unnecessary complexity, and to ensure
vividness of the derived results, we discuss centered processes whose underlying
processes attain values in H := L2[0,1]. In our calculations with the program
language R, any x € H is with exceptions to which we will draw attention eval-

uated at t = 0, 525, . .., 222 and the inner product (z,y)y = fol x(t)y(t) dt, with

x,y € H, is approximated by the Riemann sum ﬁ fiol x(%)y(%)

5.1. Setup

For some m,n € N, let & = (Zy)rez and & = (% )kez be processes with
L = (Xk, ... ,Xk_m+1)T resp. % = (Yi,.. .,Yk_n+1)T, keZ, (51)

so,p=q=1. X = (Xi)rez and Y = (Yi)rez are processes which satisfy a.s.

sza(Xk,1)+€k, Vk € 7, (5.2)
YkZﬂ(Xk)-i-Ek, Vk € Z,

with &, as in Example 3.1, and «, 8: H — H are integral operators with kernels
a(s,t) == ke(s,t) resp. b(s,t) = %ka(s,t), s,t €[0,1], (5.4)
where ke, = ke is the integral kernel of 6.0 = %: in (3.11). Also,
1,1 5
|\a||§,{:// a%(s.t)dsdt = 2 —In(2). (5.5)
0Jo
Hence, ||a||z,, < ||alls,, < 1, implying (5.2) has a unique stationary solution,

with convergence both in L}, and a.s., thus (X); and (Yj), are stationary,
centered, Lj,-m-approximable AR(1) processes (see [39], Lemma 2.1). Further,



Lagged covariance and cross-covariance operators 4843

FI1G 6. Realizations of the innovations o, . ..,e5 in (3.10).

%;E;h = @x.—p, for h € Z, (3.13), since a = 6. is selfadjoint and commutes with
%= and due to (3.14) also with %%, and ||a||s,, < 1 lead to the Neumann series

Cxn = alhi+1 Zan = a|h|+1(HH - ozz)_l, Yh € Z. (5.6)

=0
Moreover, (5.2), (5.3), elementary conversions and (5.6) yield

<gx’y;hz ﬁ%x;h, Vh € Z. (5.7)

5.2. Simulation of realizations of our processes

Here, we simulate realizations of (2% )k, (% )r in (5.1). For this purpose, we
firstly simulate innovations in (3.10), see Fig. 6, which then can be plugged into
the equations (5.2) and (5.3) of the underlying AR(1) process (X)i of (Z%)k
and the derived underlying process (Yx)r of (#k)x. But before we do so, an
initial value of Xy has to be simulated which can be approximated sufficiently
well as follows.

Lemma 5.1. Let A € Ly with ||A||z,, < 1. Further, let (ex)kez be an i.i.d.,
centered LY, -process for v > 0, let Z, = A(Zp—1) + ek for all k € Z, and let
Zr = A(Zk_l) + & for all k € N where Zo is some deterministic value. Then,
E||Zo — Zo||5, < o0, and with p = [Allzs, > 1 holds

PNE|Zyn — Zn|l5 < EllZo — Zoll3, YN €N.

Remarks 5.1. Such a statement holds also for functional AR(MA) processes
with arbitrary order(s) in any separable Hilbert space, see [39], Corollary 4.1 for
functional (G)ARCH which directly transfers to functional AR(MA) processes.

5.3. Simulation of our operators

In this section, we illustrate certain lag-h-covariance and lag-h-cross-covariance
operators Gz, resp. Gaa:n of the centered processes & = (Zi)r and ¥ =



4844 S. Kiihnert

Xo, Yo X1, Y1 X2, Y2
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X3, Y3 X4, Ya Xs, Y5
< - < - < -
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+] +] +]
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= = =
+] +] +]
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00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0

Fic 7. Siz consecutive realizations of (Xi)r (bordeaux) and (Yi)r ( ) in the first two
rows. Xo was approximated by Z100 in Lemma 5.1 with A = a, e for k =1,...,100 as
in (3.10), and Zo = Oy, and X1,...,Xs5 and Yo,...,Ys were obtained by applying (5.2)
resp. (5.3) with the innovations in Fig. 6. Then, Xo,...,Xs and Yo,...,Ys were plugged
into the equations in (5.1) with m = 3 and n = 2, leading to three consecutive realizations of
(Zi)k = (Xi, X1, Xp—2) D (third row) and of (%), = (Y, Yu—1)T)r (fourth row). The
first resp. the second components of both the realizations of (Zk)r and (%) are highlighted
in black resp. green, and the third component of (Zy)x in blue.

(%:)k in Section 5.1 with Cartesian powers m = 3 resp. n = 2, and simulate their
estimates for fixed and increasing h, m, n. For any h € Z, €x.», and €xy:, cannot
be calculated precisely due to the infinite series (5.6) consisting of operators,
but can for sufficiently large K € N be well approximated by

K K
Cxih K = alhlﬂg o resp. %X7y;h;K::Ba|h|+1§ o, (5.8)

Jj=0 Jj=0

This is due to the fact that submultiplicity of || - ||s,,,|lells,, < 1 and the

formulas of the geometric sum and series lead with ¢ = (1 — [|a[|3,)”" and
B = 1o after (5.4) for any h, K to
~ = Cc
Cxcnc — Cxanllsy < cllalzh ™ and  [[Gxyinx — Gryinlls, < 3 ool 35

Also, due to the fact that the lag-h-covariance operators Gg.;, = E(Z0, )um Zs
and the lag-h-cross-covariance operators 6g.a., = E(Zo, &)ym %}, fulfill under
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z=kh(s,t) z=kzn(s,t) z=kn(s,t)
0.050 0.052 0.050
N 0.048 NX 0.050 N\ 0.048
0.046 0.048 0.046
® 0.044 ® 0.046 ® 0.044
1 2
Z=Kya(s.) z=kZ) 4(s.)
0.095
0.090
0.090
N N 0.085
0.085
0.080
2 0.080 »
. 1 2 3 1 2
FiGc 8. The integral kernels k‘;)(), k.gl:';)O’kév;)O (first row) and k‘;fg/—l’k‘;,’,)@/;—l (second row)

of the operators in the three resp. two components of Gar,g in (5.11) resp. Caay,—1 in
(5.12). These kernels result by the associated sum of the integral kernels kx.o, kx;1, kx;2 and
kxv.0, kx,v:1, kxy;2 of the operators €x;0, Cx;1,6x:2 resp. €x,v,0, 6x,y:1, 6x,y:2 which were
approzimated by their respective operators in (5.8) with K = 100.

Assumptions 4.1 for any h € Z and w = (uy,. .., uy,)" € U™,
m T
(fﬁb’h (Z ch h+i—1 uz . 72 (thJrz m(uz)) S um7 (59)

Caan(u (Z X Yihti—1(Ui), - ,Z CX,Y:hti— n(ul)>T€ Ve (5.10)
=1

the components of Gg.;, and 6., cannot be expressed independently of any
argument = (1,...,2,)7 € H™, except when all the argument’s components
match. With (A;(x),..., An(x)) = (41,...,An)(x) for operators Ay, ..., A,
with domain H™, and postulating €x;;, = ¢x.—r and Cx,y:n = Cx,y:—n for any h,
we obtain for, e.g., €a¢ and Cga._1 with m =3,n =2 for any = (z,z,2) €
H3 according to (5.9), (5.10),

T
Caro(x)= ((ng;oJr(fX;lJrCfX;z, Cx:0+26x:1, %X;O+C€X;l+ch;2)($)> , (5.11)

T
Cam,—1(x)= (((fx,y;o +2%Cx 1, ‘fx,y;o+9fx,y;1+cfx,y;2)(x)) : (5.12)

To illustrate estimators for the operators in the components of 6g.o(x)
in (5.11) and Gza.—1(x) in (5.12), and to estimate Ga;, and Gza., for fixed
and varying h, m,n, with h > 0 w.l.o.g., we generate X, .. XM and Yq,...,Yn
of the processes X resp. Y in Section 5.1 with M = N. This leads to the
values Zp,..., Z; of & and %,,...,%; of ¥ with /// My = M and
N = My = M, thus with 4 = My = M —m+1resp. N =Ny =M —n+1.
Due to centeredness of X and Y, the operators €x;p, in (5.11) and €x y:p in (5.12)
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2=kZ(s,0)

0.054 0.056 0.054
0.052 0.054 0.052
N 0.050 0.052 0.050
0.048 0.050 0.048
0.046 0.048 0.046
0.044 0.046 0.044
A1) 2(2)
Z=Kyy.4(s)t) z=Kyy.4(S.t)
0.105 0.100
0.100 0.095
0.095
0.090
0.090
0.085
0.085

F1c 9. The estimators l%‘gé.?o, I;:g_)o, kg)o (first row) and ’%‘;‘)gﬁ—v kg)ﬂﬁ—l (second row) for the
) )

integral kernels k§30’kg?o7k§30 Tesp. k‘g},l’,@;—l’kg',@/;—l of the operators in the three resp.
two components of Caro in (5.11) resp. Car a1 in (5.12). These estimators result by the
associated sum of the estimators l;x;g, l%x;l, l;‘x;g in (5.13) and lAcxy;O, I;‘X,Y;la ];X,Y;Q in (5.14)
with M = 1000 for the operators €x.0, 6x;1, €x;2 Tesp. €x,y:0, 6X,Y;1, CX,y:2-

with h = 0,1,2 are estimated by the classical estimators ‘fx;h resp. by %fxvy;h
with integral kernels

M—h
. 1
bxin(s,t) = 57— > Xi(s)Xpgn(t), Vs,te0,1],  (5.13)
k=1
1 M—h
resp. kxyn(s,t) = =5 Xk (8)Yitn(t), Vs,te][0,1]. (5.14)
k=1

At last, in Table 1, we list estimation errors for the operators ¢z, and Gz a1
of the processes & = (Zk)r and # = (%), in (5.1) for several sample sizes
M = N and various h, m,n which may depend on M, with A > 0 w.l.o.g. Due
to centeredness of & and %, we use the estimators Cfg‘;h in (4.9) and ‘fxoy;h
in (4.15), which satisfy our processes’ definition, and h > 0,

M—h
5 1
ng;h: m ]; 2 ® e%-k;+h, (5.15)
1 M—h
resp. fgx%h: M—h—m\/(n—h)—l—lki ; h)%]c@)@kﬂrhy (516)

and to calculate the estimation errors, we utilize the identity (4.10) and that
for p = ¢ = 1 holds after (4.16),
m n
| Cacain — Coginl[Bymmn = D D €Y —itmin—n — Cxyij—itminnll3,,
i=1j=1
(5.17)
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TABLE 1

Simulation of E| \‘tfg;h — %%:hn?s‘ﬂm and EH%?%‘@/;L - %)x@/;hn?gnmﬂ with the estimation

errors defined in (4.10) resp. (5.17) for various sample sizes M = N, lags h and Cartesian

powers m,n. Here, any x € H is evaluated at t = 0, ﬁ, el %, and the inner product
. . 1 — — . .
(z,y)n is approzimated by ﬁ Ztiol w(% y(%) for any x,y € H. The listed values in

the table correspond to the arithmetic mean of calculated estimation errors with R = 10
replications of generated random wvariables, where €x;p1i—; and Cx,y;n+i—; were

approzimated by Cx;h1i—j;100 T€SP- CX,Y:h+i—j;100 i (5.8).

- 5 2 ~ 2, 2
~ E||Can — Carinlls,m ~ El|Cxain — Caainlls,mayn
m=my,n=ny m=3 m= M4 m=3,n=2 m=n= M
Iy h=mrdl o1 Ayl 0 1 MYy 0 1 MM 0 1 MY
100 .1451 .1231 .1101(.1463 .0874 .0653|.1238 .0298 .0247|.0754 .0307 .0046
200 .0729 .0336 .0535|.0559 .0703 .0449|.0366 .0465 .0117|.0540 .0397 .0506
300 .0546 .0726 .0294|.2343 .1763 .1413|.0223 .0324 .0098|.0638 .0834 .0271
400 .0895 .0515 .0427|.2564 .1962 .1084|.0089 .0238 .0390|.1526 .2537 .0252
500 .0704 .0565 .0255|.2697 .2379 .1074|.0388 .0293 .0065|.1367 .0663 .0236
750 .0674 .0609 .0175|.5185 .5750 .2834|.0345 .0304 .0011|.2634 .2491 .1402
1000 .0456 .0345 .0271|.5867 .5148 .3280|.0255 .0246 .0121|.3581 .3172 .0755

where %fxvy;hﬂ-_j corresponds to ‘fggg;h in (4.15), with 2% and %}y replaced
by Xt (k—m)p 1€8P- Yy (kth—n)q for all ¢, 7, k.

Remarks 5.2. The simulated values in Table 1 display our theoretical results in
Theorems 4.1 and 4.3 reasonably well. These theorems state that the squared es-
timation errors for our lagged covariance and cross-covariance operators, where
the errors are calibrated with certain increasing sequences depending on the
lag, Cartesian powers and sample sizes, converge to a specific constant for the
samples size M, N tending to infinity. Thereby, the prerequisites of these the-
orems are satisfied due to p = ¢ = 1, M = N, the choice of our lags h = hys
and Cartesian powers m = my;,n = ny in Table 1, and the definition of our
centered AR(1) processes. That the pattern of the numbers listed in the table
reflects the assertions of both theorems in a suggestive way, is because the es-
timation errors seem to approach zero for any h and fixed m,n for increasing
sample size M, where the errors decay for increasing lag h slightly faster. It is
also reasonable that the estimation errors are bigger when the Cartesian powers
are. Further, that the values are not monotonic for increasing sample sizes can
be explained by high fluctuation of individual simulations, see Fig. 10. More-
over, the estimation errors for the lagged cross-covariance operators are, except
for a few irregularities, roughly one quarter of the lagged cross-covariance op-
erators, which can be explained by the identity (5.7) and the definition of the
kernel of 8 defined in (5.4). The downside of our simulation, however, is that,
according to our results, the estimation errors should for increasing Cartesian
powers decrease rather than increase or stagnate. This may be due to the fact
that the relatively coarse decomposition of the unit interval with only n = 100
interpolation points implies too large approximation errors, or that the sam-
ple size of up to M = 1000 is still too small to notice convergence to zero.
However, although we chose n, M and the number of repetitons R just enough
to make a passable statement, it was, due to the complexity of our operators
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Fic 10. Boxplots and individual datapoints of the R = 10 simulated estimation errors in
each scenario for the lag-h-covariance operators G, (upper chart) and the lag-h-cross-
covariance operators Ca gy (lower chart) in Table 1. Thereby, these simulated estimation
errors were plotted using the sample size M = 500 in all the scenarios X1: m = 3,h = 0;
X2:m=3h=1; X3 m=3,h= |[MY; X4: m = |MY4,h =0; X5: m = [MY4,h = 1;
X6: m = h = MY for Cac,p, resp. in all the scenarios XY1: m = 3,n = 2,h = 0; XY2:
m=3n=2h=1; XY m=3n=2h= MY, XY}: m=n=|MY,h=0; XY5:
m=n=|M",h=1; XY6: m=n=h=|M" for Caa.

and the performance of the program language R, not possible for us to fur-
ther increase them to improve the statement. Just to give an example, merely
simulating these twelve values in Table 1 for M = 500 already took several
hours.

6. Conclusions

Summary This article proposes estimators for lagged covariance and cross-
covariance operators and the principal components of processes in Cartesian
products of separable Hilbert spaces. The focus lies on the estimation proce-
dure and the asymptotic behaviour of the estimation errors. All estimators are
stated for centered processes and for those with an unknown finite, first mo-
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ment. The asymptotic results allow the processes’ Cartesian powers and the lag
to be fixed or to increase w.r.t. the sample size(s), and the principal compo-
nents are estimated separately and uniformly. Our findings are useful whenever
one is concerned about the dependence within or between processes with val-
ues in (Cartesian products of) separable Hilbert spaces, or whenever one has to
analyze estimators relying on empirical (lagged) covariance or cross-covariance
operators, see [3, 38, 39]. These findings can also be applied to covariance and
cross-covariance operators of random variables in separable Hilbert spaces, and,
since R™ endowed with the canonical inner product is a separable Hilbert space
for any n € N, also to conventional (lagged) covariance and cross-covariance
matrices.

Outlook In the future, one could tackle to derive the asymptotic distribution
of our estimation errors and Bernstein inequalities (see [7, 46]), and analyze
asymptotic lower rates. Furthermore, it would be interesting to extend our re-
sults on separable Banach spaces, see, e.g., [49] who estimated AR operators in
Banach spaces.

Appendix A: Proofs

In multiple conversions, we use the following identities regarding the cardinality
of certain index sets. To define these, let Z.| .. = {j € Z’ |7] < ¢},c € R. For
any n € N and k € Z| <, holds

#{i,je{l,...,n}|j—i=k}=n—|k (A1)

To reiterate, 27 = max(0,z) for z € R, and a V b := max(a,b) and a A b ==
min(a, b) for a,b € R. For any m,n € N and k € Z|.|<y,» holds

#lice{l,....ompje{l,...,n}|j—i=k}=tmn(k), (A.2)

where the functions ¢y, n : Z|.|<mvn — {1,...,m An} are for n > m defined by
N (m — k)T, if k<0,

tmn (k) "= m, if0<k<n-—m, (A.3)

(m—|k—(n-m))t, if k>n-—m,

and for n < m through

(n—1|(n—m)—k)*, if kE<n-—m,
b (k) "2 L, if n—m<k<0, (A.4)
(n—|k])T, if k> 0.

Lemma A.1. Let Assumptions 4.1, 4.3 and 4.8 hold. Further, with N = Ny,
let m = limps— oo mar, 0 == limps 0o my € [0,00], let &y =1 — ‘lﬁ fork € Z
andl € N, and let i n(k) = tm.n(k)/mAn with vy, (k) defined in (A.3)-(A.4)
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Jor any k,m,n. Then, for any k € Z|.|<ymvn, where Z).|cmva = Z if m = oo or
n = 00, holds for impr—yo0 Tm.n (k) = T*(k):

1(m=0) (k) Ekme + Lo —m=1 () + Lnr —men=) (B) Sk (nr—m=ym=,  if m —m*n = nn* >m?¥

L —men—m? (B)-Ems—m#) =k + Lpr—me 0] (E) + Loy (k) -Ernr,  if m = m¥n —n*n* <m?
Z*(k) =9 L oo01(k) + 109 (k) Ek,n=s if m — oo,n — n*
1(—me0)(F) - Erym= + 1[0,00) (K), if m — m*n — oo,
1, if m — oo,n — 0.

(A.5)

Proof. The assertion follows directly from the definition of the functions ¢, ,
and Z, ,, for any m,n € N and basic conversions. O

Further, for any @ € Z|.| <o 451 With a,b € Z holds

#{i € LyjcarJ E Lyt | i+ 7 =3} = tap(a), (A.6)

where the function ¥4: Zj.|<qyp—1 — {1,...,2a Ab+ 1} is defined as

a+b+1+z, if r<aAb—aVb,
Yap(T) =< 2a ANb+ 1, ifanb—aVvb<z<aVb—aAb, (A7)
a+b+1—x, Iif r>aVb—aANb.

We also make use of the following inequality.

Lemma A.2. Let (H,(-,-)») be a separable Hilbert space. Also, let (S)rez be
a stationary Liﬁl—pmcess, and for some | € N, %, == (Sp(r,1) - +» Sf(k’l))T for all
k and some function f: 7 x {1,...,1} — Z. Then,

Vi (F) < Vivau(S;), Vi, k. (A.8)

Proof. From the definition of .7} and v 4. (-), stationarity of the process (Si)r C
L%{ and the Cauchy-Schwarz inequality follows

AL [(Znsﬂkm)HHH S BIS = Prn(S))
m,n=1 O

Proof of Lemma 4.1. At first, /g and g in (4.2) are unbiased estimators for
mgr for all M € N resp. for mg for all N € N due to their definition. Hereinafter,
we write m = my; and A4 = My for M € N. Further, w.l.o.g., we illustrate
the proof of (a) and (b) for & = (Z% )k only.

(a) The definition of rig in (4.2) and stationarity of X = (X ), C L implying
ma = (mx,...,mx)T € U™ m A(p’ ) = %Zﬁl‘){k-‘r(i—m)p fo? k=0,1,....,m
for any M € N, and also with X; =X;—mx and &, =1— ‘nil, where i,j € Z
and n € N| yield

M ~ (p,k . (p,0)
g mguum:—ZEH O mx |2 = o Elind O~ mx |}

k=1
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% Z zp? >U = Z Ek,/// E<X(1)7Xllﬁp>u

i,j=1 |kl <.
- Z XO7ka (A9)
keZ
k
- Z %E<X63Xllcp>uf Z E<X(,)7Xllcp>1/l
|k|<. |k|>.#

(A.10)

(A.9) equals || >, .y Cxkpl|ng, which is finite due to D, ., [|€x:k||ny, < 00 (As-
sumption 4.5 (a)), and thus (A.10) converges towards zero for M — oo. Further,
if p = pyr — oo for M — oo, we obtain due to ), ., ||Ex:k||aq, < 00 and (3.2),

lim ‘ Z %X;kp = H Z hm %X kp
keZ

M —o00
(b) Using the notation in (a), stationarity of the L}-process X = (X}); after
Assumption 4.6 (a) and (3.1) lead for any M € N to

= |€xc0lln = Bl Xollz-

M
vy Ellihe — ma |[ym
%3 ~ (p,0 ~ (p,r

= 0 2 G Bl mx [l — x|

Irl<m
1 M
= 22 G D By XX e Xt =l
[r|<m i,7,k,l=1
1

- mlr Z Srom Z St E<X0®XI+ZP>X/ ®X/+kp> (A.11)

rl<m il lj]. k| <.

This term is finite after Assumption 4.6 (a), and its limit depends on the limits
of m = my; and p = pyy for M — oco. If ppy — o0, we have for any r,
B[ Xl 21X 7, ifi=j=k=0,

lim B(Xi®X/ ,,, X/,0X]
M—o00 (Xo rip +kp> 0, otherwise.

Thus, (A.11) goes for M — 00 t0 3y <y Ekm* E||\ X211 X7 if mar — m*
and pyy — 00, to Y, o, Bl X131 X,||Z if mas — oo and pyy — oo, and to

*E XO® ’I"Jrlp 7X ®Xl+kp >
|r|<m* i,j,k€EZ

if myy — m* and pyy — p*. At last, if my; — oo and pyy — p*, for sufficiently
large M € N implying .# > =, (A.11) becomes for M — oo:

1
— Y Y b BXRX L XX s

m L
Irl<m, [il,l5], k| <-#
ip
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1
+ Z Z Er,mfi,‘//{E<Xé®Xé+1p,X/ ®X/+kp>
|7'|<|m7 2,131, |k <.
Tip

1
1) + — Z Z fsp,mgi,/// E<X(I)®X(Is+i)p7X;P®X(/s+k)p>8u
o< [i], 1], Ikl <.t

1
1)4‘5 > > Y bpmbi aB(X(0X],, X[, 00X )s,
7] < A Vt],|u| <t +22 =1 |il,|k|<A | s|< 22,
st+i=t,s+k=u
o)+ Y Y el BXeX,, X e X)), (A12)

|| <A [t |ul <+ —1

where 1;%’//,: Ly<mya—1 = [0,00) stand for functions which satisfy 0 <
1;%7///(25) < ¢%7%(t)/m for all ¢, with ¢= 4 defined in (A.7). Thus, due to

Hmsup ;o0 Y g (t)/m < I% and Assumption 4.6 (a), (A.12) converges for

M — oo as asserted to

D G BXGO X e, X @ X )sy
i,J,kEL

for certain ¢; € [0, p*] Hence, (4.6) is shown. O

Proof of Theorem /.1. %Agg;h is an unbiased estimator for g, with |h| <
due to its definition. Since ||<€Ag;h — Canllsym= ||ngj;,h — Ca.—n||s,m for all h,
let h > 0 w.l.o.g. Herein, h = hpy,m = mpg, M = Mg, Mgy, = A — |B], (X @
X)) = Xp ® X; — Gy, for kil € Z and &, =1 L for i € Z,n € N.
Stationarity of 2 after Assumption 4.1 (a), (4.10), conversions as in the proof
of Lemma 4.1 and the Assumptions 4.2-4.4 (a) lead for h with 0 < h < .Z to

A
=R E||‘5xh—<5xh||sum

% N
= Mk Z E|€xj—ithp — %X;j—i+hp||‘25‘z,{
ij=1
= M Z Em B Gt np — Cxithpll S,
[l|l<m
1 A, n
Z Z glm (X ®Xz+l+hp) (X ®X]+l+hp) >5
'/%Mh |l|<m i,5=1
= Z Z et E1m B(( X0 @ Xi1hp)s (Xk® Xitinp) s (A.13)

|k|<Ani,n || <m

0, if hp — oo,
M —o0 . *
? ZiEZ Z\J|<m*£j m (X0 @ Xiyc)' (X ®Xl+J+C) >$u7 if hp —c€Z,m —m7,
Yijer E((Xo® X)), (X;©Xit5) )su it hp = c€Z,m— oo,
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where the expressions in the two latter cases are well-defined after Assump-
tion 4.7 (a). Hence, due to the definition of 7 x in (4.12), the assertion is
proven. UJ

Proof of Theorem 4.2. Let h = har,m = mpg, M = Myr, M = %M7%M7h =

— |h|, Mory, = A — |h|. From stationarity of & = (2%)r and bilinearity of
Q: U™ x U™ — U™ follows for h with 0 < h < Ay — 1:

A, n A, 1 A,
E(%gn) = ///Mh_ Z E( %«*— Z Zi)® t%fk—khi%—m > %+h))
k=1 = Tog=1
1 A n
S L— /4 R - Carkern—i
%M,h(%M,h_l) ( M,h O%;h igl Z;k+h )
1
. — Carini. (A.14)
%M’h(%M’h_l) 1§¢J§//1M,h
ik

Hence, %BL’ 5 is an unbiased estimator for €, for h with 0 < h < . — 1 if the
sum in (A. 14) equals Oz,,.. , which can also be shown for h with 1—.#y < h < 0.
Now, we verify (4.14). Since ||<€£;h — Canllsym= ||Cg&’f;7h Car.—n||s,m for all
h,let h > 0 w.l.o.g. For h < .#; — 1 holds

iy 1 Mig,n
5 ‘M, h
Cgﬁllf,h = %M,h—l (m.Q,’ m.Q,’) & (mgf mx) + m Z U, 62/k+h
My n N
M (mgr — hgr) ® (mgr — ily) + %%,h} (A.15)
%M,h_l

with ‘f%;h as in (4.9) based on a sample %, ..., %,  of % = (%)rez where
Uy = X —mar. (A15), Car.p, = Gapp, A-inequality, (a+b+c)? < 3(a?+b?+c?)
for a,b,c € R and ||u @ ¥/||s,m = ||u||um ||0 |y for w,w’ € U™ yield

€~ CarnllSm
2

=B|| g [l — ingr) @ (mar — i) + Gop — G| + G
< iy [ Blling: = ma o iy~ mr
M3 B [ — Car B+ |G |
< Ty [ Bl = e
+ M Bl G — Carnl b+ mPENX .
where H‘@;hll?sum < m? E||X{||}, with X] == X; — mx follows from || - ||s,m <

[| - [|am, (3.4) and Cauchy-Schwarz inequality. From the inequalities above
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follows together with Lemma 4.1 (b), Theorem 4.1 and mas/ Ay, — 0 for
M — oo indeed

- %‘%ghnéum <3[0- Na,x +To,x +0] = 372, x -

M—o0

Proof of Theorem 4.3. ‘fxg;h is an unbiased estimator for Gz ., for h with
n— My < h < ANy —m by definition. Hereinafter, let & > 0 w.l.o.g. Further, we
write m = mps,n =ny,h = hy,p =pL,q = q, where L = Lyyy = M AN, (X ®
V) = X3, @Y — Cxyi for k,l € Zand &, =1— L for i € Z,n € N. Then,
stationarity of Z and & after Assumption 4.1, (4.16) due to Assumption 4.10,
Assumptions 4.2-4.4, (A.2) with the functions ¢, , defined in (A.3)—(A.4) for
any m,n € N, and i, n = tm,n/mAn, lead similarly to the proof of Theorem 4.1
to

LNk

E|Caa.n— Coanl?
o BllCzan— Caanlls,my.

m

n
Z Z E‘ |<5X,Y;j7i+(m+h7n)p - %X,Y;jfiJr(erhfn)p‘ |?3u’v

i=1 j=1

AN
~ ZMNR
mAmn

= gM,N,h Z Zm,n(l) E||%X,Y;l+(m+h7n)p_ %X,Y;lJr(erhfn)pH‘QS'u,v
[l|l<mvVvn

= Z Z gk,fMyNyh Zm,n(l)E<(X0®YE+(77L+h n)p) (Xk®Yk+l+(m+h n)p )I>Sz,($v

|k|<L,nyn |l <mVn

0, if (m+h—n)p—Eoo,
M—s00 Pien Xljlmevns U ) E((Xo®Yie), (Xj@Yijie) sy, i (m+h—n)p—c€Z,m—m’n—n"
— igen U0 E{(Xo®@Yite), (X5 @Yitjee) ) sums if (m+h—n)p—c€Z,m—oo,n—nt
Yijez U () E((Xo®Yire)' (X;®@Yitjre) ) sums if (m+h—n)p—cé€Z,m—m‘n— oo,
Pijer B{(Xo®Y3), (X; ©Yit5) ) su» if (m+h—n)p—ce€Z,m— oco,n— .

These series exist after Assumption 4.7 (b) and since |7*(j)| < 1 for all j, where
the precise values 7*(j) = limas— o0 Im,n(j) are stated in (A.5) for any j. O

Proof of Theorem 4.4. Herein, h = hy, with L = Lyy y = M AN, m = my, M =
///M,/// ///M,n—nN,JV My JV M. For hwithn— .4 <h< .4 —m
holds

. N 1
]E((g,é;g,h) = %xy;h - j (ag _ ) Z Cﬁ%%k-‘—h—i
M,N,h\~“M,N,h 1<i,k< L nn
i#k

similar as in the proof of Theorem 4.2. Thus, Cég’rg ;, is an unbiased estimator
for 6o, for these h if the sum above is Oz,;m ,,» - Moreover, as in Theorem 4.2,

~ A R N 5
Carar, = [(mﬁb’ — Thg) ® (ma — gy ) + %%,%h} ,
e Lunn—1

with ‘fo;,y;h defined in (4.15) based on samples %y, ..., %; of % = (% )kez
and 7,,..., 7V g of ¥ = (Vi)kez with %, == 2} — mag resp. ¥, = %, — may.
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Arguments in the proofs of Theorems 4.2-4.3 imply with (3.4), €z y.n = Caa.h,
with X{ = X; —mx as well as Y/ :=Y1 — my, and mn = (m An)(mVn):

LN

E||Caran— Cararnl|>
o Elleaan— Caanlls,m,.

gy — mag | [fym | [y — may | [3n

< 331\3,1% LN E)|
- (.>%]\/[,Nyhfl)2 mAnN

LN

<€ ' 2
A €] |s}

. 1
E||Cay:n— Cayn|> _—
|| UYV;h %”’thsumyvn—’_ gM,N,h(m A Tl)

XA g — |y Bl 1y — may [

ﬁ\/l,]\f,h 5 2 mvVn 4 4
t o E|[Cy:n— Cayinlls mynt m\/ B[ X1 ENYT]ly,

L (mVn)mlrple 43
Nh . A 4 A 4
~3 [ BN N itir E||ma — mxHanIJrlQ E|[7g — may|[pn

3%,1\1,}1 LN
= (Gunn—1)?

)

N

~ mvVn
E|| Gy — Capyn|> — ——JE|XAE| Y]
o hn Bl Gaorn = Garnl 5t oo BIXTENYIR

Moreover, after Assumptions 4.4, 4.8, 4.9, 4.11 holds s N5 ~ .ZZMN,h ~ MNN
for M — oo, and mVn =o(Lunn),mVn=o(MNN)=mVn=o0(HNN)
for M — co. Thus, since mn/m An=mVnand AN = (MNN)(AMNN),
we have

+

. (A.16)

Linn (mVn)ymn N (mVmn)? M—oo

BN man ANy (A-17)

and obviously also

mvn M-oc
—

0. A.18
LuNh ( )

Consequently, due to (A.17) and m'Pnle = O(mn) for M — oo, (A.18),
Lemma 4.1 (b), Theorem 4.3 and (A.16), holds

. ALNh
lim sup

M—oo MAT

EH(gZ‘,’,Qf;h_ (gx@;hﬂgum,\,n < 3[0 Maxnay + o, x,v) + 0]

= 37,(x,y)-
Hence, the assertion is verified. O
Proof of Corollary 4.1. The statements follow from (4.22), || - ||zym < || - |lsym
and Theorems 4.1-4.2 with /A = 0. U

Proof of Corollary 4.2. The assertions are a consequence of (4.24) as well as
Theorems 4.1-4.2 with h = 0, where (4.29) and (4.31) also include (4.27). O
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Proof of Theorem 4.5. At first, we prove the results for the estimators E}L?. The
triangle inequality leads to

E|I&; — ¢l < 2(EIE — &[0+ ElIG — cj11F). (A.19)

Further, the definition ofc in (4.34), ¢; in (4 23), with Z]L 21L (M) = <u]L ¢j)ugm
and Z; = Z;(M) = <cj,cj>um (4.36), sgn?(x) = 1R\{0}( x) for any ¢ € R, the
definition of the expected value and basic conversions imply
2, = E(sgn(Z]) - sgn(2;))?
=1+4+P(Z; #0) - QEsgn(Z )sgn(Z;)
=1+P(Z; #0)+2(P(Z]Z; <0) - P(Z] Z; > 0))
<2+2(1-2P(Z17; > 0))
=4(1-P(Z]Z; > 0)). (A.20)

E|[¢ — |

Moreover, the definition of E;[. in (4.33) yields

287, =1—|lg;— o

1, m Cilui, ¢
o+ 11— ¢l + Myme JZ’ d J” ., (A.21)

where for the last term holds due to independence, E|Z;| < 1, (4.32), Cauchy-
Schwarz inequality and the monotone convergence theorem:

’Z Z Cz ul7c] Mm‘ E|Z |Z | ’U/“C] MW|E|<Z| (A22)
— 1
SuYy 5=n (A.23)
1=1

Furthermore, (A.21), Markov’s inequality and (A.23) lead to

~P(Z]2;>0) < 1—]P(1 —11&— ¢j[Zm + vameZ ZQ ““cf 0)
=1 ]P(|Ej 1 zQAm* L5 2mM JZ il u“ shutr 1)
< P( I 5+ 2255, ZQ e > 1)
< Blig— gl o+ L2, E|Z ZQ “’"I
< B = ol + 5 (A.24)
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Finally, plugging (A.24) into (A.20), and afterwards (A.20) into (A.19), leads
together with (4.28) from Corollary 4.2 to

A 2
lim sup —'yj e

M—oo T M —o00

1072, x + 8.

4 A y
]E||c§ —&|[m < 10limsup —’yj 2 |6 — o |Fm + Sp

mpr

A

Thus, (4.37) is verified. The same conversions imply with (4.27) and (4.29):

Myp
lim sup —— E su & — oA
msup - Yk ns » 1 = ¢j1[Zm

Mg f

< 2 : ~—2 <2

< 10lim sup —'ykM’mME sup |[¢; — ¢j|[gm + 8plimsupd, ~sup 75,
M—o0 ]Sk]u M—o00 ]Sk]\/j

IA

10 T2,X + 8/,L,
hence (4.38) also holds. At last, (4.39) and (4.38) can be shown analogously. O

Proof of Lemma 5.1. Zy — Zn = AN(Zy — Zp) for all N € N. Further, || Zy —
Zoll4; < oo since (Zi)k, (Zk)r are LY,-processes because (ej )y is one. Thus, due
to submultiplicity of the operator norm, one obtains with p := [|A|[”,

pVE||Zy — Znl5; < EllZo — Zollz, YN €N 0

Appendix B: Side results

Lemma B.1. Let Assumption 4.1 hold, and let (Xi)kez and (Yi)kez be LZ44 -m-
resp. L‘{,-m—approximable. Furthermore, let 241 = (Xmtjpits - - - ,Xlﬂﬂp;l)T
and g/n"rj;l = (Yn+jq;l7 s 7}/1+jQ§l)T fOT any j7 l7 m,n,p,q.

(a) The processes (Zx)kez and (%)kez satisfy

Zwmm (Zk = Zisk) <ZV4u X — Xi) < (B.1)
k=1 k=1

\/—ZVALV"%_%/% ZV4V Vi = Yi) < (B.2)
k=1

Furthermore, (2,)k, is L};m-m-approzimable for fited m € N if p=1, and
(%)k is Lyn-m-approzimable for fized n € N if ¢ = 1.

(b) The process (Win)kez, where Wi p = Ly @ Py, with h € Z, fulfills with
Wihit = Xy @ Dothil:

1 o0
Z VQ,SMmy\;n(Wk,h - %{:,h;k)
vmn 1
< vay (Y1) vau(Xe — Xigr) + vau(X1)vay(Ye — Yer),  (B.3)
=1

and (Wi n)k is Lz,myn—m—appmm'mable for fizedm,nifh <0andp=q=1.
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Proof. (a) The definition of 2%, Zk:k, %, @i for all k implies vgym( 2y —
Fg) VMg (Xp—Xi) and v v @ — i) < v/nvay (Yie—Yisr), thus (B.1),
(B.2). Hence, since (Z%)r and (%) are causal w.r.t. (e)y for fixed m € N if
p = 1 resp. for fixed n € N if ¢ = 1,(Z})r and (%) are then also L}.-m-
resp. L?,n-m—approximable.

(b) Bilinearity of ®: U™ x V™ — V™ Minkowski inequality, ||u ® v||3umw =
[|w||egm||v]|yn for w € U™, v € V™, Cauchy-Schwarz inequality and (A.2) yield

1 oo
\/ﬁ Z U2,Sz,1myn<%c,h - Wk,h;k)
k=1

oo

1
— > oSy (L = Ziett) @)+ V2.50myn( 25 @ (Phosn, — Dhrnik)
k=1

IN

j

1

f
NE

E
I
—

vy Zi — Zi ) Vay(P41) + vaym( Z1)va v @ — Do)

NE

<Y yM)vau(Xe — X)) + vau (X)) vay(Ye — Yik)-

~
Il

1

This term is finite due to L*-m-approximability of (X})x and (Y%)x. Moreover,
since (Zk)k, (Zh+n)r and thus (#4 )y are causal w.r.t. (e)y for h < 0 for fixed
m,n € Nif p=gq =1, (Wi n)r is indeed Lgumvn—m—approximable. O
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