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We consider the Sherrington—Kirkpatrick model of spin glasses with fer-
romagnetically biased couplings. For a specific choice of the couplings mean,
the resulting Gibbs measure is equivalent to the Bayesian posterior for a high-
dimensional estimation problem known as “Z; synchronization.” Statistical
physics suggests to compute the expectation with respect to this Gibbs mea-
sure (the posterior mean in the synchronization problem), by minimizing the
so-called Thouless—Anderson—Palmer (TAP) free energy, instead of the mean
field (MF) free energy. We prove that this identification is correct, provided
the ferromagnetic bias is larger than a constant (i.e., the noise level is small
enough in synchronization). Namely, we prove that the scaled ¢, distance be-
tween any low energy local minimizers of the TAP free energy and the mean
of the Gibbs measure vanishes in the large size limit. Our proof technique is
based on upper bounding the expected number of critical points of the TAP
free energy using the Kac—Rice formula.

1. Introduction and main results. Computing expectations of a high-dimensional
probability distribution is a central problem in computer science, statistics and statistical
physics. While a number of mathematical and computational techniques have been developed
for this task, fundamental questions remain unanswered even for seemingly simple models.

Consider the problem of estimating a vector x € {+1, —1}" from the observation Y € R"*"
given by

Aot
(1.1) Y=ZxxT+W.
n

Here, W is an unknown noise matrix which is distributed according to the Gaussian orthog-
onal ensemble (GOE). Namely, W = WT e R™" where (W; j)1<i<j<n are independent cen-
tered Gaussian random variables with off-diagonal entries having variance 1/n and diagonal
entries having variance 2/n. (In what follows, we will write W ~ GOE(n).) The parameter
A € (0, 00) is assumed to be known and corresponds to a signal-to-noise ratio.

This problem is known as Z; synchronization [61] and is closely related to correlation
clustering [10]. It has applications to determining the orientation of a manifold [62] and
as a simplified model for the two-groups stochastic block model [39] and for topic models
[15, 37]. Z; synchronization is known to undergo a phase transition at A = 1: for A < 1, no
estimator can achieve a correlation with the true signal x which is bounded away from zero.
Viceversa, for A > 1, there exist estimators that achieve a strictly positive correlation; see, for
example, [32, 49].

In this paper we consider the regime A > 1 and study the optimal estimator. Notice that—
even in absence of noise—the vector x can be determined from the observation Y only up to
a sign. In order to resolve this ambiguity, we set as our goal to estimate the n X n matrix of
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relative signs X = xx'. An estimator will be a map X R 5 RONY s X(Y). We will
see that the optimal X is approximately of rank one, that is, X(Y)~ m,m], and, therefore,
m, € R” can be viewed as an estimator of £x.

By the symmetry of the problem, it is reasonable to consider Bayes estimation with respect
to the uniform prior.1 Namely, we assume x ~ Unif({+1, —1}"*) and try to minimize the
matrix mean square error, defined by

1 = 2
(12) MMSE, (4) = inf SE[|X(¥) - xxT %],

The minimum of MMSE,, (1) is achieved by the posterior mean?

(1.3) XBayes = )?Bayes(Y) = E[xxT | Y]-

The asymptotics of the Bayes risk lim,,_, .o MMSE,, (1) was calculated in [32].

Computing the posterior expectation requires summing functions over x € {+1, —1}", an
example of the high-dimensional integration problem mentioned above. While exact integra-
tion is expected to be intractable, a number of methods have been developed that attempt
to compute the posterior expectation approximately. Two main strategies are Markov chain
Monte Carlo (see, e.g., the surveys in [4, 34, 60]) and variational inference (e.g., [16, 45, 67]).
Markov chain Monte Carlo usually requires a large number of steps to get an accurate approx-
imation. Further, despite remarkable mathematical progress, proving Markov chain mixing
remains extremely challenging [44]. For instance, we have near-linear-time algorithms that
estimate the signal x € {£1}" in the model (1.1) (and indeed more generally), with Bayes op-
timal error [50] for any A > 1. On the other hand, polynomial mixing for the posterior py|y
is—to the best of our knowledge—open for any A = O(1).

Variational inference attempts to compute the marginals of a high-dimensional distribution
by minimizing a suitable “free energy” function. This approach is usually faster than MCMC,
leading to a broad range of applications, from topic modeling [15] to computer vision and
inference in graphical models [42]. Of course, its accuracy relies in a crucial way on the
accuracy of the free energy construction. For instance, several applications make use of the
so-called “naive mean field” free energy [15]. However, it was shown in [37] that, for topic
modeling (and even the simpler Z, synchronization problem), naive mean field can return
wrong information about the posterior distribution. Theorem 1.3 of this paper confirms this
conclusion by showing that naive mean field does not compute the correct posterior mean for
Z, synchronization when A is a large enough constant.

Methods from spin glass theory [46] can overcome these limitations. Consider the Gibbs
measure of the Sherrington—Kirkpatrick (SK) model of spin glasses [41], with ferromagnetic
bias aligned with x,

Ggi(0)= exp{B(o,Ya)/2}

1
(1.4) Zn(B,2)

1
= —exp{BAr(o,x)?/2+ Blo, Wa)/2).
Zn(B, 1) { !
It is easy to check that the posterior distribution of x given observation Y is given by the
biased SK measure with? g = A

(1.5) p(@]Y) =Gy (o) xexp{i(o, Yo)/2}.

IThe Bayes estimator under uniform prior is minimax optimal over x € {+1, —1}".

2This follows from Pythagora’s theorem: E[|X(Y) — xx'[%] = E[|X(¥) — E[xxT|¥Y]|%] + E[JlxxT —
ElxxT|Y1|I71.

3In physics language, the condition 8 = A is referred to as the “Nishimori line” [51].
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Following the statistical physics terminology, we shall refer to the variables o1, ...,0, as
“spins.”

For the SK model, naive mean field is known to be a poor approximation of the actual
free energy which explains the failures mentioned above. In 1977, Thouless, Anderson and
Palmer [65] proposed a variational formula for the SK free energy, whose decision variables
m= (my,...,my) € [—1, 1]" encode the expectation of the spins o . This variational formula
is known as the TAP free energy, and its first-order stationarity conditions are known as the
TAP equations. The relationship between the TAP equations and the Gibbs measure has been
studied in the physics and mathematics literature for the last 40 years and still presents a
number of outstanding challenges. A brief overview is presented in Section 2.

Explicitly, the TAP free energy for the SK model (1.4) is the function Fg ; : [-1, 1]" — R,
defined by

n 2
(1.6) Fpu(m) = —% > him) - %(Y, mm") — %[1 —om)]%,
i=1

where Q(m) = ||m||%/n, and & : [—1, 1] — R is the binary entropy function

1+m 1+m 1—m 1—m
h(m) = — > log( > )— 5 log<T>.

The corresponding TAP equations (first order stationary condition for Fpg ;) are given by

(1.7 m = tanh(BYm — B*[1 — Q(m)]|m).

The first two terms in equation (1.6) correspond to the naive mean field free energy, while
the term —,32(1 — Q(m))? /4 is known as “Onsager’s correction” and is the main innova-
tion introduced in [65]. Indeed, heuristically, the TAP free energy can be understood using
Plefka’s expansion [59] which provides a series expansion of the log partition function. The
first three terms of the expansion correspond to Fg ; (m), and the others are expected to be
negligible as n — oo.

Statistical physicists suggest an ambitious general conjecture on the role of the TAP free
energy [46]. Namely, the Gibbs measure (1.4) is a convex combination of pure states which
are well-concentrated probability measures* with each pure state o corresponding to a local
minimum m* of the TAP free energy. We refer to Section 2 for further pointers to this line of
work.

Understanding the geometry of the critical points of the TAP free energy Fg; would
help us elucidate the structure of the Gibbs measure Gg ;. A remarkable sequence of papers
within the statistical mechanics literature [19, 23, 26-28, 55] computed the expected number
of critical points of the TAP free energy for the SK model (A = 0) using nonrigorous but
sophisticated tools from physics. More precisely, these authors obtain the exponential growth
rate of this expectation, as a function of the free energy (the value of Fg ; (m)), a quantity that
is known as the “complexity” of the spin model. In our first main result we prove rigorously
that the formula given by [28] is indeed an upper bound for the expected number of critical
points in the general setting A > 0. To the best of our knowledge, similar rigorous calculations
of the complexity were only obtained so far for (mixed) p-spin spherical models and for
models on the torus. These models are simpler because of the underlying symmetry [5-7,
13].

In the context of the Bayesian model (1.5), the above picture simplifies. Adopting the jar-
gon of statistical physics, the model is known to be replica symmetric [32] which amounts to

4A pure state G"‘y 5, can be assumed to be a probability measure of the form G‘é’ 3 (0)xGpa(o)lgeq,-
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say that the Gibbs measure G, ; (o) is well approximated by a single pure state. As a con-
sequence, we expect the global minimum of ) _ to correspond to the posterior expectation.
Our second main result proves this conjecture for all A larger than a big enough constant.
This implies that minimizing the TAP free energy is a viable approach to optimal estimation
in the present model.

While the relevance of the TAP free energy for statistical inference was pointed out several
times in the past (see Section 2), this is the first rigorous result confirming this connection.

1.1. The complexity of the TAP free energy. For U C R* and V C (—1, 1), define the
number of critical points of Fg ; with m in the region defined by U and V' by

(1.8) Crit, (U, V) = Z 1{(Q(m), M(m), A(m), E(m)) eU,me V”},
m:V Fpg ;(m)=0
where O, M, A, E are the functions

1 2
Q(m) = —|m]||3,
n

1
M (m) = —{x, m),

(1.9) 1 &
A(m) = — Zmi arctanh(m;),
s

E(m) lfh<>+l tanh( ﬂ ﬁm Q(m)?)

m)——— i —~m; arctan i) — —/—\U— m)-).

n 0T ke

Note that at any point m where V Fg ; (m) = 0, we have from equation (1.7) that Fg ; (m) =
E(m).

Define the function S, : (0, 1] x [—1, 1] x R? = R by

(1.10) S«(q,¢,a,e) = inf  S(q,¢,a,e;u,v,7,y),
(u,v,7,y)eR4
where
1 Ta Brp? 2 2
S(q,w,a,e;u,v,r,y)=—[————ﬁ (l—q)]
4% Lq q
(1.11)
—qu—ov—at —[u(g,a) —ely +logl(q, ¢, u,v,1,y),
,32 2 a
1.12 ,a)=——°I(1— —
(1.12) ug.a)=-"(1-¢7+3
and
I(g,o,u,v,7,¥%)
™ 1 (x — Brp)?
(1.13) _/—oo (2nB2q)\/2 eXp)— 282

+ wtanh®(x) 4 vtanh(x) + tx tanh(x) + y log[2 cosh(x)]} dx.

THEOREM 1.1. Fixany 8> 0,1 >0,n,b € (0,1) and closed set U C [n, 1] x R3. Let
Vo=[-14+ e_”b, 1— e_”b]. Then,

limsupn~ ' og B[Crit, (U, V)] < sup  S.(q,¢,a,e).

n—0o0 (q,¢,a,e)eU
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The main proof strategy of Theorem 1.1 is to calculate E[Crit, (U, V,,)] using the Kac—
Rice formula [1], Theorem 11.2.1. This is the same strategy as pioneered by Auffinger, Ben
Arous and Cerny in [7] (building on early insights by Fyodorov [36]) in the context of the
spherical p-spin model. However, several new challenges arise. First of all, we cannot adopt
[1], Theorem 11.2.1, directly because of a degeneracy of the conditional Hessian. We present
a proof for the Kac—Rice upper bound with degeneracy in Appendix A.

We then evaluate the Kac—Rice formula to leading exponential order. As usual, the most
difficult step requires to evaluate the expected determinant of the Hessian. In the spherical
model this is distributed as the determinant of a Wigner matrix, shifted by a term proportional
to the identity, and an exact formula was given in [7]. A slightly more complicated calculation
arises for the p-spin spherical model with biased coupling (see [13]), where the Hessian is a
low-rank deformation of a Wigner matrix shifted by a term proportional to the identity. In the
present case the Hessian is distributed as a low-rank deformation of a Wigner matrix plus a
diagonal matrix which depends on the point m € [—1, +1]". Unlike in earlier work, the bulk
of the spectral distribution of the Hessian depends now on the point m (instead of ||m||;). We
give an upper bound of the expected determinant of the Hessian using free probability theory
in Section 4. Finally, we use this expression to upper bound the exponential growth rate of
E[Crit, (U, V,,)] using Sanov’s theorem and Varadhan’s lemma in Appendix B. We refer to
Section 3 for details of the proof.

REMARK 1.1.  We impose the technical conditions that U C [, 1] x R3and V, =[-1+
e‘”b, 1— e‘"b] because of the singular behaviors of the TAP free energy at zero and at the
boundary which are subtle to deal with using the Kac—Rice formula. Instead, the behaviors
of Fg » near zero and near the boundary can be easily analyzed by direct arguments.

Indeed, m = 0 is always a critical point of g ;. In one interesting case 8 > 1 and A =0,
it can be easily shown that Fg  is strongly convex over D, = {m € [—1,1]" : Q(m) < n}
with high probability, so that there are no other critical points of Fg ; inside D,,. In another
interesting case, namely, when B = A are large enough, the critical points inside D,, have high
function value with high probability (see Lemma C.1), so that they are not relevant.

Near the boundary, V. Fg ; diverges due to the entropy term. It is easy to show that there
are no critical points of F ; within the region {m : |[|m|lo — 1| < exp(—n*/?)} with high
probability for sufficiently large n. (See Lemma 5.4 for the proof of the case 8 = A.)

1.2. Consequences for SK model with zero-mean couplings (A = 0). It is interesting to
specialize Theorem 1.1 to A = 0 (the SK model with zero-mean couplings) and, analytically,
maximize over ¢ (the value of the magnetization) which is equivalent to setting v = ¢ = 0.
Finally, we replace the variable a by A viaa = 82g(1 —g)+2q A. This results in the reduced
expression

(1.14) Soxp(q, A,e)=inf  So(g,A,e;p,T,7),
(1,7, y)ER3
A2 Y\, .
So(q,A,e;M,f,V)Zﬁ—q,uikey —(7+3 (B*q(1 —q) +2qA)
(1.15)
B> 5
+ 7(1 —q°)y +loglo(q. 1. T, y),
00 1 x2
IO(qvl‘l’ar’ V):/ 76)(1){——
—oo (27 B2q)1/? 282q
(1.16)

+ ptanh?(x) + Tx tanh(x) + y log[2 cosh(x)] } dx.
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This coincides with the expression in the statistical physics literature; cf. [19, 23, 26—
28, 55]. We refer in particular to [26] which compares different theoretical physics ap-
proaches. Equations (29)—(31) of [26] can be recovered from the above expression by setting
= hcLer — (A%/(26°q)), ¥ = —ucLpr, T = (ucLpr/2) + (A/(B%¢)). Minimization over
(u, T, y) is then replaced by minimization over (AcLpPR, UCLPR)-

Notice that the expression of [26] involves one extra parameter (denoted by B). However,
the authors set it to 0 on the basis of physical considerations motivated by “Plefka’s criterion”
[59].

Denote by Hsk(o) = —(a, Wa)/2 (where o € {41, —1}") the Hamiltonian of the SK
model. Substituting m = ¢ in equation (1.6), we obtain the following lower bound on the
ground state energy:

1 1
1.17 — min Hgg(o) > — i m
(1.17) et sk(0) = B metmim Fpo(m).
Note that (1/n) ming¢({—1,41y» Hsk (o) concentrates exponentially around its expectation by
Gaussian concentration [18]. Using Markov’s inequality and the fact that local minima of
Fp,0(m) occur in the interior of [—1, +1]" (see Lemma 5.4), we get the following lower
bound on the expected ground state energy:

1
lim inf —E min Hgk(o)
n—xpn oef{-1,+1}"

(1.18) |
> Firsg(B) = —inf{e ssup o p(q. A, €) = o}.
:B q,A

(Here, So,+,5(q, A, e) is given by equation (1.14).) In [23], Cavagna, Giardina, Parisi and
Mézard identify Firsp(f) with the “one step replica symmetry breaking” (1RSB) formula for
the free energy of the SK model. Hence, our result provides an alternative route to prove the
celebrated 1RSB lower bound—first established by Guerra in [38]—in the zero temperature
(B = o0) case.

1.3. Bayes estimation in Zy synchronization. We now return to the Z, synchronization
model of equation (1.1). As mentioned above, the posterior distribution of x given observa-
tion Y is given (under the uniform prior) by the biased SK Gibbs measure (1.4) with § = A;
cf. equation (1.5). Accordingly, we fix 8 = XA throughout this section.

Given the relation between the TAP free energy and the Bayes posterior, it is natural to
consider the estimator
(1.19) AP(Y)= argmin F ;(m).

me[—1,+1]"
Our next theorem provides a characterization of the landscape of the TAP free energy Fj
for A a sufficiently large constant, implying in particular that ¥AP(Y) is close to the Bayes
optimal estimator. More precisely, we show that any crltlcal point m for which F) ; (m) is
below a certain constant energy value is such that mm' ~ X Bayes- Lhis implies that any such
mm’" also asymptotically achieves the Bayes risk MMSE(L).

THEOREM 1.2. Denote
Crn={me[=1,11":VFp,(m) =0, F ,(m) < —2%/3}.
There exists a constant Ao > 0 such that, for any constant . > Ao, we have Cy , # & with

high probability, and

. 1 S

meCM,
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We refer to Section 5 for the proof of this theorem.

This theorem suggests that a good minimizer of Fj ; can be computed by applying a
gradient based optimization algorithm, provided the initialization has a value of F; , be-
low a constant. It is easy to construct an initialization satisfying the condition required
here. For instance, if v{(Y) is the principal eigenvector of ¥ with unit norm, we can
set m® = sign(v((Y)). A simple calculation yields ]-'A,A(mo) = —(A/Zn)(Y,mO(mO)T) <
—(*x%/2n%)(m", x)? + A (where the upper bound holds with high probability, from || W |lop < 2
[35]). Using standard results on the eigenvectors of deformed GOE matrices [9], we get
|(m®, x)|/n > 1 — & for all A > Ag(¢) whence F; ; (m°) < —1%/3 with high probability for
all A large enough.

REMARK 1.2. Since the TAP free energy is nonconvex, the above does not prove that
it can be optimized efficiently; further information about its Hessian would be required to
establish this. However, the papers [32, 50] develop an approximate message passing (AMP)
algorithm that attempts to construct the solution of the TAP equation (1.7). The algorithm is
iterative and proceeds as follows, with m~! = 0:

m® = tanh(co(1)v/nv1(Y)),
m* ! = tanh(AY m* — )»2[1 - Q(mk)]mk_l)'

Here, v (Y) is the principal eigenvector of ¥ with unit norm, and cg(A) is a suitable normal-
ization (see [50]). Building on earlier work by Bolthausen [17] as well as on [32], it is shown
in [50] that the iterates m* asymptotically achieve the Bayes risk, for any A > 1,

(1.21)

1
(1.22) lim lim — |m*(m*)" — xx7||5. = lim MMSE,(}).

k—o00n—>00 p2 F pnSoo
Together with Theorem 1.2, this result implies that the algorithm is constructing an approxi-
mation of X TAP(Y),

1
: : L k(KT _ =TAP (=TAPNT 2 | _
(1.23) Jim nlgr;oE[nz |m" (") — %25 () ||F} =0.
This leaves open two interesting questions: (i) Can we construct an algorithm that converges
to X TAP(Y), for fixed n (i.e.. can we invert the order of limits in the last equation)? (ii) Do
generic optimization algorithms (e.g., gradient descent) converge to X AP (¥) when applied
to ]:}», 27

REMARK 1.3. While—as discussed in the last remark—the AMP algorithm of [50]
achieves the Bayes risk, the optimization-based formulation of equation (1.19) has impor-
tant practical advantages. In particular, we do not know how robust is AMP with respect to
deviations from the model (1.1). On the other hand, we expect *TAP(Y) to be robust and
meaningful even if the model for the data Y is incorrect.

The TAP free energy (1.6) may be contrasted with the “mean field free energy”
Futem) =~ 3 hmp) = 2 (m, Yom)
m)=—— mi) — —{(m,Ym),
" niZ T 2n
whose stationary points satisfy the mean field equations

(1.24) m =tanh(A\Y m).

Notice that the mean field equations omit the Onsager correction term —A2[1 — Q (m)]m. To
clarify the importance of this correction term, we establish the following negative result for
critical points m of Fyr.
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THEOREM 1.3. Denote S, ,, = {m € (—1, 1)" : VFur(m) = 0}. There exists a constant
ro > 0 and a constant () > 0 for every A > Lg, such that

1 -
(1.25) lim P( inf — |mm" — Xpayes |7 > g(x)> =1.

n—oo mGSA,n n2
The proof of this theorem is presented in Appendix D.

1.4. Notation. We use boldface for vectors and matrices, for example, X for a matrix and

x for a vector. For a univariate function f : R — R and a vector x = (x, x2, ..., x)" e R,
we define the function f : R" — R” by f(x) = (f(x1), f(x2),..., f(x.))T. For example,
we write x2 = (xlz, x%, e x,%)T. We denote B" (x, r) to be the Euclidean ball in R” centered

at x € R” with radius r.

2. Related literature. The Sherrington—Kirkpatrick (SK) model [41] is a mean field
model of spin glasses. The asymptotics of its log-partition function lim,_, . n~" log Z, (8, 1)
(cf. equation (1.4)) was first computed using the replica method [52—54] and is expressed us-
ing the so-called Parisi’s formula. Thouless, Anderson and Palmer [65] proposed a variational
principle in terms of the TAP free energy of equation (1.6).

The relationship between the Gibbs measure (1.4) (and the partition function) and the TAP
free energy has been studied in the physics literature [20, 23, 30]. The local minimizers of
the TAP free energy are interpreted as the local magnetizations of pure states. As a partial
confirmation of this prediction, Talagrand [64] and Chatterjee [24] proved that the TAP equa-
tion holds for local magnetizations at high temperature (up to a small error term). Bolthausen
[17] derived an iterative algorithm for solving the TAP equations at high temperature. This
is an instance of a broader class of iterative algorithms that are now known as approximate
message passing (AMP); see, for example, [12]. At the low temperature regime, Auffinger
and Jagannath [8] proved that the TAP equations are satisfied, approximately, by local mag-
netizations of pure states. Recently, Chen and Panchenko [25] proved that the minimum of
the TAP free energy (under a suitable constraint on m) coincides indeed with the normalized
log partition function =" log Z,, (8, 1) up to an error vanishing as n — oo.

The exponential growth rate of the expected number of critical points of the TAP free en-
ergy is also known as the “annealed complexity.” It was first computed by Bray and Moore
in [19] using the replica method, while an alternative “supersymmetric” approach was de-
veloped in [23]. The two methods give equivalent formal expressions which correspond to
the function Sy of equation (1.15). These two papers, however, report different results for the
overall complexity as a function of the free energy which follow from two different ways to
set the Lagrange parameters in So. This discrepancy was further investigated in [26] and [28]
which suggest that the specific choice should depend on the value of the free energy. This is
consistent with the prescription of our Theorem 1.1.

So far, the annealed complexity function has been computed rigorously for the spherical
p-spin model [7], for the spherical mixed p-spin model [6] and for certain Gaussian energy
functions over the torus [5]. For the spherical p-spin model, Subag [63] used the second mo-
ment method to show that the typical number of critical points coincides with its expected
value for energies in a certain interval. A version of the spherical p-spin model with non-
vanishing mean was studied in [13]. This model has a statistical interpretation analogous to
the one of model (1.1). As mentioned above, the main technical challenge in extending these
results to the SK model is to compute the conditional expectation of the absolute value of the
determinant of the Hessian. (Let us mention that —apart from using nonrigorous methods—
all of the physics derivations drop this absolute value, without justification.) Our calculation
of this quantity relies on tools from free probability theory [14, 22, 66].
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The Z; synchronization problem has proven to be a useful testing ground for comparing
different approaches. The Bayes risk was computed in [32]. In particular, a nontrivial corre-
lation with the signal can only be achieved for A > 1. The ideal threshold A = 1 is achieved
both by spectral methods [9] and semidefinite programming [40, 49]. However, neither of
these approaches achieves the Bayes optimal error.

Over the last few years a substantial amount of work has been devoted to models that gen-
eralize Z; synchronization (1.1) in significant ways. We refer to [2, 11, 33, 43, 47, 50, 58]
for a few pointers to this literature. Among other settings, these authors consider the model
Y = ()»/n)XXT + W, where X € R"*" is a signal with fixed rank r and i.i.d. rows (X. ;)i <p
with known distribution px over R”. Both Bayes optimal error and the performance of op-
timal message passing algorithms have been characterized in this context. The goal of the
present paper is quite different: we want to understand the optimality of an optimization-
based method which uses the TAP free energy as the cost function. As explained in Re-
mark 1.3, such an approach has significant practical advantages.

Variational methods based on free-energy approximations have been the object of recent
interest within the statistics literature. Zhang and Zhou [68] study mean field variational
inference applied to the stochastic block model. They prove optimal error rates in a regime
that is equivalent to the A — oo regime for Z; synchronization. In the opposite direction, [37]
shows that, for A € (1/2, 1), the minimizer of the mean field free energy does not approximate
the Bayes posterior mean. Replacing the mean field with the TAP free energy solves this
problem.

3. Proof of Theorem 1.1. In this section we prove Theorem 1.1. By symmetry with
respect to the sign change for any coordinate

X = —X;, m; — —mj,

we may assume without loss of generality throughout the proof of Theorem 1.1 that x = 1.
Let f,(m) = nFpg ;(m) be the scaled TAP free energy. Then, f, and its gradient and Hessian
are given by

pr 2 B np*

(1,m)> — Z(W.mm") — —[1 — Q(m)]",

GD - falm)==2 him) ==~ > 1

i=1
(3.2) g,(m)=arctanh(m) — i—k(l, m)1 — BWm + B*[1 — Q(m)|m,

pr 28

(3.3) H,(m)=diag(1/(1 — m?)) — 711T — BW + B%[1 — Qm)]I,, — 7mmT.

3.1. Kac—Rice formula. Using a version of the Kac—Rice formula, we prove the follow-
ing statement in Appendix A.

PROPOSITION 3.1. Fix any B > 0 and A > 0. Denote by p,,(0) the Lebesgue density of
g,(m) at 0. Then, for any § =6, > 0 and any U C [§, 1] x R3 and V C [—1+38,1—246], we
have

34 E[Crit, (U, V)] S/Vn L((Qm), M(m), AGm), E(m))<U)

x E[|det(H ,(m))||g,, (m) = 0] pm (0) dm.
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3.2. Determinant of Hessian and density of gradient. 'We next analyze the expectation on
the right side of (3.4) using techniques from random matrix theory. The proof of the following
result is deferred to Section 4.

PROPOSITION 3.2. Fix >0, A >0 and n,b € (0, 1). Then, there are constants ng =
no(B, 2, n,b) >0 and Co = Co(B, A, n, b), such that the following holds for all n > ngy. Let
m satisfy |[m|co <1 — e and Q(m) € [n, 1]. Define

2r1 _ 2 n
(3.5) L(m)=M+%ZIOg< : )

2
2 1 1 —mj

Then,
E[|det(H ,(m))||g, (m) = 0] < exp(n - L(m) + Co - n™*(09:0)),

Define
w(m) = [uy(m), ..., u,(m)]"
= arctanh(m) — BA/n - (1,m) - 1+ B*[1 — Q(m)]m.

The quantity p,,(0) in (3.4) may also be evaluated as follows.

LEMMA 3.3.

n

_ 1 (ui(m) — ym;)*
PO = [ g exp{—z 2820 (m) }

i=1
n { ny2 } d
——expy ——— .
2mp2 Pl T2 | Y
PROOF. First, we observe that
E[(Wm);(Wm);] = Q(m) - 1{i = j} +mym/n.
Therefore, we have
Wm< om)'?v+Y . m,

where v ~ N (0,1,,) and Y ~ N (0, 1/n) are independent. As a consequence, by (3.2),

g,m) Lu(m) — B(Q(m)" v +Y - m),

and the form of p,,(0) follows by first writing the density of g, (m) conditional on Y and
then integrating over the law of Y. [

Combining Proposition 3.1, Proposition 3.2 and Lemma 3.3 above, we have the following
immediate corollary.

COROLLARY 3.4. Fix B >0,A>0andn,b e (0, 1). There exist no = no(B, A, n, b) and
Co = Co(B. », 1, b) such that, for all n > ng, any U € [n, 1] x R3 and V,, = [—1 + e~ 1 —

e ], we have

E[Crit, (U, V)] < T(U, Vp),
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2
TW,V,)= |——= Jm,y) — — +Cp - max(0.9, ))
V) =7 /(_M)aneXp(n (m.y) = 325 +Co-n

- 1(o(m), M(m),A(m), E(m))eu dm dy,

2 1— 2 1
J(m,y) = w - Elog(%ﬂzQ(m))

where

1 n
+ ; Zlogg(m,'; M(m), Q(m), y),
i=1

— 201 _ 2
(3.6) g(xi9,q,y) = exp(— (arctanh(x) — BAp + B=(1 — q)x — yx) )

1—x2 2B%q

3.3. Variational upper bound. We next analyze the integral T (U, V,,) in Corollary 3.4 us-
ing large deviations techniques. Let P be the space of Borel probability measures on (—1, 1).
For p € P, define

1 1 1 )
A(p) = f_ waretanh(np(@v).  M(p) = f_ ap@). 0= f_ ().

2

1 1 B 2
E(p) = —f_l |:h(x) + Ex arctanh(x)i|,0(dx) — 7(1 - Q(p) )

Here, A(p) may equal oo, and E(p) may equal —oo. For p € P such that Q(p) > 0 and for
y € R, define the extended real-valued functional

_B1-0()?

J(p,y) >

1
- %log(Zn,BzQ(,o)) + [ Tog(r: M(0). Q). y)p@x).
Note that log[1/(1 — )] grows at a slower rate than arctanh(x)2 asx — x1,s0 J(p,y) <
oo always, and J(p, y) > —oo when f_ll arctanh(x)zp(dx) < 00. These functionals extend
the previous definitions upon identifying m € (—1, 1)" with the empirical distribution of its
coordinates. Further recall the definition of relative entropy between two Borel probability
measures i and 7 on R,

d
/ 10g<£()€))u(dm if < 7,

+00 otherwise.

H(pul|m) =

We establish the following upper bound in Appendix B.

PROPOSITION 3.5. Fix 8 >0,A>0,n,b e (0,1) and any closed set U C [n, 1] x R3.
Let V,, and T (U, V,)) be as in Corollary 3.4; let o be the uniform distribution on (—1, 1).
Then,

1
limsup —log T (U, V)
n n

2

y
< sup sup{f(p, ¥) = H(plmp) — 25 + logz}-
PEP:(Q(p), M(p), A(p), E(p))eU yeR 28
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3.4. Proof of Theorem 1.1. Finally, we conclude the proof of Theorem 1.1 by analyzing
the optimization problem in Proposition 3.5 over y and p.

PROOF. Fix p € P such that supyeR[J(,o, y)— H(p|mg)] > —oo. This implies J (p, y) >

—oo for some y, so [_11 arctanh(x)z,o(dx) < 00. Furthermore, H(p|mg) < 00, so, in par-
ticular, p(dx) = f(x)dx for some density function f(x) on (—1,1). Let (¢, ¢,a,e) =
(Q(p), M(p), A(p), E(p)). Then,

flogg(x; @, q, y)p(dx) = x19* + x2y + 13,

where

x2 1
X1 =—/%P(dx)=—ﬁ,

[ x(arctanh(x) — BAg + B%(1 — q)x) _a £<p_2 B
o= e p@0 = =2+,
_ 1 arctanh (x)2 A arctanh(x)
X3 —/(log T—x2 2p% r )p(dx)
QAL —q) — A )p? —2a(l —q)  B*(1—q)?
+ — )
2q 2

Let py 4 be the law of tanh(z) where z ~ N (BAg, B%g). Note that

L | arctanh(x)>  Ag arctanh(x)
f 5 exXp (— 3 + ) dx
-1 1—x 28%q Ba

_ Ae_yz/(zﬂzq)+xwy/(ﬁq) dy = ¢/ (27 824)\2,

and

2
hyq(x) = e‘ﬂ‘/’z/(zq)(Zn,qu)*l/Q# ox <_ arctanh(x) Ap arctanh(x)>
’ 1 —x2 282 B4

is the density function of the law p, 4. Then, x3 = [loghy 4 (x)p(dx) + %log(2n,32q) + x4
where
(Brp® —a)(1—q) B*(1—q)°
X4 = - .
q 2

Note further that
1 2 L) B* x5
SuP[(Xl - —)y + Xzy} = Sup[——y + Xz)’} =
yeR 2,32 yeR ﬂZ 4
and H(p|mp) =log2 + f_ll log f(x)p(dx), where f(x) is the density of p. We hence obtain

sup[J (p, y) — H(plmo) — y*/(28%) +log2]

yeR
_BA-9*  Bx L W)
= 5 IR /_1 log hw’q(x)p(dx)
1 ) ﬁ)«pz a\?
W(ﬁ (I—¢q)+ 7 —;> — H(plpg.q)
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where the second line simplifies 82(1 — ¢)?/2 + B%x3/4 + x4. Then, combining this with
Corollary 3.4 and Proposition 3.5,

limsupn ™! log E[Crit, (U, Vy,)]

< sup [452(,3 (1-— )+’B);;p2_f)2_

(q.9.a,e)eU q

where P(q, ¢,a,e) ={p € P:(Q(p), M(p), A(p), E(p)) =(q,¢,a,e)}.
Recalling u(g, a) from (1.12) and introducing Lagrange multipliers for these constraints,
we have

inf  H(plpy, q)— inf sup H(plpyq) — n(Q(p) —q) —v(M(p) —¢)
pEP(q,p.a.e) Puvzy

—1(A(p) —a) — y[u(Q(p), A(p)) — E(p) —u(q.,a) + ]

> sup g +ve+ratylulg,a) =]+ inf F(oipu,v,7,),
oV, T,y

inf  H( )],
pEP(q,9.a,e) PlPy.g

where
F(p;,v,7,7)
=H(plpy,q) — nQ(p) —vM(p) — TA(p) — y[u(Q(p), A(p)) — E(p)]

1 1 1—
= /_1 (log hiii) — uxz — vx — txarctanh(x) + %(log —i2-x + log 5 x))p(dx)

= H(plp,u,v,r,y) —logl.

Here,

Puw,zy(dx)=17" eXp(,ux2 + vx 4 tx arctanh(x)

2 2

is a suitably defined exponential family density with base measure A, 4(x)dx, and I, as
defined in (1.13), is the normalizing constant for this density. Thus

I+x
+V(1g—+log > ))hwq(x)dx

inf F(p;p,v,7,y)=—logl
peP

with the infimum achieved at p = p.y,7,, and Theorem 1.1 follows. [J

4. Proof of Proposition 3.2. In this section we prove Proposition 3.2 which analyzes
det H, (m). The following lemma is standard and can be found, for example, in [12],
Lemma 11.

LEMMA 4.1. Let W ~ GOE(n) and x, y € R". Denote by P,% =1- xxT/IIxII% the pro-
Jection orthogonal to x. Then, we have

d
Wiwxey = PrWPE + (xy" + yx") /x5 — xx"(x, y)/llx]|3.

Denoting u = u(m) = arctanh(m) — BAr/n - (1, m)1 + B%[1 — Q(m)]m, the condition
g,(m) =0 is equivalent to Wm = ,3_1u. Then, by equations (3.2)—(3.3), conditional on
g,(m) =0, the Hessian H, (m) is equal in law to

Z(m)=D(m) — W + A(m),
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where

@.1) D) =diag(di, . d), i =——+ (1 - 0(m)],

and

A(m) = BWmm" /|m|3 + Bmm W /|m|3 — pmm" (m, Wm)/||\m||3
4.2)
_ ﬂn—k AT —28%/n -mm" — (mu" 4+ um")/|m|)5 + mm" (m, u)/||m|3.

Let o be the semicircle law with support [—28, 28], let 1 pm) be the empirical spectral
distribution of D(m) and define their additive free convolution [66]

Vm = WD(@m) Hﬂaﬂ.

We expect vy, to approximate the bulk spectral distribution of Z(m) for large n [56]. Denote
i=4+/—1, and let log denote the complex logarithm with branch cut on the negative real axis.
For ¢ > 0, let

lc(x) =log|x —ie| = Relog(x —ie).

Denote
Trie(Z) =) _1:(%i(2)),
i=1

where A{(Z), ..., A,(Z) are the eigenvalues of Z.
Recall L(m) as defined in (3.5). We prove Proposition 3.2 via the following three lemmas.
We defer the proofs of the first two to Sections 4.1 and 4.2:

LEMMA 4.2, FixB>0,A>0,nb€(0,1)anda € (0,1/9). Let m satisfy |m|oc < 1—
e_"b and Q(m) € [n, 1], and set e =n~%. Then, there exist constants C = C(8, A, n, b, a) >
0 and ng =no(B, A, n, b, a) > 0 such that, for all n > ny,

E[Trle(Z(m))] <n / Io (X)Vm (dx) + C(e7 + n” +logn).

LEMMA 4.3. For any 8 > 0 and m € (—1, 1)", there exists a constant C = C(B8) > 0
depending only on B such that, for any ¢ > 0,

f I (x) v (dx) < L(m) + Ce.

LEMMA 4.4. Foranye>0,anyt >0,anym e (—1,1)" and alln > 1,

P[|Trle(Z(m)) — ETrle(Z(m))| > nt] < 2exp(—ne?1?/(88%)).

PROOF OF LEMMA 4.4. By [3],Lemma?2.3.1,if f : R — Ris L-Lipschitz, then the map
Z +— Tr f(Z) is L+/2n-Lipschitz with respect to the Frobenius norm of Z. Then, for each
fixed m, the quantity Tr f(Z(m)) is a 2LB-Lipschitz function of the n(n — 1)/2 standard
Gaussian variables which parametrize Pi WPi. By Gaussian concentration of measure, for
any ¢ > 0, we have

n’t

2
P[|Tr f(Z(m)) — ETr f(Z(m))| = nt] < 26xp<—m)-
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The result follows from observing that /. is differentiable, with derivative at each x € R
satisfying

1
x —ie

1

<-.
=& |

Re

d
}aux)

d

= ‘— Relog(x —ie)

dx

PROOF OF PROPOSITION 3.2. Taking ¢ = n~ 011 we obtain from Lemmas 4.2, 4.3 and
4.4, for some constants C, c,ng > 0, all n > ng and all ¢ > 0,

P[Trle(Z(m)) > nL(m) + Cn™>* 080 4 ps] < 2exp(—cn'"812).
Then, setting ¢, = nL(m) + Cn™x©0-89.0),
E[|det Z(m)|] < E[exp(Trl.(Z(m)))]

o0

< exp(cy +n"%) + Plexp(Trle(Z(m))) > t]dt

eXp(CnJrnO‘Sg)
o0
=exp(c, + n0‘89) + efn /089 eP[Trl.(Z(m)) > ¢, + s]ds
10.
o
< exp(cy +n") 4 /0 o 2exp(s — cs?/n%?) ds
10,
<exp(nL(m)+ Cp - nmax(0.9,b))’
the last line holding for sufficiently large ng and Co. [

In the remainder of this section, we prove Lemmas 4.2 and 4.3.

4.1. Proof of Lemma 4.2. We first establish an analogue of Lemma 4.2 for a matrix of
the form D — BW.

LEMMA 4.5. Fix B> 0and a € (0,1/9), and let ¢ = n=?. Then, there exist constants
C=C(B,a) >0 and ny = no(B, a) > 0 such that, for all n > ng, the following holds: Let
D € R"™™" be any real symmetric matrix, let H = D — BW where W ~ GOE(n) and let
v=pup Hog. Then,

E[Trl.(H)] < nflg(x)v(dx) +C(e™+ log(l| Dllop + 1) + logn).

By the results of [56], the Stieltjes transform

(4.3) g(x) = / v(dx)
X —Z
of the above measure v satisfies, for each z € CT, the fixed-point equation
1 & 1
44 N=—) ———,
(4.4) 8(2) n,.zzldi—z—ﬁZg(m

with (d;);<, denoting the eigenvalues of D. We first provide a quantitative estimate of the
approximation of the spectral law of H by v, in terms of their Stieltjes transforms at points
z€Ct where Imz >n~1/9,
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LEMMA 4.6. Fix B > 0, let D € R"*" be any real symmetric matrix and let H and v be
as in Lemma 4.5. For z € C, denote the Stieltjes transforms of H and v as

. 1 1
g(x)=-Tr(H —zI)", g(z):f v(dx).
n

X —2Z

Ifn>40max(8/Imz, 1)°, then

|Eg(z) — g(2)] <

2 5
max(8/Imz, 1)°.
nlmz

PRrROOF. We follow the approach of [57], Theorem 3.1, applying integration by parts and
the Poincaré inequality. Fix z € C*, and denote 1 = Im z. Denote the resolvents of H and D
as

Gu(@)=H-I)7',  Gplr=D-zD "
Applying A™' — B! = A=1(B — A)B™', we obtain
Gu()—Gp(z) =BGu(WGD(2).

As G p(z) is deterministic, this yields
4.5) EGu(z) =Gp(2) + BE[GH(2)W]G p(2).

We use integration by parts on the term E[G g (z) W]. For any differentiable bounded func-
tion f:R — R, when £ ~ N (0, 0%),

(4.6) E[£f(&)] = o”E[f'(®)].

Consider indices i, j, k € [n]. If j < k, then setting X as the matrix with (j, k) and (k, j)
entries equal to 1 and remaining entries 0, we have

8 .
0GHR) _ o 51 (H — 21— psX)™" — (H —2D)"),.
=B(GH@DXGH®);; = B(GH@)ijGu (D + GHRDuGH (?)jj)-
For z € C* with Imz =, we have |G g (2);j| < 1/n. Then, (4.6) yields

1 [3GH(Z)ij

E[Gu(2)ijWjk] = ;IE Wik ] = SE[GH(Z)ijGH(Z)kj +GH()ikGH(2)jj]-

Similar arguments yield the same identity when j = k. Then, applying G g (2)xj = GH(2) jk
and summing over j, we obtain

E[GH(2)W] = SE[GH(zﬂ] +BE[2()GH (D).
Denoting §(z) = g(z) — [Eg(z) and substituting the above into (4.5),
ﬂZ

(EGu@)[1 - FAEZ()Gp(2)] = (I +EBGn @ + ,32]E[5(Z)GH(Z)]>GD(Z)-

Multiplying on the right by Gp(z) ™! = D — zI,

2
(EGu (2))[D — 71 — B*(Eg(x)] =1 + %E[Gmﬂ] + B*E[5(2)GH (2)].
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Now, multiplying on the right by [D — zI — (B?Egz)I]™! = Gp(z + B*E2(z)), taking
n~!Tr and rearranging,

(4.8) Eg(z) — %Z} — _lﬂzE o =@
where
r(z) = ﬂ—zETr(GH(z)ZGD(z + B°ES(2)))
,32

+ B[ T (Gn(@)Gp(c+p F2(2)))]

Let us bound this remainder r(z). Noting [ (X —zI)~! llop < 1/Imz for any real-symmetric
X, observing Imz + B2Eg(z) > Imz and applying | Tr X| <n | X [lop, We obtain
2
1| < /3_
”77
For II, applying these bounds and Cauchy—Schwarz,

’32

=7 Var(8(2))"/?,

2
| < 2 ﬁ E[|5(2)] ]‘/2)7

where Var(g) = E[|§ — Eg|?] = E[|g|*] — |E&|>. We apply the Poincaré inequality to bound
Var(g(z)). Fori.i.d. N (0, 1) variables &1, ..., & and f : R*¥ — C with bounded partial deriva-
tives,

4.9) Var(f (&1, ..., &0) <E[|Vf (..., 80]3].

For j < k, a computation similar to (4.7) yields

1 08(z) 1 IGH (@i _ 2P
e n3/2 Z BN~ 3/2[GH(Z) ]jk’

\/_aWk oWk
1 98 2B
JaT2 0wy~ w2 LOH @71

Noting (/n/2W;; : j € [n]) U (ﬁij :1 < j <k <n)areiid. N(0,1) variables, (4.9)
yields

287 /62

Var(é(z))sE[Z B Gnter], [+ Y GH<>],k|}
j=1 ]<k

282

n2n4'

2
iIE Tr(G u (2)* (GH(Z)Z)T) =

Combining the above,

2
(4.10) r(2)] < ﬂ—4(n+f25).
n
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Finally, we compare (4.8) with the fixed-point equation (4.4) satisfied by g(z) to obtain a
bound on Eg(z) — g(z): Denoting (x)+ = max(x, 0), we have

Ir(2)| = Eg(z) — g(z) — ;Z(di —7—pB2Eg(z) d;i—z —ﬁzg(Z))‘

i=1

ool s &
=|Eg(z) — g(2)]|1 nz(di_z_,ngg(z))(d,-—z—ﬂzg(z))‘

i=1

4.11)
> |Eg(2) — g(2)|

1 & B2 1 B2
1_ . - 9
X( J”l;Idi—z—ﬂzEé(z)IZJngldi—z—ﬁzg(z)|2>+

the last step applying |1 — x| > (1 — |x|)+ and Cauchy—Schwarz. Taking the imaginary part
of (4.4) and rearranging,

pPlmgx) _1¢ B
n+p*Img(z)  n = ldi —z— pe()*
We have
Img(z) =Im/ ! v(dx) =/ 7 v(dx) < 1/n,
xX—2z |x — z|?
and hence

n 2 2
! > i < P
ni=ldi —z— B> T n? + p?
Similarly, taking imaginary parts of (4.8) and rearranging,

1y p’ _ B ImEgR) — BImrx) B2 BPr )
n = ldi —z— BEg(2)? n+p*ImEg(z) T P+ p2 N

Applying /a + b < /a + +/b and the above bounds to (4.11), we obtain
A ﬂ2|r<z>|>
n+p Nnr+p> n /g

” ﬂzlr(z)l)
n*+ B2 n )4

Ir(2)] = [Eg(z) — g(z)|<1 —

> |Eg(z) — g(Z)l(

When

4 9 4 2, g2y2
nZ40max(§,1> >2o(’2 ﬂ9> _ 4 (77+~/§nﬂ9)(n A7

we verify from (4.10) that \/B2|r (z)|/n < 772/(2(7;2 + /32)). Then, the above implies
2r@I* + 8% _ 281+ V2B (* + )

772 - n776

<%('§—2 ljz)<%max(lj,l>s. 0

[Eg(z) — g(2)| <
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PROOF OF LEMMA 4.5. Denote by 1 the empirical spectral measure of H and by g(z)
its Stieltjes transform. Let 7, = n(||D||op + B + 1). Then, we have

Tri,(H) = n/Relog(x —ig)v(dx)

—n / Re(log(x —it,) — /8 " - :iit dt)f)(dx)

t"l
=n/log |x —it,|D(dx) +nRe(i/ g(ir) dt).
&

For ¢ =n~% where a € (0, 1/9), we may apply Lemma 4.6 to get

In .. In 12 B /35 ]
[ Etadona— [ < 2( [ e [ a)

-5
< C<8 +log(I[Dllop + 1) +10gn)

n

for some (8, a)-dependent constants C, ng > 0 and all n > ng. Reversing the above steps, we
may write

Re(i/j g (ir) d;) - /(—log lx — ity] + log |x — ie[)v(dx),
so combining the above yields
(4.12) IETrlg(H)§n/l£(x)v(dx)+r1+r2,
where
r :E[nflogpc —itnlf)(dx)] —nflog |x —it, |v(dx),

ry=C(e7> +log(|| Dllop + 1) + logn).

To bound 7y, note that, since v = up Hog, we have sup{|x| : x € supp(v)} < [|D||op +28.
Applying

log |x —it,| —logt, = Relog(x —it,) — Relog(—ir,) =Re

x — ity
for some x¥ € R with |X| < |x|, we obtain

D 2 2
(4.13) ‘/loglx—itnw(dx)—logtn 5w5—.

th n
A similar argument holds for . Indeed, for all ¢ > 0, we have
2
nt

@14) Pl Hllop > 1Dllop +28+1] < P[BIWllop > 28 +1] < 26Xp<—@>;
see, for example, [29], Theorem IL.11. Let £ be the event where || H ||op < [|D|lop + 28 + 1.
Then, we have

IDllop +28 +1
In

=

2
5_7
n

Sy = ’E[/ log |x —itﬂfz(dx)‘é’] — logt,

Sy = E[/ log |x — it,|V(dx) EC} <E[log(l H llop)IE€] + log(ty).
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Note that, by (4.14),
E[log([ Hllop) | £TP[E°]
= E[log(HH“op)l{gC}]

o
— [ BlIH op = max(e!, |Dlop +26 + 1]
o0
<log(IDllp +26 + 1) - 267/ 4 | B[l Hllop > '] s
log([| Dllop+28+1)
< [log(IDllop + 1) +logn] - e~

for a constant ¢ = ¢(8) > 0 and n > ng(8) > 0. Then,

‘E/log |x — ity |D(dx) —logt,| < Si - PIE] + [S2 + log(tn)] - P[]

2
< - + [log(IDllop + 1) +logn] - e~".
Combining this bound with equation (4.13), we obtain |ri| < log(||D|lop + 1) + logn for

sufficiently large ng and all n > ng. Then, the lemma follows from (4.12). U

PROOF OF LEMMA 4.2. Fix m and denote H = D — BW, so that Z = H + A.
Lemma 4.5 gives

(4.15) E[Trl.(H)] <n / Lo (x)v(dx) + C (e +log(|| Dlop + 1) + logn).
From (4.2) the operator norm of A can be bounded by
1Allop = | BWmm /| m13] o, + | Bmm™W /Ilm 3],
+ [ Bmm (m, Wm) /lm|3] ,, + [ 83/n - 117 o, + [26%/n - mmT]
+| (mu” +um?)/llm 3|  + |mm” mu) /|3
< 3Bl Wllop + 28> + BA + 3llull2/llm]>.
For Q(m) € [n, 1]and m € [—1+ e, 1 — e~"], we have
laell2 < Jarctanh(m) |, + | B2/n - (1, m)1], + [ B7(1 = Q(m))m|,
< Vn|arctanh(m) | ., + (B> + BA)V/n < /n(n” + (B> + B2))
and ||m||2 > ,/nn. Accordingly, we have
(4.16) I Allop < 3AIW llop + (282 + BA) +3(n” + (B2 + B1)) /7.

Note that A is given in equation (4.2) which has rank at most 8. Suppose it has r positive
eigenvalues and r_ negative eigenvalues, where r + r_ < 8 (it is possible that r, or r_
is zero). Denote the eigenvalues of H as Aj{(H) > A (H) > - > A (H) > 0 > A1 (H) >
-+« > A, (H) and those of Z as A1 (Z) > Ao (Z) > - -+ > A, (Z). We apply the following bounds
(we use the convention that, if k =0, the set {1, 2, ..., k} = 9):

e ForieS={1,...,rp }U{n+1—r_,....,n}U{k—r_+1,...,k+rs}, we have
Ai(Z)| < 1 H]lop + | Allop-
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e The rest of the eigenvalues of Z satisfy, by Weyl’s eigenvalue interlacing,

Aier (H) = Ai(Z) >0, ie{ry+1,rp +2,...,k—r_},

Migr (H)Y<Ai(Z) <0, iefk4+ri+1,k+rpo+2,...,n—r_}.
Then,

Trle(Z) < Trle(H) — Y lo(Ai(H)) 4 161og(| H lop + | Allop)
ieS

<Trl,(H)—16loge + 1610g(||D||0p + A Wllop + ||A||op)-

Note that for m with ||[m| o <1 — e*”b, we have || Dlop < e’ + B2. Then, taking expecta-
tions of the above and applying Jensen’s inequality, the result follows from equations (4.15)
and (4.16), and E[|W|op] <3. [

4.2. Proof of Lemma 4.3. Fix A > 0 and m € (—1, 1)", and write as shorthand v = v,,.
Lemma 4.3 follows from several properties of v and its support.

LEMMA 4.7. The Stieltjes transform g(z) of v extends continuously from C* to CT UR.
Denoting this extension also by g(z), the measure v admits a continuous density given by

f@)= lImg(z), zeR.
T

At each z € R, letting zg € R denote the closest point where f(z9) =0, we have

1/3
lz — ZO|> .

3
“.17) 1@ = (43 ;

PROOF. See [14], Corollaries 1,2,5. O
LEMMA 4.8. The support of v is contained in [0, dmax + 28], where dmax = max;<, d;.

PROOF. We note that (4.4) holds also for z € R by continuity, where g(z) for z € R is
the continuous extension defined in Lemma 4.7. Fix any z <0, and consider the function
F=1iy 1 _
ni:l d,' —z—ﬂzg
defining the right side of (4.4). Let p; < --- < pi be the distinct values among

{di—2)/B*:i=1,....n}.

Then, F(g) is a rational function with poles py, ..., pk.

The equation g = F'(g) is rearranged as a polynomial equation of degree k + 1, and hence
it is as most k + 1 complex roots counting multiplicity. From the graph of F(g), there is at
least one real root between p; and pjy foreach j =1,..., k — 1. Furthermore, when z < 0,
we have p; > 1 — Q(m) and
(4.18) F(1—Q(m)) 1f 1 <1f(1 H)=1-0(m)

. - Qm))=—) ——— < — —m;)=1— Q(m).

nigU-mHt -z n l
Then, from the graph of F(g) on g € (0, p1), the equation g = F(g) has at least two real
roots in this interval, counting multiplicity. So all k 4+ 1 roots of g = F(g) are real; there is
exactly one root in each interval (p;, pj+1) and exactly two roots in (0, p1). In particular,
g(z) is real. Then, by Lemma 4.7 the density of v is O for all z < 0, so v is supported on
[0, 00). The upper bound dmax + 28 follows from sup{|x| : x € supp(v)} < || D|lop + 28, as
v=pupHBHog. U
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LEMMA 4.9. Atz =0, the Stieltjes transform g(0) is the smallest real root of (4.4) and
satisfies 0 < g(0) <1 — Q(m). Furthermore, for L(m) defined in (3.5), we have

/log(x)v(dx) < L(m).

PROOF. From the proof of Lemma 4.8, the equation g = F'(g) has exactly one root g €
(pj, pj+1) foreach j=1,...,k — 1 and exactly two roots g € (0, p1) counting multiplicity.
From the graph of F, this implies F'(g) > 1 for each root g € (p;, pj+1), and also the two
roots g1 < g» in (0, py) satisfy F’'(g1) <1 and F'(gz) > 1, with F’(g) = 1 if and only if
g1 = g2. Atany z <0, since z ¢ supp(v), g(z) is analytic in a neighborhood of z and is given
by (4.3). Differentiating (4.3) in z, we verify g’(z) > 0. On the other hand, differentiating
(4.4) in z, we obtain

N B i )
sW=; ; (di —z— p2g(2)*

so the condition g’(z) > 0 implies

l—lzn: '32 >0
n—= (di—z—p?g()?*

i=1

Thus, F’(g(z)) < 1. This holds for all z < 0, so we must have F'(g(0)) <1 at z =0 by
continuity. Then, g(0) is the smallest real root to g = F(g) at z =0. Since 1 — Q(m) is one
such root by (4.18), we have 0 < g(0) <1 — Q(m).

To prove the bound on [ log(x)v(dx), we write, for any T > 0,

T
/log(x)v(dx) = /(log(x —iT) —/ ! dt)v(dx)

0 x —it

T
= /log(x —iT)v(dx) —i—i/ g(ir) dr.
0
For each ¢ € (0, T'), applying (4.4), we have
g(ir) = g(in) (1 + p*¢ /(1)) — g (in)g'(ir)
_ L& 1+
Con=d —ir — Bglir)

1

— Brg(ing'(ir).

Then, —ig(it) = B'(¢) for
1 . 2 e ,32 )
B(1) := = log(d — it = Bg(in) + —-g(in)”,
i=1
SO ifOTg(it) dt = B(0) — B(T). We next take T — oo, using |g(iT)| <sup,(1/|x —iT|) <
1/T from equation (4.3). Applying a Taylor expansion of log(x —iT'), we have

flog(x —iT)v(dx) =log(—iT) + O(1/T),  B(T)=log(—iT) + O(1/T).

(In the first equation we use the fact that v has bounded support; cf. Lemma 4.8, and in the
second we use the definition of B, together with |g(iT")| < 1/T.) Combining the above, we
obtain [log(x)v(dx) = B(0).
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Finally, note that for F as defined in the proof of Lemma 4.8, the equation g = F(g) is
equivalent to 0 = R’(g) where

2.2 1 n
R(g) = ﬁTg +- > log(d; — B*g).
i=1

Recall that either g(0) =1 — Q(m) or g(0) < 1 — Q(m), and these are the two roots of this
equation 0 = R’(g) in (—o0, p1). Since R(g) — oo when g — —o0, we obtain in both cases
B(0)=R(g(0)) < R(1—Q@m))=L(m). U
PROOF OF LEMMA 4.3. For any x > 0,
l¢(x) —logx = Relog(x —ie) — Relog(x)
/2 2 _
—logy/x2 + 82 —logx = v e o
xX+é
for some & € [0, v/x2 4+ &2 — x]. Then, |I.(x) —logx| < &/x, so

[ e = [togtewv@n +e [(/xvas.

The result follows from Lemma 4.9, Lemma 4.8 and the density decay condition (4.17) at the
smallest edge of v in the case where 0 € supp(v). [

5. Proof of Theorem 1.2. We now prove Theorem 1.2 on the Bayes risk achieved by
minimizing the TAP free energy in the Z; synchronization model, corresponding to § = A.

Throughout the proof we write F as shorthand for F)_ ;. Let g, be the largest real solution
of the equation

(5.1) g» = Eg[tanh(12q, 4+ /32¢,G)?],
for G ~ N (0, 1). Note that, when A > 1, we have g, > 0 [32], Lemma 4.2. Denote

Ox = Gx, ay = )‘zq*’
(5.2) A2
ev=—"(1-29. = ¢;) — Eg{log[2cosh(A’q, + /2?4, G)]},

and recall Q(m) = ||m||%/n and M (m) = (x,m)/n. Recall C, , the set of critical points of
F with energy below —A?/3, and define
C;tn ={me[-1,1]":VF(@m)=0,F(m) < —22/3, M(m) > 0}
so that C;, , = C;Cn U —Ctn.
5.1. Localization of critical points. Denote 'y C [—1,1]" to be the preimage of
(Q, M, F) at a neighborhood of (gx, ¢y, €x):
(53) Te={me[-1,11":|Q(m) —q.| <,

M@m) — ¢.| <e,

F(m) —e,.| <e}.
We first prove that & £ C;&n C I', with high probability.
PROPOSITION 5.1. There exists Ay < 00 such that, for any A > Lo and ¢ > 0, for some

constants ng = ng(A, €) and co = co(X, €), with probability at least 1 — e~ " for all n > ny,
we have: Cfn C I, and some global minimizer m, of F satisfies m, € Cfn Cr,.
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Recall that in Theorem 1.1, for A > 0, choosing 8 = A, taking n,b € (0, 1) and taking
closed sets U C [n, 1] x R3, V,=[—1+ e*”b, 1-— e*”b], we have

limsupn~'og E[Crit, (U, V)] < sup  Si(q,¢,a,e).

n—00 (q,¢,a,e)eU
To prove Proposition 5.1, the following first bounds the function S, (q, ¢, a, e) for (¢, ¢) in a
small neighborhood of (g, ¢.). We defer its proof to Section 6.

PROPOSITION 5.2. For any X > 0, we have

S*(Q*s Dy Axy 6*) =0.

Furthermore, there exist constants cy, Ao > 0 and a function c(A) > 0 such that, for any
A > Ao and any (g, @) satisfying |q — gs, |¢ — @] < co/A%, we have

(54)  Sug.¢.a,e) < —cW)[(@—a)?+ (@ —q)* + (@ —9)* + (e —en)?].

Note that, for cg, Ag as above and A > X, this implies

sup{S«(q, ¢, a,e) 1 |g — qul, lp — @u] < co/A2, (a,e) € RZ} <0,

with the supremum uniquely attained at (g, ¢, a4, €,). The following then localizes any
critical point of F satisfying Theorem 5.1 to the above neighborhood of (g., ¢.). Its proof is
in Appendix C.

PROPOSITION 5.3.  Fix any positive integer k. Then, there exist Lo, Co > 0 and functions
co(A), no(A) > 0 such that, for all A > Lo and n > no(X) with probability at least 1 — e~
anym € C;ﬁn also satisfies Q(m), M(m) > 1 — Co/1¥.

Finally, the following shows that, with high probability, there are no critical points with
any coordinate outside the set V,, in Theorem 1.1.

LEMMA 5.4. There exist constants ng, and co > 0 so that, for n > ng with probability at

least 1 — e™" all points m € (—1, 1)" satisfying g, (m) = 0 also satisfy

(5.5) Moo < 1 — e 4641,

PROOF. Note that, when g, (m) =0, we have
|arctanh(m) |, = |—-A%/n - (1, m)1 — & - Wm + 2*[1 — Q(m)]m]
<207 + AW [lopa/m.

With probability at least 1 — e~ " for n > ng and some no > 0 and ¢y > 0, we have || W |op <
3, and hence | arctanh(m)|| oo < 202 + 3x+/n. Applying tanh(x) <1 — e~ for x > 0, with
probability at least 1 — e~“0", we have

(5.6) |m||ls < tanh(|arctanh(m)| ) <1— e~ —6A 0

PROOF OF PROPOSITION 5.1. According to Lemma 5.4 and Proposition 5.3, there
exist constants Ao, Co and functions cg(A), ng(A) such that, for A > A¢ and n > ng(L),

the following happens with probability at least 1 — e~ “0": For any m € Cf’ .» We have

Mmoo <1 — e #* =6/ < | — o=V and Q(m), M(m) > 1 — Co /3.
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Define
Us ={(q. ¢.a,€): (q. 9) € [1 = Co/23, 1%, (a, e) € R?}
N{(g.¢,a,e):max{lg — q.l, |9 — ¢.l, le —e.]} > €}
and V, =[-1+ e_xzﬁ, 1-— e_ﬂﬁ]. According to Theorem 1.1, we have

limsupn_llogE[Critn(Ug, V)] < sup  S.(q,¢.a,e).

n—00 (q,p,a,e)eU;

According to Proposition 5.2, for A > 1¢ with A large enough, we have

0> sup Se(g,p,a,e)=—so(X, €).
(q.9,a,e)eUs

Therefore, there exists ng(A, €) large enough so that, for n > ng(X, €),
n~ og E[Crit, (Us, V)] < —s0(%, £) /2.
Accordingly, by Markov’s inequality, we have
P(Crit, (Ue, V,) > 1) < E[Crit, (Us, V)] < exp{—son/2}.

Combining the above statements concludes that Ci",n C .

Next, we show that a global minimizer m, € Ctn. The gradient of F diverges at the bound-
ary of [—1, 1]" and points outside [—1, 1]" because of the entropy term. Hence, any global
minimizer m, belongs to (—1, 1)" and satisfies V.F(m,) = 0. Furthermore, note F(x) =
—A2/2 — Mx, Wx)/(2n) < —A2/2 + MWllop/2, and P([|Wlop <3) > 1 —e " for n > ng
with some constant co and ng. Accordingly, we have F(m,) < F(x) < —2%/2 4+ 31/2 <
—A2/3 for A > 9 and n > ng with probability at least 1 — e, Taking —m, in place of m,
if necessary, we ensure M (m,) > 0. U

5.2. Proof of Theorem 1.2. In this regime, [32] showed that MMSE,, (1) converges to a
limiting value which admits the following characterization.

PROPOSITION 5.5 ([32]). Let A > 0 be a fixed constant. Let q, be the largest nonnegative
solution to the equation

(5.7) g» = EGn.1[tanh (32, 4 y/22¢.G)?].

Then, lim,_, oo MMSE,, (1) =1 — q*z. The value g, is monotonically increasing in A, with
gx =0 when A <1 and q. € (0, 1) when A > 1.

PROOF OF PROPOSITION 5.5.  See [32], equations (167) and (143) and Lemma 4.2. (The
notational identification with [32] is Y /A <> ¢, and A <> 2. [32] establishes this result with
additional direct observations under a binary erasure channel with erasure probability 1 — ¢,
and the statement for ¢ = 0 follows from continuity in €.) [J

PROOF OF THEOREM 1.2. Note that C, , is compact. Hence, when C, , # &, the maxi-
mum value of ||mm" — )?Bayes ||2F over C)_, can be attained by some m € [—1, 1]". We denote
m, € R” to be arandom element within the set arg max,,cc, . |lmm" — XBayes ||2F ifCyn#9,
orm, =0if C , = @. Since C;, , = Cy ,(Y) is uniquely defined in terms of F; g, which it-
self depends in a measurable way on Y (see equation (1.6)), it follows that m, can be taken to
be a measurable function of Y. (Measurability follows from [21], Theorem 1, using the fact
that {(m,Y) :m € C, ,(Y)} is Borel.) In particular, m, is independent of x conditional on Y.
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By Proposition 5.1, for any constants ¢, § > 0, for sufficiently large n, with probability at
least 1 — &, we have C;, , # @ and

(5.8) nHm? €lge — e, qut+el, 0TV (my, x)| €lgs — &, qu +£].
Denoting the above good event to be £, we have
—_ 2 _
n [ |mom] — xxT|71E] = nE[lx]* + lm)l* = 2|0, ) 1€]
< (14 (g +6)7 =2(ga — )*) <1 — g7 +6¢,
so that

n~?E[ |m.m]

—xxT||2]<n 2IEJ[Hm*m xxT||F|5]IP’(8)—|—2 P(&°)
<1— g2+ 66 +25.

As m, is a measurable function Y, orthogonanality of (xxT — X Bayes) = (xxT —E[xxT|Y])
with respect to any function measurable on Y, implies

n"’E[|m,m] — xxT||2 ] =n"2E[|m.m] XBayes || |+ MMSE, (%).
Then, Proposition 5.5 implies, for all n > ng(X, ¢, §),
n"2E[|mm] XBayeS || ] <7e+26.

Then, by the definition of m,, we have

<n72 sup “mmT - XBayes ” )1{C)L n# I} <n 2||m*m XBayes ”F’
mGC)L‘n

so that (1.20) holds. [

6. Proof of Proposition 5.2. Denote £ ~ N (A%¢,, A%¢,). Note that ¢, = g, implies
E{f(—&)} = E{e% f(£)} whence E{tanh(£)?} = E{tanh(£)}. Applying Gaussian integra-
tion by parts, we may verify from (5.7) and (5.2) that

¢.=E[tanh(§)],  ¢.=E[tanh*#)],  a, =E[&tanh()],

(6.1)
(g, ax) — e, = E[log2 cosh(§)].
Note that
S(Gxs Pas Ay €45 [0y V, T, ) = —qufl — @uV — AxT — [U(qs, ax) — ex]y +1log 1,
where

I = E[exp(u tanh?(£) + v tanh(&) + 7£ tanh(&) + y log 2 cosh(£))].

Then, S(Gu, @x, ax, €x; L, V, T, ¥y) is a convex function of (u, v, 7,y), with derivative in
(u,v,7,y)equalto O at (u, v, 7, y) =0. Thus, Si(g«, @x, ax, €x) = 0 follows.

In the remainder of this section, we establish equation (5.4). Note that g, — 1 as A — oo
(see, e.g., [32], Lemma 3.2). Throughout the proof we assume Aq is large enough such that
the conditions of the proposition guarantee (¢, ¢) € [1/(1 4 €), 1]* for £ = 0.01. Denote

[a — 329% — 221 — ¢)q]*,

1
S ) b =
+(q.9.a) 52

S_(q,¢,a,e; 1, v,7,y) =—qu— v —at —[u(q,a) —e]y +logl,
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sothat S =84+ S_ and

Su(q,p,a,e)=S5,(q,¢,a) +Mivnffy S_(qg,¢,a,e;u,v,1,¥).

Denote Q(x) = tanh? x, M (x) =tanhx, A(x) = x tanhx and U (x) = log[2 cosh(x)].
Step 1. Upper bound S. Noting a, = Azwf +22g,(1 — g,), we have

Si(q, ¢, a) = [(a —a,) — (A29% = 2202) — [M2q(1 — @) — 32q.(1 — g0)]}*.

b
4)2q2
By the inequality
(1 + x4+ x3)2 < (1 +8)%x7 + (242/6)°x3 + 2 +2/e)°x3

and the conditions ¢, ¢ € [1/(1 + ¢), 1] and ¢ = 0.01, we have

S1(q.9.a) < (1+8)*(a —a.)*/(437¢°)
6.2) +2+2/e)2H(9* = 02) + [0 — ) — 4. (1 — g}/ (42747
< (1 +8)*(a—a)?/(43%) + (10/6)2% (9 — 9)* + (10/6%)27(q — ¢.)*.

Step 2. Bound the moment generating function of Q, M, A and U. Let x ~ N (A2, A2q).
Let E and Var be taken with respect to the randomness of x. We bound E[e*(Q—EDT,
E[ev(M—IEM)], E[er(A—IEA)] and E[ey(U—IEU)].

Since |Q| < 1, we have, for |u| < 1,

Elexp{un(Q —EQ)}]

1 > 1
<1+ -u*V: +> —ul*E[lQ —EQ[
63) e ar(Q) 2 k!lul [1o 0l"]

1 o
< 1 5 Var(Q) Y 1l < explu? Var(@)/[2(1 — Iu])]}-
k=2

Similarly, we have, for |v| < 1,
(6.4) Elexp{v(M —EM)}] < exp{v? Var(M)/[2(1 — |v])]}.

To bound E[e?™~EA)] note that A(x) = x tanh(x) is L-Lipschitz. Indeed, simple cal-
culus shows that sup, A’(t) = A’(A~'(1)) = A~'(1), whence L, = A~'(1) < 1.2. Applying
Gaussian concentration of measure (see, e.g., [18], Theorem 5.5), we have

(6.5) E[exp{t(A —EA)}] < exp{kzqtng/Z} < exp{AzrzLﬁ/Z}.

Similarly, to bound Ele?Y—EU)] note U (x) = log[2cosh(x)] is 1-Lipschitz. Hence, we
have

(6.6) Elexp{y (U —EU)}] < exp{r*qy?/2} <exp{r®y?/2}.

Step 3. Upper bound S_. Seta =1+ ¢ and k = (3 4+ 3¢) /¢, where € = 0.01 as above. By
Holder’s inequality,

E[BM(Q—EQ)-I—V(M—EM)-H(A—EA)+}/(U—EU)]

< E[eaT(A*EA)]l/aE[eKu(QfEQ)]1/KE[6KU(M7EM)]l/KE[eKy(UfEU)]1/K.
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Given estimates (6.3), (6.4), (6.5) and (6.6), we have, for |u|, |v| < 1/«k,
E[eu(Q—]EQ)—i-v(M—IEM)—H(A—[EIA)—I—)/(U—IEU)]

- {atzkng /c,quar(Q) xv? Var(M) Kyzkz}
=TT Tk T 20—k T2
and hence
S_(q,¢,a,e;u,v,7,y)
at?A’L2 K 02 Var(Q)
6.7) = (@ —BlA]) + ——— —ulg —ELO]) + 7 — ki)
K2 Var(M) Kyzk2
—V(go—E[M])—i-2(1_—K|Ul)—y(u(q,a)—e—]E[U])+ >

To bound Var(Q) and Var(M), note that tanh(x) > 1 — e~*. Then, for (¢, ¢) € [1/(1 +
), 1]2 with ¢ = 0.01, there exists a universal constant A¢ such that, when A > Ay, we have
(denoting ¢ (x) = P(|G| > x) for G ~ N(0, 1))

E[l — tanhx] = E[(I — tanhx)1{x > 2%/2}] + E[(1 — tanhx)1{x < 1?/2}]
(68) 2 2 2
<e P LoP(x <222) <e P H oMo —1/2)) <e 5,

and hence
Var(M) = E[tanh® x] — Eftanh x]? < (I + Eftanhx])(1 — E[tanhx]) < e*"/10.
Similarly, Var(Q) < e=**/10,
Now, we take L; > e_)‘z/ 10 to be determined, and we take T, i, v, y to be

_a—E[A] g —E[Q] U_(/’—E[M] _u(g,a) —e—E[U]
- ar?L2 H= ZKL(% ’ o 2KL5 ’ V= KA\2 '

Then, as long as

(6.9) max{|q — E[Q]

we have |u|, |v] < 1/(2«), and, according to equation (6.7), we have

¢ —E[M]|} <L,

’

M,llilzl‘f,}/ S_(q’ p,a,e U, v, T, J/)

€10 @-EAD (@-EQ)* (-EIM)? (u(g,a) —e-EU)
20212 4KL62] 4KL%] 2uc A2
Step 4. Bound EA — a,, EQ — ., EM — ¢, and EU — (u(gs,as) — ex). Recall

that the expectations in (6.10) are with respect to x ~ N (A2, A2¢) while the quantities
of (6.1) are defined with & ~ N/ (kzgo*,kzq*). To bound this difference, define Dpy =

SUp, yefo.0.p [(@/AHEGIF(12p + \/32qG)])| for F = A, Q. M,U and # = q, ¢, where

G ~ N(0,1). Now, we bound D 4. We denote x = A%p + ,/A2¢G, where (to simplify no-
tation) in each line below ¢, g > 0.9 are chosen to maximize the corresponding expression.
Applying (6.8) and Gaussian integration by parts, we obtain

Dy < |(d/d@)E[x tanh x]| = A?|E[tanh x + x(1 — tanh® x)]| < 222,

Dy, < |(d/dg)Eftanhx]| < A2E[1 — tanh® x] < 222 ~*/5.
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Similar arguments, omitted for brevity, show
Dpg.Duy <% Dyg <2205,
Dg.y Doy <4025 Dy, <225,
Moreover, denoting D, , as the Lipschitz constant of u(q, a) with respect to g, we have

Dug < sup |d/dq)u(q,a)| < sup A*q/2<r%/2.
¢€[0.9,1] q€l[0.9,1]

For (f, F) = (g, Q) or (p, M), we have
|f —E[FX)]| <|f = ful + Drglg — qul + Dl — ¢4l
For A > 10, we have Do 4V Do o vV Dy g vV Dy < 1/2, and hence
(6.11) max{lg — gl lp — .|} < L7 /2

implies (6.9).
Moreover, for (f, F) = (g, Q), (¢, M), or (a, A), we have

(f —E[F])* = (1f = fol = Drglg — a.l = Drylo — 0.l)
> (f = f)* =21f = ful - (Dr.glg — @l + Drylo — i)
> (1—&)(f — f)> = (1/&)(DF.4lq — 4l + Dr.gle — p.])*
> (1—&)(f — f)° — (2/e) D ,(q — ) — /&) DE , (9 — 9.)°,
and
(u(q.a) — e —E[U])*
> (|(e — ex) — (@ — a) /2| = (Dy.q + Dug)lg — 4l — Duyle — ¢ul)2
> (1—#)[(e —en) — (a — au)/2]* — 2/e)(Du.g + Dug)*(q — q.)*
— 2/&)D} (9 — ).
Accordingly, for Ag sufficiently large, using equation (6.10), we obtain
M’ivl’lrf,y S_(q.¢,a,e;u,v,7,7)

- 1—¢ (
———————(a—a,
- 20{L3A2

)2

2 2 2
~ [1 —e 2DF, 2D%, 2D}, 2Dyg+ DM)Z}@ Ly
(6.12) 4Ll 2ealir?  Aecll  dexL) 26Kk )2 *
2 2 2 2
_[1_8_ 2DA’¢ _2DQ’¢_ZDA,MD_2DU’(/):|(('0_()0)2
4icL?  2eal2)?  dexcL2  decl2  2ek)? ¥

1—¢
2uc)\?

as long as (g, ¢) satisfies (6.11).
Step 5. Finish the proof. Let us apply

[(e —ey) — (a—ay)/2]%,

S«(q,p,a,e) =81(q,¢,a) + Mivnrfy S_(qg.¢,a,e;u,v,7,y)

29
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and add the upper bounds from (6.2) and (6.12). Ase =001, =14+e=101,x =G+
3¢)/e =303 and L, < 1.2, the coefficient for the (a — a,)? term
l—e  (I1+o)?*
2aL2)? 4)2

is a negative function of A. Now, take L%I = 2¢0/*? for some small constant ¢y > 0. For g
large enough, this implies Lg > exp{—A2/10}.

Note that Dg 4, Dg,p, Dy g, Dm,p are exponentially small in A, while D4 4, D4y, Dy 4,
Dy 4,Dy,y < 212. Hence, for ¢y small enough and A¢ large enough, the coefficients for
the (g — q,()2 and (¢ — <p*)2 terms are also negative functions of A; moreover, max{|q —
el @ — 0x|} < co/k2 implies (6.11). Finally, observe that, for any c1 (1), c2(X) > 0, there
exists ¢(A) > 0 such that

—c1M)@—a)? — 2(W)[(e — e) — (a —a) /2] < —c()(a — a)* — c(A)(e — e,
This concludes the proof of (5.4).

APPENDIX A: PROOF OF PROPOSITION 3.1

Fix n, and write as shorthand g = g, and H = H,,. For any measurable 7 C (-1, 1)",
define

Crit(T)= Y UmeT}
m:g(m)=0

We wish to apply the Kac—Rice formula [1], Theorem 11.2.1, for E[Crit(T)]. The statement
of [1], Theorem 11.2.1, does not directly apply in our setting, as g(m) and H (m) = Vg(m)
do not admit a joint density on R” x R*"*+1/2_(Conditional on H (i), the gradient g(m) is
deterministic.) We will instead adapt the proof presented in [1] to handle this technicality. For
simplicity, we prove only the upper bound which is all that we require for our application.

Let B(8) be the open ball of radius § around 0. Proposition 3.1 is an immediate conse-
quence of the following lemma.

LEMMA A.1. Let py be the Lebesgue density of g(m). Let § =6, > 0. Then, for any
Borel measurable set T C Vs =[—1+6,1—6]" \ B(3),

E[Crit(T)] < f 1{m € T}E[|det H (m)||g(m) = 0] pyn (0) dm.

To prove this lemma, we apply the following result from [1]: Define the smoothed delta
function
Vol(B(e)) ™' m eB(e),

e (m) = {0 m ¢ B(¢g)

which integrates to 1 over R”.

LEMMA A.2. Suppose g : (—1,1)" — R" is deterministic and continuously differen-
tiable, and T C (—1, 1)" is compact. Suppose, furthermore, that there are no points m € T
satisfying both g(m) = 0 and det Vg (m) = 0 and also no points m € oT satisfying g(m) = 0.
Then,

Crit(T) = lin})/ 1{m € T}5.(g(m))|det Vg (m)|dm.



TAP VARIATIONAL INFERENCE 31

PROOF. See [1], Theorem 11.2.3. O
The below verifies that the conditions required for Lemma A.2 hold almost surely.

LEMMA A.3. Let g = g, be defined by (3.2), and let T C (—1,1)" be compact with
0¢ T and 0T having Lebesgue measure 0. Then, the conditions of Lemma A.2 hold with
probability 1.

PROOF. Let us first verify that, with probability 1, no point m € 97T satisfies g(m) =
0. Fix Co > 0, and consider the event £ = {||W||op < Co}. As T is compact and does not
contain 0, it belongs to K>s =[—1 + 26,1 — 28]" \ (=26, 28)" for some (n, T )-dependent
quantity 6 > 0. Since 9T has Lebesgue outer measure 0, for any ¢ > 0 there exists a countable
collection of balls {B(m;, r;) : i € Z} such that

Zrin<8, BTCUB(m,-,ri),

i€l iel
where each B(m;, r;) is the open ball of radius r; around m;. Taking & < §" so that r; < § for
each i, we may assume without loss of generality that each center m; belongs to K5 (because

otherwise the ball has empty intersection with K5 and, therefore, with 7). On the event &,
g(m) is L-Lipschitz over K for some (n, §, Cp)-dependent quantity L > 0. Hence,

P& N {there exists m € 9T : g(m) =0}] <Y P[|g(m;)|, < Lr;].
i€l
Observe that, for each fixed m;, the vector g(m;) has a multivariate normal distribution with
covariance

B2 Hm; |31+ n'mym]) = p28%1

Then, the density of g(m;) is bounded as ¢; (x) < (271,3252)_”/2, and, for some C = C(8) >
0 not depending on ¢, §, we have

CLri\"
Bllgml, <Ln)=(<5") -
Hence,
CLri\" CL\"
P[E N {th ist oT : =0j] < <|—) e
[€ N {there exists m € g(m) }]_;( 5 > _( 8)8

As ¢ > 0 is arbitrary, the above probability must be 0. Then,
P[there exists m € 3T : g(m) =0] <1 —P[£].
Now, taking Co — oo,
PP[there exists m € 9T : g(m) = 0] =0.

Next, let us verify that, with probability 1, no point m € T satisfies both g(m) = 0 and
det H(m) = 0. Define the set
. 2 2
LN %Hm”% .m; — arctanh(m;) = 0 Vi & [n]},
i

S:{me(—l,l)": 1
and suppose first that T N § = &. Note that, for any r > 0, we may construct a maximal
packing {B(m;,r/2) :i € I} where m; € T for each i. Namely, these balls do not intersect,
and no additional ball B(m, r/2) with m € T may be added to the packing. Then, {B(m;,r) :
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i € T} is a finite cover of T, and a volume argument shows |Z| < C/r" for an n-dependent
constant C > 0. As T is compact and S is closed, T is included in the set
Us={me[-1+35,1—8]":dist(m, S) > 6, |m|, > 5}

for some (n, T')-dependent 6 > 0. Fixing Cy > 0 and defining the event £ = {||W|op < Co},
we have on & that g(-) and det(H (-)) are both L-Lipschitz over m € Us for some L =
L(n, s, Cp) > 0. Hence,

P[€ N {there exists m € T : g(m) =0, det H (m) = 0}]

<Y PlE,

el

det H(m;)| < Lr].

g(m)|, <Lr,

Consider a fixed index ¢, and let v and A be such that
g(m;)=—B(Wm; +v), H(m;)=—-B(W+ A)

for g, H, as defined in (3.2) and (3.3). Since m; € Uy, the conditions of Lemma A.4 below
are satisfied for some quantities co = co(n, 8, A, 8) > 0 and Co = Co(n, §, A, B) > 0. Then,
we obtain, for all  sufficiently small and some C > 0 independent of r,

P[E, det H(m;)| < Lr] < Cr"t1/Gm.

gm)|, < Lr,
Applying this and |Z| < C/r" to the above and taking » — 0 followed by Cy — o0, we obtain
P[there exists m € T : g(m) =0, det H (m) = 0] =0.

If T NS #£ @, this argument holds for the compact set T \ {m : dist(m, S) < §} and any
8 > 0. Taking a union bound over a countable sequence § — 0 and noting that 7N § is closed,
we obtain

P[there existsm € T'\ S : g(m) =0, det H(m) =0] =0.

Finally, note that S is the zero set of a nontrivial real analytic function, and thus S has
Lebesgue measure 0 [48]. The same argument as for 07 shows P[there existsm € T N S :
g(m) =0] =0, and combining the above,

P[there exists m € T : g(m) =0, det H(m) = 0] =0. O

LEMMA A.4. For any (n-dependent) quantities co, Co > 0, there exist C = C(n, cy,
Co) > 0 and g9 = eo(n, co, Co) > 0 such that the following holds: Let v e R", m € (—1, 1)"
and A € R"*" be any deterministic vectors/matrices such that A is symmetric, || Allop < Co,
|Am — vl > cg and |m||2 > co. Let W ~ GOE(n). Then, for all ¢ € (0, &g),

P[|Wm + v < & and |det(W + A)| < & and || W ||op < Co] < Ce"+1/GM,
PROOF. Throughout the proof, C and ¢ > 0 denote arbitrary (7, co, Co)-dependent con-

stants that may change from line to line.

Note that Wm + v has a multivariate normal distribution with covariance
nHm |3+ n " mm" = n L

Then, the density of Wm + v is bounded by an n-dependent constant, so P[||Wm + v|> <
g] < Ce". Hence, it suffices to show

(A.D) P[|det(W + A)| < &, [Wllop < Col Wm = w] < Ce'/G"

for any deterministic w satisfying ||w + v|]2 < & < &g.
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For this, define a deterministic orthogonal matrix O € R™*" such that its first column is
m/||m||2, and the span of its first two columns contains m and Am + w. Set

W=0"Wo, w=0"w, A=0"40.
Then, rotating coordinates and denoting by e; the ith standard basis vector,
P[|det(W + A)| <&, [|Wllop < ColWm = w]
= P[|det(W + A)| <&, [Wllop < Collm|2We; =]

Conditional on ||m||, We, = w, the first column (and also first row) of W + A is deterministic
and given by

OT(w + Am) =aje; + azer,

Ae1 =

(W+A)e; =
lm]|> [m]|>

where the last equality holds by construction of O for some scalars o1, a» which satisfy a% +

v (1 v (1 v (12 v (12
o3 = | Am + w2/ |m|[3. Then, denoting by HD = W + A and g1 = w"'? + 4"

the lower right (n — 1) x (n — 1) and (n — 2) x (n — 2) submatrices of W 4 A, and expanding
the determinant along the first column,

det(W + A) = det HY — o3 det H1?,

For sufficiently small gq, the given conditions and ||w + v||2 < &g imply a% + a% >c. We
consider two cases:

e Case I: |o1| < &!/3. Then, oz% > ¢ for a constant ¢ > 0. For || W/|op < Co and || Allop < Co,
we have | H® |lop < 2Co and hence |det(HV)| < (2Co)"~". Combining with | det(W +
A)| < &, we have |det H1?| < Ce!/3 for some constant C > 0. Also, ||W|lop < Co and
| Allop < Co imply ||H'?|| < 2Cy. Hence,

P[|det(W + A)| <&, [Wllop < Colllmll2Wey = ]

(A2)
<P[|det H'?| < Cs', |HI?| < 2Co]

for a constant C > 0 and sufficiently small . Writing the spectral decomposition H1? =
UAUT where A = diag(A1, ..., ,_2) and applying the change of variables dH!? =
(1/Z") ]_[l-<j |A;i — A j|dAdU [3], the joint density of ordered eigenvalues Aq, ..., A, 2 of
H"? is given by
1/D1r <+ < hna} [T 1) = il
i<j
v (12
. /exp(—% Te[(UAUT — A' ))2]) du,

where the integral is over the orthogonal group of dimension n — 2. This density is bounded
by an n-dependent constant over the set

(= <huas Tl < Ce max ] <260},
. l
l

and the Lebesgue volume of this set is bounded by Ce!/G™ since at least one coordinate
|A;] is less than Ce!/G™ . Then, the right side of (A.2) is at most Cel/Gm for a constant
C=>0.
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o Case?2: |a| > el/3. Considering separately the events |detH(12)| <el/3and |detH(12)| >
/3 and handling the first event by the argument of Case 1 above, we obtain

P[|det(W + A)| <&, |Wlop < Colllm|2We; = ]

< CeV/CM L P[|det(W + A)| < ¢, [det HI?| > &!73|[m||,We; = ).

For the probability on the right side, let us further condition on all entries of 14 except
W»s>. We have

det(W + ;1) =] sz det H1? + const,

where const denotes a quantity that does not depend on sz. Then, when |a1| > el/3 and

|det H'?| > ¢!/3 the quantity det(W + ;1) /€ is conditionally normally distributed with
variance at least 2 ~2/3 /n. This normal distribution has density upper bounded by Ce!/3,
o)

P[|det(W + A)| < ¢, |det H'P| > &!/3|||m||,We; = b] < Ce'/3.

Combining these cases yields (A.1), as desired. [

PROOF OF LEMMA A.1. First, consider T C Vs =[—1+4,1—65]" \ B(d) to be a closed
hyperrectangle. By Lemma A.2, Lemma A.3, Fatou’s Lemma and Fubini’s Theorem,

E[Crit(T)] < liminf / 1{m € T)E[5,(g(m))|det H (m)|] dm.

Denoting by p,, the density of g(m), we have
E[8:(g(m))|det H (m)|]

:Vol(B(s))_lf E[|det H (m)||g(m) = u] pp (u) du.

ueB(e)

Define
D(u,m) =E[|det H(m)||g(m) = u]pm(u).

For any fixed m € Vs, the vector g(m) is a Gaussian random vector, and E[g(m)] and
E[g(m)g(m)"] are continuous functions in m. Hence, the density p,,(u) is a continu-
ous function of (u,m) € B(¢) x T. Moreover, by Lemma 4.1 we have [H (m)|g(m) =
ul 4 —,BPiWPi + A(u,m), where W ~ GOE(n), P,%, is the projection orthogonal to
m, and A(u,m) is continuous in (u,m) € B(¢) x T. Therefore, D(u, m) is continuous in
(u,m) € B(¢) x T, and hence it is bounded on B(e) x 7. The bounded convergence theorem
and the continuity of D(u, m) yield

E[Crit(T)] < /l{m € T}limi(l)lfJE[(Sg (g(m))|det H (m)|]dm

:/I{m € TID(0, m)dm.

Finally, we generalize the above inequality to a general Lebesgue measurable set £ C V.
This follows by standard measure theory machinery, and we sketch the proof in the following.

For any Lebesgue measurable set E C Vj, define vo(E) = E[Crit(E)] and v(E) = [ 1{m €
E}D(0, m)dm. Define

T ={T C Vs : T is closed hyperrectangle}.
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Let v, be the outer measure generated by the set function v : 7 — R, that is, for any E C Vj,

oo
(A3) v*(E)zinf{Zv(Ti):EQUTi,TiGT}.
i=1 i
Note that we have shown vy(T) < v(T) for any closed hyperrectangle T € 7. Then, for
any Lebesgue measurable set £ C Vj,

vo(E) <1nf{ZvO(T) ECUT,,T eT}

i=1

.. o0
@ inf{Zv(Ti) Ec|JTTie 7'} @, (E).
i=1 i

The inequality (i) is given by the definition vo(E) = E[Crit(E)], the nonnegativity and addi-
tivity of Crit(-) and the linearity of expectation. The inequality (i7) is given by vo(7;) < v(T;)
for each 7; € T. The equality (iii) is given by the definition v,.

Since D(0,m) is bounded over m € Vs, we have that v is absolutely continuous with
respect to Lebesgue measure and v, (E) = v(E) for any Lebesgue measurable set E C Vs by
a standard argument. This concludes the proof. [J

APPENDIX B: PROOF OF PROPOSITION 3.5

The proof applies the following version of Varadhan lemma’s upper bound which is a small
extension of [31], Lemma 4.3.6:

LEMMA B.1. Let {Z,};2 | be random variables taking values in a regular topological
space X . Let I : X — [0, o0] be a lower semicontinuous rate function with compact level sets
V() ={x:1(x) <a}. For all closed sets A C X, suppose Z, satisfies the large deviations
upper bound

1
(B.1) limsup —logPP[Z, € A] < — 1nf 1(x).

n—»oo N

Consider an upper semicontinuous function ¢ : X — [—00, 00) and a Borel set A C X such
that AN {x : ¢(x) > —a} is closed for each o < 00, and

1

(B.2) C(y) =limsup — logE[e""?“)1{Z, € A}] < 00
n—oo N

for some y > 1. Then,

lim sup — logE[ n$(Z1(Z7, € A}] < sup(¢p(x) — I (x)).

n— 00 xeA

PROOF. The proof follows [31], Lemmas 4.3.6 and 4.3.8, with minor modifications. Fix-
ing o < oo and § > 0, by compactness and semicontinuity we may take a finite open cover
{Ax,. ..., AxyJof AN{x:¢(x) > —a} N {x: I (x) <} such that

(B.3) inf 7(y) >1(x;) -3, sup ¢ (y) < ¢(x;) + 8.
yEAxi yEAx,-
Then,
limsup — 1ogIE[ "(Z1{Z, € A}] <max(Ey, ..., En, R, Ra),

n—-oo
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where

1 _
E; =limsup — log E[¢"*“"1{Z, € A,,}]

n—oo N

1
R; =limsup — logE[e”¢(Z”)l{Zn ef{x:9(x) < —al}]

n—oo N

1
Ry =limsup —logE[e"? " 1{Z, € AN {x:¢(x) = —a} N A N---NAS ).

n—oo N

Together, (B.1) and (B.3) imply E; < ¢ (x;) — I (x;) + 28. Also, by definition, Ry < —«. For
Ry, denote B=AN{x:¢(x) > —a}NAT N---NAJ . Note that B is closed and  (x) > «
on B. Then, by Holder’s inequality and (B.1) and (B.2),

1
Ry < limsup — log(E[¢”"?“1{Z, € A)] " P[Z, € BI'™'/7)

n—oo N
1 1
Lew+(1-1)a
14 14
The result follows from combining these bounds and then taking « — co and 6 — 0. [

We now apply this to our setting. We equip P with the topology of weak convergence and
the corresponding Borel o-algebra. The following lemmas verify the conditions needed in
Lemma B.1:

LEMMA B.2.

(a) For any constants n > 0 and B > 0, there exists a constant C = C(8,1n) < 00 such
that J(p,y) < C + y2/(4B?) for all p € P with Q(p) > 1.
®) J:{peP:0(p) >0} xR— [—00, 00) is upper semicontinuous.

PROOF. For (a) we apply the inequality (c + Da?+ (¢~ '+ 1)b? > (a + b)? with ¢ = 2,
a = arctanh(x) — BA@ 4+ B>(1 — g¢)x — yx and b = yx. Recalling g(x; ¢, g, y) from equation
(3.6), this yields

(arctanh(x) — Brg + B2(1 —@)x)* | (yx)
68%q 4p2%q
By the boundedness of M (p) and Q(p) and the comparison of log 1/(1 — x2) and arctanh(x)?

as x — %1, we see that, for ¢ = M (p) and ¢ = Q(p), the first two terms above are together
upper-bounded by an n-dependent constant. Then,

1
logg(x;¢.q.y) =log 7—

2 2
J(p,y)§C+/%p(dx)=c+4y_ﬁ2

for a constant C = C (8, n) < oo.

For (), fix y, y1, y2,... € R such that y; — y and p, p1, p2,... € P such that p; — p
weakly, Q(p) > 0, and Q(p;) > 0 for all i. Then, Q(p;) — Q(p), so there is a lower bound
n > 0on all Q(p;), as well as a finite upper bound on all yl.2 . Fix a constant « € R, and define

fiw(x) = max(a, log g(x; M(p:), Q(pi), yi)),
fa(x) = max(e, log g(x; M(p), Q(p),y)).

Then, f; o and f, are uniformly bounded above and below over all i. Furthermore, there is
a value § > O such that f; o(x) = fa(x) =a forallx < —1+d6andx >1—3Fand all i. As
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fi.a(x) = fo(x) uniformly over x € [-14§, 1 — 4], this implies f; 4 (x) = fu(x) uniformly
over x € (—1,1). Then,

‘ [ fratwman - | fa(x)p(dx)‘

— 0.

< [1fiat0) = falpitan) + ‘ [ a2 = )

Hence,

(1 - > 1
w - Elog(ZnﬁzQ(pi)) +_/fi,a(x),oi(dx)>

- w - Elog(2n,32Q(p)) +ffa(x)p(dx).

The left side is independent of «. As x — g(x; M(p), Q(p), ) is bounded above, the mono-
tone convergence theorem yields, for the right side,

limsup J (p;, yi) < 1i_m<
i 1

Jim [ fup@n = [Togg(xs M(p), Qo). y)p(@n.

Then, limsup; J (o;, yi) < J(p,y), so J is upper semicontinuous. []

LEMMA B.3. Fixany o € (0,00), and suppose p, p1, p2, ... € P are such that p; — p
weakly and

1 1
/ arctanh(x)z,o(dx) <a, / arctanh(x)z,o,- dx) <a
-1 -1
foralli.Then, A(p;) = A(p) and E(p;) — E(p).

PROOFE. As x2 and h(x) are continuous and bounded over (—1, 1), it suffices to show

/ x arctanh(x) p; (dx) — / x arctanh(x) o (dx).

For any § € (0, 1) such that —1 4§ and 1 — § are continuity points of p, we have by weak
convergence

/ x arctanh(x) p; (dx) — x arctanh(x) o (dx).
[—148,1-6] [—146,1-6]
Denoting Is = (—1,—1+46) U (1 — 4§, 1), by Cauchy—Schwarz

2
(/ xarctanh(x),o(dx)) 5/ xz,o(dx)-/ arctanh(x)z,o(dx)foz/ x2p(dx),
IE I,; 15 IS

and similarly for p;. As [, Is x2p;i(dx) — / Is x2p(dx) also by weak convergence, this yields

lim sup /xarctanh(x),o,-(dx) — /xarctanh(x)p(dx)‘ < 20:/ xz,o(dx).
i Is

Taking § — 0 yields the claim. [

LEMMA B.4. For each o < 00, the set

E@)={(p,y) ePxR:(Q(p), M(p), A(p), E(p)) €U, J(p,y) = —a}

is closed.
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PROOF.  Suppose (p,y), (01, y1), (02, y2),... are such that (p;,y;) — (p,y) and
(pi, yi) € B(w) for all i. Then, M(p;) — M(p) and Q(p;) — Q(p) by weak convergence.
In particular, Q(p) > 7, so J is well defined at p and J(p, y) > limsup, J(p;, yi) > —a by
the upper semicontinuity established in Lemma B.2(b). Applying (a — b)* > (a?/2) — b* and
log 1/(1 — x?) < arctanh(x)?/(88%) + ¢ for a constant ¢ = ¢(8) < 0o, we have

1 ) (Brp = B(1 — @)x + yx)?
8% 4p%q 28%q '
Since y; — y < oo, the above bound and the conditions J(p;, yi) > —«, J(p,y) > —«a,
O(pi) € [n,11, and Q(p) € [, 1] imply !, arctanh(x)?p;(dx) <« and [, arctanh(x)? x
p(dx) <k forall i and some ¥ < co. Then, Lemma B.3 implies A(p;) — A(p) and E(p;) —
E(p). As U is closed, this implies (Q(p), M(p), A(p), E(p)) € U, so E(a) is closed as
desired. [J

logg(x;¢,q,y) <c+ arctanh(x)z(

PROOF OF PROPOSITION 3.5. Let p,, denote the empirical measure of my, ..., m, ~ mg,
where 7 is the uniform distribution on [—1, 1], and let ¥;,, ~ N (0, ,32 /n) be independent of
pn- Then,

T(U, Vn) =2n. E[exp(n_](pn’ Yn) + ConmaX(0.9,b))
x 1{(Q(pn). M(pn), A(py). E(pn)) € U}).

We apply Lemma B.1 with P x R as X, J(p,y) as ¢(x), and {(p,y) € P x R :
(Q(p), M(p), A(p), E(p)) € U} as A. By Sanov’s theorem, p, satisfies a large deviation
principle (LDP) with rate n and rate function p — H(p|mg). Then, combining with the
form of the normal density for Y,,, (o, Y,) satisfies the LDP with rate function /(p, y) =
H(p|mo) + y2 / (Zﬂz). This rate function is lower semicontinuous with compact level sets.
Lemmas B.2(b) and B.4 verify the semicontinuity and closedness conditions required for
¢(x) and A in Lemma B.1. Note further that by Lemma B.2(a), for any y € (1, 2) and some
C=C(B,n) <oo,

(B.4)

1
limsup — log E[e?™ “nY)1{ 0 (p,) > 1}

n—oo N

< limsup 1 log E[eV”(CJFYf/(“ﬂz))] —C.

n—»oo N

This verifies (B.2), so the result follows by Lemma B.1.

APPENDIX C: PROOF OF PROPOSITION 5.3

LEMMA C.1. Fix any a € (1/2,1). Then, there exist constants Ao, ng and cy > 0 so
that, for all A > Lo and n > ngy with probability at least 1 — e~ 0", every m € (—1, 1)" with
F(m) < —ar?/2 satisfies

O(m) > 20 —1—6/%—4/32)"/%,
|M(m)| > (20 — 1 —6/% —4/2%)"*
PROOF. Note that we have
F(m) = —1—2/Qn) - (m, Wm) — (A /2)M (m)* — (*/4)(1 — Q(m))*
> —1— M| Wllop/2 — (A2/2) M (m)* — (A% /4)(1 — Q(m))°.
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With probability at least 1 — e~ " for n > ng and some ng, co > 0, we have || W|op < 3. On
this event, for any m such that F(m) < —ar? /2, we have

M(m)* + 1/2-(1— Q(m))2 >o — 2/)»2 —Wllop/A > a — &,
where ¢ = 2/)\2 + 3/A. By Cauchy-Schwarz, Q(m) > M (m)?. Then,

Qm)+1/2-(1—Q(m))*>a —e.

As 2o — 1 — 2¢ > 0 for any fixed o > 1/2 and for sufficiently large Ao, we obtain Q(m) >
Qo — 1 —2¢)1/2. Then, also (1 — Q(m))*> < (1 — Qu — 1 —2¢)1/2)2 50

MmY?>a—e—1/2-(1-Qm))* = Qa —1—2¢)"72. O

LEMMA C.2. There exist constants Ly, no, Co, co > 0 such that, for any A > Ao and
n > ng, we have

ueB(0,1)| 1

(C.1) ]P( sup [l > o 1{|(gi u)| > k}} > Co/)»2> < exp{—con},
1

where {gi}ie[n]l 4 ‘N(0,1,) and B"(0, 1) is the n-dimensional unit ball centered at 0.

PROOF. Let N(¢) ={v1,..., V|n() )} be an e-net of B"(0, 1), with [N (¢)| < (3/¢)". That
is, for any v € B"(0, 1), there exists v, € N(g), such that |[v — v.||2 < &. Then, for any
u € B"(0, 1), there exists a sequence {u} ;>0 € N(¢), such that u = Z?‘;O 8juj. As a conse-
quence, for any vector g we have

o
(C.2) 1{|(g <> 1e = a2,
j=0
and hence
o .
(C.3) sup Zl (g u)| =2} < Z sup —Zl (g u)| > 1/[22¢) ]}
ueB"(0,1) " ;24 =0 ucN(@E

We fix ¢ = 1/3 throughout the proof.
First, we show that, for any x >4 and § < 1, we have (for ¢ =1/3)

1 n
(C4) IP’( sup {— > o1{|(gi u)| = x}} > 16/(5x2)> <exp{—n/s}.
MEN(S) n i=1

For a fixed u with |lu|, = 1, applying the Chernoff—-Hoeffding inequality and denoting
¢ (x) =P(G| = x) for G ~ N (0, 1), we have, for all t > ¢(x),

1 n
IP’(; > 1{[(giu)|=x} = t) <exp{—nDy(tll¢(x))}.
i=1

where, for a, b € (0, 1), we define Dy (a||b) = alog(a/b) + (1 —a)log((1 —a)/(1 — b)) to
be the relative entropy of Bernoulli distribution with parameters a and b. Taking union bound
over u € N(¢) and applying ¢ (x) = ¢ (x/llull2),

P(,,:;Iz@[%é”“gﬂ"”Z”}Zf)

< Y exp{—nDu(tlo(x/lull2))} < exp{n[-Du(rllg(x)) +log(3/e)]}.

ueN (g)
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Applying ¢ = 1/3 and ¢ () < 2exp{—x?/2}, we have
—Dui(tll¢(x)) +1log(3/e)
=tlog(¢(x)) —tlogt + (1 —1)log[1 + (r — ¢(x))/(1 — )] +10g9
<tlog(¢(x)) —tlogt + (r — p(x)) +log9
<t(2—x%/2)+3.
Now, take t = 16/(8)(2) > ¢(x) for x >4 and § < 1. Then, —Dy(#||d(x)) + log(3/¢e) <

—1/3. This proves equation (C.4). Applying equation (C.4) with x; = 1/[2(2¢)”] (requiring
A >8sothat x; >4)and 6; = (2¢)/ <1 for j >0, we have

IP( sup Bfl{ (givu)] zx/[2<2s)f]}} z64<2s)f/x2) <exp{—n/(2¢)’}.
ueN (¢) i=1

Finally, taking a union bound over j > 0 and applying

> exp{—n/(2¢)’} < exp{—con}, > 64(28)/ /A% < Co /a2
j=0 j=0

for n > ng with some Coy, cg, ng > 0 concludes the proof. [

LEMMA C.3. Fix any positive integer k. Then, there exist Ay, Co > 0 and functions
co(A), no(X) > 0 such that, for all .. > Lo and n > nog(A), with probability at least 1 — g0,
all points m € (—1, 1)" which satisfy M(m) + Q(m) > 1.01 and VF(m) = 0 also satisfy
M(m), Q(m) = 1 — Co/Ar.

PROOF. Since W ~ GOE(n), we can write W = (G + GT)/«/E, where G = {Gj}i jem)

. jid. i
with Gijl ~"N(0,1/n). Note, for any m € (—1,1)", we have |jm — 1||2/4/n < 2. According
to Lemma C.2, there exist constants Cg, cg, A9 and ng such that, for any n > ng and A > Ao,
we have

1 n

(C.5) IP’( sup [— Y 1{|[Gm —D)],| = 0.001,\}} > co/ﬂ) < exp{—con}.
me(—1,1)n[

Moreover, by a simple Chernoff bound, we have (denoting ¢(A) = P(|G| = 1) <

2exp{—A2/2} for G ~ N (0, 1))

(C.6) IP’(% 3 1{[[G1;] = 0.0012) > 3¢(0.001x)> < exp{—n¢(0.0012)}.
i=1

The same bounds hold for G in place of G. For any m € (—1, 1)", note that V.F(m) =0
implies
(C.7) m = tanh(A>M (m)L+ A - W14 1 - W(m — 1) — 2*[1 — Q(m)]m).

When the bad events in (C.6) and (C.5) do not happen and M (m) + Q(m) > 1.01, then at
least 1 —2Cq/ 22— 6¢ (0.0011) fraction of coordinates of m satisfy

mj = tanh(A*M (m) + A[W1]; + A[W (m — D], — 2*(1 — Q(m))m,)
(C.8) > tanh((M (m) + Q(m) — 1)A% — 0.0041%) > tanh(0.00617)
_ —0.00622

>1

k]
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and the remaining coordinates of m satisfy m ; > —1. Therefore, for sufficiently large Ao, we
have

M(m) = (m,1)/n
> (1 —2C0/22 — 6¢(0.0011)) (1 — e =064} _2¢(/22 — 6¢(0.0011)
>1—6Co/\>.
Hence, we also have
llm — 1l2/+/n < (2= 2(m, 1)/n)'* < (12C0) 2 /2.,

with probability at least 1 — e~“1®" for all n > ny(A).

In the following we apply the above argument recursively to prove the lemma. Suppose
we already know that ||m — 1||»//n < K /A¥ for some constants K > 0 and k > 1, with
probability 1 — e~*M" for n > ny(1). Applying again Lemma C.2, for Aq sufficiently large
such that e(A) = K/ Ak <2 for all A > Ag, we have with probability at most exp(—con) that

(C.9) sup [l Y 1{|[Gm —1)];| = o.oou}] > Coe(r)? /22,

lm—1]2//n<e) L™ ;=1

and similarly for G . When the bad events in (C.6) and (C.9) do not happen, for any m
such that ||m — 1||,//n < (1), by (C.7) at least 1 — 2Cpe(1)? /1> — 64 (0.0011) fraction of
coordinates of m satisfy (C.8). Therefore, for sufficiently large Ao (depending on K and k),
we have

M@m) = (m,1)/n>1—6Coe(1)? /1>
Hence, we have
(C.10)  flm —12/v/n < (2= 2(m,1)/n)"* < (12C0)2e(1) /1 = (12Co) 2K /3K,

This holds with probability at least 1 — e~ k1O for p > ng+1(A) for some 0 < cp+1(X) <
ck(A) and nj1(A) = ng(2).

Thus, for any fixed k, there are k-dependent constants Ag, Cp > 0 and functions co(A),
no(2) such that M(m) > 1 — Co/A¥ with probability at least 1 — e=0™M" for 1 > Ay and
n > no(1). Applying Q(m) > M (m)?* by Cauchy—Schwarz, we obtain also the statement for
O(m). O

PROOF OF PROPOSITION 5.3. Applying Lemma C.1 with « = 2/3, for any A > A and
n > ng, with probability at least 1 — e~", all m € (—1, 1)" with F(m) < —Az/3 satisfy
Q@m) > M(m)?> > (1/3 —6/x —4/2*)1/2. For ¢ large enough and M (m) > 0, this implies
Q(@m) + M(m) > 1.01. Hence the proposition holds by Lemma C.3. [

APPENDIX D: PROOF OF THEOREM 1.3

PROOF OF THEOREM 1.3.  Let m, be any critical point of the TAP free energy F = F .,
and let m be any critical point of Fyp. By the conditions 0 = V. F(m,) and 0 = V. Fyr(m),
we have:

(D.1) m, = tanh() - Ym, — A*[1 — Q(m,)]|m,),
(D.2) m =tanh()\ - Ym).
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For constants Cp, ¢ > 0 to be chosen later, consider the event £ where
E=1 sup 21 (Wu);| > t//n) | < Co/t*
ueB"(0,1)
and B"(0, 1) denotes the unit ball around 0. Note that W = (G + G")/+/2n with G; ji'i'vd ’
N(,1) for 1 <i, j <n, so that

o [ ifov= )]

1< t t
< sup |- 1{ (Gu);| > —” sup [ 1{ —”
ueB"(0,1)|:ni:ZI | 4 V2 ueb*(0,1) Z V2
Then, by Lemma C.2, for some constant ¢y, Co > 0 and for any ¢ sufficiently large, £ holds
with probability at least 1 — e¢™“0". Define the (random) index set
I={ie{l,....,n}:|[(Wm);| <t and |(Wm,);| <t}.

Asm//n € B"(0, 1) and similarly for m,, we have on & that |Z|/n > 1 — 2Co/t>. Applying
[((Ym);| < |A| 4 |(Wm);| by (1.1), for i € Z we have

A (Ymy)i — A2 [1— Q(m)]m, | <207 + ),
- (Ym);| <2 4 Ar.

Then, taking the difference of (D.1) and (D.2) and applying the lower bound tanh’(x) >
c(A,t) forall |x| < 222 4+ At and a constant c(Ar,t) > 0, we have

Ima; —mi| > cO, 0|4 - (Ym, — Ym); — 2*[1 — Q(m,)]m. ;|
Then,
W1 — 0m)]Pm?, <2c(h, ) 2 myi —mi > + 222 (Ym, — Ym)?.

Summing overi € {1, ..., n} and using the trivial bound m% ; < 1fori ¢ 71, we obtain

W= 0 m.3
<A1 = Q)] (n — 1Z1) +2¢0e, 1) my — m||3 + 222 Y |2, lm. — m|)3.

Suppose A is sufficiently large such that the conclusion |Q(m,) — q.| < g./4 from 5.1 holds
with probability 1 — §/4. Choose ¢ large enough such that 2Co/t* < ¢./2, so |Z|/n > 1 —
g+«/2 on the event £. Note also that with probability 1 — e~" for some constant c¢g > 0, we
have [|Y[op < A+ 3. Then, on a combined event of probability 1 — §/2, for any critical points
m, and m as above, we obtain

1 2
llmy —mly = ()

for some constant c(A) > O.
Consider now any global minimizer m, of F. Note that —m, is also a global minimizer of
F, so on this combined event, we also have n~!||m, + m ||% > c(A). Then,

T

1
s |mm] —mm" 7, = — (3 + )3 — 2| m, m,) )

(D.3)

1 2 2 2
=z 5 7 Im = milaflm, + mily = c(4)7/2.
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On the other hand, note that
A2 12
Fm,) <F(x)=—— — —(W,xx") < —" 42,
(m,) < F(x) 5 2n< xx')< 2+

where the last inequality holds with probability at least 1 — e™" by the fact that (W, xxT) ~
N (0, 2n). For A sufficiently large, we have —A2 /241 < -2 /3. Then, Theorem 1.2 implies,
with probability at least 1 — §/2,

1 -
- |m.m] — Xpayes| 5 < c(1)?/8.
Combining this with (D.3) and setting (1) = c(r)? /8, with probability at least 1 — §, for any
critical point m of Fyr we obtain

-~ 1 1 -
s lmn” = Rnge [} = 5ol =™ = ] = R} > G0

Acknowledgments. This work was partially supported by grants NSF DMS-1613091,
NSF CCF-1714305, NSF IIS-1741162, ONR N00014-18-1-2729, and NSF DMS-1916198.
ZF was partially supported by a Hertz Foundation Fellowship. SM was partially supported
by Office of Technology Licensing Stanford Graduate Fellowship.

REFERENCES

[1] ADLER, R. J. and TAYLOR, J. E. (2007). Random Fields and Geometry. Springer Monographs in Mathe-
matics. Springer, New York. MR2319516
[2] ALAoul, A. E., KRZAKALA, F. and JORDAN, M. 1. (2017). Finite size corrections and likelihood ratio
fluctuations in the spiked Wigner model. arXiv:1710.02903.
[3] ANDERSON, G. W., GUIONNET, A. and ZEITOUNI, O. (2010). An Introduction to Random Matrices. Cam-
bridge Studies in Advanced Mathematics 118. Cambridge Univ. Press, Cambridge. MR2760897
[4] ANDRIEU, C., DE FREITAS, N., DOUCET, A. and JORDAN, M. I. (2003). An introduction to MCMC for
machine learning. Mach. Learn. 50 5-43.
[5] AUFFINGER, A. (2011). Random Matrices, Complexity of Spin Glasses and Heavy Tailed Processes. Pro-
Quest LLC, Ann Arbor, MI. Thesis (Ph.D.)-New York University. MR2912239
[6] AUFFINGER, A. and BEN AROUS, G. (2013). Complexity of random smooth functions on the high-
dimensional sphere. Ann. Probab. 41 4214—4247. MR3161473 https://doi.org/10.1214/13- AOP862
[7] AUFFINGER, A., BEN AROUS, G. and CERNY, J. (2013). Random matrices and complexity of spin glasses.
Comm. Pure Appl. Math. 66 165-201. MR2999295 https://doi.org/10.1002/cpa.21422
[8] AUFFINGER, A. and JAGANNATH, A. (2019). Thouless—Anderson—Palmer equations for generic p-spin
glasses. Ann. Probab. 47 2230-2256. MR3980920 https://doi.org/10.1214/18-AOP1307
[9] BAIK, J., BEN AROUS, G. and PECHE, S. (2005). Phase transition of the largest eigenvalue for nonnull
complex sample covariance matrices. Ann. Probab. 33 1643-1697. MR2165575 https://doi.org/10.
1214/009117905000000233
[10] BANSAL, N., BLUM, A. and CHAWLA, S. (2004). Correlation clustering. Mach. Learn. 56 89-113.
MR3363423 https://doi.org/10.1023/B:MACH.0000033116.57574.95
[11] BARBIER, J. and MACRIS, N. (2019). The adaptive interpolation method: A simple scheme to prove
replica formulas in Bayesian inference. Probab. Theory Related Fields 174 1133-1185. MR3980313
https://doi.org/10.1007/s00440-018-0879-0
[12] BAYATI, M. and MONTANARI, A. (2011). The dynamics of message passing on dense graphs, with appli-
cations to compressed sensing. IEEE Trans. Inf. Theory 57 764—785. MR2810285 https://doi.org/10.
1109/TIT.2010.2094817
[13] BEN AROUS, G., MEI, S., MONTANARI, A. and NICA, M. (2019). The landscape of the spiked tensor
model. Comm. Pure Appl. Math. 72 2282-2330. MR4011861 https://doi.org/10.1002/cpa.21861
[14] BIANE, P. (1997). On the free convolution with a semi-circular distribution. Indiana Univ. Math. J. 46 705—
718. MR1488333 https://doi.org/10.1512/iumj.1997.46.1467
[15] BLEIL, D. M. (2012). Probabilistic topic models. Commun. ACM 55 77-84.
[16] BLEI, D. M., KUCUKELBIR, A. and MCAULIFFE, J. D. (2017). Variational inference: A review for statis-
ticians. J. Amer. Statist. Assoc. 112 859-877. MR3671776 https://doi.org/10.1080/01621459.2017.
1285773


http://www.ams.org/mathscinet-getitem?mr=2319516
http://arxiv.org/abs/arXiv:1710.02903
http://www.ams.org/mathscinet-getitem?mr=2760897
http://www.ams.org/mathscinet-getitem?mr=2912239
http://www.ams.org/mathscinet-getitem?mr=3161473
https://doi.org/10.1214/13-AOP862
http://www.ams.org/mathscinet-getitem?mr=2999295
https://doi.org/10.1002/cpa.21422
http://www.ams.org/mathscinet-getitem?mr=3980920
https://doi.org/10.1214/18-AOP1307
http://www.ams.org/mathscinet-getitem?mr=2165575
https://doi.org/10.1214/009117905000000233
http://www.ams.org/mathscinet-getitem?mr=3363423
https://doi.org/10.1023/B:MACH.0000033116.57574.95
http://www.ams.org/mathscinet-getitem?mr=3980313
https://doi.org/10.1007/s00440-018-0879-0
http://www.ams.org/mathscinet-getitem?mr=2810285
https://doi.org/10.1109/TIT.2010.2094817
http://www.ams.org/mathscinet-getitem?mr=4011861
https://doi.org/10.1002/cpa.21861
http://www.ams.org/mathscinet-getitem?mr=1488333
https://doi.org/10.1512/iumj.1997.46.1467
http://www.ams.org/mathscinet-getitem?mr=3671776
https://doi.org/10.1080/01621459.2017.1285773
https://doi.org/10.1214/009117905000000233
https://doi.org/10.1109/TIT.2010.2094817
https://doi.org/10.1080/01621459.2017.1285773

44

(17]

[18]

[19]
(20]
(21]

(22]

(23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]

(31]

(32]

(33]

[34]
[35]

[36]

(37]
(38]
(39]

[40]

[41]

Z.FAN, S. MEI AND A. MONTANARI

BOLTHAUSEN, E. (2014). An iterative construction of solutions of the TAP equations for the
Sherrington—Kirkpatrick model. Comm. Math. Phys. 325 333-366. MR3147441 https://doi.org/10.
1007/s00220-013-1862-3

BOUCHERON, S., LUGOSI, G. and MASSART, P. (2013). Concentration Inequalities: A Nonasymptotic
Theory of Independence. Oxford Univ. Press, Oxford. With a foreword by Michel Ledoux. MR3185193
https://doi.org/10.1093/acprof:0s0/9780199535255.001.0001

BRAY, A. J. and MOORE, M. A. (1980). Metastable states in spin glasses. J. Phys. C, Solid State Phys. 13
L469.

BRAY, A.J., MOORE, M. A. and YOUNG, A. P. (1984). Weighted averages of TAP solutions and Parisi’s
q (x). J. Phys. C, Solid State Phys. 17 L155.

BROWN, L. D. and PURVES, R. (1973). Measurable selections of extrema. Ann. Statist. 1 902-912.
MRO0432846

CAPITAINE, M., DONATI-MARTIN, C., FERAL, D. and FEVRIER, M. (2011). Free convolution with a
semicircular distribution and eigenvalues of spiked deformations of Wigner matrices. Electron. J.
Probab. 16 1750-1792. MR2835253 https://doi.org/10.1214/EJP.v16-934

CAVAGNA, A., GIARDINA, I., PARISI, G. and MEZARD, M. (2003). On the formal equivalence of
the TAP and thermodynamic methods in the SK model. J. Phys. A 36 1175-1194. MR1960081
https://doi.org/10.1088/0305-4470/36/5/301

CHATTERIJEE, S. (2010). Spin glasses and Stein’s method. Probab. Theory Related Fields 148 567-600.
MR2678899 https://doi.org/10.1007/s00440-009-0240-8

CHEN, W.-K. and PANCHENKO, D. (2018). On the TAP free energy in the mixed p-spin models. Comm.
Math. Phys. 362 219-252. MR3833609 https://doi.org/10.1007/s00220-018-3143-7

CRISANTI, A., LEUZzI, L., PARISI, G. and R1zZ0, T. (2003). Complexity in the Sherrington—Kirkpatrick
model in the annealed approximation. Phys. Rev. B 68 174401.

CRISANTI, A., LEUZZI, L., PARISI, G. and R1zz0, T. (2004). Spin-glass complexity. Phys. Rev. Lett. 92
127203. https://doi.org/10.1103/PhysRevLett.92.127203

CRISANTI, A., LEUZZI, L. and R1zz0, T. (2005). Complexity in mean-field spin-glass models: Ising p-
spin. Phys. Rev. B 71 094202.

DAVIDSON, K. R. and SZAREK, S. J. (2001). Local operator theory, random matrices and Banach spaces.
In Handbook of the Geometry of Banach Spaces, Vol. 1 131.

DE DoMINICIS, C. and YOUNG, A. P. (1983). Weighted averages and order parameters for the infinite
range Ising spin glass. J. Phys. A 16 2063-2075. MR0712998

DEMBO, A. and ZEITOUNI, O. (2010). Large Deviations Techniques and Applications. Stochastic Mod-
elling and Applied Probability 38. Springer, Berlin. Corrected reprint of the second (1998) edition.
MR2571413 https://doi.org/10.1007/978-3-642-03311-7

DESHPANDE, Y., ABBE, E. and MONTANARI, A. (2017). Asymptotic mutual information for the balanced
binary stochastic block model. Inf. Inference 6 125-170. MR3671474 https://doi.org/10.1093/imaiai/
iaw017

DiA, M., MACRIS, N., KRZAKALA, F., LESIEUR, T., ZDEBOROVA, L. et al. (2016). Mutual information
for symmetric rank-one matrix estimation: A proof of the replica formula. In Advances in Neural
Information Processing Systems 424—432.

DIACONIS, P. (2009). The Markov chain Monte Carlo revolution. Bull. Amer. Math. Soc. (N.S.) 46 179-205.
MR2476411 https://doi.org/10.1090/S0273-0979-08-01238-X

FUREDI, Z. and KOMLOS, J. (1981). The eigenvalues of random symmetric matrices. Combinatorica 1
233-241. MR0637828 https://doi.org/10.1007/BF02579329

Fyoporov, Y. V. (2004). Complexity of random energy landscapes, glass transition, and absolute
value of the spectral determinant of random matrices. Phys. Rev. Lett. 92 240601, 4. MR2115095
https://doi.org/10.1103/PhysRevLett.92.240601

GHORBANI, B., JAVADI, H. and MONTANARI, A. (2018). An instability in variational inference for topic
models. arXiv:1802.00568.

GUERRA, F. (2003). Broken replica symmetry bounds in the mean field spin glass model. Comm. Math.
Phys. 233 1-12. MR1957729 https://doi.org/10.1007/s00220-002-0773-5

HOLLAND, P. W., LASKEY, K. B. and LEINHARDT, S. (1983). Stochastic blockmodels: First steps. Soc.
Netw. 5 109-137. MR0718088 https://doi.org/10.1016/0378-8733(83)90021-7

JAVANMARD, A., MONTANARI, A. and RICCI-TERSENGHI, F. (2016). Phase transitions in semidefinite
relaxations. Proc. Natl. Acad. Sci. USA 113 E2218-E2223. MR3494080 https://doi.org/10.1073/pnas.
1523097113

KIRKPATRICK, S. and SHERRINGTON, D. (1978). Infinite-ranged models of spin-glasses. Phys. Rev. B 17
4384.


http://www.ams.org/mathscinet-getitem?mr=3147441
https://doi.org/10.1007/s00220-013-1862-3
http://www.ams.org/mathscinet-getitem?mr=3185193
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
http://www.ams.org/mathscinet-getitem?mr=0432846
http://www.ams.org/mathscinet-getitem?mr=2835253
https://doi.org/10.1214/EJP.v16-934
http://www.ams.org/mathscinet-getitem?mr=1960081
https://doi.org/10.1088/0305-4470/36/5/301
http://www.ams.org/mathscinet-getitem?mr=2678899
https://doi.org/10.1007/s00440-009-0240-8
http://www.ams.org/mathscinet-getitem?mr=3833609
https://doi.org/10.1007/s00220-018-3143-7
https://doi.org/10.1103/PhysRevLett.92.127203
http://www.ams.org/mathscinet-getitem?mr=0712998
http://www.ams.org/mathscinet-getitem?mr=2571413
https://doi.org/10.1007/978-3-642-03311-7
http://www.ams.org/mathscinet-getitem?mr=3671474
https://doi.org/10.1093/imaiai/iaw017
http://www.ams.org/mathscinet-getitem?mr=2476411
https://doi.org/10.1090/S0273-0979-08-01238-X
http://www.ams.org/mathscinet-getitem?mr=0637828
https://doi.org/10.1007/BF02579329
http://www.ams.org/mathscinet-getitem?mr=2115095
https://doi.org/10.1103/PhysRevLett.92.240601
http://arxiv.org/abs/arXiv:1802.00568
http://www.ams.org/mathscinet-getitem?mr=1957729
https://doi.org/10.1007/s00220-002-0773-5
http://www.ams.org/mathscinet-getitem?mr=0718088
https://doi.org/10.1016/0378-8733(83)90021-7
http://www.ams.org/mathscinet-getitem?mr=3494080
https://doi.org/10.1073/pnas.1523097113
https://doi.org/10.1007/s00220-013-1862-3
https://doi.org/10.1093/imaiai/iaw017
https://doi.org/10.1073/pnas.1523097113

(42]
[43]

[44]

[45]

[46]
[47]
(48]

[49]

(50]
[51]
(52]
(53]
(54]
[55]

[56]
[57]

(58]

(591
(60]
[61]
[62]
[63]

[64]

[65]
[66]
[67]

[68]

TAP VARIATIONAL INFERENCE 45

KOLLER, D. and FRIEDMAN, N. (2009). Probabilistic Graphical Models: Principles and Techniques. Adap-
tive Computation and Machine Learning. MIT Press, Cambridge, MA. MR2778120

LELARGE, M. and MIOLANE, L. (2019). Fundamental limits of symmetric low-rank matrix estimation.
Probab. Theory Related Fields 173 859-929. MR3936148 https://doi.org/10.1007/s00440-018-0845-x

LEVIN, D. A. and PERES, Y. (2017). Markov Chains and Mixing Times. Amer. Math. Soc., Providence,
RI. Second edition of [MR2466937], With contributions by Elizabeth L. Wilmer, With a chapter on
“Coupling from the past” by James G. Propp and David B. Wilson. MR3726904 https://doi.org/10.
1090/mbk/107

MEZARD, M. and MONTANARI, A. (2009). Information, Physics, and Computation. Oxford Graduate
Texts. Oxford Univ. Press, Oxford. MR2518205 https://doi.org/10.1093/acprof:0s0/9780198570837.
001.0001

MEZARD, M., PARISI, G. and VIRASORO, M. A. (1987). Spin Glass Theory and Beyond. World Scientific
Lecture Notes in Physics 9. World Scientific Co., Inc., Teaneck, NJ. MR1026102

MIOLANE, L. (2017). Fundamental limits of low-rank matrix estimation: the non-symmetric case.
arXiv:1702.00473.

MITYAGIN, B. S. (2020). The Zero Set of a Real Analytic Function. Mat. Zametki 107 473-475.
MR4070868 https://doi.org/10.4213/mzm12620

MONTANARI, A. and SEN, S. (2016). Semidefinite programs on sparse random graphs and their application
to community detection. In STOC’16—Proceedings of the 48th Annual ACM SIGACT Symposium
on Theory of Computing 814-827. ACM, New York. MR3536616 https://doi.org/10.1145/2897518.
2897548

MONTANARI, A. and VENKATARAMANAN, R. (2020). Estimation of low-rank matrices via approximate
message passing. Ann. Statist. To appear. arXiv:1711.01682.

NisHIMORI, H. (2001). Statistical Physics of Spin Glasses and Information Processing: An Introduction.
International Series of Monographs on Physics 111. Oxford Univ. Press, New York. Translated from
the 1999 Japanese original. MR2250384 https://doi.org/10.1093/acprof:0s0/9780198509417.001.0001

PARISI, G. (1979). Infinite number of order parameters for spin-glasses. Phys. Rev. Lett. 43 1754.

PARISI, G. (1980). A sequence of approximated solutions to the SK model for spin glasses. J. Phys. A:
Math. Gen. 13 L115.

PARISI, G. (1983). Order parameter for spin-glasses. Phys. Rev. Lett. 50 1946-1948. MR0702601
https://doi.org/10.1103/PhysRevLett.50.1946

PARISI, G. and POTTERS, M. (1995). On the number of metastable states in spin glasses. Europhys. Lett.
32 13.

PASTUR, L. A. (1972). The spectrum of random matrices. Teoret. Mat. Fiz. 10 102-112. MR0475502

PASTUR, L. A. (2005). A simple approach to the global regime of Gaussian ensembles of random matrices.
Ukrain. Mat. Zh. 57 790-817. MR2208456 https://doi.org/10.1007/s11253-005-0241-4

PERRY, A., WEIN, A. S., BANDEIRA, A. S. and MOITRA, A. (2018). Optimality and sub-optimality of
PCA I: Spiked random matrix models. Ann. Statist. 46 2416-2451. MR3845022 https://doi.org/10.
1214/17-A0S1625

PLEFKA, T. (1982). Convergence condition of the TAP equation for the infinite-ranged Ising spin glass
model. J. Phys. A 15 1971-1978. MR0663708

SINCLAIR, A. (2012). Algorithms for Random Generation and Counting: A Markov Chain Approach.
Springer Science & Business Media.

SINGER, A. (2011). Angular synchronization by eigenvectors and semidefinite programming. Appl. Comput.
Harmon. Anal. 30 20-36. MR2737931 https://doi.org/10.1016/j.acha.2010.02.001

SINGER, A. and WU, H. (2011). Orientability and diffusion maps. Appl. Comput. Harmon. Anal. 31 44-58.
MR2795874 https://doi.org/10.1016/j.acha.2010.10.001

SUBAG, E. (2017). The complexity of spherical p-spin models—a second moment approach. Ann. Probab.
45 3385-3450. MR3706746 https://doi.org/10.1214/16- AOP1139

TALAGRAND, M. (2011). Mean Field Models for Spin Glasses. Volume I. Basic Examples. Ergebnisse der
Mathematik und Ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in
Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics] 54. Springer,
Berlin. MR2731561 https://doi.org/10.1007/978-3-642-15202-3

THOULESS, D. J., ANDERSON, P. W. and PALMER, R. G. (1977). Solution of ‘solvable model of a spin
glass’. Philos. Mag. 35 593-601.

VOICULESCU, D. (1991). Limit laws for random matrices and free products. Invent. Math. 104 201-220.
MR1094052 https://doi.org/10.1007/BF01245072

WAINWRIGHT, M. J. and JORDAN, M. 1. (2008). Graphical models, exponential families, and variational
inference. Found. Trends Mach. Learn. 1 1-305.

ZHANG, A. Y. and ZHOU, H. H. (2017). Theoretical and computational guarantees of mean field variational
inference for community detection. arXiv:1710.11268.


http://www.ams.org/mathscinet-getitem?mr=2778120
http://www.ams.org/mathscinet-getitem?mr=3936148
https://doi.org/10.1007/s00440-018-0845-x
http://www.ams.org/mathscinet-getitem?mr=3726904
https://doi.org/10.1090/mbk/107
http://www.ams.org/mathscinet-getitem?mr=2518205
https://doi.org/10.1093/acprof:oso/9780198570837.001.0001
http://www.ams.org/mathscinet-getitem?mr=1026102
http://arxiv.org/abs/arXiv:1702.00473
http://www.ams.org/mathscinet-getitem?mr=4070868
https://doi.org/10.4213/mzm12620
http://www.ams.org/mathscinet-getitem?mr=3536616
https://doi.org/10.1145/2897518.2897548
http://arxiv.org/abs/arXiv:1711.01682
http://www.ams.org/mathscinet-getitem?mr=2250384
https://doi.org/10.1093/acprof:oso/9780198509417.001.0001
http://www.ams.org/mathscinet-getitem?mr=0702601
https://doi.org/10.1103/PhysRevLett.50.1946
http://www.ams.org/mathscinet-getitem?mr=0475502
http://www.ams.org/mathscinet-getitem?mr=2208456
https://doi.org/10.1007/s11253-005-0241-4
http://www.ams.org/mathscinet-getitem?mr=3845022
https://doi.org/10.1214/17-AOS1625
http://www.ams.org/mathscinet-getitem?mr=0663708
http://www.ams.org/mathscinet-getitem?mr=2737931
https://doi.org/10.1016/j.acha.2010.02.001
http://www.ams.org/mathscinet-getitem?mr=2795874
https://doi.org/10.1016/j.acha.2010.10.001
http://www.ams.org/mathscinet-getitem?mr=3706746
https://doi.org/10.1214/16-AOP1139
http://www.ams.org/mathscinet-getitem?mr=2731561
https://doi.org/10.1007/978-3-642-15202-3
http://www.ams.org/mathscinet-getitem?mr=1094052
https://doi.org/10.1007/BF01245072
http://arxiv.org/abs/arXiv:1710.11268
https://doi.org/10.1090/mbk/107
https://doi.org/10.1093/acprof:oso/9780198570837.001.0001
https://doi.org/10.1145/2897518.2897548
https://doi.org/10.1214/17-AOS1625

	Introduction and main results
	The complexity of the TAP free energy
	Consequences for SK model with zero-mean couplings (lambda=0)
	Bayes estimation in Z2 synchronization
	Notation

	Related literature
	Proof of Theorem 1.1
	Kac-Rice formula
	Determinant of Hessian and density of gradient
	Variational upper bound
	Proof of Theorem 1.1

	Proof of Proposition 3.2
	Proof of Lemma 4.2
	Proof of Lemma 4.3

	Proof of Theorem 1.2
	Localization of critical points
	Proof of Theorem 1.2

	Proof of Proposition 5.2
	Appendix A: Proof of Proposition 3.1
	Appendix B: Proof of Proposition 3.5
	Appendix C: Proof of Proposition 5.3
	Appendix D: Proof of Theorem 1.3
	Acknowledgments
	References

