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Existence of solution to scalar BSDEs with
Lexp (\/ % log (1+ L) )-integrable terminal values™

Ying Hu' Shanjian Tang?

Abstract

In this paper, we study a scalar linearly growing backward stochastic differential
equation (BSDE) with an L exp ( % log (1+ L) )—integrable terminal value. We prove
that a BSDE admits a solution if the terminal value satisfies the preceding integrability
condition with the positive parameter A being less than a critical value Ao, which is
weaker than the usual L? (p > 1) integrability and stronger than L log L integrability.
We show by a counterexample that the conventionally expected L log L integrability
and even the preceding integrability for A > Ao are not sufficient for the existence of
solution to a BSDE with a linearly growing generator.
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1 Introduction

Let {W;,t > 0} be a standard Brownian motion with values in R¢ defined on some
complete probability space ({2, F,P), and {F;,¢t > 0} its natural filtration augmented
by all the P-null sets of F. Let us fix a nonnegative real number 7' > 0. The o-field of
predictable subsets of 2 x [0,7] is denoted by P.

For any real p > 1, denote by LP the set of all Fr-measurable random variables 7
such that F|n|P < oo, by SP the set of all real-valued, adapted and cadlag processes
{Y¥;,0 <t < T} such that

1/p
[[Y]lse :=E [ sup |Yt|p} < 400,
0<t<T
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Scalar BSDEs with integrable terminal values
by LP the set of all real-valued adapted processes {Y;,0 < ¢ < T'} such that

T
JRaRe
0

and by MP? the set of (equivalent class of) predictable processes {Z;,0 < ¢t < T} with
values in R'*9 such that

1/p

Y||lzr :=E < 400,

T p/27 /P
0

Consider the following Backward Stochastic Differential Equation (BSDE):

T T
Yt:§+/ f(s,Ys,Zs)dsf/ Z,dW,, te[0,T). (1.1)
t t

Here, f (hereafter called the generator) is a real valued random function defined on the
set Q x [0, 7] x R x R'*?, measurable with respect to P ® B(R) ® B(R'*%), and continuous
in the last two variables with the following linear growth:

f(s,9,2) = f(5,0,0)] < Blyl +1zl,  (5,9,2) € [0,T] x R x R4

with fo := f(-,0,0) € £},8 > 0 and v > 0. ¢ is a real Fr-measurable random variable,
and hereafter called the terminal condition or terminal value.

Definition 1.1. By a solution to BSDE (1.1), we mean a pair {(Y;,Z;),0 <t < T} of
predictable processes with values in R x R'*? such that P-a.s., t — Y; is continuous,
t v Z; belongs to L?>(0,T) and t — f(t,Y:,Z,) is integrable, and P-a.s. (Y, Z) verifies
(1.1).

By BSDE (&, f), we mean the BSDE of generator f and terminal condition &.

It is well known that for (&, fo) € LP x LP (with p > 1), BSDE (1.1) admits an
adapted solution (y, z) in the space S? x MP. See e.g. [6, 4, 1] for more details. For
(&, fo) € L* x L', one needs to restrict the generator f to grow sub-linearly with respect
to z, i.e., with some ¢ € [0, 1),

[f(ty,2) = fo)] < Blyl +l21% (t,y,2) €0, T] x R x R™?

for BSDE (1.1) to have an adapted solution (see [1]).

The objective of the paper is to search for a reasonably weakest possible integrability
condition for the data (¢, fo) to guarantee the existence of an adapted solution for a
linearly growing BSDE (1.1). It has been expected up till now that the L log L integrability
is a sufficient one to guarantee the existence of an adapted solution to BSDE (1.1). In this
paper, we show by a counterexample that such an expected condition is not sufficient,
and further, we shall provide a novel integrability one.

Our sufficient condition is stated as follows: there exists A € (0, WQT) such that

T T
+E /O\fo(t)|dtexp \/ilog(1+/0|fo(t)dt) < to0.

2
E |[¢]exp ( Tlog (1+ sn)
(1.2)
Define for A > 0,
() = zeV Slos(l4a) 4 >,
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We have for x > 0,

(0 = VEOGEHD |14 : ~ o,
Vi) (14 z)y/2X1log(1 + z)
and
1/2 _
V() = V2A(4 +2z)log(1 + ) + 2£3E 120g (1+2x) \/2)@6% S o
AN1 + 2)210g¥%(1 + 2)
Obviously,

. / _ . 1 _
Jig V@) =1, i, v = +oo

and ¢ is strictly increasing and strictly convex on (0, +o0c). Therefore, our sufficient
condition (1.2) in fact requires that both the terminal value £ and the integral fOT | fol ds
lies in the Orlicz space LY of random variables associated to the convex function 1.
Remark 1.2. Note that the Lexp( %log(l + L))—integrability is stronger than L!,
weaker than L? for any p > 1, because for any € > 0, we have,

r < xew%log(ler) < xeelog(l+m)+ﬁ < 62;>\$(1 +$)5, x> 0.

Moreover, for any p > 1, there exists a constant C}, > 0 such that
zeV 3108040 > ¢ 2 logP(1 + ).

We will show by giving a simple example in Example 2.3 that even the condition

|§|exp< Slog (1 + I£I)>

. . . T T
for some A\ > 37 (which implies that [|fo(t)| dtlog”(1+ [y |fo(t)|dt) € L' and |¢[log”(1+
|€]) € L) is still too weak to ensure the existence of solution.

T T
E +E /O|f0(t)|dtexp \/ilog(l—&—/ofo(tﬂdt) < 400

Our method applies the dual representation of solution to BSDE with convex generator
(see, e.g. [4, 7, 3]) in order to establish some a priori estimate and then the localization
procedure of real-valued BSDE [2].

The rest of the paper is organized as follows. Section 2 provides a necessary and
sufficient condition for the existence of solution to BSDE (1.1) for the typical form of
generator f(t,y,z) = fo(t) + By + 7|2|, and establishes that the Lexp ( 2log (14 L))
integrability for some A small enough is a sufficient condition for the existence of solution
to BSDE (1.1) for the typical form of the generator f(¢,y,z) = fo(t) + By + 7|z|. Section 3
is devoted to the sufficiency of the L exp (. [2log(1+ L) ) integrability condition for the
existence of solution to BSDE (1.1) of the general linearly growing generator.

2 Typical case

Let us first consider the following BSDE:

T T
Yt=5+/ (fo(8)+ﬁYs+7|Zs|)ds—/ Z,dw, 2.1)
t t

where f; € £!, and 8 > 0 and v > 0 are some real constants. We suppose further that
both the terminal condition £ and fy are nonnegative. Let us denote ¥ the set of all
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stopping time 7 such that 7 < T’; we recall that, for a process Y = {Y;}o<:<7, ¥ belongs
to the class D if the family of random variables {Y;,7 € X} are uniformly integrable.
Note that if Y is a solution belonging to the class D, then as {eﬂth, 0<t<T}isa
local supermartingale, it is a supermatingale, from which we deduce that Y > 0. In this
section, we restrict ourselves to nonnegative solution.

For £ + f0T|f0\ ds € L? (with p > 1), BSDE (2.1) has a unique solution. It has a dual
representation as follows (see, e.g. [4, 3])

T
AT—tg | / B0 £ (5) ds
t

Y; = esssupE, ft] , t€]0,T] (2.2)
A

qe

where A is the set of progressively measurable processes g such that |¢| < ~, and E, is
the expectation with respect to the equivalent probability Q? which is defined as follows:

dQ? := M2 dP,

t 1/t
M} = exp (/ qdeS—g/ |qs|2ds>, t €10,T].
0 0

2.1 An equivalent condition

Theorem 2.1. Assume that £ > 0 and fy > 0. Then BSDE (2.1) admits a solution (Y, Z)
such thatY > 0 if and only if the following process Y defined by

with

Y} := esssup E,

T
A0 4 / P51 £ (5) ds
qeA t

]:t‘| , te€ [O,T]

is locally bounded.

Proof. If BSDE (2.1) admits a solution (Y, Z) such that Y > 0, then we define a sequence
of stopping times
on =T ANinf{t > 0:|Y;| > n},

with the convention that inf ) = +oc. Since Y is continuous, it is locally bounded, which
implies that o,, — T as n — +o0.
As W& =W, — [ q;dr is a Brownian motion under Q¢, we have

On On

(Fo(s) + BYa +7|Zu] — Zogs)ds — / Z.dW.

tAoh,

Y;f/\an = Yan +/
tAop
Applying Itd’s formula to e*Y;, we deduce

On

eﬁ(t/\an)n/\on = eBUnYU” + / | eﬁs(fO(S) + '7|Zs| - Zst)dS - / eBsstqu'
t

tAo, VaXer™

Taking the conditional Q%-expectation with respect to F;, using the fact that v|Zs|—Zsqs >
0, and the fact that F;5,, C F:, we obtain

E, [eﬂwn—mn)}{,n + / Plethon) f(5)ds }'t} < Yiro, -

tAopn

As 0, — T, Fatou’s lemma yields that
T
E, eﬁ(Tft)§ +/ eﬁ(sft)fo(s) ds | Fy| <Y,

t
which implies that Y is locally bounded.
ECP 23 (2018), paper 27. http://www.imstat.org/ecp/
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On the other hand, if the process Y is locally bounded, then we construct the
solution by use of a localization method (see e.g. [2]). We describe this method here for
completeness. Consider the following BSDE:

T T
vr=nng+ [ o)+ +alzzlds— [ zraw.
t t

Since the terminal value n A £ and n A f are bounded (hence square-integrable) and the
generator is uniformly Lipschitz with respect to (y, z), in view of the well-known existence
and uniqueness theorem of Pardoux and Peng [6], the last BSDE has a unique solution
(Y™, Z") in 8% x M?. By comparison theorem, Y" is nonnegative and nondecreasing
with respect to n. Moreover, setting ¢ = v sgn(Z*), we obtain

T
Y = Egn eﬁ(T_t)n/\S—I—/eﬁ(‘s_t)n/\fo(s) ds .7-}]
t
T
< Egn [PTe +/ P fo(s) ds }"t]
t
< Y
Set R
Tk ::T/\inf{tZO:Yt>k}7
and

Ykn(t) = Yz-ST/L\'rka Zl?(t) = Ztnltﬁ‘l'k'
Then (Y, Z}') satisfies

T T
Y (1) = Y{N(T) + / Locr, [ A fols) + BYP(s) + 727 (s)]] ds - / Zp(s)dW,.  (2.3)

For fixed k, Y is nondecreasing with respect to n and remains bounded by k. We can
now apply the stability property of BSDE with bounded terminal data (see e.g. [2, Lemma
3, page 611]). Setting Yy (t) := sup,, Y;*(t) > 0, there exists Z, such that lim,, Z} = Z; in
M? and

Tk Tk
Yi(t) =sup Y} + / (fo(s) + BYx(s) +v|Zk(s)]) ds — / Zy(s) dWs. (2.4)
n t t
Finally, noting that
Yir1(t A7) =Y (tATK) >0, Zipt1li<r, = Zkli<q,,

we conclude the existence of solution (Y, Z) with Y > 0. O

Remark 2.2. Consider the case d = 1 and f, = 0. If BSDE (2.1) admits a solution (Y, Z)
such that Y > 0, by taking ¢ = v and ¢ = —v, we deduce from Theorem 2.1 that both
€7 and ¢e~ "W are in L'(Q), which implies that £e71"7l € L1(Q), as

56"/|WT| < ge’YWT + é‘e_’)’WT.
Example 2.3. Letussetd=1,T=1, fp,=0,8=0,vy=1, p € (0,1), and
€= e3Wi—nWilH3i® g

Write ¢, for £ to indicate the dependence on the parameter y whenever it is necessary.
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Since £e!"1! does not belong to L'(Q) by the following direct calculus:

+o0
E [gue\Wﬂ} - %/ (e%\w|2—u\az|+%u2 _ 1) elzlg=312l gy — +00,
27 J_ 0o

we see that BSDE (2.1) with the terminal value ¢, does not admit a solution (Y, Z) such
that Y > 0. We then arrive at the following two assertions.

(i) The Llog L integrability of the terminal value is not a sufficient condition for the
existence of solution to BSDE (2.1), for it is straightforward to see that ¢, log”({, + 1) €
L'(Q) for any p > 1.

(ii) Since

§u = ez (IWil=w* _ 1,

we have

2
suexp< A1c>g<1+|au|>) eIl fora>

via the following direct calculus:

@exp< ilogmm)]

]. oo 1 2 1,2 1 | ‘ 1 2
- 7\/2/ (eim “plelant 1) evallel=ml =312l 4o 4 oo,
T J—c

E

Therefore, the Lexp ( %log(l + L) )-integrability for A > ﬁ of the terminal value is

not a sufficient condition for the existence of solution to BSDE (2.1). The upcoming
Theorem 2.7 will provide a critical value )y such that this integrability for A € (0, o) of
the terminal value is sufficient for the existence of solution to BSDE (2.1).

2.2 Sufficient condition

Let us now look for a sufficient condition for the local boundedness of the process %
defined by

Y, :=esssup I,
geA

T
eﬁ(Tft)é—F/ P fo(s) ds
t

]-“t] , te€]0,7T].

We have the following elementary inequality.
Lemma 2.4. For any x € R and y > 0, we have

ety < ¢34 edyeld s, 2.5)

Proof. Set

9 1/2
z = ()\ log(y + 1)) > 0.

Then
A2
y=e2* —1.

It is equivalent to prove that for any x € R and z > 0,
e%.’t2_m + (e%z2 _ 1) (ez—‘r%—.’t _ 1) Z 0

It is evident to see that the above inequality holds when z + % —x>0.
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Consider the case z + % — 2 < 0. Then z — % >z + % > (. Hence

\
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Remark 2.5. For )\ > 0, define the following function:
A

p(z) = e2 log®e 2> 0.

Recalling that

)

Y(z) = zeV R80T 5> 0
the inequality (2.5) has the following form
xy < o(x) + e%z/J(y), x>0,y >0. (2.6)

It has the flavor of a Young inequality. Is it exactly a Young inequality? Recall that a
Young inequality is the following one

z Yy
xyg/ g(s)ds+/ h(s)ds, x=>0,y>0
0 0

for some strictly increasing function g with g(0) = 0 and h being the inverse function of
g. We have for z > 0,

A A
¢'(x) = Zp(@)logz,  ¢"(x) = Sp(a)[Mog” z — logz + 1].

Therefore, ¢ is convex only when the parameter A > 1. Since the derivative ¢'(z) < 0
for z € (0,1), the inequality (2.6) is very far from a real Young inequality.

1
YT

Lemma 2.6. Let0 < A\ < Foranyq € A,

1
1—M2(T—t)

E [G%MT 2dW " ‘ ]:t] <

Proof. Firstly, by use of Girsanov’s lemma, for 6 € R,

B [o0 7

7]

2 2
_ g [ee ST qudWam 22 [T qu|2ds % [T |q.[2ds

7

2,2
< e"; (T—t)

Then we apply the equality

+
G%IQ _ L o e\f/\yxfgdy
V2T ) oo ’
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together with Fubini’s theorem and a change of variable to deduce that

E |:6%(ftT gsdW,)? ‘]:t}

+o0
- L/ E[eﬁyfqudws_yj
Vi)

+oo
< 1 / 6(\/K2y’v)2 (Tit)igdy
T V2 )

1
= . O
1—M2(T —1)

ft:| dy

Applying the last two lemmas, we deduce the following sufficient condition.

Theorem 2.7. Assume that there exists A € (0, -z7) such that

2 r 2 r
B |£exp< Alog<1+|§|>> +E| [ Il d exp \/Alog(lJr/lfo(t)ldt) < oo
0 0
Then
T —
ess sup {Eq e’g(T_t)f—l-/eﬂ(s_t)fo(S)ds ft] } <Y, (2.7)
geA t

with the process

7 = 2 ST L 3 H+8(T-0)

VI MR(T =)

€l exp (x/ 2 log (1 + |s|>> | ft]

2 T 2 T
+eX BT | / |fo(s)|ds exp \//\ log (14 / | fo(s)|ds) ‘ Fi|, te€]0,T)
0 0

being locally bounded. Furthermore, if{ > 0 and fy > 0, BSDE (2.1) admits a solution
(Y, Z) such that

Y, <Y,

Proof. Since the two random variables

T T
|£exp< ilog(1+|§|)> and /O|f0(s)|ds exp \/ilog(1+/0|f0(s)|ds)

are integrable and the filtration {7;,0 < ¢ < T'} is generated by the Brownian motion,

both processes
2
|€|exp<\/Alog(1+|£)> H o<t<T

T T
E| [ 1) ds exo \/ilog<1+/0|fo<s>|ds> 7| osisT

E

and

are continuous. Therefore, the process Y is continuous and then locally bounded.
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Applying the last two lemmas, we deduce

By [5 ’ ]:t} = E [M%(Mg)71§ ’ ]-"t} <E [eff g dW,

¢l 7]

e el exp (x/ 2log(1+ sm) | ft]

IN

E [eé S asaws|? ’ ft} +E

1 2 2
+exE ex —log (1 + ‘.7:
e i p<\/A g s|>) ]
and
T T
E, /fo(s)ds’}'t —E M;(Mf)*l/fo(s)ds ft]
t t
. T
< E el 4:dWs /fo(s)ds Ft]
t
A T 2 2 T 2 T
< E[e2ft qsdW| ft]+E ex /fo(s)ds exp Xlog(l—&— /fo(s)ds) ’]—}
t t
1 2 T 2 T
+exE / s)|ds e —lo 1+/ s)|ds ‘}'
\/m O‘f()( )l Xp 2\ g( O‘fO( )l ) t
Then we get (2.7) and the rest follows from Theorem 2.1. O

3 An existence result for the general generator

Consider the following BSDE:

T T
Yrt:f""_/ f(Saszvzs)dS_/ stW57 (31)
t t

where f satisfies
|f(s,y,2) = fo(s,0,0)| < Bly| + 7]zl (3.2)
with fo := f(-,0,0) € £},3 >0 and v > 0.

Theorem 3.1. Let f be a generator which is continuous with respect to (y,z) and
verifies inequality (3.2), and £ be a terminal condition. Let us suppose that there exists
A € (0, z37) such that

|£exp( 2 log (1 + |§|)>

Then BSDE (3.1) admits a solution (Y, Z) such that

T T
E +E /0|f0(t)|dt exp \/ilog(1+/0|fo(t)|dt) < 4o00.

2

AT L 3BT
1—XM2(T —1)

Vil

€] exp <\/m> ‘ ft}

2 z 2 r
+ex+ﬁ(T7t) E / |fo(s)|ds exp \/)\ log (1 + / [fo(s)|ds) ‘ Fi
t 0

Proof. Let us fix n € IN* and p € IN*. Set

=€ AN =€ Ap. [T i= S An—fg Ap 7= = fot £

ECP 23 (2018), paper 27. http://www.imstat.org/ecp/
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As the terminal value £™"? and f™?(-,0,0) are bounded (hence square-integrable) and
f™P is a continuous generator with a linear growth, in view of the existence result of
Lepeltier and San Martin [5], the BSDE (£™?, f™?) has a minimal solution (Y"™?, Z™P) in
S8? x M2, Set

PP (s,y,2) = 1f3P(s)| + By +lzl,  (s,9,2) € [0,T] x R x R

Again in view of Pardoux and Peng [6], the BSDE (|¢™P|, f*P) has a unique solution
(Y8, 2P in 82 x M2
By comparison theorem,
Y < T
Setting ¢ = v sgn(ZP), we obtain,
R

T
= Egns eﬁ(T*t)|g”’p|ft} Jr/ GB(S*t)\fél’p(sﬂds.
t

From inequality (2.7), we have
Y, <Y,
with
_ 2

v, — BT | 2481
1—M2(T —1)

elexp (w/iloga v |€)> | ft]

T T
JeX BT | /|f0(s)|ds exp \/ilog(le/o [fo(s)| ds) 'ft
t

Moreover, Y™P is nondecreasing with respect to n, and nonincreasing with respect to
p. Once again, we apply the localization method as follows to conclude the existence of
solution.
Set
e=TAinf{t>0:Y; >k}

and
Yk"’p(t) =Y P Z,?’p(t) = Zf"pltgm.

tATE
Then (Y, Z;'"") satisfies

T T
VIO = Y@ 4 [ L YT s~ [ 2w @
t t

For fixed k, Y¥,"" is nondecreasing with respect to n and nonincreasing with respect
to p, and remains bounded by k. We can now apply the stability property of BSDEs with
bounded terminal data. Setting Yj(¢) = inf, sup,, Y;""?, there exists Z; in M? such that
lim,, lim,, Z;"* = Z;, in M? and

Tk Tk
Yi(t) = infsup Y1 P —|—/ f(s,Yi(s), Zi(s))ds —/ Zy(s)dWs. (3.4)
P n t t
Finally, noting that
Vi1t ATe) =Yt ATR), Zis1li<r, = Zili<q,,

we conclude the existence of solution (Y, 7). O
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