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where it is violated. In this paper we focus on non-standard settings where
the characteristic function of the measurement errors has zeros, and study
how zeros multiplicity affects the estimation accuracy. For a prototypical
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the error characteristic function, as well as by the smoothness and the tail
behavior of the estimated density. We derive lower bounds on the minimax
risk and develop optimal in the minimax sense estimators. In addition, we
consider the problem of adaptive estimation and propose a data—driven esti-
mator that automatically adapts to unknown smoothness and tail behavior
of the density to be estimated.
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1. Introduction

Statistical inverse problems are ubiquitous in science and engineering; they arise
in such diverse areas as signal and image processing, physics, biology, operations
research, to name but a few. In such problems transformation y = Af of an ob-
ject of interest f (probability distribution/density, signal, image etc.) is observed
with noise, and the goal is to reconstruct f from the noisy indirect observations.
For discussion of various types of statistical inverse problems we refer to the re-
view paper Cavalier [7] where further references to relevant literature can be
found.

Deconvolution is an important class of linear inverse problems in which
transformation A is a convolution integral operator with given kernel A, i.e.
y(z) = (Af)(z) = [A(z — t)f(t)dt. Nonparametric deconvolution problems
naturally arise in models with measurement errors such as error—in—variables
nonparametric regression (Fan and Truong [11]), density estimation from noisy
samples (Carroll and Hall [6], Zhang [29], Fan [10]), and in signal and image
deblurring (Johnstone and Raimondo [19], Johnstone et al. [20], Hall and Koch
[17] and Bertero and Boccacci [3, Chapter 3]). In all these problems the Fourier
transform techniques play a prominent role. Since in spectral domain the op-
eration of convolution is reduced to multiplication, the standard technique for
reconstruction of f is to estimate the Fourier transform of y from the available
data, to divide it by the Fourier transform of the convolution kernel A and to
apply to the ratio the inverse Fourier transform with some regularization. Such
estimation strategies are applicable only if the Fourier transform of the convo-
lution kernel A does not vanish, and nearly all publications in the area require
this assumption. However, this assumption is rather restrictive: it does not hold
in many cases of interest, e.g., when kernel A is compactly supported and/or
discontinuous. In such settings other estimation strategies should be employed,
and in this paper our goal is to develop such a strategy in the context of the
density deconvolution problem.
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Problem Formulation Density deconvolution is a problem of estimating a
probability density from observations with additive measurement errors. Specif-
ically, assume that we observe random sample Y7,Ys,...,Y,, generated by the
model

Y;‘:Xi+€i, i:1,2,...,n,

where X;s are i.i.d. random variables with unknown density f with respect to
the Lebesgue measure on R, ¢;’s are i.i.d. measurement errors with distribution
function G, and X;s are independent of ¢;’s. The objective is to estimate f
on the basis of the sample Y, := {Y7,Ys,...,Y,}. Since Y; is the sum of two
independent random variables, X; and ¢;, the density fy of Y; is given by the
convolution

Frly) = (=0 = [ 7 f(y - 2)dG(w). (L1)

An estimator of the value of f(x) is a measurable function of Y, f(zo) =
f(zo; V), and the risk of f(zg) is

R . 1/2
Rulf, 1= [Eglfl@o) = f@o)?]

where Ey stands for the expectation with respect to the probability measure
Py generated by the observation ), when the unknown density of X;s is f. For
a particular functional class %, accuracy of f(xg) is measured by the maximal
risk

Rolf; ] := sup Ralf, /1,
fez

and an estimator f. (z0) is called rate—optimal or optimal in order on Z if

Rulfe; F] = Ry [F] = inf Ru[f; F], 1 — oc.
f

Here R} [#] is the minimaz risk, and the infimum in its definition is taken
over all possible estimators of f(zo). The objective in the density deconvolution
problem is to construct an optimal in order estimator, and to study the rate at
which the minimax risk R [#] converges to zero as n — oo. In what follows we
refer to the latter as the minimax rate of convergence.

The outlined problem is a subject of vast literature under various assump-
tions on the functional class % and distribution of measurement errors G; see,
e.g., Carroll and Hall [6], Stefanski and Carroll [27], Zhang [29], Fan [10], Bu-
tucea and Tsybakov [4, 5], Meister [25], Lounici and Nickl [23] for representative
publications, where further references can be found. Typically .# is a class of
functions satisfying smoothness conditions (e.g., Holder or Sobolev functional
class). As for assumptions on the measurement error distribution, they are usu-
ally put in terms of the characteristic function of G and read as follows.
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Assumption (E0). Let ¢4 (iw) := F[dG,w] := [*_e~*“*dG(x) be the charac-
teristic function (the Fourier transform) of the measurement error distribution
G. Then,

L |¢g(iw)| # 0 for all w € R.

II. |¢g4(iw)| decreases at polynomial or exponential rate as |w| — oco:
ordinary smooth errors: |¢q(iw)| =< |w|~7, |w| — oo for some v > 0, or
super smooth errors: |¢g4(iw)| =< exp{—c|w|"}, |w| — oo for some ¢,y > 0.

Assumption (E0) is inarguably conventional and presumed in nearly all works
dealing with density deconvolution problems. Under Assumption (EO0) the ac-
curacy in estimating f is determined by the rate at which ¢, tends to zero
and by the smoothness of f as characterized in terms of functional class .#. In
particular, it is well known that in the case of the ordinary smooth errors one
has R[4 (A)] < (A on=1)/Ce+27+1) a5 n — oo, where 4, (A) denotes the
Holder functional class of regularity o > 0 (the precise definition of J#,(A) is
given in Section 3.1). The parameter « characterizes the rate of decay of |¢,(iw)]
as |w| — oo, and it is usually referred to as the degree of ill-posedness of the
deconvolution problem. The indicated minimax rate of convergence is achieved
by the standard kernel density deconvolution estimator of the form

f(wo) = %Z " Q) a0y, (1.2)

j=1v7 o ¢g<_lw
where K is a kernel satisfying standard properties, ¢k (i-) is the Fourier trans-
form of K, and h > 0 is a bandwidth that should be specified properly; see,
e.g., [10].

Condition (EO-I) ensures that the statistical model is identifiable (it is well
known that if ¢4 vanishes on a set that contains a non-empty open interval then
f is not identifiable; see, e.g., Meister [25, Section 2.3]). It underlies applicabil-
ity of standard Fourier—transform—based techniques for constructing estimators
of f such as (1.2). Note however that (E0-I) does not hold if ¢, has isolated
zeros which is the case in many interesting situations, e.g., for continuous distri-
butions with compactly supported densities or for general discrete distributions.
For example, if G is a uniform distribution on [—1,1], then ¢4(iw) = sinw/w
has zeros at w = 7wk, k € N, and (E0-I) is not fulfilled. In this paper we fo-
cus on the settings where ¢, has isolated zeros on the imaginary axis so that
standard Fourier—transform—based kernel density deconvolution estimator (1.2)
is not directly applicable.

Related Literature The settings in which the error characteristic function
¢, may have isolated zeros have been studied to a considerably lesser extent;
the available results in this area are fragmentary and disparate. Devroye [9]
pointed out that density f can be estimated consistently in the LL;—norm when
the characteristic function ¢, of the error distribution is non-zero almost ev-
erywhere. Although the result is quite general, the convergence is not uniform,
and the evaluation procedure is not based on the minimax criterion. Several



3398 A. Goldenshluger and T. Kim

previous studies investigated the problem with the uniform error distribution.
In particular, Groeneboom and Jongbloed [16] and Feuerverger, Kim and Sun
[12] demonstrate that zeros of the characteristic function ¢, do not have influ-
ence on the minimax rate of convergence: it remains the same as under condi-
tion (EO-I) when the estimated density f is supported on the positive real line
[16], or has bounded second moment [12]. Considering a more general class of
so-called Fourier—oscillating error distributions, Delaigle and Meister [8] derives
a similar result for densities f having finite left endpoint. In contrast to the
aforementioned results, Hall and Meister [18] demonstrates that for the class of
Fourier—oscillating error distributions zeros of the error characteristic function
lead to a slower minimax convergence rate than the one under condition (E0-I).
Hall and Meister [18] suggested a “ridge” modification of the kernel density de-
convolution estimator in which characteristic function of the error distribution
is regularized to avoid singularities due to the zeros. For another closely related
work we also refer to Meister [24].

Recently a principled method for solving density deconvolution problems un-
der general assumptions on the error characteristic function has been proposed
in Belomestny and Goldenshluger [2]. This method uses the Laplace transform
(the Fourier transform in complex domain) in conjunction with the linear func-
tional strategy for constructing rate—optimal kernel deconvolution estimators.
The results show that zeros of the error characteristic function have no influence
on the achievable estimation accuracy when, in addition to usual smoothness
conditions, the estimated density f has sufficiently light tails. On the other
hand, if f is heavy tailed, then zeros of the error characteristic function affect
the minimax rates of convergence that become slower. Belomestny and Gold-
enshluger [2] provide an explicit condition on the tail behavior of f and zeros
geometry of ¢, under which the minimax rates of convergence are not influenced
by the zeros of ¢.

Main Contributions. In this paper we focus on the setting when ¢, has
zeros, and f is heavy tailed relative to the multiplicity m of zeros of ¢, on
the imaginary axis. The prototypical settings of this type arise when measure-
ment error distribution is the binomial distribution with the parameters m and
p = 1/2 or the m—fold convolution of uniform distributions on [—#, §]. Utilizing
the methodology proposed in [2] we develop rate—optimal estimators of f and in-
vestigate their properties. It is shown that, in contrast to the well known results
under Assumption (EO), in the considered regime the minimax rate of conver-
gence is determined not only by the smoothness of f and the rate at which ¢4
tends to zero, but also by the tail behavior of f and the zero multiplicity of ¢,.
The derived lower bounds on the minimax risk demonstrate that dependence of
the estimation accuracy on these factors is essential.

The construction of the proposed rate—optimal estimator of f depends on
tuning parameters, and their specification requires prior information on smooth-
ness and tail behavior of f. In practice such information is rarely available. To
overcome this difficulty we propose and study an adaptive estimator of f that
is based on the methodology developed in Goldenshluger and Lepski [14, 15].
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An interesting feature of the proposed estimator is that it involves two tuning
parameters, and the adaptation here is not only with respect to the unknown
smoothness, but also with respect to the unknown tail behavior of f. We de-
rive an oracle inequality for the developed adaptive estimator and show that it
achieves the minimax rate of convergence up to a logarithmic factor which is
unavoidable payment for adaptation in point-wise estimation.

Organization of the Paper The rest of the paper is organized as follows. In
Section 2 we present the general idea for estimator construction and introduce
our estimator. Section 3 deals with the minimax estimation of f(xo) with re-
spect to proper functional classes. In Section 4 we introduce the corresponding
adaptive procedure and investigate its properties. Lastly, Section 5 is reserved
for discussion and concluding remarks. All the proofs are deferred to Appendix.

2. Estimator construction
2.1. Idea of construction

We start with presenting the key idea for estimator construction in our den-
sity deconvolution problem. The construction uses Laplace transform (Fourier
transform in the complex domain) which allows us to handle the situation where
the first condition of Assumption (E0) is not satisfied. Our goal is to deliver the
main idea of construction; for further details we refer to Belomestny and Gold-
enshluger [2].

The following definitions will be utilized throughout the study. For a generic
function w the bilateral Laplace transform of w is defined to be

Llw; 2] i= ¢o(z) = /00 w(x)e *dx. (2.1)

— 00

The integral convergence region X, (if exists) is a vertical strip in the complex
plane, ¥, = {z € C: Re(z) € (0,,0))} for some o,,0) € R, and ¢,(z) is
analytic in 3,,. The inverse Laplace transform is given by the formula

1 s+i00 1 [e%s) )
w(z) = —/ Dw(2)e**dz = 2—/ qﬁw(s—i—iw)e(sﬂw)“’dw, s€ (0,,00);
s T J—co

21 Jo_ioo

see Widder [28] for background on the properties of Laplace transform. For
the error distribution function G we write ¢,4(z) := [°._ e **dG(z), and note
that the integral convergence region necessarily includes the imaginary axis
{z € C: Re(z) = 0} with ¢4(iw) being the characteristic function of G. In what
follows we assume that X, is a vertical strip in the complex plane, X, := {z €
C: Re(z) € (0, ,0,)} for some o, <0< o

Our estimator utilizes a kernel whose construction relies upon the linear
functional strategy for the solution of ill-posed problems (see, e.g., [13]). Let
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K € C*(R) be a kernel on [—1, 1] satisfying standard conditions such that for
fixed k € Z.,

1 1
/ K(t)dt =1, / HK{t)dt =0, Vj=1,...,k (2.2)
—1 —1

Note that ¢ (z) is an entire function, i.e. X = C. We would like to find a
function L : R — R such that for any given zg € R

| ro-sostiar=1 [ K(EE) i@ @)

— 00 — 00

where we recall that fy and f are related to each other by the convolution
integral (1.1). If function L satisfying (2.3) is found, then a reasonable estimator
of f(zg) is given by the empirical estimator of the integral on the left hand side
of (2.3) based on the sample },,. In our deconvolution problem this strategy is
realized as follows.

In addition to the analyticity of ¢, in ¥, we suppose that ¢4(z) does not
vanish on the set {z : Re(z) € (3,,5]) \ {0}} for some 5, , >} such that
o, <, <0< <of. Note that ¢, may have zeros on the imaginary axis
{#z : Re(z) = 0}, so that the conventional Fourier transform technique would not
work in this situation. Let Sy := {2z : Re(z) € (=], =3, ) \ {0} }; in fact, S, is
the union of two open vertical strips in the complex plane having the imaginary
axis as the boundary. Note that ¢,(—=z) # 0 on Sy, and for h > 0 define

¢k (zh)
or(2) = ——=, z€8,.
( ) d’g(_z) J
Obviously, ¢, is analytic on S, and we define a kernel L; through the following
inverse Laplace transform of ¢ :

1 > dr((s+iw)h)

Lifz) = 21 | oo Pg(—s —iw)

eTTdy s € (=), =)\ {0} (2.4)
Depending on the sign of parameter s formula (2.4) defines two different kernels
which in the sequel are denoted L (-) for s > 0 and L; (-) for s < 0. If the
integral on the right hand side of (2.4) is absolutely convergent and

| = solivtay < .

— 00

then by Lemma 1 in [2] kernels Lj and K are related to each other via (2.3).
Therefore we define the resulting density deconvolution estimator by

frwo) = = SO LHY; — o), s € (— ) \ {0,

j=1

While a general form of the kernel L} is given in (2.4), it would be beneficial
to specialize it for particular error distributions. We handle this in the next
subsection in relation to the error characteristic functions ¢, having zeros on
the imaginary axis.
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2.2. Measurement error distributions

The following assumption on characteristic function of measurement errors has
been introduced in [2].

Assumption (E1). ¢, is analytic in X, := {z : Re(z) € (0, ,0)} with
o, <0< 0’; and admits the following representation

1 kl o\ Mk
¢g(2) = (1 - e“’“z_lb’“) , (2.5)
=m
where {a}{_; and {by}]_, are real numbers, a;, > 0 and by, € [0, 27), such that
their pairs (ay,bx)’s are distinct throughout k = 1,2,...,¢, and {my}i_, are
non-negative integer numbers. The function ¢(z) is represented as

U(z) =1o(2) [ (mawz)™ J[ (1—e ™)™,

k:br=0 k:br#0

where 1o(z) is an analytic function, it has no zeros in a vertical strip X,
{#z:Re(z) =0} C £, C %, and 1(0) = 1. This particular form of (z) follows
from (2.5) and the fact that ¢, is a characteristic function.

Assumption (E1) postulates that the characteristic function ¢4(z) is analytic
in a vertical strip and can be factorized in a product of two functions: the first
function 1/1(z) does not vanish in a strip around the imaginary axis while
the second function [[{_,(1 — e®=~¥®%)mt has zeros on the imaginary axis.
Therefore, the condition (2.5) ensures that the zeros of ¢4(z) are zy ; = i(bx +
2nj)/ak, 5 =0,£1,£2,..., z;; # 0, and the multiplicity of zj ; is equal to my
for any j. Note that Assumption (E1) is rather general. It holds for a wide class
of discrete and continuous distributions; for specific examples we refer to [2,
Section 3.2]. Since the main focus of this study is to investigate the effect of
zeros multiplicity of ¢4(z) on the estimation accuracy, we will concentrate on
the following prototypical examples:

(a) [m—convolution of U(—#0, ) distribution] Let G be the distribution func-
tion of m—fold convolution of the uniform distribution on [—6,6], § > 0.
Then,

$(2) = {751“1;292)} = e07(-202) 7" (1 - ), (2.6)

so that Assumption (E1) holds with ¢ = 1, a; = 26, by = 0, m; = m and
P(2) = (—202)mem0%.

(b) [binomial distribution with (m,1/2)] Let G be the distribution function
of the binomial random variable with parameters m and p = 1/2. Then,

9g(2) = 2™ (14 €)™, (2.7)

so that Assumption (E1) holds with ¢ =1, a; = 1, by = 7 and ¢(z) = 2™.
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Tt is worth noting that in setting (a) parameter m characterizes both the mul-
tiplicity of zeros and the rate of decay of |¢,(iw)| as |w| — co. Thus, parameter
m also plays the role of the degree of ill-posedness, similar to the parameter ~
of Assumption (E0) in the case of the ordinary smooth errors.

2.3. Estimator and zero multiplicity

Under Assumption (E1) the kernel in (2.4) takes the following particular form:

. L[ ¢x((s +iw)h)ip(—s — iw)
L (t) = % (1 _ e_ak(s+iw)—ibk)mk

7 eIy, s+ iw e Sg. (2.8)
k=1
While the denominator does not vanish for s € (=}, —s,) \ {0}, the kernel
representation is either LZ or L; , depending on the sign of s. For examples
(a) and (b) discussed above we can substitute expressions of ¢4(z) given by
(2.6) and (2.7) for (2.4). Then expanding formally the integrand in series (see, [2,
Section 4.1] for details), we can obtain the following infinite series representation
for the kernels:

(a) m—convolution of U(—6,0) distribution:

(£260)™ S (tFO(2) +m)
Li - ZCJ mK( < ;

Pt h

(b) binomial distribution with (m,1/2):

j+m—1
Cim =
o= ()

is the number of weak compositions of j into m parts (see, e.g., [26]). Note
that the derived kernels Lf are not integrable and, in general, condition (2.3) is
fulfilled only if f has sufficiently light tails. Thus we truncate the infinite series
in the estimator construction by a cut—off parameter IV, so that the resulting
kernels for examples (a) and (b) are of the following forms, respectively:

L n(t) = (#279) ch,midm) (wmﬁmv ; (2.9)

where

m N .
LE () = E2 3 ChmK (tﬂ> . (2.10)

The multiplicity of zeros clearly manifests itself in construction of kernel
Lf N: in setting (a) multiplicity m determines the degree of ill-posedness of
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the deconvolution problem, and in both settings coefficients C; ,, in (2.9) and
(2.10) grow with m affecting the variance of the corresponding estimators in
the case of heavy tailed densities f. Intuitively, the larger multiplicity m, the
flatter the characteristic function ¢4(z) in the vicinity of zeros, and the harder
the deconvolution problem.

Based on the derived kernels we define the estimators of f(x¢) in examples (a)
and (b) by

n m N - .
(o) Fine = 23 E2S e K (Y Zo ijH(Q”m)); (2.11)
i=1 =0
. 1 < (£2)™ N Y, — .
(B) funlmo)=—>" ( h) > Cimk <+¢‘7> : (2.12)
i=1 j=0

where h and N are tuning parameters that should be specified.

3. Minimax results

In this section we derive upper bounds on the risk of the estimators constructed
in the previous section, and show that they are rate optimal over functional
classes characterized by smoothness and tail conditions. The analysis of the
risk for both estimators in cases (a) and (b) coincides in almost every detail.
Therefore in the sequel we concentrate on the example (a); the corresponding
results for binomial error distribution are discussed in Section 5.

3.1. Functional classes

The following assumption introduces the functional class over which the accu-
racy of fi (o) will be assessed.

Assumption (F). Let A and B be a positive real numbers.

(I) For a > 0, a probability density f belongs to the functional class 5, (A)
if fis |a] ;== max{n € NU{0} : n < a} times continuously differentiable,
and

Feb@y — fleb@h| < Ajp— |-l e, ¢ e R (3.1)

(IT) Let g be a positive real number. We say that a probability density f
belongs to the functional class A, (B) if

f(t) < BJt|™9, VteR. (3.2)

Combining the two conditions in Assumption (F), we define the following func-
tional class:

Wara(A, B) i= A0 (A) O N (B).
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Remark. While first assumption defines the traditional Holder class, the second
condition imposes a uniform upper bound on the decay of the tails of the den-
sity. Note that this tail condition is comparable to the moment condition in [2,
Definition 3.

3.2. Rates of convergence

Now we are in a position to establish upper bounds on the maximal risk of the
estimator f,:—L’N(xO) defined in (2.11). Let

; Fitn(@o), 20> 0;
= N 3.3
o) { frwlao). @< 33
(a/q)2m —1—¢q), ¢<2m—1; «
= d == 4
' { 0, g>2m—1, VT s am L+ (3.4)
and define
(Bl/O‘A2m+1) n7v, q>2m—1;
(p(n) — (Bl/aA2m+1) (lo;gln)u7 q= 2m — 1; (35)
( zmﬂ) n-v, q<2m—1.

Theorem 1. Let ¢4(z) = [sinh(8z)/(02)]™, m € N. Assume that f € #o q(A, B)
with ¢ > 0, and let fi n(zo) be the estimator defined in (3.3) and (2.11) and
associated with kernel K satisfying condition (2.2) with parameter k > o + 1.
Then with h = h, and N = N, defined in (A.6)-(A.8) in the proof of the
theorem one has

timsup { [p(n)] " Rulfr.v.: Vg (A, B } < O,

n—oo
where Cp is a constant independent of A and B.
Remark.

(a) The result of Theorem 1 shows how the tail behavior of f and zeros multi-
plicity m affect the estimation accuracy. If the tail of f is sufficiently light,
i.e., ¢ > 2m — 1, then the risk of fh*,N* (o) converges to zero at the rate
n~—/(at2m+1) which is obtained in the ordinary smooth case with v = m
and non-vanishing characteristic function ¢, [see Assumption (E0)]. On
the other hand, for heavy tailed densities f with ¢ < 2m — 1 the maximal
risk of fi. n. (o) converges at a slower rate, and parameter r in (3.4)
characterizes the deterioration in the convergence rate.

(b) The existence of different regimes depending on the tail behavior of f and
zeros multiplicity m has been noticed in [2]; however, the case of heavy
tailed densities has not been studied there.
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Next theorem provides a lower bound on the minimax risk of estimation over
the functional class # (A, B).

Theorem 2. Let ¢,(z) = [sinh(02)/(02)]™, m € N. Then for any fized o > 0,
q>1, A>0 and B >0, one has

timin { (A= /) Ry (4, 4(A, B)] } > Cs,

n— oo

where v is defined in (3.4), and Cy is a positive constant independent of A.
Remark.

(a) Theorems 1 and 2 show that there are two regimes in behavior of the
minimax risk. These regimes are characterized by the tail behavior of the
estimated density f and the multiplicity of zeros of the error characteristic
function ¢4. In the light tail regime, ¢ > 2m — 1, zeros of ¢4 have no
influence on the minimax rate of convergence: it is fully determined by
the tail behavior of ¢4. On the other hand, if ¢ < 2m — 1 (the heavy tail
regime) then zeros of ¢4 have significant influence on the minimax rate, it
becomes much slower than in the case of non—vanishing ¢,.

(b) Theorems 1 and 2 demonstrate that the proposed estimator fj,. n. (o) is
rate optimal in both light tail and heavy tail regimes. We note that on the
boundary between two regimes, ¢ = 2m — 1, there is a logarithmic gap
between the upper and lower bounds of Theorems 1 and 2.

Thus far, the risk evaluations are under the functional class #, (A, B) de-
fined in Assumption (F). Although these conditions are pretty reasonable in the
context of the density deconvolution, they involve an extra assumption on the
tail behavior of f, and it is natural to ask what happens when the tail condition
does not hold. The next result provides an answer to this question.

Corollary 1. Let ¢4(z) = [sinh(0z)/(0z)]"™, m € N; then

liminf{ vy, Ry [0 (A)] ) = Cy; (3.6)
limsup{ v, "R} [ (4) N A (B)]} < €y, (3.7)

where 1, = (ACMTD/ ) mmatzntt | and Cy and Cy do not depend on A.

Remark. In view of (3.6), the rate of convergence 1, on the functional class
5 (A) is significantly slower than the one achieved on %, (A) in the setting with
non-vanishing characteristic function ¢4. Note that the upper bound in (3.7) is
achieved on a slightly smaller functional class. The assumption f € A41(B) is
very mild and is fulfilled for virtually any probability density. However it does
not hold uniformly for all densities. We were not able to derive the upper bound
(3.7) without this additional condition.
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4. Adaptive procedure

The minimax results in the previous section can only be achieved when the
information on the functional class is known to us in advance. This is evident
by observing that the optimal choice of tuning parameters h, and N, requires
knowledge of the functional class. However, in most of applications, it is ex-
tremely rare to have the advance information about the functional class where
the target function f resides in. Therefore, it is natural to ask whether one can
construct an estimator that guarantees an equivalent or comparable accuracy
without knowing the parameters of functional class.

In this section we develop an adaptive estimator of f(zp) whose construc-
tion is based on the idea of data—driven selection from a family of estimators
{fun(zo) : (h,N) € H x N'}, where fy n(x0) is defined in the previous section,
and H and N are some fixed sets of bandwidths and cut—off parameters. Since
the estimator fh, ~(z0) depends on two tuning parameters, we adopt the general
method of adaptive estimation proposed in [14].

4.1. Selection rule

Let H and N be discrete sets defined as follows: for real numbers 0 < hpin <
hmax = 0 and integer number Ny, to be specified later

H :{h S [hminyhmax} th= 2_jhmaxa Jj=0,... aMh};
N:Z{jﬁj:17--~7Nmax::MN}7

where My, := [10gs(hmax/Pmin)] and My := Npax denote the cardinality of
H and N respectively. Let 7 := H x N with a corresponding element 7 :=
(h, N), and consider the family of estimators F(T) = {f=(zo), 7 € T}, where
FE(zo) = f}jfzv (x0) is defined in (2.11) and (3.3). The adaptive estimator is based
on a data—driven selection from the family F (T). For the sake of definiteness
in the sequel we assume that zg > 0 and consider estimators fj (o) only; the
case xg < 0 and f (zo) can be handled in exactly the same way.

The selection rule is based on auxiliary estimators that are constructed as
follows. We first define an operation of coordinate—wise maximum and minimum:

™7 == (hVH ,NAN'), Vr,7"eT.

Then, we associate the estimator [cf. (2.11)] with any pair 7,7/ € T
n NAN’ .
o 1 )" —x9—0(2j +m)
- (m) 0 J
TXXT nz h\/h’ m+1 Z CJmK ( hV R )
i=1

Observe that £, (z0) = f, (x0) for all 7,7/ € T.
Selection rules based on convolution—-type auxiliary kernel estimators are de-
veloped in [14, 15], while Lepski [22] uses auxiliary estimators that are based on
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the operation of point—wise maximum of multi-bandwidths. Our construction
is close in spirit to the latter one; it is dictated by the structure of estimators
f}fz\/ (zp) in the deconvolution problem.

An important ingredient in the construction of the proposed selection rule is
a uniform upper bound on the stochastic error of estimator fj (x9), 7 € T. For
7 € T the stochastic error of f(zo) is

1 n
&r(zo) = > LY = wo) — By [LF (Y1 — wo)], (4.1)
=1
where v
(20)™ my (Y —0(2j +m)
L(y) :WZCJ‘,mK( ) )
§=0
Cf., (2.9). Define
(20)>™ & | (Y= @0 = 02) +m)\ |
o7 = WT)H Zcf,m/ K - h( fr(y)dy.  (4.2)
=0 —oo

The proof of Theorem 1 shows that var¢[¢; (zo)] < 02 /n. Let
Uy = 2" Oy | KT || o™ ™, (4.3)

and for real number > > 0 that will be specified later we put

2 2urx
A =0 — . 4.4
() Or n + 3n (4.4)

In Lemma 1 in Appendix we demonstrate that A, (5¢) is a uniform upper bound
on |&;(zo)| in the sense that all moments of the random variable sup, ¢ [|&- (zo)|—
A (5)]+ are suitably small as s increases. Note however that A, (3c) cannot be
used in the selection rule because it depends on the unknown density. In order
to overcome this problem we consider a data—driven uniform upper bound on
& (zo) that is constructed as follows.

For 7 € T let

n m N .
&7 1212(;20); chz ’K( )<Yi_$0 _:(2‘7'”"))‘2.
n m ,m
Jj=0

i=1

Note that 62 is the empirical estimator of o2. Let

A () = 7(&7\/% + 21;:‘). (4.5)

With the introduced notations the selection rule is defined for any 7 € T

R.(xg) := sup Ufjw,(xo) - f:(xo)’ — A (50) — AT'(%)}

T'eT +
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+ Ar(30) + sup Apgrr (52). (4.6)
T'eT

Then, the adaptive estimator f*(mo) can be chosen to be

f*(xo) = f;r(:ro)7 T = (iALJ\Af) = argmin]%T(xo). (4.7)

TET
Remark. The defined selection rule is fully data—driven; it only requires speci-
fication of parameter s in (4.5). This parameter provides a uniform control of
the stochastic errors for the family of estimators F(7), and has no relation to
the properties of the density to be estimated. In addition, the parameters hpin
and Npax should be chosen; they determine the sets of admissible bandwidths
H and cut—off parameters N.

4.2. Oracle inequality and rates of convergence

For h,h' € H and N, N’ € N define

_ 1 [ t—x
Bu() = spswplp [ k()0 - pepafs (48
By (zo; f) =  Hax sup sup [f(t+zo+20(N' +1)5)], (4.9)
SJS™|41<9 N'>N
and let - - -
By (w03 ) = 2"+ [ Bu(f) + (1 + 1K |10) B (wo: /)| (4.10)

Theorem 3. Let f.(xq) be the estimator defined in (4.6)-(4.7) and associated
with parameter » > 0; then

| f(0) — f(0)| < C4 Tigfr{ér(l’o;f) + AT(%)} + Cy (5(500) + g), (4.11)

where Cy is an absolute constant, Co depends only on m and 6, and §(xg) is
a non—negative random variable whose moments admit the following bound: for
anyp>1 -

E[6(20)]" < CsMpMy[A(5)]P 5 Pe 7, (4.12)
where A(3) := sup,e¢7{(1 + u;)A-(5)}, and constant C3 depends on p only.

Remark. Explicit expressions for constants C', Cy and C3 appear in the proofs
of Theorem 3 and Lemma 2. Note that the oracle inequality holds for any
probability density f, without any functional class assumptions.

The oracle inequality (4.11) allows us to derive the following result on the
accuracy of the adaptive estimator f.(zo) on the class #, 4(A, B).

Corollary 2. Let F(T) be the family of estimators {f}‘:N(xo), (h,N) € HxN}
with

1 1/(2m+1)
Og") (4.13)

1/(2m)
hmin = ( ) hmax = 07 Nmax = ( “ ) .

n logn
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Let f.(z0) be the estimator defined by selection rule (4.6)—(4.7) and associated
with parameter » = s, := 5logn; then for any « >0, ¢>1, A>0 and B >0
one has

lim sup { [go(lozn)] 71Rn[fh*7N*;7/a7q(A, B)]} <C,

n—oo

where ¢(+) is defined in (3.5), and C does not depend on A and B.

Remark. Note that the resulting rate is the same as the rate of convergence in
Theorem 1 except for the extra logn factor. It is a well-known fact by Lepski
[21] that this factor cannot be avoided in the adaptive nonparametric estimation
of a function at a single point.

5. Concluding remarks

We close this paper with a few concluding remarks.

In this paper we concentrated on the setting when the error distribution is the
m—fold convolution of the uniform distribution on [—6, 8]. Here the error charac-
teristic function has infinite number of isolated zeros on the imaginary axis, each
of them has the same multiplicity m. Note that the results of Theorems 1, 2,
and Corollary 2 also hold for the binomial error distribution Bin(m,1/2) with
the following minor changes in notation: in (3.4) parameter v should be rede-
fined as v = 1/(2ac+ 1 + r), and in (3.5) and in the statement of Theorem 2
expression A2m+1/a ghould be replaced by AY/®. The specific form of the error
characteristic functions used in this paper facilitates derivation of lower bounds
on the minimax risk. However, in general, the proposed technique is applica-
ble to other error distributions whose characteristic function has zeros on the
imaginary axis.

We developed rate optimal estimators with respect to the point-wise risk.
It is worth noting that there is a significant difference between settings with
the point—wise and Lo—risks when the error characteristic function has zeros
on the imaginary axis. In particular, the minimax rates of convergence and
the heavy tail regimes in these settings are determined by completely different
formulas. This fact has been already noticed in [2]. Some results for density
deconvolution with Lo-risk for non—standard error distributions appeared in
[24] and [18]. However, results in these papers are not directly comparable to
ours. In general, deconvolution problems under global losses with non—standard
error distributions deserve a thorough study.

Appendix A: Proofs
A.1. Proof of Theorem 1

Proof. In the subsequent proof ¢y, co, ... stand for positive constants indepen-
dent of A and B. Without loss of generality we assume that xy > 0; the proof
for the case x¢ < 0 is identical in every detail. We follow the ideas of the proof
of Theorem 2 in [2].
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(a). We begin with bounding the variance of f,j ~ (o). It is shown in [2] that

the variance of f,j' ~ (o) is bounded from above as follows

A (260) 2m —0(25+m)\ |2
var g [ff—:N(zO = nh2m+2 Z 7, m/ &l h( ))’ fy(y)dy
0102m ],nL
e Z I (A1)

where I;(x¢) := [x0+6(2j+m)—h, zo+0(2j+m)+h]. Moreover, by |2, (A.16)],

1 h h
i G [ a2t mna D [ a2
IJ 10 —h
9 / f t+1’0+(2] —|—m) )dt = SL]‘-I-SQ,]‘-FS?,J.
We have

N N
Yczs,=23 e m/ F(t+ w0 + 20 + m)o)dt
=0 J=0

N . _ T m
o oI g CﬁBhZ i (42)

<c¢s <
;} 0 o+2(j+m)o—n (To +207)1 g+l

where we have used that Cj,, = (“777") < cj™ L, f € H(B) and 6 > h

for large n. The term Z;V:o C’i mJ2,; is also bounded from above by the same
expression as on the right hand side of (A.2). Furthermore,

N N C2
Z mS3.5 = 042 ]m/ flt+xo+ (2§ +m)o)dt

N zo+2(j+m)e ta£(t) B
< &8 § C9 E 2m—q—2 A
0 /:E (xo +265)4 (A.3)

0+250

Combining (A.3), (A.2) and (A.1) we conclude that

_ 1 q>2m—1;
R c1002™m quj ’ )
Varf[f}ifzv(xo)] < %, YN = 4q logN, q=2m—1;
n N2m—a=1 4 < om —1.

(A.4)

(b). Now we bound the bias of f,fN (20). It is shown in [2] that

Er[fif n(@0)] = %/_OO K<t_hx0)f(t)dt+TN(f;xo),
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where

T(fiw) =Y. (’;‘) [ K@+ 2000 4 Dy

Jj=1

Taking into account that f € A4 (B) we obtain for any j =1,...,m

1 1y [T+ +R
/ K ()| f (gh + 0+ 200N + 1)j)dy < L Fy)dy
1 2o+20(N+1)j—h
ClgBh 013B

- h(SIJO +29N)q - (HN)q

This leads to the following upper bound on the bias of fh,N(xo):

‘Ef [f;tN(CUO)] - f(ffo)‘ <y (Ah“ + (A.5)

oqu)‘

(c). We complete the proof by combining the bounds in (A.4) and (A.5) for
the cases ¢ > 2m—1, ¢ = 2m—1 and ¢ < 2m— 1. Straightforward algebra shows
that the following choice of h = h, and N = N, yields the theorem result:

(i) if ¢ > 2m — 1 then we set
B \ zaremiT Boat2mtlpo ooty
he=1(,) Nz () (A0
(ii) if ¢ =2m — 1 then

h Blogn 20c+217n+1 N Bot2m+l n o Q(2a+12m+1)
* 763( A?n ) T T A T 2w (logn) ’

(A7)

(iii) if ¢ < 2m — 1 then

B@m-1)/q¢ 1

— 1/qp—ala
mg 5 N* = CG(B/A) /Qh* s (AS)

1
) 2at2mF1+r

h* 265(

where constants cq,...cg do not depend on A and B. O

A.2. Proof of Theorem 2

Proof. Without loss of generality we fix x¢ to be 0. The proof is split into a

few steps: (i) defines two functions in %, 4(A, B) and provides their point—wise

distance; (ii) bounds the y?-divergence between densities of the observations;

(iii) specifies the proper tuning parameters and provides the rate for the lower

bound, and (iv) deals with derivation of the lower bound for the light tail regime.
(i). For s > 1/2 define

fo(z) = —%—, z€R, (A.9)
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where C(s) is a normalizing constant depending on s. Then, fy € A;(B) for
1 < ¢ < 2s since fo(z) < C(s)/2** < B/z? for x > 1 with properly chosen
B > 0. In addition, since fy is infinitely differentiable, fy, € 9, (A) for any «
with properly chosen A.

Define a function o on R via its Fourier transform ¢, (w) = [*_no(z)e~**dx
as follows. Let ¢,), be an infinitely differentiable function on R with the following
properties:

(a) ¢y, is supported on [—1,1];

(b) ¢n, is symmetric, ¢y, (w) = ¢p, (—w), Yw € R;

(c) given some fixed 6 € (0,1/8), ¢y, (w) =1 for w € [0,1—9), ¢y, (w) =0 for
w > 1, and ¢,, is monotone decreasing on [1 — 4, 1).

Given h € (0,7/0) and N € N, define

o= 3 Lo () o, (S o

k=N+1

Note that ¢,, is supported on:

2N

A k k
U Axh), Ax(h):= [ghg+h]u{7;h7;+h} (A.11)
k=N+1

Then, define a function n through the inverse Fourier transform as follows:

2N
Y oz wkx
n(x) = Py /_Oo On(w)e“ dw = 2hno(hx) szN—Hcos (T) for x € R. (A.12)

In the subsequent proof the parameters h and N are specified so that h — 0
and N — 0o as n — oo; thus, we tacitly assume that N is large and h is small
for large enough sample size n.

Given real numbers M > 0 and ¢y > 0, define

f1(@) = fo(x) + coMn(z). (A.13)

We demonstrate that under appropriate choice of ¢y and M, f; is a probability
density from #, (A, B) for any h and N. Observe that ¢,(0) = 0 implies
ffooo n(xz)dz = 0 so that fi integrates to one. Moreover, since ¢, is infinitely
differentiable and compactly supported, 7 is a rapidly decreasing function, i.e.,
|77(()J)(1')£CE| < ¢, for any j,¢ =0,1,2,.... In particular, for some constant ¢; (s)
depending on s only one has |n(z)| < c1(s)|z|72* for all x € R. It follows from
(A.12) that |n(x)| < c2h™25T1|z|72*N for = € R. Therefore choosing

M = h2s_1N_1

we obtain coM|n(z)| < fo(z) for ¢y small enough. Therefore fy is non-negative,
and it is a probability density. Moreover, fi € A¢(B) for ¢ < 2s. If o is a
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positive integer then it follows from (A.12) that

« 2N
2h Z (?) hin(()l)(xh) Z cos' ™) (rka/0)
i=0

k=N+1

[ @) =

< CthhiNa7i+l < CghNa+1.

=0
Therefore, we can ensure f; € J,(A) by selecting h and N so that
MhNt! = B2 N> < A. (A.14)
Thus, under (A.14) we have fy, fi € #4,q4(4, B). In addition,
|£1(0) = fo(0)| = coMn(0) = coMhno(0)N = csh®. (A.15)

(ii). Now we derive an upper bound on the y?-divergence between the den-
sities of observations fy,o = g * fo and fy,1 = g = f1 that correspond to fy and
f1. Observe the following expression:

2 [ (fya() — fro())? x(A 13) 202 * (g *n)(z)]? .
Clas o= [ O e [

Consider the denominator, g x fo, of the integrand. We have

i) =) [ By
cs

[e%s) (y
= C(s’/ iEa e e e

where we have used the elementary inequality 1+ |z —y|? < 2(1+ |z|?)(1+|y|?),
Vz,y. Then the y?—divergence can be bounded:

o0

X2 (fva; fro) < cgM? /:)O \(g*n)($)|2d$+C7M2[ 2**|(g % n)(z)|*dw.
(A.16)

Let us handle the second integral on the right-hand side. For any positive
integer number s we have

2

[P = o [ | o) (A7

oo 2m dw?®

Note that

ddsed)( W)y (w) = ‘ <€>¢§j)(w)¢57sj)(w)
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s j 2N
_ SMZ plo=) (WZTRION | oy (@RI
2\ ) =i h h ‘
Jj=0 kE=N+1

Furthermore, ¢gj ) can be expanded by Fai di Bruno formula for j € N: if

Pgo (w) 1= sin(6w)/(6w) then ¢g(w) = [¢g, (w)]™ and

, d? [sinfw\™
e =5 (o)

=35 G140 () (g o),

=1

where B;; denotes the Bell polynomials. Recall that Bj;; is a homogeneous

polynomial in j variables of degree [, and note that |¢§i) (W)] < es(Jw]™t A1),
Vj. Then,

‘(15(]) ’ < CQZ

Combining the above results and the fact that sets Ag(h) in (A.10) are disjoint
for k=N+1,...,2N, we bound the integral in (A.17) as follows:

sme’ - e

‘9 |m Z|Sln9w|m ! (A.18)

2

oo | 8 () 2N
j ) s—g) (@ —7k/0 sy (wHTk/f
/ ZO% > {sb%o 7 (T rag (O g,
— =0 k=N+1
2
<ean S I hj¢_gj)(w) ”
E=N+1
sin fw [*™
> 25 2m—21
<ecnh” Z / 00 ’ |9w|2mZh Z|sm9w| dw
E=N+1 =
2N
S 012h2m+172s Z k2_m _ 613h2m728+1N72m+1.
k=N+1

In addition, the first integral on the left-hand side in (A.16) can be bounded
with s = 0, so that

(oo}
/ [(gxn)(z)|*dz < cpgah®m TN 2L
— 00
Therefore, for positive integer s,

X2(fY,1; fY7O> S 014M2h2m+1N_2m+1 + 613M2h2m_28+1N_2m+1

< Cl5h2m+2871N72m71. (A19)
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The same upper bound holds for any non-integer s > 0; this fact is due to
the interpolation inequality for the Sobolev spaces, see, e.g., Aubin [1] for the
details.

(iii). Now, based on (A.14) and (A.19), we specify parameters h = h, and
N = N, as follows:

A 1/« AM (2m+2sfl)g+25(2n1+1)
No=| 5 , he = .
h2s n

Under this choice (A.14) holds, and x?(fy.1, fv.o) < ci5/n. Then the lower

bound on the minimax risk is obtained by plugging these expressions in (A.15)
and letting 2s = ¢ > 1:

(A.20)

(o3
AL’:A 2a+2m+1+(a/q)(2m—1—q)
n

RuVeaa(A,B)] = ¢4 (

(iv). To complete the proof of the theorem it remains to observe that in the
considered problem the following standard lower bound on the minimax risk
can be also established:

A27V;+1 TaTomIT
. (A.21)

R WA, B)] 2 e ( -
For completeness, we provide the proof sketch. Let fp be given by (A.9), and
let 7 be the function defined via its Fourier transform ¢, as follows

bn(w) = ¢py (2wh — 3) + ¢y, (2wh + 3),

where ¢,, is a function with properties (a)—(c). Obviously, ¢, is symmetric,
supported on [-2/h,—1/h] U [1/h,2/h], and

n(z) = % /_OO [0 (2wh — 3) + ¢y (2wh + 3)| €™ dw = %77()(%) cos (3;)
The function f; is defined by (A.13), and the choice M = Ah“*! and properties
of function ny guarantee that fi is a density from the class %, 4(4, B) with
g < 2s. With this construction |fo(0) — f1(0)| = coMn(0) = c16Ah*. The upper
bound on the y*-divergence between fy,o and fy,; is computed along the same
lines as above with the following modifications. Now we apply (A.18) to get

& 00()00(w) S; @

S
6% )65 ()| < exrlbwl = Y165 (w)l,
§=0
and, by properties of function ¢,,

00 2/h
| e n@Par < s [ el = gnt
—00 1/h
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The same upper bound holds for the integral ffooo |(g*n)(x)|*dx which leads to
XQ(fY,U fY,O) S C2OM2h2nL—1 _ 020A2h2a+2m+1.

Then (A.21) follows from the choice h, = (A?n)~ 1/ (2a+2m+1),
Combining (A.20) and (A.21) and noting that the following relation holds
forl<g<2m—1
a < a
2004+2m+ 1+ (a/q)(2m —1—q) ~ 2a+2m+ 1’

we complete the proof. O

A.3. Proof of Corollary 1

Proof. The upper bound (3.7) is obtained directly from Theorem 1 applied with
q = 1. We need to establish (3.6) only. The proof goes along the lines of the
proof of Theorem 2 with minor modifications that are indicated below.

Define

fo(.’b) = - h

7(1+h2x2)’ r € R,

where h > 0 is a parameter to be specified. Obviously, fo € 5, (A) for small
enough h. Using the function n defined in (A.10), (A.11), and (A.12), let
fi(z) :== fo(z) + coMn(x) for z € R.

Similarly to the proof of Theorem 2, |n(x)| < c;h™!N|z|~2. Set M := N~ so
that coM|n(z)| = coc1/(h|z]?) < fo(x) holds for sufficiently small cy. Since we
use the same function 1 in Theorem 2, we can ensure f; € 7, (A) by setting

MhN*Tt = AN < A. (A.22)
Therefore, for xg = 0, we have the following point-wise distance
|f1(0) = fo(0)| = c1Mn(0) = 1 Mhno(0)N = cah.

The bound on the y2-divergence takes the following form

oo

2 00
Elaifo) <o [ lgsn@Pde+edth [ a(gn)(@)Pds

—0o0
SCS(MQ/h)th—HN—Qm—H 4 CG(M2h)h2m_1N_2m+1
§C7h2mN_2m_1. (A23)

Based on (A.22) and (A.23), we choose h = h, and N = N, as follows:
N, o= (A/h)Ve, by = (AP ) sameeme

which leads to the announced result. O
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A.4. Proof of Theorem 3
Proof. (I). The error of estimator f (zo) is

|/ (20) = f(wo)| < |Br(wo; f)] + [&x (o),

where B;(z; f) is the bias term, and &, (z0) is the stochastic error given by
(4.1). The bias term is expressed as follows (see the proof of Theorem 1):

B:(zo; f) :==Ey [f;tN(mo)} = f(zo)
- / OOK(t_IO)[f(t) fla)dr

n
Ms

/ K(y)f(yh + 2o + 20(N + 1)j)dy

<.
I
—

tnﬁs

/ K(y)[f(yh + zo + 20(N +1)5)

<.
I
o

m

—f (o +20(N + 1)7)]dy + Y (") (=1)’ f(xo +20(N + 1)5).

Jj=1

Therefore by definitions of By, (f) and By (zo; f) [see (4.8), (4.9)] we have

|Br (05 f)| < 2™ Bu(f) + 2™ By (20; f) < Br(z0; f),

where B, (zg; f) is defined in (4.10).
(IT). Now we demonstrate that

|B'r)0<7'/(x0;f) - Br/($05f)| < BT(xO;f)v VT) 7-/ eT.

For this purpose denote

:i( f(z+20(N +1)7)

Jj=1

and write
BT(.T(); f) = Sh(l‘o) + TN(I‘()) + i (T)(—l)jsh(l‘o + 29(N + 1)]) (A24)

In view of (A.24) for any pair 7 = (h, N), 7" = (h/, N') we have

Bryr (205 f) — Br(20; f) = [Shvn (20) — Swr(20)] + [Tnans (z0) — T (wo)]
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+30 [shvh, (20 + 20(N AN +1)7) — Sw (o + 20(N' + 1);’)} .
Jj=1

(A.25)

We consider the three terms on the right hand side of (A.25):

sup |Shvnr (zo) — Swr(zo)| = sup |Shva (20) = Sk (20)]

he
< |S(@o)| + sup |Shr(z0)| < 2 sup [Sw (o), (A.26)
h'<h h<h

and similarly

J\?}lp | Tnan (z0) — T (0)] < 2;}l>PNZ flxo+20(N"+1)5). (A.27)
Furthermore

s/ul{:])/ Snvi (o + 20(N AN' +1)5) — Spr(zo + 20(N' + 1))

< sup Shvn (To +20(N AN’ + 1)) — Spr(zo + 20(N' AN + 1))

+ sup Spr(zo + 20(N A N' +1)j) = Spe(wo + 20(N" + 1)5)|

< 2sup ||Sw || +2 sup sup [Su(zo+20(N' + 1))
h'<h

h’€eH N'>N

heH N'>N
+2 sup f(zo+20(N'+1)j)
N'>N

1
< 2sup ||Sh/| -+ 2sup sup ‘/ K@) f(yh+ xo + 20(N' +1)5)dy
h'<h ~1

s T 201+ K]y )sup sup f(t+zo +20(N' +1)j). (A.28)
[t|<6 N'>N

Combining (A.26)—(A.28) with (A.25) we obtain
sug)r|BTm /(w03 f) = B (wo; )| < 27 sup IS
T'E h'<

+2m+1(1+||KH1) max sup sup f(t+x0+20(N’ 1)7)
<i<m <o N'>N

= 2" By (f) + 2" (1 + | K1) By (z0; f) < By (wos f), (A.29)

where By(f), By (zo; f) and B, (xo; f) are defined in (4.8), (4.9), and (4.10)
respectively.

(II). Let # = (h, N) be the parameter selected by the rule (4.6)—(4.7). For
any 7 € T we have the following triangle inequality

(o) = F(o)| < 1 (w0) = Fyr (o) 4| £ (w0) = £F (o) + | £F (w0) — £ (o)
(A.30)
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Now we bound the terms on the right hand side separately.
We begin with the following simple observation: it follows from (4.6) that

R (o) — Ar(3¢) — sup Aryrs (3)
T'eT

= sup [| 0 (@0) = £(0)| = Ao (39) = A (4]
reT +

T

< sup | Brwr (wo; f) — Br(xo; f)|
T'eT

+ sup |:|§TXXT’ (.’EO) - €T' (x())‘ - ATXXT' (%) - AT' (%>]

T'eT +

Hence by (A.29)

Ry (w0) < Br(wo: f) + 2 (w0) + A () + 5up A (), (A.31)

where

$(x0) := sup [|&-(xo)| — A, (>9)],

TET

Therefore for any 7,7 € T

| Farr (@) = F(x0)| < | Brwrr (w05 f) — Brr (203 )| + |Ernr (20) — & (w0)]
< B‘r(xo; f) + 26(1'0) + ATXXT’(%) + [\T’(%) < BT(xO; f) + 2CA(xO) + RT' (fo),
where the last inequality follows from the definition of R, (z9). This inequality

together with (A.31) imply the following bound on the first term on the right
hand side of (A.30):

|ffr (0) = £ (w0)] < Br(w0; £) + 2¢(w0) + Ry (o)
< BT($0; f) + 26(1'0) + R7<x0) < 23‘1’(-750; f) + 46(150) + AT(%) + SU./p ATXXT/(%>7
(A.32)

where in the penultimate inequality we have used that R» (z9) < R, (z0) for any
TeT.

We proceed with bounding the second term on the right hand side of (A.30):
by definition of R:(z¢) we have

e (0) = FH (20)] & [Ars (52) + A (52)]

< Ri(0) + sup Argrr (5) + Ar(50) < Re(w0) + sup Apyr (30) + Ar ()
T'eT T'eT

< By (zo; f) + 2{(20) + 2 sup A (3¢) + 24 (32). (A.33)
T'E

Finally

|/ (20) = f(20)| < [Br(0; )| + & (w0)| < Br(wo; f) + Ar(3) + ¢ (0), (A.34)
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where we recall that
C(wo) = sup [[&-(wo)| — A ()]
T€T +

Combining (A.32), (A.33), (A.34) and (A.30) we obtain

£ (o) = F(o)] < inf {4Bx(wv: 1) +8Ar () 43 50 Aruer () + A () |

+ 6 (w0) + ¢(z0).

(IV). We complete the proof using Lemmas 2 and 1 in Appendix. Observing
that A;(3¢) = TA;(5c) and applying the first inequality in (A.41) we have

C(wo) < ((0) + sup [Ar () = TA- (50)] . < ((=0) + 2en(o),

where ¢ = 27™720|| K™ || 7! [cf. Lemma 2]. Then using the second inequality
in (A.41) in order to bound A, (2¢) and sup,.cr Arxr(52) in terms of A, (s) we
obtain

f (o) = f(ao)| < inf. {4BT(xO; F) #1270 () +126 s ATW(%)}

+7<(I0) + (42 + 126)17(560) + 427%

By definition of the opeartion X and by definition of o2 and u, [see (4.2) and
(4.3)] we have that o2, , < 02 and u;n» < u, for any 7,7 € T; therefore
sup,reg Arprr(52) < Ar(5) for all 7 € T. We complete the proof by setting
0(xo) = ¢(x0) + n(zo) and using Lemma 1. O

A.5. Proof of Corollary 2

Proof. Below c1,cs, ... stand for positive constants independent of n, A and
B. The proof goes along the following lines. We select values of h and N from
H x N and apply the oracle inequality of Theorem 3.

The proof of Theorem 1 shows that if f € #,, (A, B) then

Bu(f) < c1AR®, Bn(wo; f) < c2BOTIN1.
Furthermore, by (A.4)

Yy =< logN, q=2m—1;
NZm=a=1' g <2m—1.

0_2 < 6302m7qB,¢)N
T — h2m+1 )

In addition, with s, = s logn we have

31/21/}11\[/2 wplogn  N™!aglogn
AT(%*)§04< N[ T ) (A.35)
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First we note that for all hpi, < h < hpax and N < Npyax and all sufficiently

large n
Bl/Qw}V/Q » logn
AT(%*) < Cs hm+1/2 n .

Indeed, this inequality follows from (A.35) because by the choice of Ay, and
Npax for large n one has

m/(2m+1) (2m—=2)/(2m)
hmin(%) - (logn>2 o 2 Niglx_z B (logn) o '

Thus, using (4.11) we have

. B BY2pY? [ogn
L (z0) — < inf Ah® v/
|f (xo) f(.'lf())| = Ce (h,N;Iél'HXN{ + QaNa + hm+l/2 n }
1
+c7 (6(9@0) + ol Tc:gn)

Now we set h, and N, to be defined by formulas (A.8), (A.7) and (A.6) with
n replaced by n/logn. Note that these values of h and N balance the bias and
stochastic error bounds on the right hand side of the previous display formula
[for details see the proof of Theorem 1]. We need to verify that h, and N, satisfy
he > hmin and N, < Npax for large n. The first inequality is evident because
1/(2a+2m+1) > 1/(2m+1) for all o > 0. To check the inequality N, < Npax
we note that N, = O((n/logn)m) in the case 1 < ¢ < 2m — 1 and

o o 1
= < —
q2m+2a+1+7r) a2m—1+4+q)+q2m+1) = 2m

for all & > 0. If ¢ > 2m — 1 then N, = O((n/logn) Q<2mf2a+1>), and
o} o} 1

< < ,

q2m+2a+1) — 2m—-1)2m+2a+1) ~ 4m —2

Thus, we always have N, < Nyax for large n. The inequalities hy > hpi, and
N, < Npay imply that sets H and A contain elements that bound h, and N,
from below and from above within constant factors. This yields

2 logn
n )

Yo > 0.

[F.(0) — F(z0)] < esp(n/logn) + ¢z (5(930) n

where function ¢(-) is defined in (3.5).
To complete the proof we note that M, = O(logy n), My = O(n'/(™) and
- Nm=1 ] Nm-1 3/2
e ) 2

>~ C9
m+1/2 n ﬂm11+1 logn

min

so that if s5p > 5 then in view of (4.12) for large n

n \3
Ef[é(xo)]2 < ¢11(log, n)nl/Qm(@) emrologn < o op~h

This completes the proof. O
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A.6. Auxiliary results

Denote

4 hmtl £ ‘ h
§=

Lt(y) = (20)™ EN: o K™ (y — @0 — 0(2j + m)).

Then

n

varg [ (wo)] = Bgler (eo)?, (o) i= — S [LF (Vi) — ByLE (V)]

Let
((zo) = sup (1€ (o)l = Ar ()] 5 (A.36)
n(xg) = 2161,117)_ [62 — o2 — uTAT(%)L_. (A.37)

Lemma 1. For any p > 1 and » > 0 one has

3

BplC(mo)? < 20(p+ 1)My My [Ar ()] 576
< 2F(p—|—l)MhMN[uTAT(%)]p%_pe_”.

Proof. (i). Observe that [L}(Y;)| < u,/2, where u, is defined in (4.3); hence
|¢-] < ur. In addition, it follows from (A.1) that var; [LF(Y1)] is bounded above
by:

2
Ty (y)dy.

N .
o (20> o [ | rimy (Y — 20— 0(2] +m)
Or = h2m+2 ZCj,m K( ) h
j=0 -

By Bernstein’s inequality for any z > 0
Pyl ()] = 2] < 2exp{ - "5 —)
x z expy — ——5— (-
flLsT\+¢o)| = = p 20_2 n %UTZ

Therefore for A, () defined in (4.4) we obtain

<2

— )

or 27% + 2w en?t 2
Prllé-(z0)] > Ar(50)] < 2€Xp{ — ( 3 ) | }

2ur 2 2xur
207%/” + 3n (GT n + 3n
(A.38)

where we have used the following elementary inequality: for any a > 0,b > 0

and » > 0
(V/7a + »b)? L
a? + b(y/xa + »b) —

(A.39)
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Therefore, for any p > 1
By [l (w0)| - A ()" = p / TP [le, (o)) > Ar (o) + 1]
< oA GA)” [Pl o)l 2 A1+ )y

< 2p[A, (50)] /O Tyl 0y = ar(p + 1) [Ar(30)] 5P,
(A.40)

where the second line follows from the change of variables and the fact that
A (ax) < al;(5) for a > 1; and the third line is a consequence of (A.38).

(ii). Let 62 be the empirical estimator for o2 based on the sample Y7, ..., Y,:
(20)?" & Y —xo—0(2j +m) 2
2 (m) 2 0 J
v OO S e [ (Y
=1 5=0
Then
1 n
62— 02 = =3 (6:(%0) — Byl (V1)
=1
where we put
(26)2m g y—x0—0(2j +m) 2
w‘f h2m+2 h

It is evident that

29)2m .
o) < R K2, = 2, vy

hence WJT( i Ef[d}'r( z)” < ’LL,,_/4 and
vars[ip- (V)] < By [97(Y)] < joul.
Therefore by the Bernstein inequality for any z > 0

2
p[l62 2| > <] SQexp{ L}

1522 2
507Uz + gusz

This inequality together with (A.39) implies that

P[AQ— 2| > A, }<P 52 _ 02| > T(T i “T%) < 2.
7 (167 = 07l 2 urhr ()| S Py 167 — 07| 2 ur(ory [ 5o+ = )| < 26

Similarly to the derivation in (A.40) we have for any p > 1

Ef[l62 —0?| — uTAT(%)]i = p/ tPIP (|62 — 02| > ur A (30) +t]dt
0
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<p p/ yPIPs[|62 — 02 > u A (3(1+ )] dy
0
o
< 2plurAr( / yP eV dy = o0 (p + 1)[uTAT(%)}p%_pe_”.
0

This completes the proof. O

Denote
< 2x 2urx
AT = AT - =
() 7 n + 3n

and observe that A, (s) = %IAXT(%), where A, () is defined in (4.5).

Lemma 2. For any 7 € T one has

[Ar(30) = TR, ()], < 2en(0),  [Ar(3) — 6A, ()], < nlxo) + g (A.41)

where 1(xo) is defined in (A.37) and ¢ := 27" 20| K™ ||
Proof. We have A, () — Ar(%) = (6, — 0,)\/25¢/n. Define

T = {TET UT\/?ZZH:%}.

If 7 € T; then o, > 2v/2u,(5/n)"/? and

Rr(o6) = As(50) < 300G + 22 < 10 () 1 () (A.42)

where we have used that u, > 2m*19~1| K (™) | for all 7 € T, and denoted for
brevity ¢ := 27™29|| K™ ||}, Thus (A.42) implies that

[A-(50) — %AT(%)]+ < cen(wg) and [Ar(s) — 2]\7—(%)]+ < 2cen(xo), V71 €T

(A.43)

Now assume that 7 € T3 := T \ Ty; for such 7, A, (5) < %uT%/n. Note also
that by definition A, (5) > 2u,/n; therefore

[Ar(3¢) — TA,(3)]4 = 0, Ve Ts. (A.44)

Furthermore, we bound |6, — 0| as follows:

6, — o, <67 —0? V2 < V(o) + Vur Ar (50) < \/n(ao) + Vou \ g
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Therefore for any T € T

|A(30) = Ar(30)] < \/27%77(300) +v10

where the last bound follows from the elementary inequality v2ab < va? + b? <
a + b for a,b > 0. This implies that

Ut ”
< Z 4 (o) + 5 (),

[A;() — 6A, ()], < g +n(z0), Vre T (A.45)
Combining (A.43), (A.44) and (A.45) we complete the proof. O
Acknowledgments

We thank two anonymous reviewers and the Associate Editor for useful remarks.

References

[1] AuBIN, J.-P. (2000). Applied functional analysis, 2 ed. John Wiley & Sons.
MR0549483

[2] BELOMESTNY, D. and GOLDENSHLUGER, A. (2021). Density deconvolution
under general assumptions on the distribution of measurement errors. The
Annals of Statistics 49 615-649. MR4255101

[3] BERTERO, M. and Boccaccr, P. (1998). Introduction to inverse problems
in imaging. Institute of Physics Publishing, Bristol. MR1640759

[4] BuTucEA, C. and TsyBAKOv, A. B. (2007a). Sharp optimality in density
deconvolution with dominating bias. I. Teoriya Veroyatnostei i ee Prime-
neniya 52 111-128. MR2354572

[6] BuTUuCEA, C. and TsyBAKOV, A. B. (2007b). Sharp optimality in density
deconvolution with dominating bias. II. Teoriya Veroyatnostei i ee Prime-
neniya 52 336-349. MR2742504

[6] CARROLL, R. J. and HAaLL, P. (1988). Optimal rates of convergence for
deconvolving a density. Journal of the American Statistical Association 83
1184-1186. MR0997599

[7] CAvALIER, L. (2011). Inverse problems in statistics. In Inverse prob-
lems and high-dimensional estimation. Lect. Notes Stat. Proc. 203 3-96.
Springer, Heidelberg. MR2868199

[8] DELAIGLE, A. and MEISTER, A. (2011). Nonparametric function esti-
mation under Fourier-oscillating noise. Statistica Sinica 21 1065-1092.
MR2827515

[9] DEVROYE, L. (1989). Consistent deconvolution in density estimation. The
Canadian Journal of Statistics/La Revue Canadienne de Statistique 17
235-239. MR1033106

[10] FAN, J. (1991). On the optimal rates of convergence for nonparametric de-

convolution problems. The Annals of Statistics 19 1257-1272. MR1126324


https://www.ams.org/mathscinet-getitem?mr=0549483
https://www.ams.org/mathscinet-getitem?mr=4255101
https://www.ams.org/mathscinet-getitem?mr=1640759
https://www.ams.org/mathscinet-getitem?mr=2354572
https://www.ams.org/mathscinet-getitem?mr=2742504
https://www.ams.org/mathscinet-getitem?mr=0997599
https://www.ams.org/mathscinet-getitem?mr=2868199
https://www.ams.org/mathscinet-getitem?mr=2827515
https://www.ams.org/mathscinet-getitem?mr=1033106
https://www.ams.org/mathscinet-getitem?mr=1126324

3426
[11]

[12]

[13]

[14]

[15]

A. Goldenshluger and T. Kim

Fan, J. and TRUONG, Y. K. (1993). Nonparametric regression with errors
in variables. Ann. Statist. 21 1900-1925. MR1245773
FEUERVERGER, A., KM, P. T. and Sun, J. (2008). On optimal uni-
form deconvolution. Journal of Statistical Theory and Practice 2 433-451.
MR2528791

GOLBERG, M. A. (1979). A method of adjoints for solving some ill-posed
equations of the first kind. Applied Mathematics and Computation 5 123—
129. MR0522852

GOLDENSHLUGER, A. and LEPSKI, O. (2011). Bandwidth selection in ker-
nel density estimation: oracle inequalities and adaptive minimax optimality.
The Annals of Statistics 39 1608-1632. MR2850214

GOLDENSHLUGER, A. and LEPSKI, O. (2014). On adaptive minimax den-
sity estimation on R?. Probability Theory and Related Fields 159 479-543.
MR3230001

GROENEBOOM, P. and JONGBLOED, G. (2003). Density estimation in
the uniform deconvolution model. Statistica Neerlandica 57 136-157.
MR2035863

HaLL, P. and KocH, I. (1990). On continuous image models and image
analysis in the presence of correlated noise. Adv. in Appl. Probab. 22 332—
349. MR1053234

HaLL, P. and MEISTER, A. (2007). A ridge-parameter approach to decon-
volution. The Annals of Statistics 35 1535-1558. MR2351096
JOHNSTONE, I. M. and RAIMONDO, M. (2004). Periodic boxcar deconvo-
lution and Diophantine approximation. The Annals of Statistics 32 1781—
1804. MR2102493

JOHNSTONE, I. M., KERKYACHARIAN, G., PICARD, D. and RAI-
MONDO, M. (2004). Wavelet deconvolution in a periodic setting. J. R. Stat.
Soc. Ser. B Stat. Methodol. 66 547-573. MR2088290

LEPSKI, O. (1991). On a problem of adaptive estimation in Gaussian white
noise. Theory of Probability & Its Applications 35 454-466. MR1091202
Lepski, O. (2015). Adaptive estimation over anisotropic functional classes
via oracle approach. The Annals of Statistics 43 1178-1242. MR3346701
Lountcr, K. and NIckL, R. (2011). Global uniform risk bounds for
wavelet deconvolution estimators. The Annals of Statistics 39 201-231.
MR2797844

MEISTER, A. (2007). Deconvolution from Fourier-oscillating error densi-
ties under decay and smoothness restrictions. Inverse Problems 24 015003.
MR2384762

MEISTER, A. (2009). Deconvolution problems in nonparametric statistics.
Lecture Notes in Statistics 193. Springer-Verlag, Berlin. MR2768576
STANLEY, R. P. (2011). Enumerative combinatorics, second ed. Cam-
bridge studies in advanced mathematics 1. Cambridge University Press.
MR2868112

STEFANSKI, L. A. and CARROLL, R. J. (1990). Deconvolving kernel den-
sity estimators. Statistics 21 169-184. MR1054861


https://www.ams.org/mathscinet-getitem?mr=1245773
https://www.ams.org/mathscinet-getitem?mr=2528791
https://www.ams.org/mathscinet-getitem?mr=0522852
https://www.ams.org/mathscinet-getitem?mr=2850214
https://www.ams.org/mathscinet-getitem?mr=3230001
https://www.ams.org/mathscinet-getitem?mr=2035863
https://www.ams.org/mathscinet-getitem?mr=1053234
https://www.ams.org/mathscinet-getitem?mr=2351096
https://www.ams.org/mathscinet-getitem?mr=2102493
https://www.ams.org/mathscinet-getitem?mr=2088290
https://www.ams.org/mathscinet-getitem?mr=1091202
https://www.ams.org/mathscinet-getitem?mr=3346701
https://www.ams.org/mathscinet-getitem?mr=2797844
https://www.ams.org/mathscinet-getitem?mr=2384762
https://www.ams.org/mathscinet-getitem?mr=2768576
https://www.ams.org/mathscinet-getitem?mr=2868112
https://www.ams.org/mathscinet-getitem?mr=1054861

Density deconvolution with non—standard errors 3427

[28] WIDDER, D. V. (1946). The Laplace transform. Princeton University Press.
MR0005923

[29] ZuaNG, C.-H. (1990). Fourier methods for estimating mixing densities and
distributions. The Annals of Statistics 18 806-831. MR1056338


https://www.ams.org/mathscinet-getitem?mr=0005923
https://www.ams.org/mathscinet-getitem?mr=1056338

	Introduction
	Estimator construction
	Idea of construction
	Measurement error distributions
	Estimator and zero multiplicity

	Minimax results
	Functional classes
	Rates of convergence

	Adaptive procedure
	Selection rule
	Oracle inequality and rates of convergence

	Concluding remarks
	Proofs
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Corollary 1
	Proof of Theorem 3
	Proof of Corollary 2
	Auxiliary results

	Acknowledgments
	References

