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Abstract

The Marked Binary Branching Tree (MBBT) is the family tree of a rate one binary
branching process, on which points have been generated according to a rate one
Poisson point process, with i.i.d. uniformly distributed activation times assigned to
the points. In frozen percolation on the MBBT, initially, all points are closed, but as
time progresses points can become either frozen or open. Points become open at their
activation times provided they have not become frozen before. Open points connect
the parts of the tree below and above it and one says that a point percolates if the
tree above it is infinite. We consider a version of frozen percolation on the MBBT
in which at times of the form 6", all points that percolate are frozen. The limiting
model for # — 1, in which points freeze as soon as they percolate, has been studied
before by Rath, Swart, and Terpai. We extend their results by showing that there
exists a 0 < #* < 1 such that the model is endogenous for § < 6* but not for § > 6.
This means that for § < 0*, frozen percolation is a.s. determined by the MBBT but for
0 > 0" one needs additional randomness to describe it.
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1 Introduction and main results

1.1 Introduction

The concept of frozen percolation was introduced by Aldous [AldOO]. In it, i.i.d.
activation times that are uniformly distributed on [0, 1] are assigned to the edges of
an infinite, unoriented graph. Initially, all edges are closed. At its activation time, an
edge opens, provided it is not frozen. Here, by definition, an edge freezes as soon as
one of its endvertices becomes part of an infinite open cluster. For general graphs, the
existence of a process satisfying this description is not obvious. Indeed, Benjamini and
Schramm observed that on the square lattice, frozen percolation does not exist (see
[BTO1, Section 3] for an account of the argument).

On the other hand, Aldous [AldO0] showed that frozen percolation on the infinite
3-regular tree does exist. Under natural additional assumptions, such a process is even
unique in law. This was partially already observed in [Ald00] and made more precise
in [RST19, Thm 2]. The problem of almost sure uniqueness stayed open for 19 years,
but has recently been solved negatively in [RST19, Thm 3], where it is shown that
the question whether a given edge freezes cannot be decided only by looking at the
activation times of all edges.

The proof of [RST19, Thm 3] depends on detailed calculations that are specific to the
details of the model. As a result, the question of almost sure uniqueness is still open for
frozen percolation on n-regular trees with n > 3. This raises the question whether model
specific calculations are necessary, or whether the absence of almost sure uniqueness
can alternatively be demonstrated by more general, “soft” arguments that have so far
been overlooked.

The results in the present paper suggest that this is not the case and model specific
calculations are, to some degree, unavoidable. We look at a modified model in which
edges can freeze only at a certain countable set of times. For the resulting model, which
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depends on a parameter 0 < § < 1, we show that under the same natural additional
assumptions that guarantee uniquess in law, there exists a nontrivial critical value 6*
such that almost sure uniqueness holds for 8 < #* but not for 8 > 6*.

It turns out that it is mathematically simpler to formulate our results for frozen
percolation on a certain oriented tree, the Marked Binary Branching Tree (MBBT), a
random oriented continuum tree introduced in [RST19]. Using methods of Section 3 of
that paper, our results can also be translated into results for the unoriented 3-regular
tree. For brevity, we omit the details of the latter step and stick for the remainder of the
paper to the oriented (rather than the unoriented) setting on the MBBT (rather than the
3-regular tree).

1.2 Frozen percolation on the MBBT

Let T be the set of all finite words i = i; -- -4, (n > 0) made up from the alphabet
{1,2}. We call |i] := n the length of the word i and denote the word of length zero by
@, which we distinguish notationally from the empty set (). The concatenation of two
words i =141 ---i, and j = j1 - - - jm, is denoted by ij := 41 - -i,51 - - - jm. We view T as an
oriented tree with root @, in which each point i hag two offspring il and i2, and each
point i = ¢y - - - 7,, except for the root has one parenti:=i;---i,_1. In pictures, we draw
the root at the bottom and we draw the descendants of a point a?ove their predecessor.
By definition, a rooted subtree of T is a subset U C T such thati € U foralli € U\{&}.
We call 0U := {i € T\U : i € U} the boundary of U, and we use the convention that
U ={@}if U=0.

Let (7, ki)ier be i.i.d. uniformly distributed on [0, 1] x {1,2}. We interpret 7; as the
activation time of i and k; as its number of legal offspring. If x; = 1, then we call i1l and
i2 the legal and illegal offspring of i, respectively. Points i € T with x; = 1 or = 2 are
called internal points and branching points, respectively. We denote the corresponding
setsasl:={ieT:k; =1} and B:= {i € T: x; = 2}. Only activation times of internal
points matter; activation times of branching points will not be used. For any i € T and
A C T, we write i — o if there exist (Jk)k>1 such that

(1) Jrt1 < Kijyoj, and (ii) ijy---jr€ A forallk > 0. (1.1)

In words, this says that there is an infinite open upwards path through A starting at i
such that each next point is a legal offspring of its parent.

We will be interested in frozen percolation on T with the following informal descrip-
tion. At any time, points can be closed, frozen, or open. Once a point is frozen or open, it
stays that way. Initially, all branching points are open and all internal points are closed.
Branching points stay open for all time. An internal point i becomes open at its activation
time 7; provided that, by this time, it has not yet become frozen. The rules for freezing
points are as follows. We fix a set £ C (0, 1] that is closed w.r.t. the relative topology
of (0,1]. Letting O! denote the set of open points at time ¢, we decree that up to and
including its activation time, a closed internal point i becomes frozen at the first time in

t
= when its legal offspring percolates, i.e., when il 9 .
Let
Tt::{ie]I:Tigt}uIB (0<t<1) (1.2)

denote the set of all points at time ¢ that are either an internal point that has already been
activated or a branching point. Let IF denote the set of internal points that eventually
become frozen. Since once a point opens or freezes, it stays open or frozen for the
remaining time, the set of open points at time ¢ is given by O! = T!\IF. In view of this,
we make our informal description precise by saying that a random subset I of T solves
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the frozen percolation equation for the set of possible freezing times = if

t
icFifandonlyif s; = 1and il —% oo for some ¢ € =N (0, 73], (1.3)

which says that the points that eventually become frozen are those internal points i for
which il percolates at some time in = before or at the activation time of i.

It turns out that solutions to (1.3) always exist, but the question of uniqueness is
more subtle. To get at least uniqueness in law, we impose additional conditions. We
write w; := (73, k) (i € T) and for any j € T, we let

Q= (Wii)sep (1.4)

denote the i.i.d. randomness that resides in the subtree of T rooted at j. In particular,
we write €2 := Q4. If IF is a solution to the frozen percolation equation, then for each
j € T, we define a random subset I; of T by

F;:={ieT:jicF} (1.5)

We say that a solution I to the frozen percolation equation (1.3) is stationary if the
law of (€5, ;) does not depend on j € T. We say that I is adapted if for each finite
rooted subtree U C T, the collection of random variables (€5, Fj);cou is independent of
(wi)ieu. Finally, we say that IF respects the tree structure if (2, F;);jeou is a collection of
independent random variables for each finite rooted subtree U C T.

With these definitions, we can formulate our first result about existence and unique-
ness in law of solutions to the frozen percolation equation (1.3). In the special case that
= = (0, 1], the following theorem has been proved before in (in a somewhat different
guise) in [RST19, Thm 2].

Theorem 1.1 (Uniqueness in law of frozen percolation). Let = be a closed subset of (0, 1]
(w.r:t. the relative topology). Then there exists a solution IF of the frozen percolation
equation (1.3). This solution can be chosen so that it is stationary, adapted, and respects
the tree structure. Subject to these additional conditions, the joint law of 2 and F is
uniquely determined.

We will prove Theorem 1.1 in Subsection 2.1. As we will see in the coming subsections,
the question of almost sure uniqueness of solutions to the frozen percolation equation is
subtle and the answer depends on the choice of the closed set =.

In the remainder of the present subsection, which can be skipped at a first reading,
we explain how our set-up relates to the definition of the Marked Binary Branching Tree
(MBBT) introduced in [RST19]. Let

S:={i1-in €T :ip < hyy. vVl <m<n} (1.6)

“tm—1

denote the random rooted subtree of T consisting of all legal descendants of the root.
Then $ is the family tree of a branching process in which each individual has one or two
offspring, with equal probabilities. For any rooted subtree U C 3, we call

VU:=0UNS% (1.7)

the boundary of U relative to .
Let (¢;)ier be i.i.d. exponentially distributed random variables with mean 1/2, inde-
pendent of 2. We interpret ¢; as the lifetime of the individual i and let

n—1 n
bi1~“in = Z&lzk and dil.“i" = ZEH“‘ (18)
k=0 k=0
EJP 27 (2022), paper 145. https://www.imstat.org/ejp
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with by := 0 and dy := {5 denote the birth and death times of 4; ---7,, € T. For h > 0, we

let
Tp:={icT:di<h}, OT,={ieT:b<h<d},

3, =T, NS, VS, =0T, NS

(1.9)

denote the sets of individuals in T or $ that have died by time h and those that are alive
at time h, respectively. Note that the former are a.s. finite rooted subtrees of T and 3,
respectively, and the latter are their boundaries relative to T or $. Now

(VSh)n>o0 (1.10)
is a continuous-time branching process subject to the following dynamics:

* each individual i is with rate 1 replaced by two new individuals il and i2,
* each individual i is with rate 1 replaced by one new individual il.

Let (VS),—)n>0 denote the left-continuous modification of the branching process in (1.10)
and let
T:={(i,h):i€ VSu_,h>0}. (1.11)

As in [RST19, Subsection 1.5], we equip 7 with a metric d by setting d((i, k), (j, 9)) :=
h + g — 7, where 7 is the last time before i A g when there existed a common ancestor of
iand j. Then 7 is a random continuum tree. We can think of 7 as the family tree of a
rate one binary branching process. Recall that T = {i € T : x; = 1} denotes the set of
internal points of T. Let

Iy := {(i,di) : 1€ INS} and II:={(i,di,n):i€INS}. (1.12)

In words, Il consists of all points z = (i,d;) in the continuum tree 7 at which an
individual i dies and is replaced by a single new individual i1, and II consists of all pairs
(z,7,) where z € IIy and 7, is the activation time of the individual that dies at this point.
Then the pair (7,1I) is a Marked Binary Branching Tree (MBBT) as defined in [RST19,
Subsection 1.5]. As explained in [RST19, Subsection 1.7], the MBBT naturally arises as
the near-critical scaling limit of percolation on a wide class of oriented trees.

If we forget about the specific labeling of elements of 7, i.e., if we are only interested
in 7 as a metric space where we view two metric spaces as equal if they are isometric,
then we can no longer recognise from 7 at which points a single individual is replaced by
a single individual with a different label. In such a setting one can check that conditional
on T, the set II is a Poisson point process of intensity one on 7 x [0, 1]. In particular, II,
is a Poisson point process of intensity one on 7 and conditionally on (7,1I,), there is an
independent, uniformly distributed activation time 7, attached to each point z € II,.

Frozen percolation on the MBBT has been introduced in [RST19, Subsection 1.6].
Our earlier definitions, translated into the language of the MBBT, result in a process with
the following informal description. Initially, all points z € IIy are closed. Such points
open at their activation time 7,, provided that by this time they have not yet become
frozen. A point z € Il freezes at the first time in = before or at its activation time when
the open component of 7 that sits just above the point has infinite size.

1.3 Burning times

Let 2 C (0,1] be a relatively closed set of possible freezing times and let IF be a
solution to the frozen percolation equation (1.3). We define the burning time of a point
ieTas

Vi=inf{teZ:i % oo} (e, (1.13)

EJP 27 (2022), paper 145. https://www.imstat.org/ejp
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with the convention that inf () := co. The choice of the term “burning time” is motivated
by a certain analogy with forest fire models. The following lemma implies that if ¥; <1,
then the infimum in (1.13) is in fact a minimum.

Lemma 1.2 (Percolation times). For any random subset A C T andi € T, the set
{te]0,1]: i oo} is a.s. closed.
We will prove Lemma 1.2 and Lemma 1.3 below in Section 2.1. By formula (1.13), the

burning times (Y;)ier are a.s. uniquely determined by the set IF and the i.i.d. randomness
Q. The following lemma shows that conversely, given 2 and (Y;)ieT, one can recover F.

Lemma 1.3 (Frozen points). Let I be a solution to the frozen percolation equation (1.3)
and let (Y;)ieT be defined by (1.13). Then

F={iel:Yy<n}. (1.14)

Remark 1.4. If I is adapted, then Y;; is independent of 7; and hence P[Y;; = 1;] = 0 for
each i € T. According to our definitions, the point i freezes when Y;; = 73, but as long as
we only discuss adapted solutions, it in fact does not matter how things are defined in
this case.

Let I :=[0,1] U{oo}. If I is a solution to the frozen percolation equation (1.3), then it
is not hard to see that the burning times (Y;)ier satisfy the inductive relation

Yi = x[m, wi] (Yir, Yiz), (1.15)
where y : [0,1] x {1,2} x I? — [ is the function

x ifk=1, >,
x[r, kl(z,y) =< o0 ifk=1 2 <7, (1.16)
TNy ifk =2.

Assume that I is stationary, adapted, and respects the tree structure. Then the law
of Y satisfies the Recursive Distributional Equation (RDE)

Yo £ x[w](Y1, Ya), (1.17)

where 4 denotes equality in distribution, Yi,Y> are i.i.d. copies of Y, and w is an
independent uniformly distributed random variable on [0, 1] x {1,2}. Proposition 37 of
[RST19] classifies all solutions of the RDE (1.17). Expanding on that result, we can prove
the following lemma, which is the basis of our proof of Theorem 1.1.

Lemma 1.5 (Law of burning times). For each set E C (0, 1] that is closed w.r:t. the relative
topology of (0, 1], there exists a unique probability measure p=z on I such that

1. p= solves the RDE (1.17),

(1

2. p= is concentrated on Z U {cc},
3. p=([0,t]) > it forallt € =.

Assume that I solves the frozen percolation equation (1.3) for the set of possible freezing
times = and that T is stationary, adapted, and respects the tree structure. Then the
burning time of the root Yy, defined in (1.13), has law p=.

We will prove Lemma 1.5 together with Lemma 1.6 below in Section 2.1. The following
lemma shows that every solution of the RDE (1.17) is of the form p= for some closed set
= C (0, 1]. Below, supp(u) denotes the support of a measure p.

EJP 27 (2022), paper 145. https://www.imstat.org/ejp
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Lemma 1.6 (General solutions to the RDE). If p solves the RDE (1.17), then p = p= with
= :=(0,1] Nsupp(p).

By condition (ii) of Lemma 1.5, for a general closed subset = C (0,1], we have
(0,1] Nsupp(p=) C E. This inclusion may be strict,! however, so the correspondence
between solutions of the RDE (1.17) and sets of possible freezing times is not one-to-one.

1.4 Almost sure uniqueness

Recall from (1.4) that Q = (wi)ieT With w; = (11, ki). For a given set = C (0,1] of
possible freezing times, we say that solutions to the frozen percolation equation (1.3)
are almost surely unique if, whenever IF and I’ solve (1.3) relative to the same {2, one
has F = I/ a.s.

Let us first note that it is easy to show that if = is a finite subset of (0, 1] then the
solutions of (1.3) are almost surely unique. Indeed, if = = {¢1,...,t,} with0 < #; <--- <
t, <1 then one proves by induction on k£ = 1,...,n that the set of vertices that burn at
time tj, is determined by (2. This implies that the burning time Y; of each vertex i € T is
determined by (), hence the set IF is also determined by (2 using Lemma 1.3.

For the remainder of the paper, we will mostly focus our attention on a one-parameter
family of sets of possible burning times. For 0 < § < 1, we define Zy := {6 : n € IN}
(with N := {0,1,2,...}) and we set E; := (0, 1], which can naturally be viewed as the limit
of =g as # — 1. As a straightforward application of [RST19, Prop 37], one can check that
for these sets, the probability laws pz from Lemma 1.5 are given by

10 0
pz, (dt) = —— ;9 09 (A1) + 750 (dt) - (00 <1),

1+46 (1.18)

pz, (dt) = 3dt + 160 (dt).

It is not hard to see that p=, converges weakly to p=, as § — 1.

We conjecture that for the sets =y with 0 < 6 < % solutions to the frozen percolation
equation are almost surely unique. We have not been able to prove this, but we can
prove that there exists a % < 6* < 1 such that almost sure uniqueness does not hold for
6 > 6* and almost sure uniqueness holds under additional assumptions for § < 6*.

To explain this in more detail, fix @ = (wi)ieT, let F be a solution to the frozen
percolation equation (1.3) that is stationary, adapted, and respects the tree structure,
and let (Y;)ier be the burning times defined in (1.13). Then

1. For each finite rooted subtree U C T, the r.v.’s (V})icou are i.i.d. and independent
of (wi)ieu.

2. Yi = ylwi](Yin, Yo) (i€ T).

This means that (wj, Y;)ieT is a Recursive Tree Process (RTP) as defined in [ABO5]. Note
that since by Theorem 1.1, the joint law of (2, IF) is uniquely determined, the same is true
for the law of the RTP (wj, Y;)ieT. Following a definition from [ABO05], one says that such
an RTP is endogenous if Y is measurable w.r.t. the o-field generated by the collection of
random variables Q = (wj);er. We make the following observation.

Lemma 1.7 (Endogeny and almost sure uniqueness). Let (wj, Y;)ieT be the RTP defined
above. Then the following claims are equivalent:

1. The RTP (w;, Y)ier is endogenous.

1For example, if = = {s,t} with 0 < s <t < 1 and ¢ < 2s, then using Lemma 2.2 below it is easy to check
that p= = sds + (1 — $)dco.
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2. IfTF and I’ solve (1.3) relative to the same (), and moreover I and I’ are stationary,
adapted, and respect the tree structure, then F = I’ a.s.

Proof. Fix ) = (wj)ier and let I be a solution to (1.3) relative to Q2 that is stationary,
adapted, and respects the tree structure. By Theorem 1.1, such a solution exists (perhaps
on an extended probability space) and the joint law of (Q,F) is uniquely determined.
Let (wi, Yi)ieT be the corresponding RTP defined by (1.13). Endogeny says that Yy is
measurable w.r.t. the o-field generated by ). Since (wjl, YJ,)leT is equally distributed
with (wi, Yi)ieT, endogeny implies that Yj is measurable w.r.t. the o-field generated by
for each j € T. This shows that endogeny is equivalent to the statement that (Y;)icr is
measurable w.r.t. the o-field generated by €2. Since by (1.13) and Lemma 1.3, given (2, the
set IF and collection of random variables (Y;);eT determine each other a.s. uniquely, this
is in turn equivalent to the statement that IF is measurable w.r.t. the o-field generated
by Q2. Equivalently, this says that the conditional law of I given () is a delta-measure.
This shows that (i) implies (ii). Conversely, if (i) does not hold, let us construct a
random variable I such that I’ is conditionally independent of IF given (2, moreover the
conditional distributions of IF and I’ are the same if we condition on 2. In particular,
IF’ then also solves (1.3) relative to 2 and is stationary, adapted, and respects the tree
structure. Since the conditional law of IF given {2 is not a delta-measure, we then have
IF # I with positive probability, showing that (ii) does not hold. O

It follows from Lemma 1.7 that if the RTP (wj, Y;)ieT is nonendogenous, then solutions
to the frozen percolation equation (1.3) are not almost surely unique. We pose the
converse implication as an open problem:

Question 1 Does endogeny of the RTP (wj, Y;)icr imply almost sure unique-
ness of solutions to the frozen percolation equation (1.3)?

In other words, Question 1 asks whether in part (ii) of Lemma 1.7, one can remove the
conditions that IF and I’ are stationary, adapted, and respect the tree structure.

We now address the question of endogeny. To state our main result, we need one
technical lemma, which introduces a parameter 6*. Numerically, we find that 0* ~ 0.636.

Lemma 1.8 (The critical parameter). Let g : (0,1) — R be defined as

—  6%(1—6?
g(0) :=2(1 +0) — ZQ/( )9€ (1.19)
=0

Then g is a strictly decreasing continuous function that changes sign at a point 6* € (%, 1).

The following theorem is the main result of our paper. For § = 1, the result has been
proved in [RST19, Thm 12] but the result is new in the regime 0 < 6 < 1.

Theorem 1.9 (Endogeny). Let 0* be as in Lemma 1.8. Let 0 < § < 1, and for the set
of possible freezing times Zy, let (), F) be defined as in Theorem 1.1. Let (w;, Y;)ieT be
the corresponding RTP of burning times defined in (1.13). This RTP is endogenous for
0 < 0 <0* but not forf* <0 <1.

In the Subsections 1.5 and 1.6 below, we eleborate a bit on our methods for proving
Theorem 1.9. We use the remainder of the present subsection to make a few additional
comments on Question 1 posed above.

Set IFy := () and define inductively for & > 1

Vio=inf{tez:i 5 o0} (ieT) and Fy:i={iel: V¥ <n}, (1.20)

EJP 27 (2022), paper 145. https://www.imstat.org/ejp
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with the usual convention that inf ) := co. Then it is not hard to see that

(i) Fap, C Fopta (ii) Fopt1 D Fopqo,

) (n €. (1.21)
(iil) Fo,, C Fopyo (iv) Fopt1 D Fapgs,

Moreover, if IF solves the frozen percolation equation (1.3), then
Fy, CF C Fopia (n € N). (1.22)

For the sets of possible burning times =y with 0 < # < 1, it is possible to verify by
calculation that s = () a.s. if and only if § > 1/2. In particular, if # < 1/2, then there
are points that must freeze in any solution to the frozen percolation equation (1.3). We
conjecture that in fact, for any 6 < 1/2, the sets | J,, . F2n and (o F2n41 are a.s. equal
and as a result, solutions to the frozen percolation equation (1.3) are a.s. unique for all
6 < 1/2. Note that even if this conjecture is correct, it does not not fully settle Question 1,
since the parameter 6* from Lemma 1.8 is strictly larger than 1/2.

1.5 Scale invariance

We fix a set of possible burning times =, construct a frozen percolation process (2, IF)
as in Theorem 1.1 and let (wj, Y;)icr be the corresponding RTP of burning times defined
in (1.13). Conditional on Q = (wj)ic, let (Y} )icT be an independent copy of (Y;)ier. Then
endogeny is equivalent to the statement that Y, = Y} a.s. An easy argument, which
can be found in [MSS18, Appendix B], shows that the joint law of (Y, Y}) solves the

bivariate RDE
d

(ngyé) = (X[w](YhYQ%X[w](Yl/’YZI))? (1.23)
where (Y1,Y7) and (Y>,Yy) are independent copies of (Yz,Y}) and w is an independent
uniformly distributed random variable on [0, 1] x {1,2}. We define probability laws on 2
by

P2 =P[(Yp,Y}) € -] and 78 :=P[(Ys,Yp) € ]. (1.24)

The marginals of these measures are the measure p= defined in Lemma 1.5. General
theory for RTPs yields the following:

Proposition 1.10 (Bivariate uniqueness). The following statements are equivalent:

1. The RTP (w;, Yi)ier is endogenous.

2 —(2
2 o2 =2

3. The measure ﬁg) is the only solution of the bivariate RDE (1.23) in the space of

symmetric probability measures on I? with marginals given by p=.

Proof. The equivalence of (i) and (ii) follows immediately from the definitions in (1.24),
the equivalence of (i) and (iii) is proved in [AB05, Thm 11] (see also [MSS18, Thm 1]),
and the implication (iii)=-(ii) is trivial. O

Proposition 1.10 is our main tool for proving Theorem 1.9, but in order to be able
to successfully apply Proposition 1.10, we need one more idea. For a general set of
possible burning times =, it is difficult to find all solutions of the bivariate RDE (1.23)
in the space of symmetric probability measures with marginals given by p=. For the
special sets =y with 0 < 6 < 1, however, it turns out to be sufficient to look only at
scale invariant solutions of the bivariate RDE. As we will explain below, this leads to a
significant simplification of the problem, which allows us to prove Theorem 1.9 for the
sets =y, but not for general =.
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It has been proved in [RST19, Prop 9] that the law of the MBBT is invariant under a
certain scaling relation. This is ultimately the consequence of the fact that the MBBT is
itself the scaling limit of near-critical percolation on trees of finite degree. We will not
repeat the scaling property of the MBBT here but instead formulate scaling properties
of solutions to the RDE (1.17) and bivariate RDE (1.23) that are consequences of the
scaling of the MBBT.

For each t > 0, we define a scaling map ¥, : [ — I by

tly iy <t,

00 otherwise. (1.25)

)= {

We let M) denote the space of all probability measures p on I = [0,1] U {oc} that satisfy
p([0,¢]) <tforall 0 <t <1, and we define scaling maps I'; by

Dip=t""poyt+ (1 -t (peMWD, t>0), (1.26)

where J,, denotes the delta-measure at co. It is not hard to see that I'; maps the space
MW into itself. In particular, for 0 < ¢ < 1, the assumption p([O, t]) < t guarantees that
I'tp puts nonnegative mass at co. The following lemma says that the set of solutions to
the RDE (1.17) is invariant under the scaling maps I';. Below, p= denotes the measure
defined in Lemma 1.5.

Lemma 1.11 (Scale invariance of the RDE). Let p be a solution to the RDE (1.17). Then
pE M) and for each t > 0, the measure T'yp is also a solution to the RDE (1.17). In
particular, if = is a relatively closed subset of (0,1], then

Iipz = p=r with Z' = {t_ly cy € E}NJ0,1] (t > 0). (1.27)

For the bivariate RDE, a result similar to Lemma 1.11 holds, which we formulate now.
We say that a probability measure on I? is symmetric if it is invariant under the map
(y1,2) — (ya2,1). Let M) denote the space of all symmetric probability measures p(?)
on I? that satisfy

pPP(0,4] x TUT x [0,8]) <t YO<t<1. (1.28)

We define 9> : 12 — 12 by °) (y,9/') := (u(y), ¢ (y')) and we define T\>) : M@ — M)
by
TPp =t o () 4 (1=t V0ooney  (pEMP, t>0). (1.29)

We will prove that p € M(? indeed implies F§2)p e M® in Section 2.2. With the above
definitions, we have the following lemmas, which are analogous to Lemma 1.11. The

measures B(EQ) and ﬁ(;) that occur in Lemma 1.13 are defined in (1.24).

Lemma 1.12 (Scale invariance of bivariate RDE). Let p(?) be a symmetric solution to the
bivariate RDE (1.23). Then p'® € M®), and for each t > 0, the measure I‘?)p(z) is also a
solution to (1.23).

Lemma 1.13 (Scale invariance of special solutions). Let = C (0, 1] be relatively closed.
Then, for eacht > 0,

T2 =p® and TVpE =58 with == {t"'y:ye=}n[o,1). (1.30)

1.6 Scale invariant solutions to the bivariate RDE

In the present subsection, we explain how scale invariance helps us prove our main
result Theorem 1.9. It follows from Lemma 1.11, and can also easily be checked by direct
calculation using formula (1.18), that the measures pg, are invariant under scaling by
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0, and hence also by 6" for each n > 0. Likewise, pz, is invariant under scaling by any
0<t<1,sowehave

Tipz, = p=, (0<O<1,teSy). (1.31)

Motivated by this, for 0 < § < 1, we let Mgf) denote the space of probability measures
p? on I? such that:

1. p e M3,
2. the marginals of p(Z) are given by pz,,
3. T = p@ forall t € =,.

Let 0 < 6 < 1, and for the set of possible freezing times =y, let (2, IF) be defined as in
Theorem 1.1. Let (wj, Yj)ier be the corresponding RTP of burning times defined in (1.13).
It follows from Proposition 1.10 and Lemma 1.13 that the RTP (wj, Y;)ieT is endogenous
if and only if 5(529) is the only solution of the bivariate RDE (1.23) in the space M((,Q). In
view of this, Theorem 1.9 is implied by the following theorem.

Theorem 1.14 (Scale invariant solutions of the bivariate RDE). Let 6* be as in Lemma 1.8
and let0 < 6 < 1. Then:

1. If6 < 6* then ﬁ(Q) is the only solution of the bivariate RDE (1.23) in the space /\/l((f).

Zg
2. If0* < 0, then there exists a measure p?) /\/l((f) with p(?) # 5(529) that solves (1.23).

We call ﬁgg the diagonal solution of the bivariate RDE since it is concentrated on
{(y,y) : y € I} (see (1.24)). In the special case § = 1, Theorem 1.14 has been proved
in [RST19, Thm 12], where it is moreover shown that the bivariate RDE (1.23) has
precisely two solutions in the space M§2>. We conjecture that this holds more generally.

In Remark 3.33 below, we present numerical evidence for the following conjecture.

Conjecture 1.15 (Unigueness of the nondiagonal solution). For all 8* < 6 < 1, the
measures 5(529) and 8(529) defined in (1.24) are the only solutions of the bivariate RDE (1.23)
in the space Még).

The main advantage of scale invariance is that it reduces the number of parameters.
In general, we can characterise a measure on [0, 1]? by its distribution function, which is
a real function of two variables. However, using scale invariance, we can characterise a
measure p?) € M((f) using a real function of one variable only, see Definition 3.2 below.
This significantly simplifies the calculations.

We can in fact be a little more general. Generalizing the definition above (1.18), for
0<f<land0< a <1,letusdefine Zy, := {ab” : n € N}. Then Lemma 1.11 implies
that p=, , = I'1/ap=,. Moreover, Proposition 1.10 and Lemma 1.13 imply that the RTP
corresponding? to p=,.. is endogenous if and only if the RTP corresponding to p=, is
endogenous. Since this does not conceptually add anything new, for simplicity, we have
formulated our main results only for the set of possible burning times =.

2 Frozen percolation on the MBBT

2.1 Existence and uniqueness in law

In this subsection, we prove Theorem 1.1 and Lemmas 1.2, 1.3, 1.5, and 1.6.

2The precise definition of an RTP corresponding to a solution to an RDE can be found below formula (2.15)
below.
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t
Proof of Lemma 1.2. It suffices to prove the claim fori = @. Let P := {t € [0,1] : @ T

oo}. Similar to the definition in (1.1), for any i,k € T and A C T, we write i A, X if there
exista j = j; - jn € T such that k = ij and

(i) jrp1 < FKijyje (0<k<mn) and (i) ij1---jred (0<k<n). (2.1)

By (1.2), the set T'(i) := {t € [0,1] : i € T*} is closed for each i € T, so for each finite n,
the set

P, = {te0,1]: 2 % j for some j € T with [j| = n}, (2.2)

being a finite intersection and union of sets of the form 7'(i), is also closed. It follows
that the same is true for P = () -, Py. O

Proof of Lemma 1.3. By Lemma 1.2, for each i € T, the set
T() = {te0,1]:i -3 oo}

is a random closed subset of [0,1]. By Lemma 2.14 below, P[i T oo] < Pli AN o] =t
for all ¢t € (0,1], so there a.s. exists a random ¢ > 0 such that T'(i) C [¢, 1], i.e., T(i) is a
random compact subset of (0, 1]. Since = is a closed subset of (0, 1] this implies that on
the event that Y; < 1, the infimum in (1.13) is in fact a minimum and i T—\I>F oo fort =Y;.

Leti e I. If Yj; > 7, then clearly there exists no t € (0, 7] such that il T—\]>F 0o, and
hence by (1.3) i € IF. On the other hand, if Y;; < 73, then by what we have just proved,

t
setting ¢ := Y;; we have t € 2N (0, 3] and il T—\]>F oo, which by (1.3) shows thati e F. O

To prepare for the proof of Lemma 1.5, we need a bit of theory. Let BV denote the
space of functions F' : R — R that are locally of bounded variation. For each F' € BV, the
right and left limits F(¢t+) := lim, ¢ F(s) and F(t—) := limyy, F(s) exist for each ¢t € R,
and F' defines a signed measure dF' on R by any of the equivalent formulas

dF((s,t])) = F(t4) — F(s+) (s<t) and dF([s,t)) = F(t—) — F(s—) (s <t). (2.3)

For GG, F € BV, we let GdF denote the signed measure obtained by weighting dF’ with
the density GG. For F' € BV, we define

F(t) =1 (F(t—)+ F(t+)) (t€eR). (2.4)

It is well-known that a right-continuous function with left limits makes at most countably
many jumps, and hence F(t) # F(t) for at most countably many values of ¢. We will need
the following simple fact.

Lemma 2.1 (Product rule). For F,G € BV, one has FG € BV and d(FG) = FdG + GdF.

Proof. The statement is well-known if F' and G are continuous. Therefore, since our
formula is linear in F' and G and since each measure can be decomposed into an atomic
and nonatomic part, it suffices to prove the statement only when dF and dG are purely
atomic. Using again linearity and a simple limit argument, it suffices to prove the
statement only in the case that dF' = §; and dG = §, for some s,t € R. If s # t, the
statement is trivial. If s = ¢, then the statement follows from the observation that

F(t+)G(t+) — F(t—)G(t—) =3 (F(t+) + F(t—)) (G(t+) — G(t—))

(2.5)
+3(G(t+) + G(t-)) (F(t+) — F(t-)).
O
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We cite the following lemma from [RST19, Lemma 38].

Lemma 2.2 (Integral formulation of RDE). A probability measure p on I solves the RDE
(1.17) if and only if

/{0 ) p(ds)s = p([0,4))° (¢ €[0,1]). (2.6)

The following lemma is just a simple rewrite of the previous one. Below, we let
u| A denote the restriction of a (signed) measure i to a measurable set A, defined as
/I,|A(B) = u(ANB).

Lemma 2.3 (Differential formulation of RDE). Let T' denote the identity function T'(t) :=t
(t € R). Assume that F € BV is right-continuous and nondecreasing and satisfies
F(t)=0(t<0), Fit)=F(1) (t>1), and

TdF = 2FdF. (2.7)
Then there exists a unique solution p to the RDE (1.17) such that
p([0,8]) =F(t) (te]0,1]), (2.8)
and each solution p to the RDE (1.17) arises in this way.

Proof. Let p be a solution of the RDE (1.17) and let F': [0,1] — R be defined as in (2.8).
Extend F to a function in BV by setting F'(¢t) := 0 for ¢ < 0 and F(¢) := F(1) for ¢t > 1.
Then by Lemma 2.2, f(o,t] TdF = F(t)? (t € [0,1]), which by Lemma 2.1 implies that F'
solves (2.7).

Assume, conversely, that ' € BV is right-continuous and nondecreasing and satisfies
F(t) =0 (t < 0) and (2.7). Then clearly F' > 0. Formula (2.7) implies that for a.e. ¢
w.r.t. dF, we have F(t) = %t, which by the fact that F' > 0 implies F'(t) < ¢. It follows
that setting p([0,t]) := F(¢t) (¢ € [0,1]) defines a subprobability measure on [0, 1], which
can uniquely be extended to a probability measure on [0, 1] U {oco}. Lemma 2.1 implies
that f(O,t] TdF = F(t)? (t € [0,1]), so using the fact that p({0}) = F(0) — F(0—) = 0 and
Lemma 2.2, we conclude that p solves the RDE (1.17). O

Let T € BV denote the identity function T'(t) := ¢ (t € R). For a given closed
set = C R, we will be interested in right-continuous functions F' € BV that solve the
differential equation

(i) TdF = 2FdF, (i) dF|_=dF (i) F(t) > 5t (t€E). (2.9)

Note that condition (ii) says that the signed measure dF' is concentrated on =. Our first
lemma says that the distance between two solutions of (2.9) is a nonincreasing function
of time.

Lemma 2.4 (Distance between two solutions). Let = C R be closed and fori = 1,2,
let F; € BV be right-continuous solutions to the differential equation (2.9). Then
|Fi(t) — Fa(t)| < |Fi(s) — Fa(s)| (s < t).

Proof. We observe that by (i), we have Fi(t) = %t for a.e. t w.r.t. dF;. In particular,
F;(t) = 3t whenever F;(t—) # F;(t), which we can combine with condition (iii) to get
(i) F;(t) > 3t (t€E).
We now use Lemma 2.1 to calculate
1A(F — F)? = (F1 — Fo)(dFy — dFY) 2.10)
= F1dF, — F1dF, — FodFy 4 FodFy = (3T — Fo)dFy + (AT — Fy)dFy, '

where in the last step we have used (i). Using moreover (ii) and (iii)’, we see that the right-
hand side of (2.10) is nonpositive, so the claim of the lemma follows by integration. O
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Let F denote the space of all right-continuous, nondecreasing functions F : R — R
that satisfy 0 < F(t) <0V ¢ (t € R). In other words, these are the distribution functions
of nonnegative measures dF on [0, co) that satisfy dF([0,¢]) < ¢ for all ¢t > 0. We equip F
with a topology that corresponds to vague convergence of the measures dF'. Then F is a
compact, metrisable space and F,, — F in the topology on F if and only if F,,(¢) — F(t)
for each continuity point ¢t of F. Our aim is to prove that each closed set E C [0, o0),
there exists a unique F' € F that solves (2.9). Uniqueness follows from Lemma 2.4, so it
remains to prove existence. We will use an approximation argument. We start by proving
the statement for finite =.

Lemma 2.5 (Finite sets). For each finite set = C (0, c0), there exists an F' € F that solves
(2.9).

Proof. Let Z = {t1,...,t,} with 0 =: ¢y < t; < --- < t,,. We inductively define F' so that
it is constant on each of the intervals (—oo,t1), [t1,t2),. .. [tn—1,tn), and [t,, c0), satisfies
F(0) =0, and

F(tp) == F(ti—1) V (tx — F(te—1)) (1 <k <n). (2.11)

Note that the average of F'({;_1) and ¢;, — F'(t;—1) is %tk, so their maximum is > %tk. In
view of this, F' clearly satisfies (2.9) (ii) and (iii). Moreover, for each 1 < k < n, we have
either F(tx) = F(tx—1) or F(tx) = tx, — F(tx—1). In either case,

tr (F(tk) — F(tk,1)) =2- %(F(tk) + F(tk,1)> (F(tk) — F(tkfl)), (2.12)

which shows that F' satisfies (2.9) (i). It is clear that F' is right-continuous, nonnegative,
and nondecreasing, and by induction (2.11) also implies that F(¢) < ¢ for all t > 0,
showing that F' € F. O

Let d be any metric generating the topology on [0, oo] and let K[0, o] denote the space
of all closed subsets of [0, oc]. For each A € K[0, 0] and ¢ > 0, we set

Ac:={te[0,00]: d(t,A) <e} where d(t,A):= ir€1£ d(t,s). (2.13)

We equip K[0, co] with the Hausdorff metric
du(A,B) :=inf{e >0: AC B.and B C A.}. (2.14)

By [SSS14, Lemma B.1], the topology generated by dy does not depend on the choice
of the metric d generating the topology on [0,00]. The following lemma lists some
elementary properties of the space K[0, co].

Lemma 2.6 (Properties of the Hausdorff metric). The space K[0, oc] is compact and the
set of all finite subsets of (0, c0) is dense in K[0, c0].

Proof. Since [0, oc] is homeomorphic to [0, 1], we may equivalently show that K[0, 1] is
compact and the set of all finite subsets of (0,1) is dense in K[0, 1], where the Hausdorff
metric on K[0,1] is defined in the same way as in (2.13)—(2.14), with d(z,y) = |z — y|
the usual metric on [0, 1]. The fact that K(F) is compact if E is compact is well-known,
see, e.g., [SSS14, Lemma B.4]. If = C [0, 1] is closed, then it is easy to see that the sets
E,={k/n:1<k<n, dk/n,E) <1/n} converge to = in the Hausdorff metric. This
shows that the set of finite subsets of (0, 1) is dense in K]0, 1]. O

Our next lemma will allow us to construct solutions to (2.9) for general = by approxi-
mation with finite =.

Lemma 2.7 (Limits of solutions). Let F\ F,, € F and E,,, Z € K0, oo| satisfy F,, — F and
E, — Z. Assume that F,, solves (2.9) relative to Z,, N [0, 00) for each n. Then F solves
(2.9) relative to EN [0, 00).
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Proof. Recall that F,, — F means that dF;,, — dF vaguely, or equivalently, F,,(¢) — F(t)
for each continuity point ¢ of F'. Since T is a continuous function, the vague convergence
dF,, — dF implies that also TdF,, — TdF vaguely. By Lemma 2.1, 2FdF = dF?. Now if
F,(t) — F(t) for each continuity point ¢ of F, then also F2(t) — F(t) for each continuity
point ¢ of F2, so taking the value limit on the left- and right-hand sides of the equation,
we see that F solves (2.9) (i). Since Z,, — =, we easily obtain that dF' is concentrated
on =, for each ¢ > 0, and hence F satisfies (2.9) (ii). To see that F' also satisfies (2.9)
(iii), fix t € =. Since =Z,, — Z we can find ¢,, € Z,, such that ¢, — ¢. Then for each
s >t, we have F,(s) > F,(t,) > 3t, for all n large enough. Taking the limit, it follows
that F'(s) > %t for each s > t that is a continuity point of F, and hence F(t) > %t by
right-continuity. O

We can now prove existence of solutions to (2.9) for general =.

Lemma 2.8 (Existence of solutions to the RDE). For each closed set = C [0, ), there
exists a function F' € F that solves (2.9).

Proof. By Lemma 2.6, for each closed E C [0, o0], there exist finite =,, C (0, c0) such that
=, — E. By Lemma 2.5, for each n there exists an F;, € F so that F}, solves (2.9) relative
to £,. Since F is compact, by going to a subsequence if necessary we can assume
that F,, — F for some F' € F. Then Lemma 2.7 tells us that F' solves (2.9) relative to
ENJ0,00). O

Before we prove Lemma 1.5, we recall the general definition of an RTP. Let T denote
the space of all finite words i = ¢; -+ - i, (n > 0) made up from the alphabet {1,...,d},
where d > 1 is some fixed integer. All previous notation involving the binary tree
generalizes in a straightforward manner to the d-ary tree T. Let I and 2 be Polish
spaces, let v : Q x I¢ — T be a measurable function, and let (wj)ier be ii.d. Q-valued
random variables. Let v be a probability law on I that solves the Recursive Distributional
Equation (RDE)

Xo L Aws] (X1, ..., Xa), (2.15)

where < denotes equality in distribution, X4 has law v, and X3, ..., X, are copies of
X4, independent of each other and of wg. A simple argument based on Kolmogorov’s
extension theorem (see [MSS20, Lemma 1.9]) tells us that the i.i.d. random variables
(wi)ieT can be coupled to I-valued random variables (Xj);eT in such a way that:

1. For each finite rooted subtree U C T, the r.v.’s (Xj)icou are i.i.d. with common law
v and independent of (wj)icu.

2. Xi:'Y[wi](Xilauind) (iGT)

Moreover, these conditions uniquely determine the joint law of (wji, Xj)ier. We call the
latter the Recursive Tree Process (RTP) corresponding to the maps v and solution v of
the RDE (2.15).

Proof of Lemma 1.5. Let = C (0, 1] be relatively closed and let = := ZU {0}. By Lemma
2.8, there exists a solution F' € F of the differential equation (2.9) relative to Z. Set
p=([0,t]) :== F(t) (t € [0,1]) and p=({occ}) := 1 — F(1) (which is > 0 since F(1) < 1 by
the definition below (2.10) of the class F) and observe that p=({0}) = 0. Then pz is
a probability measure on [ that satisfies conditions (ii) and (iii) of Lemma 1.5, and by
Lemma 2.3 also condition (i). Assume, conversely, that p= satisfies conditions (i)-(iii) of
Lemma 1.5, and set F(t) := p=([0,t]) (¢t € [0,1]), F(t) :==0 (¢t <0), F(¢) := F(1) (t > 1).
Then by Lemma 2.3, F' solves the differential equation (2.9) subject to the initial condition
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F(t) :==0 (t < 0). By Lemma 2.4, these conditions uniquely determine F' and hence also
p=.

Assume that IF solves the frozen percolation equation (1.3) for the set of possible
freezing times = and that I is stationary, adapted, and respects the tree structure.
Generalising (1.13), for any A C (0, 1] that is relatively closed, we set

VA =imf{teA:i S o} (€M), (2.16)

Then in particular, YiE is the burning time Y; defined in (1.13). As in (1.4), we write
wi = (1, ki) (i € T).Since F is stationary, adapted, and respects the tree structure, the
random variables (wj, Y;{%)icr form an RTP corresponding to the map y in (1.16) and
some solution p= to the RDE (1.17). To complete the proof, we need to show that p= also
satisfies conditions (ii) and (iii) of Lemma 1.5. Since pz is the law of YiE (ieT), it clearly
satisfies condition (ii) of Lemma 1.5. To also prove (iii), we use that by Lemma 1.3, we
have F = {i € I: ¥;T < 13}, which allows us to apply [RST19, Prop. 39], which tells us
that

P, "" <t =F@)v (t-F(t) (ieT, telo1]), (2.17)
where F(t) := p=([0,1]) (¢ € [0,1]). Since
YE=inf{teZ:t>v"} (e, (2.18)
it follows that
F(t)=p=(0,4]) = P[YvF <t] =P[,"" <t] = F(t) v (t - F(t)) (teE), (2.19)

where the two probabilities are equal by (2.18) and the fact that ¢t € =. This proves that
p= satisfies condition (iii) of Lemma 1.5. O

Proof of Lemma 1.6. If p solves the RDE (1.17), then by Lemma 2.3, the function F' € BV
defined in (2.8) is right-continuous and nondecreasing with 7'(0) = 0 and satisfies (2.7).

Let E := supp(dF) N (0,1]. Then (2.7) implies that F(t) = ;t for a.e. ¢t w.r.t. dF. Since F

is right-continuous with left limits, this implies that F(¢) = 1¢ for all t € E, and hence
F(t) > %t for all t € =. It follows that p satisfies conditions (i)-(iii) of Lemma 1.5 and
hence p = p=. O

The following lemma settles the existence part of Theorem 1.1.

Lemma 2.9 (Frozen points). Let = C (0, 1] be closed w.r.t. the relative topology of (0,1],
let (w;, Yi)ieT be the RTP corresponding to the solution p= to the RDE (1.17) defined in
Lemma 1.5, and let I be defined by (1.14). Then I’ solves the frozen percolation equation
(1.3) for the set of possible freezing times = and IF is stationary, adapted, and respects
the tree structure. Moreover, the Y; are given by (1.13).

Proof. It follows from the properties of an RTP that IF, defined by (1.14), is stationary,
adapted, and respects the tree structure. The inductive relation (1.15) implies that if
Y; < oo, then there exist (ji)r>1 such thatij; - - - j, is a legal descendant of ij; - - - j,—1 and
Y; = Yjj,..;, forall n > 1. For all n > 0 such that «;,...;, = 1, the fact that Yj;,..;, < oo
and (1.15) moreover imply that Yj;,...;, 1 > 7i. Therefore, we have that

i "W o =Y < oo (2.20)

Since Y; takes values in = U {0}, it follows that

Yi>inf{tez:i %o} (ieT). (2.21)
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To prove that this is actually an equality, let Y}’ denote the right-hand side of (2.21). Since
IF is stationary, adapted, and respects the tree structure, as pointed out in Section 1.3,
the random variables (wj, Y} )ier form an RTP corresponding to the map x in (1.16) and
some solution p to the RDE (1.17). By Lemma 1.5, p = p=, so Y’ and Y; are equal in law,
which by (2.21) implies that they are a.s. equal. This proves that the Y; are given by
(1.13). By assumption, IF' is defined by (1.14). Inserting (1.13) into (1.14), we see that I

solves the frozen percolation equation (1.3). O

Proof of Theorem 1.1. Lemma 2.9 proves existence of a solution IF' of the frozen percola-
tion equation (1.3) for the set of possible freezing times = that is stationary, adapted,
and respects the tree structure. It remains to prove uniqueness in law. Set w; := (7, %)
(i€ T) and let Q = (wi)ieT. Let Y; (i € T) be the burning times defined in (1.13). Since
is stationary, adapted, and respects the tree structure, as pointed out in Section 1.3, the
random variables (wj, Y;)icT form an RTP corresponding to the map x in (1.16) and some
solution p to the RDE (1.17). By Lemma 1.5, p = p=, and hence by [MSS20, Lemma 1.9]
the law of (wj, Y})ieT is uniquely determined. By Lemma 1.3, this implies that the joint
law of (2, F) is also uniquely determined. O

2.2 Scale invariance

In this subsection, we prove Lemmas 1.11, 1.12, and 1.13 about invariance of solutions
of the (bivariate) RDE under the scaling maps I'; and I‘,EQ). We will generalise a bit and
define scaling maps F,g”) for any 1 < n < oo, where the case n = co will play an important
role in the proof of Lemma 1.13.

Recall the definition of the scaling maps ¢; : I — I (¢ > 0) in (1.25). For ¢t > 0, we
define a cut-off map ¢; : I — I by

Yy ity <t,
a(y) == . (2.22)
00 otherwise.

Note that ¢; is the identity map when ¢ > 1. It is easy to check that
Vo =c  (t>0). (2.23)

For 1 < n < oo, we write [n] := {1,...,n} and we set [oo] := IN;. We denote a generic
element of I" by § = (y*)e[,) and we define wt : I — I™ and ct") " - I"ina

coordinatewise way by ™ (i) := (v (yk))ke[n] and ct") () == (Ct(yk))ke[n]'

We say that a probability measure on I is symmetric if it is invariant under a permu-
tation of the coordinates. Generalising the definitions of M) and M(? in Subsection 1.5,
forany 0 < ¢t < 1and 1 <n < co, we let M) denote the space of symmetric probability
measures p{™ on I"™ such that

pM(JnH) <t (0<t<1) with J'[t]:={gel":3ken]st.y* <t} (2.24)

Note that J"[1] = I"\{}, where 0 denotes the element i € I" with y* := oo for all
k € [n]. Generalising the definitions of rﬁ” and I‘EQ) in Subsection 1.5, foreach 1 <n < oo
and t > 0, we define

T = 1M o (™)1 (1=t Voe (o™ € M), (2.25)
We also define cut-off maps C’t(”) by

an)p(n) — p(n) ° (an))_l (p(n) e M(n)) (2.26)
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and in particular set C; := Ct(l). Finally, for all 1 < n < oo, we define a map 7™ acting
on probability measures on I™ by

T pl™ = the law of (x[w](Y},Y¥)), (2.27)

[n]’
where (Y{)ie, and (Y5)xe[n are independent random variables with law p(™), and w is
an independent random variable that is uniformly distributed on [0, 1] x {1,2}. We call
the equation

T ) = pn) (2.28)

the n-variate RDE. In particular, for n = 1 this is the RDE (1.17) and for n = 2 this is
bivariate RDE (1.23). The following lemma, which will be proved below, shows that all
these maps are well-defined on the space M (™).
Lemma 2.10 (Maps are well-defined). For each 1 < n < oo and t > 0, the maps FE"),
™, and T™ map the space M™ into itself.

The following lemma says that as long as we are interested in symmetric solutions of
the n-variate RDE (2.28), it suffices to look for solutions in the space M ().

Lemma 2.11 (Solutions to the RDE are scalable). If a symmetric probability measure
p™ on I" solves the n-variate RDE (2.28), then p(™ ¢ M),

The following lemma is the central result of this subsection.

Lemma 2.12 (Commutation relation). For each 1 < n < oo, one has
T{M ™) pm) — ™ s (1 — T (1> 0, p™ e M™). (2.29)

We first show how Lemmas 2.10-2.12 imply Lemmas 1.11 and 1.12, and then prove
Lemmas 2.10-2.12. We start by proving a more general statement.

Lemma 2.13 (Scale invariance of n-variate RDE). Let 1 < n < oo and let p(") be a
symmetric solution to the n-variate RDE (2.28). Then p(") e M™, and for each t > 0,
the measure I'\" p(™) is also a solution to (2.28).

Proof. Let 1 < n < oo and let p(™ be a symmetric solution to the n-variate RDE (2.28).
Then p(™) € M) by Lemma 2.11. Moreover, for each ¢t > 0, Lemma 2.12 and the fact
that 7" p(") = p(®) imply that

T p() = ¢ pm) 4 (1 — 4™ pm) (2.30)

which shows that 7T p =T () je., the measure T\ p(™ solves the n-variate
RDE (2.28). O

Proof of Lemmas 1.11 and 1.12. Most of the statements of Lemmas 1.11 and 1.12 follow
by specialising Lemma 2.13 to the cases n = 1 and n = 2, respectively. Apart from this,
we only need to prove (1.27). Let E C (0, 1] be relatively closed and let =’ be as in (1.27).
Then I';p= solves the RDE (1.17) by Lemma 2.13. Using the definition of I';, it is easy to
see that the fact that p= has properties (ii) and (iii) of Lemma 1.5 implies that I';p= has
these same properties with = replaced by =, i.e., I'tp= is concentrated on =’ U {o0}, and
I'yp=([0,t]) > it/ for all t’ € Z'. Now Lemma 1.5 allows us to identify I';p= as p='. O

We now provide the proofs of Lemmas 2.10-2.12.

Proof of Lemma 2.10 (partially). Let p(™ e M) 1t is clear that the right-hand side of
(2.25) defines a signed measure that is symmetric with respect to a permutation of the
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coordinates and that satisfies I‘gn)p(”)(I”) = 1. We observe that by (1.25),

W) Is) = {7 e 1™ Tk € [n] st (yh) < s}
={yel":3ken]sty"<tandt 'y <s}={gel":3ke n]st y* <stAt},
(2.31)
and hence

T pM (J7]s]) = 1™ o (™)L (T [s]) = t L p™ (T [st At]) < tTL(stAL) < 5. (2.32)

for eacht > 0 and 0 < s < 1. Applying this with s = 1 and using the fact that
I" = J"[1] U {x%} we see that I‘E”)p(”) is a probability measure. More generally, (2.32)
shows that FE") maps the space M into itself.

It is clear that Ct(”)p(”), defined in (2.26), is a (symmetric) probability measure on 1™
whenever p(™ is. If moreover p(™) € M), then

M p™m (I [s]) = p™ o (i) (I [s]) = pM (I s AH]) < s (2.33)

for each t > 0 and 0 < s < 1, which shows that C\™ maps the space M into itself.

This proves the claims for an) and Ct("). We postpone the proof of claim for 7™ until
the proof of Lemma 2.12, where it will follow as a side result of the main argument. O

The proof of Lemma 2.11 uses the following simple lemma, which we cite from
[RST19, Lemma 8].

Lemma 2.14 (Percolation probability). One has P[@ X, o] =t (0<t<1).

Proof of Lemma 2.11. We will prove the following, somewhat stronger statement. Let
1 <n <ooandlet p(") be a solution to the n-variate RDE (2.28). Then we will show that
p'™ satisfies (2.24). In particular, if p(™) is symmetric, this implies that p(™) € M),

Let p(™) be a solution to the n-variate RDE (2.28) and for k € [n], let p;, denote the n-th
marginal of p("). It is clear from (2.28) that p;, solves the RDE (1.17), so by Lemma 1.6,
for each k € [n], there exists a relatively closed set =, C (0, 1] such that p,, = p=,. Since
p(”) solves the n-variate RDE (2.28), by [MSS20, Lemma 1.9], we can construct an
n-variate RTP

—

(R - (2.34)

where 17, = (Y} ke[n) @re I"-valued random variables such that )71 is inductively given

in terms of }7i1 and ﬁg as in (2.28). In particular, for each k € [n], (wj, Yik)ieqp is an RTP
corresponding to p, = pz, . Let

FFr={iel:Y{y <n} (ken). (2.35)
Then Lemma 2.9 tells us that

k . — . T\F* .
Vii=if{te=:i — oo} (€T, keln), (2.36)

1

with the convention that inf () := oco. Using Lemma 2.14, we can now estimate

]P[kin[f]yggt] <Plo o] =t (0<t<1), (2.37)
€n

which proves that p(”) satisfies (2.24). O
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Proof of Lemma 2.12. We will first prove (2.29) for 0 < ¢t < 1, and on the way also
establish that 7" maps M (") into itself, which is the missing part of Lemma 2.10 that
still remains to be proved. Fix 1 <n < 00, 0 <t < 1, and p(™ € M™ . Let Y = (Y’“)ke[n]
be a random variable with law p(”). It follows from (2.24) that we can couple Y toa
Bernoulli random variable B such that P[B = 1] =t and P[B = 1| infy¢,) Y* < ] = 1.
More formally, there exists a probability measure p on I x {0, 1} whose first marginal is
p™, whose second marginal is the Bernoulli distribution with parameter ¢, and that is
concentrated on {(y,b) : b = 1 if infyc[, yr < t}. Such a measure 4 is not unique, but we
fix one from now on. Let (Y}, By) and (Y3, By) be independent random variables with law
. Then

(i) P[B;=1] kien[i] Yi<t]=1, (i) PB;=1=t (i=1,2). (2.38)
Let w = (7,x) be an independent random variable that is uniformly distributed on
[0,1] x {1,2}. We define

(1) ?Qf = (X[w](Y1k7Y2k))ke[n]a
(ii) Bg = ]‘{KZI}I{TSt}Bl + I{NZQ} (B1 V Bs).

(2.39)

The second definition is motivated by the heuristic idea that if B; is the event that the
subtree rooted at i percolates at time ¢ (neglecting the freezing), then By is the event
that the whole tree percolates at time . We claim that

(i) P[Bs=1] kin[f]Yg <t]=1 (i) PBz=1]=t (2.40)
cn
Indeed, if Yg < t for some k, then by the definition of x in (1.16), a.s. either x = 1 and

T <Yl <t ork=2and Y’ AYS <t In either case, it follows that By = 1, proving
part (i) of (2.40). Part (ii) follows by writing

P[By =1] = 3tP[B1 =1+ 3P[Bi VB, =1 = 3t + {1 - (1 —-t)*| = ¢. (2.41)
We next claim that for each measurable subset A C I,
(i) T M (A)=P[Vy € A,
(i) T pM(A) =P (V) e A|B;=1]  (i=1,2), (2.42)

(i) TMTM M (A) =Py (Vo) € A| By =1].

Part (i) of (2.42) is immediate from (2.39) (i). Since both sides of the equation are prob-
ability measures, it suffices to prove part (ii) for A C I"\{}. Then 1/1,5")(}/;) c A
implies infyey, YF < t which by (2.38) (i) in turn implies B; = 1. It follows that
Ply" (V) € A = Pl (i) € A, B; = 1] = tP[y(" (Vi) € A| B, = 1] (i = 1,2). Compar-
ing with the definition of r§"> in (2.25), we see that part (ii) holds. Formulas (2.42) (i)
and (2.40) imply that

T pM (JH]) = IP[kin[f] Vi <t] <P[Bs=1] =t. (2.43)

cen

Since this holds for general 0 < ¢ < 1, and since 7™ also clearly preserves the symmetry
of p("), we conclude that 7™ maps the space M (™ into itself. In particular, this shows
that FE")T(")p(") is well-defined. Using (2.40), part (iii) of (2.42) now follows by the same
argument as part (ii), but applied to Y which by part (i) has law 7™ p("), We next prove
(2.29) for0 <t < 1. We set

B, = 1{:{:1}1{731&}31 + 1ix=2) (B1 A By). (2.44)
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We claim that for each measurable subset A C %,
() P[Bo=1]=1# (i) TOTMpM(A) =Py (Vo) € A| B, = 1]. (2.45)

Part (i) is a consequence of the independence of 7, x, By and By which yields P[B, = 1] =
3-t-t+ 3 -t-t. To prove part (ii), we introduce the function

{y ifs <y,

oo ify<s (s€l0,1], y €T, (2.46)

with the help of which we can write the function x from (1.16) as

{ O[r)(yr) ifr=1,

x[r, &l (y1, y2) == (2.47)

Y1 N\ Y2 if k =2.

We define ®(")[s]() and 4, A > in a componentwise way, i.e., ™ [s]() := (®[s](¥*))ren
and 71 A %2 == (y§¥ A y§)rejn). Using the facts that

(©) Ve(@[s)(y) = @[t s](u(y) (s <),

(2.48)
(i) Ye(y1 Ay2) = V(Y1) A e(ya),

we can write
]P[ (Vo) e A| By =1]
Pl =1, ¢\ (@™ [r](Y1)) € A| B =1] + P[r =2, ¢\ (Vi AY2) € A| B, = 1]
IP[‘I’(" [t ] (™ (V) eA|¢<t By =1]
FAP[(™M (V) A (Ya)) € A| Bi =1 = By).

1
2

(2.49)
Using (2.42) (ii) and the fact that conditional on 7 < ¢, the random variable t—17 is
uniformly distributed on [0, 1], we can rewrite this as

IP[R[F](Z1) € A] + §P[(Z1 A Zs) € A], (2.50)

where Z,,Z, are independent with law Fﬁ") (p™) and 7 is an independent random
variable that is uniformly distributed on [0, 1]. In view of (2.47) and the definition of 7(")
in (2.27), we arrive at (2.45) (ii).

Formulas (2.40) (ii), (2.42) (iii), and (2.45) give, for any measurable subset A C I",
M T oM (A) =P [ (V) € A, By = 1], 051)
t2T(n)F(n) (n) (A) IP[ (”)( ) €A By = 1} ’

We observe that the event { B, = 1} is contained in the event { By = 1} and the difference
of these events is the event that x = 2 and precisely one of the random variables B;
and B, is one. On the event that x = 2 by (2.48) (i) we have ™ (V) = ¢\ (Vi A Ya) =

™ (VA z/;(") (Yg) Moreover on the event that B; = 0, by (2.38) (i) we have infyc,,) Y/ > ¢
and hence wt ( Y;) = . In view of this, for any measurable subset A C I™,

trgn)T(n) (n)(A) _ t2T(n)F§n)p(n) (A)

=P\ (Y1) €A k=2 B =1, Bo=0] +P[p\"(Ya) € A, k=2, B =0, By = 1]
= L1 - OP[u™M (V1) € A| By =1] + 3t(1 — )P [p{™ (Y2) € A| By = 1]

=t(1—t)[{Vp(M (A),
(2.52)
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where in the last step we have used (2.42) (ii). Dividing by ¢, we see that (2.29) holds for
0<t<1.
To derive (2.29) also for ¢ > 1, replacing ¢t by 1/t, we may equivalently show that

LT pm == e o (1 — e (0 <t <1, pM e MM). (2.53)
For 0 <t <1, we set

M@ = {p(”) e M™ . p(" is concentrated on It} with I, :=[0,t]U{oc}. (2.54)
We observe that ; : Iy — I is a bijection and 1, is its inverse. As a result, I‘g") :
M@ [t] = M™ is a bijection and ' is its inverse. Using this and applying (2.29) for

1/t
(n)

0 <t <1 to the measure Fl/tp("), we conclude that

DT =TT 4 (1 - (rT )

— ) () 4 (1 — )™ (2.55)
=17 p™ (1 —)p™.

()

By our earlier remarks, we have I'}"} p(") € M()[t], which is easily seen to imply that

1/t
also T(”)I‘gﬂp(") € M™Jt]. Using this, we can apply I‘Y;Z from the left to (2.55) and
multiply by ¢~ ! to obtain
D) o) = DT p) 4 (1=t — 1) p), (2.56)
which proves (2.53). O

The rest of this subsection is devoted to the proof of Lemma 1.13. The maps r§°°>,

C*®, and T(>) will play an important role in the proof. Symmetric probability measures
on I*° are also known as exchangeable probability measures. We will use De Finetti’s
theorem to associate the space M(>) with a subspace M?* of the space of all probability
measures on the space of probability measures on I. The space M* is naturally equipped
with a special kind of stochastic order, called the convex order, and we will use a
characterisation, proved in [MSS18], of the measures p(EQ) and 5(52) from (1.24) in terms
of the convex order. a

We now give the precise definitions. We let P(I™) denote the space of all probability
measures on I” and denote the subspace of symmetric probability measures by Psym(I™).
We equip P(I) with the topology of weak convergence and the associated Borel-o-field
and let P(P(I)) denote the space of all probability measures on P(I). Each v € P(P(I))
is the law of a P(I)-valued random variable, i.e., we can construct a random probability
measure ¢ on I such that v = P[¢ € -] is the law of £. By definition, for 1 < n < oo,

v =E[E@ - ®¢] (2.57)
N———

n times

is called the n-th moment measure of v. Here £ ® - - - ® £ denotes the product measure
of n identical copies of ¢ and the expectation of a random measure p on a Polish space
Q) is the deterministic measure E[u] defined by [, ¢dE[u] := E| [, ¢ du] for all bounded
measurable ¢ : Q@ — R. Let £ be a P(I)-valued random variable with law v, and
conditional on ¢, let (Y’“)ke[n] bei.i.d. with law £. Then it is easy to see (compare [MSS18,
formula (4.1)]) that the unconditional law of (Y’“)ke[n] is given by v, i.e.,

v =P[(Y*)ei € -] where P[(YF)pcpy € <[] =¢@- @€, (2.58)
n times
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We observe that v(") € Py, (I") for all v € P(P(I)) and 1 < n < co. In fact, by De
Finetti’s theorem, the map v + () is a bijection from P(P(I)) to Peym(I>°). This allows
us to identify the space M () with a subspace of P(P(I)). We set (compare (2.24))

M= {v e P(PI)) : v(*[t])) <t VO <t < 1}

(2.59)
with J*[t] ;== {€ e P(I) : {([0,¢]) >0} (0<t<1).

Note that J*[1] = P(I)\{dw}, Where d., denotes the delta-measure at co. The following
lemma identifies M () with M*.

Lemma 2.15 (Probability measures on probability measures). The map v +— v(*) is a
bijection from M* to M(>),

In order to expose the main line of the argument, we postpone the proof of this
and some of the following lemmas till later. It follows immediately from Lemmas 2.10
and 2.15 that there exist unique maps I';, C}, and T, mapping the space M?* into itself,
such that

(i) =) (Crp) () = ¢*)() and  (T*1)) = T(*), () (2.60)

for any ¢t > 0 and v € M*. The equation T*v = v has been called the higher-level RDE in
[MSS18] and we will refer to I'}, C}, and T as higher-level maps. The following lemma
gives a more explicit description of I'; and Cj.

Lemma 2.16 (Higher-level scaling and cut-off maps). Let v € M* and let £ be a P(I)-

valued random variable with law v. Then for each t > 0, the maps I'; and C; defined in
(2.60) are given by

(i) Tjv=t"'Pléoy; e ]+(1—t")bs.,

. _1 (2.61)
(i) Cfv=P[¢oc '€ -],

where ds_ € P(P(I)) denotes the delta measure at the point 0, € P(I).

The following lemma, which we cite from [MSS18, Lemma 2], identifies the map
T* more explicitly. Recall the definition of the map x[w] : 1?2 — I in (1.16). In line
with earlier notation, in (2.62) below, & ® & o x[w]~! denotes the image of the random
measure & ® & under the random map x[w].

Lemma 2.17 (Higher-level RDE map). Let v € M*, let &1, &2 be independent P(I)-valued
random variables with law v, and let w be an independent random variable that is
uniformly distributed on [0,1] x {1,2}. Then the map T™* defined in (2.60) is given by

T*(v) =P[& ®@&ox[w] ' € -] (2.62)

We equip the space P(P(I)) with the convex order, which we denote by <.,. Two
measures vy, vy € P(P(I)) satisfy 11 <., v if and only if the following two equivalent
conditions are satisfied, see [MSS18, Thm 13]:

1. [¢dy < [ ¢dv, for all convex continuous functions ¢ : P(I) — R.

2. There exists an /-valued random variable Y defined on a probability space (2, 7, P)
and o-fields 7; C F, C F such thaty; = P[P[Y € -|F] € -] (i =1,2).

The convex order is a partial order, in particular, v <., s <., v; implies v; = v5, see
[MSS18, Lemma 15]. The following lemma says that the scaling maps I'; preserve the
convex order.

Lemma 2.18 (Monotonicity with respect to the convex order). Let ¢t > 0 and let I'} be
defined in (2.60). Then vy,vy € M* and vy <.y v imply I'fvy <., I'jvs.
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Let (wi, Yi)ier be an RTP corresponding to a solution p to the RDE (1.17) and let
Q) := (wi)icT. We define p,p € P(P(I)) by

p=P[P[Yy e -|Q €] and p:=P[dy, € -]. (2.63)
We observe that the second moment measures of p and p are given by
PP =P[(Ys,Y,) € -] and 52 =P[(Ys,Ys) € -], (2.64)

where (Y )icr is conditionally independent of (Y;)ier given Q and conditionally equally
distributed with (Y;)ier. In particular, if p = p=, then p@ and 7® are the measures
defined in (1.24). The following proposition, which we cite from [MSS18, Props 3 and
4], says that p and p are the minimal and maximal solutions, with respect to the convex
order, of the higher-level RDE T*(v) = v.

Proposition 2.19 (Minimal and maximal solutions). Let p be a solution to the RDE (1.17).
Then the set

S, ={vePP):T*v)=v, vV =p} (2.65)
has a unique minimal element p and maximal element p with respect to the convex order;
and these are the measures defined in (2.63).

We will derive Lemma 1.13 from the following, stronger statement. We will first
give the proofs of Lemmas 2.20 and 1.13 and then provide the proofs of the remaining
lemmas.

Lemma 2.20 (Scaling of minimal and maximal solutions). Let p be a solution to the RDE
(1.17) and lett > 0. Then

(i) Cip = Cip, (i) C;p=Cpp, (iii) Tip=Tep, (iv) T;p=Tsp. (2.66)

Proof. We first prove (2.66) (i) and (ii). Recall from (2.26) that Cip :=po c[l where ¢; is
the cut-off map defined in (2.22). Let (wi, Y;)ieT be the RTP corresponding to p. Then it
is easy to see that (wj, ¢:(Yi))ier is the RTP corresponding to C;p. Applying the definition
in (2.63), it follows that

Cip=P[Pler(Yp) € | € -] =P[P[Yp € -|Qoc, ' € -] =Cfp, (2.67)

where in the last equlity we have used Lemma 2.16. This proves (2.66) (i). The proof of
(2.66) (ii) is similar, using the fact that 6Ct(yg) =Jy, o c;l.
We next prove (2.66) (iii) and (iv). We start by observing that (2.60) implies that

Ti)D =D (e M*, t>0). (2.68)
We moreover claim that
F’{/tol“;‘z/:(]fu (veM* t>0). (2.69)

To see this, define ¢} : P(I) — P(I) by ¥} (£) := £ o4, '. Then (2.61) (i) says that
Iiv=t"1vo(y})~t + (1 —t"1)ds_. A simple calculation using the fact that 1} (5o ) = 0o
then gives

DTy = (st)"lwo () o ()T + (1= (st) o5, (s5,6>0). (2.70)

Applying this with s = 1/¢, using (2.23), and (2.61) (ii), it follows that if £ is a P(I)-valued
random variable with law v, then

7 olfv=Pleoy; o, € -] =Pleocyt € -] =, (2.71)
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which proves (2.69). Let p be a solution to the RDE (1.17),let0 < ¢ < 1, and let p' := F1/tp~
Then, by Lemma 1.11, p’ also solves the RDE (1.17). Moreover, p’ is concentrated on
[0,¢] U {oo} and hence in view of (2.23) T';p’ = p. Let us write

/\/l:; = {1/ e M* v = p} (2.72)

and let ./\/l:;, be defined similarly with p replaced by p’. Since ¢ < 1, the cut-off map
c1/¢ and hence also C7 /¢ are the identity maps and hence it follows from (2.69) with 1/¢
instead of ¢ and from (2.68) that

I'{ ), is a bijection from M to M}, and that I'; is its inverse. (2.73)

It follows from Lemma 2.11 and our identification of M(*) with M* in Lemma 2.15
and (2.60) that the sets S, and S,; defined in (2.65) are subsets of /\/l,’; and M:,, respec-
tively. Using moreover Lemma 2.13, we see that I'] , maps S, into S,/ and that I'; maps
S, into S,. By (2.73), we conclude that FT/t is a bijection from S, to §,». By Lemma 2.18,
the map I'] Jt is monotone with respect to the convex order. By Proposition 2.19, the set
S, has unique minimal and maximal elements with respect to the convex order, which are
p and p. Likewise, p’ and 7’ are the unique minimal and maximal elements of S,/. Since
I Jt is a monotone bijection from S, to S/, it must map p and p to p’ and o', respectively.
Recalling that p’ = I'; /;p, this shows that

e =Tipp, T1p=T1sp, (2.74)

which proves (2.66) (iii) and (iv) in the special case that ¢t > 1.

To prove (2.66) (iii) for 0 < t < 1, let p” be a solution to the RDE (1.17), let p := I';p”,
and as before let p’ = T'y/;p. Then, by (2.23), p’ = T'y), o I';p” = Cyp’. Our previous
arguments show that I'y /¢ aps p into p’ and hence the inverse map I'; maps p’ into p,
ie.,

Iip' =p. (2.75)

Formulas (2.69) and (2.66) (i) tell us that
FT/tOF:BII:C:,//:%:BI- (2.76)
Applying I'; from the left, using (2.73) and (2.75), we obtain that
FIB” = F:B/ =p. (2.77)

Since p = I';p”, this proves (2.66) (iii) for 0 < ¢ < 1. The proof of (2.66) (iv) for0 < <1
goes exactly in the same way. O

Proof of Lemma 1.13. It follows from Lemma 2.20 and (2.60) that ng)gg) = FtpE(Q) and

(2

FEQ)ﬁ(EQ) — FtpE 2 , where FtpE = p=r by Lemma 1.11. O

We cited Lemma 2.17 and Proposition 2.19 from [MSS18], so to complete the proofs
of this subsection, it only remains to provide the proofs of Lemmas 2.15, 2.16, and 2.18.

Proof of Lemma 2.15. By De Finetti’s theorem, the map v — v(*) is a bijection from
P(P(I)) to Psym(I>°), so it suffices to show that for » € P(P(I)), one has v € M* if and
only if 1(*) € M(*®), Let ¢ be a P(I)-valued random variable with law v and conditional
on ¢, let (Y*)ren, be ii.d. with law £. Then the unconditional law of (Y*)en, is v(>).
By the definition in (2.59), v € M* if and only if P[£([0,¢]) > 0] <t forall 0 < ¢t < 1. The
event {£([0,¢]) > 0} is a.s. equal to the event {3k € N, s.t. Y* < ¢}, so comparing with
the definition in (2.24) we see that v € M* if and only if v(>®) e M (>, O
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Proof of Lemma 2.16. We need to show that I'; and C} defined as in (2.61) satisfy (2.60).
Conditional on ¢, let (Y*),en, beii.d. withlaw & Then the unconditional law of (Y*),en,
is ¥(>) and by (2.26) Cfoo)u(oo) is the (unconditional) law of (c;(Y*))kew, , which is the
same as (C;v)(>). The claim for I'; follows in the same way, using (2.25) and the fact
that 05> = 0. 0

Proof of Lemma 2.18. Assume that v, v, € M* satisfy vy <., 5. By characterisation (ii)
of the convex order, we can find a random variable Y and o-fields F; C F5 such that
v; =P[P[Y € -|F] € -] (i =1,2). Then, by (2.61) (i),

Tiv; =t7'0+ (1 —t )65, with 7 :=P[Py(Y)€ -|F]e ] (i=1,2). (2.78)

oo

Since F; C F3, by characterisation (ii) of the convex order, we see that 71 <., 5. Using
characterisation (i) of the convex order, it follows that I';1; <., ['jvs. O

3 Scale invariant solutions to the bivariate RDE

The goal of this section is to prove Theorem 1.14. Let 6 € (0,1). Throughout Section 3
we will use the shorthand p to denote the probability measure pz, defined in (1.18). Let

iCk = ek and Ck = %'9k7 kE]N (31)

thus we have

> 0
p=pz, = Crla, + md‘”' (3.2)
k=0
For simplification we also introduce the notation
0
x_1:=00 and c_;:=p({oo}) = T30 (3.3)

Using this notation we have p({z}) = ¢ for every k > —1.

Definition 3.1. Let 73(52) denote the space of symmetric probability measures on I x [
such that its marginal distributions are p.

3.1 Main lemmas

In Section 3.1 we state the key lemmas of Section 3 and prove Theorem 1.14 using
them.

Definition 3.2 (The signature of a scale invariant measure). Let § € (0,1). The signature
of a scale invariant measure p?) € /\/l((,z) is the function f,z : IN — R defined by

foor () == pP ({[0,2,] x TYU{I x [0,1]}), ne. (3.4)

The signature of the diagonal measure p® (c.f. (1.24)) is
= 1
fro(n) =P[Yp <z, or Yy < 1] :kz_ockzm, neN. (3.5)

Lemma 3.3 (Conditions for f to be a signature). If6 € (0,1) and f : N — R then there

exists a (unique) probability measure p(?) € MéQ) such that f is its signature if and only
if

1. f(0) <1,
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2. lim, 00 f(n) = 1%’_9,

3. f(n) is non-increasing,

4. (146)-f(0) <2f(1),

5. (140)-f(n)<0-f(n—1)+ f(n+1) foreveryn > 1.

We will prove this lemma in Section 3.2. Next we define a function fy .(n),n € N that
will help us identify the signature of a scale invariant solution of the bivariate RDE.

Lemma 3.4 (Implicit equation for fy .(n)). Let § € (0,1) and ¢ > 0 be arbitrary. The
system of equations

1
J0.0(0)" = 755 fo.c(0) = 2¢, (3.6)
f&c(n - 1)2 - f@,c(n>2 = 9n—1 (fG,c(n - 1) - f@,c(n>) +c- 92n—2(1 - 92)7 n 2 17 (37)
n—1
fG,C(O) > 07 f@,c(n) > 2 9 n Z 1 (38)

has a unique solution fy .(n),n € IN.
Lemma 3.5 (Existence and continuity of fy .(c0)). If§ € (0,1),¢ > 0, then the limit

fo.e(00) := lim_fg.c(n) (3.9)

exists and the function ¢ — fy .(c0) is continuous.

We will prove Lemmas 3.4 and 3.5 in Section 3.3. Note that if ¢ = 0 then

fo,0(n) nelN (3.10)

146
is a solution of (3.6)-(3.8) (and it follows from the uniqueness statement of Lemma 3.4
that (3.10) is the only solution of of (3.6)-(3.8) in the ¢ = 0 case).
Remark 3.6. Note that if we rearrange (3.6) and (3.7), we get

_ f976(0) = % f0,c(n_1)_f9,c(n) _ C'onil'%

2
Jo.e(0)" =5 +0 ’ gn—1 _ gn " Dol Dt o) _ gt

(3.11)

Now if we non-rigorously define the function f by f(8") := fy .(n) when 6 is very close
to 1, moreover we denote r := 0", then in the § — 1 limit we get

FOR =50 =2 G10) = 5 (312)

i.e., conditions (iii) and (i) of equation (2.2) of [RST19]. We also note that condition (ii)

of equation (2.2) of [RST19],i.e., f(0) = 1, corresponds to the condition fy .(c0) = ﬁ in
our current discrete setting. We will see that the key question is whether there exists

¢ > 0 for which fy .(c0) = 1= holds.

Lemma 3.7 (Signature of scale invariant solution of the bivariate RDE). Let p(2) € /\/l((f)
and let f ) denote its signature.

1. p®@ is a solution of the bivariate RDE (1.23) if and only if there exists ¢ > 0 such
that f, (n) = fo,c(n) holds for every n € IN.

2. If p? is a solution of the bivariate RDE and c is the parameter for which fo(n) =
fo.c(n) holds for every n € IN, then

6.(20—1)
C § max <0, (1—1_9)2> . (313)
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(2

—

We will prove this lemma in Section 3.4. Note that that the diagonal measure p
defined in (1.24) is a solution of the bivariate RDE (1.23), and indeed f5) (n) = 14%9 =
fo,0(n) for every n € IN by (3.5) and (3.10), in accordance with Lemma 3.7.

Definition 3.8 (Perturbation of the diagonal signature). Let § € (0,1) and ¢ > 0 be
arbitrary and fy .. Let us define

fo(n) == (éife’C(n)> and fo(o0) == Jim fo(n). (3.14)

C:0+

We will prove in Section 3.5 that the limit in (3.14) exists. Recall the notion of
¢* € (3,1) from Lemma 1.8.

Lemma 3.9 (Critical value). We have fo(o0) > 0 for every 8 € (0,6*), fo(c0) < 0 for every
6 € (6*,1) and fo+(00) = 0.

We will prove this lemma in Section 3.5.
Lemma 3.10 (Solution of the recursion if § < 6*). If € (1,0*], then there does not exist

ce (0, %] for which fy .(o0) = 1%9_

We will prove this lemma in Section 3.6.

Lemma 3.11 (Solution of the recursion if § > 6*). For any 6 € (*,1) there exists a ¢ > 0
for which fy :(00) = ?10, moreover fy ; also satisfies all of the conditions of Lemma 3.3.

We will prove this lemma in Section 3.7.

Remark 3.12. Figure 1 shows the values of the parameter ¢ for which we have fy .(c0) =
14%9 for different values of € (0.6,1). It shows that if § < 6* then the only such value
is ¢ = 0, but if # > 0* then there also exists a positive value ¢. We also note that if
0 — 1 then the numerical simulations suggest that ¢ — 0.01770838, which coincides with
parameter value of ¢ which gives the non-diagonal solution in the case =; = (0, 1], see
[RST19, Section 1.6]. In other words, ¢ = 0.01770838 is the unique positive value of ¢ for
which the differential equation (3.12) together with the boundary condition f(0) = 1 has

-2
a solution.

0.020

0.015 -

0.010 -

0.005 -

0.000 -

1

Figure 1: The values of ¢ for which fy .(00) = 135

Proof of Theorem 1.14. The diagonal measure ﬁ(Q) defined in (1.24) is indeed a solution
of the bivariate RDE (1.23) for every 6 € (0, 1).

If§ < 3 and p@ e /\/lgf) is a solution of the bivariate RDE, then by Lemma 3.7(ii)
we must have ¢ = 0, where c is the parameter for which fp<2> = fp,c (such c exists
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by Lemma 3.7(i)). By (3.10) we have fpm (n) = 1-%9' thus by (3.5) and the uniqueness
statement of Lemma 3.3 we obtain that there is no scale invariant solution of the bivariate
RDE other than the diagonal solution in the 6 < % case.

If § € (1,0%] and we assume that p(®) € M é2) is a solution of the bivariate RDE, then

0-(20—1)
(1+6)2

by Lemma 3.7 we have c € {07 } for the parameter ¢ which gives f, =) = fp .. But

0-(20— .
(ﬁe)i)} such that lim,,_,o fo,c(n) = ﬁ

holds. Therefore by condition (ii) of Lemma 3.3 we see that again only ¢ = 0 produces a
signature of a scale invariant solution of the bivariate RDE.

If > 6* then by Lemmas 3.3 and 3.11 there exists a measure j(?) ¢ Mé2) for which
fo.e(n) = fs@ (n) for every n € N. The measure p? is non-diagonal, as we explain. First
note that ¢ # 0 implies fy = # fp 0, thus f;e) # ]%(2) (since fﬁ@) = fp,0 by (3.5) and (3.10)),
and thus we must have ® # 5%, i.e., 5® is non-diagonal.

Finally, we observe that ﬁ(g) is a solution of the bivariate RDE (1.23) by Lemma 3.7(i).

O

by Lemma 3.10 we know that there is no c € (O,

3.2 Conditions for f to be a signature

In this section we show the necessary and sufficient conditions for a function f :
IN — R to be the signature of some p(? ¢ M(Q), i.e., we prove Lemma 3. 3 To do
this, first we define the bivariate signature F () in Definition 3.13 for each p 73(2)
(c.f. Definition 3.1). In Lemma 3.14 we prove that this function Fp@) characterizes the
distribution p(® and in Lemma 3.15 we prove necessary and sufficient conditions for
bivariate functions to be the bivariate signature of some p(?) ¢ Pé2). After analysing
the relation between scale invariant measures and scale invariant bivariate signatures
in Lemma 3.17 as well as the relation between Fp<2> and the univariate signature in
Lemma 3.18, we can easily conclude the proof of Lemma 3.3.

Definition 3.13 (Bivariate signature). Given p(® € P*), we define the bivariate function
Foe s {zr )i x {zi}izo — [0, 1] by

Foo(zk, ;) = pP ({[0, 2] x T} U{I x [0,2;]}), j, ke (3.15)

Recall the notation from the beginning of Section 3.

Lemma 3.14 (Bivariate signature characterizes the measure). The measure p'? ¢ Péz)
is uniquely characterized by F,, in particular, for any j,k € N we have

p? ({00} x {oo}) =1 — F,e) (w0, o), (3.16)
P ([0, 2x] x {00}) = Fyeo) (wy, o) — 1i0, (3.17)
@ ({oo} x [0,2;]) = F,e (25, 20) — 1Jlr9, (3.18)
9(2)([0 ] x [0, 25]) = %P (Th, 5). (3.19)

1+0 1+6 P

Proof. The proof of (3.16) follows from Definition 3.13 using =y = 1 and p®(([0,1] U
{c})?) = 1. Since the marginal distribution of p(?) is p, for every j € IN we have
pB (I % [0,2;]) = p([0,25]) = Y272, ¢;i = 155. The equalities (3.17), (3.18) and (3.19)
readily follow. The p(® measure of every atom of p(?) can be determined using (3.16)-

(3.19) and inclusion-exclusion. O

Lemma 3.15 (Necessary and sufficient conditions on F'). Let § € (0,1). Let us assume
that we are given a function F' : {x}7°, x {zk}72, — [0,00). There exists a unique

EJP 27 (2022), paper 145. https://www.imstat.org/ejp
Page 29/43


https://doi.org/10.1214/22-EJP872
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A phase transition between endogeny and nonendogeny

probability measure p(z) € Péz) such that F' = Fp(z) holds (where Fp(2> is defined in
Definition 3.13) if and only if the following conditions are fulfilled:

1. F((ﬁo,xo) < 1,

2. limy o0 F(2g, 25) = 113'0 VjeN,

3. F(x,x0) is non-increasing in k,
4. F(zg,xj) = F(zj,2r) Vi, ke,
5. —F(xk,x]-) + F($k+1,51/'j) + F($k7$j+1) — F($k+1,$j+1) >0 Vi, kel

Proof. If p(?) ¢ 7?652) and we define F ;) as in (3.15), then conditions 1., 2. and 3. trivially
hold for F,2). Condition 4. follows from the symmetry of p? and finally condition 5.
also holds, since —F,.)(zx, ;) + Fy@ (Thr1,75) + Fyo) (2r,Tj01) = Foo (Tey1, Tj11) =
p? (zk, x;), where p® (zy,z;) is a shorthand for p® ({(zx, z;)}).

In the other direction, the uniqueness statement follows from Lemma 3.14.

If F' is a function such that all of the conditions of the lemma hold, then we will define
p?) pointwise on {(zk,2)}3%—=_, (Where z_; = oo, c.f. (3.3)) and prove that p@ isa

probability measure, it is in Péz) and F' = F ) holds. For every j, k € IN let

PP (@, x5) = —F (2, 25) + F(@ps1,75) + F(an, 2j401) — F(Trg1, Tj41), (3.20)
p? (00, x1) = F(wy, 20) — F(@rs1, 20), (3.21)
pP (@, 00) := F(wy, 20) — F(@ri1, 20), (3.22)
p?(00,00) 1= 1= F(z0, o). (3.23)

The non-negativity of p(2) follows from conditions 1., 3. and 5., moreover p(? is trivially
symmetric, since F' is also symmetric by 4.

The marginals of p(?):
Z P :I;]m F(xkvwo) _F($k+lax0>+
1=—1
+ Z (ki) + F(Tpg1, ) + F(or, 2ig1) — F(Xpe1, Tig1)) =

= F(»”Ck,fﬂo) — F(zp41,20) — Far, 20) + zlglolo F(xy,x;) + F(Tp41,20)—

2. (1-0) 2k ¢

— Zlgglo F(xpy1, i) 50 =" ¢, kelN (3.24)
. Z p? (00, x;) =1 — F(x0,z0) + Z (@, 20) — F(@k+41,20)) =
=1 k=0
=1 — F(xo,20) + F(z0, o) — lim F(zp,20) 21— —2 =¢_; (3.25)
k—o0 1+6

So the measure p(® has marginal distributions p defined as in (3.2). In particular, p(? is
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a probability measure on I2. We still have to check that F = F,2) holds:

oo k-1
F o) (zk, ;) €15 p® ({[0, 5] x I} U{I x [0,;]} ZCZ +Z Z PP (zq, 2)
l=j5 i=—1
F(zo,z)+F(xg, x1)+ F(z0, xi41) — F (zk, 141)) + F (z0, ;) — im F(xg, ;) =
1 +9 j—00
13—0:9 F(mo,x])—&— hm F(xo,xl)—i-F(xk,x])— hm F(xhxl)—i—F(xo,:c])— hm F(mo,xj) z

F(xy, ), j,kG]N. (3.26)
O

Definition 3.16 (Scale invariant bivariate function). F' : {z}7° , x {zx}72, — [0,00) is a
scale invariant bivariate function if

F(xpi1,2541) = 0'F(wg, 7;), j,k,1 €N, (3.27)
If F' is scale invariant then for every 0 < 5 < k we have
F(xy, i) = 0/ F(z)_;, 70). (3.28)

Recall the notation of M§,2) from below (1.31) as well as that of 77(52) from Defini-
tion 3.1.

Lemma 3.17 (Scale invariant measures and functions). Let p(2) S PéQ). p(z) IS Mf) holds
if and only 1'pr<2) defined in Definition 3.13 is a scale invariant function.

Proof. First note that if F,») is a scale invariant function then

(3.15) ) (3.27)

PP (0,0 x TUT x [0,0™)) Foo (2, 2

p 0" F p(2) ((E(),.’EQ) S 9", n 2 0. (329)

Together with our assumption that both of the marginals of p(?) are p, this implies that
we have p?([0,¢] x TUI x [0,¢]) < tforall 0 < ¢ <1, thus by (1.28) we have p® € M®.

It remains to show that if p® € M® NP then F ) is scale invariant if and only if
%@ = p@. Let 5@ := P p(>. By the scale invariance of the marginal distribution
(c.f. (1.31)) we have ,(’)(2) S 7?52). Thus by Lemma 3.14 we only need to prove that
Fj) = F, holds if and only 0 ' F ) (241, 2j41) = F,) (2k, ;) holds for any k,j € N
(i.e., Fp(2> satisfies the [ = 1 case of (3.27)). This equivalence follows as soon as we
observe that we have

Fyeo () C27 T8 p® ({0, 2] x 1Y UAT x [0, 2,]}) 27

00 (057) 7 ([0, 24) % Ty UAT x [0,25]1)) 2 0729 ({[0, Bg] x T} U{T x [0, 6a;]}) &
0= 0@ ({[0,2141] x I} U{T x [0,2j51]}) O=7 07 F o (whs1, 2501),  k,j €N, (3.30)

where (x) holds since we defined 9{> : 12 — I? by \? (z,2) = (vo(z),19(2’)), where
Yo(x) =x/0 if x <0 and Yy(z) = oo if x > 0, cf. (1.25). O

Lemma 3.18 (Relationship between F,z) and the signature). pr € M( ) F b2 IS the
function defined in Definition 3.13 and fp<2) is the signature ofp(2) (c.f. Deﬁn1t1on 3.2),
then

fo (n) = Foo (25, 20) =

xk/\jFp(z) (l‘k,l‘j) (3.31)

holds for every j, k € N for whichn = |k — j|.
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Proof. The first equality is trivial from the definition of fp<2) and Fp<2). The second

equality follows from the fact that Fp(2> is a scale invariant function (by Lemma 3.17),

e = 08N (cf. (3.1)), (3.28) and symmetry of F (2 (cf. Condition 4. of Lemma 3.15). O
j y ry o

Proof of Lemma 3.3. First let p(?) ¢ ME,Q) and f,) be its signature. Let us also define
F,) asin (3.15), which means f ) (n) = F,o (2n,x0) by Lemma 3.18.
Let us now check that fp@) satisfies the properties (i)-(v) of Lemma 3.3.

1. fy@(0) = F, (w0, 70) < 1 using condition 1. of Lemma 3.15.

2. limy, 00 fy (n) = 15 by (3.31) and condition 2. of Lemma 3.15.
3. We have [, (n) = F,e (Tn,20) > Fye (Tny1,%0) = f,@(n + 1) for any n € N by
condition 3. of Lemma 3.15.

4. From condition 5. of Lemma 3.15 we know

— Foo (2, 5) + Foo (Trp1,25) + Fyo (on, 541) — Foo (Try1,2j401) > 0. (3.32)

Using F 2 (2, 7;) = Traj- fo@ (Jk—7|) (c.f. (3.31)) and substituting j := k into (3.32)
we obtain

— i fo(0) + 2k foo (1) + 2k fo(1) = Tt - fr2(0) = 0. (3.33)
Dividing by xj, after rearranging we get condition (iv).
5. If we use F,¢) (vk,2j) = Txaj - fo (|k — j|) in (3.32) if k > j, we get
— 5 fo (k=3) 425 foo (+1=5)+201 fp (k—j—1)—2j11- fre (k—37) > 0. (3.34)

Let n := k — j. If we divide (3.34) by z;, after rearranging we get the required
inequality.

In the other direction, assume that f : IN — R satisfies conditions (i)-(v) of Lemma 3.3.
Our goal is to show that there exists a unique probability measure p(?) ¢ Mgf) such that
f is its signature. As a first step, we define

F(xk,:vj) = Tkaj f(‘k—jD, J,kelN (3.35)

and show that the conditions of Lemma 3.15 hold for F'. Conditions (i), (ii), (iii) of
Lemma 3.3 on f imply respectively conditions 1., 2. and 3. of Lemma 3.15. Condition 4.
of Lemma 3.15 of F' is straightforward from (3.35). Condition 5. of Lemma 3.15 follows
from condition (iv) of Lemma 3.3 (in the k£ = j case) and condition (v) of Lemma 3.3 (in
the k£ > j case, and, by symmetry, in the j > k case).

We can thus apply Lemma 3.15 to infer that there exists a probability measure
p® € P? such that F = F, holds. In fact p(® € M by Lemma 3.17 and the scale
invariance of F' (c.f. (3.27)), which is straightforward from (3.35). Finally f = fp<2) follows
from Definition 3.2, Lemma 3.18 and (3.35). Uniqueness is clear since the signature of a
bivariate measure in Méz) uniquely determines its bivariate signature by Lemma 3.18,
which in turn uniquely determines the bivariate measure by Lemma 3.14. O
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3.3 Basic properties of fy .(n)

The main goal of Section 3.3 is to prove Lemmas 3.4 and 3.5, but we will also collect
some other useful properties of fy .(n) in Corollary 3.21. We will first define an auxiliary
function gy .(n),n € IN and later we will identify fy .(n) as fs,c(n) = 6"gg .(n). In order to
construct gy .(n), we need the following definition.

Definition 3.19 (Recursion map ,.). Given some 6 € (0,1) and ¢ > 0, let us define the
function vy . : Dy, — R by

g o(x) = Lt Vo - 1)229_ de (- 02), Dpe=(V/(1—02)c+1/2,+x).  (3.36)

Note that z € Dy . if and only if 2z — 1 > 0 and (2z — 1)? — 4c- (1 — 6?) > 0.
Lemma 3.20 (Recursive definition of gy .(n)). For any 6 € (0,1) and ¢ > 0, the recursion

1+ /1+8c¢(1+0)2
2(1+9) ’

90,c(0) = 99.c(n) =vVo.c(g9.c(n—1)), n>1 (3.37)

has a solution (i.e., gg..(n) € Dy holds for all n > 0). Moreover, the solution satisfies
go,c(n) > go.c(n — 1), n > 1. (3.38)

Proof. We first check that gy .(0) € Dy holds. In order to do so, let us denote v = 4¢(1 +
0)2. After some rearrangements, we only need to check that /T + 2y > /(1 — 62)y + 0
holds. Taking the square of both sides and rearranging, we want to show (1 — 62) + (1 +
6%)y > 26+/(1 — 62)v. Taking the square of both sides again and rearranging, we need

(1—6%24+2(1 - 6%y + (1 +6%)*42 > 0, (3.39)

and this inequality indeed holds, since all of the terms are non-negative for any choice of
6 € (0,1) and ¢ > 0. We have thus checked gy .(0) € Dy .

Next we observe that z — vy .(z) is an increasing and concave function of z € Dy,
moreover %77[}970(58) > 1/6 > 1 holds for all + € Dy .. This implies that the equation
¥g,.(x) = x has at most one solution in Dy .. Let yo := /(1 — 02)c + 1/2 denote the left
endpoint of Dy .. One easily checks that 1y .(yo) > yo holds if and only if ¢ < ﬁﬁa)
holds. We will prove Lemma 3.20 by treating the cases ¢y .(y0) > yo and ¢g.(y0) < Yo
separately.

If 9.c(y0) > yo then vy .(x) > z for every x € Dy . follows from the above listed
properties of ¢y .. Now it follows from (3.37) by induction on n that gy .(n) € Dy,
and (3.38) hold for all n > 0.

If 99 .(yo) < yo then the above listed properties of 1y . imply that there exists a unique
z§ € Dy, for which 1y .(z§) = x5, moreover x > z{; implies ¢ .(z) > x. One checks that

xy = W, thus gs.(0) > =z holds. It is enough to prove that gy .(n) > z{ for

all n > 0 to conclude that gg .(n) € Dy for all n > 0. Now both gy .(n) > = and (3.38)
follow by induction on n using the recursive definition (3.37) of gg .(n). O
Now we are ready to prove the existence and uniqueness of fy .(n),n € IN.

Proof of Lemma 3.4. We will show by induction on n that
fo.c(n) = gg.c(n)o", nelN (3.40)

is the unique solution of the system of equations (3.6)-(3.8). The induction hypothesis
holds for n = 0, since (3.6) is a quadratic equation for fe’C(O), which has two solutions,
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one of them is equal to gy .(0)0°, while the other solution is less then or equal to zero,
therefore only gy .(0)0° satisfies (3.8) for n = 0.

Now assume that » > 1 and (3.40) holds for n — 1, i.e.,, we have fy.(n — 1) =
go.c(n —1)0"~1. We can view (3.7) as a quadratic equation for fy .(n) which has two
solutions:

9n_1:|: 2 . — 1) =012 _4¢.02n—2. (1 — 92
Fra = V(2fpcln—1) . ) —4c (=0 (3.41)

Now 71 = 0"g.c (go,c(n — 1)) = gp,(n)f" follows from fp .(n—1) = gy .(n—1)0""*, (3.36)
and (3.37), moreover z; > 6"~ 1/2, while 7, < §"~1/2, thus only 7, satisfies (3.8) and
therefore (3.40) holds. O

Corollary 3.21 (Recursion for fy ). For any 6 € (0,1] and ¢ > 0 we have

1+ /1+8c(1+6)2

fo.c(0) = 20+ 0) ; (3.42)
fo(n) = 0"+ /(2fpc(n—1) - 0;*1)2 —dc- =2 (1 - 92)’ .- (3.43)

Moreover, the function fp .(n) decreases in n:
foc(n) < foc(n—1), n=1 (3.44)

Proof. The identities (3.42) and (3.43) follow from (3.37) and (3.40).

In order to prove (3.44), we need to show that gy .(n) < go..(n — 1)/60 holds for any
n > 1: this inequality follows from the fact that vy .(z) < g o(z) = /6 holds for any
z € Dyc. O

Proof of Lemma 3.5. The limit fj .(c0) = lim,_,« fo,c(n) exists since fy.(n) decreases
as n increases (c.f. (3.44)) and fp .(n) > 0. It follows from (3.42) and (3.43) by induction
on n that for each n the function ¢ — fy .(n) is continuous. Thus, in order to prove that
¢ — fp.c(00) is continuous, we only need to check that the functions ¢ — fy .(n) converge
uniformly as n — oo on [0, ¢o] for any 0 < ¢y < 4+00. In order to achieve this, we will show

fo.e(n—1) = foc(n) < %\/4092"*2(1 —6?), n>1.c¢>0. (3.45)

By (3.40) we only need to prove gg .(n—1)—60gs,.(n) < £1/4¢(1 — 62). By (3.36) and (3.37)
it is enough to show that for all z € Dy we have (2z — 1) — /(22 — 1)2 — 4¢(1 — 62) <
4¢(1 — 62), but this inequality easily follows using the properties of Dy . listed be-
low (3.36).
It follows from (3.45) that for any ¢y > 0 the functions ¢ — fy .(n) form a Cauchy
sequence with respect to the sup-norm on [0, ¢p]. From this the desired uniform conver-
gence readily follows. O

3.4 Signature of a scale invariant solution of the bivariate RDE

Our next goal is to prove Lemma 3.7. First we show a formula in Lemma 3.23, which
characterizes the distribution of the right-hand side of the bivariate RDE (1.23) in terms
of the bivariate signature F,») (c.f. Definition 3.13). Using this we get an equation for
the univariate signature f, of a scale invariant measure p?) in Lemma 3.24, which
holds if and only if p(?) is a solution of the bivariate RDE. In Lemma 3.25 we show that
fo,c (defined in Lemma 3.4) satisfies a very similar equation. Finally we conclude the
proof of Lemma 3.7.

Recall the notion of 73(52) from Definition 3.1.
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Definition 3.22 (Definition of 5(2)). Let § € (0,1), p® € P{>. Denote by 5® the law of
(X[T7 H}(Y17Y2)7X[Ta ‘%](}/1*75/2*))7 (346)

where the function y is defined in (1.16) and the other notation are defined in (1.23),
so (Y1,Y7) ~ p@), (Y5,Yy) ~ p®), 1 ~ UNI0,1], s is a random variable such that
P(k=1) =P(k =2) = % and (Y1,Y7y), (Y2,Y5), 7 and x are mutually independent.

Lemma 3.23 (Expressing F in terms of F,). If 6 € (0, 1),p? e P§2), then for every
j,k € N we have

2 2
Ty, T

1102 "20102"

Fy) (2, x5) = Fyo (g, 25) —

1
F p Fp(z)($k,$j)2+ 2

2
1-0 & .
+ TR Z o (Fp<2> (Trs ) — Fyo (w4, 25) — Fye (g, 2) + Foe) (!Et,ﬂft)) , (3.47)
t=kVj+1

where Fp<2), Fﬁ@) are the bivariate signatures ofp(2) and ﬁ(2) respectively (c.f. Defini-
tion 3.13).

Proof. Let us use the notation
(Y, ") := (x[7, 6](Y1, Ya), X[, 6](Y7", Y5")), so that (Y, Y™*) ~ 5. (3.48)
Let us also use the shorthand F' = Fp<2>, F= Fﬁ(m in this proof. Thus we have
ﬁ(mk,xj) =Pk = Lf/ <gpor Y*< zj)+P(k= 2737 <gpor Y*< zj). (3.49)
Here
IP(K;: 1,Y§.’L‘]€ or ?* Sl‘j) =
1 - N N -
§[P(Y Sap|lk=1)+PY* " <a;|h=1)-PY <z,Y* <z;|c=1)]. (3.50)

By the definition of x in (1.16) we will calculate all the three terms on the rh.s.
of (3.50).

P(Y <ap|le=1)=PY, <a3,Y1 >7) =

o

= 1-6 1-0 T
=> wmra=Y — P =af— Y= (3.51)
— l:k1—|—9 146 — (1+6)
Similarly, we have
PV <, |r=1 7 (3.52)
Y*<zj|k= )—(1+0)2. .
P(Y <ap,Y*<aj|k=1)=P(Y1 <21, Yy <zj, 7 <YL AY]) =
Z Pz, <Yi <ap,o <Y <, 7 € [14,20-1)) =
t=kVj+1
> (Flo,ag) + Flaw,x) — Fag, ;) — Flan o) (@1 — x) =
t=kVj+1
-1 ¥ 0'(F F F F 3.53
—— 2 |0 (Fne) — Flene) = Flaa) + Flene) )| (353)
t=kVj+1
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Now we calculate the other term of (3.49):

. 1
P(k=2Y <xpor Y*<uz;)= §~(1—]P(Y1AY2>$k,Y1*AY2*>$j))
o 1 1
) 5 (1 —(1- F(a:k,xj))Q) = F(zk, z;) — B ~F(wk,xj)2, (3.54)

where () holds by the independence of (Y7,Y7") and (Y3, Y5"). Now (3.47) follows if we
substitute (3.50)-(3.54) into (3.49). O

Recall the notation of /\/l((f) from below (1.31).

Lemma 3.24 (Equation for the signature). p? ¢ M((f) is a solution of the bivariate
RDE (1.23) if and only if its signature f ) satisfies

fp(2) (n)2 = (1_'_;9)2 +0"- fp(2> (n)—(1-10)- Zetfp@) (t+1)+

t=n

10 fm(0) =
+<(1+9)2+ e ‘(1‘9)'Zetfp<2>(t+1))-92. (3.55)

t=0

Proof. By Lemma 3.14 the measure p(2) is a solution of the bivariate RDE (1.23) if and
only if Fj2) = F,» . We will prove that if p(2) € M(QQ) then (3.55) holds if and only if

Fﬁ(2) == Fp(2) .

We have Fﬁ@) = Fp<2) in (3.47) if and only if

+ S+
(14+6)2 (146

F@ (z, x;)° =

1-0 &
- X

|:9t (Fp(z) (l‘k, .T}j) — Fp(z) (xt, J)j) — Fp(z) (Ik,, .Z’t) —|— Fp(z) (.’L’t, $t)):| (356)
t=kVj+1

holds for every j,k € IN.
By symmetry of Fp(2> we can assume that 0 < j < k (so z < z;) and let n :=k — ;.
We have F,e (71, 7i) = ziai f (|l —i|),1,i € N (c.f. (3.31)). Hence

Fp(z) (l‘k, CCj) = l‘j . fp(z) (n), (3.57)
> Thajtl - n
Z 0 F p(2) "ij,’xj) = Z Gt ST fp(g)(n) — kﬂ%{op(z)()’ (3.58)
t= k:v]+1 t=k+1
Z 9F(2) xt,xj): Z 9t~xj~fp(2>(t—j):
t=kVj+1 t=k+1
= Thtjt1° Z thp@) (t +n+ 1) = Thtjt1° Z Qt_nfp(z) (t + 1),
t=0 t=n
(3.59)
S 0 Fe(aka) = Y 0aefye (t— k) =201 Y0 fu (E+ 1), (3.60)
t=kVj+1 t=k+1 t=0
= t t 2(k+1) fp(2)( )
> 0 Fe (v a) = Z 0 - xy - [ (0) = W' (3.61)
t=kVj+1 t=k+1
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If we substitute all of the above into (3.56) and divide by xf = 0%, we get:

§2n 1 . . o .
fp<2)(n)2 = (1+9)2 + (1+9)2 +0 fp<2)(n)_(1_9)‘9 'Z;Lgt fp(2>(t+1)_
o 2n+1
(1-6)-6°"- Zaffp@) (t+1)+ o o0 (©) (3.62)

pare 1+6

We get (3.55) after rearranging above formula, so Fﬁm = Fp<2) in (3.47) if and only if

fp(z) satisfies (3.55), therefore we proved the lemma. O

Next we consider the sequence fy.(n),n € IN (c.f. Lemma 3.4) and derive some
formulas analogous to (3.55).

Lemma 3.25 (Properties of fy ). Given some ¢ € (0,1) and ¢ > 0, let us assume that

limy, o0 fo,c(n) = ﬁ holds. Under these conditions we have
foe(n)? = ﬁ L0 fyo(n) — (1-6)- i&tf&c(t F1)4c 0, nel, (3.63)
G : o2 T 2D -0, §9tfe,c(t +1), (3.64)
ﬁ A % < fp.e(0) < ﬁ v % (3.65)
c<0V 0(1(2_3;21) (3.66)

Proof. To prove (3.63) let us denote by (3, the difference of the r.h.s. and the Lh.s.
of (3.63). Our goal is to show 3,, = 0. For every n > 1 we have

Bn = Bn-1 =fo.c(n—1)* = fo.c(n)* = 0" fgo(n—1) + 0" fy o(n)+
+(1=0)0"" foo(n) —c-0*"2(1 - 67). (3.67)

The right-hand side of (3.67) is 0 by (3.7). Therefore the sequence j3, is constant, but we

also have lim,,_,, 3, = 0 by the definition of 3,, and our assumption lim,, o, fg.c(n) = .

1+6
So 8, =0, thus we get (3.63).
Next we show (3.64). If we take (3.63) at n = 0, we obtain
1 oo
fo.0(0)2 = aror + fo.c(0) = (1=0)-> 0" foo(t+1)+c. (3.68)
t=0
If we take the difference of (3.6) and (3.68) and rearrange, we get (3.64).
Next we prove (3.65). From our assumption lim,_,« fo..(n) = 1741&7' and (3.44) we
obtain that fy.(n) > H% for every n € IN, hence
GeH 1 0 £6,.(0) — 0 0((1+6)fo,.c(0)—1)
< 2 —(1-40 = . . 3.69
¢S Trer T ire );He L+ 0) (3.69)
Putting together (3.6) and (3.69), we obtain the inequality
1 O((1+6)fo.(0)—1)
(002 — ——fo.(0) <2 ’ ; 3.70
fo,c(0) 1+0f9,()_ (1+0) (3.70)
which implies (3.65), since the roots of the polynomial z* — ;35 — 29((%%{1) are 13

and %. Finally, (3.66) follows by plugging the upper bound of (3.65) into (3.69). O

EJP 27 (2022), paper 145. https://www.imstat.org/ejp
Page 37/43


https://doi.org/10.1214/22-EJP872
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A phase transition between endogeny and nonendogeny

Proof of Lemma 3.7. First assume that p(?) ¢ ME)Q) is a solution of the bivariate RDE
(1.23) and let us define

1 0 f,e(0)

= + —(1-90)- Qtf @ (t+1). (3.71)
(1+0)? 146 ; P

We will prove that f, (1) = fg,.(n) holds for this c for every n € N. By Lemma 3.4, it is
enough to show that f ) (n) satisfies (3.6)-(3.8).

By Lemma 3.24 the equation (3.55) holds. If we plug the definition (3.71) of ¢ into
equation (3.55), we get

1 oo
fo (n)? = aroe HO0" - o (n) = (1=0)-> 0 fo(t+1)+c- 6> (3.72)

t=n

If we take (3.72) at n = 0, subtract ﬁlg - [ (0) from both sides and again use the
definition (3.71) of ¢, we get f,@ (0)> — =5/, (0) = 2¢, i.e., that (3.6) holds. Now let

n > 1. If we take the difference of (3.72) at n — 1 and at n, we obtain

Fo (n=1)% = fo(n)? = (3.73)
=0""fo(n—1)=0"fy(n) — (1= 0)0" ' fri (n) +c- 07" 72(1 - 6%),

therefore (3.7) holds. Both inequalities required by (3.8) can be proved using fp(2> (n) >

1%9 (which holds by Lemma 3.3), also using 1—}r9 > 3> %
case of (3.8).

We also need that ¢ > 0: this follows from f,) (0)* — ﬁfp@) (0) =2cand f,o(n) >
1
1+6°

In the other direction, we assume that for some p(® € M'? we have fo@ (n) = fo.c(n)
for every n € IN for some ¢ > 0, and we have to show that ,0(2) is a solution of the bivariate
RDE. By Lemma 3.24 it is enough to show that (3.55) holds for every n € IN. In order to
do so, we use Lemma 3.25 (the conditions of which do hold, since lim, o f,) (n) = ﬁ
by Lemma 3.3): the identity (3.55) follows by putting (3.63) and (3.64) together. This
completes the proof of statement (i) of Lemma 3.7. Also, (3.13) follows from (3.66), i.e.,
statement (ii) of Lemma 3.7 also holds. The proof of Lemma 3.7 is complete. O

in the proof of the n > 1

3.5 Definition of 9*

In this section our goal is to prove Lemmas 1.8 and 3.9. We will give an explicit
formula for fy(co) = lim,, (Z fo.c(n)) ]C:0+ in Lemma 3.26 and prove that it is strictly
decreasing in 6. As we will see, this fact implies Lemmas 1.8 and 3.9. This is a key point:
we will see in Sections 3.6 and 3.7 that the sign of fg(oo) determines whether or not we
have a non-diagonal scale invariant solution of the RDE.

Recall from Corollary 3.21 that fy . satisfies (3.42) and (3.43). If we differentiate
these equations with respect to ¢, we obtain

9 2(1+6)

—f0,0(0) = ———t—, 3.74

5ct0<0) V1+8c(1+06)2 (3.74)
0 o . o _pgn—1\ _ p2n—2 _p2

%fe,c(n) _ pefoe(n—=1)-2fpe(n—-1)—-0""") -0 (1-6 )7 n>1  (3.75)

\/(2f97c(7’b — 1) — 9"—1)2 —4c - fH2n—2. (1 _ 92)
For any 0 € (0, 1), let us define

6277,72 (1= 92 140 297171
M) = — _(gn_1 o £+

- o (3.76)
1+0 1+23 -0
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Note that the equality of the two formulas in (3.76) holds for all § € (0,1), but the second
formula for 7, (¢) extends continuously to § = 1 as well.
Recall the notations fy(n) and fy(co) of Definition 3.8.

Lemma 3.26 (Formulas for fg). We have

fo(0) =2(1+90), (3.77)
fon) = foln =1) =3 (0) =2(1+60) = > (), n>1, (3.78)
k=1
Fo(oo) = 2(1+0) = > 7(6) “Z7 1 0% = 3" (). (3.79)
k=1 k=2

Proof. Substituting ¢ = 0 into (3.74), we get (3.77). Similarly, if we substitute ¢ =
0 into (3.75) using that fyo(n) = ﬁ for every n € IN (see (3.10)), we get (3.78).

From (3.78) we get (3.79) by the definition of fg(oo) (c.f. (3.14)). O

Proof of Lemmas 1.8 and 3.9. Note that the function 6 — fg(oo) defined in (3.79) coin-
cides with the function 0 — ¢(#) defined in Lemma 1.8.

First we show that fy(co) is a decreasing function of § € [0,1). We begin by observing
that v,,(0) is an increasing function of 6 € [0, 1) by the second formula for ~,,(0) in (3.76).
Thus by the second formula for fy(co) in (3.79) we obtain that fy(co) is a decreasing
function of € [0,1). The function § — fy(co) is also continuous on any compact
sub-interval of [0, 1), since it is the uniform limit of continuous functions.

In order to complete the proof of Lemmas 1.8 and 3.9, we just have to show that
fl/g(oo) > 0and f;_.(c0) < 0 for some ¢ > 0. Indeed, fl/g(l) =2 and

fija(o0) "1 — (5 s — = >0. (3.80)

—~ —1/2 20

3.79) 1\? 22 (1- i) > 3 22— i) 9
- 2 o1k T4 3 15

k k=2 1+1/2

On the other hand, f1(2) = —4/~3 by (3.76) and (3.78), moreover § — f9(2) is a continuous

function on [0,1], therefore f1_.(2) < 0 for some ¢ > 0, from which fi_.(c0) < 0

follows, since fp(o0) < fy(2) by (3.78) and (3.79). The proofs of Lemmas 1.8 and 3.9 are
complete. O

3.6 The 0 < 0* case

The goal of this section is to prove Lemma 3.10.

Lemma 3.27 (Lower bound on fy .(n)). If6 € (3,6*] and c € (0 m}, then

) T(146)2
fo.c(1) = fo(1)e > 17419’ (3.81)
fo.e(n) = fa(n)e > fo (1) = fo(1)e,  n>1. (3.82)

Before we prove Lemma 3.27, let us deduce Lemma 3.10 from it.

Proof of Lemma 3.10. By Lemma 3.9 we have lim,,_, fg(n) = fp(o0) > 0 for any 0 < 6%,
where fp(oo) is defined in Definition 3.8. Thus

(3.82) - 3.81) 1

lim foo(n) 2 lim (focln) = fo(me) = fooV) = fo(De > =y (3.83)

holds for any 6 € (3,6*] and c € (O, eézfe_)i)] The proof of Lemma 3.10 is complete. [
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Remark 3.28. We will prove (3.82) by induction on n. We have to start the induction
from n = 1, since it can be easily seen that the analogue of (3.81) does not hold in the
n =0 case, i.e., we have fy .(0) — fo(0)c < 5.

Proof of (3.81). By (3.76) and (3.78) we have fg( ) = 1—62, so by (3.43) we need to show
i (1 + v/ (2f0,(0) = 1)2 — 4c(1 — 02)> (1—6%)c > 115. Applying a series of equivalent
transformations, we see that we need

OE % (1 4 \/m +8(1—B)c+4(1 — 92)202> . (3.84)

Substituting the formula (3.42) for fy .(0) into this, we obtain after some rearrangements
that we need to show

VIH8(1+0)2¢—0> /(1 —0)24+8(1—0)(140)2c+4(1 — 62)2(1 + 0)2¢2

Taking the square of both sides of this inequality, introducing the notation a = (1 + )¢
and rearranging a bit, we obtain that we need to show that 80a > 20(y/1+ 8a — 1) +
4(1—6)2a? holds. Introducing the notation 8 = /1 + 8a — 1, we may equivalently rewrite
this and obtain that we need to show § < f — 2. Using the definition of « and f3, our

9(5199)? becomes 5 < /(1 — 49) — 1. Using that 6 > 5 we see that we

have 6 < 46 — 2, so it is enough to show 46 < 4‘/5 to conclude the desired inequality

5<% _ 9 Now 6 < 2% does hold for all 6 € (o 1) (therefore it holds for 6 € (3,60%)),
completlng the proof of (3 81). O

assumption ¢ <

Proof of (3.82). We prove (3.82) by induction on n. The n = 1 case trivially holds. Let
n > 2. Let us denote ¢ = fy(n—1)c+ fy..(1) = fo(1)c. By our induction hypothesis we know
that fy .(n — 1) > ¢ holds, and we want to show that (3.82) also holds, or, equivalently,
we want fy (n) > g — v, ()c to hold (c.f. (3.76), (3.78)). Let us note that we have

(3.78),(3.81) . 1 = 1

— PN L O ]
q—Y(@)c = fe(n)c+1+9 T (3.85)

where () holds since our assumption ¢ < §* and Lemma 3.9 together imply fo(c0) >0
and the formulas (3.76), (3.78) and (3.79) together imply fg( ) > fg( ). Using our
induction hypothesis and (3.43), we see that it is enough to prove

1 2
5 (0“ + \/ (2q — 7=1)2 — deya (0) <1+9 - 9)) > q—(0)c (3.86)

in order to arrive at the desired fy .(n) > ¢ — 7, (0)c. We will now show (3.86). We first
show that the expression under the square root is non-negative:

B 2 o1 G:85) 2 . 2
(2 — "1)? — 4ea (6) <1+e‘9 ) g (<1+0 0 1)+2c%<9>) -

2
4eyn (0) (Hzg — 9’“1) = (1i0 0" 1) + (2e70(0))* > 0. (3.87)

Using this we can rearrange (3.86) and see that it is equivalent to

2
(2¢ — 6™"1)2 — 4ey,(0) (1+9 -0~ 1) > ((2g—0""1) — 2’yn(6’)c)2 , (3.88)
which is in turn equivalent to 2 (q — 14%9) > ~v,()c, and this inequality indeed holds
by (3.85). The proof of the induction step is complete. O
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The proof of Lemma 3.27 is complete.

Remark 3.29. Our assumption c € (O, Géie(;)%)

3.27 (or something similar to it) seems indispensable, because numerical simulations
suggest that the conclusions of Lemma 3.27 do not hold for big values of c.

] that appears in the statement of Lemma

3.7 The 0 > 0* case

In this section we prove Lemma 3.11. First we show Lemma 3.30, which implies that
fo,c(00) is large if ¢ is large. We will also argue that fp .(00) < 1%9 if # > #* and c is small.
We then combine these facts to show that there exists a ¢ > 0 for which fy ;(c0) = 1%9'
After that we will see in Lemma 3.31 and 3.32 that this fy ; satisfies the conditions of
Lemma 3.3 (and therefore it is the signature of a non-diagonal solution (% M((f) of

the bivariate RDE (1.23)).
Lemma 3.30 (Lower bound on fy ). If 6 € (0,1) and ¢ > 4, then

foc(n) > — + <; + 0%) -, n e IN. (3.89)

Proof. We prove (3.89) by induction on n. The n = 0 case holds, since

(342) 1+ 4/8¢(14+6)2 _ 1 ®1 /3 6 1
> vV o 2> > —c= — _ 20} . X
fo..(0) > 2T+ 0) > HV2ez gy ge=S+ 5 +6 c, (3.90)

where (x) holds if ¢ > 4. Now assume that n > 1 and (3.89) holds for n — 1, and we want
to deduce that (3.89) also holds with n as well:

n—1 _ _ n—1\2 _ . 02n—2 . — 02) (xx)
f97c(n) (3é3) 0 —+ \/(Qfgﬁc(n ].) [ ) 4c - 0 (]. 0 ) S

5 2
0"+ AL+ 020D —de 922 (1—62) g )
= — — 462 .
2 2 2
where in (+x) we used the induction hypothesis and also that §"~! > ™. O

Lemma 3.31 (fy . satisfies necessary conditions). If § € (0,1) and ¢ > 0 are arbitrary,
then fo . satisfies conditions (iii), (iv) and (v) of Lemma 3.3, i.e.

1. fo.c(n) is non-increasing in n,

2. (140) - fo,c(0) < 2fp (1),

3. (140)- foo(n) <0 focln—1)+ focln+1) foreveryn > 1.
Proof. 1. We have already seen this in Corollary 3.21.

2. Recalling the notation introduced at the beginning of Section 3.3 (see in particu-
lar (3.37) and (3.40)), we want to show

(1+60)90,c(0) < 20¢9..(90.(0)). (3.91)
Using the definition (3.36) of 1y . and Dy . one deduces that

the function x — 261y .(z) is increasing and concave on Dy ., (3.92)
d 20 — 1
—20vg (x) = 2 >2>1+06, x €Dy, (3.93)
az 2 PVe() V22— 1) —dc- (1 07) ”
lim 200 . (z) — (1 + 0)z = +o0. (3.94)
Tr—r o0 :
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It follows from (3.92) and (3.93) that
the equation 26ty .(x) = (1 + 0)x has at most one solution in Dy . (3.95)

Let yo := /(1 — 62)c + 1/2 denote the left endpoint of Dy .. One easily checks that
209, (yo) > (1 + 0)y0 holds if and only if ¢ < (1+9)3 holds. We will prove (3.91) by
treating the cases 260vy .(yo) > (1 + 0)yo and 26y .(yo) < (1 + 0)yo separately.

If 26049 . (yo) > (140)yo then 204y (x) > (146)z for every x € Dy . follows from (3.93),
and in particular (3.91) holds.

If 26049 . (yo) < (1+0)yo then this inequality, (3.94) and (3.95) together imply that there
exists a unique & € Dy . such that 201y .(Z) = (14-0)Z, moreover we obtain using (3.93)

that £ < z implies 26¢y .(x) > (1 + #)z. One easily finds that Z = y 4(9:??59“)0“,

thus we only need to check & < gy .(0), i.e., by the definition (3.37) of gy .(0) we need
to check that ay(c) < Bp(c) holds for all ¢ > 0, where

1+/40+3)(0+1)c+1 14+ /1+8(1+0)2%c
0+3 o Pele)= 200+ 1)

ag(c) = (3.96)

The inverse functions of both ¢ — ay(c) and ¢ — By(c) are quadratic polynomials:

(0+3)y—1)2-1 20+1)y—-1)2-1
404+ 3)(0+1) 8(6+1)2
It is enough to check that ae_l(y) > By (y) holds for all y € R, and indeed we have

;) — Byt (y) = (i(_ei)f;, which is nonnegative for all € (0, 1],y € R.

. By = (3.97)

ay'(y) =

3. We have to show fy.(n) — foc(n+1) < 0-(foc(n—1)— foc(n)) for every n > 1.
Rewriting this using the notation introduced in Section 3.3 as well as (3.40), we need
to show that the inequality gg..(n) — 0gg.c(n + 1) < gg,c(n — 1) — Ogg .(n) holds. Since
go.c(n+ 1) =g c(g0,c(n)) and gy .(n) = Vg c(gs,c(n — 1)) by (3.37), moreover we know
go.c(n) > goc(n — 1) (c.f. (3.38)), it is enough to show that gy .(z) is a decreasing
function of =, where ¢y .(x) := © — 61y (). This is indeed the case, since we have

/ — 1 _ 2x—1 . s .
©p(r) =1 o) —a o) < 0 for every z in the domain Dy . of wg ().

O

Lemma 3.32 (Upper bound on fp :(0)). If 8 € (0,1) and fy (c0) = then fy :(0) < 1.

1+9’

Proof. The conditions of Lemma 3.25 are fulfilled for fy ¢, thus we may use (3.65) to

conclude fp :(0) < 1+0 \Y% 12;)9 <1. O
Proof of Lemma 3.11. We will show that the function ¢ — fy .(c0) — 1+9 takes both

positive and negative values. This is enough to conclude the proof of the first statement
of Lemma 3.11, since this function is continuous by Lemma 3.5.
We know from (3.10) that fyo(n) = 1+0 for all n € IN. By the # > 6* case of Lemma 3.9

we have fy(00) = lim, o0 fo(n) < 0, therefore we can fix an n € N such that fy(n) < 0.

Recall from Definition 3.8 that fy(n) denotes -2 5e fe c(n )’C 0, We can thus fix a small but

positive value of ¢ such that fy .(n) < fgo(n) = 1+9 Now fy .(00) < 1+9 follows from the
fact that fy .(n) decreases as n increases (c.f. (3.44)).

Next we show that there exists a ¢ > 0 for which fy .(c0) > This follows from

1+6
Lemma 3.30, since for ¢ > 4 we have
(3.89) on 1 1 1
> 1 — — 2n | . =1/= —_— .
A foe(n) = nh—>H;0<2+ (2+9 ) C) 2°7 110 (3.98)
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Therefore there exists ¢ > 0 such that fp :(c0) = 1_%9.

Now we prove the second statement of Lemma 3.11. Since fy s(c0) = %Jrg, condition
(ii) of Lemma 3.3 holds and condition (i) also holds by Lemma 3.32. By Lemma 3.31 we
also know that conditions (iii), (iv) and (v) of Lemma 3.3 are true. So we can conclude
that fp . satisfies all of the conditions of Lemma 3.3. O

Remark 3.33. In Figure 2 we can see fj s5,.(00) as a function of ¢, where c is an element

%}. The horizontal red line is the constant — * 25 20

of the interval ¢ € |0, 99 — 37
We see that first it is decreasing, then it is increasing and goes to infinity, thus there
exists ¢ > 0 for which fy g5 :(00) = %. We get a similar picture for every 6 € (6*,1).

We also note that Figure 2 suggests that Conjecture 1.15 holds, since this conjecture

is equivalent with the fact that there exists exactly one ¢ > 0 for which fj +(0) = 135.

0.65

0.55

0'58.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18

Figure 2: fy.g5,.(00)
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