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We propose a second order differential calculus to analyze the regu-
larity and the stability properties of the distribution semigroup associated
with McKean—Vlasov diffusions. This methodology provides second order
Taylor type expansions with remainder for both the evolution semigroup
as well as the stochastic flow associated with this class of nonlinear diffu-
sions. Bismut-Elworthy—Li formulae for the gradient and the Hessian of the
integro-differential operators associated with these expansions are also pre-
sented.

The article also provides explicit Dyson—Phillips expansions and a refined
analysis of the norm of these integro-differential operators. Under some nat-
ural and easily verifiable regularity conditions we derive a series of expo-
nential decays inequalities with respect to the time horizon. We illustrate
the impact of these results with a second order extension of the Alekseev—
Grobner lemma to nonlinear measure valued semigroups and interacting dif-
fusion flows. This second order perturbation analysis provides direct proofs
of several uniform propagation of chaos properties w.r.t. the time parameter,
including bias, fluctuation error estimate as well as exponential concentration

inequalities.
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1. Introduction.

1.1. Description of the models. For any n > 1 we let P, (R%) be the convex set of prob-
ability measures 7, s on R? with absolute nth moment and equipped with the Wasser-
stein distance of order n denoted by W, (n, ). Also let b;(x1, x2) be some Lipschitz func-
tion from R%? into R¢ and let W; be an d-dimensional Brownian motion defined on some
filtered probability space (€2, (F;);>0,P). We also consider the Hilbert space H; (RY) :=
L,((22, F;, P), RY) equipped with the L, inner product (-, ‘)i, (rdy- Up to a probability space
enlargement there is no loss of generality to assume that H, (R?) contains square integrable
R?-valued variables independent of the Brownian motion.

For any i € P»(R?) and any time horizon s > 0 we denote by X f ;(x) the stochastic flow
defined for any ¢ € [s, oo[ and any starting point x € R? by the McKean—Vlasov diffusion

(1.1) dX@00=b4XﬁAﬂﬂme»dt+dWi\meﬂku):i/MMMWALyl

In the above display, ¢ ; stands for the evolution semigroup on P, (R?) defined by the for-
mulae

%Ammw=uwﬁww=/mmwﬁwﬂw with P, (x, dy) == P(X¥,(x) € dy).

We denote by L; 4 ,(u) the generator of the stochastic flow X}, (x). The existence of the
stochastic flow X ’f ;(x) is ensured by the Lipschitz property of the drift function; see, for
instance, [41, 46]. To analyze the smoothness of the semigroup ¢, ; we need to strengthen
this condition.

We shall assume that the function b;(xy, x2) is differentiable at any order with uniformly
bounded derivatives. In addition, the partial differential matrices w.r.t. the first and the second
coordinate are uniformly bounded; that is, for any i = 1, 2 we have

(1.2) ||b[’.]||2 :=sup  sup ||b,[i](x1,x2) |, <oo with b,[i](xl,xz) := Vy, b (x1, x2).
120 (x1,x,)eR2d

In the above display, ||Al|2 := Amax(AA’)!/? stands for the spectral norm of some matrix
A, where A’ stands for the transpose of A, Amax(-) and Amin(-) the maximal and minimal
eigenvalue. In the further development of the article, we shall also denote by Agym = (A +
A’)/2 the symmetric part of a matrix A. In the further development of the article we represent
the gradient of a real valued function as a column vector, or equivalently as the transpose of
the differential-Jacobian operator which is, as any cotangent vector, represented by a row
vector. The gradient and the Hessian of a column vector valued function as tensors of type
(1,1) and (2, 1); see for instance (3.1).
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The mean field particle interpretation of the nonlinear diffusion (1.1) is described by a sys-
tem of N-interacting diffusions & = (§/)1<;<n defined by the stochastic differential equa-
tions

(1.3) dgl = b, (€], m(&)) dt + dW! with1<i<Nandm(.s§)-—l > 5y
. = 0e(5;, t t =t= t._Nl‘Ng;‘
=J=

In the above display, 55 stands for N independent random variables éé with common distri-
bution s10, and W/ are N independent copies of the Brownian motion W;.

McKean—Vlasov diffusions and their mean field type particle interpretations arise in a
variety of application domains, including in porous media and granular flows [7, 8, 18, 65],
fluid mechanics [56, 57, 59, 66], data assimilation [10, 26, 37], and more recently in mean
field game theory [9, 13—17, 43, 45], and many others.

The origins of this subject certainly go back to the beginning of the 1950s with the article
by Harris and Kahn [44] using mean field type splitting techniques for estimating particle
transmission energies. We also refer to the pioneering article by Kac [48, 49] on particle
interpretations of Boltzmann and Vlasov equations, and the seminal articles by McKean [56,
57] on mean field particle interpretations of nonlinear parabolic equations arising in fluid
mechanics. Since this period, the analysis of this class of mean field type nonlinear diffusions
and their discrete time versions have been developed in various directions. For a survey on
these developments we refer to [17, 26, 63], and the references therein.

The McKean—Vlasov diffusions discussed in this article belong to the class of nonlinear
Markov processes. One of the most important and difficult research questions concerns the
regularity analysis and more particularly the stability and the long time behavior of these
stochastic models.

In contrast with conventional Markov processes, one of the main difficulties of these
Markov processes comes from the fact that the evolution semigroup ¢ (i) is nonlinear
w.r.t. the initial condition w of the system. The additional complexity in the analysis of these
models is that their state space is the convex set of probability measures, thus conventional
functional analysis and differential calculus on Banach space cannot be directly applied.

The main contribution of this article is the development of a second order differential
calculus to analyze the regularity and the stability properties of the distribution semigroup
associated with McKean—Vlasov diffusions. This methodology provides second order Taylor
type expansions with remainder for both the evolution semigroup as well as the stochastic
flow associated with this class of nonlinear diffusions. We also provide a refined analysis of
the norm of these integro-differential operators with a series of exponential decays inequali-
ties with respect to the time horizon.

The article is organized as follows:

The main contributions of this article are briefly discussed in Section 1.2. The main the-
orems are stated in some detailed in Section 2. Section 3 provides some pivotal results on
tensor integral operators and on integro-differential operators associated with the second or-
der Taylor expansions of the semigroup ¢ ;(1). Section 4 is dedicated to the analysis of the
tangent process associated with the nonlinear diffusion flow. We presents explicit Dyson—
Phillips expansions as well as some spectral estimates. The last section, Section 4 is mainly
concerned with the proofs of the first and second order Taylor expansions. The proof of some
technical results are collected in the Appendix. Detailed comparisons with existing literature
on this subject are also provided in Section 2.5.

1.2. Statement of some main results. One of the main contributions of the present article
is the derivation of a second order Taylor expansion with the remainder of the semigroup



2616 M. ARNAUDON AND P. DEL MORAL

¢s.;: on probability spaces. For any pair of measures (g, 11 € P> (Rd ), these expansions take
basically the following form:

1
(1.4) G5, (1) = .1 (10) + (1 = 120) Dyag by + 5 (11 = 110) ¥ Dy .1

In the above display, D,’i0¢s,t stands for some first and second order operators, with k =
1, 2. A more precise description of these expansions and the remainder terms is provided in
Section 2.2.

Section 2.3.1, also provides an almost sure second order Taylor expansions with the re-
mainder of the random state X f ;(x) of the McKean diffusion w.r.t. the initial distribution p.
These almost sure expansions take basically the following form:

X (x) — X1 (x) = / (101 — 10) (dy) Dy X2 (x. y)
(1.5) !
45 [ = 0% D X4 5, 2)

for some random functions DﬁoX ’f 9 from RUHH into RY, with k = 1,2. A more precise
description of these almost sure expansions is provided in Section 2.3.1 (see, for instance,
(2.19) and Theorem 2.6).

Given some random variable Y € H,(R¢) with distribution uwe P (R9), observe that the
stochastic flow ¥ ;(Y) := X é‘ ;(Y) satisfies the H; (R9)-valued stochastic differential equa-
tion

(1.6) dyrs (Y) 1= By (5, (Y)) dt +dW;.

In the above display, B; stands for the drift function from H;, (R¢) into itself defined by the
formula

B/(X) :=E(b/(X, X)|X).

In the above display, X stands for an independent copy of X. The above Hilbert space valued
representation of the McKean—Vlasov diffusion (1.1) readily implies that for any Y1, Yy €
H, (RY) we have the exponential contraction inequality

|, (V1) = W50 (Y0) |, ety < € 72M1Y1 = Yollg, ey
for some A > 0, as soon as the following condition is satisfied:

(1.7) (X1 — Xo, B:(X1) — B (X)), (gay < =221 X1 — XOHHZ%L(R")

for any ¢ > 0 and any X1, Xo € H; (R?). In addition, in this framework the first order differ-
ential dy, ;(Y) of the stochastic flow coincides with the conventional Fréchet derivative of
functions from an Hilbert space into another. In addition, we shall see that the gradient of
first order operator D, ¢y ; coincides with the dual of the tangent process associated with the
Hilbert space-valued representation (1.6) of the McKean—Vlasov diffusion (1.1); that is, for
any smooth function f we have that the dual tangent formula

(1.8) Vs, (V)" V(Y5 (V) = VDus 1 ())(Y).

A more precise description of the Fréchet differential 0y ;(Y) and the dual operator is pro-
vided in Section 2.1 and Section 4. A proof of the above formula is provided in Theorem 4.8.

The Taylor expansions discussed above are valid under fairly general and easily verifiable
conditions on the drift function. For instance, the regularity condition (1.2) is clearly satisfied
for linear drift functions. As is well known, dynamical systems and hence stochastic models
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involving drift functions with quadratic growth require additional regularity conditions to
ensure nonexplosion of the solution in finite time.

Of course the expansions (1.4) and (1.5) will be of rather poor practical interest without
a better understanding of the differential operators and the remainder terms. To get some
useful approximations, we need to quantify with some precision the norm of these operators.
A important part of the article is concerned with developing a series of quantitative estimates
of the differential operators Dﬁoqﬁs’ ; and the remainder term; see, for instance, Theorem 2.3
and Theorem 2.4.

To avoid estimates that grow exponentially fast with respect to the time horizon, we need
to estimate with some precision the operator norms of the differential operators in (1.4). To
this end, we shall consider an additional regularity condition:

(H): There exists some Ay > 0 and L1 > ||b!||» such that for any (x1,x2) € R2 and any
time horizon t > 0 we have

(1.9) Ay (X1, x2)sym < —rol  and b (x1, x2)sym < =M1

In the above display, 1 stands for the identity matrix and A; the matrix-valued function de-
fined by

b (xr,x0) B (2, )
(L10)  Arx)i=| o ” and we set 11 2 1= A1 — b1 ,.
b (x1,x2) by (x2,x1)

Whenever (1.9) and (1.10) are met for some parameters Ao and A; € R all the exponential
estimates stated in the article remains valid but they grow exponentially fast with respect
to the time horizon. More detailed comments on the above regularity conditions, including
illustrations for linear drift and gradient flow models, as well as comparisons with related
conditions used in the literature on this subject are also provided in Section 2.4.

Under the above condition, we shall develop several exponential decays inequalities for
the norm of the differential operators Dﬁ o®s.+ as well as for the remainder terms in the Taylor
expansions. The first order estimates are given in (2.6), the ones on the Bismut—Elworthy—Li
gradient and Hessian extension formulae are provided in (2.7) and (2.8). Second and third
order estimates can also be found in (2.12) and (2.15).

The second order differential calculus discussed above provides a natural theoretical basis
to analyze the stability properties of the semigroup ¢ ; and the one of the mean field particle
system discussed in (1.3).

For instance, a first order Taylor expansion of the form (1.4) already indicates that the
sensitivity properties of the semigroup w.r.t. the initial condition p are encapsulated in the
first order differential operator D, ¢y ;. Roughly speaking, whenever (H) is satisfied, we
show that there exists some parameter A > 0 such that

(111 \/ D @il = e and therefore ||y, (141) — @50 (o) || = e
k=1,2

for some operator norms || - ||. For a more precise statement we refer to Theorem 2.2 and the
discussion following the theorem.

The second order expansion (1.4) also provides a natural basis to quantify the propagation
of chaos properties of the mean field particle model (1.3). Combining these Taylor expansions
with a backward semigroup analysis we derive a variety of uniform mean error estimates
w.r.t. the time horizon. This backward second order analysis can be seen as a second order
extension of the Alekseev—Grobner lemma [1, 42] to nonlinear measure valued and stochastic
semigroups. For a more precise statement we refer to Theorem 2.7. As in (1.11), one of the
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main feature of the expansion (1.4) is that it allows to enter the stability properties of the
limiting semigroup ¢; ; into the analysis of the flow of empirical measures m(§;).

Roughly speaking, this backward perturbation analysis can be interpreted as a second or-
der variation-of-constants technique applied to nonlinear equations in distribution spaces. As
in the Ito’s lemma, the second order term is essential to capture the quadratic variation of the
processes; see, for instance, the recent articles [36, 47] in the context of conventional stochas-
tic differential equation, as well as in [4, 32] in the context of interacting jump models.

The discrete time version of this backward perturbation semigroup methodology can also
be found in Chapter 7 in [25], a well as in the articles [27, 28, 31] and [29, 35] for general
classes of mean field particle systems.

The central idea is to consider the telescoping sum on some time mesh #, <, given by
the interpolating formula

my, — ¢zo,zn (mto) = Z [¢tk,tn (mtk) - ¢zk,z,, (¢tk,1,tk (mzk,l))] with my = m(gtk)-

1<k<n
Applying (1.4) and whenever (f; — tx—1) =~ 0 we have the second order approximation

mtn—cblo,,,,(mto):% D AMy Dy by, + 5 D0 (AM)®IDE, 6
N 1<k<n 1<k=n

with the local fluctuation random fields
AMl‘k = \/N(mtk —ﬁ,k) and ﬁ;k = ¢tk71s[k(mzk71) Zm,kil.

For discrete generation particle systems, §;k are defined by N conditionally independent vari-
ables given the system &;, . For a more rigorous analysis we refer to Section 2.3.2.

The above decomposition shows that the first order operator D, ¢; ; reflects the fluctua-
tion errors of the particle measures, while the second order term encapsulates their bias. In
other words, estimating the norm of second order operator Digbs, ¢ allows to quantify the bias
induced by the interaction function, while the estimation of first order term is used to derive
central limit theorems as well as IL,-mean error estimates.

As in (1.11), these estimates take basically the following form. For n > 1 and any suffi-
ciently regular function f we have

(1.12)  (IDpdsill e = [E[|m:(f) — do.smo)(H)]"]"| < cu/V/N.

In addition, we have the uniform bias estimate w.r.t. the time horizon

(1.13) D5 @s.ill e = |E[m(f) — do.s(mo)()]| <c/N.

In the above display, || - ||| stands for some operator norm, and (c, ¢;,) stands for some finite
constants whose values doesn’t depend on the time horizon. We emphasize that the above
results are direct consequence of a second order extension of the Alekseev—Grobner type
lemma for particle density profiles. For more precise statements we refer to Theorem 2.7 and
the discussion following the theorem.

1.3. Some basic notation. Let Lin(B1, B>) be the set of bounded linear operators from a
normed space 3 into a possibly different normed space B, equipped with the operator norm
Il - ll3,—B,- When By = B, we write Lin(B) instead of Lin(Bj, By).

With a slight abuse of notation, we denote by / the identity (d x d)-matrix, for any d > 1,
as well as the identity operator in Lin(B1, B1). We also denote by || - || any (equivalent) norm
on some finite dimensional vector space over R.

We also use the conventional notation 9, dy;, ds, d; and so on for the partial derivatives
w.r.t. some real valued parameters €, x;, s and ¢.
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We let V f(x) = [0y, f(x)]i<i<a be the gradient column vector associated with some
smooth function f(x) from R¢ into R. Given some smooth function /(x) from R? into R?
we denote by VA = [Vh!, ..., Vh?] the gradient matrix associated with the column vector
function h = (hi)lf,-fd. We also let (V ® V) be the second order differential operator defined
for any twice differentiable function g(x1, x2) on R?? by the Hessian-type formula

(114) ((V ® V)g)l"j = (Vxl ® vxz)(g)i,j = (vxz ® vxl)(g)j,i = ax’l axég

We consider the space C" (R?) of n-differentiable functions and we denote by C;, (R?) the
subspace of functions f such that

sup | VE£(x)| < cwn(x) with the weight function w,, (x) = (14 ||x||)" for some m > 0.
0<k<n

We equip C), (R) with the norm

1 lleg ey = 22 IV F/wmllog with [VEf/wm] o = sup [VEf @) /win )]
xeR

0<k<n

When there are no confusions, we drop to lower symbol || - || and we write || f]|| instead
of || f]loo the supremum norm of some real valued function. We let e(x) := x be the identify
function on R? and for any u € P, (R?y and n > 1 we set

1/n
lellon = [ / ||x||"u(dx>} .

For any wui, u2 € Py, (]Rd), we also denote by p, (11, 12) some polynomial function of
llellx;,» withi =1,2. When 11 = p we write p, (1) instead of o, (01, p1).

Under our regularity conditions on the drift function, using elementary stochastic calculus
foranyn>2and u € P, (R?) we check the following estimates:

E() X%, )| < ea@ (Il + llell.)

(1.15)
which implies that ¢ , () (lle])"" < ca(®)llell won-

In the above display and throughout the rest of the article, we write c(¢), ce(t), ¢, (), cn.e(2),
Cen(t) and ¢y, (¢) with m,n > 0 and € € [0, 1] some collection of nondecreasing and non-
negative functions of the time parameter r whose values may vary from line to line, but which
only depend on the parameters m, n, €, as well as on the drift function b,. Importantly these
contants do not depend on the probability measures . We also write ¢, ce, ¢, Cn.e, and ¢,
when the constant does not depend on the time horizon.

2. Statement of the main theorems.

2.1. First variational equation on Hilbert spaces. As expected, the Fréchet differential
dyrs ;(Y) of the stochastic flow v ,(Y) associated with the stochastic differential equation
(1.6) satisfies an Hilbert space-valued linear equation (cf. (4.1)). The drift-matrix of this evo-
lution equation is given by the Fréchet differential 0 B; (s ;(Y)) of the drift function B, eval-
uated along the solution of the flow. Mimicking the exponential notation of the solution of
conventional homogeneous linear systems, the evolution semigroup (a.k.a. propagator) asso-
ciated with the first variational equation is written as follows

Oy 1 (Y) = el PP du ¢ i (1 (RY), H, (RY)).

The above exponential is understood as an operator valued Peano—Baker series [62]. A more
detailed presentation of these models is provided in Section 4.
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The H, (Rd)—log—norm of an operator 7; € Lin(H; (R?), H, (RY)) is defined by

y(I:=sup (Z, (T +T))/2 Z}y, ga)-
”ZHHI(Rd)Zl

Our first main result is an extension of an inequality of Coppel [22] to tangent processes
associated with Hilbert-space valued stochastic flows.

THEOREM 2.1.  For any time horizon t > s and any Y € Hy(R?) we have the log-norm
estimate

4 1 '
—/ Y(=0By(Ys,u(Y)))du < ;log H\eﬁ‘ dBu(ww(Y))du|”]I—]I,(]Rd)—>H,(Rd)
2.1) * t
< [ (@B (pu(¥) du.
)
In addition, we have

(H) = aBt(X)sym < —xol

(2.2)

1 ’
= Jlog le” PPN |y o, mey < —Ho.

The proof of the above theorem in provided in Section 4.1.
Let Yy, Y € H (R?) be a pair of random variables with distributions (o, t1) € P2 (R)2,
Also let u. be the probability distribution of the random variable

(2.3) Ye=(1—-6Yy+eY] =— Bews,,(Ye):eﬁaBu(%"(Y”d”-(Y1—Yo).

This observation combined with the above theorem yields an alternative and more direct
proof of an exponential Wasserstein contraction estimate obtained in [5]. Namely, using (2.2)
we readily check the W»-exponential contraction inequality

24)  IB(X)sym < —rol = Wa(ths.r (1), Ps.(120)) < e U Wy (o, 1)

For any function f € C'(RY) with bounded derivative we also quote the first order expansion

1
[0 010) = s G20 () = [ 000V - V7 (s (V). (= Yoy oy e

In the above display, (-, -)p, (re) stands for the conventional inner product on L ((£2, Fy, ),
R?). The above assertion is a direct consequence of Theorem 4.8.

2.2. Taylor expansions with remainder. The first expansion presented in this section is a
first order linearization of the measure valued mapping ¢ ; in terms of a semigroup of linear
integro-differential operators.

THEOREM 2.2.  Forany m,n > 1 and jg, jt1 € Ppva(RY), there exists a semigroup of
linear operators D, 1.,9s.: from C, (R?) into itself such that

(2.5 G5, (1) = @50 (10) + (1 = 140) Dy puoPs.i-

In addition, when (H) is satisfied we have the gradient estimate

(2.6) IVD,u po@s. (O <ce TNV for some x> 0.
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The proof of the above theorem with a more explicit description of the first order operators
Dy 1o®s,: are provided in Section 4.3. In (2.6) we can choose A = A1 2, with the parameter
A1,2 introduced in (1.10). The semigroup property is a consequence of Theorem 4.5 and the
gradient estimates is a reformulation of the operator norm estimate discussed in (4.13).

We also provide Bismut-Elworthy-Li-type formulae that allow to extend the gradient and
Hessian operators V¥D,,, ,,,¢s.; wWith k = 1,2 to measurable and bounded functions. When
the condition (H) is satisfied we show the following exponential estimates:

.7 IV Dy b5 (O] < c(Q v 1/t =5)e 9| £l for some A > 0
In addition, we have the Hessian estimate
(2.8) V2D, ot (£ < c(1v 1/t —9))e 79| £ for some A > 0

The proof of the first assertion can be found in Remark 4.7 on page 2642. The proof of the
Hessian estimates is a consequence of the decomposition of VZDM, 1 Ps,r discussed in (5.1)
and the Hessian estimates (3.17) and (3.32).

It is worth mentioning that the semigroup property is equivalent to the chain rule formula

(29) DH19M0¢5J = D[L],[L0¢S,M o qus,u(lll)qus,u(ll())(pu’t

which is valid for any s < u < ¢. Without further work, Theorem 2.2 also yields the exponen-
tial W1-contraction inequality

(2.10) Wi (s, (1), Ps.r(n0)) < ce =W (1o, 1)

with the same parameter A a in (2.6). In the same vein, the estimate (2.7) yields the total
variation estimate

| s, (11) = s (o) |1 < 1V 1/8T=5)e™ 9 g — i lley

with the same parameter A a in (2.7). In all the inequalities discussed above we can choose
any parameter A > 0 such that A < A1, with the parameter A > introduced in (1.10). In
the Wy-contraction inequality (2.10) we can choose A = A1 2. A more refined estimate is
provided in Section 2.4.

Next theorem provides a first order Taylor expansion with remainder.

THEOREM 2.3. Foranym,n > 0 and [, L1 € Pm+2(Rd), there exists a linear operator
Dil,uoqbs,, from C'"2(RY) into C,”n+2(R2d) such that

1
(2.11) G0 (01) = b1 (10) + (1 = 120) Dpag b + 5 (1 = ) * Dy, b

with the first order operator D, ¢s.; := Dy 1o ®Ps.: introduced in Theorem 2.2. In addition,
when (H) is satisfied we also have the estimate

(2.12) |V V)DL dsi ()] <ce 7Y ‘suIPZHV’. f|  for some x> 0.
=1,

The proof of the above theorem in provided in Section 5.2. A more precise description of
the second order operator Di . Moqﬁs, ¢ is provided in (5.9) and (5.13). Using (2.11) and arguing
as in the proof of proposition 2.1 in [4], for any twice differentiable function f with bounded

derivatives we check the backward evolution equation

(2.13) 55, (W (f) = =Ly u(Dpds i (1))

with the first order operator D, ¢y ; introduced in Theorem 2.3. The above equation is a
central tool to derive an extended version of the Alekseev—Grobner lemma [1, 42] to measure
valued semigroups and interacting diffusions (cf. Theorem 2.7).

Next theorem provides a second order Taylor expansion with remainder.
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THEOREM 2.4. Foranym,n > 1 and po, 11 € Ppta (Rd), there exists a linear operator
Os.t from C”+3 (RY)Y into C,, +4(R3d) such that

¢s,t (1) — &s,1 (o)

DIM Ko

(2.14) 1 - .
= (1 = 10) Dysgbs.s + 5 (1 = o) ** Dy bt + (1 — po)® Dy bs

with the second order operator Dioqﬁs,, =D Mo M0¢S ¢ introduced in Theorem 2.3. In addi-
tion, when (H) is satisfied we have the third order estimate

(w1 = n0)®* D}, b5 ()]
2.15 .
( ) < ce_k(’_s)< \/ ||V’f||>W2(/Lo, w1)®  for some i > 0.
i=1,2,3

The proof of the first part of the above theorem is provided in Section 5.3. We can choose
in (2.15) any parameter A > O such that A < A2, with the parameter A > introduced in
(1.10). The proof of the third order estimate (2.15) is rather technical, thus it is provided in
the Appendix, on page 2654.

2.3. Illustrations. The first part of this section states with more details the almost sure
expansions discussed in (1.5). Up to some differential calculus technicalities, this result is a
more or less direct consequence of the Taylor expansions with remainder presented in Theo-
rem 2.3 and Theorem 2.4 combining with a backward formula presented in [5].

The second part of this section is concerned with a second order extension of the Alekseev—
Grobner lemma to nonlinear measure valued semigroups and interacting diffusion flows. This
second order stochastic perturbation analysis is also mainly based on the second order Taylor
expansion with the remainder presented in Theorem 2.4.

In the further development of this section without further mention we shall assume that
condition (H) is satisfied.

2.3.1. Almost sure expansions. We recall the backward formula
X0 = X020

(2.16)
/ [V O (XL 0 [ (1) = by (120)] (bu (X214 (), )

The above formula combined with (2.4) and the tangent process estimates presented in Sec-
tion 3.3 yields the uniform almost sure estimates

(2.17) [ X5 ) = XS0 < e BV, (g, ).

The above estimate is a consequence of (2.4) and conventional exponential estimates of the
tangent process VX f“ ; (cf., for instance, (3.2)). A detailed proof of this claim and the back-
ward formula (2.16) can be found in [5].

We extend the operators DM¢” introduced in Theorem 2.4 to tensor valued functions
f=fi)iem) withi = (i1, ...,iy) € [n] :={1,...,d}" by considering the same type tensor
function with entries

(2.18) Dis.s(f)i = Do (f) and we setdy'y (x,y) := Dy (b (x, ) (¥)

for any (x,y) € R??. A brief review on tensor spaces is provided in Section 3.1. We also
consider the function

t
DMXf’t(x, y) :=/ [VXff;”(M)](Xﬁu(x))/dﬁu (Xﬁfu(x), y)du

N
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Combining the first order formulae stated in Theorem 2.3 with conventional Taylor expan-
sions we check the following theorem.

THEOREM 2.5. For any x € R4, Ho, w1 € Pz(Rd) and s <t we have the almost sure
expansion

(2.19) Xyp (x) = X5 (x) = f(m — 10)(dY) Dyug X290 (x, y) + APFHO ()

[2 S 05 U1

with the second order remainder function A such that

I AE,]’”O’M | < ce MWy (o, w1)?  for some A > 0.

The detailed proof of the above theorem is provided in the Appendix, on page 2659.
Second order expansions are expressed in terms of the functions defined for any (x, y) €
R2? and for any z € R?? by the formulae

dl (e y) = D (10, ) () and dPH (e, 2) 1= D2y (b (x, ) (2).

We associate with these objects the function D/Lo X ’f 9 defined by

t
DEXY (o) = [ VX000, 00) T2 (0 (). 2) + DY XL (. 2]

s,u

+/ [V2x 05 (x%, () D2 VXE, (x, 2) du.

In the above display, D/[j’ x!, stands for the functions given by

DX (x,2) = [d (XK, (x), 22) Dy XE (x . 20)
+dL (X0 (x), 21) D X (3, 22)],
DRIXE, (x,2) = [Du XY (x, z1) dl (X, (), 22) + D X2, (0, 22) d (X2, (), 21)].

We are now in position to state the main result of this section.

THEOREM 2.6. For any x € R?, po, w1 € Pa(R?) and s <t we have the almost sure
expansion

X4 — X5 (x)
(2.20) = / (1 = 10) (@A) Dyu X 7 (%, ¥)

2 /(Ml M0)®2(dZ)D2 XMO(X 7))+ AB] 10, l/-1( )

[31, 11,10
Ayt

with a third order remainder function such that

I AE,]’MO’M | < ce MWy (o, m1)? for some A > 0.

The proof of the above theorem is provided in the Appendix, on page 2659. In the remain-
der term estimates presented in the above theorems, we can choose any parameter A > 0 such
that A < A1 2, with the parameter A; » introduced in (1.10).



2624 M. ARNAUDON AND P. DEL MORAL

2.3.2. Interacting diffusions. For any N > 2, the N-mean field particle interpretation
associated with a collection of generators L, is defined by the Markov process & =
(§Z)1<,< N € RHN with generators A; given for any sufficiently smooth function F and
any x = (x' )1<,<N e RHN by

(2.21) A (F)(x) = Z Lt,m(x)(Fx—i)(xi)

1<i<N

with the function

xi-

Z[ -

Fo-i(y):= F(xl, cxi Ty i .,xN) and the measure m(x) =

We extend L; , to symmetric functions F (x!, x%) on R?? by setting

LOEY ' ) = Lo(F (e ) (02) + Lo (F(-62) ().
In this notation, in our context we readily check that
Fx)=mx)(f) = A(F)x)=mxX)Limx)(f),
(2.22)

t,m(x)

F@) =m@)®2(F) = A(F)x) =mx)®L> <F>+%m(x>[F<F)]

for any symmetric function F (x!, x2) = F(x2, x1), with the function I'(F) on R? defined
for any y € RY by the formula

P(F) () =Tr(((VOVIF)(y,») = Y 0,40, F)(».)

1<i<d

= TR0 = Y 0, f(Myg()=Tr(VF(»Ve()).
1<k<d

A proof of the above formula is provided in the Appendix, on page 2647. Applying Ito’s
formula, for any smooth function g : ¢ € [0, o[+~ g; € C,% (R?) we prove that

1
me:=m&) =  dmy(g;) = [m(3:8)+miLsm (g)]dt + —= dM,(g).

VN
In the above display, g — M,(g) stands for a martingale random field with angle bracket
M), M), =m(T(f®g) = &M() = f m(dx)|Vg()|.

The above evolution equation is rather standard in mean field type interacting particle system
theory, a detailed proof can be found in [30] (see, for instance, Section 4.3). In the same vein,
with some obvious abusive notation, using (2.22) we have

dm®*(F) = [my @ dmy + dmg & mg + (dmy ® dmy)|(F)

S,mg

1
= [ ®2L(2) (F) + Nms[F(F)]} ds + martingale increment

= [dms; @ dm](F) = m;[F(F)]ds
We fix a final time horizon ¢ > 0 and we denote by
s €[0, 11> My(Di.¢..(f))
the martingale associated with the predictable function

s €[0,1] > gy = Dy, s (f).
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Combining the Itd formula with the tensor product formula (2.22) and with the backward
formula (2.13) we obtain

ds,i (ms)(f) = —mg Ly m, (D, bs,: () ds + (dms)(Dm,bs.:(f))

+ E(dms ® dm) (D, bs.i(f))ds
This implies that

1 1
dos,i(mg)(f) = E(dms ® dmy)(Dy, b5, (f)) ds + N dMy(Dim.¢..( ().

This yields the following theorem.

THEOREM 2.7. For any time horizon t > 0, the interpolating semigroup s € [0, t] —
@s.1 (my) satisfies for any f € C2(R?) with SUPg_j.2 VX £l < 1 the evolution equation

(2.23) dos,(mg)(f) = _ms[ (D,%h¢s,t(f))]ds + «/Lﬁ dMs(Dm.¢~,t(f))-

The above theorem can be seen as a second order extension of the Alekseev—Grobner
lemma [1, 42] to nonlinear measure valued and stochastic semigroups. This result also ex-
tends the perturbation theorem obtained in [4] (cf. Theorem 3.6) in the context of interacting
jumps processes to McKean—Vlasov diffusions. The discrete time version of the backward
perturbation analysis described above can also be found in [27, 28, 31] in the context of
Feynman—Kac particle models (see also [25, 26, 32]).

We end this Section with some direct consequences of the above theorem. Firstly, using
(2.6) and (2.12) we have the almost sure estimates

185(M..c(Di.§..: ()] < ce 0V £1?
and Hms[F(D,%lvqbs,;(f))]H <ce ™) sup [V f| for some A > 0.
‘ i=1,2

Without further work, the above inequality yields the uniform bias estimate stated in the r.h.s.
of (1.13), for any twice differentiable function f with bounded derivatives. Using well known
martingale concentration inequalities (cf., for instance, Lemma 3.2 in [58]), there exists some
finite parameter ¢ such that for any # > 0 and any § > 1 the probability of the following event:

)
<c,|—
VN

is greater than 1 — e¢~?. In addition, using the Burkholder—Davis—Gundy inequality, for any
n > 1 we obtain the time uniform estimates stated in the r.h.s. of (1.12). On the other hand,
using (2.5) and (2.6) we have the almost sure exponential contraction inequality

Wi (¢o.: (m0), do.c(120)) < ce Wy (mo, o) for some A > 0.

This yields the bias estimates
€2 oM

[E[m,(f) — ¢o,<uo><f>]l_N Nia®

for any twice differentiable function f with bounded derivatives. The r.h.s. estimate comes
from well known estimates of the average of the Wassertein distance for occupation measures;
see, for instance, [38] and the more recent studies [40, 54]. The above inequality yields the
following uniform bias estimate:

sup |E[mt(f) ¢o, t(ll«O)(f)“

>%logN

1 t
my(f) = 0. (mo)(f) = 55 | mg[T(Dy, b5t (f))]ds

N
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2.4. Comments on the regularity conditions. We discuss in this section the regularity
condition (H) introduced in (1.9). We illustrate these spectral conditions for linear-drift and
gradient flow models. Comparisons with related conditions presented in other works are also
provided.

First, we mention that the condition stated in (1.9) has been introduced in the article [5] to
derive several Wasserstein exponential contraction inequalities as well as uniform propaga-
tion of chaos estimates w.r.t. the time horizon.

Using the log-norm triangle inequality and recalling that the log-norm is dominated by the
spectral norm we check that

Amax (At(xl ) x2)sym) =< Amax (bt[l] (x1, x2)sym) + 2_1 ”bEZ] (x2,x1) + bt[Z] (x1, XZ),Hz-

Choosing 1 and Aj as the supremum of the maximal eigenvalue functional of the matrices
A¢(x1, X2)sym and bt[l](xl,xz)sym, the Cauchy interlacing theorem (see, for instance, [53] on
page 294) yields A1 > Ag > A1 2.

For linear drift functions

(2.24) bt (x1, x2) = Bix1 + Baxa
the matrix A;(x1, x2)sym reduces to the two-by-two block partitioned matrix

(Bl)sym (BZ)symi|
(BZ)sym (Bl)sym

= A=A = _)Lmax((Bl)sym) and Hb[Z] ”2 = ||B2|l2.

Ar(xy, x2)sym = [
(2.25)

In this situation the diffusion flow X ’f [(x) e RY is given by the formula
t
Xy = 0B (x (@) - IBA B e) 4 [P0
S

In the one-dimensional case we have
Bi<0<B, = Bi=—A=<Bi+By=—-A2=—0.
Nonlinear Langevin diffusions are associated with the drift function
b(x1,x2) :===VU(x1) —VV(x1 —x2)
—  bM(x1,x0) = —V2U(x1) = V2V(x1 —x2) and B (x,x0) = V2V (x] — x2)

some confinement type potential function U (a.k.a. the exterior potential) and some interac-
tion potential function V. In this context we have

—As(x1, x2)sym

_ [VZU(xl) 0 }

0 V2U (x2)
n V2V (x] — x2) —(V2V(x2 —x1) + V2V (x1 — x2))/2
—(V2V(xa —x1) + V2V (x1 — x2))/2 V2V (x2 — x1) '

When the potential function V is even and convex we have

Ar(xy, X2)sym =- |:V2U(X1) 0 :| .

0 V2U (x2)
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In the reverse angle, when the function V is odd we have the formula

VAU (x)) + V2V (x) — 0
Ay (xy, x2)sym = — |: (x1) (x1 —x2) :|

0 V2U (x2) + V2V (x2 — x1)

In both situations, condition (H) is satisfied when the strength of the confinement type po-
tential dominates the one of the interaction potential; that is, when we have that

VU (x1) + V2V (x2) > A1 > | V2V ],.

The decay rate Ao in the W>-contraction inequality (2.4) is larger than the decay rate A1 > in
the W-contraction inequality (2.10). In addition, the W-exponential stability requires that
Lo dominates the spectral norm of the matrix b?!. Next we provide a more refined analysis
based on the proof of the W;-contraction inequality presented in [5]. Using the interpolating
paths (Y, u¢) introduced in (2.3) we set

(2.26) X, =XM(Y) and X, =X, (Yo).

In the above display (X ;(x), Y) stands for an independent copy of (X4 (x), Ye). Arguing
as in [5] we have

—1 —
E(HBSXEJH) :E[||86X6t|| ((36 st’b[l (th’ ;,)BGX;I)
+ (3 X? r° b[Z] (Xs t° _s,t)aEX;t»]‘

We consider the symmetric and anti-symmetric matrices
2 1 2
b} ](xl7x2)sym = E(bt[ T(x1, x2) + b} ](XZ,XI)/),

1
b (X1, x2)asym = E(btm (x1,x2) — b (x2, x1))

and we set

— XS,  OX, _ XS,  OcX,
e TS = (ot 22 ) and (v V5 = (e st
NSNS o K] 10X,

By symmetry arguments and using some elementary manipulations we check the formula

Us — Us
(s, ) =5(( (o) 4t X ()
s,t s,t

+ (V10XE | = l0e X 1) Ve B2 1 XS )y Ve

- o
(0T | = JoXE, )V P X ,>asymv;>)

This shows that
B (|0 X5, ) < =21 2E([0e X5, ])

with the parameter Xl,z given by

—A12:= sup [Amax (As (x1, x2)) + Hbt[z](xl,xz)sym I, + Hbz[z](xl,xz)asym l,] < =212

X1,X2

We conclude that the W -contraction inequality (2.10) is met with A = /):1,2-



2628 M. ARNAUDON AND P. DEL MORAL

In a more recent article [67] the author presents some Wasserstein contraction inequalities
of the same form as in (2.4) with Ao replaced by some parameter A, = (k1 — k2), under the
assumption

(X1 = y1, br (x1, 1) — by (1, 1)) < —«illxr — y1lI* + k2Wa(ur, 2)*  for some iy > ica.

Taking Dirac measures 11 = 8y, and u, = 8y, we check that the above condition is equivalent
to the fact that

(1 = y1, b (1, x2) = by (v1, 2)) < =kt 61 = vl + weallxz — yal .
By symmetry arguments this implies that
(X1 = 1, be(x1, x2) = be (y1, ¥2)) + (X2 = y2, by (x2, x1) — be (y2, y1))
< =g et = yil? + llx2 = 201%].
For the linear drift model discussed in (2.25) the above condition reads

[(Bl )sym (BZ)sym
(BZ)sym (B )sym

We also have (2.27) = (1.7) with A = 4.

(2.27)
] < —Ao ! whichis implies that Ao > A .

2.5. Comparisons with existing literature. The perturbation analysis developed in the
article differs from the Otto differential calculus on (P>(R), W5) introduced in [59] and
further developed by Ambrosio and his co-authors [2, 3] and Otto and Villani in [60]. These
sophisticated gradient flow techniques in Wasserstein metric spaces are based on optimal
transport theory.

The central idea is to interpret P> (R?) as an infinite-dimensional Riemannian manifold. In
this context, the Benamou—Brenier formulation of the Wasserstein distance provides a natural
way to define geodesics, gradients and Hessians w.r.t. the Wasserstein distance. The details of
these gradient flow techniques are beyond the scope of the semigroup perturbation analysis
considered herein.

This methodology is mainly used to quantify the entropy dissipation of Langevin-type
nonlinear diffusions. Thus, it cannot be used to derive any Taylor expansion of the form (1.4)
nor to analyze the stability properties of more general classes of McKean—Vlasov diffusions.

Besides some interesting contact points, the methodology developed in the present article
doesn’t rely on the more recent differential calculus on (P> (RY), W») developed by P. L. Li-
ons and his co-authors in the seminal works on mean field game theory [14, 43]. In this con-
text, the first order Lions differential of a smooth function from P»(R?) into R is defined as
the conventional derivative of lifted real valued function acting on the Hilbert space of square
integrable random variables. In this interpretation, for a given test function, say f the gradi-
ent VD, ¢; ,(f)(Y) of the first order differential in (1.4) can be seen as the Lions derivative
(Sus;/8)(Y) of the lifted scalar function ¥ +— u (Y) := E(f(vaft(Y))), for some random
variable Y with distribution .

In the recent book [17], to distinguish these two notions, the authors called the random
variable D, ¢, ;(f)(Y) the linear functional derivative. For a more thorough discussion on
the origins and the recent developments in mean field game theory, we refer to the book [17]
as well as the more recent articles [13, 19, 23] and the references therein.

To the best of our knowledge, most of the literature on Lions’ derivatives is concerned with
existence theorems without a refined analysis of the exponential decays of these differentials
w.r.t. the time parameter. Last but not least, from the practical point of view all differential
estimates we found in the literature are rather quite deceiving since after carefully checking,
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they grow exponentially fast with respect to the time horizon (cf., for instance, [13, 19, 20,
23]).

Taylor expansions of the form (1.4) have already been discussed in the book [26] and
in the article [33] for discrete time nonlinear measure valued semigroups (cf., for instance,
Chapters 3 and 10 in [26]). We also refer to the more recent articles [4, 34] in the context of
continuous time Feynman—Kac semigroups. In this context, we emphasize that the semigroup
¢s.: () is explicitly given by a normalization of a linear semigroup of positive operators.
Thus, a fairly simple Taylor expansion yields the second order formula (1.4). In contrast
with Feynman—Kac models, McKean—Vlasov semigroups don’t have any explicit form nor
an analytical description. As a result, none of above methodologies cannot be used to analyze
nonlinear diffusions.

The second order perturbation analysis discussed in this article has been used with success
in [27, 28, 31] to analyze the stability properties of Feynman—Kac type particle models, as
well as the fluctuations and the exponential concentration of this class of interacting jump
processes; see also [29, 35] for general classes of discrete generation mean field particle
systems, a well as Chapter 7 in [25] and [4, 32] for continuous time models.

These second order perturbation techniques have also been extended in the seminal book
by V. N. Kolokoltsov [50] to general classes of nonlinear Markov processes and kinetic equa-
tions. Chapter 8 in [50] is dedicated to the analysis of the first and the second order derivatives
of nonlinear semigroups with respect to initial data. The use of the first and the second order
derivatives in the analysis of central limit theorems and propagation of chaos properties re-
spectively is developed in Chapter 9 and Chapter 10 in [50]. We underline that these results
are obtained for diffusion processes as well as for jump-type processes and their combina-
tions, see also [51, 52].

Nevertheless none of these studies apply to derive nonasymptotic Taylor expansions (2.14)
and (2.20) with exponential decay-type remainder estimates for McKean—Vlasov diffusions
nor to estimate the stability properties of the associated semigroups. In addition, to the best
of our knowledge the stochastic perturbation Theorem 2.7 is the first result of this type for
mean field type interacting diffusions.

Last but not least, the idea of considering the flow of empirical measures m(&;) of a mean
field particle model as a stochastic perturbation of the limiting flow ¢g (o) certainly goes
back to the work by Dawson [24], itself based on the martingale approach developed by
Papanicolaou, Stroock and Varadhan in [61], published in the end of the 1970’s. These two
works are mainly centered on fluctuation type limit theorems. They don’t discuss any Taylor
expansion on the limiting semigroup ¢; ; nor any question related to the stability properties
of the underlying processes.

3. Some preliminary results. The first part of this section provides a review of tensor
product theory and Fréchet differential on Hilbert spaces. Section 3.1 is concerned with con-
ventional tensor products and Fréchet derivatives. Section 3.2 provides a short introduction
to tensor integral operators.

In the second part of this section we review some basic tools of the theory of stochas-
tic variational equations, including some differential properties of Markov semigroups. Sec-
tion 3.3 is dedicated to variational equations. Section 3.5 discusses Bismut—Elworthy—Li ex-
tension formulae. We also provide some exponential inequalities for the gradient and the
Hessian operators on bounded measurable functions.

The differential operator arising in the Taylor expansions (1.4) are defined in terms of
tensor integral operators that depend on the gradient of the drift function b;(x1, x2) of the
nonlinear diffusion. These integro-differential operators are described in Section 3.6. The
last section, Section 3.7 provides some differential formulae as well as some exponential
decays estimates of the norm of these operators w.r.t. the time horizon.
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3.1. Fréchet differential. We let [n] stands for the set of n multiple indexes i =
(i1, ...,in) € I™ over some finite set Z. Notice that [n1] x [n2] = [n] + n2]. We denote by
Tp.q(I) the space of (p, g)-tensor X with real entries (X; j)¢, j)e[pIx[q]- Given a (p1, q1)-
tensor X and a (p2, g2)-tensor ¥ we denote by (X ® Y) the ((p1 + q1), (p2 + g2))-tensor
defined by

X®Y)i ),k :=XixYji

For a given (p1, ¢)-tensor X and a given (g, p») tensor Y, the product XY and the trans-
position Y’ are the (p1, p2) and (p2, ¢) tensors with entries

VG, j)elpil x[p2]l (XY)ij:= ) XiuYi; and Yj, =Y ;.
kelq]
We equip 7, 4(Z) with the Frobenius inner product
(X,Y) =Tr(XY'):= Z (XY'),; and the norm || X [Frob =/ Tr(X X’).
ie[p]

Identifying (1, 0)-tensors 71 ,0(Z) = RZ with column vectors (X;);ez € R” the above quan-
tities coincide with the conventional Euclidian inner product and norm on the product space
RZ. When Z = {1, ..., d} we simplify notation and we set R4 instead of R4} For any
tensors X and Y with appropriate dimensions, using Cauchy—Schwartz inequality we check
that

(X, Y>2 < I XlroblY lFrob and | XY [lfrob < | X ||Erob 1Y [ Frob-

Let H(7p,4 (1)) :=1a2((R2,F,P), Tp,4(Z)) be the Hilbert space of 7, ,(Z)-valued random
variables defined on some probability space (€2, F, IP), equipped with the inner product

1/2
(X, V)uer,, @ =E((X,Y)) and the norm ||X |7, , ) := (X, X)EI/% @)

induced by the inner product (X, Y) on 7, ,(Z). We denote by E(X) = E(X; ;). )elpIxiqg]
the entry-wise expected value of a (p, g)-tensor.

When 7 = {1,...,d} and (p,q) = (1,0) the space H(7, ,(Z)) coincides with be the
Hilbert space H(RY) =L, ((2, F, P), RY) of square integrable R¢-valued and F-measurable
random variables.

We denote by

H, (Tp,q(D) :=La((2, Fy, P), Tp 4 (D))

the nondecreasing sequence of Hilbert spaces associated with some increasing filtration I, C

Fpi1.
In Landau notation, we recall that a function

F:X eHi(T),,q, (D) = F(X) € Ha(Tpy,q,(T))
is said to be Fréchet differentiable at X if there exists a continuous map
X e Hy(Tp,q(@D) — dF(X) € Lin(Hi(Tp,,4, (D)), Ha(Tpy,42(T)))
such that

FIX+Y)=F(X)+0F(X)-Y +o(Y).
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3.2. Tensor integral operators. Let B(E, 7T, ,(Z)) be the set of bounded measurable
functions from a measurable space E into some tensor space 7, ,(Z). Signed measures i
on E act on bounded measurable functions g from E into R. We extend these integral op-
erators to tensor valued functions g = (gi ), )elpixig) € B(E, Tp,4(I)) by setting for any
@, j)elpl xIq]

n(g)i,j = m(gi,j) = /M(dx)gi,j(x) and we set j(g) = / p(dx)g(x).
Let (E, &) and (F, F) be some pair of measurable spaces. A (p, ¢)-tensor integral operator

Q:geB(F, T,,(D)— Qg) € B(E, T,.,(T))

is defined for r > 0 and g € B(F,7;,(Z)) by the tensor valued and measurable function
O(g) with entries given x € E and (i, j) € ([p] x [r]) by the integral formula

Q) =3 / Qi (x, d¥)ge; (¥)

kelq]

for some collection of integral operators Q; x(x1,dx3) from B(E, R) into B(F,R). We also
consider the operator norm

1Qll := sup |Q(g)| for some tensor norm || - ||.
ligli=1

The tensor product (Q'® Q%) of a couple of (p;, g;)-tensor integral operators
Q:ge B(Fi, Tg;.r; (D) > Q(g) € B(Ei, Ty, r; (D)) withi=1,2
is a (p, g)-tensor integral operator
Q' ® Q*:h e B(F, Ty, (D) > Qlg) € B(E, Tp.o(D))
with the product spaces
(E,F):=(E1 x E2, Fi x F2) and (p,q,r)=(p1+p2.q1+q2,1r1+712).
The entries of (Q' ® Q%)(h) are given for any x = (x1, x2) and any pair of multi-indices

i = (i1,i2) € ([p1] x [p2]), j = (j1, j2) € ([r1] x [r2]) by the integral formula

(Q' ® Q%) (h);;(x) = /F (@) )

ke([ql]X[qz

with the tensor product measures defined for any k = (k, k2) € ([¢q1] X [¢2]) and any y =
(y1, y2) by

(Q' ® Q%) i, in). ko (61, 2), d (Y1, 32)) 1= Qf (1, dy1) QF, ., (%2, dy2).

3.3. Variational equations. The gradient and the Hessian of a multivariate smooth func-
tion (x) = (h;(x))ie[p] is defined by the (1, p) and (2, p) tensors VA(x) and V2h(x) with
entries given for any 1 < k,/ <d and i € [p] by the formula

3.1 Vh(x)k,; =0y hi(x) and Vzh(x)(k,l),i = Oy, Oy, hi (x).

We consider the tensor valued functions 5*'**?) and b,[k1 *2.k51 gefined for any ki, kp, k3 =1,2
by

qu kol . _ = (Vy, ® Vi, )by and b[kl kaksl . = (Vi ® Vi, ® Vi )by
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with the (2, 1) and (3, 1)-tensor valued functions

ki, k
)

(i1,i2,i3),]

—_a9.9.p) [k1.k2,k3]
(il,,.z),j_axillaxgbt and (b, )

ax,11 91,0, by

Y3

In the above display, 8in btj (x1, x2) stands for the partial derivative of the scalar function

b '(xl , X) w.r.t. the coordinate x,;, with the drift function b;(x1, xp) from R24 into R? intro-

duced in Section 1.1. In the same vein, 0 i 0 i b, (x1,x7) and 9 il 0 2 0 i bt (x1, x2) stands
Thy kz My Yy Yy

for the second and third partial derivatives of b (x1, x2) w.r.t. the coordinates xkl xk2 and xk2

with k1, ko, k3 € {1, 2}.

For any 1 € P,(R?) and x; € R we also consider the tensor functions
. )
Ben, g = [ (dx2)d b .,
b i = | 1(dx2)d 1,8 i, b]
i (X1 Wiy, = | uldxz) 19,02 7 (X1, x2).

Recalling that b, (x, ¢; /(1)) has continuous and uniformly bounded derivatives up to the
third order, the stochastic flow x — X f ;(x) is a twice differentiable function of the initial
state x. In addition, when (H) holds the gradient VX é‘ +(x) of the diffusion flow X ’f (x)
satifies the (d x d)-matrix valued stochastic diffusion equation

(32) 8 VXL () =YX, Wb (XL (). b () = VXL @), e,

The above estimate is a direct consequence of well-known log-norm estimates for exponential
semigroups; see, for instance, [22] as well as Section 1.3 in the recent article [11].
We have the stochastic tensor evolution equation

0,V X“ [ (X)
= VXL, b (XK (), s (W) + [VXLE (0) ® VXL (0)]bE T (XE, (), 5.0 ().
This implies that
00 V2 X2 00 oy = =220 | VXL () [Frop A+ 20B™ op |V X 0 (0 [ B | V20 () g
from which we check that
af ” VZXE:I (x) “Frob = _)‘l ”VZXAIT}:I (x)HFrob + Hb[LI] HFrob “vxﬁft(x) ”lz:rob'

Using (3.2), this yields the estimate
t
B3 IV Wy S 160 [ AT, 0] gy dr = 200,
N

More generally, using the multivariate version of the de Faa di Bruno derivation formula [21]
(see also formula (A.1) in the Appendix), for any n > 1 we also check the uniform estimate

(3.4) [V X2 ) gy < cne™ ™17,

A detailed proof is provided in the Appendix, on page 2648.
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3.4. Differential of Markov semigroups. We have the commutation formula
(3.5) VoP/,=P;, 0V

with the (1, 1)-tensor integral operator P_ﬁf ; defined for any x € R and any differentiable
function f on R¢ by the formula

(3.6) P (V) (x) =E[VX, )V f(Xg, )]
The tensor product of Ps’f ; 1s also given by the (2, 2)-tensor integral operator
(PE)Z2 () (x1, x2) = E[[VXL, (x1) ® VXL, () JA(XL, (1), X ()],

In the above display, YZ ,(x) stands for an independent copy of x# si(x)and h = (V®V)g
stands for the matrix valued function defined in (1.14). We also have the commutation for-
mula

(PL)® 0 (VR V)= (V@ V) o (P)™.
In the same vein, we have the second order differential formula
(37 VEPL() =PV ) + P (VR )
with the (2, 1) and (2, 2)-tensor integral operators
P M N ) = E[VIXL 0OV (XE ()],
PRA(T2 1) (x) 1= E[(VX, (1) ® VXL, (1) V2 £ (X2, ()]

Iterating the above procedure, the nth differential of P . (f) atany order n > 1 takes the form
vnP t(f) Z [nk]/l vk )

1<k<n

(3.8)

for some integral operators PS[T’,’k]’M . For instance, we have the third order differential formula
3,1 3,2 3,31,
(3.9) VAPV ) =PE M ) + PV ) + PRV )
with the (2, 1) and (2, 2)-tensor integral operators
3,1],
PV () = B[VAXE, 0V £ (X2, ()],

(3.10) PRIV p) () = E[(V2XE, (0) ® VXL, (1)) V2 £ (XY, (0)],

PV ) () = E[(VXE () ® VXY, (1) ® VXL, () V2 £ (X4, ()]
with the ®@-tensor product of type (3, 2) given for any i = (i1, i2,i3) and [ = (I, [») by

(VXY (x) ® VX§, (),

2
= (VX (0 @ VXS (0)) (i)t

2 2
+(V Xﬁf,(x) ® Vth(x))((iz,g),il),l +(V Xﬁf,(x) ® VXﬁt(x))((@,il),iz),l-

The above formulae remains valid for any column vector multivariate function f =
(fi)1<i<da- An explicit description of the integral operators PS[’”l’k]’“ forany 1 <k <n can
be obtained using multivariate derivations and combinatorial manipulations; see, for instance
the multivariate version of the de Faa di Bruno derivation formulae (A.1) and (A.2) in the
Appendix. Following the proof of (3.4) we also check the uniform estimates

G1D sup [|PY | < e,

=K=n
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Using the moment estimates (1.15) for any u € Py(RY), m,n > 0, and any s <t, we also
check the rather crude estimate

G121 len mey—en ey V |||(Pslft)@)z|||C;}1(R2d)—>c,’;1(R2d) < cmaO[1 + leflu]".

For instance, using the de Faa di Bruno derivation formula (A.2) for any function f € C},, (RY)
such that || f ”Cﬂz @4y < 1 and for any 0 < k <n we check that

[VEPL O] = [E(VA(f 0 X)) < cnm OE((1+ [ X5 )™
The estimates (1.15) implies that
Hkasl,tt(f)(x)” =< Cn,m(t)(”x” + ”e”ul)m = Cn,m(l)(l + ||x||)m(1 4 ||e||u,2)m
from which we conclude that

|HPﬁt |||Cf’,,(Rd)—>Cﬁ,(Rd) =< cm,n(t)[l + ||e||u,2]m'

3.5. Bismut—Elworthy-Li extension formulae. We have the Bismut-Elworthy-Li for-
mula

VP () =E(f (X5, 0)Td " (x0))

(3.13) ¢
with 7/ (x) == f duws, W)V XL, (x)dW,.

The above formula is valid for any function ws ; : u € [s,t] = ws (1) € R of the following
form:

1
Gl o =p(u—9/t-5) = oW = :&p((u —5)/(t —s))

for some nondecreasing differentiable function ¢ on [0, 1] with bounded continuous deriva-
tives and such that

(@0), () =(0,1) = w5 (1) — w5, (s) =1
In the same vein, for any s <u <t we have
(3.15) V2PL () () = E(F (XL ) [tl2h () + VXL, () rgy ™ (X2, () 22 (0)])

with the stochastic process
21, 1,00 ! 2
A0 = [ B VPXE ) AW,
)

Besides the fact that X ﬁ ,(x) is a nonlinear diffusion, the proof of the above formula follows
the same proof as the one provided in [6, 12, 39, 55, 64] in the context of diffusions on
differentiable manifolds. For the convenience of the reader, a detailed proof is provided in
the Appendix on page 2650. Using (3.13), for any f s.t. || f|| < 1 we check that

IVPEHIP <E(|75°[7)

t 1 1
5/ e—”'“‘—”|\auws’f(u)uzdu=_t f e P (g (1)) dv.
s — S8 JO

Let ¢ with € €]0, 1[ be some differentiable function on [0, 1] null on [0, 1 — €] and such that
|0 ()] < c/e and (@ (1 —€), (1)) = (0, 1), for instance, we can choose

0 ifuel0.1—el,
— 1_
o) 1+Cos((1 + “)%) ifuell—e 1],

€
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In this situation, we find the rather crude uniform estimate

2 1 1
vaﬁz(f) ”2 < (E) / e—ZM(l—s)v dv
€/ t—5J1—e¢

c 1
v pH ¢ —h(1=€)(t=s)
= H s,t(f)” = eme

(3.16)

In the same vein, combining (3.15) with the estimate (3.3) for any € €]0, 1[ and u €]s, [ we
also check the rather crude uniform estimate

[V2PL (1) < 1_ ~h=s)1-e) , 2 62 — Ml)(u — o1 U=s) = hy(1=s)(1—€)
Choosing u = s + (1 — €)(¢t — 5) in the above display we readily check that
1
J— Jios

@ 1 1 aesa-e
€2 Je(l—€)t—s

—Al(l—e)z(t—s)

V2P| <
(3.17)

3.6. Integro-differential operators. Let Béf ;(x0, x1) be the matrix-valued function de-
fined for any (xg, x1) € R*, 1 € P,(R?) and any s < ¢ by the formulae

(3.18) B, (x0, x1) := Vi bh (x0, x1)  with b, (x0, x1) :=E[by (x1, X}, (x0))].
For instance, for the linear model discussed in (2.24) we have

(=B and

By, (x0, x1)' = Bae
by, (xo,x1) = Bixi + Bo[e" 981 (xg — u(e)) + e IBITB ()]
We also consider the collection Weyl chambers [s, ¢],, defined for any n > 1 by
[s,t]p :={u=(ui,....,up) €[s,t]":s <uy <---<u, <t} andsetdu:=duj---duy.
We consider the space-time Weyl chambers

(3.19) Agri=J AL, with A7 =[5, ], x R".

n>1

The coordinates of a generic point (u, y) € A{, for some n > 1 are denoted by

u=Wy,...,uy) €[s,t], and y=(y1,...,yn)e]R"d.

We also use the convention ug = s and u,4+1 = t. We consider the measures ®; , (1) on A ;
given on every set A7, and any n > 1 by

(Ds,u(,u)(d(u’ y)) = ¢s,u(ﬂ)(dy) du

with the tensor product measures
¢s,u (n)(dy) :== d’s,ul (m)(dy1) ... d’s,un () (dyn).

DEFINITION 3.1. Let b}, (x, y) be the function defined for any u € P,(RY), x € RY,
and any (u, y) € A{, and n > 1 by the formula

&5y (L)
(3.20) o, =08, D) [T Bl Ok Yir).

1<k<n
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In the above display the product of matrices is understood as a directed product from k = 1
to k = (n — 1). For instance, for the linear model discussed in (2.24) we have

bﬁu(x, y) = Bze(un_unfl)Bl ,,,Bze(uz—ul)Blbiful (x, y1).

For any x € R, and any (u, y) € Af, and n > 1 we also set

321 BP0 =Bl Py, x) and  PL VA5 = PR (V) ().

DEFINITION 3.2. For any o, 1 € P2(R?) and s <t we let Qﬁf}’”“o be the operator
defined on differentiable functions f on R¢ by

(322) l/vl IvLO(f) — QMI MO(Vf)

with the (0, 1)-tensor integral operator Q“ 110 defined by the integral formula

QLY ) (x) = / @, () (du, YD (x, ) PR (V1) ().

Recall that b, (x, y) is differentiable at any order with uniformly bounded derivatives. Thus,
using the estimates (1.15) and (3.4), for any m,n > 0, ug, 11 € P2 (RY) we have

(3.23) ” Qé“ Ho Hcl (R —CI(RI) = = Cm, n(®) Pmv2 (o5 11)-

DEFINITION 3.3. Let p'}"** be the function defined for any s < and x, z € R? by the
formula

(324) PO gy = bM(x,2) + /A @ (1) (d(u, )b, (x, ) BE 0 (y, 2).

In this notation, we readily check the following proposition.

PROPOSITION 3.4. The (0, 1)-tensor integral operator Q“ LHO can be rewritten as fol-
lows:

QMY f)(x) = / o (1) (d . 1)) 170 (e, )Y PE 0 (9 £) ().

For instance, for the linear model discussed in (2.24) the function pﬁf PHO(x, z) defined in
(3.24) reduces to

plVHO(x, 2) = Byz + Bpe ™) Bi+B2)

(325) v B [ / U BIED) B =) BB gy (o)

N

t
+ / I=0EBIB) g =) Bi+BY) g, uo(e)]
)

We check this claim expanding in (3.24) the exponential series coming from the integration
over the set Ay ;. A detailed proof of the above formula is provided in the Appendix on
page 2651.
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3.7. Some differential formulae. The matrix Vyobéf (o, ¥1) defined in (3.18) can alter-
natively be written as follows

Vyobl (o, y1) = Pl (6P (1, ) (o) = E[VXL, 00067 (1, X2 (30))]-
We also have the (2, 1) and (3, 1)-tensor formulae
bt (vo. y) = P B (v, 9) 00) + PE (B (31, ) 00),
v Obé‘,xyo, v = PG (1, 9) (o) + P (61 (31, ) (o)
+ P B (1, 9) o).

For any (u, y) € A, withn > 1 and for any kK > 1 we have the (k, 1)-tensor formulae

¢cu (n)
(3:26) Vi bk, (vo.y) =B (o, y) = Vi b, 00,y [ Bupikerr Ok Yer)-

1<k<n

‘We consider the (n, 1)-tensor valued function
gy (v, 2) =B (x, 2) + / Py (1) (A, 1) BEE (e, 1) BY " (v,2)
and we use the convention
]BE,(’);’MO(X, 2) =b(x,z)" sothat qso] MO (L 2) = O (x, 2)
For instance, for the linear model discussed in (2.24) and (3.25) the above objects reduce to
qgl] HUHO (e yY = BpeBITBIU=9)  and  wn>2 q[n] HEHO(x ) =

In this notation, we have the following proposition.

PROPOSITION 3.5. For any n > 0 the nth differential of the operator Q“1 10 js given by
the formula

VIOUI(f) = QUMY f)
with the (n, 1)-tensor integral operator given by

(327 QUMY £)(x) = / Dy (1) (d . y))gl 10 (x, )YPLY(Y £ ().

In addition, when condition (H) is satlsﬁed for any n > 1 we have the exponential estimates

(3.28) Il QE’};’“"“OM <cpe ™7 for some A > 0.

PROOF. The proof of the first assertion follows from (3.24). More precisely, using (3.24)
we have

V'p ; Ko (y, y) = Qs[nz] AL y).
On the other hand, by Proposition 3.4 we also have
vnQﬁ}aﬂO(f)(x) vl’lQﬂl N'O(vf)(x)

— / By (1) (d s )V P10 (x, )P40 (v £) ()

— Q[n] sM1, MO(Vf)(x)
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This ends the proof of the first assertion. When condition (H) is satisfied, for any x € R4 and
(u,y) € Af, we have

(329)  [BL G0 vy = [P e and B, )], < 6P e ),
Using (3.4) we also check the uniform estimate

(330) qun] NGB MO(X y)H <cye —A12(— S)

The end of the proof is now a consequence of (3.2). [J

PROPOSITION 3.6. For any n > 0 any bounded function f on R and for any function
w of the form (3.14) we have the Bismut—Elworthy—Li formula

(3.31)  V'QUH(f) = / Dy 0 (1) (du, 1)) gl 110 (e, ME(F (X5 (30))Th2” ().

In the above display, ‘L'u”t (y) stands for the stochastic process defined in (3.13). In addition,
when condition (H) is satisfied we have the exponential estimates

(3.32) [V QUL (F)|| < cue™ TN I for some 1 > 0.

PROOF. The proof of the first assertion is a direct application of the Bismut-Elworthy-Li
formula (3.13). More precisely, using (3.13) we have

POV HO) =E(f(XL0))The” ().

The formula (3.31) is now a direct consequence of (3.27).
We check (3.32) combining (3.16) with (3.30). This ends the proof of the proposition. []

When n = 1 we drop the upper index and we write (Bf.,, g4, "") instead of (IB%E}E,’“ ,

qs[ NGB Mo)

The operators discussed above are indexed by a pair of measures (uo, (£1). To simplify
notation, when st = o = j# we suppress one of the indices and we write (Q% 5.1 Q "y and
(Pl gs™") instead of (QU, QM) and (pf}". ¢, ").

4. Tangent processes. The tangent process associated with the diffusion flow ¥ ,(Y)
introduced in (1.6) is given for any U € Hj(R?) by the evolution equation
4.1 3 (35,0 (Y) - U) = 3B (Y5, (V) - (35, (Y) - U).

In the above display, d B;(X) € Lin(H; (R?), H, (R?)) stands for the Fréchet differential of
the drift function B; defined for any Z € H, (RY) by

dB1(X) - Z =E(Vy,b(X, X)'Z + Vi, b, (X, X) Z|F,),

where (X, Z) stands for an independent copy of (X, Z).

4.1. Spectral estimate. This section is mainly concerned with the proof of Theorem 2.1.
For any pair of random variables Z1, Z, € H; (]Rd) we have the duality formula

(Zl» aBl‘(X) : ZZ)H[(]Rd) = <8BZ(X)* 2y, ZZ)H;(]R")
with the dual operator d B;(X)* defined by the formula
IB/(X)* - Z1 :=E(b (X, X)Z) + b2 (X, X)Z1|F).
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In the above display, (X, Z;) stands for an independent copy of (X, Z;). The symmetric part
of 3 B;(X) is given by the formula

1
DB (X)sym 1= 5 [9B,(X) + 0B, (X)"].

We are now in position to prove Theorem 2.1.
The first assertion is a direct consequence of the evolution equation

270, |0, (V) - U3y, oty = (09 (V) - U), 9B, (5.4 (V) gy - (05,0 (Y) - U) g,

Whenever (H) is met we have 9 B;(X)sym < —Aol for some A¢ > 0. In this situation, the

r.h.s. estimate in (2.2) is a direct consequence of (2.1). Given an independent copy (X, Z5)
of (X, Z») we have

Z - |z
a0 = E] 1[5

= 2<8BZ(X) -2y, ZZ)H[(R“')'
This yields the log-norm estimate
A (X, Y)sym <—Xl = 0B (X)sym < —hol.

The proof of Theorem 2.1 is now completed.

4.2. Dyson—Phillips expansions. In the further development of this section we shall de-
note by

n

(WYI’UXst’Y) and (wst’U thn’Y)nzo

a collection of independent copies of the stochastic flows (¥ ;, X ﬁ‘ ;) and some given U, Y €
H, (R%). To simplify notation, we also set

n

Xor =9, (Y), X :=¥,,) and X, :=v,,1").

We are now in position to state and prove the main result of thls section.

THEOREM 4.1. The tangent process 0y ; is given for any U € H; (RY) and any Y €
H, (RY) with distribution u € P>(R%) by the Dyson—Phillips series

s (Y)-U=VX(Y)U

+ Z/ VX,?; u”(ﬂ))(Xs,un)/

4.2) n>1"15:1ln
Os.u (.u) <k '
(|: 1_[ I[Buk ]1( ”lk s Ug—1° Xs,uk)i| U IF’/’n>du
1<k<n
with the boundary conventions
uy ==, Yg’ul = X5, and Y?’Mn = Xsu, foranyn=>1.

PROOF. Forany s <u <t and x € R? we have
_ 1 _
0V Xy ()7 = b (X (), s (W) VXL ()7
and

VXY (x) = VXL, () (VXD ) (X2, ().
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In addition, for any s <u <t and xg, x| € R? we have
Vaobr (1, X059 (x0)) = VXL oob (e, X035 (x0).
Combining the above with (4.1) we check that
o (VXM (095 (V) - U))
= (VXL T E(Vh (50 (1), X, ) @) (VX ()7 (09, (1) - U)IE)).

In the above display, Vb, (5., (Y), X" 5.0 C ) (Y) = Vh(Y) stands for the gradient of the random
function

h:x > h(x) = b (Y5, (Y), Xy ,(x)) evaluatedatx =Y.
Equivalently, we have
(VXYY (8y5..(Y) - U)
=U+ f VXL, ()Y
x E(Vby (Y5,u(Y), Xy, )XY (VX (X)) (89, (Y) - U)|F,) du
and therefore
/ ! . (10) /
e (V) U = (VXE)U + [ (FX05) (X2, (1)
x B(Vbu (V5,0 (1), X, O) V) (VX , (DY) (0, (V) - U)Fu) du

Now, the end of the proof of (4.2) follows a simple induction, thus it is skipped. [J

COROLLARY 4.2. Forany V € H; (RY) and for any Y € Hj (R?) with distribution e
P>(R?) we have

aws,t(Y)* %
=E(VX{, (Y)V|E)

Ps.u (l‘-) —k _¢s,un( N~ —
+ Z/ ([ 1_[ IB”k Iflllk Yuk 1’Xs,uk)i|(vxun,l g )(XS»Mn

n>1718:10n 1<k<n

4.3)

Fs>du

with the boundary conditions

_0 J—
wo=s and X;, =Vsu(¥Y) and X, =Xsu,

4.3. Gradient semigroup analysis. This section is concerned with a gradient semigroup
description of the dual of the tangent process.

DEFINITION 4.3. For any po, 1 € Pg(Rd) and s <t we let Dy, ,,%s,: be the operator
defined on differentiable functions f on R by

(44) Ml Mo(pst — Psﬂt() + QMI IJ«()‘

m Mo

In the above display, stands for the operator defined in (3.22).
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Rewritten in terms of expectation operators we have

Dy o st (f)(x)

=E[(f o X!)0]+ Y fA Dy () (d e, Y)E[B (e y) Y (f 0 X0 ) ().

n>1

Recall that b;(x, y) is differentiable at any order with uniformly bounded derivatives. Thus,
arguing as in the proof of (3.12) and (3.23) for any m,n > 1, ug, 1 € P2 (RY) we have

(45) ” D,ul,,uo¢s,t “C,’}l(Rd)—)Clnn(]Rd) =< Cm,n(t)lom\/l(:uo, Ml)-
In the same vein, we check that
(46) H (Dul,,uod)s,t)®2 HCZH(RM)%C;;H(RM) = Cm,n(t)pm\/Z(MOa /'Ll)-

The proof of the above estimate is rather technical, thus it is housed in the Appendix on
page 2651.

REMARK 4.4. Using the Bismut-Elworthy-Li formula (3.31), we extend the operators
Dy, uo®s,: with s <t to nonnecessarily differentiable and bounded functions.

We also extend the operator D, ,,®s,; to tensor functions f = (fi)ie[s) by considering
the tensor function with entries

(47) Dul,uod)s,t(f)i = Dul,uo(ps,t(fi)'

In this situation, the function pﬁ }’“ % introduced in (3.24) takes the form

PR (x, 2) = Dy uobs,e (e (2, ) (x).

Let G, ;,, be the collection of integro-differential operators indexed by p; € P> (RY) de-
fined by

Grn(F0x2) = [ by (er, x2) 'V f ().
We also set
H; yoy =Ltug +Grpy, and  H; i := Lt o+ Gr -
In this notation, we have the first order expansion

(4.8)  wiLepy — poLe, g = (1 — o) Le g + (1 — 10)Grpy = (1 — 100) Hy, g, o -

THEOREM 4.5. Forany m,n > 1 and any ug, 1 € vaz(Rd) the operator Dy, ,,®s.t
coincides with the evolution semigroup of the integro-differential operator Hy g ,(110).¢.,(11)5
that is, we have the forward evolution equation

4.9) 0t Dyuy o Ps,t = Dyuy o Ps,t © He sy (110). 5.4 (1) ON ngvz(Rd)'

In addition, for any s < u <t we have the backward evolution equation
d
(4.10) 04D, 1).be o) Prtt = = Hut.s e (10). 5.0 11) © Dby (). s o) Pt 0n Gy (RY).

PROOF. The proof of the forward equation (4.9) is a direct consequence of the forward
evolution equation

0 Pslfto = PslftoLt,tﬁs,r(lto)
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associated with the Markov semigroup Ps’f 7, thus it is skipped. The semigroup property (2.9)
yields

Ou Dy, 1o®s,u © Doy (101), 65 (110)Put) = 0.

Combining the above with the forward equation (4.9) we check that

Dy o ®s.u © 0uDepg 1 (111) 5.0 (20) Pt
= =Dy poPs.u © Hu s (10). s (101) © D (1) (110) Pu -
This implies that
[0u Dy o (11, (o) Put u=s = = Hi gy Dy o Pu.t
from which we conclude that
[9u Dep 1y (121). 5. (110) Put.t Ju=v

= 104D, . (9s.0(111). 60,4 @50 (10) Putt Ju=v = = Hi o, (110), 85,0 (1) Dps (101,85, (10) P,
This yields the backward evolution equation (4.10). This ends the proof of the theorem. [J

Next proposition is a direct consequence of (4.4) combined with the formulae (3.5) and
(3.27).

PROPOSITION 4.6. We have the commutation formula

4.11) Vo Dmvuoﬁbs,t = Dm,ug¢s,t oV

with the (1, 1)-tensor integral operator given by the column vector function

Dy sio®Ps.t (V) (x) 1= PLY(V £)(x)

4.12
o + [, etu@w gty e L9 H).

In addition, when condition (H) is satisfied we have

(4.13) I o @s.cll < ce ™) for some » > 0.

REMARK 4.7. Following Remark 4.4, using the Bismut—Elworthy—Li formula (3.31), we
extend the gradient operators VD, ,,,és,; with s <t to measurable and bounded functions.
The exponential estimate stated in (3.32) are a direct consequence of the estimates presented
in (3.32).

By (4.7) the commutation formula (4.11) is also satisfied for multivariate column func-
tions f. In this situation D, ,,Ps..(V f) is a (d x d)-matrix valued function.

The proof of Theorem 2.2 is now a consequence of the estimate (4.13) and the fact that

0 [¢s,t(M1) - ¢s,t(M0)] = [¢s,z(M1) - ¢s,t(M0)] © Hta¢s,t(ﬂ0),¢s,r(ﬂl)'
More precisely, using (4.8) the above formula implies that
Ou([Bs.u (141) = bs5.u (0N Do (1) s () Prtt) =0
- d’s,t(ﬂl) - ¢s,t(:u0) =(u1 — U«O)D,ul,uod)s,t-
The operators discussed above are indexed by a pair of measures (iq, t1). To simplify no-

tation, when w1 = o = p we suppress one of the parameters and we write (D@5 1, D@5 1)
instead of (D @51, Dy, uts.1)-
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THEOREM 4.8. For any m,n > 1, any function f € C), RY) and any Y € Hy(R?) with
distribution . € P»(R?) we have the gradient formula

s, (V)" V(Y50 (V) = VDps 1 (/)(Y) = Dyus 1 (V (Y.

PROOF. Given a smooth function f on R¢ we have

(VF(Ws,e (1)), 895, (Y) - Uy, gay = (005,: (V)" -V f (W50 (D)), Uy, gy
Replacing V by V f(;,/(Y)) in (4.3) we check that
s 1 (V)" -V f (W5,0(Y))
= VD5, (H(Y)
=E(V(foXL,)(MIY)

Ps,u (M) k+1 Ps,up (1)
+ 2 [ E([ T B (0 X [T o xEr ) X

n>1 0<k<n

Y ) du.
This ends the proof of the theorem [

5. Taylor expansions. This section is mainly concerned with the proof of the first and
second order Taylor expansions stated in Theorem 2.3 and Theorem 2.4. Section 5.1 presents
some preliminary differential formulae used in the proof of the theorems.

5.1. Some differential formulae. The commutation formula (4.11) takes the form

Dy 1o®s,i (f) = Dy o Ps.t (V ).

Combining (4.4) with Proposition 3.5 and the second order formula (3.7) we also have
V2D puobsa () = VZPLY(f) + Q0 (V f)

=P VN AP (VRS) + QI OV ).

In summary, we have the first and second order differential formulae
VDu¢s.i(f) =Duds.t(V[),
5.1) V2Dugsi(f) =Dl (V) + P (V2 )
with D, %1 = pl2the 4 gl2hi

Similar formulae for VD, ., ¢s.; and V2D, ., ¢s.; can easily be found. In the same vein,
using (3.9) we check the third order differential formula

V2 Dy i (f)
(5.2) D, Ptl](vf) +73[3 21, “(sz) n 73[3 31, ”(V3f)
with D, gl .= ply 1w QB
In addition, when condition (H) is satisfied we have the exponential estimates

(5.3) IDus ol V[ Dud I v 1Dl ]| < ce ™= for some 2 > 0.
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DEFINITION 5.1. We let Sﬁf ; be the operator defined for any differentiable function f
on R? by

e () =85V )
with the (0, 1)-tensor integral operator Sspf ; defined by the formula

(54 SV, x2) 1= by (x1,%2) Dy 1 (V ) (x1) + by (x2, X1) Dyhs 1 (V ) (x2).

Using (4.5) and (4.12) for any m,n >0 and u € P,v2(RY) we check that
(5.5) Sl ene ®D) e @) = Cmn () Pmv2(10).

We also have the differential formula
(5.6) (VR V)(St (1) =S (v ) + S (v2 f)
with the matrix valued functions

SV )01, x2) = B G, 2) Dyupe s (V1) (1) + B2 (. x1) Dyape s () (x2)
+ b2 (0, 1) Dl (Y ) ) + DV ) )P . )

SV £) e x2) = B e )P (VR ) () P (V) b e )
When condition (H) is satisfied we also have the exponential estimates
(5.7) ISE 0 v ISP < ce ) for some A > 0.

In addition, using the Bismut-Elworthy-Li extension formulae and the estimates (2.7) and
(2.8), or any bounded measurable function f on R¢ we check that

[V V)(SE () <c(Iv 1/t —s))e ™| || for some A > 0.

5.2. A first order expansion. This section is mainly concerned with the proof of Theo-
rem 2.3. The next technical lemma is pivotal.

LEMMA 5.2. For any m > 1 for any o, L1 € Pm+1(]Rd) we have the second order ex-
pansion

¢s,t (1) — ¢s,1 (10)
(58) = (Ml - MO)D,LL()¢S,I

1 t
) / (b5 (1) — 5.0 (10)]Z% 0 S25 %Y du on 1 (RY).

PROOF. Combining (4.8) with the backward evolution equation (4.10) we check that
Dl [Ps.u(11) — bs.u(10)] © Dopg ()Pt }
= (b5 (1t1) = 5.4 (10)] © [Hutpy s 110).b1at1) ~ Hit10)] © Do 1) Puct
= [@s.u (1) = bs.u(10)] 0 [Gugy () = Guosuuo)] © Dy () Pui-

On the other hand, we have

[Gu,s(u1) = Guoghs.u(uoy1(x2) := /(¢s,u(M1) — ¢5.u(10))(dx1)by (x1, x2)'V f(x1).
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Integrating u from u = s to u =t we obtain the formula

[#5,0(11) = @56 (R0) — (11 — 10) Do, ] (f)
1t
= 5/ /[(bs,u(ﬂl) - ¢s,u(MO)]®2(d(xl, XZ))

X [bu(x1, X2)'V D, (uo)Pu,t (f)(x1) + bu(x2, X1)'V Doy 10y Pt (f ) (x2) ] dt.

The end of the lemma is now completed. [

Combining the above lemma with (4.6) and (5.5) we check (2.11) with the operator
Dﬁ]’ﬂoqﬁs,, defined for any m,n > 0 and o, 1 € Pm+2(Rd) by

t
(590 D2 dsii= / (Dyuy o ®s.)%2 0 5544 du € Lin(CF2(RY), €7, (RX)).

REMARK 5.3. The second order term in (2.11) can alternatively be expressed in terms
of the Hessian of the semigroup Di " 0¢>S, ¢ that is, we have that

(w1 — n0)®* Dy, b5 (f)

(5.10)

~ Joap E([(VOVID}, 0¢s.0(N](Yee), (Y1 = Yo) @ (V1 = Vo)) de de

with the interpolating path
Yee:= (Y() +e(Y1 =Yy, Yo+e¥; — ?0))

In the above display, (Y1, Y() stands for an independent copy of a pair of random variables
(Yo, Y1) with distribution (19, 11). Also observe that

-2
(w1 = ro)®* D%, s = (1 — R0)®*D,,, y bsut

with the centered second order operator
=2
DMI»MO(ps’t(f)(xl ) x2)
=82, — 10) ® (8, — 110)] Dy 5.1 (f)

= Jour E([(V®V)DZ | b5.:(H)](Yez(x1, x2)), (x1 — Yo) ® (x2 — Y0))) de de.

In the above display, Y, e(x1, x2) stands for the interpolating path
Yee(x1, x2) := (Yo + €(x1 — Yp), Yo+ €(x2 — Yp)).
PROPOSITION 5.4. We have commutation formula
(5.11) (VOV) o (D uo®s.)2% = (Dpuy o ®s.)2% 0 (VR V).

In addition, we have the estimate

(5.12) Dy 110bs. )| < ce™) for some » > 0.
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PROOF. The proof of the first assertion is a consequence of the commutation formula
(4.11). Letting h = (V ® V)g we have

(D o ®s.0) 2 (h) (x1, x2)
= (PE)E2(h) (x1, x2)

+ fA @,y () (d . 1)gl 0 (., ) (PL @ P ) () (x. y)
+ /A @y () (d . 1)gl 0, ) (P @ P () (3. x2)

+ | Pou(p)(d, 1)) Ps,0(11)(d (v, 2))

1
Ag X Ag

< [gl0 () ® gL (2, )P @ PL ) ) (3. 2).

The proof of (5.12) now follows the same arguments as the ones we used in the proof of
(4.13), thus it is skipped. This ends the proof of the proposition. [J

Combining (5.6) with the commutation formula (5.11), for any twice differentiable func-
tion f and any s <t and o, U1 € Pz(Rd) we check that

(VO V)DL | bsi(f)

(5.13) , . ’s
::/ (DM07M1¢S’M)®2(S£’} ]3¢3,M(/’L0)(Vf) +SL’} ]s¢5,u(“())(v2f))du
N

with the operators SE;H’“ discussed in (5.6). The proof of (2.12) is a direct consequence of

(5.7) and (5.12). The proof of Theorem 2.3 is now completed.

5.3. Second order analysis. This short section is mainly concerned with the proof of the
first part of Theorem 2.4.

LEMMA 5.5. For any m > 1 and g, 1 € Pm+3(Rd) and s <t we have the tensor
product formula

(5.0 (1) — s (10)) &>
= (i1 — 110)22(Dyug 5.0 + (1 — 120) 3Ry o bs.s on CLT2(R?)

for some third order linear operator R, u,®s,: such that

”R/,Ll,uo(bs,t ”C,’},+2(R2d)—>c":l+3(]l§3d) = Cm,n(t)pm-i—Z(MO, I‘Ll)-

The proof of the above lemma is rather technical, thus it is housed in the Appendix, on
page 2652.
Combining the above lemma with (5.8) we readily check the second order decomposition

(2.14) with a the remainder linear operator Dio, 11, @s,¢ such that

|| D/io,/l1¢” ||C,’$,+3(Rd)—>cg1+4(R3d) =< Cm,n(t)pm+3 (MO: Ml)

This ends the proof of the first part of Theorem 2.4. The proof of the second part of the
theorem is provided in the Appendix, on page 2654.
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APPENDIX

PROOF OF (2.22). It is easy to check that this first assertion is true for any collection
of generators L, ,, thus we skip the details. The proof of the second assertion is a also a
direct consequence of a more general result which is valid for any collection of generators
and nonnecessarily symmetric functions.

Forany N > 2 and x = (xi)lfl-SN e (RHN we set

1

mx)? = —— Sxi xiy and  F(x) = m(x)®*(F).
N(N_l) 151';51\1 (o)

We extend L, , to functions F (x!, x%) on R¥ by setting

2)

L (F)(x', x?)

= (P )0) + Lo (FC ) ()

+ Lo (F () (1) + Lo (F (- x1) (%))

For any function F (x!, x%) on R%? we have

®2 _l) o2 1 _ @2(( _l) L) )
m(x) (F)_(l 5 )M E) + Lm)(CF) =m@) (1= 5 ) F+ 5 COE)

with
C(F)(x)=F(x,x) and CP(F)(x' x?) = %(C(F)(xl) + C(F)(x?)).

This implies that

1 1
A(F)(x) = (1 _ N)m(x)@z(LﬁL(x)(F)) + Nm(x)@z(ij?(x)(c<2>(F))).
Recalling that

m(x)*(F) = %m(x)@(m — ﬁm(x)“(cm(m)

we conclude that

A(F)x) =m0 (L) (F)) + %m(X)Qz(F(L?m(X)(F))

t,m(x)

with the operator

) 2) 2 2 2
L = Limew © c®—cPorLy)
Observe that
2 1 .2
F(L[?m(x)(F)(x ,x%)
1

= E(Lt,m(X) (C(F))(xl) + Limx) (C(F))(xz))

1

= 5 (Lo (FE D) + Lomeo (F(,x ) (x)

+ Lo (F (%)) (%) + Lo (F (- 2%)) ().
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This yields the formula
r2 O )= 2P @)+, o))
from which we conclude that
A(F)(x) =m)®(LE) L (F)) + 1 N0 (F)
with the function I'z,, , . (F) defined for any y € R by

CLyp (F)0) =C(CP (P,

= Lime)(C(F))(Y) = Limx) (F (¥, ))(Y) — L) (F G, ) ().

The above formula readily implies (2.22) as soon as L, , is the collection of generators
associated with the stochastic flow defined in (1.1). This ends the proof of (2.22). [

PROOF OF (3.4). For any given 1 <m < n, we denote by II, , the set of partitions

m={my,..., 7y} of theset {1,...,n} with m blocks m; of size |m;|, withi € {1,...,m}. We
also let I1,, the set of partitions of the set {1, ..., n} and b(sr) the number of blocks in a given
partition 7, and IT;}" the subset of partitions 7 s.t. b(r) > 1.

Let [n] be the set of m multiple indexes i = (i, ...,i,) € {1,...,d}". For any giveni € [n]
and any subset S ={ji,..., js} C{l,...,n} we set

is=C(ij,....0}).

For any x = (x',...,x%) € R? and any multiple index i € [n] we write 9; instead of

Oyt xin = Oyiy =+~ Oyin the nth partial derivatives w.r.t. the coordinates (x'!, ..., x™).

Let f and X be a couple of smooth functions from R into itself. In this notation for any
i € [n] and 1 < j <d we have the multivariate Faa di Bruno derivation formula

a(floX)= D Y wfIX) Y (VX

1<m<nke[m] welly m
with the m-gradient tensor

4 R |71] |70 |
(V7). 1= (V1X), o (V71X)

iy okm

We check the above formula by induction w.r.t. the parameter . In a more compact form we
have checked the following lemma.

LEMMA A.1. Forany n > 1 we have the Faa di Bruno derivation formula

(A.1) Vi(foX)= Y (VX)(V'™£)(X).

rell,

Whenever X (x) is a random function we have

(A2) P(H@:=E(foX)(x) = V'P(H= Y. Prm(v"f)

1<m<n

with the collection of integral operators

P f)(x) = Y E(VTX @)V F(X ().

mwelly m
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Using the above lemma we also check the stochastic tensor evolution equation

3 (V"X (),
= (V" X3, 0B (XY (). 640 (10)));
XY X (EEO)b T )y,

l<m<nke[m]mell, ,
with
pln =9 b/
t (0 ) (kysk)s = Ok, ko D7 (X, L)

In a more compact form we have

0V X!, (0) = VX, b (X, (), 6 (0) + 30 VEXE (0B (x, 1 (10)).

el
This implies that
VXL (VXY (x)
= VXL ) (B (XL (), s () + BT (XE, (0, .0 (1)) VX2, (1)

+ 30 VXL @01 (5, e () + by (x, by (10) ) VX (1)

n€H+

Taking the trace in the above display, we check that

0| V" X5 ) g < =221 [V X 00 [
+ 2” VnXﬁ‘L,t(x) ”Frob Z ”b[l]b(n) HFrob “ V”Xff, (x) ”Frob'

neHI
This yields the rather crude estimate
O anxi‘fl (x) ||123r0b
< =201 | V" X5 09 [

+cn ” V”Xﬁz (x) ”Frob Z ”vlﬂllxi‘ft(x) ”Frob e ||V|7Tb(n)|X£’:t (x) ”Frob

HEHI
from which we check that
8f ” anﬁft(x) ”Frob

S_)‘1anxff,l‘(x)”Frob—i_an:“VX t( )HFrob”VQ l‘(x)”Frob ”Vn_]XMl‘( )”lgro{)

The summation in the above display is taken over all indices /1, ..., [,—1 such that[; +--- +
lp_yr=mand l; +2lp+---+ (n— 1),y =n and 1 <m < n. Assume that (3.4) has been
checked up to rank (n — 1). In this case, we have

1
[V X 00 s gcn,le’kl(”‘)/ MU= =2 U= gy < I =),
\)

This ends the proof of (3.4). [J
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PROOF OF (3.13) AND (3.15). We recall the backward formula

M — ! Os,u (1)
Ps,t(f)(x) =f(x)+ Lu,(bx,u(p,)(Pu,t (f))(x)du

A detailed proof of the above formula based on backward stochastic flows can be found in
Theorem 3.1 in the article [5]. This implies that

from which we check that
1
£ @) = PECH@ + [(VRE () (Xl ) dW,

This yields the formula
E(f (X5 ()7l (x))

_ E((f (VP;P’;,M(M)(f))(Xl/j’t(x))/qu> (/St 8ua)s,,(u)VX§fu(x)qu))

— E(/ V(PL () 0 X ) (x)duws.s (1) du>.
We conclude that
E(f (X5 () (x0)
t
=VP t(f)(x)E</ Oy, ¢ (1) du) = VP () () (5,0 (1) — w51 (5)) = VP (f)(x).

This ends the proof of (3.13). For any s < u <t applying (3.13) to the function P,fj b W )( )
we have

PL(F)(x) = VPL(PY 1 (1) ()
=E<Pf,‘}’“(“)(f) (X1, (x)) / By s 0 (V) VX! (x)de).
This implies that
05 P () ()
= % B0 X 00a (B () (0, 00) [ duay Xk awh)

1<i<d
+ E(Pf?""”(f) ) / D5, (0) s, XL () dW")
Applying (3.13) to the first term we check that
E(8r, X3/ () (PL5 " (1)) (X, (0) Tl (0);)

- E(f(xﬁft<x>)ax,X§f;f (07 ()

x( 3 taku,t<v)(ax,Xf;‘#(“)”")(Xéfu<x>)dW?))

l<m<d“"

— E(f (XL (0)) g, XLz W (X2, (0), 7850 (05).
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‘We conclude that
V2PL ()i ;= VEPL()(x) )i
— E(f (X, 00) VXL, () rds (X, (0), T4 (x))
+ E(pjj;““‘)(f) () / By u (V) VXY, ()i k d Wff)-

This ends the proof of (3.15). O

PROOF OF (3.25). We have

;MO(X )= bé*(t)(x Z)+Z/ Bze(t Mn)BlB e(un_un B . By e(uz u1)B

n>1
X (Bighs,uy (1) (€) + Ba(e™ 781 (x — puo(e))
+ eI EEE) 6 €))) duy - duy
Recalling that

Gs.uy (1) (e) = W1 IMBITB (o),
b0 (x, 2) = Biz + Bao[e" ™81 (x — po(e)) + e IBITE (0]

and using the rather well known exponential formulae

Q=) BI+By) _ (t=5)B1 | / L 0B B )B4 g,

_ =By +/’e(z—u)(BlJrBz)Bze(u—s)Bl du
N

we check that
Pt (x,2) = b0 (x, 2)
+32/ U BITB) (B¢, (1) (e)
)

+ Bz(e(ul—S)Bl (x _ MO(e)) + €(ul_s)(Bl+Bz)M0(€))) du;
from which we find that

PEEHO(x, 2) = Bz + Ba[e" 9B (x — po(e)) 4 T TIBITB (0]

t
" Bz[/ U= (BI+B2) g 1= Bi+B] dul}m(e)
N

t
n Bz[/ U= (BI+B) g o (01=5)(B1+B2) dul}uo(e)

N

+ Bz[e(t_s)(B'+BZ) _ e(l—S)Bl](x _ Mo(e))-

This ends the proof of (3.25). O

PROOF OF (4.6). We have the tensor product formula

(Dm,uo¢s,t)®2 — (Pslflp)@Z _|_( Ui, MO) + leubl s O PSMO Puo ® Qm Mo
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We also have
(051" ® P7)(9)(x, %)

= fA Do) (d ) (b5 (6. 9) @ 1)(P PP @ prOY (v, 0)(y, X).

Recall that b, (x, y) is differentiable at any order with uniformly bounded derivatives. Thus all
differentials of the above function w.r.t. the coordinate x have uniformly bounded derivatives.
On the other hand, the mapping x — b;(x, y) has at most linear growth. Thus, using the
estimates (1.15) and (3.4), for any m > 0 we check that

” Qﬁlfuo 2y Pslfto ||C::l+l(R2d)_)C;l1+l(R2d) < Cm.n (1) pmv2 (10, p1)-
In the same vein, we have the tensor product formula

(11122 (g) (x, ) = (QLH) P2 ((V ® V)g) (x, X)

N [@5.0(101) ® Do (u)](d((w, y), @ 5)))

X B, (. 3), (0, 3) Pt (V@ V)g) (v, )
with
b_l:?,, u((x’ f), (y’ y)) _ b;L() (X y) ® b (Y, y)/ and Pfsuutu(l‘vo) — Pd’s u(10) ® PL?S[M(MO)

Arguing as above and using the estimates (1.15) and (3.4) for any m > 0 we check that

15372 2 w2y caraey < eman ) pmva (o, ). -

PROOF OF LEMMA 5.5. Using the decomposition
d’s,u(ﬂl) - ¢s,u(,u0)
= D (e () ® - ® By (101)] @ [Bsy (101) — b (10)]

1<i<n

® [¢s,u1+1 () ® -+ ® d)s,un (MO)]
which is valid for any o, 11 € Pz(Rd) and any u = (uy,...,u,) €[s, t], withn > 1, for any
function

(u, y) € As,t = hu(y) eR
we check that
/A (@4 0 (111) — o (120 (1t )V ()

(A.3)

= [, [@000) = &0, (0] (d 0. D)2
with the function

Too(2) = ho(2) + jA By (1) (At Y)) o (3. 2)
+ /;w Dy (¢s,v(l’b0))(d(u7 y))hv,u(zv y)

+ Y ((v,2), d(w, y), @) w2, ).

As,u X Av,t
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In the above display, Tslf 1" stands for the tensor product measures

Yo, 2), d((w, ), (@, 5))) = Psu () (d (1, ) P it(¢s,0 (10)) (d (@, 7).
We also have the tensor product formula
(Dyey,uo$s.0 %> = (Dyugs.)
= (@4 — (4 + (U™ — L) @ PL -+ PLY © (04" — 0.
This yields the decomposition
(05" — 0fi]® P{7)(8)(x. %)
= [ [0 = sl DTLE @57 D
with the integral operator
0 (9)(x, X, %)
= b0 (. 3 (PY5 ) @ PLY) (Vi 9)@.T)

,U

+ /A Oy (1) (d, )B,  (x, 3, D) (P54 @ PI) (Ve 0)(R, )
+ fA @y 1 (5,0 (120)) (A, )DL, (x, %, ) (PL 1 @ PIOY (V4 ) (, T)

+ Y (v, 2), d((u, y), @, )))
Ag XAyt
X b 20,3, 2.7 (P @ PLY) (Vi) 5. 7).
Arguing as in the proof of (3.12) and (4.5) we check that
||Is?):¢l “C,’il‘*'l(RZd)A)C’r;l_‘_z(RM) =< Cm,n(t)va2(M0’ :LLI)
In the same vein, we have
[(Q5F")%% = (24)%*1(e) (x, %)
= /A [@s.0(121) — Py (0)](d (. )[OFL + 0L, 1() (x. X, y) dv
S,

with
g (&)X, X, )
= /A @, (DA @ P)BL (0, ), (v, 7)) Bl (V@ V)g) (v, 7)

and

M () (x, X, )

= [ Pealuo) (d@ 7B, (D). (5 ) PRt (T © V)g) 5 ).
This yields the formula
[(Q4170)%2 — (M) **](9) (x. %)

t
- f [65.0(11) — .0 (10) (@) TVH () (x, %, %) dv
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with the integral operator

T (9)(x, %, %)

=[0F + O, (9 (x, X, %)

s,v,t

+ fA Dy (5.0 (120)) (d (e, ) [OL LS 4+ O (1 ] (@ (x. X, (R, )
v,t

+ Ty ((v, 2), d((w, y), @, 7))

A.Y,U XAU,[
15 =IO — ~ —
X [®s,1(u,3,ﬁ),t + ®s’(u,v,ﬁ)’[](g)(xv X, (y’ X, Y))
Arguing as above, we check that
||J;M3#1 ”C’Zn(RM)_)Cg(RM) < Cm,n (1) pmv2 (o, p1)-
Combining the above decompositions we find that

(D10 ®5.0%% = (Dgbs.)®*](8) (¥, %)
= /st[(ﬁs,v(m) — ¢5.0(10) | @D () (x, X, ) dv
with [CLO R = 221011 4 gl
For any n > 2 and m > 0 we have
I8 et manysen sy < Emn(pmvalito, ).
We conclude that

(5.0 (01) — 5.0 (10)) 2% = (11 — 120) B (D bs. )&% + (11 — 1) P> Rty o bs.a

with the operator

Rm,uo¢s,z(g)(x,f,55)
t
= / [ / P&, d)KISM (g)(x, X, 2)
R

[ @ @ )b R L @, y)] dv.

In the above display, £§f 2,‘;‘, stands for the integral operator operator

s - .v,u( ) s —
LI () (x, X, y) = Py (Vi KEGH () (x, X, ) ().
We also check that
||Ru1,uo¢s,t ||c"%+2(R2d)_>Cgi+3(R3d) =< Cm,n(t)pm-i-Z(Mla n2).

This ends the proof of the lemma. [

PROOF OF THE ESTIMATE (2.15). For any x = (x1,x3) € R we set o(x1,x2) 1=
o (x2, x1). In this notation, for any matrix valued function h(x) = (h; j(x))1<;, j<a We have
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the tensor product formula
2
(Dyuypug®s.0) %% (R) (x)

= (P)*2(h) (x) + fA Dy (i) (d @, MY () (x, y) + T (B (0 (x), ¥)]
o Dy 0 (1) (d (U, ) Dy, () (@, 2))IES, (M) (x, ¥, 2)

with the matrix valued functions T
(v, z) € AY, by the formula

s.u,t(h) and Jﬁ%’v’t(h) given for any (u,y) € A, and

I, () (x, y) o= B, (x1, y) (P4 Y @ P2 () (v, x2),

TG (), 3, 2) 1= B, (e1, ) @ BYY (e, D] (PL M @ P ) () (s 2.
Using (3.7) we have
2,11, 2,21,
VP (g) =P M (g) + P (Vg
from which we check the formula
Yy, (Poer 0 @ P MON (1) (3, 2

[2,1], s, un ) s, un 2,2 s, u s,vm( )
— [’Pun’, ) (o ® Pi’t (MO)](h)(yn, Zm) + [Pb[ln,t](b (10) ® Piﬁt Ho ](Vxlh)(yn, Zm)

By symmetry arguments, we also have
Ve, (P ™ @ Py ) () (s 2m)
[2,1], S, Um s, un
= [Po Y @ P M) s yi)

[2,2], 5, v (120) s,un (10)
+ [P P 0 @ PP BN (7 1), yi).
Using (3.11) for any differentiable matrix valued function & (x1, x2) such that |2 || V|| Vy, Al <
1 we have the uniform estimate
|| Vyn (Pz;f;n (o) ® P:ﬁ;j}[m (MO))(h)(yn’ Zm) “ < Cle—)»l [(t—up)+(t—vp)] .
In the same vein, we have

B, (x, ) =B, y)

s,
=E[VX! ()b (v, X1 ()]

S,

¢s,u (ro) ¢s,u (ro)
< |1 E[VXuiuin, O0bE (i1 Xuuirsy )]

1<l<n

Using the gradient and the Hessian estimates (3.2) and (3.3) for any 1 < k < n we check that
| Vy B (x1, y)|| < ca| BT |5 10—,
Combining the above estimates with (3.29) we check that
[V, I8 () (e, )|

< c3 B[R0 Ml + =] | p=hlt=9)] g=h =)+ t=5)]]

< ey R0
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In addition, for any 1 < k < n we have

[V () e, )
< cs Bl 10 =) g MLI=un+(=9] < (g | I |1 p=2h1(0=5),

We conclude that

(A4 sup | Vy, I8 () (x, )| < ]| o2 [ae 24109,

1<k<n

Arguing as above, for any 1 <k < n we have

|V ds v () (x, v, 2)
<c Hb[Z] Hrszrne—M(un—s)e—ku(vm—s)e—M[(t—un)+(t—vm)] < ”b[Z] ”gﬂr"e—%(t—s).

In addition, for kK = n we have

193, 350 0 (D (x, v, D)
<a3 szb”izﬂ-i-n [e—)\l (un—s)e—)q (vm—s)e—Al [(t —ttp)+(t—vm)]

+ e M (un—S)e—M (vm—S)e—M [(t—un)+(t—vm)]].

This implies that

(A.5) sup |V, 004, (1) (x, v, 2) | < e 257 em 2=,

1<k<n

On the other hand, we have the decomposition
(D502 = (Dpgs.) 2] () (x)
-/, [®00a0) = @0, IR (). )
with the matrix valued function
KESH () (x, ) =15, (W) (x, y) + 155, (W) (0 (x), y)

n f By () (d (W, )Ty (1) (x. v, 2)
Ag

+ f Oy 0 (120) (d (0. )T o (1) (x2 2. ).
Ag

Using the estimates (A.4) and (A.5), for any (u, y) € A{ , we check that

sup ||V, KEOH () (x, y) |

1<k<n
(A.6) < 1|2 |re M1 [P =) 4 (IHal=9) _ ), =hi(=9)]

< C2“b[2] ”;e—)tl(f—s)e—)\ll(f—s).

Using the decomposition (A.3) we also check that

t I
[Py uo®s.)%> = (Dpgs. ) ®2] () (x) = / [bs.0(1t1) — 5.0(10) ) (dDK S () (x, 2) dv
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with the matrix valued function

Ky 0% (h)(x1, x2, x3)

=K (h) (x1, x2, x3) + /A Dy (1) (dw, Y)KESD (B (x1, x2, (v, x3))
+ /A ©y (5.0 (140)) (A, ) KPS () (x1, %2, %3, y)

+ i (v, 2), d (@, ), @, ) K G () (x1, x2, (v, X3, 7).

As,uXAv,t

Using (A.6) we find the uniform estimates
| VGRS (@, x2, x3)|

s,U, t
(A7) —2A12(t— b2, — —Ap(t—s) —A12(t— —2A10(t—
< C1[€ 1,2(t—5) + (ell l2(z—s) _ l)e 1(t=5) ;=21 2( S)] < cre 12(1=5)

On the other hand, using (4.4) and (2.5) we have

[@s.0(11) — 5.0 (110) | (F) = (1 — o) PEY () + (1 — o) QL (V ).
Thus, recalling that

QLY £)(2) = / O, (1) (d @, )BE (2, y) P50 (V ()

we check that
(D) 1105.0)2% — (Do) (R) (x)

- / (1 — 1) (d2) / PRI () (x, ) (2) d

+ [ = noyaz) f / @G y)

X b/,l_() (Z y) rP¢s u (o) (V K/'LO s (h)(x, ))(y) dv

$,0,1

This implies that
(V@ V)DZ 1 s ()(x1,x2) — (V@ V)D2 g1 (f)(x1,X2)

- f (1 — po)(dx3) / Lo (St o) (g )

2,2],¢s.u
+ Sy PO (V2 1) (1, 2, x3) du
with the tensor integral operator
Ly 3" (h) (x1, x2, x3)

/ PO EMM (1) (x1, x2, ) (x3) dv
[ @t (e )bl ) PEE D (VLR B a3, ) )

On the other hand, using (5.10)
(w1 — p0) 2Dy b5 () — (w1 — p0)®* D} s (f)

2wl TS, u
= [ [ B w )
1P Js

+ SO (92 1)) (Ve), (V1 — V0 ®)) du de
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with the interpolating path
e=(e1,e2,6) > Ve = (To+e (V) —Ty), Vo+ el — ¥p), Yo+e3(Y) — ¥y))
and
D1 =0 = (¥, ~ o) ® (V) - Vo) @ (V] — Vo).
In the above display, (73, 76),-:1,2,3 stands for independent copies of a pair of random vari-

ables (Yp, Y1) with distribution (ug, pt1).
Using the commutation formula (3.5) we check that

Vi, LEVHO (h) (x1, x2, x3)
t —_—
= / PV Koy (@, x2, ) (x3) dv
N

[ —
+ / /A Oy o () (A, ) B, (x5, y)YPL 0 (7, RIS () (x1, x2, ) () dv.
N S0

Using (A.7) for any differentiable matrix valued function /4 (xy, x2) such that ||a[| V [|Vy, Al <
1 and for any € €]0, 1[ we check that

| Vs Ly 0 () (x1, 2., x3) |
< Cle—zm,z(t—s) |:/’e_A1(v—s)dv +/t(e||b12j||2(v—s) _ 1)e—xl(v_s)dvj| < cze_Z)‘l’?(t_s),
s s

On the other hand, we have
Vo[BI 1) + Vi SBEH (V2 )] (1, 1)
= b2 (xy, x2) VD o () (x1) + B33 (2, X))V Dbt () (x2)
+ VDb () ()b (1, x2)" + B2 (0, x1) V2D s 4 () (x2)
+ V2Dpuhs i (f) (x1) B2 (31, x2)
with the *-tensor product
[V2Dyuhs.s (f) 1) % B2 (x1, x0) ], s

= > [V2Dusss (HGerabl A @er, x2)p 4+ b (xn, x2)) VDb () 1) -
1<i<d

Using (5.3) we check that

[ Ve, [SE;”’“(Vf) + VXISE?,’Z]’M(VZf)]” <ce M=) gup [ ka” for some A > 0.
k=1,2,3

We conclude that for any function f € C> (RY) s.t. SUPk—1 2.3 VA £l < 1.
(w1 — no)®?D} b (f) = (1 — 10)¥* Dy st ()]
<ce MW, (g, w1)? for some A > 0.

The last assertion comes from the formula

1 1
E(Ml — 10)® D}, s = E(Ml — 10)®2 D} by + (1 — )’ Dy L ber O
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PROOF OF THEOREM 2.6. We extend the operators Dm 1o @5+ introduced in Theo-
rem 2.4 to tensor functions f = (fi)ic[n] by considering the tensor function with entries

(AS) Hl MO¢S l(f)l - Ml M0¢Y f(ﬁ
By Theorem 2.4 we have

[¢s,u(ﬂl) - d)s,u(MO)](bu (Xél:(; (x), ))

= [Gu1 = wo@ydlrn (x5, )
= [ 11 = mo)@ndiipo(xss ). )
a9 # 2 [ poanaiin o, o
= [ = no@ndlio (i o). y)
+ %/(m — 10)®*(d2)d 2P0 (X1 (x), 2)

+ [ ur = no)® @d e (x1,0),2)

with the functions
dy X (0, ¥) = Dyag s (b (X2 (), ) ),
MR (X10(x), (21, 20)) 1= D, s (b (XE2(0), ) (21 22).
dPPIO(XI (x), (21,22, 23)) 1= Dy o bsr (b (X5 (%), ) (21, 22, 23).

We also write ds[{(,]’“ instead of dy , L], 1. . Using (2.12) and (4.13) we check that

IV d[l] 1 “O(Xﬂo(x), y)| < cre M=)
as well as
(A.10) [ (V) ® Vo)di P H 140 (X1 (x), 21, 22) | < c2e ™07 for some A > 0.

Using (2.15) we also have

i ‘ [ 61 = 0P @ (x40, )

< c3e MW,y (o, 1) for some A > 0.

On the other hand, we have the second order expansions

(VXN @) - [V (R @)
f [V2X0 0T (X1 () + (X1, (y) — X1 (0))) [X UL () — X1, ()] de
= [V2X 20 (X1 () [X 1 () — X1 ()]
+/ (1— V3X¢”(MO)](X”° (x)

+e(XML () — X1 (20))) X1, (x) — X1, (0)]®* de.
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In the same vein, we have
by (X1, (x), y) = bu (X109 (x), y)

= [ Oxt 0+ €0 0 — X)) [XEL ) — X 0] de
0 ’ > , s
= bl (XM (x), y) [XH (x) — X2 (x)]
+ / (1 — b (XH0 (x) + (X1, (x) — XH0(x)), y) [XHL (x) — X2 (x)]®* de.

This implies that
X ) — X ()

_ / (VX0 X)) [ (1) = By (0] (b (XL (), -))

+ Z R[k] , 105 Ml(x)
k=2,3

with the second order remainder term
2] MO, M1 ()C)

= [ [V ks 0 [X24 ) — X240
X [Bs5,u (1) = bs,u(m0)] (bu (X £, (x), ) du

—+ / VX¢S M(MO) XW) (x))/[qas,u(,ul) - d’s,u(MO)]

x (BEH(X1, (), ) ) [XEL () — XU ()] du
and the third order remainder term
R[3]7Hf0,llf1 (X)

_/ / V2X¢r u(MO) XN,O (x))/[Xﬁf,ll(X) _ Xéf(l)l(X)]

X [bs,u (1) — bs,u (o) ] (B (X190 (x) + (XML, (x) — X1 L (), ))
X [XEL(x) = X8 (x)] de du

+f (1 —6)/ VX@ u(Mo) X“O (x))/

X [bs.u (1) — bs.u (o) ] (BT (X4 (x) + (X1, (x) — XHL,(x)), ))
X [XPL(x) — X1, (x) ]2 du de

+/ (1 6)/ V3 ¢s u(M()) XMO (x)_i_e(Xé;:IlA(y) _Xél:b(x)))/

X [ X0 (0) = X2 (0] (o (1) — s, (120)] (bu (XL, (%), -)) du de.
Combining (3.4) with (2.4) and (2.17) for any k = 1, 2 we check the uniform estimate
(A.12) | REPE1 () | < ce =W (g, w1)* for some A > 0.
We check (2.19) using (A.10) and (A.9).
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Using (5.3) we also have the estimate
IVy Dy X690 (x, y)| < c3e —2=9) " for some A > 0.
Observe that
[f5,u (1) = by (O (BL (XL, (x), -))

- / (1 — p0) (dy)dl ;1m0 (X1, (x). )

1
— /(m — po)(dy)d 1o (x40 (x), y) + 5/(#1 — uo)®(dz)dl%mro (x 1o (x), z)
with the matrix valued functions
dily RO (X0 (x), ) 1= Dy s (bE (X5 (6). ) ) (),

d[2 e HOXEY (), 21, 20) == m 1o ®s. t(b[l](Xf?(X) )1, 22).

We also write ds[ . " instead of dé[lt ik Observe that

RE’ZLMO’MI(X)
= [ = a0 [ VR8s 0) DI X .2 d

-, / (1 — 10)®2(dy) / (VX200 (x5 () DLV XH0 (x, 2) du

+R[32]N0 Ml( )
with
3,21, 10,
R_E,t 1,10, 141 (X)

1
=3 / (1 — 10)®3(dy)

1
x [ IV2XE N0 0) Dy X G,y (X (6, 32, 3))

N

1
-, / (11 — 10)®3(dy)

fl[VX¢S”(M°)](X“°( ) diZ R (X (x), (12, ¥3)) Dpug X119, (x, y1) du
—|—/ V2X¢W(MO) (X,U«()( ))/RE?IL’MO’MI(X)[¢s,u(:ul) _¢s,u(M0)](bu(Xéfg(x)’ )) du

¥ / VX PO (X 00 [ (1) = by ()] (O (X5, (6), ) YRIZEHO4 () .

Observe that
(A.13) | RS20 () | < ce =W (g, n1)?  for some A > 0.
This yields the second order decompositionn (2.20) with the remainder term

i 3], 1o, 3,21, 10,
REVHO () 1= REMHOM () 4 R0 ()

t
+ / (1 — po)® (dz) / (VX2 O (X8, ()Y dBhH10 (X140 (x), 2) du.,
S

The end of the proof of is now a consequence of the estimates (A.11), (A.12) and (A.13). The
proof of the theorem is completed. [J
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