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Abstract

Suppose N is a compact Riemannian manifold, in this paper we will introduce the
definition of N-valued BSDE and L*(T™; N)-valued BSDE for which the solutions are
not necessarily staying in only one local coordinate. Moreover, the global existence of
a solution to LQ(Tm; N)-valued BSDE will be proved without any convexity condition
on N.
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1 Introduction

Consider the following systems of backward stochastic differential equation (which
will be written as BSDE for simplicity through this paper) in R",

T T
Y;:gf/ ZSdBSf/ F(s,Y,, Zy)ds, t € [0,T). (1.1)
t t

Here {B;}s>0 is a standard m-dimensional Brownian motion defined on a probability
space (€2, .7, P), { is a #r-measurable R"-valued random variable, { Y }sc(o, 7], {Zs}sefo,7]
are R"-valued predictable process and R""-valued predictable process respectively. We
usually call the function f : Q x [0,T] x R x R™* — R™ the generator of BSDE (1.1).
Bismut [2] first introduced the linear version of BSDE (1.1). A breakthrough was
made by Pardoux and Peng [31] where the existence of a unique solution to (1.1) was
proved under global Lipschitz continuity of generator f. Still under the global Lipschitz
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BSDE on a Riemannian manifold

continuity of f, Pardoux and Peng [32] has established the connection between the
systems of forward-backward stochastic differential equation (which will be written as
FBSDE through this paper) and the solution of a quasi-linear parabolic system. Another
important observation by [31, 32] was that BSDE (1.1) could be viewed as a non-linear
perturbation of martingale representation theorem or Feynman-Kac formula.

It is natural to ask what is the variant for BSDE (1.1) on a smooth manifold N. When
an n-dimensional manifold N was endowed with only one local coordinate, Darling [11]
introduced a kind of N-valued BSDE as follows

m T m T n
. 1 , e
viegt =Y [ zbanle gy [0S Thv iz (1.2)
=171 1=17t ij=1
Here Y, = (Y},---,Y;") denotes the components of Y; under (the only one) local coor-

dinate, and {Ffj};’ ; k=1 are the Christoffel symbols for a fixed affine connection I" on V.
The most important motivation to define (1.2) is to construct a I'-martingale with fixed
terminal value (we refer readers to [14] or [20] for the definition of I'-martingale). In
fact, with the special choice of generator in (1.2) (which depends on the connection I'),
the solution {Yt}te[O,T] of (1.2) is a I''martingale on N with terminal value £. Moreover,
Blache [3, 4] investigated a more general N-valued BSDE as follows when {Y;} was

restricted in only one local coordinate of N,

m T m T
1
k _ ¢k k,l l
ey gy |
=1 =1

where f : Q) x N x TN — TN is uniformly Lipschitz continuous. Moreover, the Lie
group valued BSDE has been studied by Estrade and Pontier [15], Chen and Cruzeiro
[8].

On the other hand, the N-valued FBSDE is highly related to the heat flow of harmonic
map with target manifold N. Partly using some idea of N-valued FBSDE, Thalmaier [38]
studied several problems concerning the singularity for heat flow of harmonic map by
probabilistic methods. We also refer readers to [3, 4, 12, 17, 21, 22, 33, 39] for various
methods and applications for the subjects on I'-martingale theory and its connection to
the study of heat flow of harmonic map.

For the problems on N-valued BSDE mentioned above, there are two main difficulties.
One is the quadratic growth (for the variable associated with Z) term in the generator
of (1.2) and (1.3), for which the arguments in [31, 32] may not be applied directly to prove
global (in time) or local existence of a solution to (1.2) and (1.3). Kobylanski first proved
the global existence of a unique solution to the scalar valued (i.e. n = 1) BSDE (1.1)
with the generator having quadratic growth and bounded terminal value. Briand and Hu
[5, 6] extended these results to the case where the terminal value may be unbounded.
The problem for multi-dimensional BSDE is more complicated, Darling [11] introduced
some condition on the existence of some doubly convex function, under which the global
existence of a unique solution to (1.2) or (1.3) has been obtained in [11, 3, 4]. Xing and
Zitkovi¢ [40] proved global existence of a unique Markovian solution of (1.1) based on
the existence of a single convex function. We also refer readers to [19, 18, 24, 37] and
reference therein for various results concerning the local existence of a solution to (1.1)
in R™ with the generator having quadratic growth under different conditions, including
the boundness for Malliavin derivatives of terminal value(see Kupper, Luo and Tangpi
[24]), small L* norm of terminal value (see Harter and Richou [18] or Tevzadze [37])
and the special diagonal structure of the generator(see Hu and Tang [19]).

Another difficulty for N-valued BSDE is the lack of a linear structure for a general
manifold N. In fact, the expression (1.2) and (1.3) only make sense in a local coordinate

n T
ZFfj(YS)Zg’lZg’lds—&-/ f*(Ys, Zo)ds, (1.3)
t

4,5=1
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which is diffeomorphic to an open set of R". If we want to extend (1.2) and (1.3) to the
whole manifold N, the multiplication or additive operators (therefore the It6 integral
term) may not be well defined because of the lack of a linear structure on N. Due to this
reason, [11, 3, 4] gave the definition of an N-valued BSDE which was restricted in only
one local coordinate. Meanwhile in [8] and [15], the left (or right) translation on a Lie
group has been applied to provide a linear structure for associated BSDE.

By our knowledge, for a general N, how to define an N-valued BSDE which are
not necessarily staying in only one local coordinate is still unknown. In this paper,
we will solve this problem for the case that N is a compact Riemannian manifold, see
Definition 3.1 and 3.5 below. Moreover, as explained above, the existence of a doubly
convex or a single convex function is required to prove the global existence of a solution
to the BSDE whose generator has quadratic growth. The existence of these convex
functions could be verified locally in /V (in fact, at every small enough neighborhood),
see e.g. [3, 4, 21]. But except for some special examples (such as Cartan-Hadamard
manifold), it is usually difficult to check whether such a convex function exists globally or
not in N. In this paper, we will also prove the global existence of an /N-valued solution to
some BSDE without any convexity conditions mentioned above, see Theorem 3.4 and 3.6
below.

We also give some remarks on our results.

(1) Given a Riemannian metric on /N, in Definition 3.1 and 3.5 we view N as a sub-
manifold of ambient space R, so the linear structure on R” could be applied in
the BSDE (3.1) and (3.5). The key ingredient in (3.1) and (3.5) is that the term
with quadratic growth is related to second fundamental form A. As illustrated in
the proof of Theorem 3.2, it will ensure the solution of R¥-valued BSDE (3.1) to
stay in V. The advantage of our definition is that it does not require the solution
to be restricted in only one local coordinate as in [11, 3, 4], therefore we do not
need any extra condition on the generator f in (3.1) (see e.g. condition (H) in
[3, 4]). Moreover, as explained in Remark 3.1, our definition will be the same as
that in [3, 4] when we assume that the solution of (3.1) is situated in only one local
coordinate.

(2) The equation (3.5) could be viewed as an N-valued FBSDE with forward equation
being =z + B; in T™. In Definition 3.5, we study the FBSDE with a.e. initial point
x € T™. This kind of solution has been introduced in [1, 28, 41, 42] to investigate
the connection between FBSDE and weak solution of a quasi-linear parabolic
system. The motivation of Definition 3.5 is to study the global existence of a
solution to N-valued BSDE for more general N, especially for that without any
convexity condition. Theorem 3.6 ensures us to find a global solution of (3.5)
for any compact Riemannian manifold N. By the proof we know that the result
still holds for non-compact Riemannian manifold with suitable bounded geometry
conditions. These results will also be applied to construct V-martingale with fixed
terminal value in Corollary 3.5.

(3) Theorem 3.2 provides a systematic way to obtain the existence of a solution to
N-valued BSDE, based on which we can apply many results on the R*-valued BSDE
whose generator has quadratic growth directly. By Theorem 3.4, for any compact
Riemannian manifold N, there exists a unique global Markovian solution to (3.1)
when the dimension m of filtering noise is equal to 1, which gives us another
example about the global existence of a solution to N-valued BSDE without any
convexity condition. Meanwhile, it also illustrates that for some BSDE whose
generator has quadratic growth, not only the dimension n of solution (see the
difference between scalar valued BSDE and multi-dimensional BSDE), but also the
dimension m of filtering noise, will have crucial effects.
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The rest of the paper is organized as follows. In Section 2 we will give a brief
introduction on some preliminary knowledge and notations, including the theory of
sub-manifold IV in ambient space R”. In Section 3, we are going to summarise our main
results and their applications. In Section 4, the proof of Theorem 3.2 and 3.4 will be
given. And we will prove Theorem 3.6 in Section 5.

2 Preliminary knowledge and notations

2.1 Sub-manifold of an ambient Euclidean space

Through this paper, suppose that N is an n-dimensional compact Riemannian manifold
endowed with a Levi-Civita connection V. By the Nash embedding theorem, there exists
an isometric embedding i : N — R* from N to an ambient Euclidean space R’ with
L > n. So we could view N as a compact sub-manifold of R”. We denote the Levi-Civita
connection on R” by V (which is the standard differential on R”). Let TN be the tangent
bundles of N and let T}, N be the tangent space at p € N. For any m € IN;, we define

TN := | J(T,N)®™"
peEN

as the tensor product of TN with order m.

For every p € N C RY, by the Riemannian metric on N, we could split R” into direct
sum as R* = T,N & T;-N, where T;- N denotes orthogonal complement of 7, N. Hence
for every v € R and p € N, we have a decomposition as follows,

v=0v"+v", v €T,N, v € TN, (2.1)

we usually call v7, v the tangential projection and normal projection of v € R” respec-
tively.

Given smooth vector fields X,Y on N, let X, Y be the (smooth) extension of X, Y
on R* (which satisfy that X(p) = X(p), Y(p) = Y(p) for any p € N), then we have
VxY(p) = (VgY)T(p), where (VY)T is the tangential projection defined by (2.1). Let
A(p) : T,N x T,N — TpLN be the second fundamental form at p € IV defined by

A(p)(u,v) : = VgY(p) — VxY(p
_ _ (2.2)

where X, Y are any smooth vector fields on N satisfying X (p) = u, Y(p) =v, X, Y are
any smooth vector fields on R” which are extension of X and Y respectively. The value
of A(p)(u,v) is independent of the choice of X, Y, X, Y.

We define the distance from p € R* to N as follows

disty(p) := inf{|p — ql;¢ € N c R},
where |p — ¢| denotes the Euclidean distance between p and ¢ in R”. Set
B(N,r) :={p € Rl;distx(p) <7}, V7 >0.

Since N is compact, it is well known that there exists a dy(NN) > 0 such that dist3,(-) :
B(N,3dp) — R4 and the nearest projection map Py : B(N, 3dy) — N are smooth, where
for every p € B(N,3dg), Pv(p) = ¢ with ¢ € N being the unique element in N satisfying
|p—q| = disty(p). Moreover, for every p € B(N, 3d), suppose v : [0, distx(p)] — R’ is the
unique unit speed geodesic in RY (which is in fact a straight line) such that (0) = Py (p),
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~(dist §(p)) = p, then for every p € B(N, 3dp) it holds

Vdisty (P (p)) =7'(0) € T3, () N,

Vdistx (p) =~/ (disty(p)) = ' (0), (2.3)
Vdistx (p)] = 1.

Here we have used property 7/(0) = +/(disty(p)) since 4(-) is a straight line in RE.
Moreover, we still have the following characterization for second fundamental form A,

L
0P,
A(p)(u,u) = Z J(p)uiuj, peN, u=(uy, - ,ur) € T,N. (2.4)

52, OPiop;

We choose a cut-off function ¢ € C*°(R, R) such that

1, s< 50,
o(s) = € (0,1), s € [dg,2d0],
0, s> 2.

It is easy to verify that p +— ¢(distx(p)) is a smooth function on R*. Then we could
extend the second fundamental form A defined by (2.2) to A : R — L(R* x R*;RF)
(here L(RY x RF;RL) denotes the collection of all linear maps from R” x RL to RL) as
follows

A i | Ot ®) SF o 2B (Pa(p))usug, p € BN, 23),
PRS0, p e REJB(N, 260)

(2.5)

for all ©w € RL. According to (2.4), (2.5) and the definition of ¢, we know immediately
that A is a smooth map and

A(p)(u,v) = A(p)(u,v), Vp € N, u,v € T,N,
A(p) =0, ¥ p € RY/B(N, 260).

We refer readers to [7, Section II1.6], [13, Chapter 6] or [26, Section 1.3] for detailed
introduction concerning various properties for sub-manifold N of R”.

2.2 Non-linear generator f
In this paper, we make the following assumption for f.

Assumption 2.1. Suppose that f : N xT™N — TN is a C' map such that f(p,u) € T,N
foreveryp € N, u = (uy, -+ ,umn) € T;"N. And there exists a Cy > 0 such that for every
peN,ueT'N,

|f(p, w)lr,n < Co(L+ |ulryn), |Vpf(p, u)lr,n + [Vuf(p,u)lr,n < Co, (2.6)

where V,, and V,, denote the covariant derivative with respect to the variables p in N
and v in T N respectively.

Now we define a C! extension f : RY x R™F — R’ of f as follows

. { ¢(disty (p)) f (Pn(p), In (Px (p))u), p € B(N,25),

= 2.7
fp.) 0, peRE/B(N,26). .7)

Here ¢ : R — R, Py : B(N,25,) — N are the same as those in (2.5) and IIy(p) : R* —
T, N denotes the projection map to 7),/N defined by (2.1) for every p € N.
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Note that N is compact, combining (2.7) with (2.6) we obtain immediately following
estimates for the extension f : RY x R™" — R” of f.

|f(p,u)| + |?pf(p,u)| <O (1+ Ju)), [Vuf(p,u) <Oy, Vpe R, ue R™, (2.8)

Here ?p and V, denote the gradient in R” with respect to variables p and u respectively.

2.3 Space of Malliavin differentiable random variables

Through this paper, we will fix a probability space (£, #,P) and an R™-valued
standard Brownian motion {B; = (B}, -+, B/")}+>0 on (2, %, P) with some m € Z. Let
{Z:}1>0 denote the natural filtration associated with {B,};>¢. For simplicity we call a
process adapted (or predictable) when it is adapted (or predictable) with respect to the
filtration {%; }1>0.

Set

FOrRY) ={ew) = (€ @), € ) [§@) = g (Burs -+ Bry, ), V1< < L

for some ¢ € CZ?O(IR"”“‘;IR), kielNy, 0<tp<---< tiki}.

(2.9)

Let D : ZC°(RE) — L2(Q; L2([0,T]; R™E); P) be the gradient operator such that for
every ¢ € ZCp°(RL) with expression (2.9) and non-random n € L2([0, T]; R™),

DE@W)(1) = (DE (W) (1), -, DEF(w) (1),
T
/0 DE (W) (t) - (t)dt

gi (Btu +e f()tl1 77(5) ds, - 7Btiki te f()t”\1 77(3) ds) - gi (Btnv e 7Btiki)

)

N
N
h

e—0 9

where - denotes the inner product in R™.
For every ¢ € ZC°(RE), we define

T
€l = EleP)+ B | [ De(e)a
0

lI-l1,2

Let 2V2(RF) := FCP(RE) be the completion of .#C°(RE) with respect to the
norm | - ||1,2. It is well known that (D, .#C°(RE)) could be extended to a closed operator
(D, 7'2(RE)).

We define the space of N-valued Malliavin differentiable random variables as follows

PVE(N) = {¢ € ZV3(REY);¢(w) € N for as. w € Q.

We refer readers to the monograph [30] for detailed introduction on the theory of
Malliavin calculus.

2.4 Other notations

We use := as a way of definition. Let T™ = R™/Z™ be the m-dimensional torus.
For every + € T™, p € Rl and r > 0, set Bym(x,7) := {y € T™; |y — 2| < r} and
B(p,r) := {q € RY;|g — p| < r}. Let dt and dx be the Lebesgue measure on [0,7] and
T™ respectively. We denote the derivative, gradient and Laplacian with respect to the
variable x € T™ by 0,,, V., and A, respectively. The covariant derivative for the variable
in N is denoted by V, while we use V and V? to represent the first and second order
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gradient operator in R” respectively. We use (,) to denote both the Riemannian metric
on TN and the Euclidean inner product on R” (note that for everyp € N and u,v € T,N,
we have (u,v)r,n = (u,v)gr). Meanwhile let - denote the inner product in R™ (in the
tangent space of T™). Without extra emphasis, we use a.s. and a.e. to mean almost
sure with respect to P and almost everywhere with respect to Lebesgue measure on T™
respectively. Throughout the paper, the constant c; will be independent of . For any
qg>1landk € N4, set

C*(T™; N) := {u € C*(T™; RL); u(z) € N for every x € T™},
LYT™ RY) .= {u :T™ — RE, Hu||'iq(Tm;RL) = /Tm lu(z)|dx < oo} ,
LYT™; N) := {u € LY(T™; R*); u(x) € N for a.e. x € T™}.

3 Main theorems and their applications

3.1 N-valued BSDE

In this subsection we are going to give the definition of N-valued BSDE through the
BSDE on ambient space R”. Fixing a time horizon T € (0,00), m € N, and ¢ € (1, 00),
we define

F9(RE) ;:{Y :[0,7] x @ — RY; Y is predictable, IE[ sup |Yt|ﬂ < o0,
t€[0,T]

t — Y;(w) is continuous on [0,7] for a.s. w € Q},

FI(N) ::{Y e 7R forany ¢ € [0,T], Y; € N as}

M (RE) ::{Z . 0,7] x © — R™E; Z is predictable, IE[(/T |Zt|2dt>q/2} < oo}.
0

We usually write the components of a Z € .#Z%(RY) by Z,(w) = {Z,f’j (w1 <i <
m;1 < j < L} and set
Ziw) = (Z) (W), -, Z0 (W) e RE, Vi€ [0,T), 1 <i < mywe .
Let
S @ M(N) ={(Y.2):Y € SUN), Z € M3(RE),
and Z! € Ty, N for dt x P a.e. — (t,w) € [0,T] x Q, 1 <i < m}
Definition 3.1. We call a pair of process (Y, Z) is a solution of the N-valued BSDE (3.1)

if (Y,Z) € 1@ .42 (N) for some q > 2 and satisfies the following equation in R (where
(Y, Z) is viewed as an R* x R™-valued process)

L _ T
Vi—e-X [ zam =305 [ avy@ zids+ [ fvazods G
=1 =1

Here ¢ : 9 — N C RF is an N-valued .# measurable random variable, A : R* —
L(RY x RY;RY) and f : R x R™ — R’ are defined by (2.5) and (2.7) respectively.

Remark 3.1. Let (U, ¢) be a local coordinate on N such that U ¢ N and ¢ : U —
»(U) C R™ is a smooth diffeomorphism. Suppose that (Y, Z) is a solution of the N-valued
BSDE (3.1) with Y always staying in U. Then by applying It6 formula to ¢(Y;) (by the
same computation in the proof of Proposition 3.8 below) it is not difficult to verify that
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(p(Y),dp(Y)(Z)) is a solution of (1.3) defined by [3, 4] with Ffj being the Christoffel
symbols associated with Levi-Civita connection V, where dy : TN — R" denotes the
tangential map of ¢ : U C N — R™.

Remark 3.2. Note that the second fundamental form A in (3.1) will depend on the
Riemannian metric (due to the decomposition of tangential direction and normal di-
rection) and associated Levi-Civita connection V on N. But we are not sure whether
Definition 3.1 could be extended to the case that N is only a smooth manifold endowed
with an affine connection.

Now we will give the following result about the relation between a solution of the
N-valued BSDE and a general RRE-valued solution of the BSDE (3.1).

Theorem 3.2. Suppose Y € I(RL), Z € .#%(R*) with some ¢ > 2 and m > 1 is an
RE-valued solution of the BSDE (3.1) which satisfies that

|Z;(w)| € Cq, dt x P —a.e. (t,w) € [0,T] x Q, (3.2)

for some Cy > 0. If we also assume that the terminal value { € N C RY a.s. in (3.1), then
(Y, Z) is a solution of the N-valued BSDE (3.1).

With Theorem 3.2, we can obtain the existence of a unique N-valued solution of (3.1)
by several known results on R”-valued solution of a general BSDE whose generator has
quadratic growth.

Corollary 3.3. Suppose ¢ € 212(N) and
IDE(w)(t)| < Cs,dt x P — ace. (t,w) € [0,T] x Q. (3.3)

Then we can find a positive constant Ty = Ty(C'3) such that there exists a unique solution
(Y, Z) to the N-valued BSDE (3.1) in time interval [0, Ty] (with terminal value ¢) which
satisfies (3.2) for some Cy > 0.

Proof. According to (2.5) and (2.8) we have for every yi,y» € R and z;, 2z € R™%,

|A(y1) (21, 21) — A(y2) (22, 22)| < ex(1+ [z1]* + |22]?) (Jyr — ya| + |21 — 22])

- . (3.4)
‘f(ylvzl) - f(y2722)’ <cr(T+z] + |z2]) (Jyr — g2l + [21 — 22]).-

Based on (3.3) and (3.4), if we view (3.1) as an R¥-valued BSDE, by [24, Theorem 3.1]
or [18, Theorem 2.1] we can find a Ty > 0 such that there exists a unique solution (Y, Z)
with Y € S4(RY), Z € .42} (RY) to (3.1) in time interval ¢ € [0, Tp] which satisfies (3.2)
for some C3; > 0. In fact, although (3.4) is slightly different from those in [24] where
associated coefficients are required to be globally Lipschitz continuous with respect to
variable y, following the same procedure in the proof of [24, Theorem 3.1] we can still
obtain the desired conclusion here, see also the arguments in [24, Example 2.2]. Then
applying Theorem 3.2 we obtain the desired conclusion immediately. O

Similarly, according to [40], under some condition on the existence of a Lyapunov
function, we can also obtain the unique existence of a global Markovian solution of the
N-valued BSDE (3.1) by applying Theorem 3.2, and we omit the details here.

Moreover, without any convexity condition (such as the existence of Lyapunov function
or doubly convex function), we also have the unique existence of a global Markovian
solution of the N-valued BSDE (3.1) when m = 1.

Theorem 3.4. Assume m = 1. Given an arbitrary T > 0, suppose { = h(Br) for
some h € CY(T™; N) in (3.1) (since we could also view h € C*(T™; N) as a function
h € CY(R™; N), h(Br) is well defined here). Then there exists a unique solution (Y, Z) of
the N-valued BSDE (3.1) in time interval [0, T] which satisfies (3.2) for some Cy > 0.
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3.2 L%*(T™; N)-valued BSDE

Still for a given time horizon 7' € (0, ), we define

S2(T™; N) = {Y :[0,7] x Q — L*(T™; N); Y is predictable,
t — Y;(w) is continuous in L2(T™; RE) for a.s. w € Q,

1Y 122 gy = B sup [1Yi[3a0pmms] < 00},
te[0,T]

AMPA(T™RE) = {Z: [0,T] x Q — L*(T™; R™); Z is predictable,

T
12 eminsy = B[ [ 1200 commnsyds] < o0},

Indeed, if sup,¢jo 7y [|Y: — f/t”L2(']I‘m;RL) =0 a.s. for some V,Y € .2(T™; N), then we view
Y and Y as the same element in .#?(T™; N). Similar equivalent relations also hold for
A2 (T RE).

We usually write the components of a Z € .#*(T™; RY) by ZF(w) = {Z" (w);1 <
i<m,1<j<L}foranyte[0,T], z € R and w € . We also set

Z8 N w) = (ZP" N w), -, 28 (w) e R, V€ [0,T], z € R™, 1 <i<m, we
Let
S @ M*(T™;N) = {(Y, 7)Y € XT™ N), Z € 4*(T™;RL),

and 7" € Tys N for dt x dz x P — ae. (t,z,w) € [0,T] x T™ x Q, 1 <i < m}.

Now we can give the definition of L2(Tm; N)-valued (weak) solution of a BSDE,

Definition 3.5. We call a pair of process (Y, Z) is a solution of the L?(T™; N)-valued
BSDE (3.5) if we can find an equivalent version of the (Y,Z) € ./ @ .#*(T™; N) (still
denoted by (Y, Z) for simplicity of notation) such that for a.e. * € T™ the following
equation holds for every ¢ € [0,T],

m T m T T
. . 1 _ . ) _
Y/ = h(Br+a)-Y [ Z51dBi - §/f A(Y.f)(Zj’,Zj”)ds+/f F(YE, Z%)ds. (3.5)
=17 i=1 2 t

Here h : T™ — N is an N-valued non-random function, A : R* — L(RY x RY;RL) and
f:RY x R™Y — R are defined by (2.5) and (2.7) respectively.

Now we will give the following results concerning the global existence of a solution of
the L?(T™; N)-valued BSDE (3.5) for an arbitrarily fixed compact Riemannian manifold
N.

Theorem 3.6. Suppose h € C1(T™; N), then for any T > 0, there exists a solution (Y, Z)
of the L?(T™; N)-valued BSDE (3.5) in time interval t € [0, T].

Remark 3.3. Intuitively, a global solution of the L?(T™; N)-valued BSDE (3.5) always
exists for any compact Riemannian manifold N (without any other convexity condition)
since the collection Z := {x € T™;|ZF| = +oo for some t € [0,T]} is a Lebesgue-null
set in T (which could be seen in the proof of Theorem 3.6).

Meanwhile, due to the lack of monotone condition on the generator (see the cor-
responding monotone conditions in [1, 28, 41, 42]), it seems difficult to prove the
uniqueness for the solution of the L?(T™; N)-valued BSDE (3.5).
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Remark 3.4. The exceptional Lebesgue null set for z € T™ in (3.5) may depend on the
choice of h. We do not know whether we can find a common null set = which ensures (3.5)
valid for every h € C'(T™; N) and = ¢ E.

We also have the following characterization for the solution of an L?(T™; N)-valued
BSDE.
Proposition 3.7. (Y, Z) is a solution of the L?>(T™; N)-valued BSDE (3.5) if and only
if (Y,7) € % ® #*(T™; N) and for every ¢ € C*(T™;R") and t € [0,T)] there exists a
P-null set Il such that for all w ¢ I, it holds that

/m@’f,ib(x»dx:/m(h(BTer dx—Z/ / (Z% 2 (x ))da:)dB;'
*z / / WZ3H 250, da:der/ / F(YE, Z7),2p(z))dads.

Proof. If (3.5) holds for a.e. x € T", obviously we can verify (3.6).

Now we assume that there exists a (Y, Z) € .% ® .#*(T™; N) such that (3.6) holds
a.s. for every v € C?(T™;RL) and ¢ € [0, 7). Since there exists a countable dense subset
O C C?(T™; RE) of L2(T™; RE) under L? norm, we can find a Lebesgue null set =, C T™
and a P-null set IT C ©Q such that (3.5) holds for everyw ¢ II, x ¢ =Z; and ¢t € [0,T] N Q,
where QQ denotes the collection of all rational numbers.

Note that we have E UOT Jpm Z;”\Qd:cdt} < oo by definition of .#?(T™; RY). Hence

there exists a Lebesgue null set =» C T", such that

T
E / | ZF|?dt
0

This, along with (2.8) 1mp11es immediately that for every w ¢ Il and = ¢ =1 U E,
the function ¢ — Y7, [ Z21dB, + Y7, L [T A(YE) (z27, 254 ds — [ F(YZ, Z7) ds is
continuous in interval [0, 7. So for every w ¢ II, §é =1 UE and t € [0,7T] we can define

(3.6)

< oo, Yo ¢Ey

R m T ) 1 T ) )
VP (w) = lim (h(BT +x)— E (/ Z5B, + 5/ A (Zr, 257 dr)
i—1 S

s—t;5€Q s

T
+/ f(Yf,Zf)dr).

Y (w), ifte0,71NQ,z ¢ =1 UEy,w ¢ 11,
Vi(w) =< Y&(w), if t €[0,T)NQ%x ¢ = UZy,w ¢TI,

0, otherwise.

Set

Then by definition it is easy to verify that (Y*, Z%) satisfies (3.5) for every z ¢ Z; U E,,
w¢andt e [0,T].

Still by definition of Y, we have Y;*(w) = Y;*(w) for every w ¢ II, t € [0,T] N Q and
r ¢ = UE,. Meanwhile due to Y € .#?(T™; N) there exists a P-null set I, such that
t + Y, (w) is continuous in L2(T™; RF) for every w ¢ Il,. This along with the definition
of Y implies immediately that given any w ¢ ITUTI, and ¢ € [0,7] N Q°, Y{*(w) = Y{*(w)
(= L2-lims_>t;seQ Y, (w)) for a.e. z € T™ (the exceptional set for x € T™ may depend on
t). Combining all the properties above we arrive at

sup ||Yi(w) — Y/t(OJ)HLZ(']I‘m;]RL) =0, Vw ¢ ITUTI.

t€[0,T]
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Hence Y and Y is the same element in .?(T"™; N), so we can find an equivalent version
(Y, Z) of (Y, Z) which satisfies (3.5) a.s. for each = ¢ =; U Z. O

3.3 Existence of V-martingale with fixed terminal value

In this subsection we will give an application of Theorem 3.4 and 3.6 on the construc-
tion of V-martingales, which also illustrates that Definition 3.1 and 3.5 are natural for
the motivation of an /N-valued BSDE.

Proposition 3.8. (1) Suppose (Y, Z) is a solution of the N-valued BSDE (3.1). For
every g € C?(N;R) and t € [0,T], let

m t t
MY = g(Y)=g(¥o) =3 5 [ Hess g(Vo)(Zi Zds+ [ (T9(Y). S(Yiu Zu))ds, B7)
= 2 Jo 0

where Hess denotes the Hessian operator on N associated with the Levi-Civita
connection V. Then { M} },c(o,r is a local martingale.

(2) Suppose (Y,Z7) is a solution of the L?(T™; N)-valued BSDE (3.5). Given some
g € C*(N;R) and z € T™ we define {M""},c(0, 1 by the same way of (3.7) with
(Y, Z) replaced by (Y*, Z}). Then there exists a Lebesgue-null set = C T™ such
that {M{"*},c(0,1) is a local martingale for every g € C*(N;R) and z ¢ E.

Proof. We only prove part (1) of desired conclusion. The part (2) could be proved by
applying (3.5) and the same procedures for the proof of (1).

By the same way of (2.7), we extend g to a C? function g : R — R with compact
support. Since we could still view (Y, Z) as an R”-valued solution to (3.1), applying Ito
formula to g we obtain that the process {Mtg}te[O,T] defined by

M7 =g(Y,) — §(Yo) Z / v2 )21, Z1) + (Vg(Ya), (Y)(ZS,Z)>)d
(3.8)

t
+/0< 9(Y), F(Ye, Z)ds
is a local martingale.

Foreveryp € N,u € TN, let X, X be arbitrarily fixed smooth vector fields on N and
R’ satisfying X (p) = X(p) = u, so by (2.2) we have

V25(p)(u, u) + (Vg(p), A(p) (u, u))
=X ((Vg, X)) (p) = (Va(p), V£ X (p)) + (Va(p), Vi X (p) = Vx X(p))
= X ((Vg, X)) (p) — (Va(p), Vx X (p))
=X ((Vg, X)) (p) — (Va(p), VxX(p))

Here in the third step above we have applied the property that (Vg(p), X(p)) = (Vg(p),
X (p)) for every p € N due to (Vg(p))" = Vg(p). Similarly for every p € N and u € T;" N
(note that f(p,u) € T,N) we obtain

(Va(p), f(p,u)) = (Vg(p), f(p,u)).

Combining all above properties with the fact that ¥; € N a.s. for every ¢ € [0,7],
Z; € Ty, N for dt x P-a.e. (t,w) € [0,T] x P into (3.8) yields that M/=M/ a.s. for every
t € [0,T]. Therefore we know immediately that M/ is a local martingale. O
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Recall that we call the adapted process {X;};c[o,r] @ V-martingale if it is an N-valued
semi-martingale and for every g € C%(N;R),

MY = g(Xi) = g(X0) — 5 | Hess o(X,) (@X.,dX.)

is a local martingale. Here (dX;,dX;) denotes the quadratic variation for X,.

Then taking f = 0, combining Theorem 3.4, Theorem 3.6 and Proposition 3.8 together
we could obtain the following results concerning the existence of V-martingale on N
with fixed terminal value (in arbitrary time interval) immediately.

Corollary 3.5. Suppose h € C'(T™; N) and T > 0, then the following statements hold.
(1) For a.e. x € T™, there exists a V-martingale {Yt}te[o,T] with terminal value
Yr = h(BT + .13)
(2) If m = 1, then there exists a V-martingale {Y;};cj0,7] with terminal value Yr =
h(Br).

4 The proof of Theorem 3.2 and Theorem 3.4

Proof of Theorem 3.2. By Definition 3.1, in order to verify that (Y, Z) is a solution of
the N-valued BSDE (3.1), it remains to prove that Y; € N a.s. for every ¢t € [0,7] and
Z}{ € Ty,N for dt x P-a.e. (t,w) € [0,7] x Q and every 1 < i < m.

Let dy be the positive constant introduced in subsection 2.1 such that the nearest
projection map Py : B(N,30) — N and square of distance function dist%, : B(N,35y) —
R4 are smooth. Choosing a truncation function x € Cp°(R) satisfying that x’ > 0 and

s, s < 02,
x(s) = ) °
405, s> 403.

We define G : R* — R, as follow
G(p) = X(distﬁv(p)), peRE. 4.1)

By the choice of §, and y we have G(p) = 452 for every p € RF with disty(p) > 2d.
Note that G(p) = disti(p) = |p — Pn(p)|> when p € B(N, ), for every p € B(N,d),
u = (uy, - ,ur) € RF it holds that

k 2 L 2 pk
G 22<z (%?@))) 2 S (- Phiv »;;ngf Jusu,

=1 \i=1 i,5,k=1

L

0? Pk
> -2 — P P)u;us,
ivﬂzkil(pk N( )) aplap] ( ) J

where ¢;; denotes the Kronecker delta function (i.e. §;; = 0if¢ # j and 6;; = 1 when i = j),
P (p) means the k-th component of Py (p), thus Py (p) = (Px(p),- - - P%(p)). According
to definition of A4 in (2.5) we have for every p € B(N,dy), u = (u1,--- ,ur) € R,

_ _ aQPk
(VG Ap)ww) =2 3 (ox = PRB)) g~ (P (p))uiv
i,5,k=1 latt
L
opPk 0?P:
-2 —P N (p U
U;:l(pk v (P) o X (p) 0D, (Pn (p))uiu;
L
0Pk
=2 — Pk P Ul
l,L;l(pk? N( ))apzap]( N( )) J
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Here in the last step above we have used the following equality

d aPN
> (v 5}91 (p) =

k=1

which is due to the property aPN( ) € T,N and p — Pn(p) € TpJ-N. Combining above
estimates together yields that

V2G(p)(u,u) + (VG(p), A(p)(u,u))

L 92 Pk 92 Pk
>2 3 (= Ph) (o) - 52 0) ) s

> _C2diStN( )|U|2 = —CzG(P)\UF» p € B(N,d), u= (u1,---,ug) € R".

Meanwhile for every p € B(N, &) and u = (uy,--- ,ur) € RY we have
(VG(p), f(p,w))
L
BP -
=23k~ P 0D ) 2 S 2 ) iy =0,
k=1 k=1

where the last step is due to the fact that %%(p) € T,N, f(p,u) € T,N and p — Py(p) €
TPLN .
By all these estimates we arrive at

v2C7V(p)(uvu) + <vG(p)7A(p)(u7 'LL) - f_(pv ’LL)> 2 _CQG(p)‘qu pE B(Nv 60)7 u € RL'
Still by the definition of G, A and f we know that for every p € RY/B(N, ) and u € RE,
V2G(p)(u,u) + (VG(p), A(p)(u,u) — f(p,w)) > —c3(1+ [uf?) = —eaG(p) (1 + uf?),

where in the second inequality above we have used the fact that G(p) > 62 for every
p € R*/B(N, ).
Combining above two estimates yields that

V2G(p)(u,u) + (VG (p), Alp) (u,u) — f(p,w)) = —esGp)(1 + [ul?), ¥p,u € RF. (4.2)

Hence by (3.1), (4.2) and applying It6’s formula we get for every ¢ € [0, 7],

0=G(¢ Yt+2/ (VG(Y,), Z!)dB!

+Z/ VIG(YV.) (2L Z1) + (VG(Y), A(Y,) (2], 22) — 2f(Ys, 2,)) ) ds

T

G(Y,) +Z/ (VG(Ys), Z%) dBZ—E G(Ye)(1+ | Z|*)ds
t

Yt+2/ (VG(Y. Z‘dB’—cf;/G )ds.

Here we have applied (3.2) and the fact that G(£) = 0 a.s. (since £ € N a.s.). Taking the
expectation in above inequality we arrive at

E[G(Y)] < co /tT E[G(Y,)]ds, ¥ € [0, T].
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So by Gronwall’s inequality we obtain E[G(Y;)] = 0 which implies G(Y;) =0 and Y; € N
a.s. for every ¢ € [0, 7).

As explained in the proof of [24, Theorem 3.1] (which is due to the original idea
in [32]), it holds that Y; € @1’2(N) and we can find an equivalent version of Zf and
DY;(w)(t) such that

ZHw) = DYy (w)(t) - e;, dt x P —aee. (t,w) €[0,T] x Q, 1 <i<m,

wheree; = (0,---, 1 ,---,0), 1 < i< m is the standard orthonormal basis of R™.
i th
So according to [36, Theorem 3.1] (concerning the characterization of 2*2(R%)), we
know that Y; is o(B.) measurable and for every ¢,r € [0, T]

r B . Yy(B. +eef()) - Yi(B)
[ 01— @)1 g

, a.S.,

where (PP) lim._, denotes limit under the convergence in probability and €] (t) := (t Ar)e;.
Based on this and the property that Y; € N a.s. we deduce that for every ¢,r € [0,T],

/ (DY(s) - e;)ds € Ty, N, a.s..
0

Therefore we can find a version of Z; such that
ZHw) = DY;(w)(t) - e; € Ty,N, dt x P —a.e. (t,w) €[0,T] x Q, 1 <i<m.
Now we have proved the desired conclusion. O

Proof of Theorem 3.4. Now we assume that m = 1. In this proof we use the notation
9., 02, to represent the first order and second order derivative with respect to z € T*
respectively.

According to standard theory of quasi-linear parabolic equation (see e.g. [27, Ap-
pendix A] or [25, Chapter V and VII]), there exists a v € C1([0,Ty) x TH; RL)NC?((0,T1) x
T!, ]RL) for some (maximal time) 77 > 0 which satisfies the following equation,

Oo(t,x) — 302, v(t,x) = =2 A (v(t,2)) (Opv(t, ), 0pv(t, @) + f (v(t, x), Opv(t,2)),
v(0,z) = h(z), te€(0,T1).
(4.3)
By the same arguments in the proof of Theorem 3.2 we will deduce that v(¢,-) € N for
every t € [0,7,). So we can replace the terms A, f by A and f in (4.3) respectively. At
the same time, by (4.3) we have for every ¢t € (0,77),

Ohl 00l = 2 (0,040, 0,0)

=2 <0I (;&fzv — %A(v) (O, 0,v) + f(v,Bw)) ,8zv>
= <83 v, 0,0) — (0y (A(V) (85, 00)) , 020) + 2(0y (f (v, 0yv)) , Ozv)

TTrxT
=: Il + 12 + 13.
By direct computation we obtain

182

1= 5 T (|a€vv|2) - |a§wv|2
Since (A(v) (0,v, 0,v) ,0,v) = 0, we have

I = =0, ((A(0) (920, 0:0) , 0:0)) + (A(v) (Or0, 020) , 02 0)
= (A(v) (0xv,0,0) , 02,0) .
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Note that by (4.3) there is an orthogonal decomposition for 92 v as follows

97,0 = (97,0)" + (92,0) 7,
(02,0)T == 20,0 — 2f(v,0,v) € T,N,
(92,0)F := A(v) (9,0, 0,v) € T-N.

So we obtain
1
L +1, = §3§x (\3zv|2) — [(92,0)" 2.
By (2.6) we have

|I3| =2 |<Vamv (f(va azv)) »amv>|
< 2|Va,o (f(v,0:0))] [0z

< 2( |fo(v, 020)||0z0| + [V f (v, 9z0)] ‘vf?zvamvo |00
< c1 (10.0] +1(02,0) ")) 102v] < [(92,0)" 7 + 2| Opv].

Here the fourth step above follows from the fact Vy,,0,v = (%xvaxv)T = (02,v)T and
the last step is due to Young’s inequality.
Combining all above estimates together for I, I> and I3 we arrive at

1
Ot 0,v|* < 5831, (1020%) + c2|0zv[?, V t € (0,T1).

So for e(t, x) := e~2*|9,v(¢, x)|? it holds,
1
Oe(t, ) < Eagxe(tm), Vite (0,Ty).

Applying Itd’s formula to e(t — s, Bs; + x) directly we obtain for every 6 € (0,77) and
te (6, Th),

e(t,x) = e "0yu(t, )]* <E[e(0, Bt +2)] = | po.0)(t,9)|0yh(y)[*dy
"H‘l

<as 2 [ 1o, h)Pd,
’]I‘l
where p(o . (t,y) is the heat kernel defined by (5.4) below. This implies immediately that

sup |8mv(t7x)\2 < C3eCQT15_1/2/ |8yh(y)|2dy. (4.4)
(t,x)€[8,T1)x Tt T

So we have limyr, sup, e |9,v(t, z)|> < oo, hence by standard theory of quasi-linear
parabolic equation, we could extend the solution v of (4.3) to time interval (0, 7] for
some 75 > T;. By the same arguments above we can prove that (4.4) holds with T3
replaced by 75. Therefore repeating this procedure again, we can extend the solution v
of (4.3) to time interval [0, T for any T > 0.

Then for any fixed T' > 0, suppose v € C1([0,T] x T'; N) N C?((0,T] x T!; N) is the
solution of (4.3) constructed above in time interval [0,7]. We define Y; = v(T — ¢, By)
and Z; := 0,v(T —t, By) for t € [0,T], applying It6’s formula directly we can verify that
(Y, Z) is the unique solution to the N-valued BSDE (3.1) which satisfies (3.2) for some
Cy > 0. O
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5 The proof of Theorem 3.6

In this section we will partly use the idea of [9, 35] (with some essential modification
for the appearance of term f) to construct a solution to the L?(T™; N)-valued BSDE (3.5).
Through this section, let G : R” — R be defined by (4.1) and we define g : R* — R-
by
g(p) :== VG(p), VpeR".

For any ¢ > 0, based on linear growth conditions (2.8) and the fact g € Cg°(RE; RE),
by standard theory of quasi-linear parabolic equation (see e.g. [25, Chapter V and
VII], or [27, Appendix A]), there exists a unique solution v, : [0,7] x T™ — RY with
ve € C2((0,T) x T™; RE) N CL([0,T] x T™; RL) to following equation

{ Opve(t, z) — %Amvg(t, x) = —ig(va(t,x)) + flve(t, x), Voue(t, 7)), (5.1)

ve(0,2) = h(x).

Inspired by [9, 35], we are going to give several estimates for v..

Lemma 5.1. Suppose that v, is the solution to (5.1), then for every € > 0, it holds that

T
/ / |0v- (t, x)|*dxdt + sup (/ |va5(t7:r)\2d:v—&—1 G(va(t,x))dx>
0 m te[o,T] \JTm € Jrm
(5.2)
< et (C4T+/ |Vzh(x)|2dx> :

where C; > 0 is a positive constant independent of £ and 7.

Proof. We multiply both side of (5.1) with d;v. to obtain that for every s € [0, 7],

/0/ Y 'at“f(t’@'%dt:% /0 S / (Drvet ), Agve(t, o)) dadt
- 216/OS/m<VG(Ue(t7$)),8tvg(t,x))dmdt

+ / / (F(ve(t, 2), Ve (£, 2))  Opve (1, 7)) dedt
0 m
=1 +I5+1;.

Since v. € C2((0,T] x T™; RF) N C*([0, T] x T™; R¥), we obtain
1 S
If=—; / / (V. (£, 2), Vv (£, 2))dwdt
0 m

_ 1 ° 2
_ _1/0 at(/m V0. (t, )| dx)dt

1
:1/ |V$h(x)|2dx—i/ V. (s, 2)[2da.

Note that (VG (v.(t,x)), dve(t, )) = 8, (G(ve(t, x))), it holds

1 S
I5=—— at( G(vs(t,x))dx)dt
2e Jo Tm
1 1
- —7< G(ve(s, z))dz — G(h(x))d:c) =—— | Gve(s,x))dz.
2e \ Jrm Tm 2e Jpm
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Here the last equality is due to the fact that G(p) = 0 for every p € N and h(z) € N for
a.e. x € T™. Meanwhile by (2.8) and Young’s inequality we have for every s € [0, 7],

1< [ (300 oP + 817 0t,). Vot ) dode

< %/ / |0y (t, ) |Pdadt + ¢ / / (14 Vv (t,2)|?) dodt
o Jrm o Jrm
1 S S
< 3 / / |0sve (t, ) |Pdadt + ¢, / / |Vove(t, z)|2dxdt + ¢ T,
O m O m

where the positive constants c;, co are independent of €. Therefore combining all above
estimates together yields that for every s € [0, T]

1
/ / |Opve (t, )| da:dt—|—( / \vag(s,x)|2dm+ - G(Ug(s,x))da:>
m m T’Yl
< 5/ |V.h(z)] dw+202T+201/ / Vv (t, x)|*dxdt.

Hence applying Gronwall lemma we can prove (5.2). O
Given a point zg = (to,xo) € [0,T] x T™, we define

QR(Z()) = {Z = (t,l‘) S [O,T] x T™ x € B']I‘m(l‘o,R), |t—t0| < R2}, 0<R< 1/2,

(5.3)
Tr(z0) :={z = (t,x) € [0,T] x T™;to —4R* <t <ty — R?}, 0< R < /ty/2.
Also for any zo = (tg,zo) € [0,7] x T™, 0 < R < min(1/2,//2), let
1 |z — 20|
IO L — (77),% 0,7], z € T™, 5.4

o.(R) ::R2/m (%|va5(to C R, ) + éG(ve(to — B2/2,2))) pay(to — B2[2,2)2, (2)da,

1 1
[ (5IVavnlto ~ B /2.0 4 ZG(0n(ta ~ B2 /2,)) )yt — RY/2,2)7, ()

(5.5)
U (R) = //T ( 1|ngvg(t,ac)|2 + 1G(ve(t,ac))),oz()(t,ac)goio(x)dgcdt
:/ / |V ve(t, x)|? + 1G(ve(t x)))pZO(t z)5, (z)dxdt (5.6)
to— 4R2 m €

/ / SIVave(t ) + ZGloe(t,2)) ) b, )2, ().
to—4R2 JR™

Here ¢,, € C>*(T™;R) is a cut-off function which satisfies that ¢,,(z) = 1 for every
& € Brm(xo,1/4), @uy(x) = 0 for every x € T /Bym(20,1/2) and sup,, cpm [0z lloo +
IV 2@s,lloo < 00, and in the last equality of (5.5) and (5.6) we extend ¢,, to a function
defined on R™ with compact supports.

Lemma 5.2. For any fixed zg = (to,x0) € [0,T] x T™, let ®.(R), U.(R) be the functions
defined by (5.6), then for every 0 < R < Ry < min(1/2,/%9/2),

®.(R) < 0B _(Ry) + Cs5(Ry — R), (5.7)

U, (R) < 5T~y _(Ry) + C5(Ry — R), (5.8)

where Cj is a positive constant independent of ¢ and zg = (to, xo).
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Proof. In the proof, all the constants ¢; are independent of ¢, zp and R. For every
l<t<4and0 < R < Ry < min(1/2,/%/2), set vE(t, z) := v.(to — R*t, 20 + Rx). By (5.1)
we have immediately that

2

(‘3t11 (t,z) + Axv (t,z) = %g(vf(i,m)) —fR(vf(t,x),vaf(t,x)), (5.9)

where f%:REF x R™ — R’ is defined by ff(p,u) = R%f(p, R~ 'u).
Also note that p,, (tg — R*t, 79 + Rx) = R™™ P0,0)(t, z), applying integration by parts
formula we obtain

4
1 1
R) = R2+m/ / (31Vsvetto = R2t,0 + Ro) + ZGlus(to — Bt 20 + Ba))
X pz(to — R°t, mg + Ra)2 (w0 + Rx)dzdt

4
1
-/ g1V bl + R

/ / B(t,2))po,0)(t, 2)02, (z0 + Ra)dadt
R™
=: I R I3 R.

Meanwhile according to integration by parts formula we have,

716 R _ / / <A o (¢, z), Ov; a(R )>p(0’0)(t,$)gpio (zo + Rx)dxdt
R
_/ / <vaf’(t,x) -V (p0,0)(t, )02, (x0 + Rx)), 3”58(1’;95)> dedt (5.10)
1 m

4
+ / / |va§(t, 3:)|2<pr (w0 + Rx)p(0,0)(t, ) (ngoxu (zo + Rx) - x)da:dt.
1 ”I'TL

Note that
Y- vR(t,z) = —2tROv.(tg — tR?, zo + Rx) 4+ Vv.(to — tR? 29 + Rx) -
R(2t8tv (t,z) + Vool (t, x) - :c),
and V.p(o,0)(t, ) = —%p(0,0)(t, z), putting these estimates into (5.10) we arrive at
0 pen

8R
1 R z R R R
=— —<A$v6 (t,x) — 7 Vvt (8, @), 2600 (¢, ) + Vot (¢, ) ~x>®R(t,x)dxdt
4
- 2/ / <V:,3v§(t, x) - Vo, (w0 + Ra), 2t (t, 2) + Vool (t, x) - m>AR(t, x)dxdt

4
1 m

where Og(t,z) 1= p,0)(t, z)¢2, (20 + Rx), Ar(t,x) = p,0)(t, )pe,(zo + Rx). By the
same way we obtain

—IER / / vl (t, ), 2t0 (¢, ) + Vol (2, )~x>@R(t,x)dxdt
+ 2/ / ~ x))AR(t, x) (sz%o (xo + Rx) - x)dxdt
R7YL
/ / t,2))OR(t, x)dxdt.
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Combining all above estimates for 57 I ok a%?, I3 R together and applying (5.9) yields that
0 1 R R 2
arv®=] | ’2153151)6 (t,2) + VouR(t,z) - x‘ On(t, x)dxdt

ﬁf/m;U”@Wﬂﬂwﬂmwﬂwfmw+w@wmm>

X Or(t,x)dxdt

N 2/4 . vaf(t, ) - Voo (0 + Ra), 2t0p0 (¢, 2) + Vo (t, x) x>

x Ag(t,x)dzdt

/ /m Vavs(t @) + ( (7I)))AR(tv$)(va@mo(l’0+RI) - x)dadt

/ /R - t,x))Og(t, x)dzdt
= Z JE(R

Since |f®(p,u)| = RQ\f(p,R_lu)\ < aRR+ |u
obtain

\|M»>

), according to Young’s inequality we

4
JE(R)| < 2J5(R) + ¢ / / HER® + RIVo0l(t,2)2)On(t, v)dwdt
1 m

N

| = »JM»—‘ | = .4;\,_n

4
Ji(R) + c3 +C4/ RV vE(t, 2)|?Og(t, z)dxdt
L e

Ji(

H('l

+@+@/ /’wawxnmwxw¢>Mﬁ
tO 4R2 m

N

J (R) + C4\IJE(R) -+ c3,

where in the second inequality above we have applied the property

4 4 3

1
/ R3®R(t,x)dacdt < R3||g0mo||go/ / P(0,0)(t, x)dxdt < s R < s () .
1 Jrm 1 Jrm 2
Still applying Young’s inequality we get
| J5 (R
1 4 R 2
< ZJlE(R) + c6/1 /m tR’vaE (t, ) - Vaopu, (o + R:z:)‘ 0,0y (t, z)dxdt

1 4 2
= —J{(R) + 06/ / tR?’_m‘vaE(to —tR% 1) - Vipu, ()
4 1 JB(w0,1/2)/ B(w0,1/4)

X £(0,0) (t, — )d.’Edt
1 1

< = Ji(R) + ¢z sup / |V v (t, )| 2de < = J{(R) + cs.
4 tel0,T] JTm 4

Here the second step from the change of variable and the fact that V,¢,,(x) # 0 only if
x € B(zg,1/2)/B(x0,1/4) (note that we still denote the extension of ¢, to a function on
R™ with compact support by ¢.,), in the third step we have applied the property that
—m Tr—x
sup sup B ooy (= %) < e
Re(0,1/2),t€[1,4] z€ B(z0,1/2)/B(z0,1/4)

_ _ 1
sup  R*7"e 1mRZ < ¢y,
Re(0,1/2)
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and
[ WetoPd< [ VatoPds
B(xo,1/2)

the last step is due to (5.2).
Handling J§(R) by the same way of that for J5(R) we arrive at

1
|J{(R)| < c11 sup (/ |V$Us(t,x)|2da: + f/ G(ve(t,x))dx) < 9.
tefo,T] N JTm € Jom

Combining all above estimates for JF(R), ¢ = 1,2, 3,4 together yields that

7\IJE(R) 2 *Jls(R) — C4‘1/5(R) — C13,
= 704‘1’5(R) —c13, VO < R < Rp.

Applying Gronwall’s lemma we obtain (5.8) immediately.
The proof for (5.7) is similar with that for (5.8), so we omit the details here. O

Lemma 5.3. Given a ¢ € (0,1) and R > 0, suppose that v. g € C?((0,7] x T™; RL)
satisfies the following equation

1 R2 _
Opve r(t,x) — §A$UE7R(t,x) = —%g(vsﬁ(t,x)) + fR(vg,R(t,x),vae,R(t,:c)), (5.11)

where fR(p7 u) = RQfT(pa R_lu)' Set e(ve,R)(tam) = %|V$U5,R(tvx)|2 + RTQG(’UQRGHJ;))'
Then there exists a positive constant Cs > 0 such that for every ¢ € (0,1) and R > 0,

1
Oe(ve,r) — §Axe(vE,R) < Coe(ve,r) (R2 + e(vE,R)), Y(t,x) € (0,T] x T™. (5.12)

Proof. By (2.3) (see e.g. [7, Section II1.6]) we know that

Vdistn (p) € Tpy (N, ¥V p € B(N,36)), (5.13)

_ 2
’V(dist?v)(p)‘ — 4dist?,(p), ¥ p € B(N,30). (5.14)
Note that G(u) = x (dist% (p)), by direct computation we have

R? 1
? (8,5 — 2Aw) G (UE,R)
R? , . = .0 1
= ?X (dlStN(UE,R)) <V (dlStN) (US,R)v (8t - 2Am)va,R>
R2 / s g2 = s 42
~ 5 <V1- (X (dlStN(U&R)) v (dlstN) (U57R)) ~V1.vg,R>
= I 4 1"

and
<5t - ;Az) % |Vz’Us,R|2 = <Vz <atU5,R - ;szs,R) : vas,R> - %|V§U5,R|2
= 5 %WﬁvE,RF.
Here we use the notation to (-) to denote the total inner product for all the components

in R™ and RY. (For example, (V, (;ve.r — 38505 R) - Vale )= ey Zé:l O, (0% g
_%A:vvf,zz) awivg,R)
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According to (5.14) and (5.11) we find that

e, R R* 1 3:02 2= .2 2
I - 92£2 |X (dlStN(ve,R))| |v (dlStN) (UE,R)|

R? ) - = /..
+ —X’ (dlst?v(vs,R)) <fR (Ve,r, Vave,r), V (dlSt?\;) (U57R)>

2R*
= —— |X (dlstN) Ve.R | dlstN (ve.R) -

Here in the last step we have used the property that
<f_R(p7 ’LL), vdlStN (p)> = 0> VP € B(N7 350),’& € RmLa

which is due to the fact that ff(p,u) € Tpy(,)N (see the definition (2.7) of f) and

V (dist}y) (p) € T, () N-
Note that for every p € B(N,3d), disty(p)? = |p — Py(p)|?, hence for every p €
B(N, 360),
82distN << oPk ) ( oprk ) X 0Pk >
—2 e — i — ZN () ) = (pp— P .
. apj Z E G, ~(p) ) (0 o) () ) — (e — PE(p)) o5, 8p]( p)
Based on this we obtain that when dist y (v:) < 260,
<V$ (? (dist?\,) (ve, R)) . vag,R>
EL: Z 82dlstN ) an,R avg,R
(ve,r —
=1 1=1 81‘1 833[
L m /L 2
vl oPk
~23 3 (355 (e G )
k=11=1 \i=1 3‘” Opi
L m i j
52 Pk ol p ov!l
—2 — PN (veRr)) 2 (ve S St
”23_1; ( v (ve.n)) OpiOp; w ’R)> or; Oz

> 701dIStN(’UEVR)|vas,R| y
where in the last step we have used the fact [v¥ , — P} (ve,r)| < disty (ve,z) and

0?2 P’“
OpiOp;

X (p)| < o

sup
peB(N,250)

This along with the fact x’ > 0 yields that when dist y (ve,r) < 200,

1 R? . .
5 < 126 X (dlst?v(vg,R)) distx (ve,r)|Vzve r|?

R? _

+ % |XN (diSt?\/(UE,R))’ |V(dist?\,)(v573)|2 |va8,R|2
R* T 2 .2

< %2 X' (distd (ve,r)) |~ dist?y (ve,r)

R* . 2 .
t = X" (dist} (ve,r))|” disti (ve, ) {distn (0o n) =601 T €3 Vae,r|*

C4R4
2 G2 (U&R) + CS‘vxve,R|4

R 2 .42
<53 Ix' (distd (ve))|” disty (ve,r) +
R* 1 1rer2 2.2 2
< ) |X (dlstN(vE7R))| disty (ve,r) + cse(ve,r)”.
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Here second inequality follows from Young’s inequality and the fact x”(s) # 0 only when
s > 62, in the third inequality we have applied the property that

. 2 ..
|X” (dlSt%/(vE,R))‘ dlStle(U57R)1{diStN(UE.R)26O}

c6G? (v R
< 61 dist y (ve, ) =60} S #Hdism(vﬂ);%} < e7G? (ve,R) -
0

By (5.11) again we have
I§’R =ty (Va (fR (Ve,r» Vae,r)) * Vale,R) -
According to (2.8) we obtain immediately that
(Vo (fF (ve,r, Vave,r)) - Vave r) < s (R?|Vyve 5|* + RIVyve 5|* + RIV20: 1| Vave k)

1

< §|V§U€,R|2 + ¢ (R2‘vmvs,R‘2 + |vxve,R|4)
1

< §|viU6,R|2 + cr0e(ve,r) (R? + e(ve,R))

where in the second inequality above we have used Young’s inequality.
Combining all above estimates for 157, 15", 15" together we can prove the desired
conclusion (5.12). O

Remark 5.4. Due to the appearance of term f, the solution v. to (5.1) is no longer
scaling invariant. Therefore compared with the method in [9] and [35], in Lemma 5.2
and Lemma 5.3 above we could not only consider the situation for R = 1.

Lemma 5.5. Suppose that ¥_(R) is defined by (5.6). There exist positive constants
6o and Ry € (0,1/2) such that if for some (to,z0) € [0,7] x T™, R < min{Ry, /t0/2},
€€ (0,1),

V. (R) = // (1|Vzvs(t7x)\2 + 1G(vg(t,:n)))pz() (t,x)goio (z)dzdt < Oy, (5.15)
TR(ZO) 2 £

then we have
Cr

K2R2’

sup (|Vv5(t7m)2 + éG (ve(t, x))) < (5.16)

(t,2)€Qrr(20)

Here & is a positive constant depending only on Ey := [, V.h(z)|?dx, R (but indepen-
dent of €), and CY is a positive constant independent of ¢ and R.

Proof. The proof is almost the same as that of [9, Lemma 2.4] or [35, Theorem 5.1],
the only difference here is that we have to use the equation (5.1) which is not scaling
invariant. For convenience of readers we also give the details here.

Set e(ve) := 3|Vyve|?> + 2G (v.). Let 7y := kR for some positive constant x € (0,1/2)
to be determined later. In the proof we write Q,.(zo) for @, with every r > 0 for simplicity.

Then we find an ry € [0,7] such that

sup {(rl - r)2 sup e(vs)(t,x)} =(r — 7'0)2 sup e(ve)(t, ). (5.17)

0<r<r (t.2)eQ, (£,:2)€Qu,
Moreover, there exists a z; = (t1,21) € @y, such that

sup e(ve)(t, x) = e(ve)(t1, 1) =: eq.
(t,)E€Qr,
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Let sg := %(rl —1p), it is easy to see that Q;,(z1) C Qry+s,- Hence by (5.17) we have

T — T 2
swp et < swp e)(te) < Y sup e(u)(tx) = deo.

(t,2)€Qsq (21) (£,2)EQrg+s0 80 (t,2)€Qr

Now set

t T
KO = \/%807 UE,Eo(t7x) = Vg (60 + t17 \/T>() + xl) )

1 1
€ (Ve o) (t:3) i= 5 Vave ey (£, 2)* + 20y O Voo (t:2)).

Obviously we have

1
e (Ve,eo) (0,0) = —e(ve)(tr, 21) = 1,
’ ) (5.18)
sup € (Vo) (t,x) = —  sup  e(ve)(t,z) < 4.
(t,2)€EQ K, ((0,0)) €0 t,x€Q s (21)

Meanwhile, it is not difficult to verify that v. ., satisfies (5.11) withe = ¢ and R = \/170
therefore according to Lemma 5.3 we have

<8t = ;Am> € (Veyep) S €16 (Verey) (€9 " 4 € (Veey)) - (5.19)

Now we claim that Ky := \/eosp < 1. In fact, if K > 1, then e, ' < sZ < T, thus by (5.18)
and (5.19) it holds

(at - ;AJU) € (Ve,eq) < 1€ (Vereo) (T + € (Veyeq)) < €26 (Veyey) 00 Qi ((0,0)).

Therefore for € (ve ¢,) := e “2'e (v ¢,) We have

(at _ ;AI> & (0e0,) < 0 on Qe ((0,0)).

Since we assume that Ky > 1, according to mean value theorem for sub-parabolic
function in [29, Theorem 3] or [34, Theorem 5.2.9] we obtain

1=2¢(vee,) (0,0) < 03/ € (Ve,ey) (t, x)dtdx
Q1((0,0))

< 04/ € (Veep) (t, x)dtdx = 646(? / e (ve) (t, z)dtdz.
1((0,0)) Q%o(n)
(5.20)

According to (5.7), (5.8) and following the same arguments in the proof of (2.19) in [9,
Lemma 2.4] (and also the comments in the proof of [9, Lemma 4.4]), for any 6 > 0 we
can find x(6) € (0,1) which may depend on R and ¢5(J) > 0 independent of R such that
for every z € @, s > 0 with r + s < kR,

s_m/ e (ve) (¢, z)dtdx < c5 (V- (R) + REy) + 6 Ey
Qs(2)
< ¢5 (0o + RoEo) + 0Ey,

where the last inequality follows from (5.15) and the fact R < Ry.
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Note that z; € @, and \/% +1rg < sg+ 719 < ry = kR, so for every 6 > 0, we can find a
¢g(d) > 0 such that

m

caed / € (Ve,eo) (t, x)dtdz < c6 (6o + RoEo) + 6 Ep.
Q_1L (=)

€0

11 we get

: — inf L1 _ 1 — 1
Hence choosing § = min{ 5, 5}, 6o = Ty Bo = min{ ;7 5

m

04607/ e (Ve,eo) (¢, z)dtdz <
Q_1L (=)

»Mw

which is a contradiction to (5.20). So we obtain that Ky < 1. This along with (5.17)
yields that for any r € [0, 7],

(ri —7)* sup e(v.)(t,x) < sup {(7’1 —7r)? sup e(v.) (t,x)}

(t,z)EQr 0<r<rm (t,z)EQr
=(ri —7r0)?> sup e(v.)(t,x) =4sien = 4Ky < 4.
(t1x)€Qr0
Therefore taking r = % = "R we can prove desired conclusion (5.16). O

Lemma 5.6. Let R, 0y be the same constants in Lemma 5.5, we define

Y= ﬂ {ZO = (to,l‘o) € [O,T] x T™;
RE(0,Ro)
1iminf// (1|V$va(t z)]? + 1G(v (t x)))p (t,x)p2 (z)dxdt > 90}.
el Tr(z0 2 7 € o o - g
(5.21)

The ¥ is a closed subset of [0,7] x T™ which has locally finite m-dimensional Hausdorff
measure with respect to the parabolic metric d defined by d(zl, 29) 1= |t; —to|* + |7y
VZl = (tl,l‘l), = (tz,.’lﬁg).

Proof. According to formula (5.7), (5.8) (and the comments in the proof [9, Lemma 4.4]),
the proof is exactly the same as that of [35, Theorem 6.1], so we do not include the
details here. O

Now we start to prove Theorem 3.6
Proof of Theorem 3.6. Step (i) Suppose v, is the solution to (5.1), set
Y =0 (T —t,By + ), 2 ==V, (T —t,By + ), ¥V (t,z) € [0,T] x T™.

Since v. € C%((0,T] x T™; RL) N C([0,T] x T™; RF), applying It6’s formula and (5.1) we
obtain immediately that for every (¢,z) € [0,7] x T™,

m

T
“=h(Br+u Z/ Z5=dBL — / 259(1/:’5)019—!—/ FYEe, Z2%)ds. (5.22)
t

According to the uniform estimates (5.2) for v., we can find a function v € W2([0, T];
L*(T™; RL)) satisfying V,v € L*°([0,T]; L*(T™; R™%)) and a subsequence {e;}3° ; with
limg_, o0 € = 0, such that

dyve, — Oy weakly in L2([0, T; L*(T™; RE)), (5.23)
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Vove, — Vv weakly® in L>([0, T); L*(T™; R™E)). (5.24)

By (5.2), Sobolev embedding theorem and diagonal principle, there exists a subse-
quence {e;}72, (through this proof we always denote it by {e;}¢2, for simplicity) with
limy_, o €x = 0 such that

lim [ve, (t, ) — v(t,z)[*dz = 0, ¥t € QN [0,T], (5.25)

k—o0 Tm

where @ denotes the collection of all the rational numbers as before. Still according
to (5.2) and the calculus for time involving Sobolev space (see e.g. [16, Theorem 2,
Section 5.9.3]) we obtain for any 0 < s; < so < T and ¢ € (0,1),

S2
ve(s1,-) — ve(s2, ')’ Lermimey S / [0ve (t, )| L2 (xm;re ) di
3 S1

T (5.26)
\// ||atv5(tv')H%Q(Tm;]RL)dt\/ S2 — S1
0

<
< c1vVS2 — Sq-

This along with (5.25) yields that v € C([0,T]; L*(T™;R%)), (5.26) holds for v and for
every t € [0, 7] we have (choosing a subsequence of {v., } if necessary)

lim ve, (£, ) — v(t, z)|* dz = 0. (5.27)

k—oo Jpm

We define Y;* := v(T — t, B, + ), Z} = V,u(T —t, By + x) for every (t,z) € [0,T] x T™.
So it follows from (5.27) that

lim E [/ |y, =F — Y{”|2dx} =0, Vtel0,T]. (5.28)

k—o0

For every 0 < s <t < T, it holds
| ¥ - Ye)Pds
< 2/ |v(T — s, Bs(w) + ) — v(T — t, Bs(w) + x)|2d:17

+ 2/ |o(T —t, Bs(w) 4 z) — v(T — t, By(w) + z)|*dz

m

= 2/ |o(T = s,2) —v(T — t,z)|*dx + 2/ |o(T — t,x + Bs(w) — Bi(w)) — v(T — t,z)|*da
=: I(s,t,w) + Iz(s,t,w).
Applying the fact that (5.26) holds for v we obtain

Ii(s,t,w) < 2¢3|s — t|.

Meanwhile by standard approximation procedure it is easy to verify that for every fixed
te[0,T],

lim lu(t, x +y) —v(t,x)|*dx = 0.
y—=0 Jpm

This, along with the continuity of ¢ — B;(w), implies immediately that we can find a null
set IIy C €2 such that

linrilg(s,tw) =0, w¢lly, tel0,T].
s—
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Combining all estimates above we deduce that ¢ — Y, (w) is continuous in L?(T™; RL)
a.s.. According to this and the property that sup,¢jy 1 [v(t, )l L2 (pm;rey < 00 we can
prove

E

sup |Y}'|2L2(TM;JRL)] = sup ”U(tv')H%?(Tm;RL) < o0.
t€[0,7] t€[0,T]

Hence by all the properties above we have verified that Y € .#2(T™; R”). At the same
time, since V,v € L ([0, T]; L?>(T™; R*)), we have immediately that Z € .#2(T™; RF).
Moreover, for every ¢ € C2(T™; RF) it holds that

/OT / <th’i’a’°,¢(m)>daz—/m (7' v(@)) da th]
I (v {fer-snsmi

/OT /m <v5k(T—t,x),g;i(m—Bt)>dx—/m <U(T_t,x),

T
<C2||vz¢u§o// (o, (£, 2) — o(t, 2)[2dadt.
O m

E

=

=E

Q| Q
=
|
=
~_—
U
8

So by (5.26) and (5.27) we have

/OT /m <th"i’€k,zb(:r)> dx — /m <Zt“,¢(x)> da

which implies that for each ¢ € [0,7] and 1 < i < m,

[ (e ) am— [ [zt vtonar) as;
(5.29)

Step (ii) Let ¥ C [0,7] x T™ be defined by (5.21). By definition, for every z; ¢
3, (5.15) holds for some R € (0, Ry), therefore by (5.16) we could find a neighborhood
Q(z0) := Qxr(20) of zy such that (taking a subsequence of {v., } if necessary)

lim E

k— o0

2
dt] =0,

2
lim E

k—o0

=0.

1
sup{ sup (|Vzv€k (t,2)]> + —G(v., (t,x)))} < ¢3 < o0. (5.30)
k>0 % (t,2)€Q(20) €k

Note that G(v.,(t,z)) = x (disty (v, (t,z))) and x(s) < 62 only if s < &2, it follows
from (5.30) that for every k large enough,

G(vgk (t,x)) = dist?\, (ve,, (t, 7)) < esep, V(¢ 2) € Q(z0).

Note that we could find a countable collection of open neighborhoods {Q;(z0)}2; as
above to cover [0,7] x T™ /3, by diagonal principle there exists a subsequence {v., }
such that

lim G(ve,(t,z)) =0, V (t,x) € [0,T] x T™/%.
k—o0

By Lemma 5.6 we know that X has locally finite m-dimensional Hausdorff measure with
respect to d, so under the Lebesgue measure on [0,7] x T™, X is a null set. Therefore
according to (5.27) it holds that

G(v(t,x)) =0, dt x dw —a.e. (t,x) € [0,T] x T™,
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which implies that v(t,-) € L?(T™; N) for a.e. t € [0, T]. Combining this with (5.26) we
know that for every fixed ¢ € [0, T7.

v(t,z) € N, ae x € T".

and v(t,-) € L*(T™; N).
By this we know for every fixed t € [0,7] and 1 < i < m,

Oz, v(t,x) € Tye,yN, ae.x € T™.

Hence Y; = v(T—t, By+-) € L*(T™; N) for every t € [0,T] and Z|"* = 8, v(T —t, B;+x) €
Tys N for dt x dz x P-a.e. (t,r,w). Note that it has been proved that Y € Z(T™; RE),
Z € #*(T™;RF) in Step (i) above, so we have (Y, 7) € .¥ @ .#>(T™; N).

Step (iii) Let e(v.)(t, x) := 3|V,v.(t,2)|* + 1G(v(t,x)). By the same methods (to
estimate If’R and IS’R) in the proof of Lemma 5.3 we can prove for every ¢ € (0, 1),

(0 — %Am)e(ve) + siz |X/ (dist?v(vs)) |2 dist? (ve) < cae(ve)(1 + e(ve)), (t,z) € (0,T] x T™.

Combining this with (5.30), repeating the arguments in the proof of [9, Theorem 3.1(Page
94)] and the comments in the proof of [9, Lemma 4.4] we can prove that for any open
subset Q' C Q(zo) with zp € [0,T] x T™/%,

sup/ |V20., (t, x)]*dtdz < oo, (5.31)
k>1 Q'
and )
1
<8t - QAx) Ve, — (at — 2Ax> v weakly in L .(Q(20)), (5.32)

1 _

E—distN(vsk) — X weakly in L2 .(Q(20)), (5.33)

k

for some \ € L2 (Q(z)).

loc

By (5.31) we can find a subsequence {v., } such that
V20, — VZu weakly in L (Q(20)). (5.34)

At the same time, for every ¢ € C°(Q(z)) (here C°(Q(z9)) denotes the collection of
smooth functions defined on [0,7] x T whose supports are contained in Q(2)), we have

// |V 5 0e, (t,x)|2g0(t,x)dtdx = — // o(t, v)(Agve, (t, ), v, (T, x))dtdx
Q(z0) Q(z0)
- // (Vzo(t,x) - Vyue, (t, ), ve, (t, x))dtdx.
Q(z0)

Based on this expression, according to (5.24), (5.26), (5.27), (5.31) and (5.34) we obtain

lim // Vo, (£, )% o(t, z)dtds = // IV ou(t, ) o(t, z)dtd.
Q(zo0) Q(z20)

k—o0

This along with (5.24) yields that for every ¢ € C°(Q(20)),

lim / / Va0, (b 2) — Voul(t,2) 2 ot @)dtde = 0,
Q(z0)

k—o0
which means (take a subsequence if necessary)

lim Vv, (t,2) = Vyo(t,z), dt xdx —ae. (t,z) € Q(z0).

k—o0
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Note that we could find a collection of countable open neighborhoods {Q;(z0)}52, as
above to cover [0,7] x T™ /%, by diagonal principle there exists a subsequence {v., }
such that (since the measure of ¥ is zero under dt x dx)

lim Vv, (t,2) = Vyo(t,z), dt xdz—ae. (t,x) €[0,T] x T™.

k—o0

This together with (5.27) implies immediately that (taking a subsequence if necessary)

klim f(ve, (t,7), Vave, (t,2) = f (v(t,2), Veu(t,z)), dt x do —ae. (t,z) € [0,T] x T™.
c— 00

(5.35)
Meanwhile by (2.8) and (5.2) it is easy to verify that f (v., (T —t, ), Vyve, (T —t,z)) is
uniformly integrable with respect to dt x dx since

T
Sup/ / ’f(vsk(T—t,l’),vx’ugk(T—t,JS))thdz
k>1J0 m

T
<cs (1 + sup/ / |V e, (T — t,x)|2dtda:> < o0.
k;21 0 m

According to this and (5.35) we obtain that for every ¢ € L>=([0,T] x T™; RE),

lim/ / F (oo, (t,2), Vove, (t,2)) , O(t, )>d:z:dt

k—o0

Wt
//m ), Voolt, z)) >dmdt

Hence for every ¢ € C*(T™;RY), t € [0,T] and a.s. w € Q,

lim/ /m Fy@er, z2o%) y(z)) deds

k—o00
= lim (f (ve (T = 8, Bs + 2), Vv, (T — s, Bs + x)) , ¢(x)) dads
k—oo Tm
= klim / / (Ve (T = 5,), Voue, (T — 5,3)) , ¥(x — By)) duds (5.36)
— 00 m

/t <f(U(T—s,x),va(T—s,x)),z/;(:c—Bs»dccds

/ /T: f(Ye Z5) >dmds

Step (iv) Note that by (5.30) we know Y’ (dist?\,(vsk)) = 1 on Q(zp) when k is large
enough. So as explained in the proof of Lemma 5.3, we have

1 1 -
—g(ve,) = —Vdist?v(vgk)
Ek Ek

2 . = . 1
= ?kdIStN(vgk)VdIStN(UEk) € TPN(vsk)N

Hence combining this with (5.32), (5.33), (5.35) and following the same arguments in the
proof of [9, Theorem 3.1(Page 94-95)] we obtain that for dt x dz-a.e (t,z) € [0,T] x T™/%,

{ (at - ;AI> o(t,z) — f (u(t, ), Vault, z)) }J_TUN.
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From this we deduce that for dt x dz-a.e (t,z) € [0,T] x T™/%,

(2= 50 ) 0= F(0.90) = g (238 ) 0= F0.Te0) 500 posto)

L—n
= Z - <;va, Vj(v)> vj(v) (5.37)
Z—%ZA( ) (0,0, 0,v)

where {v;(p) ]L:_{L is an orthonormal basis of TplN at p € N, in the second equality above
we have used the fact f (v, Vv) € T,N, 0w € T,N for a.e. x € T™, and the last step
follows from the standard property of sub-manifold (see e.g. [26, Section 1.3]).

Given (5.37) and applying the same procedures in the proof of [9, Theorem 3.1(Page
95)] (using again the fact that the measure of ¥ is zero under dt x dx) we obtain that for
every ¢ € L>=([0,T] x T™; RE),

m

/OT/m (0, ) + ;Z ({000,008 ) + (A(0)(00,0,00,0).5) )

<f(v Va0), ¢> dtdz = 0.

Combining this with the equation (5.1) and the convergence property (5.23),(5.24),(5.36)
it holds that

kli_}rgo/ /< g (ve,), >dtdx = Z/ / V(O 0y O, 0), 1/3> dtdx. (5.38)

For any ¢ € C?(T™;R%Y) and t € [0, T, taking &(s, x) = (T —s,0—B;)lp,r—q(s) in (5.38)
where ¥(s,z) = ¥(x) Vs € [0,T], we obtain that for a.s. w € Q

T 1
lim / / <g (Yf’gk>,¢(s7x)>dxds
—00 m Ek
= klim / / < g (ve, (T — s,Bs + 1)), ¢(s,x)> dzds
=g [ ] (Lt o s - Bt o)) deas

mo T
= Z/o . (A(v(s,2)) (0g,0(s,2), 0,0(s,2)) , (T — 8,2 — Bs) 1o r—g(s)) deds
i=1

t

m T
=2 / (AYD) (220, 237) (s, @) dads.
i=1 Tm

Putting this with (5.28),(5.29), (5.36) into (5.22) we can verify that for every ¢ € [0, T]
and ¢ € C%(T™; RF), (3.6) holds for a.s. w € Q. By Proposition 3.7 we have finished the
proof.

O
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