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Regularity of stochastic kinetic equations
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Abstract

We consider regularity properties of stochastic kinetic equations with multiplicative
noise and drift term which belongs to a space of mixed regularity (L?-regularity in
the velocity-variable and Sobolev regularity in the space-variable). We prove that, in
contrast with the deterministic case, the SPDE admits a unique weakly differentiable
solution which preserves a certain degree of Sobolev regularity of the initial condition
without developing discontinuities. To prove the result we also study the related
degenerate Kolmogorov equation in Bessel-Sobolev spaces and construct a suitable
stochastic flow.
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1 Introduction

We consider the linear Stochastic Partial Differential Equation (SPDE) of kinetic
transport type

def + (v-Dof + F-Dyf)dt+ DyfodW, =0,  f|,_, = fo (1.1)

and the associated stochastic characteristics described by the stochastic differential
equation (SDE)

(1.2)

dX, =V, dt, dV,=F (X,,V,)dt+dw,
X(O) = X, V(O):’Uo
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Regularity of stochastic kinetic equations

Heret € [0,7], (z,v) € RIxRY, f: [0,T]xRIxRY = R, fo: RExRT— R, F: RIxRY —
R, zg,vo € R? and (Wt)t>0 is a d-dimensional Brownian motion defined on a complete
filtered probability space (2, F, (F;),~, , P); the operation D, f odW; = 22:1 Dy, fodW
will be understood in the Stratonovich sense, in order to preserve (a priori only formally)
the relation df (¢, X, Vi) = 0, when (X, V4) is a solution of the SDE; we use Stratonovich
not only for this mathematical convenience, but also because, in the spirit of the so called
Wong-Zakai principle, the Stratonovich sense is the natural one from the physical view-
point as a limit of correlated noise with small time-correlation. The physical meaning of
the SPDE (1.1) is the transport of a scalar quantity described by the function f (¢, x,v) (or
the evolution of a density f (¢, z,v), when div, F = 0, so that F'D,, f = div, (Ff)), under
the action of a fluid - or particle - motion described by the SDE (1.2), where we have
two force components: a “mean” (large scale) component F (z,v), plus a fast fluctuating
perturbation given by %. Under suitable assumptions and more technical work one
can consider more elaborate and flexible noise terms, space dependent, of the form
Zzozl o () th"' (see [8], [11] for examples of assumptions on a noise with this structure
and [13] for physical motivations), but for the purpose of this paper it is sufficient to
of RY.

For physical reasons, we chose in (1.1) a specific linear form for the drift in the
degenerate component, i.e., v - D,. It seems reasonable to expect that a possible
generalization to the case of a nonlinear drift term like G(z,v) - D, could be obtained
under suitable Hormander type conditions ensuring that the system is hypoelliptic. We
shall mention that some results in this direction have already been obtained: two strong
well-posedness results for the degenerate SDE (1.2) with nonlinear Holder continuous
drift terms are presented respectively in [6] and [38]. However, using our approach,
such results are not enough to prove a well-posedness result for the SPDE (1.1) since a
full hypoelliptic regularity result is yet not available at the level of the corresponding
degenerate Kolmogorov equations.

Our aim is to show that noise has a regularizing effect on both the SDE (1.2) and the
SPDE (1.1), in the sense that it provides results of existence, uniqueness and regularity
under assumptions on F' which are forbidden in the deterministic case. Results of this
nature have been proved recently for other equations of transport type, see for instance
[19], [16], [18], [2], but here, for the first time, we deal with the case of “degenerate”
noise, because dW; acts only on a component of the system. It is well known that the
kinetic structure has good “propagation” properties from the v to the z component;
however, for the purpose of regularization by noise one needs precise results which are
investigated here for the first time and are technically quite non trivial. Let us describe
more precisely the result proved here.

First Theorem 4.5 shows that weak existence and uniqueness in law holds for the SDE
(1.2) only assuming F' € LP(R?%; R?) with p > 4d. To prove strong existence for (1.2) and
existence of a stochastic flow we investigate the SDE (1.2) under the assumption (see
below for more details) that F is in the mixed regularity space L? (R%; W*? (RZ; R?))
for some s € (2,1) and p > 6d; this means that we require

[0 o < oo,

where W*? = W*P(R%; R?) is a fractional Sobolev space (cf. Hypothesis 2.1 and the
comments after this assumption; see also Sections 3.1 and 3.2 for more details). Thus
our drift is only L? in the “good” wv-variable in which the noise acts and has Sobolev
regularity in the other z-variable. This is particularly clear in the special case of

F(z,v) = p(v)G(x), (1.3)
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where G € W*P(R%;R?), ¢ € LP(R?) and p > 6d with s € (2,1). Just to mention in the
case of full-noise action, the best known assumption to get pathwise uniqueness (cf. [24])
is that F must belong to L?(RY;RY), p > N (in our case N = 2d).

According to a general scheme (see [36], [24], [19], [14], [18][30], [15], [16], [2], [6],
[37], [38]) to study regularity properties of the stochastic characteristics one first needs
to establish precise regularity results for solutions to associated Kolmogorov equations.
In our case such equations are degenerate elliptic equations of the type

Aw(%”) - %Avl/}(l’»v) —vU- me(‘r>v) - F(x7v) : Dv¢($7v) = g(ac, U) ) (1.4)

where A > 0 is given (see Section 3.3). We prove a useful regularity result for (1.4)
in Bessel-Sobolev spaces (see Theorem 3.7). Such result requires basic LP-estimates
proved in [4] and [5] and non-standard interpolation techniques for functions from R4
with values in Bessel-Sobolev spaces (see in particular the proofs of Theorem 3.4 and
Lemma 3.6).

The results of Section 3 are exploited in Section 4 to prove existence of strong
solutions to (1.2) and pathwise uniqueness. Moreover, we can also construct a continuous
stochastic flow, injective and surjective, hence a flow of homeomorphisms. These maps
are locally v-Holder continuous for every v € (0,1). We cannot say that they are
diffeomorphisms; however, we can show that for any ¢ and IP-a.s. the random variable
Zy = (X, V;) admits a distributional derivative with respect to zp = (x,vo). Moreover,
for any ¢ and p > 1, the weak derivative D, Z; € L} (Q x R?*?) (i.e., D,Z; € LP(Q x K),
for any compact set K C R??; see Theorem 4.19). These results are a generalization to
the kinetic (hence degenerate noise) case of theorems in [16].

Well-posedness for kinetic SDEs (1.2) with non-Lipschitz drift has been recently
investigated: strong existence and uniqueness have been recently proved in [6] and [37].
Moreover, a stochastic flow of diffeomorphisms has been obtained in [38] even with a
multiplicative noise. In [37] and [38] the drift is assumed to be 5-Holder continuous in
the z-variable with 5 > % and Dini continuous in the v-variable. The results here are
more general even concerning the regularity in the z-variable (see also Section 2.1). We
stress that well-posedness is not true without noise, as the counter-examples given by
Propositions 2.2 and 2.3 show.

Based on our results on the stochastic flow, we prove in Section 5 that if the initial
condition f is sufficiently smooth, the SPDE (1.1) admits a weakly differentiable solution
and provide a representation formula (see Theorem 5.4). Moreover, the solution of
equation (1.1) in the spatial variable is of class Wll(): (R??), for every r > 1, P-a.s., at every
time ¢ € [0, T]. Such regularity result is not true without noise: Proposition 2.3 gives an
example where solutions develop discontinuities from smooth initial conditions and with
drift in the class considered here. Moreover, assuming in addition that div,F' € L>(R>2?)
we prove uniqueness of weakly differentiable solutions (see Theorem 5.7).

The results presented here may also serve as a preliminary for the investigation
of properties of interest in the theory of kinetic equations, where again we see a
regularization by noise. In a forthcoming paper we shall investigate the mixing property

1fell e 21y < C (&) [ foll Ly (zoey »

with C (t) diverging as ¢t — 0, to see if it holds when the noise is present in comparison
to the deterministic case (cf. [20] and [21]). Again the theory of stochastic flows, absent
without noise under our assumptions, is a basic ingredient for this analysis.

The paper is constructed as follows. We begin by introducing in the next section
some necessary notation and presenting some examples that motivate our study. In
Section 3 we state some well-posedness results for an associated degenerate elliptic
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equation (see Theorem 3.7, which contains the main result of this section). These results
will be used in Section 4 to solve the stochastic equation of characteristics associated
to (1.1). This is a degenerate stochastic equation, but we can prove existence and
uniqueness of strong solutions (see Theorem 4.11), generating a weakly differentiable
flow of homeomorphisms (see Theorems 4.18 and 4.19). Using all these tools, we can
finally show in Section 5 that the stochastic kinetic equation (1.1) is well-posed in the
class of weakly differentiable solutions.

Remark 1.1. After submitting the paper, we were informed of two papers [41] and [7]
dealing with degenerate SDEs like (1.2) with multiplicative noise and time-dependent
coefficients. In [41] the author proves strong well-posedness and existence of stochastic
flow under more general assumptions than Hypothesis 2.1 (in particular s could be 2/3
and p > 2(2d+1)). Applications to well-posedness of degenerate Fokker-Planck equations
for measures are also given in [41]. The paper [7] considers (1.2) replacing V;dt¢ with a
more general term like G(t, X;, V;)dt and assuming Hélder-continuity of the coefficients.
A weak well-posedness result is then proven in [7].

2 Notation and examples

We will either use a dot or (, ) to denote the scalar product in R? and | - | for the
Euclidian norm. Other norms will be denoted by || - ||, and for the sup norm we shall
use both || - [[oc and || - || (ra). Co(R?) denotes the Banach space of all real continuous
and bounded functions f : R — R endowed with the sup norm; C} (R?) C C,(R?) is the
subspace of all functions wich are differentiable on R? with bounded and continuous
partial derivatives on R%; for o € R \IN, C*(R%) C C,(R%) is the space of a-Hélder
continuous functions on R%; C°(R%) C C,(R?) is the space of all infinitely differentiable
functions with compact support. C, ¢, K will denote different constants, and we use
subscripts to indicate the parameters on which they depend.

Throughout the paper, we shall use the notation z to denote the point (z,v) € R4,
Thus, for a scalar function g(z) : R?? — R, D, g will denote the vector in R?¢ of derivatives
with respect to all variables z = (x,v), D,g € R? denotes the vector of derivatives taken
only with respect to the first d variables and similarly for D,g(z). We will have to work
with spaces of functions of different regularity in the x and v variables: we will then use
subscripts to distinguish the space and velocity variables, as in Hypothesis 2.1.

Let us state the regularity assumptions we impose on the force field F'.

Hypothesis 2.1. The function F : R** — R? is a Borel function such that

/ I 0) 2 do < oo 2.1)
R P

where s € (2/3,1) and p > 6d. We write that ' € L? (RY; H3 (R; RY)).

The Bessel space H, = H;(Rd; R?) is defined by the Fourier transform (see Section 3).
According to Remark 3.2, condition (2.1) can also be rewritten using the related fractional
Sobolev spaces W*?(R% R) instead of H3(R% R?). In the sequel we will also write

H3(R?) instead of Hj(R%; R%) when no confusion may arise.

2.1 Examples

Without noise, when F is only in the space L? (R{; H; (R¢)) for some s > 2 and

3
p > 6d, the equation for the characteristics

¥ =v, v =F(zv) (2.2)
z (0) = xo, v (0) = vo

EJP 22 (2017), paper 48. http://www.imstat.org/ejp/
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and the associated kinetic transport equation
Dif +v-Dyf+F-D,f =0, fli=o = fo (2.3)

may have various types of pathologies. We shall mention here some of them in the very
simple case of d = 1,

F (z,v) = £0 (z,v) sign (z) |z|* (2.4)

for some a € <;, 1> . 0eCx(RY).

First, note that this function belongs to LP (]Rq,; Hy (]Rx)) for some s > % and p > 6.
To check this fact one can first observe that 9, (sign(z)|x|*) = a|z|*~! in distributional
sense, so that F(v,-) € H; (R,) for some appropriate value of ¢ > 2, and then use Sobolev
embedding theorem: Hy (R) C Hy (R) for = & —1+s.

Thus F satisfies our Hypothesis 2.1. On the other hand when a € (5, 5), the function
sign (z) |z|” is not in C}! _ (R) for any v > 2/3 and the results of [37], [38] do not apply.

Let us come to the description of the pathologies of characteristics and kinetic
equation when F (x,v) = +0 (z,v) |z|“.
Proposition 2.2. Ind = 1, if§ € C° (R?), § = 1 on B (0, R) for some R > 0, F (z,v) =
0 (x,v) sign (z) |z|*, then system (2.2) with initial condition (x¢,0) has infinitely many solu-
tions. In particular, for small time (depending on R and «), (z,v;) = (zo + At?, ABtP~1),
with (8, A) satisfying (2.5) below, and also A = 0, are solutions.

1 2

Proof. Let us check that (z;,v;) = (At?, ABtP~!) with the specified values of (3, A) and
a small range of ¢, are solutions. We have z} = v,

v) — F (x,0,) = AB (B — 1) P72 — sign (x) |z|*
= AB (B —1)tP72 — sign (A) |A|“t*P =0

foraf =p—2and AG (B —1) =sign(A)|A

2 B 1 = [((1-a)? T
e ) jE(?(Ha)) | =)

With a little greater effort one can show, in this specific example, that every so-
lution (z,v:) from the initial condition (0,0) has, for small time, the form (z.,v;) =
(A (t— to)ﬁ JAB (t — to)ﬂ_1> 14>, for some ¢y > 0, or it is (x4, v,) = (0,0) ((8, A) always
given by (2.5)) and that existence and uniqueness holds from any other initial condition,
even from points of the form (0, v), vo # 0, around which F' is not Lipschitz continuous.
Given T > 0 and R > 0 large enough, there is thus, at every time ¢ € [0, 7], a set A; C R?
of points “reached from (0,0)”, which is the set

«
, namely

A= {(A(tfto)ﬁ,Aﬂ(tfto)ﬂfl) ER2: 1y € [O,t}}.

Using this family of sets one can construct examples of non uniqueness for the transport
equation (2.3), because a solution f (¢, z,v) is not uniquely determined on A,. However,
these examples are not striking since the region of non-uniqueness, U;>A;, is thin and
one could say that uniqueness is restored by a modification of f on a set of measure
zero. But, with some additional effort, it is also possible to construct an example with
F (z,v) = £0 (z,v) |z|*. In this case, for some negative m (depending on R and «), one
can construct infinitely many solutions (z;, v;) starting from any point in a segment (g, 0),
zo € [m,0). Indeed, (x,v;) = (x0,0) is a solution, but there are also solutions leaving
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(x0,0) which will have v; > 0, at least for some small time interval. Then one obtains that
the solution f(¢,z,v) is not uniquely determined on a set of positive Lebesgue measure.

More relevant, for a simple class of drift as the one above, is the phenomenon of
loss of regularity. Preliminary, notice that, when F' is Lipschitz continuous, system
(2.2) generates a Lipschitz continuous flow and, using it, one can show that, for every
Lipschitz continuous f; : R? — R, the transport equation (2.3) has a unique solution in
the class of continuous functions f : [0,7] x R?> — R that are Lipschitz continuous in
(z,v), uniformly in ¢. The next proposition identifies an example with non-Lipschitz F’
where this persistence of regularity is lost. More precisely, even starting from a smooth
initial condition, unless it has special symmetry properties, there is a solution with a
point of discontinuity. This pathology is removed by noise, since we will show that with
sufficiently good initial condition, the unique solution f(t,z) is of class W,."(R?) for
every r > 1 and t € [0,7] a.s., hence in particular continuous. However, in the stochastic
case, we do not know whether the solution is Lipschitz under our assumptions, whereas
presumably it is under the stronger Holder assumptions on F' of [38].

Proposition 2.3. Ind = 1, if§ € C° (R?), § = 1 on B (0, R) for some R > 0, F (z,v) =
0 (x,v) sign (z) |z|*, then system (2.2) has a unique local solution on any domain not con-
taining the origin, for every initial condition. For every ty > 0 (small enough with respect

to R), the two initial conditions (Atg, —Aﬂtg_l) with (8, A) given by (2.5) produce the
solution

(z,0) = (Alto — 1), —AB (to — 1) ")
fort € [0,to], and (z4,,vt,) = (0,0) . As a consequence, the transport equation (2.3) with
any smooth fy such that fy (Atg, —Aﬁtg_1> % fo (—Atg, Aﬁt§_1> for some ty > 0, has a
solution with a discontinuity at time t, at position (x,v) = (0,0).
Proof. The proof is elementary but a full proof is lengthy. We limit ourselves to a few

simple facts, without proving that system (2.2) is forward well posed (locally in time)
and the transport equation (2.3) is also well posed in the set of weak solutions. We only
stress that the claim (zy,,v¢,) = (0,0) when the initial condition is (Atg, —AﬁtgA) can
be checked by direct computation (as in the previous proposition) and the discontinuity
of the solution f of (2.3) is a consequence of the transport property, namely the fact that
whenever f is regular we have

[t @, v0) = fo (wo,v0) (2.6)

where (z:,v;) is the unique solution with initial condition (x,vg). Hence we have this
identity for points close (but not equal) to the coalescing ones mentioned above, where
the forward flow is regular and a smooth initial condition fy gives rise to a smooth
solution; but then, from identity (2.6) in nearby points, the limit

i to. .,
i) (0 T)

does not exists if ¢( is as above and f (Atg, —AﬂtgA) % fo <—At§, Aﬁtgfl). O

3 Well-posedness for degenerate Kolmogorov equations in Bessel-
Sobolev spaces

3.1 Preliminaries on functions spaces and interpolation theory

Here we collect basic facts on Bessel and Besov spaces (see [3], [35] and [32] for
more details). In the sequel if X and Y are real Banach spaces then Y C X means that
Y is continuously embedded in X.

EJP 22 (2017), paper 48. http://www.imstat.org/ejp/
Page 6/42


http://dx.doi.org/10.1214/17-EJP65
http://www.imstat.org/ejp/

Regularity of stochastic kinetic equations

The Bessel (potential) spaces are defined as follows (cf. [3, page 139] and [32,
page 135]). For the sake of simplicity we only consider p € [2,00) and s € R.
First one considers the Bessel potential J¢,

T = FH ] )2 F )

where F denotes the Fourier transform of a distribution f € S'(R%), d > 1. Then we
introduce

Hy(RY) ={f e S'®RY) : J°f € LP(RY)}

(clearly HJ(R?) = LP(R%)). This is a Banach space endowed with the norm || f|x: =

|.J¢ f||,, where || - ||,, is the usual norm of L?(R¢) (we identify functions with coincide a.e.).
It can be proved that

Hy(RY) = {f € LP(R") : F~![|- |*Ff] € LP(R")} (3.1)
and an equivalent norm in H;(]Rd) is
1lls.o = 1Al + IF M- 15 F Al = 1F A+ 1) FAllp -
To show this characterization one can use that
(14 472|z]?)%/? = (1 4+ 2n|z|*)) [Fo(z) + 1], =€ RY,

for some ¢ € L'(R?) (see [32, page 134]), and basic properties of convolution and Fourier
transform. We note that

k(pdy — 1i7kp(TRd
Hy(RY) = WHP(R?) (3.2)
if k > 0 is an integer with equivalence of norms (here W*»?(R?) is the usual Sobolev

space; WP(R?) = LP(R?)); see [3, Theorem 6.2.3]. However if s is not an integer we
only have (see [3, Theorem 6.4.4] or [32, page 155])

Hi(R?Y) c WP(R?) (3.3)

where Ws’p(]Rd) is a fractional Sobolev space (see below). We have (cf. [3, Theorem
6.2.3])

s d S1 d
H?(R%) C Hy'(RY)
if s > s1 and, moreover, C¢°(R?) is dense in any Hj(R%).
One can compare Bessel spaces with Besov spaces B;"q(IRd) (see, for instance, Theo-
rem 6.2.5 in [3]). Let p,q > 2, s € (0, 2), to simplify notation.
If s € (0,1) then B ,(R?) consists of functions f € LP(R?) such that

e = (/Rd Vll(iﬁsq(/m |z +h) — f(z)|pdx)q/p>1/q < 00.

Thus we have
s d s, d
Bm,(lR ) = W*P(R%) (3.4)

with equivalence of norms. Howeverif s = 1, B} ,(R“) consists of all functions f € LP(R%)
such that

1/q

g, = ([ s ([ 42w =21 40+ fayra) ™) 7 < oc.
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Thus we only have B} (R?) c W'?(R%). Note that B; ,(R“) is a Banach space endowed
with the norm: || - |[, +[]p; . Similarly, if s € (1,2), then Bs ,(R%) consists of functions
f € WhP(R9) such that

(f]Bs., :é(/ﬁdmﬁﬁw</ﬂd |(9mif(a:+h)—&Cif(x)\pdx)q/p)l/q < 00. (3.5)

Moreover, C2°(R?) is dense in any Bj ,(R") and
B2, RY) Cc B, (RY), 0<s1<sy<2, p>2. (3.6)
We also have the following result (cf. [3, Theorem 6.4.4])
By ,(R?) ¢ Hy(RY) C B; ,(RY), (3.7)

s €(0,2), p > 2. Next we state a known result (see [3, Theorem 6.4.4]; for a direct proof
see Appendix in [17]). This is useful to give an equivalent formulation to Hypothesis 2.1.

Proposition 3.1. Letp > 2, 5,5’ such that(0 < s < s’ < 1. We have
W*P(RY) C By 5(RY) € HS(RY).

It is important to notice that Besov spaces are real interpolation spaces (for the
definition of interpolation spaces (X,Y )y, with X and Y real Banach spaces and Y C X
see [29, Chapter 1] or [3]). As a particular case of [3, Theorem 6.2.4] we have for
0<s9<5<260€(0,1),p>2,

(Hp*(RY), Hy'(R))g , = By ,(RY) (3.8)
with s = (1 — 0)sp + 0s1. Moreover, it holds (see [3, Theorem 6.4.5]):

(B3, (RY), Bst (R))g,, = B ,(RY) (3.9)
with 0 < 89 < s1 <2, s=(1—0)sg+0s1, 6 € (0,1).

3.2 Interpolation of functions with values in Banach spaces

We follow Section VII in [27] and [9]. Let Ay be a real Banach space. We will consider
the Banach space LP(R%; Ay), 1 < p < oo, d > 1. As usual this consists of all strongly
measurable functions f from R into Ay such that the real valued function ||f(z)| 4,
belongs to L?(R?). We have

1/p
P rsan = ([ 1@ lade) ", 7 e LR 40).
R
If A, is another real Banach spaces with A; C Ay we can define the Banach space
LP(RY; (Ao, A1)a,q) »

by using the interpolation space (Ag, A1)s,4, ¢ € (1,00), p > 1 and 0 € (0,1). One can
prove that
(LP(R%; Ag), LP (R Al))e’q = LP(R%; (Ao, A1)a.q) - (3.10)

with equivalence of norms (see [27] and [9]). In the sequel we will often use, for s > 0,
D=2,
LP(RY HE(RY)) . (3.11)
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We will often identify this space with the Banach space L? (RY; HS (RZ)) of all measurable

v

functions f(z,v), f : R* x R* — R such that f(-,v) € H5(R"), for a.e. v € RY, and,
moreover (see (3.1))

[ ol ae= [ o [ E QR @Pd <0 @12)
Rd P R4 Rd

(here F, denotes the partial Fourier transform in the z-variable; as usual we identify
functions which coincide a.e.). As a norm we consider

v

1/p
s agman = ([ 176 0a0) " (3.13)
Rd

Also LP(R%; LP(RY)) can be identified with LP(R?¢). Similarly, we can define LP(RY;
Bs ,(R$)). Using (3.7) we have

LP(R% H3(RY) € LP(RY; B ,(R7)), (3.14)

p > 2,0 < s < 2. Finally using (3.10) and (3.9) we get for 0 < so < s; < 2, 6 € (0,1),
p>2,

(LP(RY; (By,(RY)), LP(RY; (B, (RY)), = LP(R% By ,(R7)) (3.15)

P
with s = (1 — 0)sg + 0s1.
In the sequel when no confusion may arise, we will simply write L?(R?) instead of
LP(R%RF), k > 1, p € [1,00). Thus a function U : RY — R* belongs to LP(R?) if all
k » P
Uller = (24 Ui, ) - This
convention about vector-valued functions will be used for other function spaces as well.

its components U; € LP(R?), i = 1,...,k. Moreover,

Remark 3.2. Proposition 3.1 and formula (3.3) show that Hypothesis 2.1 is equivalent
to the following one: F : R?¢ — R¢ is a Borel function such that

/ |E(,0)[yepdv < 00, (3.16)
R4
where s € (2/3,1) and p > 6d.

3.3 Regularity results in Bessel-Sobolev spaces

Here RY = R?? and z = (z,v) € R? x R?. Let also p € (1,00), s € (0,1) and A > 0.
This section is devoted to the study of the equation

M(2) = 500(2) — v Dath(2) ~ F(z) - Dy (2) = g(2)
= M(2) — S TH(QD(2)) — (Az, DU(=) ~ (B(2), Du(2))

0

where A = (O ]I), Q= (O 0) are (2d x 2d)-matrices, B = (F

0 0 0 I
shall start by considering the simpler equation with B =0, i.e.,

) : R?? — R, We

M(2) — 5 D0(z) — v Dath() = M(2) — LY() = g(2), = € R (3.17)

Recall that D, and D, denote respectively the gradient of ) in the v-variables and
in the z-variables; moreover, D2y indicates the Hessian matrix of ) with respect to the
v-variables (we have A,y = Tr(D21)).
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Definition 3.3. The space X, ; consists of all functions f € W'P(R??) such that D?f
and v - D, f belong to LP(R¢%; H3(R%)). Recall that

LA S ot s )y ey

i,j=1

It turns out that X, ; is a Banach space endowed with the norm:
1£1x,.0 = (1 llwr o gzay + 1105 fll o etz ray) + 110 - Daf || o (rg: o (e - (3.18)

If f € X, , then (A\f — Lf) € LP(RY; H3(R$)) (see (3.17)). With a slight abuse of notation,
we will still write f € X, ; for vector valued functions f : R2?¢ — R?¢, meaning that all
components f; : R?* -+ R, i =1...2d belong to X, ;.

The following theorem improves results in [4] and [5]. In particular it shows that
there exists the weak derivative D, € LP(R??) so that (3.17) admits a strong solution )
which solves equation (3.17) in distributional sense.

Theorem 3.4. Let A > 0, p > 2, s € (1/3,1) and g € LP(RY; H3(RY)). There exists a
unique solution v = ¢ € X,, ; to equation (3.17). Moreover, we have

MYl Lo (r2ay + ﬁ”DMZJHLP(]RM) + |D2 | o r2a) + v - Datp|l o maay < Cllgll o raa) (3.19)
with C = C(d,p) > 0 and

[ Dat)l| o (r2ay < C(A) lgllLeme;msmay). (3.20)

with C(\) = C(\,s,p,d) > 0 and C(\) — 0 as A — oo. In addition there exists ¢ =
¢(s,p,d) > 0 such that

Ml o sy gy + VDol Lo rasrg ey + 1D30 ] oy (o) (3.21)
v+ Dathll Lo (re; s (ray) < cllgllLera; ms ra))

Proof. Unjqueness Let 1) € X, ; be a solution. Note that |¢)|P~2¢ belongs to LI(R?%),
with ¢ = . Fix n € C>°(R??) such that = 1 on the ball B; of center 0 and radius 1.

Multlplylng both sides of equation (3.17) by [¢(2)[P~2¢(2) n(£), n > 1, we obtain

P2 271 P2 (z) n(Z z)dz
3 w3 [ e eenE) s, d (3.22)

= / N(E) (- Datp(2)|(2) [P~ dz = / n()g(2)[b(2) P2 (2) dz.
R2d T R2a N

Note that there exists the weak derivative D, (|1|P) = p||P~2¢¥ D¢ € L'(R??). Hence,
for each n > 1, integrating by parts, we know that

/ n(z/n)(v - Datp(2))[1(2) [P 24(2) dz = 1/ n(z/n)v - Dy (|¢|P)(z)d=
R2d p ]R2
- Don(~, =) = |o(z)Pdz — 0
P JRr2d
as n — oco. Moreover
1 .z d 2 2
_5/132‘1 [P~ ¢77(E)Avwdz = 2 77 (2/n) [P 2|0y, 0|2 dz

d d
1
_ p—2 p—2 2
o [ w2000, s — ;: [ 2o, as
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Finally, passing to the limit as n — oo in (3.22) we find

d
p (r—1) p—2 2 9. p—2
Ml p ey + = ;/}Rd [P0, 0] dz = R2dg|¢| P de.

It follows easily that
1
%1l L (r2e) < XHQHLP(RM) (3.23)

which implies uniqueness of solutions for the linear equation (3.17).

Existence. Step 1. We prove existence of solutions and estimates (3.19) and (3.20).
Let us first introduce the Ornstein-Uhlenbeck semigroup

Pig(2) = Prgla,v) = / g(e'z + y)N(0, Q) dy (3.24)
R2d

:/ 9@+t + 51,0+ )N 0,Q) dy, ge COR), £>0,
R2d

where N (0, Q;) is the Gaussian measure with mean 0 and covariance matrix

¢ . ¢ . 13lga 1470
Qt _ / €SAQ€SA ds = / esA (O 0 ) €SA ds = :13 , R4 2 R (325)
0 0 0 Ige 5t IRa tlgra

(A* denotes the adjoint matrix). By the Young inequality (cf. the proof of [31, Lemma
13]) we know that P,g is well-defined also for any g € L?(R??), 2 a.e.; moreover P; :
LP(R2?) — LP(R24), for any ¢t > 0, and

1Pegll Lo (raay < [|gllpo(raay, g € LP(R??), t>0. (3.26)

Let us consider, for any A > 0, z € R?, g € C°(R?9),

+o0o
¥(z) = Gag(z) = /0 e MPig(z)dt. (3.27)

Using the Jensen inequality, the Fubini theorem and (3.26) it is easy to prove that G,g is
well defined for g € L?(R??), 2 a.e., and belongs to L?(R??). Moreover, for any p > 1,

Gy : LP(R*) — LP(R*),  ||Gagllp < %, A>0, ge LP(R*). (3.28)

Note that LP(RY; H3(R%)) c LP(RY; W*P(R)) (see (3.3)). Let us consider a sequence
(gn) € C°(R??) such that

gn = g in LP(RG; WSP(RY)) .
Arguing as in [31, Lemma 13] one can show that there exist classical solutions v,, to
(3.17) with g replaced by g,,. Moreover, ¥,, = G g,. By [31, Theorem 11], which is based
on results in [5], we have that

I D2l Lo (r2ay < Cllgnl Lo (r24) (3.29)

A>0,n>1,C=C(pd). Using also (3.28) we deduce easily that (¢,,) and (D?v,,) are
both Cauchy sequences in LP(RR2?). Let us denote by ¢ € LP(R??) the limit function; it
holds that ¢ = G\g and D%y € LP(R??).

Passing to the limit in (3.17) when ¢ and g are replaced by ,, and g,, we obtain that
1 solves (3.17) in a weak sense (v - D, is intended in distributional sense). By (3.29) as
n — oo we also get

1

D2l Lo r2ay < CligllLewzay, 9]l Legzay < XHQHLP(]R“) (3.30)

and |[[v- Dl pegr2ay < C gl pr(r2e) -
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Note that the second estimate follows writing

v Dat(2) = MH(2) = 3800() — 9(2).

To prove (3.19) it remains to show the estimate for D,. This follows from

R /R D, M a0 < (o)’ (ID2 oz 72, (3.31)

To prove that ¢ € W1P(RR??) it is enough to check that
Y € LP(RE WHP(RY)) . (3.32)

Thus we have to prove that ¢ (-, v) € W1?(R?) for a.e. v and

/ dv/ |Dytp(z,v)[Pde < 0.
R4 R

To this purpose we will use a result in [4] and interpolation theory. We consider n €
C>*(R) such that Supp(y) C [~1,1] and [* L, n(t)dt > 0.

Setting f(t,2) = n(t)1(z), where 1 solves (3.17), we have that f € LP(R x R? x R%).
In order to apply [4, Corollary 2.2] we note that, for z = (x,v) € R?*?, t € R,

Ouf(t,2) +v- Def(t,z) = ' (0)P(2) — n(t)g(2) + Mn(t)i(z) — %n(t)Am(Z) :

Since D%y € LP(R??) we deduce that d; f +v- D, f and D? f both belong to LP (R x R x R?).
By [4, Corollary 2.2] and (3.30) we get easily that ¢(-,v) € Hﬁ/g(]Rd), forve R% a.e.,

and
A+ 1\2p/5
[ [t P @ s < (5) 7 elol g
A >0, with ¢ = ¢(p, d), i.e.,
A4 1y2/5
b =Ghg € L’(RY; HY*(RY)) and 1GAI Lo (ra 1272 (ray) < (T) c1 |9l e (mzay -
(3.33)
By (3.10) and (3.8) with sy = 0 and s; = 2/3 we can interpolate between (3.33) and
the estimate ||Grgl|Lr(ra; L0 (re)) < 1 9]l Lr (r24) (see [29, Proposition 1.2.6]) and get, for
e€(0,2/3),
1G9l Lera;w2/s-20ray) < Ce(M)|gll Lo (r2a) - (3.34)
with ¢.(A) = 0as A — oo.
Suppose now that g € LP(R%; W'P(R%)) and fix k = 1,...,d. By approximating g
with regular functions, it is not difficult to prove that there exists the weak derivative
Oz, € LP(R2), and

+oo
Op, W (2) = 05, Grg(2) = / e NP9y, 9)(2)dt . (3.35)
0
Arguing as in (3.34) we obtain that d,, ¢ € LP(R%; W?/3-=P(R%)) and

[0, || Lo (rasw2/s-—cnmay) < (M NOzgllLr(m2ay, k=1,....d,

so that
HG>\9||Lp(Rg;B;f;f/i‘*Evp(]Rg)) ( )”g”LP R&;WLr(RE))- (3.36)
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Taking into account (3.8), (3.9) and (3.10) we can interpolate between (3.34) and (3.36)
(see also (3.11) and (3.12)) and get
Gy : LP(RG; WPP(RY)) = (LP(R Hy (RY)), LY (RG WHP(RY))) (3.37)

N (LP(Rd;W2/37s,p(]Rd))’Lp(Rd;ngfs(Rd)))&p _ LP(RZI;B;;WS*E(R%)).

Since LP(R%; Boh?/*~¢(RY)) ¢ LP(R%; WLP(RY)) with e small enough (recall that s €
(1/3,1)) we ﬁnally obtain that

Gy : LP(RE WHP(RY)) — LP(RL WHP(RY)) (3.38)
is linear and continuous. Moreover, we have with ¢y = Gg
/]Rd dv /le |0, (,v) [P dz < Cl()‘) ||9||1£p(Rg;Ws,p(R;l)) < C//()‘) HQHZp(Rg;H;(]Rg)) , (3.39)

k=1,...,d, where C’(\) and C”()) tend to 0 as A — oo (recall the estimates (3.34) and
(3.36)). This proves (3.20) and (3.32).

Step 2. We prove the last assertion (3.21). The main problem is to show that
[ 10300 o = [ / [(1+ |- [)E D2, )| (@) P d
R R R
- [ @ / D2 (F [+ IV F o)) @ o < Clgl g sy

(F. denotes the Fourier transform in the x-variable) with ¢) = Gg. We introduce

hs(x7v):]: [(1+| ‘) wg( )](l‘),

r,v € R We know that h, € LP(R??) by our hypothesis on g. A straightforward
computation based on the Fubini theorem shows that

F A+ - ) Fatp(-0)](x) = Gahs(a,0) .
By using (3.30) (with g replaced by hy and ¥ by Gh) we easily obtain that
[ D20l oo = [ v [ DRG0P s 3.40)
R P R R

S C”hSHip(]Rmi) = OHgHiP(]Rg7H;(]R§)) ’

where C = C(d, p). Similarly, we have

/ 1D 0)l gy ey v = / dv/ |Dy Gahs(z,v)|P da (3.41)
Rd P Rd R4
c C ,
S ( )p/2 || ||LP ]R2d) (A)p/Q HgHLP(JRng;(]Rj))

and |9l o a:ms (may) = |Gahsl|rgzay < 5 1Gahsl Lomeay = x119ll L (ma: 5 () The proof
is complete. O

Lemma 3.5. Assume as in Theorem 3.4 that g € LP(R%; H3(RY)), s € (1/3,1). Moreover,

v

suppose that p > d. Then the solution ) = G g to (3.17) verifies also

Su}gl Do (, 0) | s ey < CA)gllLoma; sy, A >0, (3.42)
velRe

where C(\) — 0 as A — co.
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Proof. Using the notation introduced in the previous proof, we have for any v € R, a.e.,

1Dt sy = [ 1D Gl o) dr
P Rd

By (3.40), (3.41) and the Fubini theorem we know that
/ dx/ | D, G,\hs(x,v)\pdv—&—/ dm/ |D2 Gyhs(z,v)|P dv < 00
Rd ]Rd ]Rd Rd
It follows that, for z € R? a.e.,
D0 Gaha(, ) By gy = /Rd D, Gahy(w, )P dv + /}Rd D2 Gy ()P dv < oo.

In order to prove (3.42) with C'(\) — 0, we consider r € (0,1) such that rp > d. Let us
fix € RY, a.e.; by the previous estimate the mapping v — D, Gahs(z,v) belongs to
WrP(RY) ¢ WHP(RY).

We can apply the Sobolev embedding theorem (see [35, page 203]) and get that
v — D, Gyhs(x,v) in particular is bounded and continuous on R?. Moreover,

sup |Dy, Grhs(z,v)|P < ¢ ||Dy Gahs(z,-)
veER4

[N (3.43)

where ¢ = ¢(p,d,r). Integrating with respect to = we get

/}Rd [ sup |, a0 d < C/Rd 1D0 Gl )y gy

By (3.8) we know that (LP(R?), Wl’P(]Rd))Tp = W"P(R%). Applying [29, Corollary 1.2.7]
we obtain that, for any f € W1P(R?),
1—r T
1fllwre@ey < e(rp) (Iflee@ey) - (Iflwremay) -

It follows that

sup HDu?/)('»U)H%s(Rd) = sup / |D, Gahs(z,v)P da
vER? P veRd JRA

g/ [ sup Dy Gz, v) 7] dxgc/ 1Dy Gahy (@, ) By gy
R veR? Rd

Lr(R4) V[T/1>P(]Rd)dx

1—r r
< C/(/]Rd Dy ths(ww)llip(m)dx) : </Rd 1Dy GAhs(xr)H’V’Vl,p(Rd)dw) ‘

Now we easily obtain (3.42) using (3.40) and (3.41), since

<c / Dy G, g - 1D Gahal, )y
R

d

106w e = [ v [ 1Dy Gahalz, o)l de < CO) gl mer sy

R: R4 R4

with C(A) = 0as A — oo. O
We complete the study of the regularity of solutions to equation (3.17) with the

next result in which we strengthen the assumptions of Lemma 3.5. Note that the next
assumption on p holds when p > 6d as in Hypothesis 2.1.
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Lemma 3.6. Let A > 0, s € (2/3,1) and g € LP(R%; H3(RY%)). In addition assume that
p(s — 1) > 2d, then the following statements hold.

(i) The solution v = Gg (see (3.28)) is bounded and Lipschitz continuous on R34,
Moreover there exists the classical derivative D, which is continuous and bounded on
R?? and, for \ > 0,

[¥lloe + 1Dt lloc < CMIgllLewra;mrsmay »  with C(A) — 0 as A — oo (3.44)

(i) Dy € WHP(R??) (so in particular there exist weak partial derivatives 0,,0,,1 €
LP(R??),i,5=1,...,d) and

HD’U’(/}”WLP(RQd) < C()\)HgHLp(]Rg;Hg(]Rg)) , A>0, with c= C()\) —0 as A — oco. (3.45)

Proof. (i) The boundedness of 1 follows easily from estimates (3.19) and (3.20) using the
Sobolev embedding since in our case p > 2d. Let us concentrate on proving the Lipschitz
continuity.

First we recall a Fubini type theorem for fractional Sobolev spaces (see [33]):

W) = {7 € PR [ oyt + [0 g o < 00},
(3.46)
v € (0, 1] (with equivalence of the respective norms). Let n € (0, s +2/3 — 1) be such that

np > 2d. (3.47)

We will prove that D¢ € W"P?(R??) so that by the Sobolev embedding W"?(R2¢) C
C;’fzd/p(RQd) (see [35, page 203]) we get the assertion. According to (3.46) we check
that

/}R D) sy < COV 1 g ey (3.48)

and
[ ID2 @ < CON M gy - (3.49)

with C(A) — 0 as A — oo. Estimate (3.48) follows by (3.37) which gives
¢ € LP(R%; BITH(RY)) with = s —e —1/3.

Let us concentrate on (3.49). We still use the interpolation theory results of Section
3.2 but here in addition to (3.12) we also need to identify L?(R%; H3(R%)) with the Banach
space L*(R¢; H3(R¢)) of all measurable functions f(z,v), f : R? x R* — R such that
f(z,-) € H3(R?), for 2 € R? a.e., 0 < s < 2, and, moreover [p, || f(z,-)|[}. dz < co. As a
norm one considers ’

1/p
Il e e s (ray) = (/}Rd Hf(%')”%;(ﬁd)dx) : (3.50)

Similarly, we identify L?(R%; B; ,(R?)) with the Banach space L*(R¢; B; ,(R%)) of all
measurable functions f : R x R — R such that f(z,-) € B (R?), for x a.e., and
fRd IS (x, )||% (R4) dx < co. By (3.19) and (3.20) in Theorem 3.4 and using (3.35) we

find with ¥ = G)\g

[ ae [ Devta ol av= [ 1D de < COMalE gmgonsy
[ ae [ DD av = [ DD e < ol g

(3.51)
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with ¢ = ¢(d, p) > 0. Thus we can consider the following linear maps (s’ € (1/3,1) will be
fixed below)

D,Gy : LP(RY HE (RY)) — LP(R*) = LP(RY; LP(RY)) (3.52)
DyGy « LP(R; Hy (RS)) — LP (Rg; Hy(RY)) -

Interpolating, choosing s’ € (1/3,1) such that

s’ <25 -1,

we get (see (3.8) and (3.10) with = 525 > 1/2)

D,Gy 1 LP(R% WP(RY)) = (LP(Rg;H;’ (R%)) LT’(]Rﬁ;H;(]Rg)))e (3.53)

P

— (L7 (RE L (RD)), LP(]Ri;Hi(Rﬁ)))M = L7 (RY; BY,(RY))
and by the estimates in (3.51) we find
IP / p
/]Rd 1D(Grg)(x, )HBg?p(Rd)dx <C (A)HQHLP(Rg;H;(Rg))

(recall that Hj(R?) ¢ W*?(R?)). Since n < 2/3 we have B2 (R%) ¢ W"?(R?) (cf. (3.6))
and we finally get (3.49).

(ii) We fix j = 1,...,d and prove the assertion with D, replaced by 9,,.
By Theorem 3.4 we already know that there exists D,d,, € LP(R??). Therefore to
show the assertion it is enough to check that there exists the weak derivative

Dy (0y,90) = Oy, (Dy)) € LP(R?Y) . (3.54)

We use again (3.53) with the same 6. Since 20 > 1 we know in particular that D, Gg €
LP(R%; WP(R%)). Thus we have that there exists the weak derivative 9,, D,v(z,-), for «
a.e., and

[ o [ 10 Deste 0 dv= [ 10, Dete b < CO ol e e -
R4 R4 R4 P

(3.55)
This finishes the proof. O

Now we study the complete equation
1
Mp(z) — iAvw(z) —v-D(2) — F(2) - Dyib(2) = g(2), 2= (z,v) € R*, (3.56)

assuming that ' € LP(RY; H5(R$)) (cf. (3.12) and (3.13)). From the previous results we

obtain (see also Definition 3.3)
Theorem 3.7. Let s € (2/3,1) and p be such that p(s — &) > 2d. Assume that

g, F € LP(RY; H3(RY)) .

Then there exists Ao = Ao(s,p,d, ||F||r(re;ms(ra))) > 0 such that for any A > Ao there
exists a unique solution ¢ = 1) € X, s to (3.56) and moreover

Al Lo e bz mey) + VDol Lo wtss may) + 1D Lo (metsrrs e (3.57)

v - Datbllieme;mswray) < Cllglle®a;msway)
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with C = C(s,p,d, ||F||Lp(Rd.H;(Rg))) > (0. We also have

v

Suﬂi)d HDvw(vv)”Hg(Rd) S C()\)”g”LP(]Rg,H;(]R‘,ﬁ))’ with C()\) —0as\— . (358)
S

Moreover, 1) € CL(R?), i.e., ¢ is bounded on R?? and there exist the classical derivatives
D, and D,v) which are bounded and continuous on R??; we also have with C'(\) — 0 as
A — 00

[¥lloc + 1Dl Lew2a) + [[Datblloc + 1Dvthlloc < C(N) gl e ra;ms (mra)) - (3.59)
Finally, D,y € W1?(R>??) and
Dol (reay < c(Mgllze@e;msmay) . ¢=c¢(A) >0 as A — oo. (3.60)

Proof. First note that, since p > 2d, the boundedness of 1) follows by the Sobolev
embedding (recall also (3.18)). Similarly the second estimate in (3.59) follows from
(3.60).

We consider the Banach space Y = LP(RZ; H;(]Rg)) and use an argument similar to
the one used in the proof of [10, Proposition 5]. Introduce the operator 7 : Y — Y/,

Inf:=F Dy(Grf), [€Y,

where G is defined in (3.27). It is not difficult to check that T, f € Y for f € Y. Indeed
by Lemma 3.5 we get

. p 5 . p . P
/]Rd 1T f( aU)HH;(]Rd)dU < vbeu]g{)d Dy (GAf)( aU)HH;(]Rd) /]Rd 1F'( aU)HH;(]Rd)dU

< OO g 15 ey 1 W (s s (-

It is clear that 7T is linear and bounded. Moreover we find easily that there exists g > 0
such that for any A > Ay we have that the operator norm of T} is less than 1/2.
Let us fix A > \. Since T} is a strict contraction, there exists a unique solution f € Y
to
f-Txf=g. (3.61)
We write f = (I—-T)) lgeY.
Uniqueness. Let ¢, and 13 be solutions in X, ;. Set w = 1)1 — ¢». We know that

Aw(z) — %Avw(z) —v-Dyw(z) — F(z) - Dyw(z) =0.

We have \w — %Avw —v-D,w = f €Y. By uniqueness (see Theorem 3.4) we get that
w = G f. Hence, for z a.e.,

0=f(2) = F(2) - Dyw(z) = f(2) = F(2) - DG [(2).

Since T}, is a strict contraction we obtain that f = 0 and so 1 = 5.
Existence. It is not difficult to prove that

Yp=1n=G\(I-Ty)"'g, (3.62)

is the unique solution to (3.56).

Regularity of 1) and estimates. All the assertions follow easily from (3.62) since
(I — Ty)"'g € Y and we can apply Theorem 3.4, Lemmas 3.5 and 3.6. O

In the Appendix we will also present a result on the stability of the PDE (3.56), see
Lemma 6.1 .
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4 Regularity of the characteristics

We will prove existence of a stochastic flow for the SDE (1.2) assuming Hypothesis 2.1.
We can rewrite our SDE as follows. Set Z; = (X, Vi) € R%*, 2y = (z0,v0) and
introduce the functions b(z,v) = A - 2z + B(z) : R?? — R??, where

(0 I (0 « _~_ (00 N A VA N 2d
e m=(0). maeo= (0 0). oo ()i wn

4.1)
With this new notation, (1.2) can be rewritten as
{ dZ, = b(Z;)dt + R - dW, (4.2)
Z() = 20
or
Zo = 20
We have
t t t
X, =0 —|—/ Vs ds = xg —|—tv0—|—/ (t—s)F(XS,VS)ds—i—/ W ds,
0 0 0
t
V}:voJr/ F(X,,Vs)ds+ W;. (4.4)
0

4.1 Strong well posedness
To prove strong well posedness for (4.2) we will also use solutions U with values in

R of
AU(z) — %Tr(QD2U(z)) —(Az,DU(z)) — (B(z),DU(2)) = B(z),
ie, ANU(z) — LU(z) = B(z) (4.5)

(defined componentwise at least for A large enough). Note that U = <2) where

Mi(z) — Lu(z) = F(z)

is again defined componentwise (@ : R2¢ — R9).

Remark 4.1. In the following, according to (4.1), we will say that the singular diffu-
sion Z; (the noise acts only on the last d coordinates {e41, ..., e2q}) or the associated
Kolmogorov operator

1
Lf(z) = 500f(2) + (b(2), Df(2))
b(z) = Az + B(z), are hypoelliptic to refer to the fact that the vectors

{6d+1, .. eaq, Aegy, .., A€2d}

generate R??. Equivalently using @ given in (4.1) and the adjoint matrix A* we have that
the symmetric matrix Q; = fg e*4Qe*4" ds is positive definite for any ¢ > 0 (cf. (3.25)).
Note that

det(Q;) = ct™, t>0.

We collect here some preliminary results, which we will later need. Recall the OU
process

dL; = AL, dt + RAW; . A bl
e., L, = LZ — (t S)A .. 4.
{ Lo = » € R , le ¢ ="z 4+ Oe Rd4W, (4.6)
EJP 22 (2017), paper 48. http://www.imstat.org/ejp/
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Using the fact that L; is hypoelliptic, for any ¢ > 0, one gets that the law of L; is
equivalent to the Lebesgue measure in R?¢ (see for example the proof of the next lemma).
We also have the following result.

Lemma 4.2. Let (L?) be the OU process solution of (4.6). Let f : R2¥ — R belong to
L(R??) for q > 2d. Then there exists a constant C' depending on q,d and T such that

T
sup E[/ f(Lj)ds} < O\ fllpa(raay - (4.7)
z€R2d 0
Proof. We need to compute
T T
B [ raias] = [ nseyas,
0 0

where P, is the Ornstein-Uhlenbeck semigroup introduced in (3.24). By changing variable
and using the Hélder inequality we find, for t € [0,77], z € R?,

A= Jea [ St v Ve ay] <a [ 10 V@)

Cq Cq

1/q
= Gaaru7 o 1164 w00 ™ = s

with ¢, independent of z. We now have to study when

t
1
/0 7(det(Qs))1/2q ds < 0. (4.8)

By a direct computation for s — 0
(det(Q,))"/*® ~ c(s*)1/2,
hence the result follows for ¢ > 2d. O

We state now the classical Khas’minskii lemma for an OU process. The original
version of this lemma ([23], or [34, Section 1, Lemma 2.1]) is stated for a Wiener process,
but the proof only relies on the Markov property of the process, so that its extension to
this setting requires no modification.

Lemma 4.3 (Khas'minskii 1959). Let (L}) be our 2d—dimensional OU process starting
from z at time 0 and f : R?>* — R be a positive Borel function. Then, for any T > 0 such
that

T
a= sup E[/ f(Lf)dt} <1, (4.9)
z€R2d 0
we also have -
. 1
ZselllR];;dE[exp(/o f(Lt)dt)} < T (4.10)

We now introduce a generalization of the previous Khas’'minskii lemma which we will
use to prove the Novikov condition, allowing us to apply Girsanov’s theorem.
Proposition 4.4. Let (L;) be the OU process solution of (4.6). Let f : R 5 R belong
to LY(R??) for ¢ > 2d. Then, there exists a constant Ky depending on d,q,T and
continuously depending on || f|| a(g2a) such that

sup E[exp(/OTf(Lj)dsH =K;<oo. (4.11)

z€R24
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Proof. From Lemma 4.2, for any a > 1 s.t. ¢/a > 2d we get

T
sup B [ 111922 s] < Cll e

z€R2d

Setting e = (C||f[|%.)~* A 1, we apply Young’s inequality: |f(z)| < £|f(2)|* + C.%* and
Khas’'minskii’s Lemma 4.3 replacing f with £[f|* to get

s Blow ([[ 1000)] < s e ([ Smara] e < ot <o
O

The next result can be proved by using the Girsanov theorem (cf. [22] and [28]).

Theorem 4.5. Suppose that in (4.2) we have F ¢ LP(R?*?;R?) with p > 4d. Then the
following statements hold.

(i) Equation (4.2) is well posed in the weak sense.

(ii) For any z € R, T > 0 the law in the space of continuous functions C([0, T]; R??)
of the solution Z = (Z;) = (Z}) to the equation (4.2) is equivalent to the law of the OU
process L = (L;) = (L7).

(iii) For any t > 0, z € R24, the law of Z, is equivalent to the Lebesgue measure in
R24,

Proof. (i) Existence. We argue similarly to the proof of [22, Theorem 1V.4.2]. Let T' > 0.
Starting from an Ornstein-Uhlenbeck process (cf. (4.6))

t
Lt=L§=z+/ AL,ds + RW,, t>0
0

defined on a stochastic basis (2, F, (¥;),P) on which it is defined an R?-valued Wiener
process (W;) = W, we can define the process

t
Hy, = Wtf/ F(L,)dr, t€[0,T]. (4.12)
0

Since p > 4d, Proposition 4.4 with f = F? provides the Novikov condition ensuring that
the process

®, exp(/ot (F(Ly),dW,) — ;/OtF(LS)Fds), teo,1],

is an F;-martingale. Then, by the Girsanov theorem (H});c[o, 1) is a d-dimensional Wiener
process on (2, Fr, (Fs)s<r, Q), where Q is the probability measure on (2, Fr) having
density & = &, with respect to P. We have that on the new probability space

t t
Lt:Lf:z+/ ALsder/ RF(Ly)ds + RH,, t € [0,T)
0 0

(cf. (4.1)). Hence L = (L;) is a solution to (4.2) on (2, Fr, (Fs)s<1, Q).

Uniqueness. To prove weak uniqueness we use some results from [28]. First note that
the process

t
m:v0+/ F(X,,V,)ds + W, (4.13)
0

(cf. (4.4)) is a process of diffusion type according to [28, Definition 7, Section 4.2, page
118]. Indeed, since X; = o + fot V, ds we have

t s
V;:vo—i—/ F(m0+/ ‘/Tdr,\/;)ds—i—Wt
0 0
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and the process (bs(V))sejo.r] = (F(zo + [y Vi dr, Vi))seo,r) is (F))-adapted (here 7 is
the o-algebra generated by {V;, s € [0,]}).

We can apply to V = (V;) [28, Theorem 7.5, page 257] (see also [28, Paragraph
7.2.71): since fOT |bs(V)[2ds < oo, P-a.s., we obtain that

Ky ~ pw on B(C([O’T]§Rd>) )

i.e. the laws of V' = (V})icjo,r) and W = (Wy)cjo,1) are equivalent. Moreover, by [28,
Theorem 7.7], the Radon-Nykodim derivative £+ (z), x € C([0, T}; RY), verifies

B ) =exp(/OT (by (W), dW,) — ;/OTbs<W>|2ds).

It follows that, for any Borel set B € B(C([0, T]; R%)),

B1a(V)] = B [1n 22] = E[1a(7) exp ( | S w.aw - 2 / S nPas)];

this shows easily that uniqueness in law holds.

Clearly (iii) follows from (ii). Let us prove (ii).
(ii) The processes L = (L;) and Z = (Z;), t € [0,T], satisfy the same equation (4.2) in
(Q,F, Ft,Q,(Hy)) and (Q, F, F, P, (W,)) respectively. Therefore, by weak uniqueness,
the laws of L and Z on C([0,T]; R??) are the same (under the probability measures Q
and PP respectively). Hence, for any Borel set J C C([0,7]; R?¢), we have

E[1;(Z)] = E[1,(L) ®].

Since W; = ((Lt, eq+1),- - -, (L, e24)) we see that each W; is measurable with respect to
the o-algebra generated by the random variable L,, s < T'. By considering L as a random
variable with values in C([0,7]; R2¢), we obtain that

& = explG(L)]

for some measurable function G : M = C([0,T]; R*?) — R. Using the laws pz of Z and
wr, of L we find

[ 1@z (o) = ElL(2)] = E[1() explGL)] = [ L) explGle)lnn (o).

M M

Finally note that |G(w)| < oo, for any w € M pr-a.s. (indeed [, |G(w)|pr(dw) =
E[|G(L)|] < 00). It follows that exp[G(w)] > 0, for any w € M pr-a.s., and this shows that
wr is equivalent to pz. O

We can now prove that the result of Lemma 4.2 holds also when replacing the OU
process L; with Z;.
Lemma 4.6. Let F € LP(R*%;RY) for p > 4d and Z} be a solution of (4.2). Let
f : R? — R belong to L(R2??) for some q > 2d. Then there exists a constant C
depending on q,d and T' such that

T
sup IE[/ f(ZSZ)ds} < C fll pa(raay (4.14)
z€R2d 0

and a constant K; depending on q,d,T and continuously depending on || f||;a(g2a) for
which

Zs;;&E[exp(/on(Zj)dsﬂ < Ky. (4.15)
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Proof. As seen in the previous proof, the laws of I, and Z; are the same under Q and P
respectively. Then, applying Holder’s inequality with 1/a + 1/a’ = 1 we have

P | /OT 1(2,)ds] = E9| /OT F(L.) ds] < P /OT riead e o]

Taking a > 1 small enough so that ¢/a > 2d, we can apply Lemma 4.2 to |f|* and control
the first expectation on the right hand side with a constant times || f|| L«(g2¢). Then we
write

T T N2 _ 7 T
o :exp(/ (@' F(Ly),dW,) — %/ |a’F(LS)\2ds+(a)Ta/ (F(L)ds)
0 0 0

which has finite expectation due to Proposition 4.4. Both these estimates are uniform in
z, so that (4.14) follows. Similarly, we have

EF [exp (/OT f(Zy) ds)} <EF [exp (2 /OT f(Ls) ds)} I/ZIE)]P {@2} 1/2.

Both terms on the right hand side are finite due to Proposition 4.4: this proves (4.15). O

From now to the end of the paper we will assume Hypothesis 2.1.

Lemma 4.7. Any process (Z;) which is solution of the SDE (4.2) has finite moments of
any order, uniformly in t € [0,T): for any q > 2

E[|Z;|7] < C.qar < . (4.16)
Proof. Recall that, setting Z7 = Z,,

t t t
Zt:z—&—/ F(Zs)ds+/ AZSds+/ RAW, .
0 0 0

It follows from (4.15) that for any ¢ > 1, E|] fOT F(Z;)dt|?] < C. Using this bound, the
explicit density of R, and the Gronwall lemma we obtain the assertion. O

In the proof of strong uniqueness of solutions of the SDE (4.2) we will have to
deal with a new SDE with a Lipschitz drift coefficient, but a diffusion which only has
derivatives in LP. However, following an idea of Veretennikov [36], we can deal with
increments of the diffusion coefficient on different solutions by means of the process
N, defined in (4.17). The following lemma generalizes Veretennikov’s result to our
degenerate kinetic setting and even provides bounds on the exponential of the process
N;. It will be a key element to prove continuity of the flow associated to (4.2) and will
also be used in Subsection 4.3 to study weak derivatives of the flow.

Lemma 4.8. Let Z,;, Y; be two solutions of (4.2) starting from z, y € R?? respectively,
U:R?* — R, U € X, ,NC} (see Definition 3.3), and set

|(pu(z,) - DUV)R|.

t
N,= {1 HS g 4.17
t /0 {Z:#Y5} Z, — Y, 2 5 ( )

where || - ||zs denotes the Hilbert-Schmidt norm. Then, N; is a well-defined, real valued,
continuous, adapted, increasing process such that E[Nr] < oo, for every t € [0,T]

t 2 t
/ H [DU(Z7) - DU(Y;/)]RH ds = / |2z — v¥[* N, (4.18)
0 HS 0
and for any k € R, uniformly with respect to the initial conditions z,y:
sup E[ekNT] < 00. (4.19)
z,y€R24
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Proof. Recall that B = (g) and ||[DU(Z,) — DU(Y,)|R || 3¢ = |Duii(Z,) — Dya(Yy)|".
We have

2d 1
|Dya(Zs) — Dya(Ys)| = ‘ >z, - Ys)i/ D;Dyii(rZs + (1 — r)Ys) dr
0

i=1

1
<17, - y;|/ |DD,i(rZ, + (1 - 7)Y.) | dr.
0

Set Z] =rZ, + (1 — r)Y; (the process (Z]):>o depends on r € [0,1]). We will first prove
that

1 t
E{/ dr/ |DDvﬂ(Z§)|2ds} <oo, t>0. (4.20)
0 0

By setting F7 = [rF(Zs)+ (1—r)F(Ys)] and 2" = rz+ (1 —r)y, we obtain, for any r € [0, 1],

t /0 0 t
Zy =z Jr/o <Fsr> ds+(Wt>+/O AZIds.

Since fOT |Fr2ds < C fOT |F(Zs)|? 4+ |F(Ys)|? ds, using Hélder’s inequality and Lemma 4.6
we get forall k € R

szlg)]E{eXp (k/OT \EIFdsﬂ < Q) < oo, (4.21)

where the constant C} depends on k,p,T" and || F||.»(gz2ay, but is uniform in z,y and r.
We can use again the Girsanov theorem (cf. the proof of Theorem 4.5). The process

. t
Wt Z:Wt+/ F;d’l’, tG[O,T]
0

is a d-dimensional Wiener process on (§, (Fs)s<7, Fr, Q), where Q is the probability
measure on (2, Fr) having the density p, with respect to P,

T 1 T

Recalling the Ornstein-Uhlenbeck process L; (starting at 2"), i.e.,
t
Ly =e2" + Wa(t), where Wa(t) = / AR AW,, (4.22)
0

we have: .
Zl = L +/ eARF ds.
0

Hence :
Z; =€z + / =4 aw,
0

is an OU process on (Q, (Fs)s<r, Fr, prP).
We now find, by the Hélder inequality, for some @ > 1 such that 1/a +1/a’ =1,

B o /el / t IDD,a(Z7)Pds| < er (B, / t IDDyﬂ(Zl)I%ds])l/a(E[p; fa)
0 ’ (4.23)
<cr(elp. | bz fas])
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for any ¢ € [0, T]. Observe that the bound on the moments of p, is uniform in the initial
conditions z,y € R2? due to (4.21). Setting f(z) = |DD,(z)|** and using the Girsanov
Theorem, assertion (4.20) follows from Lemma 4.2 if we fix a > 1 such that ¢ = p/2a > 2d.
Therefore, the process N; is well defined and E[N;] < oo for all ¢ € [0,7]. (4.18) and
the other properties of NV, follow.
To prove the exponential integrability of the process N; we proceed in a way similar
to [15, Lemma 4.5]. Using the convexity of the exponential function we get

E[e"r | < B[ exp (k/OT/OlDDUa(Z;“)Pdrdsﬂ < /OllE[eXp (k /OTIDDUQ(Z;")ZdS)}dT

and we can continue as above (superscripts denote the probability measure used to take
expectations)

sup EP [ekNT} < sup /1 EF {pr_l/ap}/“ exp (k /T |DD,iu(Z7)|? ds)}dr
0 0

2y 2y

< Crsup /01 E® {exp (ak /OT |DD,a(Z5)|? ds)} 1/adr

21

< Crsup /1 EF [exp (ak /T |DD,ii(Ly)[? ds)} 1/adr.
0 0

z,Y

The last integral is finite due to Proposition 4.4 because p/2 > 2d. The proof is complete.
O

Proposition 4.9 (It6 formula). If ¢ : R?¢ — R belongs to X, s N C} and Z; is a solution
of (4.2), for any 0 < s < t < T the following It6 formula holds:

P20 = o2+ [ (02 Do) + 5z ))ar+ [ Duplzaw,. @2

Proof. Note that we can use (iii) in Theorem 4.5 to give a meaning to the critical term
[ : A,o(Z,)dr. The result then follows approximating ¢ with regular functions and using
Lemma 4.6.

Let . € C* — pin X, . ¢. satisfy the assumptions of the classical It6 formula,
which provides an analogue of (4.24) for ¢.(Z;). For any fixed ¢, the random variables
ve(Zy) — w(Z;) P-almost surely. Using that D¢y is bounded and almost surely F(Z,)
and AZ, are in L'(0,T) (this follows by Lemma 4.6 and Lemma 4.7 respectively), the
dominated convergence theorem gives the convergence of the first term in the Lebesgue
integral. For the second term we use Lemma 4.6 with f = A,p. — A, (recall that
p > 6d):

t
E{/ Aype(Zr) — Avip(Z:) dr} < CllAype — A1190||LP(]R24) —0.

In the same way, one can show that E| f: |Dvoe(Zy) — Dyp(Z,)|? dr] converges to zero,
which implies the convergence of the stochastic integral by the It6 isometry. O

Remark 4.10. Using the boundedness of ¢, it is easy to generalize the above It6 formula
(4.24) to p*(Z;) for any a > 2.

We can finally prove the well-posedness in the strong sense of the degenerate SDE
(4.2). A different proof of this result in a Holder setting is contained in [6], but no explicit
control on the dependence on the initial data is given there, so that a flow cannot be
constructed. See also the more recent results of [37]. We here present a different, and in
some sense more constructive, proof. This approach, based on ideas introduced in [19],
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[24], [15], will even allow us to obtain some regularity results on certain derivatives of
the solution. We will use Theorem 3.7 from Section 3.3, which provides the regularity
X,.s N CL(R??) of solutions of (4.5).
Theorem 4.11. Equation (4.2) is well posed in the strong sense.
Proof. Since we have weak well posedness by (i) of Theorem 4.5, the Yamada-Watanabe
principle provides strong existence as soon as strong uniqueness holds. Therefore,
we only need to prove strong uniqueness. This can be done by using an appropriate
change of variables which transforms equation (4.2) into an equation with more regular
coefficients. This method was first introduced in [19], where it is used to prove strong
uniqueness for a non degenerate SDE with a Holder drift coefficient.

Here, the SDE is degenerate and we only need to regularize the second component
of the drift coefficient, F'(-), which is not Lipschitz continuous. We therefore introduce
the auxiliary PDE (4.5) with A large enough such that

UM Lo 24y + [[ DU || oo (r2ay < 1/2 (4.25)

holds (see (3.59)). In the following we will always use this value of A and to ease notation
we shall drop the subscript for the solution U, of (4.5), writing Uy = U.
Let Z; be one solution to (4.2) starting from z € R24, Since

t t
7 :z+/ B(Zs)ds—f—/ AZ,ds+ RWy,
0 0
and U € X, ;N C,} (see Theorem 3.7), by the It6 formula of Proposition 4.9 we have

U(Z) =U(2) + /Ot DU(Zs)R dW, + /Ot LU(Z,)ds

:U(z)—i—/OtDU(ZS)RdWS—&-)\/OtU(ZS)ds—/OtB(ZS)ds.

Using the SDE to rewrite the last term we find

t t t
U(Zt):U(z)Jr/ DU(ZS)RdWS+)\/ U(Zs)dszt+z+/ AZ,ds + RW,
0 0 0

and so
t t t
Zy=U(2) —U(Z) + / DU(Z)RAW; + A/ U(Zs)ds + z + / AZds+ RWy. (4.26)
0 0 0

Let now Y; be another solution starting from y € R?* and let
y(z) =2 +U(z), € R*™. (4.27)

We have 7(z) =7(y) = z2—y+U(2)=U(y), and so |z—y| < [U(2)=U(y)|+[v(z)—7(y)|. Since
we have chosen \ such that || DU||,«(g24) < 1/2, there exist finite constants C, ¢ > 0 such
that

cy(z) =W < |z =yl < Cy(z) —v(y),  Vz,y € R*. (4.28)
We find
dv(Z,) = (\U(Z,) + AZ,) dt + (DU(Z;) + I)R - AW, (4.29)
and
t
W2 = A(V) =2~y +U(:) = U + | [DU(Z) = DUW)JR-W.  (430)
0
t t
+ /\/ U(Zs) — U(Ys)]ds +/ A(Zs —Yy)ds.
0 0
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For a > 2, let us apply It6 formula to |v(Z;) — (Y:)|" = (X3, [v(Z) - 7(1@)]?)0/2:

A[1(Z) = v (YD)|*] = a|y(Ze) = v(Y)|" 72 (7(Ze) = 2(Y)) - d(4(Zs) — (V7))
2d

d
+ 5 (Z) =T Y Y {e=2((20) - 1(0), (1(20) = 1 (1),

1,j=1k=1
+ 6120 -0}

< [(DU(Z) ~ DUYV)R| [(DU(Z) ~ DUYV)R|,di

< aly(Z) = ()" { (1(Z) = /() - [DU(Z) - DU(Y)]R - W,
+ (4 Z0) = 1(%) - (A[U(Z) U (V)] + AZ - Vi) ) dt

2
+ Co ‘ (DU () — DU(Yt)]RHHSdt} .

Note that Z; has finite moments of all orders, and U is bounded, so that also the process
v(Z;) has finite moments of all orders. Using also that DU is a bounded function, we
deduce that the stochastic integral is a martingale M;:

M, :/0 a|'y(Zs) —’Y(Ys)|a72(’Y(Zs) _’Y(Ys)) ’ [DU(Z) DU(Y, )]R dw,

As in [24] and [14] we now consider the following process

vz —poon]
‘ /0 {2.#Y:) 1v(Zs) - V(YsW

where we have used the equivalence (4.28) between |Z; — Y;| and |y(Z;) — v(Yr)| and
N, is the process defined by (4.17) and studied in Lemma 4.8. Just as the process NV,
also B; has finite moments, and even its exponential has finite moments. With these
notations at hand we can rewrite

d[|v(Z)=~(¥3)|"]
< al(Z) =1 ()|" T (1(Z) = () - (A[U(Z) — UMW) + A(Z - Vo)) e
+dM; + Caa7(Ze) —v(Y2)|" dB; .

Again by It6 formula we have
d(eicﬂ"dBt |'Y(Zt) . ’Y(}/t)|a> = —Chu efca,dBt |,_Y(Zt) _ 'Y(}/t)rl dBt (432)
+eCeaBifaly(20) - (V)| (1(20) - (1) - (AU (20) ~ UMW) + AZ — Vo) ) e

+dM; + Cadly(Z) = 1(Y)|" By .

The term e~ “=-4Btd M, is still the differential of a zero-mean martingale. Integrating and
taking the expected value we find

a—2

Ele Gt |y(2,) = 1(%)|"] = h(2) = v(w)|" + E{/Ot ¢=CoaBig

x (Zs) =21(%:)) - (A[U(Z,) = U(YV)] + A(Z, - Ys) ) ds|.

Y(Zs) = y(Ys)|
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Using again the equivalence (4.28) between |Z; — Y;| and |y(Z;) — v(Y7)| and the fact
that U is Lipschitz continuous, this finally provides the following estimate:

t
E{e‘ca'dBﬂZt - Ytﬂ < C{\z —y|® +/ E[e‘c”’dB‘“ |Zs — Ysﬂ ds} :
0
By Gronwall’s inequality, there exists a finite constant C’ such that
E{e_ca,dBt% —Yt\“} <C'z—y|". (4.33)

Using that B; is increasing and a.s. Br < oo, taking z = y we get for any fixed ¢ € [0, T
that ]P(Zt #* Yt) = 0. Strong uniqueness follows by the continuity of trajectories. This
completes the proof. O

Corollary 4.12. Using the finite moments of the exponential of the process B,, we can
also prove that for any a > 2,

B[z -Yi|"] <Clz-y|". (4.34)
Proof. Using Holder’s inequality and for an appropriate constant ¢, we have
E[\Zt _ Ytﬂ - E[ethe—thth _ Y,ﬂ
< o(Ble2m|z, -y *]) " < ol - 0

4.2 Stochastic flow

The main result of this section is the existence of a stochastic flow generated by the
SDE (4.2), which is presented in Theorem 4.18. This result follows in a standard way
from the results of Lemma 4.13 and Corollary 4.17. One possible line of proof is to follow
[25, Chapter I1.2] or [26, Chapter 4.5], adapting such results to the irregular coefficients
(as in [15]) and degenerate setting considered here.

Another standard result which follows from Corollary 4.12 and Lemma 4.13 is the
(local) Holder continuity of the flow, which we present in Theorem 4.15.

Lemma 4.13. Leta be any real number. Then there is a positive constant C,, independent
oft € [0,T] and » € R?? such that

B[(1+12:*)"] < Coa(i+12P)".

Proof. Using the boundedness of the solution U of the PDE (4.5) (see (4.25)) one can
show the equivalence

L+ [27) S 1+ ()P < O(1+]22).

Set v, = v(Z7). Then, it is enough to prove that E[(1 + |v:|?)*] < Cqaa(1+ [7(2)]?)". Set
f(2) := (1 +|2|?). The idea is to apply the It6 formula to g(v;), where g(z) = f%(z). Since
dg d%g

(2) = 2af* 1 (2)z, (2) = da(a — 1) f*2(2)ziz; + 2af* 1 (2)6; ;,

we see that
t

g(n) —g(v(2)) = 2@/0 FUH (vs) vs - T (s) - AW +2a/0 F ) vs - b(rs)ds (4.35)

2d t
+ 30 [ 2000 [t = nind + 80,500 |F 0007 (1) ds

i,5,k=1
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Here we have used the relation d(v;,v;) = o(y:) 7% () dt . Since ~; has finite moments,
the first term on the right hand side of (4.35) is a martingale with zero mean. Note tllat
f(z) > 1, so that f*~! < f®and |z| < f/?(z). Moreover, since & is bounded and b is
Lipschitz continuous, [b(z)| < C(1 + |z|) < Cf¥/2(z). Using all this, we can see that the
second and third term on the right hand side of (4.35) are dominated by a constant times
f(f 9(7s) ds. Therefore, taking expectations in (4.35) we have

E[g(7)] - 9(70) < Caa /0 E[g(7.)]ds.

and the result follows by Gronwall’s lemma. O

Proposition 4.14. Let Z; be the unique strong solution to the SDE (4.2) given by
Theorem 4.11 and starting from the point z € R??. For any a > 2, s,t € [0,T] and
z,y € R?? we have

E[|Z; = 22|"] < Coara{lz =9l + (1+ 121 + 1yl*) It — s/}
Proof. Assume ¢ > s. It suffice to show that
B[|Z; - 22|"] <Clz -y,
E[|Zf - Z;ﬂ <C(1+ 2]t — 272

The first inequality was obtained in Corollary 4.12. To prove the second inequality we
use the equivalence (4.28) between Z; and v(Z;). We use the It6 formula (4.29) for v(Z;)
and (Z,): we can control the differences of the first and last term using the fact that U
and DU are bounded, together with Burkholder’s inequality

B[|7; - 7] < CB[|(Z7) —4(Z)|']
t a/2 t
SO“’d{’/s (1702, dr +EH/S AZE dr

and for the linear part we use Holder’s inequality and Lemma 4.13:

|+ 10Ul B[ROV, - W] }

t " t t
IEH/ az;arf] < (t—s)“/QIE[/ AZ;|* ar] SO(t—s)a/Z/ (14 22)*2dr. O

Applying Kolmogorov’s regularity theorem (see [25, Theorem 1.10.3]), we immediately
obtain the following

Theorem 4.15. The family of random variables (Z7), t € [0,7T], = € R¢, admits a modifi-
cation which is locally a-Hoélder continuous in z for any « < 1 and -Holder continuous
int forany § < 1/2.

From now on, we shall always use the continuous modification of Z provided by this
theorem.

To obtain the injectivity of the flow, we review the computations of Proposition 4.14:
we now want to allow the exponent a to be negative. The proofs of the following lemma
is given in Appendix.

Lemma 4.16. Let a be any real number and ¢ > 0. Then there is a positive constant
C,.q (independent of ¢) such that for any t € [0,T] and z,y € R*

E[(g+\Zf—Z;~'yQ)a] < Coale+]2—yP)" (4.36)
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Corollary 4.17. Let ¢ tend to zero in Lemma 4.16. Then, by monotone convergence, we
have:
E[|Z;—Z§ﬂ < Chalz —yl®. (4.37)

From the above results one can obtain the following theorem. The line of proof is
quite standard, but the interested reader can find a complete proof in Section 4.2 of [17].

Theorem 4.18. The unique strong solution Z, = (X;,V;) of the SDE (1.2) defines a
stochastic flow of Hélder continuous homeomorphisms ¢;.

4.3 Regularity of the derivatives

Although F is not even weakly differentiable, from the reformulation (4.26) of equation
(4.2) it is reasonable to expect differentiability of the flow, since the derivatives DX;, DV,
with respect to the initial conditions (z, v) formally solve suitable SDEs with well-defined,
integrable coefficients. We have the following result.

Theorem 4.19. Let ¢,(z) be the flow associated to (4.2) provided by Theorem 4.18.
Then, for any t € [0,T], PP-a.s., the random variable ¢.(z) admits a weak distributional
derivative with respect to z; moreover D,¢, € L (Q x R*) (i.e., D,¢; € LP(Q x K), for
any compact set K C R??), for any p > 1.

Proof. Step 1. Bounds on difference quotients. It is sufficient to prove the existence and
regularity of D,,¢, for some fixed i € {1,...,2d}. We omit to write ¢ and set e = ¢;.
Introduce for every h > 0 the stochastic processes

6" (2) = be(2 + hZ) — ¢i(2) ’ £h(z) = 7((;5,5(2’ + heil) - 7(¢t(z)) ’ (4.38)

where v(z) = z + U(z) as in (4.27). It is clear that they have finite moments of all orders
because ¢ and y(¢) do. The two processes are also equivalent in the sense that there
exist constants Cy, Cs such that

Cilef(2)] <107 (2)] < Caléf ()] (4.39)
This follows from (4.28). To fix the ideas, consider the case ¢ > d. We have
h 1
eh=ct [U(z + he) — U(z)} (4.40)
b
+/ AU(80(z + he)) — U(0u(2))] + AB(:) ds
0
1 t
+ E/ [DU(64(z + he)) — DU (6,(2))] - aW
0
Proceeding as in the proof of Theorem 4.11 above we have
- A
d’fﬂp < p|§f|p 2§th : (E [U(¢e(z + he)) —U(oe(2))] + Aﬁf(z)) dt

+ Rler2el - [DU (6u(z + he)) — DU (60(2) | - W

N C;f; €| DU (91(= + he)) ~ DU(@(z))RH;dt
= plel|" el - (% [U(¢1(z + he)) —U(¢1(2))] + Aﬁf(z))dt

+AM] + Cyalel P73 |08) AN,
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where the process NV, is defined as in (4.17), but with Z = ¢(z 4+ he) and Y = ¢(z), and
for every h > 0, dM} is the differential of a martingale because DU is bounded and &}!
has finite moments. Setting C, = (C3)?C, 4 wWe get

AN et F) = ~Cpe N eb AN, + e CMeaJl ) @41
< e ONplh P (R[U (e he)) ~ U(6(2)] + A0 )i+ e O

After integrating and taking expectations we find

E {e*CpNt Mﬂp} <le+ % [U(z + he) — U(2)]

t
+ / E [e_CT’NSp
0

t
SC(1+HDUH§w(Rw))+/O C’()\||DU||LOO(]RM)+|A|)E[e—cpzvsp

p

e r el (% [U(64(= + he)) = U(0(2)] + A62(2)) |ds

e’ as.

A similar estimate holds for the case i < d. We now apply Gronwall’s inequality and
proceeding as in the proof of Corollary 4.12 we finally get that

B[[6/["] < CE[[¢'] < Cpara < 0. (4.42)

Step 2. Derivative of the Flow. Remark that, due to the boundedness of DU, the
bound (4.42) is uniform in A and z, and we get

sup sup B[6]["] < Cpar < o0 (4.43)
z€R24 he(0,1]

We can then apply [1, Corollary 3.5] and obtain the existence of the weak derivative for
the flow D¢, € LT (Q x R??). O

loc

Remark 4.20. Since the bound (4.42) is also uniform in time, applying [1, Theorem 3.6]
one would also get the existence of the weak derivative as a process D¢; belonging
to LY ([0,T] x R??) with probability one, and the weak convergence 0 — D¢, in
LY (2 x[0,T] x R*).

It seems that D¢, € L7 (2% [0, T] x R??) for p € (2, 00) could also be obtained directly
from Corollary 4.12 using [39, Theorem 1.1]. However, to obtain an L*°-in-time result
using this approach one would first need to show that the estimate (4.34) holds with a

sup,co,r] inside the expected value.

5 Stochastic kinetic equation

We present here results on the stochastic kinetic equation (1.1). The first result
concerns existence of solutions with a certain Sobolev regularity (see Theorem 5.4). The
second one is about uniqueness of solutions (see Theorem 5.7).

We will use the results of the previous sections together with results similar to the
ones given in [16] to approximate the flow associated to the equation of characteristics.
We report them in the Appendix for the sake of completeness. To prove that some degree
of Sobolev regularity of the initial condition is preserved on has to deal with weakly
differentiable solutions, according to the definition introduced in [16] for solutions of
the stochastic transport equation.

Recall that, as observed in Section 2, by point 2 of the next definition and Sobolev
embedding, weakly differentiable solutions of the stochastic kinetic equation are a.s.
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continuous in the space variable, for every ¢t € [0, T]; this is in contrast with the deter-
ministic kinetic equation, where solutions can be discontinuous (see Proposition 2.3). In
the sequel, given a Banach space E we denote by C° ([0, TY; E) the Banach space of all
continuous functions from [0, 7] into F endowed with the supremum norm.

Definition 5.1. Assume that F satisfies Hypothesis 2.1. We say that f is a weakly
differentiable solution of the stochastic kinetic equation (1.1) if

1. f:Qx][0,T]x R?*® — R is measurable, Jgza f (t,2) ¢ (2) dz (well defined by property
2 below) is progressively measurable for each ¢ € C° (R*?) ;

2. P (f (t,) € Mys WA (]RQd)> — 1 for every ¢ € [0,T] and both f and Df are in
Nr>1CO([0,T]; L™ (Q x R?%));

3. setting b(z) = A-z+ B(z), b: R* — R?/, see (4.1), for every ¢ € C° (R*?) and
t € [0, T, with probability one, one has

F(t,2) dz+/ /de -Df(s, 2)p(z) dzds

R2d

= folz dz+Z/ ( def $,2) 0y, 0 (2) dz) dw?

R2d

1t
+ f/ f(s,2)App(z) dzds.
2 0 R2d

Remark 5.2. The process s — Y/ := [p.. f (s, 2) Oy, ¢(2) dz is progressively measurable

by property 1 and fOT |Y;'|2 ds < oo PP-a.s. by property 2, hence the It6 integral is well
defined.

Remark 5.3. The term fo Jr2a0(2) - Df (s,2) ¢ (2) dzds is well defined with probability
one because of the integrability propertles of b (assumptions) and D f (property 2).

In the next result the inverse of ¢; will be denoted by ¢}.

Theorem 5.4.If F satisfies Hypothesis 2.1 and f, € N> WL (R?*), then
f(t,2) == fo (¢}(2)) is a weakly differentiable solution of the stochastic kinetic equation
(1.1).

Proof. The proof follows the one of [16, Theorem 10]. We divide it into several steps.

Step 1. Preparation. The random field (w, ¢, 2) — fo (¢}(2)(w)) is jointly measurable
and (w, 1) = [poa fo (9h(2)(w)) ¢ (2) dz is progressively measurable for each ¢ € C2°(R*?).
Hence part 1 of Definition 5.1 is true. To prove part 2 and 3 we approximate f (¢, z) by
smooth fields f, (¢, z).

Let fo,» be a sequence of smooth functions which converges to f; in Whr(R24), for
any r > 1, and so uniformly on R?? by the Sobolev embedding. This can be done for
instance by using standard convolution with mollifiers. Moreover suppose that F;, are
smooth approximations converging to F in LP(R2?) (p is given in Hypothesis 2.1), let
¢:n be the regular stochastic flow generated by the SDE (4.3) where B is replaced by
B, = RF, and let ¢} ,, be the inverse flow. Then f, (t,2) := fon (¢f, (2)) is a smooth
solution of

dfn = _(U Dy fn + Fy - van) dt — D, f o dW;
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and thus for every ¢ € C2°(R??), ¢ € [0,T] and bounded r.v. Y, it satisfies

IE[Y [ 526() dz} +E [Y /0 t /R b () D (5,2) 0 () dzds}

= E[y - fom (2) @ (2) dz} + iE [Y /0 t ( - In (5,2) Ov, 0 (2) dz) dW;}
+ %E [y /t (5.2 A (2) dzds] . (5.1)
0 JR

We shall pass to the limit in each one of these terms. We are forced to use this very weak
convergence due to the term

E {Y /Ot /}R bo (2) - Df (5,2) ¢ (2) dzds] , (5.2)

where we may only use weak convergence of D f,,.

Step 2. Convergence of f,, to f. We claim that, uniformly in n» and for every » > 1,

sup / E{\fn(t,z)r]dz <C,, (5.3)
t€[0,7] JR24
sup / ]E“Dfn(t,z)ﬂdz <C,. (5.4)
t€[0,T] JR24

Let us show how to prove the second bound; the first one can be obtained in the same
way. The key estimate is the bound (6.6) on the derivative of the flow, which is proved in
Appendix. We use the representation formula for f,, and the Holder inequality to obtain

2
r r 2r
([, Elonar)a:) < sw B1065,P] [ | E[lDf0n(60() o
R2d 2€R2d R2d
The first term on the right-hand side can be uniformly bounded using Lemma 6.3. Also
the last integral can be bounded uniformly: changing variables (all functions are regular)
we get

2r 2r

[ B[1D50n (@, ) ]z = [ Do) e, )]y,
]RZd ]RZd

where Jy, , (y) is the Jacobian determinant of ¢; ,,(y). Then we conclude using again the
Hélder inequality, (6.6) and the boundedness of (f;,,) in W (R2?) (for every r > 1).
Remark that all the bounds obtained are uniform in n and t¢.

We can now consider the convergence of f, to f. Let us first prove that, given
t €[0,7T) and ¢ € C°(R2?),

P — lim fu(t,2) @ (2)dz = ft,2)p(2)dz (5.5)
n—oo R2d R2d
(convergence in probability). Using the representation formulas f, = f07n(¢3,n),
f = fo(¢h) and Sobolev embedding W44 — C'/2 we have (Supp(¢) C Br where
Bpg is the ball of radius R > 0 and center 0)

/ (Fa (t2) — £ (2)) 0 () dz
de

< HfOn - fOHLoo(]de) ”(pHLl(]RQd)

1/2
T Ol o oy /B 1660 (=) — b ()] dz.
R
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The first term converges to zero by the uniform convergence of fy, to f;. From

Lemma 6.2 we get
lim E U |66, (z>—¢6<z)|dz} =0,
n—00 Br ’

and the convergence in probability (5.5) follows. This allows to pass to the limit in the
first and in the last term of equation (5.1) using the uniform bound (5.3) and the Vitali
convergence theorem. Similarly, we can show that, given ¢ € C° (R??),

2
dt =0, (5.6)

T
P - lim

n—oo 0

/ (Fn (t2) — £ (t,2)) 0 (2)dz
de

which allows to pass to the limit in the stochastic integral term of (5.1). Hence, one can
easily show convergence of all terms in (5.1) except for the one in (5.2) which will be
treated in Step 4.

Step 3. A bound for f. Let us prove property 2 of Definition 5.1. The key estimate is
property (5.4) obtained in the previous step.

Recall we have already obtained the convergence (5.5) and the uniform bound (5.4)
on Df,. We can then apply [16, Lemma 16] which gives P(f(t,-) € W,."(R?*?)) = 1 for
anyr > landt € [0,7], and

E [/BR |Df (t,z)|7'dz] < liﬂsolip E [/BR |Df, (t,z)|7'dz] <C,,

for every R > 0 and ¢ € [0, T]. Hence, by monotone convergence we have

sup E [/ |IDf (t,2)|" dz] <C,. (5.7)
R2d

te[0,7T)
A similar bound can be proved for f itself using (5.3), the convergence in probability
(5.5) and the Vitali convergence theorem.

Step 4. Passage to the limit. Finally, we prove that we can pass to the limit in equation
(5.1) and deduce that f satisfies property 3 of Definition 5.1. It remains to consider the
term E[Y [) [100bn (5,2) - Dfy (s,2) ¢ (2) d2ds]. Since F, — F in LP(R?), it is sufficient
to use a suitable weak convergence of Df, to Df. Precisely, for ¢ € [0,T],

//]RM ) Dfn(s,2) ¢ (Z)dzds}

10 [// Fo(2) - <>)-van<s,z>so<z>dzds};
I3 ( {//}Rd ) (Dfn (s,2) — Df(s,z))dzds].

We have to prove that both 7" (t) and 12 (t) converge to zero as n — oo. By the Holder
inequality, for all ¢ € [0, 7]

IT(LD( t) < CFy = Fllp, (R24) S[UP]E {HDfn HLP ]Rz‘i)}
where 1/p+ 1/p’ = 1 and C = Cy,r,,. Thus, from (5.4), i (t) converges to zero as

n — oco. Let us treat I,(LQ) (t). Using the integrability properties shown above we can
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change the order of integration. The function

) =B [ [ Vo@D (5.2) - s (5.2)) ] . s€ f0.7)

converges to zero as n — oo for almost every s and satisfies the assumptions of the Vitali
convergence theorem (we shall prove these two claims in Step 5 below). Hence I,(LQ) (t)
converges to zero.

Now we may pass to the limit in equation (5.1) and from the arbitrariness of Y we
obtain property 3 of Definition 5.1.

Step 5. Auxiliary facts. We have to prove the two properties of h,(s) claimed in Step
4. For every s € [0,7] [16, Lemma 16] gives

n— oo

E [/ 0., f (s,2) w(z)de] = lim E {/ Oz fn (8,2) p(2) Y dz| (5.8)
R?d RZd

for every p € C>°(R2?) and bounded r.v. Y. Since the space C2°(R??) is dense in LP(RR??),
we may extend the convergence property (5.8) to all ¢ € LP(R2?) by means of the bounds
(5.4) and (5.7), which proves the first claim.

Moreover, for every € > 0 there is a constant Cy,. such that (Supp(y) C Bgr)

14+e

T T ”‘
[ hi*f(s)dsscy,s||bso||;?{<1E |/ |Dfn<s7z>|’"dzds>
n>1J0 0 Br

1+e

+ (E/OT/BR\Df(s,z)|"dzds> r }

for a suitable r depending on ¢ (we have used Holder inequality; cf. [16, page 1344]).
The bounds (5.4) and (5.7) imply that fOT h}ff (s) ds is uniformly bounded, and the Vitali
theorem can be applied. The proof is complete. O

We now present the uniqueness result for weakly differentiable solutions. We exploit
(in Step 2 of the proof of Theorem 5.7) a renormalization property of solutions, which
is proved in Step 1. The proof seems to be of independent interest, see the following
remark.

Remark 5.5. The main idea of our proof is to exploit the specific form of the equation
using in Step 2 of the proof localizing test functions that have a different behavior in
the x and v variables. We have then to perform two limits, and choosing the right order
allows to deal with the problematic part of the drift coefficient.

It seems that this small trick allows to extend the possibility to apply the classical
line of proof based on renormalized solutions, the DiPerna-Lions commutators lemma
[12] and Gronwall’s lemma to a wider class of degenerate equations.

Remark 5.6. Potentially, it seems that the proof can be also done by the maximum
principle, along the lines of [40, Section 4]. This however requires a generalization of the
known results since for the linear part of the drift term we only have v/(1+|z|) € L>(R?%)
(allowing to obtain the renormalization property for solutions f), but v/(1+|z|) ¢ L?(R?%).
Therefore, b(z)/(1 + |z|) ¢ L2(R?%).

Theorem 5.7. If F satisfies Hypothesis 2.1 and, moreover, div,F € L>(R??) (div, F is
understood in distributional sense) weakly differentiable solutions are unique.

Proof. By linearity of the equation we just have to show that the only solution starting
from fy = 0 is the trivial one.
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Step 1. f? is a solution. We prove that for any solution f, the function f? is still
a weak solution of the stochastic kinetic equation. Take test functions of the form
©7(2) = pn(C — 2), where (p,), is a family of standard mollifiers (p,, has support in B, /).
Let ¢ = (§,v) € R*, f,(t,¢) = (f(t,") * pn)(¢). By definition of solution we get that,
P-a.s.,

fn(t,<)+/0 b() - Df(s ds+/ Dot ) o dIW, = /
Rn(37C) - A%{ (b(() - b(Z)) ~sz(S,Z) pn(c - Z) dz.

The functions f,, are smooth in the space variable. For any fixed ¢ € R??, by the It6
formula we get

df? =2f,dfn = —2fub- Df, dt — 2f, Dy fr, 0 AWy + 2f, R,, dt .

Now we multiply by ¢ € C2°(R??) and integrate over R?¢. Using the Itd integral we pass
to the limit as n — oo and find, P-a.s.,

2 -z 2 s t -Df2(s S
/f (t, Q)p(¢) d¢ /0 mf( Q) Ayp(¢) d¢d +/ /RQZP(Ob(O Df:(s,¢)d¢d
—/ f2(5,0)Dyp(¢) d¢ - AW, —2// fa(5,0) Ra(s,Q)p(¢) d¢ds . (5.9)
0 JR2d

Recall that

b(z)=A-z+ (F?Z)> € R*,

Let us fix ¢t € [0,T]. By definition of weakly differentiable solution it is not difficult to
pass to the limit in probability as n — oo in all the terms in the left hand side of (5.9).
Indeed, we can use that, for every t € [0,T], r > 1, f,(t,-) — f(t,-) in Wllof(]RQd), P-as.,
together with the bounds

sup / E[\fn(tz)r"}dz <C,, sup / ]E[|Dfn(t,z)|r} dz <Gy, (5.10)
R24 R24

te[0,T] t€[0,T

and the Vitali theorem. For instance, if Supp(y) C Br we have
t
B [ [ 17250 = P, 0llbuplO] dcds
0 JRr2d

T
< C”/o E/B 1£2(5.0) — £2(s, )] dCds,

and, for any s € [0,7], P-a.e w, ky( =[5, | fi(w,5,0) = f2(w,s5,()|d¢ — 0 as n — oo.
From (5.10) we deduce easily that

supE[/OT k2 (s) ds} < 00

n>1

and so by the Vitali theorem we get fOT E[ 5, [f2(s,0) = f2(5,¢)| d¢]ds — 0, as n — oo,
which implies lim,,_,~ J,(t) = 0. In order to show that

B[ /0 t /}R (5,0 Bul5.Q)e(Q) d¢ds| < €L /0 t /B a0 Ry (s,¢)| d¢ds| =0
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as n — oo, it is enough to prove that for fixed w, P-a.s., and s € [0, 7] we have

/ Fu(5,0) Ru(5, 01 dC — 0, (5.11)
Br

as n — oo. Indeed once (5.11) is proved, using the bounds (5.10) and the Holder
inequality we get

il ['] [ 15,650 R0l acf'as] < ] [ [ 1565.0 Rt P acas],

which is finite. Thus we can apply the Vitali theorem and deduce the assertion. Let us
check (5.11).
By Sobolev regularity of weakly differentiable solutions we know that

sup sup |fn(s,)|=M < 0.
n>1¢€Bg

Hence it is enough to prove that fBR |R,(s,¢)|d¢ — 0. Recall that
Ry(s,0) = b(¢) - D fu(s,¢) = [(b- Df(s,-)) * pul(s, () -

Using the fact that b € LZOC(IRM), with p given in Hypothesis 2.1, the Holder inequality
and basic properties of convolutions we have

| 10O D10 =bQ) - DS(s.0] a6~ 0,

[(b- Df(5,)) % pa] (5, ) = b(C) ~Df<s,c>\ a0,

Jo

as n — oo. This shows that (5.11) holds. We have proved that also f? is a weakly
differentiable solution of the stochastic kinetic equation.

Step 2. f is identically zero. Due to the integrability properties of f, the stochastic
integral in Itd’s form is a martingale; it follows that the function g(¢,2) = E[f%(t, 2)]
belongs to C°([0, T]; W1 (R?4)) for any r > 1 and satisfies, for any ¢ € C2°(R??),

/de (t,2 dz+/ /]R )+ Dg(s, 2)p(z) dzds = ;/Ot /R (s, 2) Ayip(z) dzds .

We have, for any s € [0, 7],

[0 Dats el dz = [0 Dugls el azt [ PG Dugls el s

R2d

= —/ v-Dyp(2)g(s,z)dz+ F(2) - Dyg(s,2)p(z)dz.
R24 R24d

Now we fix € C2°(R?) such that n = 1 on the ball B; of center 0 and radius 1. By
considering the test functions:

Pnm(,0) = n(z/n)n(v/m), (z,0)==z€R*,

n,m > 1, we obtain
/]R2 g(t, z)n(xz/n)n(v/m)dz — l/t/ n(v/m)v - Dy(z/n)g(s, z) dzds
/ /]R Dugls, 2yt /myn(v/m) d=ds = 505 / /R n/m)g(s, 2)An(v/m) dzds
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Now we fix m > 1 and pass to the limit as n — oo by the Lebesgue theorem. We infer
t
/ g(t, z)n(v/m)dz + / F(2) - Dyg(s, z)n(v/m) dzds
]R2d 0 RQd

1 t
- m/ /Rdg(s,z)An(v/m) dzds.
0 2

Passing to the limit as m — oo we arrive at

/Wg(t’z) dz = —/Ot /RMF(z)-Dvg(s,z) dzds.

ee i ; 0 L (R2d ; _ _p_ ;
Since in particular g(t, z) € C°([0, T]; W (R*?)), with r = -£5, we obtain

t t
/ g(t,z)dz = / / div, F(2)g(s, z) dzds < HdinF(z)Hoo/ / g(s,2)dzds.
R2d 0 R2d 0 R2d

Applying the Gronwall lemma we get that g is identically zero and this proves uniqueness
for the kinetic equation. O

6 Appendix
Proof of Lemma 4.16. Remark that, due to (4.28),
> 2\ ¢ . 2\ ¢
(s+12i - 2F) < 0(e+ iz -2z )
Therefore, we can prove (4.36) for v(Z;) instead of Z;.
We proceed as in [25, Lemma I1.2.4] or [15, Lemma 5.4]. Fix any ¢ € [0, 7] and set for

2,y € R*: g(2) := f22), f(2) := (¢ + |2|?) and n; := v(ZF) — v(Z}). Then, applying the
It6 formula we obtain as in the proof of Lemma 4.13

t ~ ~
o)~ glm) =2 [ 1) [5(22) - 5(22)] ds
0
ot 5(z7) — 5(22)] - aw,
2 s) s r) —0\4s ’ s
+ a/of (ne) s - [5(
" po2 61 +2(a— 1) niafl|
+a;/(; f (n8> [f(%) (2% 775775
= " ) _ _ tq4,7
< |(a(z) —a(2)) (5(2:) —5(22)) | " ds.
Recall that |z| < f/2(z) and that the coefficient b is Lipschitz continuous:

[b(z) — b(y)| < LIz — y| < Cly(2) — y)| < CF2(Iy(2) = vw)l) -

We can continue with the estimates and obtain
t t
o)~ glm) <201l [ frn)ds+2a [ p i nn [5(20) 5 (2] aw. 6
0 0

t
4 Cudlal / o1 (0 Insf? AN,

Here, N; is the process introduced and studied in Lemma 4.8:
t 9 t 9
/ |6(Z2) —a(ZY)| g ds = / |27 — Z¥|"dN;.
0 0
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The stochastic integral in (6.1) is a martingale with zero mean (¢ is bounded). Proceeding
as in (4.32), we get

t
Efe ()] - ¢ Mg(m) < Co [ B[V g(n)] ds.
0
By Grénwall’s inequality applied to the function h(t) := E[e Nt g(n,)], it follows

Ble ™ (e + |2 - 2[*)] < CE[e ™™ g(n)] < Caaglm) = Caale + 1() 1))
< Cole+1]2—yA)". (6.2)

To complete the proof of the lemma, we manipulate (6.2) using Holder’s inequality and
we conclude invoking Lemma 4.8 to bound the term E[e?"7]

B[(c + |2 - 2]")"] <B[M|B[e>N0)] < Coale +1z - 0™ O

We now present some results on the convergence and regularity of approximations

6. of the inverse flow ¢, associated to the SDE (4.2). Note that ¢f ,, are solutions of

SDEs with regular coefficients, see the proof of Theorem 5.4. These results are adapted

from [16] and based on the following lemma on the stability of the PDE (4.5), which is of
independent interest.

Lemma 6.1 (Stability of the PDE (4.5)). Let U,, be the unique solutions provided by
Theorem 3.7 to the PDE (4.5) with smooth approximations B, (z) = (0, F,,(z)) of B(z) =
(0, F(2)) and some X large enough for (6.4) to hold. If F,,(z) — F(z) in LP(RY; H5(RZ)),
with s, p as in Hypothesis 2.1, then U,, and D, U,, converge pointwise and locally uniformly
to the respective limits. In particular, for any r > 0 there exists a function g(n) — 0 as
n — 00 S.t.

sup Un(2) = U(2)| < g(n),

sup |DyUn(2) — D,U(2)| < g(n). (6.3)
z€B,
Moreover, there exists a A\g s.t. for all A\ > )\,
| DuUn]|, <1/2. (6.4)

Proof. Setting V,, = (U,, — U) we write for X large enough (cf. (4.5))

AVa(2) — 3 TH(QD?V,(2)) — (Az, DVa(2)) — (B(2), DVa(2))
= Bn(z) — B(2) + (Bn(2) — B(z), D,Uy(2)) .
By (3.57) we know that
VAIDUnll o gy < ClBalle gz < CllBllnsmgsmgmgy) » m 21,

with C = C(s,p,d, ||F||Lp(]Rg;H§(Rg)) > 0. Hence applying (3.58), (3.59), (3.60) and
Sobolev embedding we obtain (6.3) with g(n) = C||B — Bul|r»(rg; s (re))- On the other
hand the last assertion follows from (3.60). O

Lemma 6.2 ([16, Lemma 3]). Forevery R >0, a > 1 and z € Bp,

ILm sup sup E[|¢f.,, (2) — ¢f (Z)m =0.
N—= tc[0,T] 2€Br
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Proof. To ease notation, we shall prove the convergence result for the forward flows
¢+ — ¢¢. This in enough since the backward flow solves the same equation with
a drift of opposite sign. Since the flow ¢; is jointly continuous in (¢, z), the image
of [0,7] x Bp is contained in [0,7] x B, for some r < oco. Thus for z € Bpg, from
Lemma 6.1 we get |Un(¢t,n) —U(¢e)| < g(n)+ 1/2|¢t,n — ¢¢| and |DvUn(¢t,n) —D,U(¢r)| <
g(n) + | DU, (¢1,) — DyUy(¢:)]. Extending the definition (4.27) to v, (z) = z + U, (z) we
have the approximate equivalence

2 (@) =100 = 9) < [0 — 61] < 2(J3n(Bem) ~2(60)] + 9(m)

Therefore, it is enough prove the convergence result for the transformed flows v; ,, =
Yn(®1.n) = ¥(Pt) = 7:- Proceeding as in the proof of Theorem 4.11 we get, for any a > 2

%dht,n - ’Yt|a < }"Yt,n - ’Yt’aQ{(’Yt,n - ’Yt) : {)\(Un((bt,n) - U(¢t)) + A(¢t,n - ¢t)}dt
+ (Ve — 1) - (DU (é1,0) — DU(¢)) R - AW,

2
+ Caal| (DU (¢1.n) — DU(61)) R ;5 dt} : (6.5)
The stochastic integral is a martingale. Since

[Pt — b4 < C(l n g(n) ) ,
|’Yt,n - %| |’Yt,n - 'Yt‘

the term on the last line in (6.5) can be bounded using (6.3) by a constant times
Ve — Y¢|* ABin + e — 7:|¢29%(n)(d By, + dt), where for every n the process B, is
defined as in (4.31) but with DU, (¢, ,) and DU, (¢;) in the place of DU(Z;) and DU (Y})
respectively. One can show that B;, share the same integrability properties of the
process N, studied in Lemma 4.8, uniformly in n, see [16, Lemma 14]. Computing
Ele=Btn|v; ,, — 74|%] using the It6 formula and taking the supremum over ¢ € [0, 7] leads
to

T
sup E{e_B"’"Ht,n —%\a] < OE{/ e Pem
0

Vs,n — Vs |ad3:|
te[0,7]

T
+ Cg(n)E[/O e Bon (|ygm — 75| 4 9(0) | sm — %I“_Q)dS]

T
+g2(n)E[/ e Ben
0

Using the integrability properties of ¢, ¢1.n, U(¢Pt), Un(¢:,n) one can see that all terms
are bounded, uniformly in n. To conclude the proof we can pass to the limit

—2
Vs,n — Ws’a st,nj| .

T
Yt,n _'Vt’a} < C/ limsup sup ]E|:6_Bt,n
0 n te0,s]

limsup sup [e_B“‘

’Vt,n - Wt’a} dS 9
n t€[0,T

apply Gronwall’s lemma and proceed as in Corollary 4.12 to get rid of the exponential
term. O

Lemma 6.3 ([16, Lemma 5]). For every a > 1, there exists C, 4 > 0 such that

sup sup EHD%”(Z)’&] < Cod,r (6.6)
t€[0,T] zeR24

uniformly in n.
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Proof. Let us show the bound for the forward flows ¢; ,,. These are regular flows: let 6 ,
and & ,, denote the weak derivative of D¢, ,, and D+, ,, = D7, (¢:), respectively. They
are equivalent in the sense of (4.39), so we shall prove the bound for & ,, instead of 0 ,,.
Proceeding as in the proof of Theorem 4.19 we obtain as in (4.41)

de—C1Btn

ft,n’a < e GibBun [Czlft,n’adt + th} )

where the process B; , is simply given by fg |DD, U, (¢s.n)*ds. We can integrate, take
expected values, the supremum over ¢ € [0,7] and apply Gronwall’s inequality to get

—C1B¢,n

sup BleCBung,]] < Crléon|® = Coar.

t€[0,T]

Observe that this bound is uniform in n and z € R?. Proceeding as in Corollary 4.12 we
can get rid of the exponential term and obtain the desired uniform bound on & ,,. O
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