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The coefficient function of the leading differential operator is estimated
from observations of a linear stochastic partial differential equation (SPDE).
The estimation is based on continuous time observations which are localised
in space. For the asymptotic regime with fixed time horizon and with the spa-
tial resolution of the observations tending to zero, we provide rate-optimal
estimators and establish scaling limits of the deterministic PDE and of the
SPDE on growing domains. The estimators are robust to lower order pertur-
bations of the underlying differential operator and achieve the parametric rate
even in the nonparametric setup with a spatially varying coefficient. A numer-
ical example illustrates the main results.

1. Introduction. While there is a large amount of work on probabilistic, analytical and
recently also computational aspects of stochastic partial differential equations (SPDEs), many
natural statistical questions are open. With this work we want to enlarge the scope of statis-
tical methodology in two major directions. First, we consider observations of a solution path
that are local in space and we ask whether the underlying differential operator or rather its
local characteristics can be estimated from this local information only. Second, we allow the
coefficients in the differential operator to vary in space and we pursue nonparametric estima-
tion of the coefficient functions, as opposed to parametric estimation approaches for finite-
dimensional global parameters in the coefficients. Naturally, both directions are intimately
connected.

As a concrete model we consider the parabolic SPDE

dX () =ApX(@)dt+BdW(), te]0,T],

with the second-order differential operator Ayz := div(¥#Vz) + (a, Vz) 4+ bz on some
bounded domain A € RY with Dirichlet boundary conditions, see Section 2 for formal details.
The coefficient functions 1, a, b are unknown on A and we aim at estimating ¥ : A — R,
which models the diffusivity in a stochastic heat equation. The functions a, b as well as the
operator B in front of the driving space—time white noise process d W form an unknown
nuisance part. Linear SPDEs of this form appear in many applications, including neuro-
science (Walsh [37]), oceanography (Frankignoul [13]), geostatistics (Sigrist, Kiinsch and
Stahel [35]), surface growth (Edwards and Wilkinson [38]) and finance (Cont [8]).
Measurements of a solution process X necessarily have a minimal spatial resolution § > 0
and we dispose of the observations (X (¢), K5 x,), where the solution is integrated in the spa-
tial domain against a kernel function K5 y, with support of diameter § around some xp € A.
We keep the time span T fixed and construct an estimator, called proxy MLE, which for the
resolution asymptotics § — 0 converges at rate § to ¥ (xg) and satisfies a CLT, which we
derive in the case of a local multiplication covariance operator B in the SPDE. Another esti-
mator, the so-called augmented MLE, will even converge under far more general conditions
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and exhibit a smaller asymptotic variance, but requires a second local observation process
(X (1), AK5,x,) in terms of the Laplace operator A. Clearly, if we have access to these ob-
servations around all xg € A, then both estimators can be used to estimate the diffusivity
function ¥ nonparametrically on all of A.

These results are statistically remarkable. First of all, even for the parametric case that
is a constant, it is not immediately clear that ¢ is identified (i.e., exactly recovered) from
local observations in a shrinking neighbourhood around some xp € A only. Probabilistically,
this means that the local observation laws are mutually singular for different values of .
What is more, the bias-variance trade-off paradigm in nonparametric statistics does not apply:
asymptotic bias and standard deviation are both of order § and the CLT provides us even with
a simple pointwise confidence interval for . The robustness of the estimators to lower order
parts in the differential operator and unknown B is very attractive for applications. The rate
8 is shown to be the best achievable rate in a minimax sense even for constant ¢ without
nuisance parts.

The fundamental probabilistic structure behind these results is a universal scaling limit
of the observation process for 6 — 0. At a highly localised level, the differential operator
Ay behaves like 9 (xg) A, as expressed in Corollary 3.6 below, and the construction of the
estimators shows a certain scaling invariance with respect to B. To study these scaling limits,
we need to consider the deterministic PDE on growing domains via the stochastic Feynman—
Kac approach and to deduce tight asymptotics for the action of the semigroup and the heat
kernels. Further tools like the fourth moment theorem or the Feldman—Hajek Theorem rely
on the underlying Gaussian structure, but extensions to semi-linear SPDEs seem possible.

Let us compare our localisation approach to the spectral approach, introduced by Hueb-
ner, Khasminskii and Rozovskii [17] and then in Huebner and Rozovskii [19] for parametric
estimation. In the simplest case Ay = ¥ A for some ¢ > 0 and B commuting with Ay, the
SPDE solution can be expressed in the eigenbasis of the Laplace operator A. If the first N
coefficient processes (Fourier modes of X) are observed, then a maximum-likelihood esti-
mator for ¥ is asymptotically efficient as N — oo. This approach has turned out to be very
versatile, allowing also for estimating time-dependent ¢ (t) nonparametrically (Huebner and
Lototsky [18]) or to cover nonlinear SPDEs (Cialenco and Glatt-Holtz [6], Pasemann and
Stannat [31]). In particular, it helps to understand that the coefficient in the leading order of
the differential operator can be estimated with better rates than lower order coefficients. The
methodology, however, is intrinsically bound to observations in the spectral domain and to
operators Ay whose eigenfunctions, at least in the leading order, are independent of . In
contrast, we work with local observations in space and the unknown spectrum of the opera-
tors Ay does not harm us. More conceptually, we rely on the local action of the differential
operator Ay, while the spectral approach also applies to an abstract operator in a Hilbert
space setting.

Our case of spatially varying coefficients has been considered first by Aihara and Sunahara
[3] (with a = b = 0) in a filtering problem. The corresponding nonparametric estimation
problem is then addressed by Aihara and Bagchi [2] with a sieve least squares estimator, but
they achieve consistency only for global observations with a growing time horizon 7 — oco.
In a stationary one-dimensional setting Bibinger and Trabs [4] ask whether the parameter
¥ > 0 can be estimated when observing the solution only at xo over a fixed time interval
[0, T']. Interestingly, in the case B = o] the parameter ¥ cannot be recovered if the level &
of the space—time white noise is unknown (see also lower bounds of Hildebrandt and Trabs
[16]). For a recent and exhaustive survey on statistics for SPDEs we refer to Cialenco [5].

In Section 2 the SPDE and the observation model are introduced and in Section 3 the
scaling properties along with the resolution level § are discussed. Section 4 derives our es-
timators via a least-squares and a likelihood approach and provides basic insight into their
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error analysis. The main convergence results as well as a minimax lower bound are presented
in Section 5. The findings are illustrated by a numerical example in Section 6. While the main
steps in the proofs are presented together with the results, all more technical arguments are
delegated to the Appendix.

2. The model.

2.1. Notation. Let A be a bounded open set in R? with C2-boundary dA and consider
L?(A) with the usual L2-norm ||| := [-Il2¢a)- For any open set U in R and any linear
operator A : L>(U) — L*(U) let IAll L2y = 1Al L2y L2y denote the operator norm,
and let H*(U) for k € N be the L2-Sobolev spaces. Define HOI(A) as the closure of C° (A)

in H'(A). We write (-, -)ra for the Euclidean inner product and | - | for the norm. Let us
define a second order elliptic operator with Dirichlet boundary conditions

Ag=ADg+ Ao, D(Ag)=Hy(A)NH*(A),

where Ayz = div(¥Vz) = Z;‘Ll d; (110;z) is the weighted Laplace operator with spatially
varying diffusivity ¥ € C't*(A) for o > 0, min, 5 ¥ (x) > 0, and where Apz = (a, Vz)pa +
bz with functions a € C'**(A; R?), b € C*(A). The regularity conditions on ¥, a, b are such
that the deterministic PDE j—tu(t) = Aju(r) with initial value z € L?(A) has a sufficiently
smooth solution (see proof of Proposition 3.5 below). Let (Sy(f));>0 denote the analytic
semigroup on L?(A) generated by Ay (cf. Theorem 3.1.3 of Lunardi [27]), while (e’ Ay 1>0 18
the heat semigroup on L2(R?) generated by A = A; with domain H?(R%).

2.2. The SPDE model. Throughout this work T < oo is fixed. Let (2, F, (F;)o</<T, P)
be a filtered probability space with a cylindrical Brownian motion W on L2(A) (dW is also
referred to as space—time white noise), and let B : L?(A) — L?(A) be a bounded linear oper-
ator, which is not assumed to be trace class. We study the linear stochastic partial differential
equation

dX(t)=ApX@)dt+ BdW (), O0<r<T,
2.1) X (0) = Xo,

X(D)lan =0, 0<r=<T,
with deterministic initial value Xo € LZ(A).

Our statistical analysis below relies on linear functionals of X (¢) rather than on X (¢)
itself. We therefore use the weak solution concept of Da Prato and Zabczyk [9]. If
fOTllSﬁ(t)Blle(Lz(A)) dt < oo with Hilbert-Schmidt norm ||| ;7 g(12(a)), then the unique
weak solution (X (¢))o<;<7 of the SPDE (2.1) is given by the variation of constants formula

(cf. Theorem 5.4 of Da Prato and Zabczyk [9])
t

(2.2) X (@) :Sﬂ(t)Xo—i-f Sp(t —s)BdW(s).
0

It takes values in LZ(A) and satisfies for z € H(} (A)NH?(A)
(2.3) d(X(t),z)=(X(t), Ajz)dt +d(BW (1), z).
Clearly, for z € L*>(A)

t
(2.4) (X (), 2)=(Ss () X0, 2)+ /O (S5t — )z, BAW(s)).
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If fOT |Se(t)B ”%1 S(L2(A)) dt = oo, then the stochastic integral in (2.2) is well defined only in a
space of distributions. For example, if H *(A) is a fractional Sobolev space of negative order
with s > d /4, then the natural embedding ¢ : L2(A) = H™5(A) is a Hilbert-Schmidt oper-
ator such that f0T||LS79 (t)BHJZLIS(LZ(A),H*S(A)) dt < 0o, and X (¢) takes values in H5(A) (cf.
Remark 5.6 of Hairer [15]). Still, (2.3) and (2.4) remain valid, if (X (), z) and (X (¢), A}z)
are interpreted as dual pairings between H ~°(A) and its dual space for z € C2°(A).

On the other hand, denote the right hand side of the equation in (2.4) by £(¢,z) and
observe that it is always well-defined for any z € L?>(A), independent of the space in
which (2.2) makes sense; cf. Lemma 2.4.2 of Liu and Rockner [25]. The resulting pro-
cess £ := (€(1,2))o<i<TzeL2(n) thus extends the linear forms z — (X (7), z) from CSO(K)

to L?(A). It has the following properties.

PROPOSITION 2.1. ¢ is a Gaussian process with mean function (t, z) — (Sy(¢)Xo, 2)
and covariance function at 0 <t,t' <T, z,z' € L*(A) given by

25) Cov(e(t, 2), £(', 7)) = fo B S — 5)2, BRI — 5)7)ds,

Moreover, £ satisfies (2.3) for z € HO1 (AN H2(A), if (X(1),z) and (X (t), A}z) are replaced
by €(t,z) and £(t, A} z).

PROOF. By (2.4), £(t,z) for z € L>(A) is Gaussian with mean (Sy ()Xo, z). Itd’s
isometry (Proposition 4.28 of Da Prato and Zabczyk [9]) proves (2.5). If z € C(?O(X),
then £(t,z) = (X(1),z) satisfies dl(t,z) = £(t, Ajz)dt + d(BW(t),z). This extends to
ZE€ HO1 (A) N H2(A) by approximation and continuity of £ : [0, T'] x L*(A) — L*(P) from
(2.5). O

In the following, justified by this proposition, we write (X (¢),z) for 0 <t < T and z €
L2(A) instead of £(t, 7).

2.3. Local observations. Throughout this work let xo € A be fixed. The following rescal-
ing will be useful in the sequel: for z € L?>(R?) and § > 0 set
Asxg =8 A—x0)={8""(x —x0):x €A} and Ag,, =R,
2o (¥) = 8722(87 (x —x0)), x eR%

Fix a function K € H?(R?), called kernel, with compact support in Aj, xo- The compact
support ensures that K ,, is localized around xo and K; y, € HO1 (A) N HZ(A), | Ks.x0ll =
1K || L2(R4)- Local measurements of X at xo with resolution level § until time T are described

by the real-valued processes X5 v, = (X5, x,(t))o</<T> XéxO = (XSA’)CO ))o<i<T>»

(2.6) X550 (1) = (X (1), K xo),
(2.7) X5 () =(X(1), AKs x)).

Note that it is sufficient to observe X x(¢) for x in a neighbourhood of x¢ in order to provide
us with XﬁxO (t) = AXs,.(t)|x=x,- Examples for K can be found in Section 6.
The process X, x, satisfies X5 ,(0) = (Xo, K5,x,) and

(2.8) dX5.0(1) = (X (1), A5 K5 1) dt + | B*Ks 1, |dW (1)

with the scalar Brownian motion W(t) = (BW(t), Ks.,)/I|B*Ks.x,|l, whenever
| B*Ks5,xll > 0.
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3. Scaling assumptions.

3.1. Rescaled operators and semigroups. Letus study how A} and S7 (¢) act on localized
functions zs xo For this note first that A} = Ay + Aj with Ajz = —div(az) + bz has domain

D(A}) = H (A) N H2(A). For § > 0 define similarly the operator A;(S’XO = Ap(xg+s) T
Aj 5.y, With domain D(A} 5 ) = Hj (As.x,) N H*(As ), where for z € C2°(As )

(3.1) A 5.2 = —8div(a(xo +8)z) + 8°b(xo + 8-)z.

The operator Aj s . - generates again an analytic semigroup (Sj; . (1));>0 on L%(As, x0)
(Lemma 7.3.4 of Pazy [32]). The following scaling properties are fundamental for our analy-
sis:

LEMMA 3.1. Foré > 0:

(1) Ifze H (As, xo) N H? (As xo) then AﬁZ(S xo = = (Aﬁ b XOZ)S,xQ-
(i) Ifz € LZ(AMO), then S§(1)25.x = (S5 5.4, (1873)2)5.x95 1 = 0.

PRrROOF. It suffices to prove the result for z € C °°(A5 xo)- In this case (1) follows im-
mediately, noting that zs y, € C°°(A) For (i1) set w(t) = (S“ XO(IS H2)s x € L2(A). As
(S“ xo(t))f>0 is an analytic semigroup, we have sta o )z € D(AZ” xo) = H (As.x9) N
H? (As,xy) and so by (1)

d -2 -2
Ew(t) = 8 ( g,S,X()S;,S,X() (Z’(S )Z)(S,xo = Agw(t)

Since w(0) = zs,x,, we conclude that w(t) = S5 (t)zs,x, from u(t) = S;(t)zs,x, being the
unique solution in C([0, 0c0); Hy (A) N H*(A)) N C([0, 00); L2(A)) of

d

U= su), t>0,u(0)=2zsx,. 0
Applying S5 (¢) to a localized function z5 y, is therefore equivalent to applying a different

semigroup, rescaled in time and space, to the fixed function z.

3.2. Scaling of B. Just as with A% we also need that B* behaves nicely when applied to
localized functions. For this we shall assume a scaling limit for B*, which does not degenerate
in combination with K.

ASSUMPTION 3.2. There are bounded linear operators Bg 05 Bo,x, : Lz(]Rd) — Lz(Rd)
such that B*(z5,x,) = (B} x()Z)(g xo forz € L2(R?) with support in As y, and Ba i B0 0

for z € L2(R%) and § — 0. Introducing
o A A 2 1od
(3.2) \Il(z, Z/) = /(; <B(3k,xoes Z, Bg,xoes Z,>L2(]R“7) ds, z, Z/ €L (R )’

assume the nondegeneracy conditions || B XOK”LZ(Rd) >0, V(AK, AK) > 0.

REMARK 3.3. We shall see that after an appropriate rescaling D (x0) "W (z, 7') becomes
the limiting covariance in (2.5) (cf. Proposition A.8 below). W (AK, AK) is always nonneg-
ative and finite because

IVK|?

o
W(AK,AK) <[ B, Hi%Rd)/ 2 AK |72 ey ds < L2(Rd)’

using ||e*2AK || = (e¥AAK, AK)2(ray and JoSeBAAK ds = _EK'

L2([R4) —
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EXAMPLES 3.4.

(a) For a bounded continuous function o : R? — (0, 0o) define the multiplication operator
My : L*(A) = L*(A), Myz(x) := (02)(x) = o (x)z(x). With B = B* = M, the SPDE in
(2.1) can be written informally as

X(t,x)=Ap X, x)+o (X)W, x), 0<r<T,x€A.

Note that B* commutes with Ay only if o is constant. For z € L2(A5,XO) we find that

B*z5 xg = (Mo (5.4x0)2)8,x9 and 80 Bs xy = Mo (s.4xp). Then || Bf , z — o (x0)zllp2(rey — O
for z € L2(R9), § — 0, and thus Bg’xo = M (xy) is the multiplication operator on L2(RY)
with the constant o (xg). For z € HX(RY), 7/ € L*(R?) we have (cf. Remark 3.3)
2
o~ (xo)
(3.3) V(Az,7)= —T(z, Z)12ga)

and integration by parts shows W(AK, AK) = @ IVK ||i2 (Rd)" The nondegeneracy con-
ditions are clearly satisfied.

(b) Let o be as in (a) and consider with bounded n € C*(R?), min, s n(x) > 0, the
perturbed multiplication operator B = B* = M, 4+ (—=A,)~", y > 0. By functional calculus
B*Zﬁ,xo = (B;,xoz)é,xo for z € LZ(AS,x()) with B&,xo = Moq(5-4xp) T Szy(_An(é-—i-xo))_y and
1B .,z — 0 (x0)zll 2 ey — O for z € L*(R?), 8§ — 0. By, and W(AK, AK) are as in (a).

(c) Assumption 3.2 excludes B = (—A)~Y, y > 0, a typical choice to obtain smooth so-
lutions X; cf. Da Prato and Zabczyk [9], Chapter 5.5. Indeed, by (b) Bg" X0 = 82V (—A)7Y
and so B(’)"’ X = 0, violating the nondegeneracy conditions. This problem can be solved by
modifying the test function Ks y,. For example, if Ay = A for constant ¢ > 0 and X( €
D((—A)7), then assume we have access to (X (1), (—A)Y Ks x,), (X (), (—=A)Y AK5s y,) in-
stead of (2.6), (2.7). Since B and Ay commute, (X (-), (—A)? K5 x,) has the same distribution
as (X(-), K5 x,), where X corresponds to the SPDE (2.1) with B = [ and Xo = (—A) Xo,
and so Assumption 3.2 is satisfied.

3.3. From bounded to unbounded domains. Lemma 3.1 and Assumption 3.2 allow us to
rewrite the covariance function of X; y, for 7,1 > 0:

Cov(8™ X5, (t8%), 87 X 5.4, (£'8%))
(3.4)

tnt
= /O (B(;XOS;;,(S,X() (t - S)K’ B:Sk,xos;,(s,xo (t, - S)K>L2(A§’XO) ds.
In order to see how this behaves when § — 0, note that the domain A y, grows and we find
from (3.1) that A; 50K = ¥ (xo) AK in L?(R?). This motivates the following result, proved
in Appendix A.2.
PROPOSITION 3.5. Fort > 0:

i) If6>0and z € C(KMO), then |(Sf§’5’x0(t)z)(x)| < C3e"152t(e"2m|z|)(x) forall x €
As x, with universal constants cy, ¢z, ¢3 > 0.
(i) If z € L*(RY), then S 5, (1)(zla;,,) = €0 Az in L*(RY) for § — 0.

This means that the solution of

d
Zu 0 = (45 1) 0. u®0) =z,
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on LZ(AMO) with bounded domain As x, converges to the solution of the heat equation
d
E”(t) =1 (x0)Au(t), u(0) =z,

on L*(R?) with unbounded domain R?. This scaling limit, which seems natural but is nev-
ertheless nontrivial, lies at the heart of the analysis for the covariance function. Yet, the con-
vergence in Proposition 3.5(ii) does not hold uniformly in z, which complicates the approxi-
mations in the covariance analysis.

Applying the proposition to (3.4) also implies a scaling limit for the SPDE in (2.1), where
for simplicity a zero initial condition is assumed:

THEOREM 3.6. Let Xo =0 and set Zs(t,z) := 8~ (X (16%), (2|, )s.x0) for 1 = 0, z €

L2(RY). Under Assumption 3.2 the finite dimensional distributions of (Zs(t, 2))1>0.zeL2(R)
converge to those of (Zo(t,2));>0, zer2®d)> 20(t,2) = (Y (1), 2) 2(ra), SOlving the stochastic
heat equation on L2(RY) with space—time white noise dW on L2(RY):

dY (t) =0 (xo)AY (t)dt + By x, dW(t), t>0,
Y (0)=0.

PROOF. According to (3.4) Z; is a centered Gaussian process with covariance function
Cov(Zs(t,z2), Zs(t', 7)) fort,1' >0, z, 7/ € L*(RY) equal to

N
A <B§<,XOS;;,5,XQ (t - S)(Z|A8,x0)’ B:Sk,xo S;;,(S,xo (t/ - S)(leAB,X())>L2(A5YXO) ds.
It is enough to show that this converges to
’or it ¥ A ¥ '—$)A
Cov(Zo(r.2). Zo{t's ) = [ (B 6”002, B e 0O IR g s

Approximating z by continuous functions, the semigroup bound in Proposition 3.5(i)
gives sup0<551Supsst||S;&XO(S)(ZIAMO)IILz(AMO) < oo, while Assumption 3.2 implies

Bf  u® — B} i forany u® — y, invoking the uniform boundedness principle. By Propo-
sition 3.5(ii) we have S;;(S’xo ()2l A5,4) = e? 0587 in L2(RY). Arguing in the same way
with respect to z’, the dominated convergence theorem shows the claim. [

This theorem demonstrates the strength of local measurements that at small scales the
highest order differential operator dominates, together with the local coefficient ¥ (xo) and
the local operator By x, in the noise.

3.4. The initial condition. For X we require the following scaling behaviour:

ASSUMPTION 3.7 (z; 8). For 8 >0and z € H?(R?) with compact support in As , for
6 > 0, the initial condition X satisfies

T
| 800X0. (825 di = 0(Ea2®)'6). 50,
where £42(8) = log(8~!) ford =2 and £42(8) =1 otherwise.

Under this assumption the initial condition becomes negligible in the estimation procedure.
It is true under general conditions.
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LEMMA 3.8.  Assumption 3.7(z; B) is satisfied for all z € H*(RY) with compact support
in As x, for § >0 and:

(i) B=2if Xog € LP(A) for some p > 2, in particular if Xy € C(A),
(1) B=3ifXogeD(Ay) andford =1also v € CH*(A), o > 1/2,and [ z(x)dx =0.

PROOF. This follows from Lemma A.7(ii), (iii) below, noting y (d, p) > 2 in (ii) for
p>2,d>1 01

4. The two estimation methods.

4.1. Motivation and construction. We give two motivations for deriving the estimators
in the parametric case Ay = ¥ A with constant ¢ > 0, B = I. As we shall see later, these
estimators will then work quite universally for nonparametric specifications of ¢ and general
Ay and B.

Least squares approach. In the determinis.tic situation of (2.8) without driving noise (i.e.,
Ay =0V A and B = 0) we recover ¥ via X5 (1) = .6 )(t) for all ¢+ € [0, T]. A stan-

8,X(
dard least-squares ansatz in the noisy situation would therefore lead to an estimator ¥ =
argmin, fOT (Xs,x (1) —0X ﬁxo (1)) dt. While this itself is certainly not well defined, the cor-

responding normal equations yield the feasible estimator

1§LS _ fOT Xﬁxo(t) dX(S,X()(t)
5=
Jo X§, (02 dr

compare with the approach by Maslowski and Tudor [28] for fractional noise.

Likelihood approach. Assume that only Xs y, in (2.8) is observed with Ay =0 A, B=1.
Denote by IP’?;XO and Py the laws of X5y, and | K|| LZ(Rd)W on the canonical path space

(C(0, T, II'lloc) equipped with its Borel sigma algebra. Typically, the likelihood of Pg’xo
with respect to Py is determined via Girsanov’s theorem. This is not immediate from (2.8),
because X ﬁxo cannot be obtained from X y, for fixed xo. Therefore we employ Liptser and
Shiryaev [24], Theorem 7.17 and write X5 , as the diffusion-type process

dXs (1) = 9my (1) dt + 1K || 2gay AW (), 1 €[0,T],

with a different scalar Brownian motion W = (W(t))oftET, adapted to the filtration gener-
ated by Xs x,, and

my () =Ey [XSA,xo ®)| (Xé,xo (s))OSSSt]'

Girsanov’s theorem in the form of Liptser and Shiryaev [24], Theorem 7.18, applies and we
find that IP”;’XO has with respect to [Py the likelihood

T my(t) 92 (T my(1)?
LD, X5.19) = exp(z? / — e d X5 5 (1) — / — dt).
0 ”K ||L2(Rd) 2 0 ”K ||L2(Rd)

Computing the conditional expectation my (¢) is a nonexplicit filtering problem, even in the
parametric case Ay = U A. In particular, my depends on ¢ in a highly nonlinear way. We
pursue two different modifications:
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Augmented MLE. If we observe X éxo additionally, then we can just replace the conditional

expectation my (¢) in the likelihood by its argument X ﬁxo (t), which is in particular indepen-
dent of ¥. Maximizing this modified likelihood leads to the augmented MLE

wn 54 Jo XE (1) dXs.x,(1)
. 8 = T
Jo X5, 0?2 dt

We remark that 19({‘ = 1§5LS.

Proxy MLE. 1f we do not dispose of additional observations, we can approximate 1y (t)
by the conditional expectation Ey[X ﬁxo (t)|X5,x()]. In our simplified setup with Ay = A
and B = [ the projected finite-dimensional process ({(X (¢), z;))1<i<m for z; € L?(A) admits
a stationary solution (X (¢), z;) = fioo(S,y (t —8)z;,dW(s)),i =1,..., m, with a two-sided
cylindrical Brownian motion (W (¢));cRr, provided the variances remain finite. Note that we
need not require Xo = [ ’ 0o S5 (t —5)dW(s) to exist, but only that the finite-dimensional
projection ({Xo, z;))1<i<m follows the right law, which is always feasible. If we choose z; =
K5 xo» 22 = AKs x,, then the process (X5 x, Xﬁxo) is stationary with

t
Var(Xs,x, (1)) = / (Sy (2t — 25)Kis.xg Ks.xp)ds
—00

4.2) (=A) 'K x0r Ks.x0)s

2w
A ! —1 2
COV(X&XO(I), X(S,xo(t)) = / (Sﬁ (2t - 2S)AK5,XO’ KS,XO)dS = 29 ”K”LZ(Rd)-
—0o0

In general, ((—A)_IK(;,XO, K5 x,) may not exist, but if we assume the existence of K e
H*R?) with AK = K and compact support in As. xo» then by the scaling in Lemma 3.1,

Var (X5 (1)) = %HVI%H%Z R < follows. In this situation we therefore find that

Ey[X§ (1)1 X5.50(1)] equals

-2 2
Cov(X§, (1), X540 (1)) —8NKN T 2 gy
\V/ s,xo) = =12 X5,xo(t)-
ar(Xs,x, (1)) IVEKI72 g

This expression is again independent of . Using it as an approximation of my(¢) in
the likelihood and neglecting the boundary terms in the identity 2 fOT X5.x0(t)dXs5,(1) =
(Xg’XO(T) — X(%’XO (0)) — (Xs,x) 7 With quadratic variation (Xs y,)7, we obtain the proxy
MLE

112
_ ”VK”LZ(Rd) <X6,x0>T

20K oy 572 fy Xoy(0)2d1

(4.3) of

Note that the quadratic variation (X5 v )7 = T||B*Ks, XO||2 is known to us from observing
X5,x, continuously in time.

REMARK 4.1. A sufficient condition for the existence of K is Jra K(x)dx =0,
Jra xK (x)dx =0 by Lemma A.5(iii) below.
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4.2. Basic error decomposition. Let us discuss the basic error analysis for the augmented
MLE 1§‘(§4 and the proxy MLE éBP in the general nonparametric framework of Section 2. Since
we only use local measurements around xo, it might be expected that asymptotically we are
lead to estimating ¥ (xo). Let us point out that this is indeed true, but a priori not clear because
all values of ¢ (x) enter into the observations X , and it must be excluded that the resulting
bias spoils the estimator.

Augmented MLE. Consider 5‘5‘ (xg) = 1§‘5A from (4.1). Then insertion of equation (2.8) for
dXs x, (1) yields the decomposition

(44) B3t (x0) = 0 (x0) + | B* K50 | (Z3") ' M5* + (23 ' RS,

with

T —
M = / XsAxo (t)dW(t) (martingale part),
0 ,
T
I(SA = f X ano(t)z dt, (observed Fisher information),
0 ,

T
R{ :/0 Xﬁxo (H{X (@), (A — P (x0)A)Ks.x,)dt  (remaining bias).

Let us note that 7, g‘ is not the observed Fisher information in a strict sense (due to the appear-
ance of my in the likelihood), but it plays the same role, compare the analysis of the MLE for
Ornstein—Uhlenbeck processes in Kutoyants [23]. In particular, it forms the quadratic varia-
tion of the martingale M g“. In the specific case Ay = ¢ A for some parametric ¢ > 0 the term
Rg‘ vanishes, otherwise it induces a bias due to the variations of ¢ around  (x¢) and due to
first and zero order differential operators that may appear in Ay.

As the error structure suggests, the augmented MLE 193A (xp) is a consistent estimator
for § — 0 if the observed Fisher information satisfies I{{‘ — 00. In the simple stationary
case of (4.2) we obtain E[ISA] = %((—A)K&XO, K5 ), which by the scaling properties
is of order §2. Physically, this can be interpreted as an increase in energy in X ﬁxo un-
der §-localisation due to the Laplacian in the drift, while the energy from the space—time
white noise remains unchanged. This is in fact the same phenomenon as the increasing
signal-to-noise ratio for high Fourier modes in the spectral approach by Huebner and Ro-
zovskii [19].

Proxy MLE. Consider é{ (xg) = 5613 from (4.3). The only stochastic part is
T
(4.5) =572 f X0 (1) dt
0

in the denominator. In the general model (2.8) we shall see that If converges to
P (x0) ' TW(K, K), compare also Remark 3.3 with K = AK. Asking for consistency
9 (x0) — ®(x0) leads to requiring the identity ||v12||i2 &) I1B5 K172 'Y =
2||K ||i2 (Rd)\II(K , K). This does not hold for any operator By ,. We therefore restrict to
our main specification B = M, , for which the identity holds by (3.3). In contrast to the aug-
mented MLE, the proxy MLE works with the observation of X ,, alone, but asks for new
structural assumptions on B and K. If they are not fulfilled, other likelihood approximations
should be pursued. Compare also the suboptimal behaviour of @{ (x0) for the kernel K@ in

the simulations of Section 6 below.
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5. Main results.

5.1. Results for the augmented MLE. Recall the function W from (3.2) and the error
decomposition (4.4). We show first that the observed Fisher information and the bias, after
rescaling, converge to deterministic quantities. The propositions are proved in Appendix A.1.

PROPOSITION 5.1. Grant Assumptions 3.2 and 3.7(K ; 2). Then foranyd > 1 as § — 0
S2E[T2] — To (xo) ' W(AK, AK),  TA/E[TA] 5 1.

PR/OEOSITION 5.2.  Grant Assumptions 3.2, 3.1(K; 2), and for d = 1 assume ¥ €
C'* (A) for &' > 1/2 and [ K (x)dx = 0. Then for § — 0

NI TRE D uA with p? = (W(AK, AK)) T W(AK, B),
where B(x) = A((VD (xg), x)pe K)(x) — (VI (x0) —a(xp), VK (x))pa, x € R,

From this it follows that the augmented MLE 0 (g“ (x) satisfies a central limit theorem with
rate §.

THEOREM 5.3. Grant Assumptions 3.2, 3.7(K ; 2), and for d = 1 assume ¥ € C1+°‘,(X)
fora' >1/2 and [y K (x)dx =0. Then for § — 0

1,4 d
50 1@ (x0) — ¥ (x0)) > N(u?, 9 (x0)T4),
with £4 = T~H(W(AK, AK)) ™| B o, K | 20y

and with 1 from Proposition 5.2.

PROOF. In terms of Y,(a) = XﬁxO(t)/I['*Z[Ig‘]l/2 we obtain M({‘/I[**]T[Ig‘]l/2 =

JT¥® dW(r), the quadratic variation of which satisfies [/ (Y,)2dr = T4 /E[Z4] 5 1
by Proposition 5.1. A standard continuous martingale CLT, for example, Kutoyants [23],

Theorem 1.19, shows M({‘/IE[I({‘]I/2 i N (0, 1). Moreover,
(5.2) |B* Kool = 185 1Kl 2a5.10) = 18050 K | 2R

due to Assumption 3.2 and 8! (Ig‘)_1 Rg‘ LY u? by Proposition 5.2. We conclude by apply-
ing Slutsky’s lemma. [J

REMARKS 5.4.

(i) Both, bias and standard deviation of f}sA (x0), are of order 8. The asymptotic bias u*
is independent of T, while the variance X4 decays in 7.

(i) B, V¢ and a appear in the limit only via the localized terms B(’)“’ X0’ V& (x0), a(xp),
while b does not appear at all. This demonstrates again the universality property of local
measurements, in the spirit of Theorem 3.6.

(iii) The estimator and thus also its asymptotic bias and variance are invariant under con-
stant scaling factors in the kernel. In fact, using the scaling such that || Ks || = [| K || L2(RA) is
arbitrary, but simplifies the analysis.

(iv) The additional assumptions for the convergence of the remaining bias Rg‘ ind =
1 allow for compensating the slower decay of the heat kernel compared to d > 1; cf.
Lemma A.6(ii), (iii). This is not necessary for constant ¥ and in that case Theorem 5.3 holds
without these assumptions.
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(v) When we dispose of observations at different locations x, then we can estimate 9 (x)
pointwise at each location x. In the case of multiplicative covariance B = M, it can be shown
that estimators at different locations become asymptotically independent. The argument relies
on a multivariate martingale difference CLT, using that at points xo, x; € A the corresponding
Brownian motions W, W1 in (2.8) are independent whenever supp(Ks x,) N supp(Ks x,) =
J.

From Proposition 5.2 we see that u4 vanishes if Ay = 9 A + b for parametric ¥ > 0.
Another important situation where 4 = 0 is given next.

EXAMPLE 5.5 (Example 3.4(a) ctd.). Let B = M, and recall the identities W(AK,
2
AK) = f’<x0> IVKIZ 2 iy WAK,B) = — 200 (K, B) 2 ay With B from Proposition 5.2.
By Lemma A.3 with z = K this means

(K, ﬂ)LZ(Rd) = —((Vz?(xo), X)Rd,

VK @)*)2ga)-

and Theorem 5.3 yields

4 Jra(VP(x0), X)pa| VK (x)|* dx $A_ 2IIK||L2(Rd)

IVK|? ’ TIIVK|?

L2(R9) LZ(Rd)

In particular, if VK is symmetric in the sense |[VK (—x)| = |VK (x)|,x € R, then the asymp-
totic bias vanishes:

wmwmmwv

—1/4A . d
87 (9% (x0) ﬁ(xo))—>N<0, TIVK]

L2(RY)

The rougher K is, the smaller is the asymptotic variance, which bears some similarity with
deconvolution problems.

If the asymptotic bias u* vanishes, we can construct a simple confidence interval in terms
of the augmented MLE. Note that in the setting of Example 5.5, >4 =211 K|?

IVKIl,

L2rd) *

L2 ®?) is easily accessible.

COROLLARY 5.6. Assume the setting of Theorem 5.3, u* =0 and let @ € (0, 1). Then
the confidence interval for v (xo)

I =[98 (x0) = (0L x0) =) 2 q1-a /2. D (x0) + 8 (94 x0) =) g1 2],

with the standard normal (1 — o /2)-quantile q\—g/2, has asymptotic coverage 1 —a for
5§ — 0.

PROOF. By Theorem 5.3 and Slutsky’s lemma applied for z§(§4 (x0) ﬂ ?(xp), we have

57 (B ) =) T2 (B (x0) — 9 (x0) > N(0.1), 80,

noting 1 = 0. This yields P9 (xo) € I{1 ;) > 1 —a@. O
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5.2. Results for the proxy MLE. In the setting described in Section 4.2 we obtain a CLT
for the quadratic functional I(SP . The proof uses very precise asymptotic moment calcula-
tions and the fourth moment theorem in Wiener chaos. Fundamental for this analysis is that
Xs,x,(t) and X5 x,(s) quickly decorrelate as & _2|t — s| — 00, which is also predicted by the
scaling limit in Corollary 3.6. Note that this method of proof might also cover time-discrete
observations of X y, if the sampling frequency increases sufficiently fast as § — 0, but this
is not pursued here.

The next assumption gathers the conditions required for the analysis of the proxy MLE.

ASSUMPTION 5.7. Let K = AK for I€~e H*(R?) with compact support and let B=M,
with o € Cl(Rd)N. Grant Assumption 3.7(K; 3), and for d = 1 assume ¢ € CHY (A) for
o' >1/2and [ K(x)dx =0.

The following proposition is proved in Appendix A.1.
PROPOSITION 5.8. Grant Assumption 5.7. Then for § — O:
— _ d — —_
§HZf = v (x0) " Cr.k) > N(=0 2 (x0)Cr.x 1 - 0 (x0)CF ),

. _Z 2 112
with CT,K - 20 (X())HVKlle(Rd),

92 (x0) ~ o? ~
P -2 2
,bL] - O'Z(XO) || ||L2(Rd)<< ( 9 )(x0)7x>Rd’ | | >L2(Rd)’

»P= i||v1€||—4 oonw(s/z)AI%H“ ds
= T LZ(R’I) 0 L2(Rd) .

This yields asymptotic normality for the proxy MLE 5 5P (x0)-

THEOREM 5.9. Grant Assumption 5.7. Then for § — 0:
—1/a d
371 (D5 (x0) =0 (x0)) = N(uf +uf. 0 () "),

_ U(x0)
~ 02(x0)

and with Mf) , = from Proposition 5.8.

with it 1K1 2 0 (V0 (0D Xt K1) 2y

PROOF. Recall the quadratic variation (X5 x,)7 = T ||l0 Ks x, |2, the constant Cr x from
Proposition 5.8 and set

T -2
DT,K = EHVK”LZ(Rd)HKlle(Rd)
Write 135}) (x0) = (If)*lDT,K ||O’K5,XO||2 and decompose
57 (0F (x0) — 9 (x0)) = (ZF) ' Dr k87 (lo Koo 1> — D7k Cr.x)
+Crxs ((ZF) ™ v o Cr ).

From the compact support of K we infer for § — 0

loKs.ol* = D7l Cr <02(xo+8-) o) k)
1) o 1) ’ L2(R4)

— (Vo2 (x0), x)ga, |K|2)L2(Rd)'



14 R. ALTMEYER AND M. REISS
Proposition 5.8 and the delta method (Ferguson [12], Theorem 7) give
571 (@)™ = 0 Cr ) S N(Criut 9 o) Cr i E"),
and, in particular, (Z})™! LN z?(xo)C;}K. The theorem follows from Slutsky’s lemma. [J

The dependencies on §, T, ¥, K in the CLT are similar as for 5‘({‘ (xp). It is interesting to
note that the asymptotic bias depends locally at xo on o2, ¥ and their gradients, while a, b do

- . 2 .
not appear at all. The asymptotic bias vanishes when - and o2 are constant, but also similar

to Example 5.5 if |VI€(—x)| = |VI€(x)|, |K (—x)| = |K (x)|, x € R%. As for the augmented
MLE in Corollary 5.6, we obtain an asymptotic (1 — &)-confidence interval.

COROLLARY 5.10. Grant Assumption 5.7, suppose ,uf) + /,Lg =0 and let @ € (0, 1).
Then the confidence interval for ¥ (xg)

1P o =[0F (o) — 8(0F (x0) =) g1 a0, DF (x0) + 8(BF x0) =) 21 2],

with the standard normal (1 — o /2)-quantile q\—g/2, has asymptotic coverage 1 —a for
5§ — 0.

Let us finally compare the variance factor £ to £4 from Theorem 5.3.

LEMMA 5.11. Under Assumption 5.7 the asymptotic variances of 55}) and 1§‘8A always
satisfy 9 (x0) 2 = 9 (x0) Z4.

PROOF. Using the tensor products AQ A, fQ fand AP A:=IQA+A®I, wecan
write for f € L2(RY), identifying L>(R?) ® L*(RY) = L>(R??),

00 (0,0)
/0 HE(S/Z)Af||22(Rd)ds :/(; <(em ® em)(f ® ), f® f>L2(R2") ds

:/0 <eS(A®A)(f ® f)v f ® f>L2(R2d) ds

=|—a® M) (£ & ) 72ga),

provided the last norm is finite, for example, if /= (—A) 1/2K . With this f we conclude via
two duality arguments, using AK = K:

P . ﬁ ”(_A@A)_]/z(f®f)”i2(R2d) > i ||f®f||iZ(R2d)
T 1f ® flI7ga, T TI=A8D)2(f @ NHjage
4 1f ® flI7 g, 2 IR g,
T{(=A®AM( N[O Fzway T 1Kl g
2
- E ||K||L2(Rd) :EA
T T I=D)2K g,

which yields the result. [

Consequently, the proxy MLE has a larger variance than the augmented MLE, but the loss
in precision is not severe if K has a well concentrated Fourier spectrum (consider A as a
multiplier in the Fourier domain).
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Let us point out that in the one-dimensional parametric case with Ay = 9y, +ad, +b and
B = M, for constant o, Bibinger and Trabs [4] construct least-squares estimators for o2 / NG
and a /9 from discrete high frequency observations in time at two spatial points x, xo. Com-
pared to this, the proxy MLE uses spatial averages of the solution in infinitesimally small
neighbourhoods, observed continuously in time, to estimate 9 itself, without having to know
a or o. A similar phenomenon has been observed by Cialenco and Huang [7] for discrete
observations when a = 0, but they achieve only consistent estimation of ¢ and o. A more
profound comparison of both approaches would be highly desirable.

5.3. Rate optimality. Let us address the question of optimality of the above estimators
by providing a minimax lower bound. For minimax lower bounds it suffices to consider a
subclass of the original model and we thus assume here that X5 y, is observed with Ay =¥ A,
B =1 and a stationary initial condition X y,. Then the following result establishes that the
rate of convergence § is optimal and gives some lower bound for the dependence on T, ¢ and
K.

PROPOSITION 5.12. Assume Ay =0UVA, 0 >0,B=1,K € H! (Rd) with compact sup-
port and that Xs y, is stationary. For ¥y > 0 and § — 0 we have the asymptotic local lower
bound for the root mean squared error

(@0 A DI = A7 KI175 ga )
v Ve[,V (1+6)] ’

inf  sup  Ep[@d—)?]"* > 5<
VT UK ey + VK72 ga)

where A is the Laplace operator on L*>(R%), ¢ > 0 is some constant and the infimum is taken
over all estimators ¥ based on observing X x,.

PROOF. The autocovariance function of the stationary process (S_IX(;,XO (8%1))1er is
given by

Co.5(t) 1= 8 E[ X510 (8°1) X5, (0)]
0
=572 / (S5 (87121 = 5)Ks 0> S (=) Ks,xo)ds
—00

=((=2405.50) "' S0.5.0 (1) K. K20,

using the scaling in Lemma 3.1 and %S,M,XO(S) = Ay, 5,.x059,8,x0 () in the last line. The
covariance operator for § “x 8,x0 (8%-) on L%(R) is obtained by convolution:

(5.3) Cosf(1)=(cosx f)@), teR.

The squared Hellinger distance H? (1, %) between two equivalent centered Gaussian mea-
sures can be bounded in terms of the Hilbert—Schmidt norm of the covariance operators; see,
for example, the proof of the Feldman—Hajek Theorem in Da Prato and Zabczyk [9], Theo-
rem 2.25. For the laws of (87! X; y, (82t))t€[0’T572] under ¥y and ¥ we can thus bound the
corresponding Hellinger distance via

2 1 2
H*(9,90) <[ Cy, 5(Co.5 — Coo.0) s (r20.76-21) -

Since the Hellinger distance is invariant under bi-measurable bijective transformations,
H (¥, 99) denotes equally the Hellinger distance between the observation laws of

(Xs5,x0())eer0,17-
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Let now 95 = vg + ¢§ for some small ¢ > 0, which we choose below, and assume that
we can show H?(ds, 99) < 1 for sufficiently small 8. Then we obtain from the general lower
bound scheme in Tsybakov [36], using his Theorem 2.2(ii) and (2.9), that

R 23 2—3
(5.4) inf max Ey[(d — )%= V3 chaz.
5 ve(vo,vs) 4 4

(95 — 90)* =

From this we will obtain the claimed lower bound.

In order to show H?(d5,9y) < 1, denote by ¢ : H' ([0, T672]) — L>([0, T57?]) the
Sobolev embedding operator. It is known from Maurin’s Theorem (see, e.g., the proof of
Adams and Fournier [1], Theorem 6.61) that ¢; is Hilbert—Schmidt with

2 -2
”Ll ”HS(HI ([0,78-21),L2([0,T5-2])) = KHST8

for some constant Kgygs > 0. By Hilbert-Schmidt norm calculus (in particular,
I|ABI| gsH,, Hy) < IAIlHS(H,,H3) | Bll Hy— 1, With obvious notation for the Hilbert—Schmidt
and operator norms between Hilbert spaces Hy, Hy, H3), the implicit restriction of the covari-
ance operators and by the covariance bound of Lemma A.1 below we conclude for 95 > B
that

2 - 2
H*(05, 90) < | Cy, 5(Cos.5 — Coo.) | s 20, 75-21))

2 —1 2
= el st o.r5-21. 210,752y |Co0.5(Cos.56 = Coo.0) 120,752~ H 10,762

< KusT672|Cys(Coss — Cog.s) | T2y 111y

1K 117 2y + 1V K 1250, )z ®2 — 93)>

(I — Ay.5.x0) " K||? 82

< KHST(%—Z +0,!
L2(As.xy)

Hence, H 2(195, ©¥) < 1 holds whenever

2 2
92— 92 < 96 (1 0 VB zaqge) + IV E L2 >_15
8 V0= T .
KusT 10 = Avs) ™ K2y,

Noting the convergence ||(I — Al,é,xo)flK”Lz(A,;,xO) — || — A)*lKlle(Rd) from Lem-
ma A.1 below, we can thus find a sufficiently small constant ¢’ > 0 such that, with

(LA DG DI = 8) K13

c=c1ty 3 5 ,

VT UK 2 gy + IVK 2 gay)

(5.4) holds for ¥/s = ¥9 4 ¢§. This yields the result. [

6. A numerical example. In this section we briefly illustrate the main results from above
with simulation results. Let A = (0, 1), T = 1, and consider the stochastic heat equation

dX (@) =Ag X@)dt +dW (@)

with Dirichlet boundary conditions and with spatially varying diffusivity @, which is smooth
(true diffusivity in Figure 1 (center)). Assume that Xg is zero, except for two equally high
“peaks” at x = 0.2 and x = 0.8. The heat map for a typical realisation is presented in Figure 1
(left) and we see already qualitatively that the heat diffusion is higher for x < 1/2.

An approximate solution X (tx, yj) ~ X (1) (y;) is obtained with respect to a regular time-
space grid {(t,y;) :tx =k/N,yj =j/M,k=0,...,N,j=0,..., M} by a semi-implicit
Euler scheme and a finite difference approximation of Ay (Lord, Powell and Shardlow [26],
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F1G. 1.  (left) heat map for a typical realisation of X (t, x); (center) true ¥ compared to 19({‘ and 19{ at§ =0.12
with two different kernels; (right) logo-logiy plot of root mean squared estimation errors at xo = 0.6 for the
estimators in the center.

Section 10.5). Since the solution is tested against functions Ks y, and AKjs ,, with small
support, M needs to be relatively large, while it is well known that accurate simulation re-
quires N < M 2 see Lord, Powell and Shardlow [26], p- 458. We therefore choose M = 2000,
N =10°,

Consider the kernels K = ¢”, K® = ¢’ with a smooth bump function

12
@(x) =exp(—1 —xz)’ xe(—1,1).

For 4 € {0.03, 0.05, 0.08,0.12, 0.2, 0.3} and xo € (0, 1) on a regular grid we obtain approxi-
mate local measurements X X0» x4 §oxp Tor K (M and K@, respectively, from which the aug-

mented MLE 1954 (xp) and the proxy MLE 195 (xg) are computed. For xo near the boundary
andi =1, 2 set

@) _ Ké(f()S’ )C()<5,
Ksx0 =) ) s
KS,]—S’ xo>1-—2.

Figure 1 (center) shows pointwise estimation results for # (xg) at § = 0.12 and for different
x0, while Figure 1 (right) presents a log;(-log;, plot of root mean squared estimation errors
at xo = 0.6 for 6 — 0, obtained by 5000 Monte-Carlo runs.

Already at the relatively large resolution 6 = 0.12 both 19‘({‘ (x0) and 531) (xp) perform sur-
prisingly well. For K1 both estimators are close together and achieve after a burn-in phase
the convergence rate §, as predlcted by Theorems 5.3 and 5.9. Note that KV = AK for
K= ¢ and [p K (x) dx = 0 such that the assumptions of Theorem 5.9 are satisfied. With
respect to K ® those assumptions are not met and indeed 5 3P (xp) deviates considerably from
¥ (xo), but still seems to be consistent with rate of convergence dropping to about §3/4. Esti-
mation by 1A95A (xp) is unaffected by choosing K ) instead of KV (not shown).

APPENDIX: PROOFS

For a better understanding we structure the appendix such that the proofs for the main the-
orems of Section 5 are given in Section A.1. Only afterwards, we provide the technical tools
used for the main proofs. Section A.2 contains analytical results for rescaled semigroups and
heat kernels, while Section A.3 assembles precise asymptotics for variance and covariance
expressions.

From now on, without loss of generality replace A with A — x¢ and assume xg = 0. In
particular, we estimate ¥ (0) and ease notation by removing the subindex xg and write As =
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As xg» 25 = 28,x, and X5 = X x,. Unless stated otherwise, all limits are for § — 0. C always
denotes a generic positive constant, which may depend on 7', if not made explicit otherwise,
and changes from line to line. A < B means A < CB. For 7 € LY(R9) N L2(R?) define the
norm

||Z||L1mL2(Rd) = ||Z||L1(]Rd) + ||Z||L2(]Rd),
and for z with partial derivatives up to second order in LY(RY) N L%(RY) set
We write throughout (X (¢), z) = (}N((t) z) + (Sp (1) X0, z) for z € L2(A) with ()N((t) z) be-
ing defined as (X (¢), z), but with Xo = 0. Note that E[(X(t) )1 =0 and E[(X(?), 2)] =
(S ()Xo, z). Set also X5(t) = (X (1), Kg) XA(I) = (X (1), AKs). We will use frequently,
without explicit mention, that AKs = 8 2(AK )5 by Lemma 3.1.
A.1. Proofs for Section 5.

PROOF OF PROPOSITION 5.1.  We show the result first for Z{* = [ X£(r)? dr. Proposi-
tions A.8(ii) and A.9(ii) below with w® = AK yield

- T ~ ~
E[5°Z;] :52/ Var(X§ (1)) dt — T9(0) ' W(AK, AK), Var(§*Z{) — 0.
0
In particular, Var(fg‘) / E[ig‘]z E) 0 and thus fg“ /E[fg‘] E) 1. To finish the proof, decompose
~ T T .
(A.1) 82T = 82T + f SPE[XS ()] dt +2 / 2 XM (OE[XS ()] dr
0 0
Assumption 3.7(K; 2) gives

T T
(A.2) /0 SZE[XSA(t)]Zdt:(S_Z/O (S5 ()Xo, (AK)s)* dt — 0.

By the Cauchy—Schwarz inequality, the cross-term in (A.1) is therefore also negligible and
the result follows. [

PROOF OF PROPOSITION 5.2. Define Iés as R5 , but with respect to 5((-). In terms
of & = 571(A%; — B(O)A)K we have SR = J§ XP1)(X (1), b)) dt and SR} =
fo X5 (1){( X(t) ,3(5)) dt. ﬁ(‘s) and B correspond to v® and v from Lemma A.5 below with

z = K, and therefore ,3(5) — B in LZ(R‘]). Decompose 8R§‘ = 81534 +Vis+Vas+ Vss,
where

T
Vig= /0 (S5 (1) X0, 82 (AKX (1), pP) a1,
Vas = / (So (1) X0, 872 (AK)5)(Sp (1) Xo. B) 1,

Vis :/0 X208y (1) X0, B dt.

By the Cauchy-Schwarz inequality and Wick’s formula (Janson [20], Theorem 1.28) we infer

T T ~ - 1/2
E[V32,a]=Var(V3,5)§<fO /0 COV(X{gA(t),X(SA(S))dedS) fo(sl,(;)xo BOV 4t

1 T . 1/2
(A.3) =72Var(/0 Xﬁ(r)zdz) / (S5 ()Xo, B dt
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If d > 2, then V3.4 —> 0 follows from Proposition A.9(iv) below with w® = AK, m = K
and from

(A4) fo (S9() X0, BV dt = 0(€a 28| BP | 1112wy

which holds by Lemma A.7(i) with u = ). When d = 1, ¥ € C'** (&) for o’ > 1/2 and
Jgr K(x)dx =0, it follows from Lemma A.5(ii) that there is a compactly supported 8 €
H2(R) with B = AB, B9 — ABll L1n 2wy < C8%. This, Lemma A.7(i) with u = B© — A
and Lemma A.7(ii) with z = 8 show that the left hand side in (A.4) is of order 0(82), and we
obtain again V3 s E) 0 from Proposition A.9(iv). V2 s E) 0 follows by Assumption 3.7(K; 2)
and the just proved upper bounds for the left hand side in (A.4). For V; s LN 0 we argue in
the same way as for Vs, using (A.3) and Assumption 3.7(K; 2), after replacing X SA (t) by
(X (1), ) and noting for d > 2 by Proposition A.9(iii) with u® = g, u = g

(A.5) Var< /O (X(1), BV dr )zo(ed,z(a)%s“),

while for d = 1 we conclude by Proposition A.9(ii) with w® = @ m = . In all,
Vis, Va5, V3.8 E) 0 holds for all d > 1. By Proposition 5.1 it therefore suffices to show

E[§R{] — T9(0) 'W(AK,B),  Var(§R§) — 0.

The convergence of E[§ 1534] follows for d > 2 from Proposition A.8(iii) below with w® =
AK, z=K, u(‘s)~ =B® yw=p.Ford=1 and B as above, by polarisation and Proposi-
tion A.8(ii), E[§ Rg‘] converges to

- ~ T
M(\I’(A(K-i-ﬂ),A(K-i-ﬂ)) V(AK - B), AK — B))) = m‘l’(AK B).
Next, Var(§ R2) = Var(Jf X2(1)(X (1), ) dr) — 0 follows for d > 2 by Proposition A.9(i)
below with z = K, u® = & u = B, while for d = 1, Var(§R{') — 0 holds by polari-
sation, the basic inequality Var(Z + Z) < 2Var(Z) + 2 Var(Z) for two random variables
Z,Z and Proposition A.9(ii) _applied separately to w® = AK — 8O, m=K — f and
w<5>—AK+ﬂ<ﬁ> m=K+p8. O

PROOF OF PROPOSITION 5.8. Define Z/ as Z}, but with respect to X(-). By As-
sumption 3.7(15; 3) and K5 = (AIE’)g we have 8§73 f0T<Sls(t)X(),K3)2dl‘ — 0 whence
8Nz} —IF) — 0 follows by Z! = Op(8) and the Cauchy—Schwarz inequality.

It remains to prove the result for fBP . Note that

. T
A6)  5NIF -9 'Crk)=2s+687" (5—2/ Var(X5(1)) dt — ﬁ(O)“CT,K>
0

with Zs := 83 fOT ()?5 (t)2 — E[f(g (t)z]) dt. X(g is a centered Gaussian process and Zs is an el-
ement of the second Wiener chaos. By the fourth moment theorem (Nualart and Peccati [30],
Theorem 1) it suffices to prove Var(Zs) — X and E[Zg‘] — 332 to conclude Z; i> N, ).
Propositions A.9(iv) and A.16 below (with w® = AK) provide exactly these convergences
with

4T

o) ~ ~
T=—— | (AR, AK) ds=
93(0) Jo

To*(0)
93(0)

o YL
||Ve(s/) K”LZ(Rd)ds’
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where the last identity is (3.3). The claim follows from applying Proposition A.10 below with
z = K to the second term in (A.6) and Slutsky’s lemma. [

LEMMA A.1. Assume the setting of Proposition 5.12 and recall the operator Cy_s from
(5.3). We have for v > 99 > 0

92— K3 2 gy + VK3 5 g

-1 0 L=(R%) L= (R%)

| Co4.6(Co.5 = Coo.) | L2y 1 m) = BV (1 + v )
0

0
”(I - A] 5) 1K||L2(A5)

Moreover, we have ||(I — Al,(S)_IK”L2(A3) — I — A)_lKlle(Rd) for § — 0, where A is
the Laplace operator on L>(R?).

PROOF. For simplicity write in the following proof © A and ¢”/4

S9.5(t). In the Fourier domain, the convolution operator Cy s is given by

instead of Ay s and

° . .
FC&S(LU) :/O ((—ZﬁA)_leﬁtAK, K>L2(A3)(elwt +€_lwt) dt

— <(—2ﬂA)_l foo(et(ﬂA+iw[) 4 el(l?A—iwI))K dt, K>
0 L2(As)

=((=200) ' (@A +iwD) T = @A —iwl)T K, K);24,)
= (A% +w )T K. K) a4,

The operator C )1 5(Co.s — Cy,.s) is expressed in the Fourier domain by multiplication with

Feys(w) = Fepys(w) (92 — 92 )W2A2 +w?DTIA@GAT + w? D)K. Klay
Fegys(w) 0 (O3A2+w2D)7IK, K) 2s,

Using the description of H'(R) in the Fourier domain and functional calculus for the Lapla-
cian A on L2(Ag) yields therefore for ¥ > ¥y that

||C501,5(Cz9,5 - C790~5)“L2(R)—>H1(R)

2)1/2 Feys(w) — Fegys(w)

14+w
( Fepys(w)

= sup
weR

A2 A2+ 05w D)T2K, K) 125,

< (2 —93) sup ‘(1 + (z‘}ow/)z)l/z(

weR (A2 + 95 w2 DK, K) 2,
_ﬂz—ﬂg 21/2“11) IA(U) 2A2+I) 1K||L2(A)
= 5— sup ((1+ (Pow)”) -5 7
0 weR ”( A +I) K”LZ(A)

92— sup,-(llw™2Aw=2A% + )71k |2
o(lwo(lv w> LZW))

00 1wa>]||(w_2A2+I) 1/2K||L2(A )

1/2
92— 92 1=K 174,
< 3 I+ 1V T ,
95 I+ A)V2K 75

where we used in the last line w‘l/zk(l + w‘z)uz)_l < A2 for all A, w > 0. For this and
similar arguments note that by spectral calculus with a self-adjoint operator A, for example,
—A, we have || f(A)K| < ||g(A)K | whenever | f| < |g| for bounded f, g on the spectrum
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of A. Since (—AK, K)p2as) = ||VK||%2(R(,), the numerator is independent of §. For the

denominator write again A; s = A and note similarly (I 4 A%(;)_l/2 > (I — AL(;)_1 , Where
we have explicitly (cf. Pazy [32], Chapter 2.6)

o0
(I_Al,a)_lKZ/ e'S).5(t)K dt.
0

Proposition 3.5 yields then first, approximating K by continuous functions, that
1S1,5@K I 12(a4) S IIK|| 12(rd) uniformly in §, and second, the convergence

[ = AL T K 20 = 1= )7 K] p2ay, 8 0. U

A.2. Analytical results. Recall that the solution of the heat equation %u(t) = AAu(t),
A > 0, on R? with initial value w € L?(R?) is given by the convolution

(A7) ut) =eMtw =gy xw,

with the heat kernel g; (x) = (4rt) =%/ exp(—|x|?/(41)), x € R,

LEMMA A.2. We have for u € L2(RY), t > 0:

(1) ||€tAM||L2(]Rd) S fﬁd/4)||u||leL2(Rd), ||AelAM||L2(Rd) <! lull g2 (ray-
(i) xe? @18y, (x) = =20 (0)tVe? D2 (x) + ? 1A (xy) (x), x € RY.
(iii) || |x|2€0(O)IAM||L2(Rd) SAVHAATTIHA+ x|+ |x|2)u||L1nL2(Rd)-

PROOF. (i) For the second part use functional calculus. The first part follows from

leul 2 ay = llge * ull o may S min(lluel pogays 0~ ull 1 gay)-
(i) Leti € {1, ..., d}. The result follows from

xi (€7 O u) (x) = xi (qo oy * 1) (x)
Xi = i
RrRd U (0)t

= —29(0)1 (3 g9 0y * u)(x) + (g 0y * (xiu))(x).

=0 (0)¢

q9 0y (x —y)u(y)dy + /]Rd Yiqy oy (x — y)u(y)dy

(iii) Applying the proof in (ii) twice for i € {1, ..., d} gives
xiZ(eﬂ(O)tAu)(x)
= —2x;9(0)1 (3; g 0y * u)(x) + xi (o 0y * (xiu))(x)
= 402(0)1% (375 go 0y * 1) (x) — 20 (001 (3 g 0y * (xi ) (x) + (qo(oyr * (x7u)) (x).

PO (y, 27 O1A

Summing over i with v; = e
constant the upper bound

i) obtain from this for |||x ull 2(ray up to a

d
2| A L0 O)A POVNA ([, |2
] A" O B o gay + 1 YN0 vill 2y + €7 O A (1xPu) | 2 -
i=1
Using e? 014 — p2O/24 0 (0)t/2)A
terms the claimed bound. For the second term integration by parts implies ||9;v; ||

and the two statements in (i) yield for the first and last

i2(Rd) =
(—Av;, Vi) 1 2mdy < | AV; || 12y Vi |l 1 2(ray- The result follows again from applying (i). [J
L2(R4) L2(R9) L>(R%)
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LEMMA A.3. If z € H*(RY) has compact support, then (z,0iz)p2rey = 0,
(XiAZ, 2) ey = — (X0, V2P p2gay for i =1,....d. If z € HYRY), then also (Az,
etAAaiZ>L2(Rd) =0,r>0.

PROOF. Integration by parts gives (z, ;z);2ray = —(0i2, 2)2(ray (argue with com-
pactly supported z first, then extend by continuity), implying (z,9;z);2re) = 0 and
(xi9jjz, z) p2ray = —(xi, (3jZ)2)L2(Rd) for j =1,...,d. The last part follows from the first
one for 7, = /227 ¢ H2(RY) using

d? d?
A A2 s
("> A%z, 8iz) 2 gay = — o ——le'%2, 0i2) 2 gy = — 72 & 0% 2ay. O

The upper bounds in the next Proposition are well known for analytic semigroups. The
main difficulty is to ensure that they hold for growing domains, uniformly in é > 0.

PROPOSITION A.4. There exist universal constants My, M| such that for 6, t > 0:

. 2

(1) ||S;;’5(t)”L2(A5) < Mpe®%,

.. 2
(i) 1A} 585 5Ol 12(ay < M1,

PROOF. The claimed bounds in the statement follow from Proposition 2.1.1 of Lunardi
[27], if we can show

M

-1
(A.8) H(“ - 3,5) ”LZ(A,g) = A —wl|

with w = ¢182 for all A € Yow :={p € C:|arg(p — w)| < o}\{w} and with constants
c1,M > 0,0 € (w/2, ) independent of 8. Since the self-adjoint operator Ay s.) has strictly
negative spectrum for all § > 0 (cf. Evans [11], Section 6.5), by functional calculus (A.8)
holds indeed for Ay s.) withw =0, M =1and any o € (7/2, ).

In order to extend this to A} 5, we consider it as a perturbation of Ays.). We show first
that AO 5 18 Ay (s.)-bounded, that i is,

1
(A9) HAO 8v||L2(A5) 628||Az9(8)v||L2(A5) + (E +C3)32”v“L2(A5)

for e >0, v e Ho1 (As) N H%(As) and absolute constants ca,c3 > 0. For this note that
IAS svll12(a,) is upper bounded by

[8a(8-), Vo) 124, + 52(||UdiV(a(5'))||L2(A5) + 1blloollvliL2(ay))-
Moreover, ||5(a(8-), VV) |l 12(a4) 18 upper bounded by

172
d1/2‘ sup IIal |Ioo(Z||a “||L2(A ))

=L i=1

dl/zsupt 1 d” l”oo 12
(A.10) = min, ﬂ(x)l/Z ((—Aﬂ(s-)v), U>L2(A5)
= ming ooz 1800l I,
2

< ellApeyvlliLzay) + £||U||L2(A5),
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min, 9 (x)

i@y2 for x, y > 0. This shows (A.9) with ¢3 := Zle 10iailloo + 1]l co-
Choosing ¢ sufficiently small, the proof of Lemma III.2.6 in Engel and Nagel [10] implies

(A.8) for all & € Be0 N {p € C: |p| > cs6?) with ¢ = Y24 5 = 37/4 and M’ > 0

instead of M. Setting w = (1 + ¢5)cad?, for a suitable constant ¢5 > 0 to be determined later,
and assuming that for these A

with ¢ := , where we used in the last line the basic inequality xy < sx? +

(A.11) AtweTeon{peC:lpl>css?}, |A+w|=CAl

with a universal constant C, we can therefore conclude forany A € £, oN{p € C: |p| > c48%)
that
M’ M ! C

(A.12) (4w = A% ) 24, < el S

In order to obtain (A.8) from this let A € 2, such that A — w € ¥4 . Assume that we can
also show

(A.13) A — w| > cad”.
Then the result follows from (A.12) with ¢; = (1 + ¢5)cs, M = M’C, because

_ M'C
|(A1 - Tm) 1HL2(A5) =[((x —w) +w)l - A?ia) HL2(A5) = m

We are left with showing (A.11) and (A.13). For (A.11) note that A € X, ¢ already yields
A+ w € ¥4, because w > 0, while the inequality |A 4 w| > 482 holds clearly, if | Im(A)| >
¢482. On the other hand, |arg(A)| < o implies |Re())| < ¢5|Im())| for a constant ¢5 > 0 and
thus, if | Im(A)| < c482, then

(A.14) A+ w| > w —|Re(V)| = w — e5[Im(A)| > ¢48°.

In order to find the constant C in (A.11), note that | + w| > |A| holds always if Re(}) > 0,
and that |A + w| > é|)\| Whenever 2w < |A]. Let now Re(k) < 0 and |A| < 2w such that by

(A1) |1 + w| > c48% = 2(l+cs) > C|A|, with C := 2(1+ 5 Finally, with respect to (A.13),

|A —w| > c48% holds always, if | Im(X)| > ¢48%. On the other hand, | arg(A —w)| < o implies
|arg(A)| < o and hence for | Im(A)| < c48%, asin (A.14), A — w| > w — |Re(V)| > cs82. O

With these preparations we can proceed to proving Proposition 3.5.

PROOF OF PROPOSITION 3.5. (i) The proof is based on giving a stochastic repre-
sentation for Sj 5(#)z via the Feynman—Kac formulas. Without loss of generality let ¥ €
C'H*RY), a € CT¥R4;RY), b € C*(RY), a > 0, with min,gs ¥(x) > 0. Then for
feC2RY

(A.15) 55 (0) =0 EX)AL () + (@s(x), VF(0))ga + bs(x) f(x), xR,

where ds = 8(V9 (8-) —a(8-)) € C*(RY), bs = 8>(b(5-) — div(a(8-)) € C*(R?). By Karatzas
and Shreve ([22], Theorem 5.4.22), we can find a process Y ©®) = (Yt(s)),zo being a weak
solution of the d-dimensional stochastic differential equation

ay® =as (v dr + V20 (57, ) 2 aw,, v =xeR?,
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on a filtered probability space (fZ, F , (]t",),zo, I@’) carrying a scalar Brownian motion (W,),Zo.
We show below for x € R?

~ r_
(A.16) (S5 5(0z)(x) =E, [Z(Yf‘”) exp< /O bs(Y®) ds> 1{,<,5(Y(5>)}],

where fP’x and I@x indicate the initial value and t; (Y(‘S)) :=inf{r >0: Y,(S) ¢ As}. Assume first
this holds true. Denote the transition densities of ¥®) by Ds.i(x,y),x,y€ R?. According to
Sheu [34], equation (1.4), we have ps ;(x, y) < c3g¢,:(x — y) for universal constants ¢, c3 >
0. Then by (A.16), using ||l;3 loo < 0152 for some constant ¢; > 0, it follows

(55502 = e VB (r )] = [ 2] paste )y

2 2
< 361 gop % 2] (x) = €317 (€22 2]) (x).

We are left with showing (A.16). The proof is similar to Friedman [14], Theorem 6.5.2, and
extends Peres and Morters ([29], Theorem 7.44), which applies only to Brownian motion. It
is enough to consider x € As, because otherwise (S;i;’s(t)z)(x) =0 and 155y =0 Py-
a.s. and so (A.16) holds trivially. The function u(t) = u(t, -) with u(z, x) := (Sl’;’ 5(1)z)(x) for
t >0, x € Ag, is the unique solution in L2(As) of

d
Eu(t) = Aj su(t), t>0,

where the derivative is taken in L%(As). Classical PDE theory yields u € C ([0, 00), As) N
C'2([e, 00), Ag) for any ¢ > 0; see, for example, Friedman [14], Theorem 6.3.6 (here we

use the regularity assumptions on @, a, b). Set h(t) = exp(fot Bg(YS((S)) ds) and let p = inf{r >
0: Yt(‘s) ¢ U} for a compact set U C Ag. Set g(t',x) =u(t —1t',x), 0 <t <t. Noting that
A;; 5= l;g generates the transition semigroup of Y ©®) and K’ ()= l;(g(Yt(a) )h(t), It0’s formula
shows forany 0 <t <t

g(f' A p, Yt(’?p)h(t/ A p)

) tne oy 4 )
=g(0,Y,") + A A§ s8(s, ) (Y )—ag(s, Y{?) |h(s)ds

t'Ap 5 .
+/0 (Vg(s7 Ys( ))h(S), dWY)Rd'

Using the previous display, the second term vanishes. Taking expectations and letting t' — ¢
yields therefore

(85 5(02)(x) = g(0, Y3) = Exfu(t —t A p, Y2 )Rt A )]
=B [2(Y )L ps] + B [u(t — p. YO)h(0)1 )]

If U exhausts Ag, then p — 75(Y®) and Yé‘g) — O suchthatu(t —p, Y[g‘s)) — 0. This implies
(A.16). B

(i) We can assume z € C(Aj) for sufficiently small 8. Indeed, for z € L? @d) let z® €
C.(R?%) converge to z in L>(R?) as ¢ — 0. For small § we have z\®) € C(Aj). Applying
Proposition A.4(i) to S} 5(1)(z|a; — ), Lemma A.2(i) to e @2 (z — z()) we have

16855 lag) — " P22 12 ay

2
S+ 1)z = 29 2y + 1(S5.5@) — " O")2 L2 gay-
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Using the statement with respect to z(®), and letting first § — 0 and then & — 0, the last line
tends to zero.

For z € C(Aj) it is enough to show (Sl’;s(t)z)(x) — (e
R?. L*(R%)-covergence follows then from (i) and dominated convergence. Using the no-
tation from (i) we have the representation (e”@2z)(x) = E, [z(Yt(O))] for Yt(o) =x 4+
V29 (0)1/2 W,. (A.16) therefore allows us to write Sl’;s(t)z — P OtAy — Ty 4 T + T3 with

T) =E, [Z(Yt(S)) - Z(Yt(O))]’

l ~
T, =E, [ (v ))(exp(/o bg(Ys(‘S))ds> - 1)1{t<,ﬁ(y(5>)}},

s )
I3 = _EX[Z(YI< ))l{zzrg(Y(‘”)}]'

We shall show that 7; — 0, i = 1, 2, 3. The transition semigroup of (Y, ,(O))tzo is generated by
A® =y ©0)A. Since A® f — A© £ yniformly on R for f € C & (R%) as § — 0, it follows

from Kallenberg [21], Theorem 19.25, that ¥ ) 4y O with respect to the uniform topology

POAL7)(x) pointwise for x €

on compacts in R . This yields 71 — 0. As z is bounded and sup,_ |l;5(Ys(8))| < 82, we also
have |T»| < eC’5262 and T3] < Py(r5(Y @) < 1). To see why Py (t5(Y®) <) — 0 holds let
Z(a) Y(a) 3(Y( ))ds and observe that | /; a (Y(S))ds | < 8¢ such that

P, (z5(Y?P) <) ZIP’ (max!Z(‘“)|>C8 )

where Z©®) = =(Z @.i ))1<,<d Since each Z©) is a continuous martingale vanishing at 0 such
that (Z©®), =2/ 1?(8Y(5))ds <c¢s, ¢ >0, uniformly ini =1, ...,d, we find for some
scalar Brownlan motion (B )s>0 and ¢ >0

P, (‘L’,s(Y(5)) <t) < dP, (max |Bos| > C8™ ) < 6_55*2171’

because the density of the running maximum of a Brownian motion decays exponentially
(Karatzas and Shreve [22], Chapter 2.8). This yields 73 — 0. [

LEMMA A.5. Let z € H*(RY) have compact support in Ay for some §' > 0. For 0 <
8 <& set v® :=571(A% s — ¥(0)A)z and define
v:=A((VI(0), x)paz) (x) — (VI (0) + a(0), Vz(x))pa
Then the following hold:
@) WPl a2 gy < Clizllyz, @) and v® — v in L2(RY) for § — 0.
(i) If [pa z(x)dx =0, then v = Am for m € H2(RY) with compact support. Moreover, if
¥ € CHY () for 0 <o’ < 1, then [v® — vl 1n12gay < C8“/|lz||W%2(Rd).

(iil) If fga 2(x)dx =0 and [ga xz(x)dx =0, then z = Am form € H*RY) with compact
support.

PROOF. (i) Without loss of generality let @, a, b as well as the partial derivatives of @, a
be bounded on R?. Then for x € R?

)y = P60 =9 (0)
(A.17) 1)
+8(b(8x) — (diva)(8x))z(x).

Az(x) + (VO (8x) —a(dx), Vz(x))ga
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From this obtain the upper bound on v® and the convergence in L2(R?) to
(V9 (0), x)ga Az(x) — (=VP(0) +a(0), Vz(x))ga = v(x).

(i1) In order to find m, as z has compact support, it suffices to find a compactly sup-
ported function g € H*(RY) with Ag = (V(0) + a(0), Vz)ga in L?>(R?) and to set
m = (V9 (0), x)paz(x) — g(x). Using the Fourier transform Fg(w) = [ra g(x)e!™@ dy this
means by usual Fourier calculus

—|w|*Fg(w) = (VD (0) +a(0), io)p Fz(w), oeR™.

By the compact support of z and [pa z(x) dx = 0 the Fourier transform Fz is analytic with
Fz(0) =0. We can thus define

Fz(w)

g(x) = F ul(x) with u(w) := (VO (0) +a(0), —|w|~iw)ga o)

as the inverse Fourier transform of the L2-function u. Noting z € H 2(R?) and |u(w)| <
| Fz(w)| for |w| — oo, we see g € H2(R?) and Ag = (V9 (0) + a(0), Vz)ga in L>(R?).

For compactness of g we use the Paley—Wiener Theorem (Rudin [33], Theorem 11.7.22)
to deduce from the compact support of z that Fz can be extended to an entire function on
ce, satisfying the exponential growth condition |Fz(w)| < yn(1 + lw|)~N exp(r|Im(w)|),
w € C4, for all N € N and suitable positive constants yy, r. Hence, u is the quotient of
an entire function and |w|?, which is also entire. A meromorphic function with removable
singularity extends continuously to an entire function. Consequently, we can work with an
entire function u, which by definition satisfies the same exponential growth condition. A
reverse application of the Paley—Wiener Theorem shows that g has compact support.

Finally, we can assume that V¥, ¢ are uniformly «’-Hélder continuous on R¢. The upper
bound on [[v® — V|l 1n2 ey follows then for x € R4 using (A.17) from

9 (8x) — 9(0)
5
+ |V (8x) — VI (0) +a(0) — a(8x)||Vz(x)| + 8|z (x)].

0@ (x) —v(x)| < —(VI(0), x)ga || Az(x)]

(iii) The argument is similar to (ii). As above, the Fourier transform F7z is analytic with
Fz(0) = 0. The assumption [pas x;z(x)dx = 0 gives also 9;(Fz)(0) =0,i=1,...,d. It
follows for

m(x) = F 'ul(x) with u(w) :=—

thatm € H*(R9) and Am = z. A Paley—Wiener argument as in (ii) shows that i has compact
support. [J

The following heat kernel bounds will be used frequently. The conditions in (iii) are es-
sential for d = 1 to improve on (ii).

LEMMA A.6. Let the functions u, w € L?(RY), z € H2(R?) have compact support in A
for some 8 > 0. Then for 0 <t < T8

() 183 s@ull2ay < €T A ATV ull 1 12we-

(i) If 1w = Azl 12y < CO%llzlly2 o) for 0 < o < 1, then

1550wl 20, < €T (1A f_a,/z_d/4)||z||w,22(Rd)-
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(iii) If 9 € C'*'(A) for 0 <o’ < 1 and [ga z(x)dx =0, then

|S535 Az| L2(As) = ST A t—l/Z—a’/z—d/4)||Z||Wﬁ2(Rd)'

PROOF. (i) The semigroup bound in Proposition 3.5(i), applied to a sequence of contin-
uous functions approximating u, and Lemma A.2(i) show for r < T§~2

eCT ”eczm

| S§,5(I)“||L2(A8) S |ue] ||L2(]R<d) S eCT(l A t_d/4)||u||L1ﬁL2(Rd)'

(ii) Write w = u® + 9 (0) 7' A% sz foru® = (w — Az) =9 (0) 7'6v® and v® =671 (A} ; —
9 (0)A)z such that

8 -1
I Sf;,a(f)w”LZ(A(;) < S;,a(’)”( )”LZ(A(;) +9(0) ||A§,3S§,a(f)Z”L2(A5)-
The second term is up to a constant bounded by ¢¢7 (1 A t‘l)||S;§’5(t/2)z||Lz(A§), using
Proposition A.4(ii) for t < T6~% and S5.5(t) = S5 5(1/2)S5 5(1/2). Applying (i) to u =z
gives the upper bound ECTAA=1=4%)20 L2(RY)- The result follows from applying (i) to
u = u® in the last display and noting that |ju(® L2y < ECTAANT|z| W2, (RY) by

Lemma A.5(i) and § < (T/1)!/?, as well as adjusting the constant C.
(iii) Following the proof of (ii) for w = Az it is enough to show the improved up-
per bound || S5 5 (Du® |25, S €T AN T2 2782l y2 gy Lemma A.5(ii) shows

the existence of a compactly supported m € H>(R?) such that [v® — Am)|| LINL2RA) =
csa/nzllwlzz(Rd). With 7@ = v® — Am write u® = 9(0)~184® + 9(0)~'sAm. Apply-

ing (i) to u = #® and (ii) to z = m yields
155.5@0u® | 200y ST E QAT F 80U AT ) 2l -

For 8 < (T/1)/? the order in ¢ is 1 A 1~1/2=0/2=d/4 o5 claimed. O

LEMMA A.7. Letu € L*>(R%), z € H*>(R?) have compact support in Ag for some § > 0.
Using €4.2(8) as in Assumption 3.7, we have:

() ) (So (1) X0, us)?dt < eCT || Xo)|*La2(8)8*  ||u|)?

LINLZ(R4)"
(i) If Xo € LP(A), p>2,1/p+1/p' =1, then, with y (d, p) := 29} +d(1 - 2),
T
2
/0 (S35 X0, (A2)s) dt < TN XolTna)0" P (1AZIT gy + 12152 )

(i) If X9 € D(Ay) and for d =1 also ¥ € C1+"‘/(X), 0<a' <1,and [pz(x)dx =0,
then

T /
/ (S5 ()Xo, (A2 di < e (I1Xol> + 149 XolI*) e 28> Nzl o)
0 1.2
PROOF. (i) By Lemma A.6(i) and the scaling in Lemma 3.1 we find
-2

r 2 20 [T * 2
/0 (S (1) Xo, us)~dt < ||Xol|*8 /o |S5.5®ul72a,) dt

7572
SeTIXOIPE [ (LA R dtul sy
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The claim follows, because the integral has order O(1) for d > 3, order 0(10g(T8_2)) for
d =2 and order O(TY25~1) ford = 1.

(@i1) It is enough to consider continuous Xy. Using the Holder inequality and Proposi-
tion 3.5(i), we obtain

(S5 (1) X0, (A} < [S9 () X0 o) 1(ADs 7 )

2 d2/p'—1
S dear # 1 X0l 2y 377 VA

Here, [Iqc, * | Xolll rray < [ XollLr(a)- For & > 0, Lemmas 3.1 and A.6(ii) show
2 2 * -2 2
[ 15000 P < UXol? [ 155565 Az,
& &

T
_N—1-d/2
< €T X2 / (1572 gy 12
£

Splitting up the integral and adjusting the constant C yields thus

Wi, ([RY)

T /
/ <Sﬁ(l’)X0’ (AZ)(S)Z dt < eCT||X0||2(5d(2/p “Dg 4 52+dg_d/2)
0

x (lazl? + Izl

LP (R9) wi (Rd))

y14d/p
The claim follows with || Xo|l < [[ Xollzr(a) and & = §2TH2

(iii) With v® := 8§~ 1(A — 9 (0)A)z converging to v as in Lemma A.5 and using the
scaling in Lemma 3.1, write z?(O)(Az)g = évg’s) + 52A1,z5 Then

(S9(1) X0, (A2)s)* < 8%(Sp (1) Xo, vV + 8%(Ss (1) Ay X0, 25)

and the claim follows for d > 2 from applying (i) with u = v® and u = z (with Ay Xy €
L?(A) instead of Xo), while for d = 1 apply (i) also with u = v® — v and (i) with z =m
using in addition Lemma A.5(ii) with v = Am. U

A.3. Asymptotic results for the covariances. The general idea for the proofs in this
section is to apply the scaling in Lemma 3.1 to the covariance function as in Section 3.3 and
to deduce a limit for the integral using the heat kernel bounds and the convergence of the
semigroups from the last section.

PROPOSITION A.8. Grant Assumption 3.2. Consider functions z € H*(RY), u €
L2(R?Y), (w®)s-0, @®)s-0 € LEZ(R?) with compact support in Ay for some §' > 0. As-
sume for 0 < 8 <8 that |w® — Azl pin2gay < s fora' > 172, |u® — ull 2@y —> 0
as 8 — 0. Then with V from (3.2):

(i) 872 Var((X (1), w”)) = #(0) ' W(Az, Az), t > 0.
(i) 872 7 Var(X (1), w)) dt — T9(0)"'W(Az, Az).
(i) Ifd > 2, then 872 [T Cov((X (1), w), (X (1), ul’)) dt — T¥(0) "' W(Az, u).

PROOF. (i) By (3.4) for r = ¢’ we have
NPT B gt (o ®)]2 >
87" Var((X (1), wg™)) = /0 | B5 S5 5(s)w “LZ(AS) ds = / fs(s)ds,

with f3(s) = 1By S5 5w 7a 4 Liszis2)- Set f(5) = [1Be” P2 Az)|Z, o)
f5° () (0)ds = W(Az, Az), substituting ds’ = 9(0)ds. By assumption w® — Az in

and note
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L?(As) and by Proposition 3.5(ii) above S5.5(5)Az — e? OSA Az in L2(R). From Proposi-
tion A.4(i) above we have supy, <, /2l Sg’g(s) L2, < 00, as well as supg_s<1 | B |l L2ray <
oo by Assumption 3.2 and the uniform boundedness principle. We deduce

[ BSkS;,a(S)w(a) - Bgeﬂ(O)SAAZ ||L2(Rd)
<[ B3] S;;,s(s)”LZ(AS) ”w(s) - AZ”U(Rd) +| S;;,a(s)AZ — "8z ”L2(Rd))
+ [ (B5 — Bg)eﬂ(O)SAAZ”U(Rd) -0,
which implies f3(s) — f(s) pointwise. Lemma A.6(ii) yields | f5(s)| <1 A s~ ~4/2_ Since
o > 1/2,supy_s<1 fs() € L' ([0, 00)), for any fixed ¢, and the result follows from the dom-

inated convergence theorem.
(i1) By (i) and Fatou’s lemma we obtain

T
11?11(1)1105—2[ Var(X (1), w)) dt > T9(0) "' W(Az, Az).
- 0

On the other hand, Var((X (¢), wgs)» is increasing in ¢; cf. (2.5). The result follows from
r s s s s
lim sup 8 2 f Var((X (1), wi)) dt < lim 72T Var((X(T), w”))
8—0 0 §—0
=T9(0) ' W(Az, A2).

(ii1) Revisiting the derivations in (i) and (ii), we obtain
- - o
572 Cov((X (1), w), (X (1), ulV)) = /0 f5(s)ds,

with fs(s) := (B3 S5 5()w®, BiSj 5()u') 2 Vs <rs-2)-

Putting £ (s) := (Bye” @52 Az, Bie? ©52y), we obtain as in (i), (iii) that f5(s) — f(s) holds
pointwise for § — 0 by the L2-continuity of the scalar product. Furthermore, the Cauchy—
Schwarz inequality and Lemma A.6(i), (ii) yield the bound

A1S) | f59)] S [155 5 ()w® l220a9) | S35 ()u® | 225 Yis=t/57)
' < eCT (1 As™/2d12) < | A =5/

for d > 2. Since this bound is integrable in s > 0, we conclude that
= N 8) o
572 Cov((X (1), w), (X (1), ul’)) — / f(s)ds =9(0)" ' W(Az, u),
0

meaning in particular that W(Az, u) is well defined. What is more, the bound (A.18) also
shows that the covariance is uniformly bounded in ¢ € [0, T'] so that another application
of the dominated convergence theorem shows that the integral over ¢ € [0, T'] converges to
T90) 'W(Az,u). O

PROPOSITION A.9. Grant Assumption 3.2. Consider functions z,m € H*(RY), u €
L2(RY, (w®)s-0, @®)s=0 € L2(RY) with compact supports in Ng for some 8’ > 0. As-
sume for 0 < 8 <& that |[w® — Am|lpin2rey < Cs fora' >1/2, |u® — ull ey = 0
as § — 0. Then:

(i) Ford =2, Var(f] (X(1), (A2)s)(X (), u’) dr) = 0(8%€4.2(5)3).
(i) Var(f (X(0), w)2dr) = o(8%).
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(iii) Ford =2, Var(J (X(0), u,f;”_>2 dt) = 0(8*04.2(5)2).
(iv) Letd > 2, orlet & € C'T (A) and Jram(x)dx = 0. Then with ¥ from (3.2)

6 T ®)2 3 [ p(sh 2
8 ° Var (X (1), wg")" dt | — 4T 9 (0) W (e*>Am, Am)~ ds.
0 0

_PROOF. We first make some preliminary remarks. For v,V € L3(Ag) set E(t) =
(X(t),vs), £E(t) = (X (t), vs). The random variables {£(¢)|t > 0} U {£(¢)|¢t > O} are jointly
Gaussian and centered and so it follows from Wick’s formula (Janson [20], Theorem 1.28)
that

56 Var(/OTg(t)é(z)dt>

o [T (T . -

=3 /0 /0 Cov(E(DE (1), E(s)E(s)) dt ds
(A.19) T o
=28 fo fo (Cov(£(). £(s)) Cov(E(1). &(s))

+ Cov(£(1), £(s)) Cov(E (1), £(s))) dt ds
=2V +2V,,
with Vi =V (v, v, 0, 7), Vo = V (v, D, D, v), where for k, k € L2(As)

. o [T [ N o
(A.20) Vv, v,k k) :=4 /0 /0COV((X(f),Ua)’<X(s),v3))

x Cov((X (), ks), (X (s), ks)) ds dt,
and V(v) := V (v, v, v, v). It is thus enough to study Vi, V>. Set
fs((s.v). (5", D)) = (B5 S5 5(s)v. B5 S5 5(5)0)2ap Lo s.sr <752 828" = 0.

Then by (3.4), V (v, 9, k, k) equals

52 /O ! /O ’ ( /0 o F((t572 = v), (5872 = 1, 17))dr/>

K B
X (/ f5((¢872 = 7" k), (s872 = 1", k)) dr”) dsdt
0

_ /0 ' fo i ( /0 O (s ) (5 17))ds’)

X (/018‘2—s fs((s + 5", k), (s”, lg))ds”) dsdt,

substituting ds’ = 5§72 — dr’, ds” = s8> — dr" and ds”" = 8§~%(t — dss), but writing again
s for s”. With this we prove now the proposition.

(D Letv=Az, 0 =u®. By the rescaling with s 0itis enough to show V; = 0(&;@(8)3),
i =1,2. Observe by Lemma A.6(i), (ii) that

| f5((s +5", ”(8))a (s”, M(é)m S| S;;,s(s + S//)”((S) ||L2(A5)” 533(»‘//)“(8) ”L2(A5)
SUAG+)MaAE) ) STAE)

| fo((s +5", A2), (5", A2))[ S [S5,5(5 +5)Az] 1200 155,605 Az] 12,

(A.21)

(A.22)
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(A.23) < (1 A (S+S/)71/27d/4)(1/\(s/)fl/Z—d/4)
<( /\s—1/2—d/4)(1 /\(s/)—l/Z—d/4).

These bounds yield in (A.21) when d > 2 for V (Az, Az, u®, u®) up to a constant the upper

bound
T2 i/ 7572
( [ aney™ )ds”) ( Ji (1/\s_1/2_d/4)ds)
0 0

1572
x </0 (1A (") "M% ds’) S aa(8)’.

Similarly, | f5((s + ", Az), (", u®D| S (A As™IHA A )TV, f5(65 4+ 5", u®),
(", A2 S (A A s™H(A A (s7)~Y2=4/%) implying the upper bound £4,(8) also for
V(Az,u® u®, Az). Inall, we find | V1|, | V2| < £4.2(8)°.

(ii) Let v = o = w®. By the rescaling it is enough to show 82V; — 0. We have by
Lemma A.6(ii)

(s +5"0) (5" o) S LA (") 2,
|f3((s +S/’ U), (s/’ U))| S (1 A S—a'/Z—d/4)(1 A (s/)—a,/Z—d/4)‘

Therefore, since a’ > 1/2 and as in (A.24) but this time for alld > 1, V| = 0(8 —2).

(iii) Let v = 0 = u®. The claim is a direct consequence of (A.22) and (A.24) for d > 2,
with the ds-integral of order O (8 ~2) this time.

(iv). Let v=10 = w®. Since V; = Vo = V(w®), it is enough to show

(A.24)

o0
(A.25) Vi=V(w?) - Tz‘}(O)_3/ W(e*2 Am, Am)* ds.
0
We argue by dominated convergence. Set
f((s.am), (s, Am)) = (Bge” @52 Am, Bje” O 2 Am) > a.
Exactly as in the proof of Proposition A.8(i) we get pointwise by polarisation
fi((s +5" w®). (", w®)) > F((s +5', Am). (5", Am)).

In order to conclude we need to upper bound the fs-terms. For d > 2 this has been done in (ii).
If 9 € C'T (A) for o’ > 1/2 and [pa m(x)dx = 0, the improved bound in Lemma A.6(iii)
for (A.23) gives

[ f5((s + 5", w®), (5", w®))| S (1 45122 (1 p (1) 7120020,

In both cases (A.25) follows from dominated convergence, noting

_/OOO F(s+s",am), (s', Am))ds' = ﬁ(O)_IW(eﬂ(O)SAAm, Am). 0

The next result improves on Proposition A.8(ii) when B is a multiplication operator, by
making lower order terms explicit. This is necessary for the proof of Theorem 5.9. The main
difficulty is to work around not having a rate of convergence in Proposition 3.5(ii).

PROPOSITION A.10. Letz e H“_(Rd) have compact support in Ay for some 8’ > 0and
suppose that B = My, with o € C'(A). If d = 1, then assume ¥ € C'** (A) for o’ > 1/2
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and [ z(x)dx =0. Then for 0 < 3§ < 8" and § — 0

T 8
572 /0 Var((X (1), (Az)s)) dt

To2(0) )
= T@ ”VZ”LZ(Rd)

+8—T<<v<6—2>(0),x> ,|Vz|2> +0(8).
2 ) R L2(RY)

PROOF. Let (X(),-) be defined as (X (¢), -) in (2.4), but with semigroup (Sy(r));>0 on
L3(A) generated by Ay = Ay. As before, (Eﬂ,g(t))tz() is the corresponding semigroup on
L?(Ag) generated by Ay s.). Note that the Eﬁ’g(t) are self-adjoint. With v® =51 (Apsy —
P (0)A)zsetfor0<t<T

-1

T1(0) = =530y SV X - (A0)20s). (X0, vs”)),
§2 o 2(0) _

Ta(t) = ﬁz—(mVar((X(f)’ (Ap(592)s) — ;2—(0) A IS5.6() Ao 592]72a, ds.
o2(0) (1877 a2(0)

BO =50 IS5.6()A0592] 7200, ds — Muwniz(w),
Ri(1) =872 Cov((X (1), (A2)s) — (X (1), (A2)s), (X (1), (Az)s) + (X (1), (A2)s)),

Ro(t) = Var((X (1), vi)).

1
#2(0)

and introduce the decompositions

T 8
572 fo Var((X (1), (Az)s)) dt

= SZ/TVar((Y(t), (Az)s)) dt + /T Ri(t)dt
0 0
572 (T
= 920) Jo
To2(0)

T
— T@.)”VZ”%IZ(RQ +/(; (Tl ([) + TZ(t) + T3(t)) dt + 0(8),

— T
Var((X (1), (Aps2)s)) dt + /(; (T1(t) + R2(1)) dt + 0(8)

where we use for the remainder terms that fOT Ri(t)dt =0(8),i = 1,2, by Lemmas A.14 and
A.15 below. The claim follows from Lemmas A.11, A.12 and A.13 below, which show

7 (0)
2(0)

5—1/0 (T1(2) + T2 (t) + T5(1)) dt — << Vo (0) — Vﬁ(O),x>Rd, |Vz|2>

LZ(Rd). O
LEMMA A.11. In Proposition A.10 we have

To2(0)

W((Vﬁ(O), X)gd, IVZ|2>L2(R‘1)'

T
3—1f Ti(t)dt — —
0

PROOF. Lemma A.5 above with Ay = A_ly yields v® = A(VY(0), x)paz) —
(V9 (0), Vz)pa in L?. Moreover, since ¢ € C!(A), we have IAs@yz =P O) Azl L2 gey <
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C4.1f d > 2, then Proposition A.8(iii) with w® =9 0)~! Ay (525 u® =y©® already implies
871y Ti(r)dt — —2T9~2(0)W(Az, v), and the claim follows from Lemma A.3 above, re-

calling the identity W(Az, v) = —022(0) (z, V) 2ray from (3.3). For d = 1, on the other hand,
the properties ¥ € C 1J“",(K) for o’ > 1/2 and [ z(x) dx = 0 ensure by Lemma A.5(ii) that
v = Am for a compactly supported m € H?(R) with [[v® — Am|pinem) < csY. By polar-
isation and Proposition A.8(ii) (with w® =9 (0)"'Ay(syz and w® = v®) s~1 [T Ty (1) dt
converges again to the claimed limit. [

LEMMA A.12. In Proposition A.10 we have

T
8_1A Tr(t)dt — VO’ 0), x>]Rd’ Vz] )LZ (Rd)

T
wol

PROOF. Using (3.4), we have 92(0)T>(1) = 0"372 f5(s)ds for

f5(s) =((02(8-) — 0%(0)) Sp.5(s) Ap (592, S9,5()A0(592)12(a )

= (S/(;1<(Vo‘2(5}"x),X)Rdjﬁ,g(S)Aﬂ(g.)Z,Sﬂ’g(S)Aﬂ(a.)Z)LZ(AS) dr.
By the Cauchy—Schwarz inequality and the semigroup bounds in Proposition A.4(i), (ii)
above this means
(87 15| S 11%155,5() Ao 6920 12ap) (1 AS T
S 1x12S,5(s) Ap sz !|1L/22;A5)(1 AsT32)

(A.26)
< x[2e? @5 —3/2)

12
IAﬁ((S-)ZluL/z(Rd)(] AS
SAV) AT AT S (1 A7),

where we used Proposition 3.5(i) for an approximating sequence of Ay s.)z with continuous
functions and Lemma A.2(iii) in the last two lines. We conclude from Proposition 3.5(ii) that

57 f3(5) = f(5) =02 (O)(Vo (0), x)pae” P Az, " O A Az) 5 .

Combining this with (A.26), the dominated convergence theorem shows 92(0) x
51 fOT Tr(t1)dt — T [5° f(s)ds. For the result note that by Lemmas A.2(ii) and A.3 (here
we need z € H*(R?)) 9 72(0) [5° f(s) ds equals

e}
/0 (Vo?(0), =20(0)s Ve O Az + " P2 (x A2))pa, " P2 Az) > gay ds
“g 2 20(0)sA
_ /O (Vo (0), x)ga Az, 2 OB AZ) 5 o ds

1
= ——<<VO'2(O), X>RdZa AZ)LZ(R‘J)

29(0) ——((Vo?(0). x)ga. IV2P) o ey [

29 (0)

LEMMA A.13. In Proposition A.10 we have

To?(0)
202(0)

T
57 [ T dr— (1990, ) 192 12 g
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PROOF. Since Sy s(s) is self-adjoint, we have

292(0)
a2(0)

T3(1) = (Do (599,5(2687%)2, 22 (ny) — (Avs) = D (O)A)Z, 2)2 gy

Integrating over 0 <¢ < T and using the semigroup bound in Proposition A.4(i) the first term
is of order O (82). Since ¥ € C'(A), the result follows from Lemma A.3 and

1
(Agy —P(0)A)z = 5(/0 (VO (58), x)pa ds) Az + (V9 (8-), Vz)pa

= 5[V (0), x)ga Az + (VO (0), VZ)pa + 0(8). O

LEMMA A.14. In Proposition A.10 we have s1 fOT Ri(t)dt — 0.

PROOF. By (3.4) write R((t) = f68_2 fs(s)ds with f5(s) = (gs(s), h5(s)>L2(A5) for s >
0, where

85(s) = (85 5(s) — Sp,5(5)) Az,

hs(s) =02(8)(S5 5(5) + Sp.5(5)) Az.
An application of the dominated convergence theorem then proves the result, if
(A.27) 57 ) STAsT2 0<s <1872,
(A.28) 87! f5(5) = 0.

In order to show (A.27) and (A.28) we use the variation OI parameters formula (Engel
and Nagel [10], p. 162): The function [0, s] > s > S;(S(S/)Sﬁ,s(s — s")Az has derivative

S35 (A} 5 — Ap(5))Sv.6(s — ')Az, implying

s p—
gs(s) :./0 S5.5(")(ASs — Apsy)So.s(s — ') Azds'.

Since the operator A} s — Ay(s.) = A( 5 is not bounded, a careful analysis is required. De-
composing it into first and zero order terms we have

S [—
gs(s) = —8/ S;;’a(s/)(a(é-), VSps(s —s")Az)ga ds’
(A.29) °
+ 82/ S5 5(s)(b(8) — (diva)(8-))Ss.s(s —s')Azds'.
0 P
The semigroup bounds in Proposition A.4(ii) and in Lemma A.6(i), (ii), (iii) above, subject
tod>2ord =1 with ® € C'*(A) for &’ > 1/2 and Jg 2(x) dx =0, show for sufficiently

small § and 0 < s’ < s <82 that

| A9.5S9.5(s =) Az 120a,

— s —8 \= s—s'
= Aﬁ,ésﬁ,a( 5 >Sz9,6< 5 )AZ

K (s_sl>A
3,8 > Z

L2(As)

Se=s)"

<= 1A =),
L2(As)




NONPARAMETRIC ESTIMATION FOR LINEAR SPDES 35

Hence, the computations in (A.10) above show
[a(8), VS, s(s — s') Az)ga ”Lz(Aa)
1/2
S 18069 Ss(s =) Az br ISos(s =) Az b,

Ss—=s)PUA(s =),

~

Because of Proposition A.4(i) this yields for 0 < s < 18§~2
N
”‘S_lgS(S)HU(As) 5/ ((s — s/)fl/2(1 As — s’)*l) +8(LA (s — s/)*l)) ds’'

S [P as 482 [ A ) s

0
In all, this is of order 1 A s~!/2. Since also ||A;5(s) l22(As) <I1A s by Lemma A.6(ii), (iii),
subject to d > 2 or the conditions in d = 1, we obtain (A.27). With respect to (A.28) fix s

and observe by the convergence of the semigroups in Proposition 3.5(ii) above and o%(8-) —
o2(0) that hs(s) — 202(0)e” @52 Az in L2(RY). Therefore, f3(s) = —2802(0) ;" (s) +
0(8), uniformly in s, for

s —_—
106 = [[18556a @2, TS05(5 = )82l €O c) 2,

d s
= Z/o <3iS,9,5(S — S/)AZ, a; (3-)51975(5/) (eﬁ(O)SAAZ)M(;)Lz(AS) ds/.

In the same way, since a;(8-)Sys(s")(v|a;) = ai (O)eﬂ(O)S/Av for v € L2(R%) by Proposi-
tion 3.5(ii), we have f 1)(s) fa(z) (s) + o(6) for

£20s) = Za,m) / (8:S0.5(s — ') Az, O T2z s’
i=1

d

= —Za,(O)/ So.5(s — ')Az, e? O +S)AAazZ>L2(A yds'.
i=1

Noting that Eg,,;(s —sNAz — e OG=DA A7 in L*(R%), we finally obtain

lfﬁ(s) _ 20_ (0) Zal (0)/ 19(0)(s s )AAZ eﬁ(o)(s +S)AAaIZ>L2(A5)d
i=1

202(0)s &
= © Zai(0)<AZ’62§(0)SAA81'Z>L2(]R‘1)’

i=1

which vanishes according to Lemma A.3. [
LEMMA A.15. In Proposition A.10 we have §1 fOT Ry(t)dt — 0.

PrROOF. By (34)wehavefor0<¢<T
372

[ —
Ry(t) < 62 fo 1S5.5)0 724, ds
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Recall from Lemma A.11 that v® converges in L?(R%). Ford > 2, Lemma A.6(i) then shows
uniformly in 0 <¢ < T that
1872

8 'Ry (1) <5/

implying the claim in this case. For d =1 it is enough to recall from Lemma A.11 that
[v® — Amll,1n 2Ry < C8%, and so the claim follows from Lemma A.6(iii). [

o0
AsTlds < 81/2/ 1A (s~ Y4 ds — 0,
0

PROPOSITION A.16. Grant Assumption 3.2. Let/ z € H?RY) have compact support in
Ay for some §' > 0 and for d = 1 assume ¥ € C'T% (A) for o’ > 1/2, [p z(x)dx = 0. For

0 <8 <8 setks(t) = (X(1), (Az)s). Then the fourth moment of § =3 [} (£s(1)> —E[£5(1)?]) dt
converges, with V from (3.2), for § — 0 to

00 2
3<4Tz9(0)_3/ W(e* Az, Az)zds) .
0

PROOF. In view of Proposition A.9(iv) it is enough to show

r=E|( [ "0 - E[Samz])drﬂ - 3var( [ Tsm)zdr)z
= 0(Var</0T Eg(t)zdt)2> =0(5").

Abbreviating c;s(t, s) = Cov((f((t), (AZ)s), (}~((s), (Az)s)), recall from (A.19) that

T 2 T T 2
3Var</0 E(g(t)zdt> :3(/0 /0 2C5(t,s)2dtds).

Wick’s formula (Janson [20], Theorem 1.28) for 8th centered Gaussian moments
EIT}_, Zi1= X remy®) [ jyex BIZi Z;] applied to Z; = £s(t;) for 0 <; < T, with T15(8)
being the set of all partitions 7 of {1, ..., 8} into 2-tuples, therefore yields, using the sym-
metry of the integrand in (1, f2, 3, ta),

T T T T
Ra=48/ / / / cs(t1, )es(ta, 13)cs (13, ta)cs(t4, 1) dty dtr dtz diy.

The calculations in the proof of Proposmon A.9(iv) show for s < ¢, both when d > 2 and
whend =1, 9 € C'*¥(A) for o’ > 1/2, [ z(x) dx =0, that

|es (2, s)|—‘/ f5((8 t—s) AZ),(5_2(S—S/),AZ))CZS/

5872
=52 /0 f5((672 = 5) +5', Az), (s', Az)) ds’

(A.30)
s872
552/0 (1A (20 —sl+5) )1 A () ) ds’

<82aa(1A (872 —s) N =:65(872(t — 9)),
so that as in (A.21), substituting s; =8~ (tl+ 1—t),

Rs < 8° / /Ta 2/” 2/” 263(81)05(S2)65(S3)

X Ccs(s1 + 52 +53)dt1dsydsydss

-2

TS 3
gTal‘*ej,z(fo (lAs_l)ds) =0(5"). 0
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