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THOULESS-ANDERSON-PALMER EQUATIONS FOR GENERIC
p-SPIN GLASSES
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We study the Thouless—Anderson—Palmer (TAP) equations for spin
glasses on the hypercube. First, using a random, approximately ultrametric
decomposition of the hypercube, we decompose the Gibbs measure, (-)y,
into a mixture of conditional laws, (-), . We show that the TAP equations
hold for the spin at any site with respect to (-),, n simultaneously for all .
This result holds for generic models provided that the Parisi measure of the
model has a jump at the top of its support.

1. Introduction. The Thouless—Anderson—Palmer (TAP) equations were in-
troduced by Thouless, Anderson and Palmer [15] as the mean field equations for
the Sherrington—Kirkpatrick (SK) model of spin glasses. These equations can be
stated informally as follows. For each 0 € £y = {—1, Y, let

1 N
Hy(o) = N Z 8ijoio;

ij=1
be the Hamiltonian for the SK model. Here, g;; are i.i.d. standard Gaussian random
variables for 1 <i < j < N and g;; = gj;. Let
e~ BHN©@)+1 L] o;
ZN
be the Gibbs measure of this system at inverse temperature, 8, and external field,
h. Here, 8 and h are nonnegative real numbers, and Zy is chosen such that py is

a probability measure on Xx. We denote integration of a quantity, say o;, against
un as {(oj). The TAP equations state that in the limit that N — oo, we have that

1
J—N’B %:(gij + gji)0j>a — p*(1 - q*)(ai)a),

for some g, € [0, 1] and for some random measure for which integration is denoted
by <'>a .

un({o}) =

(L) (o))~ tanh(h +<
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There have been two approaches to proving the TAP equations rigorously. The
first approach is to take (-)4 as integration with respect to the Gibbs measure. This
has been done by Talagrand [13] and Chatterjee [7] at sufficiently high temperature
for the SK model where they establish (1.1) under this interpretation. A second
approach, introduced by Bolthausen [6], is to interpret (o;), as a vector in high
dimensions and to understand (1.1) through a fixed point iteration scheme. There,
he showed that this iteration converges to a unique solution of (1.1) in the entire
predicted high temperature regime. At low temperature, as far as we know, there is
no rigorous proof of (1.1). In this regime it is expected that there are many distinct
measures, [y, N, called “pure states,” whose convex combination is uy and each
of which satisfies (1.1).

The first goal of this paper is to study (1.1) for generic mixed p-spin glasses
without an assumption on the temperature. These models are defined as follows.
Consider the mixed p-spin glass Hamiltonian, Hy (o), which is the centered Gaus-
sian process on Xy = {—1, 13" with covariance

EHy(0')Hy(0%) = NE(R12),

where Ryp = % Zail ol.z is called the overlap and §(7) = }_ =, Bpt” is called the
model. We let uy denote the corresponding Gibbs measure and (-) expectation
under products of 1. The SK model corresponds to £(t) = fo¢>. A mixed p-spin
glass model is called generic, if the set {t? : B, > 0} is total in (C([—1, 1]), sup|-|).
Denote by ¢y the distribution of the overlap under the measure ]Eu%z, that is,

tnv(A) =E(1(R2 € A))

for any measurable A C [—1, 1]. It is known that ¢y converges to ¢, where ¢ is
the unique minimizer of the Parisi formula [4, 11]. It is also known that generic
models satisfy the Ghirlanda—Guerra identities in the limit [9, 11]. As a result
their asymptotic Gibbs measures [2] are known to have ultrametric support by
Panchenko’s ultrametricity theorem [10]. We assume that ¢ has a jump at the top
of its support. That is, if g, := sup supp(¢), we assume that

(1.2) ¢({g+}) > 0.

This assumption is expected to hold in a wide range of models at all temperatures.
For more on this, see Remark 1.4.

This ultrametric structure is the starting point for our study of the analogue of
(1.1) for generic models. It was shown in [8] that, as a consequence of Panchenko’s
ultrametricity theorem, Xy can be decomposed as the disjoint union of a col-
lection of clusters, {Cy, y}oen, Which satisfy certain ultrametric-type properties.
Heuristically, these clusters are essentially balls of overlap g.. Within a cluster the
points are at overlap roughly g.; between clusters the points have overlap less than
g« —on (1) with high pux probability. We recall the precise definition of these sets
in the Appendix. A similar decomposition was obtained by Talagrand in [14].
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For each of these clusters, Cy n, we define

(1.3) ta,N () := uN(-|Ca,N)-

Thatis, iy, n is the Gibbs measure conditioned on the set Cy, v with the convention
that if Co vy = &, then pg, v = 8(1,...,1). This yields a decomposition of the Gibbs
measure /Ly as

(1.4) uN() =Y s N pn(Can) +on(1).

Here, oy (1) means that uy ((, Co,n)€) goes to zero in probability as N goes to
infinity. The sets C,, y are also ordered with respect to their Gibbs masses, that is,

UN(Ci,N) = un(Con) > un(C3n) >

Integration with respect to the conditional measure (o v Will be denoted by (-)q -
We now state our main theorem which is the equivalent of (1.1) for generic
models. For o € Xy, let

(1.5) yw(o) =) ﬁ,,p,] > JigeiyOiy 0y,

p=2 N 2" 2<ip,...ip<N

with Jiy i, = &liy....i, + 8irl...ipy T+ &in..iip1> Where giyiy iy 1 <11, ..o,
ip < N are i.i.d. standard Gaussian random variables. We call o the spin of the
first particle and yy the local field on the first particle. Note that yy is a centered
Gaussian process on X y_| with covariance given by

(1.6) Eyn(c)yn(0?) =& (N"Ho!, a?)).

For more on yy, see Lemma A.3. We also note here that the choice of the first spin
as opposed to any fixed i will be irrelevant by site symmetry.
Our main result is that the TAP equation for a spin holds for the measures (-)q v

THEOREM 1.1. Assume that {(qy) > 0. We have that

1.7y ((01)a,n —tanh[(yn)e,n +h — (£'(1) = &"(g0))(01)a.N]) yery = O

in distribution.

The proof of Theorem 1.1 has several steps, and along the way we pick up
results that are of independent interest. We will outline the proof of Theorem 1.1
in the next section. We conclude this section with the following remarks.

REMARK 1.2. At high temperature and with 2 = 0, the Parisi measure ¢ =
80, and the decomposition Cy y is given by C; y = Zy, Co. v = &, a > 1. The
conditional measure w1,y is now identical to the Gibbs measure py, and one
recovers the result of Talagrand [13] for a single spin.
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REMARK 1.3. Theorem 1.1 establishes the TAP equations for a single spin.
The TAP equations are also predicted to hold for all spins o1, ..., oy simultane-
ously, and have been shown at high temperature by Talagrand [13] and Chatter-
jee [7].

REMARK 1.4. The assumption that the Parisi measure has a jump at the top
of its support, £(g«) > 0, is believed to be true for a large collection of (if not
all) generic models at all temperatures. Results in this direction were obtained by
Auffinger—Chen (see Theorem 4 in [3]). If there is no jump at the top of the support,
then it is unclear the extent to which a true pure state decomposition will hold in
such systems [12]. In a follow-up paper [5], we will show that at infinite particle
number, (1.1) holds without this assumption. In fact we will show a multiscale
generalization of these equations.

REMARK 1.5. Since the statement of Theorem 1.1 depends on the construc-
tion of the measures (-)4 y, one may wonder what would happen if one takes a
different decomposition. In Section 4 we show that the decomposition (1.3) is es-
sentially unique in the following sense. Any other collection of subsets X, y that
satisfy the same properties as Cy, y must also satisfy puy (Xq yACq,n) — 0.

1.1. Outline of the proof of Theorem 1.1. Theorem 1.1 relates the quantities

1
(01>a,N=7/ oyduy and
UN(Ca,N) Jc, n

1

(VN)aN = —F——

UN(Ca,N) Sy
Put differently, we are interested in the relation between o7 and y within a cluster,
C,,. Heuristically, for large N there is little difference between a fixed coordinate
and a “cavity coordinate.” By a cavity coordinate we mean that we study the law of
(Sa.N» YN ), Which are distributed like (€, yxy (o)) drawn from the tilted measure
on Xn41,

yn(o)duy.

€N de dun (o)
J2cosh(yn (o)) dun’

conditioned on the event {0 € C, y}, where de denotes the counting measure on
¥1. Call this conditional measure ul - Here, we assume that yy is independent
of uy and satisfies

dply(e.0) =

Eyy(o')yn(0?) =& (Ri2) +on(1).

As a result to study convergence of (sq,n, Yo, n) for a fixed o, it suffices to study
convergence of statistics of the form

E]] / die. yn)dul y
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for any finite family of reasonable ¢;. These statistics, as we will find, are con-
tinuous functionals of the law of the overlap array of i.i.d. draws from o n. The
W N are asymptotically replica symmetric, that is, their overlap array converges
to the matrix which is 1 on the diagonal and g, = sup supp{¢} on the off diagonal.
This implies that the law of (s, ., Yo, n) converges to the law of a stochastic pro-
cess, (s, y) which can be described as follows. Let &, be a centered Gaussian with
variance &’(g4). Then, (s, y) are the random variables with conditional density

L G—he)r
(1.8) p(s, v hy) xe 26 -G ¢

with respect to the product of the counting measure on X and Lebesgue measure
on R. It is an elementary calculation to show that this satisfies the TAP equation,

(1.9) (s)o = tanh((y)a — (§'(1) — &'(g)){5)a),

conditionally on 4. Indeed, once making this reduction, this is similar in spirit to
the high temperature setting as in [7]. (This is stated and proved in a slightly more
general setting in [7].) This step is shown in Section 2.

The final question is then, “To what extent can we treat a fixed coordinate as a
cavity coordinate?”” The answer comes by first showing that the collection Cy y X
{£1} preserves most of the ultrametric properties after a (random) reshuffling.
This is done in Sections 3 and 4. We then use the replica symmetric structure of
the conditional measures to deal with the dependence of yy on both the clusters
and the Gibbs measure. This ends the proof of the theorem in Section 5.

2. Convergence of spins and local fields for a cavity coordinate. In this
section we study the joint law of a spin and the local field on that spin for a cavity
coordinate. As a consequence of this, we find that (1.7) holds for a cavity coordi-
nate.

Note: In the remainder of this paper, we take 4 = 0. This does not change the
arguments, however, it simplifies the notation.

Let (H'(0)) be a centered Gaussian process on Xy with covariance

2.1) EH' (o) - H'(6%) = NE(R12) 4 o(N),

where, by the term o(N), we mean a function of the overlap that vanishes uni-
formly as N tends to infinity. Let vy denote the Gibbs measure on Xy correspond-
ing to H'. Let (y(o)) be a centered Gaussian process on X that is independent
of H' and satisfies

(2.2) Ey(o")y(0?) =&'(Ri2) +on(1),

where again the oy (1) term is a function of the overlap.
Corresponding to y, we define a random tilt of vy, which we denote by v}, as
the measure

(2.3) v =T(0)dvy,
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where T is given by

(2.4) T(o)= exp(log(cosh(y(a))) — log(/

N

cosh(y(a))va)).

Observe that since cosh(x) > 1, these measures are mutually absolutely continu-
ous.

Assume that for H’, the limiting overlap distribution satisfies ¢(g«) > 0. As &
is generic, there is a collection of sets, {Xy y} C Xy, that satisfies items 1-5. of
Theorem A.1 with respect to the measure vy. We drop the N dependence in the
notation of X, x and write X,. For each o € N, we define the measure

1)Ol,IV = VN('|XOl)’

when X, is nonnull and, on the event that it is null, let this be (1, . 1). Finally, we
let v;’  be the measure on {—1, 1} x X such that for ¢ continuous and bounded,

fx fz ¢(S,O')€Sy(0)dsd1)]v(o’)
T — a 1
(2.5) /¢(s, o)dvy y = [ BeomO @) dun

where ds denotes the counting measure on X1. For the purposes of this section,
let (-)o,n denote integration with respect to vy, and (‘); y to denote integration
with respect to vOT{ N

Let ((sé’N, G(i,N))iil then be i.1.d. draws from vOTl,N, and let y(’;[’N = y(a(i’N).
The goal of this section is to study the convergence of the joint law of ((s; N>
y(’;’ ~))i=1. In particular let Ay ~ N(0,&'(g4)), and let v, denote the measure on

{£1} x R with density, p(s, y; hy) from (1.8). Finally, let ((s', yi)),- be i.i.d. draws
from v,. Here and in the following, we of course mean that these draws are i.i.d.
conditionally on the law of A,. The main theorem of this section is the following.

THEOREM 2.1. Assume that for H', the limiting overlap distribution satisfies
¢(gy) > 0. For each « € N,

((S(l;z,N’ yéz,N))i - ((Si’ yi))i

in distribution.

Recall now that (s, yi ) satisfies (1.9). As a consequence we have the following
corollary.

COROLLARY 2.2. In the setting of Theorem 2.1, we have that

(¢)gy — tanh((y)g y — (§"(1) = &"(@))(s)q. x))wen — O

in distribution.
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The goal of this section is to prove these two results. We begin by proving
that the overlap distribution for v, y has a simple limit, namely that it is “replica
symmetric” in the terminology of spin glasses. We then prove Portmanteau type
theorems for (sq N, Yo,n). These results allow us to conclude that statistics of
(Se.N» Yan) are continuous functionals of the overlap distribution of vy y (not
v; n)- Since the latter converges, we then conclude Theorem 2.1. The proof of
Corollary 2.2 is then immediate.

2.1. Convergence of overlaps within a cluster. 'We now prove that the v, y are
replica symmetric. Fix a € N. Let (¢)72, be drawn from vff &> and consider Ry
to be the doubly infinite overlap array defined by

Ry = (R(c', 07)).

Finally, let Q be the deterministic matrix which is doubly infinite, all 1 on the
diagonal and g, on the off-diagonal. We then have the following theorem.

THEOREM 2.3. We have that
d
Ry -% 0.

PROOF. By standard properties of product spaces, it suffices to show that for
any k,

(2.6) E/k F(RX)dven — F(Q).
XO[

Here, F is some smooth function on [—1, l]k2 and by Rfv and QF are the overlap

matrix for k 1.i.d. draws from v, y and the first k-by-k entries of Q respectively.
It suffices to work on the event that X, is nonempty. Since F is smooth, observe
that it suffices to show that

B [ 1R - 0" v =on (D).
X(X
To this end, observe that

x| Riz = gul dpy
mn (Xe)?

’

[ VB = 0t =k 6=

o

where R is the overlap of two replica from v,, ; and the diagonal terms cancelled.
This goes to zero in probability by Theorem A.1 items 4 and 5. [J
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2.2. Continuity and Portmanteau-type results. 'We now collect some continu-
ity and Portmanteau-type theorems which will be useful in the following.

LEMMA 2.4. For each «, the convergence

i i @ i i
(s, 3> Ya.n)) = ((s", 5"))
holds if any only if for every k, d : [k] — {0, 1}, and family of continuous bounded
functions {¢;},
@.7) E [T (i) i) = E TT )" Vi ().
ielk] i€[k]

Furthermore, it is necessary and sufficient to take ¢ of polynomial growth.

This result is a standard consequence of the fact that s, v are {£1} valued and
{y«.n} have uniformly bounded sub-Gaussian tails (see Lemma A.2), so we omit
its proof.

Finally, we note the following continuity result which is a consequence of The-
orem 2.3. In the following we let Y; = Wg/(;), where W; denotes a standard Brow-
nian motion.

LEMMA 2.5. Forany k, £ > 1 and any family of continuous bounded functions
{¢i}icre), we have that

L+k

E [ T1a0e) T coshly(o?)avgi
2.8) X iete ek

N E[ [T E(@:(Y1)1Y,,) - E(cosh(¥1)]Y, *)k]

iel[l]

PROOF. Observe that for (o) fixed, then

L+k
F((e")=E [] ¢i(y(c")) [] cosh(y(c7))
iell] j=t+1

is a continuous, bounded function of the overlap array R. In particular we may
view it as a function of the form F = F(§'(R) +ox (1)), where, by &’ (R) +on (1),
we mean that we apply a function f to R coordinate wise that satisfies the estimate
f=&+on().

Now, recall from (2.2) that y is independent of H’ by construction. Thus, it is
independent of v, y and X,. We may then integrate the left-hand side of (2.8),
first in y, to obtain

E/x{;” F(&'(R) +on (1)) dv@fE.
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By a mollification argument it suffices to study the convergence of
/ Rk+L
E /X . FER) D

where this is the same function F as above. By Theorem 2.3, this converges to
F(&'(Q)). It remains to understand F (¢'(Q)). By the definition of the matrix Q,

F&'©@) =E| [T B@(r01%,.) )Bleoshrnz,. )|

ielt]
as desired. [

2.3. Proofs of main theorems. We can now turn to the proofs of the main
results. If E is a measurable set and f € L'(u), then we denote fE fdu =

ﬁ f f du with the convention that this is zero if u(E) =0.

PROOF OF THEOREM 2.1. Fix «. It suffices to work on the event that X, is
nonempty. By Lemma 2.4 it suffices to prove (2.7) for each n, d : [n] — {0, 1} and
family of continuous bounded {¢; }. Furthermore, we claim that it suffices to prove

2.9) E [Ty —E T 6.
ie[n] ie[n]

To see this, simply note that
ETT(s5 0" ¢i Gan) =E] [P )T

E Jx. J5, i (¥(0))s4D e ds dvy
=E]] [, 2cosh(y) dvy

=E[ [(faiy(0)i ) -

where f;(x) =tanh(x) ifd =1and 1ifd =0.
With this claim in hand, we now prove (2.9). To this end, fix ¢; as above. By
(2.5),

fx, ¢i(y(0)) cosh(y (o)) dvy
, T _ o
E]?[(dn My =E[] Fo coh@)doy

i

Observe that Z, = fXa cosh(y) dvy satisfies Z, > 1. By Lemma A.2,

Cé)
P(Zy>L) < 7

uniformly in N. Thus, by a standard approximation argument, we can approximate

1/Z}, by polynomials in Z, in the above expectations. In particular, it suffices to
study limits of integrals of the form

)
]El_[ ¢i(y(o))cosh(y(o))dvy - (][ cosh(y(0)) va) .

i Xy o
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This is exactly of the form (2.8) with k =1, £ = 1 and the family {¢;(y) -
cosh(y)}iec[n) by Fubini’s theorem. Thus, by Lemma 2.5,
E(¢i (Y1) cosh(Y1)[Yy,)
E . T E qx
U(¢l (y)>01,N - ll_[ E(COSh(Y]HYq*)

It remains to recognize the right-hand side of the above display as an average
with respect to v,. Observe that

E(¢ (Y1) cosh(Y1)|Y,,)
E(cosh(Y1)|Y,,)

(i)/my)dva,

where the last equality is by definition. Thus,

ET o)y — E/]_[d)i(yi)dvf’"

E(¢ (Y, )elogcosh(Y1)—logcosh(Yq*)_%(Sr(l)_é/(q*)) |Yq )

as desired. [

PROOF OF COROLLARY 2.2.  Let mg,y = (s)  and hq n = (y)], y- It suf-
fices to show that for each o € N,

(d)
(moc,N’ ha,N) — (<s>a» <y>ot)-
Suppose first that this claim is true. Then, the result immediately follows from
(1.9).
We now turn to the claim. Observe that by Lemma A.2 these random variables
have sub-Gaussian tails. Thus, it suffices to prove convergence of the moments

Eml! yhi2 .
To this end, let k = k1 + k2, and let {v/;} je[x) satisfy ¢; = 1,if i <kj and ¢;(x) =
x if j > ky. Finally, letd : [k] — {0, 1} be such thatd(i) =1,ifi <kjandd(i) =0
otherwise. Then, by Lemma 2.4 and Theorem 2.1 we have that
k k j da(j j iNd(j i k k
Emg! yhity =E[ 160 0™ 0500 n) = ETT6D 05 (0d) = Es)g (00
J J

as desired. [

3. Stability of clusters under lifts. In this section we show that impor-
tant properties of the pure states are carried over after lifting in one coordi-
nate. We start with the following construction. For o = (01, ...,0y) € Xy let
p(o)=(02,...,0y) € ¥n_1. For any mixed p-spin glass model the Hamiltonian,
Hp, decomposes into a sum of three Gaussian processes:

3.1) Hy (o) = Hy(0(0)) +a1yn(p(0)) + ra (o1, p(0)).
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Properties of these Gaussian processes are described in Lemma A.3. Foro € Xy _1
set

Hy(0):=Hy(0) +rn(1,0),

and let py be the Gibbs measure corresponding to the Hamiltonian Hj,. This
Hamiltonian, and thus py, is independent of yy. We are thus in the setting of
Section 2, where H 1/v satisfies (2.1) and yy satisfies (2.2).

Let Wa, ~N—1, o € N be the subsets of X _ constructed via Theorem A.1 rela-
tive to the measure 1. Set

(3.2) W) v =31 x Wan—1 C Zy.

Order the sets WOJ[f ~ With respect to their @y masses. That is, define subsets
Wa.n C 2y for a € N, such that

(3.3) uNWinN) = unWon) >,
and so that
_wt
Wot,N - WJIN(a),N’

for some (random) automorphism 7y : N — N.

REMARK 3.1. Note that there is not a unique way to define the projection
mn since there are possibly ties W, = Wg. Note, however, this only introduces a
finite indeterminacy as there are only finitely many such sets that are nonempty by
construction. The reader can take any tie-breaking rule.

The goal of this section is to show that the collection (W, n)qen also satisfies
items 1-5. from Theorem A.1. (For the rest of section, we drop the subscript N
of our notation.) The main idea is that at the level of overlaps, the measure u on
the sets W, will essentially be the same as the measure (/)T on the sets Wﬂ(a).
Since on Ty_1, (u')T > ', overlap events that are rare for ' will still be rare
for (u")T. We begin by recording the following lemma which is a quantification of
this observation.

Recall the local field y = yy from (1.5) and the function T from (2.4). Let

_ 12
(3.4) K(u)= (/ cosh(2y)d,u/> .

LEMMA 3.2 (Tilting lemma). There are constants C,c > 0 such that with
probability at least 1 — %e_CN,

C C
1——)/Td;/§u(21xA)§<l+—)/T,u’, YAC XnN_1.
( ~vN/ Ja ~vN/ Ja
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In particular,

R x ) = R (1+ %)\/w(m.

PROOF. This result immediately follows from Lemma A.3. Observe that if we
let

k)

A=2 max |r(l,0)—r(—1,0)

O’GEN_
then
I:I(a)—l—ey(o)—l-r(e,o)d d
e €do
WS x A) = JaJz, _ S/T(a)d,u/eA.
f f eH(0)+ey(o)+r(e,0) de do A
EN-1Y2
Similarly,

w(Z; x A) 2/ T(o)du'e ™.
A

The first result then follows by Lemma A.3, and the second result follows from the
first and the Cauchy—Schwarz inequality. [J

We now start by proving the properties mentioned above.

LEMMA 3.3. Let qy =qn-1,ay =an—1,by = bllv/4, and €y, = 611\,/4. Then,

the sets {Wylacmy) satisfy items 1-4 Theorem A.1 with probability 1 — oy (1),
where the sequences qy,, ay, by, € and my satisfy those conditions.

PROOF.  Since the sets W, are disjoint, W(I and W, are as well and satisfy

() =) ~(Ur <o) = ()

Thus, by the tilting lemma (Lemma 3.2) and item 1 of Theorem A.1, we have that,
with high probability,

(3.5) u((LaJ WO,)c) < (1 + %)1&(#’) - Jen.

Furthermore, by the tilting lemma and item 2 of Theorem A.1, we obtain for 8 =
-1
T~ (a)

n® (ol 0% e Wy : Ri2 < gqn-1 —2an—1)
=< k(ﬂ/)2<1 + L>\/(M/)®2<01, o€ Wg: R <qn_1—2an_1+ i)
VN N

< I%(M/)Z(l—i-%)m,
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where we used the fact that we may take ay_1 > % Argue similarly to get that for
oy # o,

M®2(01 € Wal,Gz € Wy, : Ri2 > gn—1+2an—1) < E(M/)z(l + L)\/I?N-
VN
Observe that by Lemma A.2, with probability tending to 1, K (1) < b;,y Vey
This yields the desired result after observing that since ¢y[gy + an, 1] > ${g«} —
by, for N sufficiently large, the same is true for g}, a), and b}, and that item 4 in
Theorem A.1 is implied by this fact regarding ¢ and items 2 and 3. [J

1/4

It remains to show that the weights w(W,) converge to a Poisson—Dirichlet
process.

LEMMA 3.4. We have that

(M(Wa))aeN — (Vg )aeN
in distribution on the space of mass partitions Py,.
PROOF. Recall that {iuy} satisfy the approximate Ghirlanda—Guerra identi-
ties, since Hy is a generic model. Let Uy = U(al,oz) be
Upp=1{3ax e N: ol,0%¢ Wal,

andlet Ly = {o lo2e Us W . Then, by the arguments of [8], Section 6, in order
to prove that this sequence converges, it suffices to prove that for some ¢, ;, which
satisfies

0 x<gy—«,
beal) =1 =

X = — A,
and interpolates between the two values for x € [¢« — k, g« — A], we have

lim lim E(|Ui — ¢l)=0.

K,A—>0N—>00

To see this, if we denote |U1p — ¢.1| = A, then
E(A), <E(AL{Ly})+on(D),
where the fact that the second term is oy (1) follows from (3.5). Now,
E(ALy) =E(AL{Ly, R12 > g« — MU12) + E(AL{Ly, R12 < g+« — A}U12)
+E(AL{Ly, R12 = g« — k}(1 — U12))
+E(AL{Ly, Ri2 < g« —k}(1 —Up2))
=14+0+4+114+1V.
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Note that I =1V = 0 identically. It remains to estimate /I and /11.
We start with /1. Observe that

11 <2E(U12(1{R12 < g« — 2an—1}))

for N large enough which is bounded by b}, by Lemma 3.3.
Now, to estimate /11, note that for N sufficiently large,

E(A(1 = U2)(1{R12 = gn—1 +2an—1} + LRz € [q« — K, qn +2an-1)})),

<by +(a).
By the tilting lemma

(@) < K13 (Eu®(gs — 2, qn—1 +an-1)"%.
By the choice of gx and ay (see the first display in Theorem A.1), we have that
im ¢y [gs — 26, gn—1 +an—1) = lim(Ey g« — 26, 1] = Evlgn—1 +an—1, 11) = 0.

Thus, combining these estimates and Lemma A.2 we see that sending N — oo,
A — 0, and then ¥ — 0 yields the result. []

4. Essential uniqueness of clusters. In this section we show that sets that sat-
isfy the properties from Theorem A.1 with respect to u are asymptotically unique.

Let {C,} be constructed as in Theorem A.1 for the measure . Recall that they
are labelled in decreasing order, that is,

UN(Cq) = N (Cyt1).

Let ay, by, my, gy — g«, and €y be as in that theorem. Let {Xy}yemy] be
another collection of sets that satisfies items 1-5 of Theorem A.1 with constants
gy ay, by and €}, as in that theorem.

The main goal of this section is to prove that the pure states C, and the sets X,
are effectively the same as far as p is concerned.

THEOREM 4.1 (Essential uniqueness). Suppose that we have

(4.1) tnlay —ay). gy +an)]+ In[gy —an). (g +ay)] — 0.
Then, for each o € N, we have that
4.2) UN(CueAXy) — 0

in probability, where A denotes the symmetric difference.
As a corollary of this we get the following.

COROLLARY 4.2. Let W, be as in Lemma 3.3. Then, (4.1) holds. In particular
4.3) un(Cy AW,) — 0
in probability.
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PROOF. This follows by Lemma 3.3 and Theorem 4.1 after recalling that
tnlay +ay, 1] = ¢lge] —on (1),
¢nlgn +an, 11> ¢lgs] —on(1).
Indeed, this implies that
tn[gy —ay. gy +an] =¢nlgn-1 —an—1.gn +an]— 0.
The same argument holds for the second limit. [J
The idea of the proof Theorem 4.1 is that the overlap properties of the sets
(Xg) and (Cy) from items 1-4 of Theorem A.1 will imply that each of the first n
(X«)’s will be supported by one the first M (Cy)’s for some M large but fixed and
vice versa. The ranking of the states and basic properties of the Poisson—Dirichlet
process will then imply that, in fact, for each « the sets X, and C, are actually
supported by each other.
For this we will need the following three lemmas. Their proofs are deferred to
the end of this section and follow from properties of the Poisson—Dirichlet process.

The first lemma says that there is not much mass in the the tail of the collections
Xy and Cg,.

LEMMA 4.3. For every € > 0, there is an No(€) and M (¢) such that if

v U %)= el U )=
a>M(e) a>M(e)
then for N > Ny(e¢),
P[En(e)] <e.

The second lemma says that, for any fixed n, the first n states (Cy) and (Xg)
must have nonnegligible ©y mass as N goes to infinity.

LEMMA 4.4. Fixn>1and b > 0. Let Fy(n, 8) be the event that
pun(X1) > > pn(Xy) > 9,
un(Cr) > - > un(Cy) >,

then there is a function f1 , satisfying lims—¢ f1.,(8) =0 and an Ni(n,5) such
that for N > Ni(n, §),

P[Fy(n,8)] =1~ f1(5).

The last lemma concerns the gap between the masses of states.
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LEMMA 4.5. Fixn>0andn > 1. Let
In(,n) = {un(Ci) — un(Cit1) > n Vi € [n — 11}
N{un(Xi) — pn(Xiy1) > n Vi € [n—1]}.
Then there is a function f>(n,n) and an No(n, n) such that for N > N»>(n, n),
P(Iy(n.m) = 1= fao(n.n),

where for each n, fa(n,n) - 0asn— 0.

Given ¢ > 0, choose §, € and 1 by combining Lemma 4.3—4.5, such that if
En(e,8,n,m):=Ey(€)NFnn,8) NIyn,n)NJy,
where Jy is the event that the conclusions of Theorem A.1 hold, then
4.4) PlEn] > 1 —¢,
for all N > Ny(¢e).

PROOF OF THEOREM 4.1. We want to show that for each p > 0, & > 0 and «,
4.5) ]P)(/“LN(COZAXC{) > /0) <e.

Fix p,e and «. Let n > . Let N > Ny(e/2), where Ny is defined as in (4.4).
By (4.1) and Markov’s inequality there is a cy — 0 such that with probability
I —on(D),
(4.6) M%Z(Rlz € gy —ay.qn +an]) <cwn.
Choose N sufficiently large that

2M(€) PANNE
Y
where €, n are defined as above We can do this since, by assumption,

(by +bn)-my=on(1).

We will prove shortly that on Ey, for

2M (¢€)
LN =

(mn(by +by) +cn) +en <

(mn(by +by) +cn) +en,
we have that

UN(Ca\Xa) <N,

N (Xo\Co) <N
Note that (4.7) immediately implies (4.5) as desired. [J

4.7)
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PROOF OF (4.7). We begin by defining two maps 7y, 3 : [n] = [M(€)]. On
the event Ey, for each i we let 771 (i) be the first j € [M (¢)] such that

€
XiNCrii)) = ————
un (X ”1())_2-M(e)

holds and let 72 (i) be the first j € [M (¢)] such that

€
Xy NCy) >
mp( 7o (i) i) > 2-M(e)

holds. That such j exist follows by definition of £y. On £}, let 71 = 7 = 1d. This
provides two random maps 7; : [n] — [M(¢)],i =1, 2.
Suppose for the moment that on Ey,

uN(Xi N Cryi)) = N (Xi) — N,
un(Ci N Xryi)) = un(Ci) — .

The inequality, (4.7), provided that 71 = > = Id on &y. Let us first show that
these maps are the identity map given (4.8). We then prove (4.8).

The proof that these maps are the identity map is by induction. Suppose first
that mo (1) = 1. If 71 (1) > 1, then, by (4.8),

un(Cr) S unX1) +iuy
< UN(Cry1) +2tny < un(C2) + 2in.

(4.8)

This implies that
un(C1) — un(C2) <2un.

Since ¢ty — 0, this contradicts the definition of £y. By symmetry the same argu-
ment works if 71(1) =1 and (1) > 1.
Now, assume that 72(1) > 1 and 71 (1) > 1. By the ordering of these sets,
UN(C1) S un (X)) H v S un(X1) + v
< uN(Cry(1) + 2N

This is, again, a contradiction. Thus w{(1) = 1 = m,(1).

Assume now that 71 (i) = (i) =i for all i € [k — 1]. By the same reasoning,
as in the base case, if (k) # k, then it must be that m (k) < k. This, however,
implies that

MmN (Cr) < N Xy \Cry (k) + IN-
But

N Xy i) \Crr k) < N Xy k) — UN Xyk) N Cry k) <IN,

where we used the induction hypothesis in the last inequality. This implies that
eventually uC, < 2ty . This is, again, a contradiction since on £y, wCy > €. Thus,
assuming (4.8), we have that 71 = 7 = Id by induction.
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We now prove (4.8) on the event Ex. Fix a € [rn]. We know that, on this event,

€
XqoNC > .
un (Xq nl(a)) = 2M(e)

Now, let € # 1 («). Write

1
UN(Cri) N X )’u“%z((j1 ecﬂl(a)mXa,UZECgﬂXa),
(@ o

Write the event {R7 € [—1, 1]} as

N (XegNCy) =

{R12 <qy —ay}U{Ri2 > gn +an} U {qy —ay < Ri2 < gn +an}
=1UIlTUIII.
Note that since we are in the event Jy,
,u%z(al € Cry(@) N Xq» o2 eCin Xy, 1)< ,u%z(al, o2 e Xy, I) < by,
while
12 (0! € Cry@y N X, 02 € CoN X, 1) < by.

Summing on ¢ and using (4.6), we see that

Un(Xg NCp) £ ——————
ng ¢ M(Cnl(oz) N Xa)

2M
= P (mN(b§v +bN) +CN)-

(mN(b;\, + bN) + CN)

This implies the first inequality of (4.8) after recalling that {C,} (almost) partitions
Y.n and that

Y <Xa N (Laj Ca)c> <en

by assumption. By symmetry the same argument shows the second inequality
holds as well. [

4.1. Propositions regarding the Poisson—Dirichlet process. The proofs of
Lemmas 4.3—4.5 follow by elementary applications of the Portmanteau lemma
combined with basic properties of the Poisson—Dirichlet process. For the reader’s
convenience we prove Lemma 4.3. The proofs of Lemma 4.4 and Lemma 4.5 are
omitted.

PROOF OF LEMMA 4.3. Fix € > 0. Let (v,) be PD(1 — ¢(g4)). Let M(€) be

such that
€ €
P > <-.
< Z Vo = 2) -4
a>M(e)
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Recall that (uy(Xy)) — (v,) by Lemma 3.4. For (vév ), this event is contained in
the closed event (in the topology of mass partitions)

[ o <1-en,

a<M
and for v, these events are equal. Thus, we have that for N sufficiently large

€ €
P(MN( U Xo:) = 5) = 5
a>M/(e)

by the Portmanteau theorem. The same argument applies to the C,. Intersecting
these events yields the result by the inclusion-exclusion principle. [

5. TAP equation for a fixed coordinate. In this section we turn to the proof
of Theorem 1.1. For the reader’s convenience let us briefly recap where we are and
our plan of attack. Recall the construction of the states C, from Theorem A.1 and
the definition of (-). In Section 3 we constructed another collection of pure states
W, C X for the measure 1. As shown in Section 4, the sets C, and W, are
essentially the same in each other. The advantage of working with W,, lies in the
fact that they are rearrangements of lifts of pure states of the measure jty,_,. This
will allow us to avoid the first obstruction explained in Section 1.1. The measure
M;\,_l is now independent of the local field yy. The rearrangement, however, is
not independent of yy. In particular the correlation between W, and y is through
the map m which takes W(j to W;(a) =W,.

To circumvent this obstruction, we make the following observation. The mea-
sure (., conditioned on the set W; , is essentially the measure (/)T conditioned

on W,. This will allow us to conclude that (1.7) holds by an application of Corol-
lary 2.2, provided the rearrangement map my is not too wild. In particular, pro-
vided the map u’ + (/)T does not “charge the dust at infinity,” the result will
follow as a consequence of the following basic fact.

LEMMA 5.1. Let XN be a sequence of [—2,21N-valued random variables
such that

d
xV o,

Let py be a sequence of Sx-valued random variables that satisfy the tightness
criterion

(5.1) lim lim P(py(n)>M)=0 Vn.

M—o00o N—oo
Then, if YN = (XgN(n)), we have
yv %o,

We begin this section by proving the tightness of the sequence 7. The main
result will then essentially be immediate and is proved in the following subsection.
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5.1. Tightness of the reshuffling. 'We begin this section by studying the random
permutation 7 : N — N as defined in Section 3 by
T
Won = Wayp).n-

We recall its dependence on N by writing my instead of just 7. We now show
tightness for the sequence my .

LEMMA 5.2 (Tightness). We have that, for each n € N,
lim lim P(ny(n) > M)=0.

M—o00 N—o00o

PROOF. Take N sufficiently large that n < my. Now, observe that
P(zny(n) > M)=P(Fk > M : n (k) =n)
=P <nk>M:uW)<uWw))

<30 P(@k = M (W) < u(W)))
=1

5 r{uoiy<u( U )

It thus suffices to prove this limit for each summand.
Now, observe that for each [ € [n] and each € > 0, the summand satisfies the
inequality

P(M(W,T) < u( U W,j)) <P(u(W)<e)+ P<M< U W,j) 26) =1+l
k>M k>M
We now bound /. Observe that by Lemma 3.2,

/ C ! /YT,
(W, {cosh(y)) = (1 - ﬁ)“ (W)

with high probability. Thus / is bounded by

I < P(iW/ (W) <2€- L)+ P([cosh(y)) > L) +on(1)

C&")
L

<P(W (W) <2 L)+ +on(1)

for each L > 1, where we have applied the localization lemma (Lemma A.2) in the
second inequality.
We now turn to /. Observe that again by Lemma 3.2 with high probability,

,u(kEJM WZ) < (1 + %)Ig(u/) u’(kgg/[ Wk>
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Thus, for N sufficiently large,

11513(21%(;/) w( ~k)ze)JroN(l)
=p(w(U W)= i)+P(1?(w)zL)+0N<1)

2 /
= € cEé)
=p(W (U W)z z) + S o,
(u(U )z o)t ton)
where again in the last step we used Lemma A.2. Denoting
W W) =y,

we can write the above as

2
€ C
I+H<P@N<2- L P( N<1——) — 1).
+I <Py <2-L)+ k§<ka_ a2) T tov®

Observe that the sets in the first two terms are closed in P,,. Thus, by the Portman-
teau theorem and the fact that (le ) — (v;) in law on P, where (v;) are PD(0)
with 0 = 1 — ¢({g«}), we have that
Tm I +11 < P(y <2 L)+P<Z . € )+C
im v € - Vg > — —.
N == S Tarr) L
We used here that for the Poisson—Dirichlet distribution > v = 1.
The Poisson—Dirichlet distribution satisfies

E > w<f(M0),
k=M
where f — 0 as M — oo. In particular, by Markov’s inequality, we have
2 2
€ 4L
P(Z vk > —2) <—f(M,0).
Py 4L €
Thus, combining the above we have that
PR I C
lim lim P(zy(n)>M)<nP(v,<2-L)+n—,
M—o00 N—o0 L

where we have used here that v, < vy for k < n. Sending € — 0 and then L — oo
and using the fact that P (v, = 0) =0, yields the result. [
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5.2. Proof of Theorem 1.1. Recall the notation
ey = W)L CIWa)

from Section 2, and recall that (-),, ;v = un(-|Cy). We begin by stating the follow-
ing two lemmas whose proofs we will defer to the end of the section.

LEMMA 5.3. Foreverya €N,
|(61>a,N - <0'1);r,N(a)’N’ -0

in probability as N — oo.

LEMMA 5.4. Foreverya € N,
|tanh((y)a,v — (§'(1) = &"(g2) (01)a.)
- tanh((y)yTZN(a)’N — (&' - 5/(61*))<01)7TTN(04),N)| -0

in probability as N — o0.

(5.2)

PROOF OF THEOREM 1.1. By the above two lemmas it suffices to prove (1.7)
with <'>7T1N(a),N replacing (-)o.N-
Now, let Yoiv = (Ul>;r,N(a)’N - tanh(()’);rrN(a)’N — &' - 5/(‘]*)”51);1\,(0,),1\7)-

Note that Y¥ can be written as YY = X f;f(a), where

X)) = (1) y —tanh((y)] v — (§'()) — €"(g:))(o1)] y)-

By Lemma 5.1 and Lemma 5.2 it thus suffices to prove convergence of X 9’ to zero.

Observe that for X%, this is a statement about a cavity coordinate with the local
field independent of the measure . Indeed, the Hamiltonian H’ satisfies (2.1),
and y satisfies (2.2). Thus, X2 goes to zero in probability by Corollary 2.2, and
Theorem 1.1 follows. [

We now turn to the proofs of the lemmas. Set
(an = 1N CIWo).

PROOF OF LEMMA 5.3.  We begin by observing that

- 2un(Wy ACy)
(01N — (01 en| = ‘][ orduy —f o1 duN' < N Tal el
CO( Wo( MN(CQ)

on the event that W, and C, both have positive mass. Since uy (Wi ACy) — 0 in
probability by the essentially uniqueness theorem (Corollary 4.2) and uy (Cy) and
un(Wy) converge in law to a random variable that is almost surely positive, this
goes to zero in probability. Then, note that by the tilting lemma,
~ C’
1)y = (010l = =
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with high probability, so that this too goes to zero in probability. The result then
follows by the triangle inequality. [

PROOF OF LEMMA 5.4. As tanh(x) is I-Lipschitz, and we know from
Lemma 5.3 that (01)y — (07 )]TTN(a) — 0 in probability, it suffices to show that

(y>Ol,N - (y>7TTN(a),N -0
in probability. Observe that

1 1
vy = ydin| Il v A (14 = ).
7[ ’ \ un(Cy) e Vit (We)
. o . 1 1 . .
and that with probability tending to 1, (1 + T (Wa)) \arraiom) will be finite. Fur-
thermore, uy (W, ACy) — 0 in probability by the quasi-uniqueness theorem (The-
orem 4.1), and E||y||> < C uniformly in N by item 3 of Lemma A.2. Thus, this
tends to zero in probability as before. Similarly,

/

~ C
|()’)a,N - <y>;|;N(a)| =< ﬁ”y”L2(M/)

which goes to zero in probability by the same argument. [

APPENDIX

A.1. The clusters Cy, y and approximate ultrametricity. In this short sec-
tion we summarize the properties of the clusters Cy, y used to construct the mea-
sures (-)o. n. These properties are described in the following theorem, which is a
rephrasing of the main results in [8], specifically as in Section 9, Proposition 9.5-6
and Corollary 9.7 of that paper.

THEOREM A.1 ([8]). Assume that £({g«}) > 0. Then, there are sequences
gn 1 g« €N, an, by all converging monotonically to 0, and my — o0, such that
my -bX, — 0 for some y <1, gy +an < g« and

¢nlgy +an, 11> ¢({g+}) — by

for N sufficiently large and such that with probability 1 — oy (1), there exist disjoint
random sets {Cy N}aeN Of ZN:

1. The collection Cy, N exhaust the set Xy :

Y un(Can) =1 —ey.

2. For any o points are uniformly close:

M%Z(Gl,az €Cun:R(0', 0% <qn —an) <bn.
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3. Forany a # B,
M%Z(Gl €Con,0”€Cpn:R(0',0%) = qn +an) <by.
4. Uniformly, in o we have

[, 1R = auldik < on (D).
C

a,N
5. The weights (un(Cq n)) are labeled in decreasing order of mass and con-
verge to the weights of a Poisson—Dirichlet process of parameter 1 — ¢ ({q«}).

Note: We may always take ay_1 > N~! in the above by monotonicity. That
we can, take my - b}(, — 0, follows by adding a constant to the definition of ng in
Lemma 5.2 of [8].

A.2. Tail bounds for some Gibbs averages.
LEMMA A.2 (Localization lemma). Recall K (1) from (3.4), yq.n from Sec-
tion 2 and yy from (1.5). For any L > 0, we have the following estimates:
1. Forany o € N,
P(lye,n| > L) < Ci(&) L~ CENL,
2. Forany a € N,

P(/ cosh(yg, n)dvy > L) <C()/L.

Xa

3. We have that
P(K(u)=L)<C(g)/L.

o[ ) =c)

PROOF. In the following, we will drop the index « of our notation without any
loss. To see the first item, note that y, x has finite moment generating function.
Fix A > 1. We have

- E[ Jx, €V cosh(yn (0)) dvy
e =
fXa 2cosh(yy (o)) dvy

4. We have that

}+P(Xa=@)

< E[][ N @) cosh(yN(a))va} +1
(A.1) @

< IE][ E(exp(ryn) cosh(yn)|vy)dvn + 1

1

2(6(1+x>25/(1>) +1.
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Then, by Markov’s inequality, we have
P(yy > L) < BN 2 < FeUM¥ (=ML < ) (g7) . o= C2ENLY,

for L sufficiently large by choosing A = L/2, for instance. Increasing the value of
C1 (&) if necessary, we obtain the result for all L > 0. Similarly, for —yy.

The second item holds by Markov’s inequality, conditioning on vy and using
the Gaussian bound of item 1. For the third item note that using Lemma A.3,
conditioning on x’ and letting Z be a Gaussian random variable with variance
£’(1), we have

P(K (1) > L) < C(§)E[e™** cosh Z|uy (Zn) < LTI C (&),

as desired.
We prove the last item as follows. To see this, observe that it suffices to bound
E [ y2du. To estimate this, observe that if A = max|r(1,0) —r(—1,0)|, then,

fEN_1 cosh(y)du’

E/yzdufEe

12
< (EeM)]/Z(E / y4cosh(y)du/) ,

where in the last inequality we use Cauchy—Schwarz and the fact that cosh(x) > 1.
Observe that the first term is bounded by (A.3). Since y is independent of u’, we
can integrate in y to find that the second term is also uniformly bounded. [

A.3. Decomposition and regularity of mixed p-spin Hamiltonians. In this
section we present some basic properties of mixed p-spin Hamiltonians. Recall
that for o = (01, ...,0y5) € 2y, p(0) = (072, ...,0y) € Zn_1. Now, observe that
for any mixed p-spin glass model, the Hamiltonian has the following decomposi-
tion:

(A.2) Hy(0) = Hy(p(0)) + o1y (p(0)) + (01, p(0)),

where the processes come from the following lemma.

LEMMA A.3. There exist centered Gaussian processes H N, YN, N such that
(3.1) holds and

Efy (o) Ay (o?) = NS(NT_lRu),

Eyn(o')yn(0?) =& (Ri2) +on (D),
EFN(O'l)I"N(O'Z) = O(N_l).
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Furthermore, there exist positive constant C1 and C» so that with probability at
least 1 — e €1V
)
max |ry(1,0) —ry(—1,0)| < —=

gEXN_| «/N’

and a positive constant C3 so that

(A.3) Eexp(ZaénEax (1, 0) — rN(—l,o)|) <Cs.
N—1

PROOF. The lemma is a standard computation on Gaussian processes. To sim-
plify the exposition, we will consider the pure p-spin model. The general case
follows by linearity. Here, we set

~ —1
Ay(p(0)=N""7 > 8i1niyOiy O

14
_pd
w(p@)=N"7 > Z 8iyooiyOiy O

k=12<iy,...ip<N
ir=1
and
_p-1 P ¢
rn(ELp@)=N"72 Y of Y iy OOy
=2 2§i1,...,ip,g§N

where J;,, ¢ are centered Gaussian random variables with variance equal to
B)- Jiy.i ¢ is the sum of the g;, ;. where the index 1 appears exactly £ times.
Computing the variance of these three Gaussian processes, give us the the first
three statements of the Lemma. For the second to last and last statement, note that
foranyo € ¥ny_1,r(1,0)—r(—1, 0) is a centered Gaussian process with variance
equal to

4 P C
p—1 Z (P) (N -1 ‘< _Z
N £=3,¢ odd ¢ N

for some constant C,. A standard application of Borell’s inequality (Theorem 2.1.1
in [1]), the tail estimate for the maximum of a Gaussian process (equation (2.1.4) in
[1]) and Sudakov—Fernique inequality (Theorem 2.2.3 in [1]), gives us the desired
result. [J
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