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The theory of Forward—Backward Stochastic Differential Equations
(FBSDEs) paves a way to probabilistic numerical methods for nonlinear
parabolic PDEs. The majority of the results on the numerical methods for
FBSDE:s relies on the global Lipschitz assumption, which is not satisfied
for a number of important cases such as the Fisher—KPP or the FitzHugh—
Nagumo equations. Furthermore, it has been shown in [Ann. Appl. Probab.
25 (2015) 2563-2625] that for BSDEs with monotone drivers having polyno-
mial growth in the primary variable y, only the (sufficiently) implicit schemes
converge. But these require an additional computational effort compared to
explicit schemes.

This article develops a general framework that allows the analysis, in a
systematic fashion, of the integrability properties, convergence and qualita-
tive properties (e.g., comparison theorem) for whole families of modified
explicit schemes. The framework yields the convergence of some modified
explicit scheme with the same rate as implicit schemes and with the compu-
tational cost of the standard explicit scheme.

To illustrate our theory, we present several classes of easily implementable
modified explicit schemes that can computationally outperform the implicit
one and preserve the qualitative properties of the solution to the BSDE. These
classes fit into our developed framework and are tested in computational ex-
periments.

1. Introduction. Since the initial papers of Zhang [22] and Bouchard and
Touzi [2], an important literature has developed concerning the methods for ap-
proximating numerically the solution to a nonlinear backward stochastic differen-
tial equation (BSDE thereafter). The importance of BSDEs with nonlinear drivers
is due to their frequent use in stochastic control problems, and to their deep con-
nection with parabolic partial differential equations (PDEs), which are used to de-
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scribe many biological and physical phenomena as well as the solution to many
decision problems. Indeed, the solution v to the PDE

<3¢U + %(00*) “Uxx +b v+ (0, vx0)>(t,x) =0 with v(T, x) = g(x),

is given by solving, for (s, x) € [0, T'] x RY, fort € [z, T], the forward-backward
SDE,

(1.1) X,sx_x+/ b(r, X)) dr—l—f (r, X3°)dW,,

(1.2) Y7 =g(X7) +/ r Y25 20 dr — / ZLY dw,,

t
and setting v(s,x) = Y;** (see, e.g., [11]). In solving (1.2), one seeks a pair of
processes S = (Y, Z), adapted to the filtration F of the Brownian motion W. The
data of the BSDE are the Fr-measurable random variable § = g(X7"), called
terminal condition, and the function f, generally referred to as driver and which
will depend only on time, ¥ and Z for the simplicity of exposition.

Consider a discretization of the time interval [0, T'] by a regular subdivision 7
O=t<tiy<---<ty=T,wheret; =ihforalli €{0,..., Ntandh=T/N. To
construct a numerical methods for BSDESs, one typically begins by discretizing the
time dynamics for Y over [#;, t;11] as

(1.3) YN =E[YN, + -0, YN ZN) R +of (4, YN, ZY)h,

1

N.

where E; is E[-|F; ] and the approximation Z lN is suitably computed. When the pa-
rameter 6 = 0, this is the explicit scheme while # = 1 is the implicit scheme,’ both
dubbed BTZ schemes in [5]. Such a time-discretization scheme is first initialized
by setting Y,{,V to be a numerical approximation £" of the terminal condition £ and
then applied in a backward recursive fashion, producing a family (YiN ,Z lN )i=0
approximating the solution (Y;, Z;);¢(0,7] of the BSDE.

There has been a significant progress in the analysis of variants of scheme (1.3)
or the ways to approximation the conditional expectations [E;, although the vast
majority of works impose a restrictive Lipschitz condition on driver f in both its
Y and Z variables (see [1, 4, 10, 12] and references therein).

However, in many cases of interest, the driver is not Lipschitz but instead has
superlinear growth in one of its variables. For instance, for PDEs of reaction-
diffusion type such as the Allen—Cahn equation, the FitzHugh—Nagumo equations,
the Fisher—KPP equation or the standard nonlinear heat and Schrodinger equation
(see [13, 20] and references), the function f is a polynomial in Y. Meanwhile,

3Numerical schemes most often compute first Z; N explicitly from the input YN ., and then use this

i+1°
to compute YIN . In this paper, all mentions of implicit and explicit scheme in the context of BSDEs
refer the to Y-component.
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in stochastic control problems, the driver typically has quadratic growth in the Z
variable.

Chassagneux and Richou obtained in [8] the convergence of an implicit scheme
in the case where the terminal condition & is bounded and the driver f has
quadratic growth in Z. In [19], we studied the case where the terminal condition
has all moments, the driver has polynomial growth in Y and satisfies a so-called
monotonicity condition (also known as one-sided Lipschitz condition). The mono-
tonicity condition is a structure property which states, in the scalar case, that for
all y, y" in the domain R and for all z,

(1.4) (f. 2 = £ ) = y) < Myly =],

where My, € R. For instance, the driver f(y,z) =y — y3 typical of the FitzHugh—
Nagumo equation is one-sided Lipschitz over the domain R with M, = 1.

As explained in [19], the explicit scheme described in (1.3) can explode. This
is due to the superlinear growth of the driver f and the unboundedness of the ter-
minal condition £. As a remedy, [19] proposed to use the implicit scheme, which
was shown to converge, or an explicit scheme with a truncated numerical terminal
condition TN (¢V), where the truncation function TV fades to the identity when
the number N of time-steps goes to +o00. However, the implicit scheme requires
an extra computational effort to solve the nonlinear equation (1.3) defining Yl.N
when 8 = 1. And for the explicit scheme with the truncated terminal conditions,
severe restrictions on the size of the time-step had to be imposed, and the tun-
ing/performance of the algorithm depends on knowledge of f, in particular on
its growth. The purpose of this paper is to obtain converging explicit schemes by
working instead on the dynamics of the scheme itself, replacing the driver f by a
modified driver f h with no time-step restriction. In addition, we can obtain some
numerical schemes of black-box type, where no a priori knowledge on the structure
of the driver is required.

Explosion problems of naive explicit schemes were already stressed in [16] in
the context of the numerical methods for stochastic differential equations (SDEs
thereafter). A significant body of works considered various modifications to the
explicit schemes for SDEs, dubbed “tamed schemes,” to recover integrability and
convergence in the non-Lipschitz setting; see [6, 14-18, 21]. In the context of
BSDEs, very particular instances of modified drivers were already used by [8] to
deal with the quadratic growth in Z, and in [19] to deal with the dependence of the
driver of (1.2) in the solution X to the SDE (1.1). But this was only used as an ad
hoc tool to handle a particular issue.

This motivates us to study systematically the family of modified explicit
schemes where the BSDE driver f is replaced by a “tamed” driver f". Provided
the modified driver f" is appropriately “tamed,” the explosion of the scheme is
prevented. One then expects that such a modified scheme will converge to the
continuous-time solution provided f — f. In addition, if this convergence can
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happen fast enough, the usual convergence rate of the implicit schemes can be re-
covered. Our approach in this work is to identify the essential properties of these
modified drivers f” which guarantee the convergence of the corresponding mod-
ified explicit scheme for BSDEs. As a consequence, we show at once the conver-
gence of a whole range of modified explicit BSDE schemes.

In a certain sense, this question is reminiscent of the stability with respect to the
driver for solutions of continuous-time BSDEs. Given the fixed set of times [0, T'],
let us denote by S/ the solution to the BSDE with driver f and by S/ the solu-
tion for the driver f¢, such that f¢ converges to f in some sense (uniformly on
compact, typically). The stability theorem, valid for monotone drivers as well as
for Lipschitz drivers, states that S/ ’ converges to S/, in the appropriate norm, and
gives an upper bound on the distance. Here, for the set of times 7" (which “con-
verges to [0, T]” as N — +00), let us denote by SN’fh = (YiN’fh, Z;V’fh)i:omN
the output of the modified explicit scheme with drivers f”, and by SV/ the output
of the standard (BTZ) explicit scheme, with driver f. One may then be tempted
to say that, as f" converges to f when h = T/N — 0, SN-/ " should be close to
SN-f for large N. However, the BTZ explicit scheme SV/, in general, does not
converge to S/ when f is not Lipschitz, while in this paper it is proved that SV-/ !
converges to S/ . Therefore, convergence of SV:/ "to $V/ cannot hold (at least not
uniformly over 7V for fixed 7"V and f¢ — f, one should have SV-/* — §N-/),
We depict the situation on Figure 1 where by (!) we marked the convergence results
that, in general, do not hold in the non-Lipschitz setting.

One could nonetheless say that the BSDE solution S/ with driver f and the
BSDE solution S/ with driver " must be close by the stability result for con-
tinuous time BSDEs. This depicted on the Figure 1 by the arrow (b). Then, if
f" is Lipschitz for each N (albeit with Lipschitz and growth constants which
explode when & — 0), the standard estimate for the convergence of the explicit
BTZ scheme with Lipschitz drivers should allow to bound the distance between
S’" and SV-/". This depicted on the Figure 1 by the arrow (a). However, this
strategy will not work since the upper bound in that estimate involves (the expo-
nential of) a constant that grows with the regularity and growth constants of f”.

O

SN " —— s GN.f

(a)‘ \ ‘(!)
(b)

§ff——— . of

FIG. 1. Schematic diagram of key findings of this paper. Double arrow marks the conclusion of
Theorem 2.4. (1) marks convergence that in general does not hold.
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One must therefore carefully analyze the modified explicit schemes and work with
modifications f h that, on one hand, allow to tame the superlinear growth and, on
the other hand, preserve certain structural properties of f such as the monotonic-

ity condition. In addition, we manage to show our convergence SV S 5 ST for
modified drivers f” that are not necessarily Lipschitz, but only almost-Lipschitz
and of linear growth [cf. the assumptions (TRegY) and (TGrowth) below, when
R(rng) ?é 0]

Taming the driver does not merely allow to recover the convergence of the ex-
plicit scheme for BSDEs in the regime 4 — 0. It also makes it more robust and
qualitatively more satisfying for finite 4. An important qualitative property is the
comparison theorem, which plays a major role in the study of continuous-time BS-
DEs. In the context of numerical schemes for BSDEs with driver that is quadratic
in Z, this property was obtained in [8] and used to prove the convergence of their
scheme. In this paper, we show in the case of drivers with superlinear growth in
Y, that a comparison theorem holds for suitably modified explicit schemes. This
qualitative property is of interest for its own sake, but also allows to deduce that
the scheme remains in some domain D of the space when the continuous-time so-
lution does. This is important if the monotonicity condition for f is only satisfied
on D, as is the case for instance for the Fisher—KPP equation where the driver is
f(y,z) =y — y2. Here, the monotonicity condition for f is satisfied on the do-
main D = [0, +oc[, and the solution stays positive. To the best of our knowledge,
this is the first result on a comparison theorem for explicit schemes for BSDEs,
even for a driver f that is Lipschitz in both its Y and Z variables.

The paper is organized as follows. In Section 2, we state the assumptions un-
der which we work, the numerical schemes considered and our main results. We
give in Section 2.4 several examples of driver modifications that fit our assump-
tions. In Section 2.5, we study the discrete comparison and the preservation of
positivity (of the explicit schemes); and Section 2.6 illustrates with some numeri-
cal examples of tamed drivers the results we obtained.

Sections 3 and 4 are concerned with proving the convergence of the scheme.
Specifically, in Section 3, we show how taming the driver prevents the scheme
from exploding, deriving almost-sure local and then global bounds, which lead to
moment estimates. In Section 4, we then prove that the scheme converges. For
this, we first prove that the scheme is almost L?-stable over one time-step, which
allows to control the propagation of errors. We then analyze the discretization error
created at each time-step, and show that their sum converges with rate at least 1/2.

The paper closes with two appendices. Appendix A provides proofs regarding
our main results, while Appendix B provides proofs for the examples studied in
Section 2.4.

2. Assumptions, schemes and main results. Noration. Fix T > 0. We work
on a canonical Wiener space (2, F,P) carrying a d-dimensional Wiener pro-
cess W = (Wl, e Wd) restricted to the time interval [0, T]. We denote by
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F = (Fi)tefo,1) its natural filtration enlarged in the usual way by the [P-zero sets
and by E and E[:|F;] = [E;[-] the usual expectation and conditional expectation
operator respectively.

We denote by (-, -) and |-| the canonical inner product and Euclidean norm on
R4, and by x* the transposed of x € R? when seen as a RY*! matrix (column-
vector). I; denotes the d-dimensional identity matrix. L? = L?(Fr, R?) is the
space of R?-valued Fr-measurable random variables X with norm || X||z» =
E[|X|P]"/P < co. SP is the space of d-dimensional F-adapted processes Y sat-
isfying [|Y|lsr = E[sup,¢(o, 77 |Y;|P11/P < co. HP is the space of d-dimensional

J-adapted processes Z satisfying || Z|lxr = E[(fOT |Zs12ds)P/ VP < 0.

2.1. Assumptions on the continuous-time dynamics. We make the following
running assumptions.

The SDE and the terminal condition. We assume that the functions b : [0, T'] x
R?Y > RY, 5 :[0,T] x R4 — R4*4 jpn (1.1) are 1/2-Holder continuous in their
time variable, Lipschitz continuous and of linear growth in their spatial variables.
The terminal condition g : RY — R” is a Lipschitz function. The terminal condi-
tion & := g(Xr) € L? for p > 1.

The driver of the BSDE. We work with drivers f : [0, T] x R" x Rnxd 5 R"
having polynomial growth in y and satisfying the so-called monotonicity condition
(also known as one-sided Lipschitz condition), while being Lipschitz functions
of z. Specifically, our drivers f satisfy the growth, monotonicity and regularity
conditions stated below. We choose not to include the possibility of a Lipschitz
dependence of f on the variable x. It is seen in [19] that this can easily be dealt
with. For clarity of our results, we exclude it here.

(Growth) There exist m € N* and K;, K, K; > 0 such that, for all (¢, y,z) €
[0, T] x R" x R"*4,

|, y, 2| < Ki+ KylyI" + K.z

That is, f has polynomial growth in y of degree m and linear growth in z.
(Mon) There exist a constant M, € R such that for all 7, y, v, z,

O =y, £t ¥, 2) = ft,y, D) < My|y' = y|*.

That is, f is monotone (“decreasing”) in the variable y. The monotonicity constant
M, can be, but is not necessarily, strictly negative.
(Reg) There exist constants L;, L, > 0 such that for all ¢, ¢/, y, 7/,

1
|f(ty.2) = f@, 9, 2| < Lilt" = 1]> + L|<' — 2.
That is, f is %-H(‘)‘lder in time and Lipschitz in z.

In a number of places, we need to know about the regularity of f in the variable
y [notice that (Mon) does not even imply continuity]. We assume that f satisfies
the following.
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(RegY) There exists a constant Ly > 0 such that for all ¢, y, y', z,

1f(t.y2) = fe.y, 2| < Ly(L+ ]y + Iy )y =yl

That is, f is locally Lipschitz in y with local Lipschitz constant growing polyno-
mially with degree m — 1.

We are primarily interested in drivers f that are polynomials in y, and for these
we see that (RegY) is clearly satisfied indeed. Finally, we introduce the following
monotone growth assumption.

(MonGr) There exist constants M, MZ >0and M y € Rsuchthatforallz,y, z,

(y, f(t,y,2)) < My + My|y|* + M_|z|*.

REMARK 2.1. (MonGr) is a direct consequence of (Mon) and (Growth) and
M. (as well as M;) can be chosen arbitrarily small, as proved below. We single
out this property because it controls the growth of the driver and therefore the
integrability of the solution Y. When running the scheme with a tamed driver ",
we only need assumptions similar to (Growth) and (MonGr) to guarantee moment
bounds for the scheme, and thereby nonexplosion.

Let f satisfies (Mon) and (Growth). For all ¢, y, z and for any o > 0, we have

2 2 Kz2 Kz2 2
< M,ly —0]" + |y|(K; + K:|z]) < (My + &) |y|* + == + = |z]”.
200 200
- 2 - 2
Hence, we can take M, = [;—é and M, = %Izl2 arbitrarily small, while taking
My = M, + o. We also note that by combining (Mon) and (Reg) we obtain the
general estimate

(V =y, f6.y. )= f@.y. )= —v, ft,y.2) = f(t.y,2))
+{y =y f(t.y.2) = ft,y,2)
L

|2
4o '

<My + )|y —y*+ 2|~z

Results from BSDE theory. The assumptions (Growth), (Mon), (Reg) and
(RegY) are a more detailed version of assumptions (HY0) and (HYOj,) in [19],
Section 2.2, and they imply the fundamental BSDE results of Sections 2 and 3 of
[19]. Essentially, those results are the existence and uniqueness of the solution,
a priori bound estimates and the path-regularity theorem. We recall them in Ap-
pendix A.1. Throughout we denote by (Y;, Z;);<[0,7] the unique solution to (1.2),
which we aim at approximating numerically.
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2.2. Time-discretization: Dynamics and assumptions. We discretize the time-
interval [0, T'] using a partition m : 0 =19 <f; < --- <ty_1 <ty =T with N
intervals. The modulus of the partition is |7 | = max;=¢,.. n—1hi+1 Where h;41 =
ti+1 — t;. While our results would hold for more general partitions, we restrict
ourselves to regular partitions for notational simplicity. Consequently, given the
number N of time-intervals, we work with the partition 7N where t; = ih, h =
T/N € (0, T] being the modulus of the partition.

We wish to focus on the numerical approximation of the backward SDE (1.2).
So we do not discuss the numerical approximation of the forward SDE (1.1) and
that of the terminal condition. We work with the following assumption regarding
the numerical approximation £V of the terminal condition & = g(X7).

(AEN) For any p > 2, €V € LP(Fr). There exists a constant ¢ (independent
of N) such that

ERR;, (§) :=E[[£ — £V [2]> < ch?.

Given the assumptions made on b, o and g, one can use the standard Euler scheme

.....

g(X%). This &V satisfies (AEV).

2.2.1. The modified explicit schemes. Fori € {0,..., N — 1}, we denote the
Brownian increments by AW, := W,,,, — W;,. We also take a family of R9-
valued random variables (H;+1);=o0,..,n—1 Which approximate AW, /h and sat-
isfy the following assumption:

(AH) 1. Foranyi =0,..., N—1, H;4 is independent from J; and satisfies
Ei[H;+1] =0 (H;4 is a martingale increment).

2. Foranyi =0,..., N — 1, E;[(Hij+1h)(H;+1h)*] = Ahl,, where % <A<I.
As a consequence, Ei[lHithz] = Adh.

3. There exists a constant C > 0 (independent of N) such that

2
|=c

In works on numerical methods for BSDEs, H; 1 is often defined as AW;, /& (in
which case A = 1). However, as will be seen in Section 2.5, in order to have an
explicit scheme which is numerically stable (i.e., reproduces qualitative properties
of the continuous-time BSDE, such as the positivity of the solution), the H; are
required to be bounded. One way to do this is to truncate the Brownian increment
AWy, to AW,?H, by projecting it on the centered ball of radius R”, where R" —
400 as h — 0. In that case, H;jy+1 = AWé’H/h. Also, working with H;, 1 rather
than AW, /h also allows to include in the analysis tree-based methods such as
cubature [10].

AW,

i=0,..,N—1 h s
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We work with the following scheme. It is initialized with Yy = £V (and
Zy = 0). Then, for i = N — 1 to 0, the output of one step of the scheme when
the input is Y11 is (Y;, Z;) = S; (Y;4+1) defined by

Yi = Ei[Yis1 + £, Yigr, Zoh],

@.1) o .
Zi =Ei[(Yiq1 + (1 = 0") f" (4, Yipr, OR) H 4 ],

where 6’ € [0, 1] and the driver f" is a modification of f. The precise assumptions
on f” are described later. The global output of the scheme is the sequence of ran-
dom variables SN’fh = ((Y;, Zi))i=0,....N—1 valued in R" x R"*4_ The superscript
N is omitted since the discrete subscript i € {0, ..., N} already indicates that Y;
(say) refers to the numerical approximation, while Y, is simply the solution to the
continuous-time BSDE at time #;.

This (explicit) scheme corresponds to the case where the parameter 6 = 0 in
(1.3), 0’ being another parameter here. Most schemes for BSDEs proposed in the
literature choose 6’ = 1. We show in this work that the scheme converges for any
0’ € [0, 1]. However, a reader familiar with the analysis of continuous-time BSDEs
will easily see in Sections 3 and 4 that having 8’ = 6 (so, 8’ = 0) allows to ana-
lyze the scheme (2.1) by mimicking more closely the continuous-time analysis, as
suggested below.

Discrete-time martingale representation. While Y; is defined as a conditional
expectation in (2.1), it is useful to rewrite it using a martingale increment. Note
that such a representation was already used in [7, 8] and [3], although the way we
use it in the estimates of Sections 3 and 4 differs.

LEMMA 2.2. Given i € {0,..., N — 1}, consider a F;i+1-measurable R"-

valued random variable Y;+1 as well as a F;-measurable R4 _yalued random
variable Z;, such that Y1 + fh(zi,ym, Z)h e L. Define V; = Ei[Vi4+1 +
fh (ti, Yi+1, Zi)h]. Then Y; can be written

(2.2) Vi=Yig1+ f1, Visr, Z)h — AM; 4,

where E;[AM;11] = 0. Moreover, there exists a unique pair (;, AN;11), with i a
Fi-measurable R"*?-valued random variable and ANj1 a martingale increment
orthogonal to H;41h, such that

(2.3) AMiy1 =5 A "Hipth+ ANy
gi is given by
2:4) & =Ei[ (Vg1 + "0, Vi1 200 HE -

The proof of this statement is relatively straightforward. For completeness, it is
is presented in Appendix A.2.
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Derivation of the scheme. Lemma 2.2 suggests that, if one has already chosen a
time-discretization for the process (Y;) over [#;, t;41] given by

(2.5) Y, =Ei[Yiy1 + ", Yigr, Zoh],

where the input YV'H_ | already approximates Yy, and Zi is yet to-be-determined,
it is more natural to choose subsequently

Z E[( z+1+f (1, 1+1’Z)h) H—l]
E [( i+1 +(1 - )f (tl’ l-‘rlaZ )h) l+1]

with @’ = 0. Indeed, since “Zi = ¢;,” this means that (Iv’i, Zi) =: Si (Y,~+1) is defined
by

2.6)

Yi=Yio1 + [, Yigr, Zoh — (Zi A" Hyp1h + ANi4).

Due to the resemblance between the above equation and the continuous-time
BSDE, this scheme has the advantage that the analysis carried out in the later Sec-
tions 3 and 4 is more natural to the reader accustomed with the continuous-time
analysis. The above explains why it would be natural, and later convenient for the
analysis of the scheme, to take 8’ = 6 (hence 6’ = 0). But due to the prevalence
and convenience of implementation of the choice 8’ = 1, we study the scheme for
a general 0’ € [0, 1], thus covering both cases.

However, in the scheme (2.5)—(2.6), Z is defined implicitly (unless 8" = 1),
which leads to solving a nonlinear equation to compute Z; at each step of the
scheme. In theory, this could be dealt with, seeing as z > fh(t;, Yis1, 2)h is Lips-
chitz and, therefore, a contraction for 2 small enough, so Z; could be approximated
by iteration. But this defeats the purpose of this work, as we aim at fully explicit
schemes. Also, we want to avoid imposing restrictions on the size of the time-
steps. So we replace fh(ti, I?lurl, Z,-)h by fh(ti, Yv'l'_H, 0)A in our scheme (2.1).
Given the Lipschitz dependence of f in z, this creates an error that should not af-
fect the convergence rate of the scheme, which we aim to be %, like for the implicit
scheme.

To be able to take advantage of Lemma 2.2 and the natural character of
scheme (2.5)—(2.6) when analyzing scheme (2.1), we introduce the random vari-
able D; := Z; — ¢;, where ¢; is given by (2.4) with V41 = Yiy1 and Z; = Z;.
This D; measures the difference between the theoretically-natural scheme and the
scheme used in practice. The proofs of Lemma 3.1 and Proposition 3.2 are written
in such a way that the interested reader can easily track the consequence of D; # 0.
For the scheme (2.5)-(2.6), the analogue Dl = Z {, , where ;l is given by (2.4)
with V1 = Y,+1 and Z; = Z,, is null.

2.2.2. Assumptions on the tamed driver and comments. We now introduce the
general assumptions on the tamed driver f”. They summarize the fact that we
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want f” to enjoy most of the properties of f, in particular to preserve as much as
possible the monotonicity of (Mon) and (MonGr), but with the polynomial growth
of f and its local Lipschitz constant tamed; see (Growth) and (RegY).

These abstract assumptions can be split in three categories. First, we have the
growth conditions (TGrowth) and (TMonGr) which ensure the nonexplosion of
the scheme. Second, the monotonicity and regularity conditions (TReg), (TRegY)
and (TMon) ensure the stability of the scheme. Finally, (TCvg) ensures the conver-
gence of the scheme. Recall that & € (0, T] and we are interested in doing & — 0.

Assumptions on the growth.

(TGrowth) There exist Kth, K;’ and th > 0 such that, for all (¢,y,z2) €
[0, T] x R" x R"*4,

|1y D < K+ K2yl + K]z

The constants K,h, K;‘ and K? may depend on A but in such a way that
(K/?h, (K2)*h and K are bounded in h, that is, K", K = O(1/v/h). Also,

eyl I f@y Dl i
(TMonGr) There exist Mth, Mzh >0 and M;‘ € R such that, for all (¢, y, z) €

[0, T] x R" x R4,
(v, f(t.y,2)) < M} + MEy|* + M2 2|
The constants may depend on % and satisfy sup,,{M”", Mzh, M ;’} < 00.

Assumptions on the regularity.

(TReg) There exist L/, Lé‘ > 0 such that, for all ¢, ¢, y, z, 7/,

1
|y, ) = @y )| < LE — 1|2 + L2 — 2.

The constants may depend on / and satisfy suph{Li’, Lé’} < 00.
(TRegY) There exist Lg > 0 and a positive function ReY) satisfying (TCvg)
(defined below; it ensure that R(°2Y) goes to 0) such that for all 7, y, y’, z,

|fh(t, y/’ Z) _ fh(t, y, Z)| < Lg|y/ _ y| +T\’,(rng)(t, y’, y, Z).

L@ may depend on # s.th. (Lg)zh is bounded in £, that is, Lg = 0(1/\/5).
(TMon) There exists M;’ € R and a function R™™ satisfying (TCvg) (de-
fined below; it ensure that R(™M°" goes to 0) such that for all 7, y, y', z,

<y/ —y, fh(l‘, y/,z) _ fh(l‘, y, Z)) < M;'fy/ . y|2 +R(mon)(t’ y/’ y, Z).

M;’ may depend on /4, but in a bounded way s.th. suph{M;’} < 00.
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Assumptions on the convergence. We need to ensure that f* — f as h — 0.
This is in some sense a consistency condition, ensuring that the output of the
scheme converges to the solution to the correct BSDE, and not a BSDE with a
different driver. We introduce for this R” = f — f"*. Also, we need the remainders
ReeY) and RMOW to vanish sufficiently fast, so as not to prevent convergence
of the scheme. The following assumption guarantees that R", R(€Y) and R (mom

converge to zero. In its statement, R stands for both of the remainders R *¢Y) and
R(mon) .

(TCvg) One of the following holds:
1. There exist constants C > 0, p,q > 1 and a > 1/2 such that for any y’, y, z
[R" (2, y, )| = C(1+ Iy|? + |z,
R(t.y',y.2) <CU+ YT+ 1y + |zI7)h*.
2. There exist constants C >0, p,q > 1, ro > 0 and B > 0 such that, with
r(h) =roh™#, forany y', y, z
IR"(t,y,2)| < C(L+ 1y + 1219 L fer,y =)
R(t. Y. 2) =CO+ YT+ 1917+ 1217) 1) £y 015y or | £, 3,01=r () -
3. There exist constants C > 0, p,qg > 1, ro > 0 and y > 0 such that, with
r(h) =roh™7,forany y', y, z
IR"(t,y,2)| < C(1+1y17 + 1zIP) Ly j=r )y
R(t, ¥, y.2) SCA+ YT+ 1y1? + 121P) Ly =r @) or ly|>rh)}-

REMARK 2.3. The above (TCvg) implies that f" — f as h — 0 pointwise.
We would expect from the stability theorems for continuous-time BSDEs that the
solutions would converge if f” — f uniformly on compacts, which (TCvg) also
implies. However, in order to obtain convergence rates for the scheme, stronger
assumptions are needed.

2.3. Main result and outline of the proof. The path-regularity theorem (see
Theorem A.2) implies that tge distance between the solution (Y;, Z_,);e[o,r] and its
projection on the grid, (Y;,, Z;,)i—o,.... N1, is of order h'/2 where Z,; is defined as

.....

_ 1 [ti+t fit1 AW
Zy; =Ei|:—/ Zy du] =E; |:/ Zy qu—H]
hJi i h

tit AWZ* 1
:Ei[(Yi+1+/ f(M,Yu,Zu)dM>TI+]
I
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We measure the distance between the numerical approximation (Y;, Z;);=o,... N
and the solution of the BSDE with the following error criterion:

N-1 1/2
sup E[|Y,, —Y,-|2]+E|:Z|Z,i —Zi|2h:|) .
N

i=0,..., i=0

ERRy = (

Main result. Our principal result, which Sections 3 and 4 are devoted to prov-
ing, is that if the driver f is tamed is such a way that the assumption of the previous
subsection are satisfied, then the resulting scheme converges. Specifically, we de-
fine the rate w as follows:

o If (TCvg).1 is satisfied, with g, p > 1 and o > O, then y = «.

o If (TCvg).2 is satisfied, with ¢, p > 1 and 8 > 0, then u = % for arbitrary
[ > 1. Since B > 0, we will take / such that u > 1.

o If (TCvg).3 is satisfied, with g, p > 1 and y > 0, then u = VTZ for arbitrary
[ > 1. Since y > 0, we will take / such that u > 1.

THEOREM 2.4. Assume that f" satisfies (TGrowth), (TMonGr), (TReg),
(TRegY), (TMon) and (TCvg). Then the scheme (2.1) converges, that is,
ERRy — 0 as N — +o0.

More precisely, there exists a constant C (independent of N) such that

ERR% < Ch + Ch'*.

Having p« > 0 guarantees convergence of the scheme. Having © > 1 guarantees
that taming the driver does not slow down the convergence and that the standard
convergence rate of the implicit scheme can be recovered.

Outline of the proof. We follow a standard strategy which consists in seeing
the error at time #; as resulting from the one-step time-discretization error—by
how much the BSDE and the scheme differ over one time-step when initialized
with the same input—and the propagation to time #; of the error already present at
time #; 1 1—the control of this latter error coming from the stability of the scheme.

To express this, we introduce the family of random variables (?,-, Z) i=0,... N—1
defined, for all i, by

(2.7) Y =EiYy,, + £, Yy, ZiDh],
(2.8) Z’ = Ei[(Yli+1 + (1 - 9/)fh(tiv Yiiiis 0)h) iﬂ—l]'

Otherwise said, (Y;, Z;) is the output of one step of the scheme (2.1) when the
input is Yy, ,, the value of the solution at the time #; . Then the above mentioned
decomposition of the error at time #; can be written as

Yt,-_Yi: Yt,-_Yi + Y, - Y

—— —_———
one-step error  propagation of error
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and

Zti_Ziz Ztl‘_Zi + Zi_Zi
—— N——
one-step error ~ propagation of error

For the time-discretization errors, we define
(V) =E[|Y, — Yi|*] and w(Z)=E[|Z, — Zi|*]h.

To study the propagation of errors, we introduce the following notion of stability.

DEFINITION 2.5. We say that the scheme (2.1) is almost-stable if there exist
constants ¢ and C, independent of N, such that foralli € {0,..., N — 1}

~ 1 ~
E[IY: = Yil*] + JE[IZi = ZiI*Jh < (1 + e[|,y = Yiga [P + CA* L.

The terms Ch*t! are the stability imperfections.

From the fundamental lemma below, the global error is then controlled by three
terms. The first is the error made on approximating the terminal condition. The
second is the sum, essentially, of the one-step discretization errors, ZZNZ _01 # +
7;(Z). The third is the total contribution of the stability imperfections, and is of
order h*.

LEMMA 2.6 (Fundamental lemma). Assume that the scheme (2.1) is almost-
stable. Then there exist a constant C > 0 such that, for all N > 1,

N—-1 _
(ERRy)? < CE[|g — V"] + c(Z i ;Y) + 1 (Z)) + Ch*.
i=0

We place the proof in Appendix A.3. From (A£Y), the first term is known to
be of order 4. So Theorem 2.4 will be proved if we can prove that the sum of
discretization errors if of order 4 and that the scheme is almost-stable.

REMARK 2.7 (On the almost-stability). If one could take C = 0 in the Def-
inition 2.5 of the almost-stability, then the scheme would be stable, in the usual
sense. This is the case for the standard explicit and implicit (BTZ) schemes for
BSDEs with Lipchitz drivers.

2.4. Examples of modified drivers, and truncated Brownian increments. We
show in Sections 3 and 4 how the set of general assumptions of Section 2.2.2
about the modified drivers f” ensure the convergence of the scheme. As we stated
in the Introduction, our aim was to isolate a set of properties that would guarantee
the convergence of the modified explicit scheme (2.1) for a large class of modified
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drivers f", rather than just treating one particular case. To use this result, we then
have to show that various modifications of f result in drivers f” which fit in our
framework.

We present here several natural ways to modify the driver f to avoid explosion
of the scheme and obtain its convergence. We organize them in three categories,
based on how the driver is modified. We also point out that the multiplicative tam-
ing, outer taming and inner taming below correspond to (TCvg).1, (TCvg).2 and
(TCvg).3 (resp.) of assumption (TCvg) in Section 2.2.2.

2.4.1. Multiplicative taming. Consider aradius r(h) = roh™%, with ro > 0 and
o > 0. So r(h) - 400 as h — 0. We can tame the high values of f by multipli-
cating it by a damping factor,

1
1+ Fy)r(h)— Y

Several choices are possible for the function . We only consider the four follow-
ing ones:

(@ F(y)=1£(0,y,0),
(b) F(y) — |f(07yv0)|;|f(070,0)|]l{y#o},
() F(y)=IyI",

d) F(y)=y|™ "

The choices (a) and (b) use only the outputs of f and require no detailed knowl-
edge of f (black-box taming), while the choices (c) and (d) use the input y and
require knowing the degree m of the polynomial growth. Also, as can be read-
ily seen, the choices (a) and (c) result in a bounded driver (in the variable y, for
fixed &) while (b) and (d) result in a driver with linear growth in y.

iy, ) =x"0)fe,y,2)  where x"(y) =

2.4.2. Outer taming. Consider a radius r(h) = roh—F, with ro > 0 and B> 0.
The outer taming is given by

iy, 2 =T"(ft,y,2),

where T is essentially a projection on the ball of R” of center 0 and radius r(h).
Specifically, we can consider at least the following two choices:
L . h
(A) The projection (or truncation): Th(f) = max(l,lfflr(h)*l) = max?f(z{m).

cantione The £ — f _ _rinf
(B) A smoothed projection: T"(f) = 7G0T = FHI7T

One could also consider a projection on the ball of radius r(#) 4- 1 that is smoothed
only at the transition region from identity to constant, so that it would remain
the identity on the ball of radius (%) and be constant in any y-direction beyond
r(h) + 1.
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Notice some general properties of T": |T"(f)| < |f| and |T"(f)| < r(h), for
all f € R". The projection also satisfies Th(f) = f when | f| <r(h).

Notice that for both the case of the standard projection (A) and the case of
the particular smoothed projection (B), the taming can be written multiplicatively,
fh(t, y,2) = xh(t, v,z) f(t,y,z). Indeed, we have

T"(f) = f and T"(f)=

1
max (1, | fIr(h)~") L+ flr()~! /
in cases (A) and (B), respectively.

Case (A), the standard projection, can therefore be viewed as a generalization-
variation of the multiplicatively tamed driver, case (a), the generalization being
that we consider a damping factor x”(z, y, z) instead of just x”(y), the variation
being that we have to deal with max(1, x) instead of 1 + x. For case (B), it is
only a generalization of (a). If we consider a driver depending only on y, as we
do in all our examples, we see that the outer taming (B) was already treated as
the multiplicative taming (a). So let us ignore this case and focus only on the
standard projection (A), in this section. From now on, for the outer taming, T" is
the standard projection on the ball of radius r = r(h).

2.4.3. Inner taming. Another way to avoid values of f that are too high is to
limit the size of the inputs entered in f. Consider a radius r(h) = roh™", with
ro > 0 and y > 0. The inner taming is given by

iy, 2=, 7", 2),

where T is the projection on the ball of R” of center 0 and radius r(h). Here,
again, as for the outer taming, one could consider a number of variations for the
“projection” T". We will only study the example of the standard inner projection.
Recall the basic properties of 7: |T(y)| <r and |T(y)| <|y| forall y,and T (y) =
yiflyl<r.

2.4.4. The Brownian increment. We give an example of H;, that satisfies
(HH).3. Namely, H; 41 := w where T, is the projection (for the distance
induced by the infinity-norm |-|o, on R) on the ball of radius R centered at the
origin (for the norm |-|o). Otherwise said, each coordinate of AW, is capped
at R. Note already that the norm |-| appearing in the expectation (and indeed in all
the computations that were done so far) is the Euclidian norm |-|5.

2.5. Qualitative properties: Discrete comparison and positivity preservation.
In this section, we discuss, in the 1-dimensional case, the preservation of order
and (consequently) of positivity by the discretization scheme. As was pointed out
in [19], the standard explicit scheme may fail to preserve positivity. Here, we are
interested in determining conditions under which one can guarantee that the Y;
approximation remains positive when continuous-time solutions is positive. This
problem is of significant importance, qualitatively and for numerical stability. On
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the one hand, prices should be nonnegative as well as sizes of populations and
chemical quantities. On the other hand, the driver may be monotone only on D =
R and should one input Y; | not be a.s. positive, the scheme may explode. We
are aware of only two other works stating similar comparison results (see [9] and
[8]) but, even in the Lipschitz setting, they do not deal with explicit schemes. The
discussion on the explicit scheme is, to the best of our knowledge, new.

The analysis below is based on a linearization technique, as in [8]. We first show
a generic discrete comparison result and then positivity follows as a corollary. Es-
sentially due to technicalities arising by the explicit component in the scheme, the
comparison result is not as general as one might expect from the implicit scheme.
The several result below require at least the following assumption.

ASSUMPTION 2.8. Assume n = 1, that (TReg), (TRegY) holds with
RegY) — 0 and
for6’ €0, 1] _ s 1h(Lﬁ+L§|Hi+1|+(1—9/)hL’;|H,-+1|L’;)<1
i1=0,...,N—

Since we work in the one-dimensional setting, the above assumption is not a
drawback.

PROPOSITION 2.9 (Discrete comparison for the explicit scheme). Let As-
sumption 2.8 hold. For j € {1,2} take the modified drivers f "7 and numerical

terminal conditions €N+J | as well as the outputs (Yi] , ZiJ )i—o..N obtained through
scheme (2.1). Define, for 0 <i <N — 1,

1 1
fh (tls l+1’ ) fh (tls l+1’ )

(2.9)  Bi+1:= Yll_’_l le—H {Yzl+l i2+]7é0},
= fhl(tlv l+1’ fhl(tlv i+1° )
e YA Zh — RN, YA ZE) 5
2.11) Yig1:= i |Z> —Z.2|2 d (zi - Z})" Lz 7220)

and Biy:=1+hBit1 +hyi+1(1+ (1 — 6’ )hﬁH—l) l+1
Assume further that y;+1 is JFi-measurable for all i; and that either
(fh’1 fh 2, Y, hLl,0) is F;-measurable Ni or ' =1 or Vi y;11 = 0. Then,

with the convention Hj=k -=1forl <k,

N—1
Yil . Yi2 :Ei |:(%-N,1 . %-N,Z) 1_[ Bj+1

j=i

N-1
+hZ(f'” ).y ]+1v H3k+1}

j=i

(2.12)
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IFENT —eN2>0and (f"' — P21, YA, ZH = 0forall0<i <N — 1 then
Yl.1 szforallOfigN.

REMARK 2.10 (On the assumptions of the comparison theorem). Two of the
assumptions stand as nontrivial, and perhaps slightly opaque, namely that y;41 is
JFi-measurable and the F;-measurability of (/™ h,1 —f h2y (@, Y? Y7 1,0). The reason
for both is of technical nature and due to the presence of the Y;ii-term in the
scheme.

Concerning the first, it happens for instance when one is able to write
ft,y,2)= f(t y) —I—f(t z) Vt, v, z or when the Y7 41 s are deterministic. When f
does not depend on z then y; 41 =0, this is a case of 1nterest for reaction-diffusion
equations. When 6’ # 1, the restriction (f! — f2)(y? Y; +1, 0) is F;-measurable is
a real limitation to the comparison result, as in general Y, ; is not F;-measurable.
However, one is often interested in comparing the scheme against a constant: this
will be case case when we prove a corollary on preservation of positivity.

Lastly, one may ask how realistic Assumption 2.8 is, in particular, which choices
of H;, 1 satisfy the assumption. The example in Section 2.4.4 satisfies the assump-
tion. The verification is omitted but follows the ideas presented in [8] (see also
Appendix B).

PROOF OF PROPOSITION 2.9. Let i € {0,. — 1}. Under assumptions
(TReg) and (TRegY) (with R(eeY) = 0) the random variables y, B and B are
well dsﬁned and satisfy: |B; 41| < Ly, Bis1] < Ly and |y;4+1] < L;. Moreover,
Bi+1, Bi+1 and y; 1) are Fji-adapted.

Define §Y; := ¥, = ¥?,8Z; := Z} = Z? and 6f; ,; := (f"' = "2 (1;, Y2, |, 0).
Recalling (2.1), and the notation (2. 9) (2 10) and (2.11), we can write

8Z; :Ei[(5Yi+1 + (1 —0 )[fh l(tl, Y+1, 0) fh 2(tl’ Y—{-l’ 0)]h) iﬂii-l]
= Ei[8Yis1(1+ (1 = 0)hBi1) H g + (1= 6")hSF iy Hiy .

For the §Y component, we first linearize the driver terms then inject the above
expression for 8 Z. Namely, set 8f; 41 := (f*! — f"2)(1;, Y? Yo, Z2) and using §Z;
from above yields

8Y; =E;i[8Yit1(1 + hBiv1) + hyis18Z; + hdfiy1] = Eil8Yiy1Biv1 + hdfit1],

where we used the assumption that y; 4 is F;-measurable and then that either 6’ =
1ory1=0o0r S}\” ;41 1s F;-measurable, so the last term vanishes due to the fact
that ;[ H;11] = 0. Furthermore, it is clear that without this second assumption, it
not possible to have a comparison result as it is not possible to control the sign of
H; 1. Iterating the last inequality from i to N yields (2.12).

The comparison statement: from Assumption 2.8 it follows that all B; terms
are positive, and hence the comparison statement follows provided §f;+1 > 0 and
Yy >0. O
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REMARK 2.11. One may also want to consider instead of (2.1), a scheme us-
ing as input (Yj+1, Zi+1), for instance setting ¥; = E;[Y;+1 + fl-h(Y;H, Ziy1)h].
However, due to the presence of Z; in the scheme, one cannot guarantee a com-
parison result for this scheme.

As a corollary of the previous result, we have a preservation of positivity result.

COROLLARY 2.12 (Preservation of positivity). Let Assumption 2.8 hold. If
EN >0andforall0<i<N—1 f"(;,0,0)>0, then Y; >0 forany 1 <i <N,
in other words the tamed explicit scheme (2.1) is positivity preserving.

Moreover, if’;‘N > 0 and fh(ti,O, 0)>0foranyie{0,...,N—1}thenY; >0
Vi.

PROOF. In Proposition 2.9, take (Yin Ziz),-=0.__N =0 and fh’2 = 0. Under
thii setting, the random variables y;; defined in (2.11) are F;-measurable, as
is 8f; 41 = f1(t,0,0) — 0. The expression (2.12) then simplifies to

N—1 N-1 j—1

Yil :E,'|:Y11, l_[ Bji1+h Z fh’l(t,',o, 0) 1_[ Bk+1j|.
j=i j=i k=i

Under Assumption (2.8), the random variables B; | are all positive and since & N>

0 and f h(t,0,0) > 0 the statement follows. The case of the strict inequalities

follow trivially. [

2.6. Numerical simulations. In this section, we illustrate with numerical simu-
lations the study performed above regarding the convergence and qualitative prop-
erties of explicit schemes with tamed drivers.

Our analysis is concerned with the time-discretization. In practice, we also need
to approximate the conditional expectations in the scheme (2.1). We do so using
the method of regression on a family of function; see, for instance, [12]. Given a
uniform time-discretization grid with N time-steps, 7N = (t))i—o_n with t; = ih
and h = T/N, we therefore simulate a sample of M paths (which are an approxi-
mation) of the forward process X: (an\{,i)’ form=1,..., Mandi=0,...,N.In
our examples, X will be an arithmetic Brownian motion and simulated exactly (not
using a numerical scheme for SDEs). We then use this sample for the regression,
at each time #;, on a family of K functions, which we take to be the first K Hermite
polynomials.

2.6.1. Observing the convergence of the schemes. We start by observing the
convergence of the schemes. We consider here the following FBSDE, with time-
horizon T = 1. The forward process X in (1.1) is an Brownian motion started at
x = 0, with drift » = 0 and diffusion coefficient ¢ = 1. The BSDE (1.2) has driver
f(t,y,z) = f(y) = —y3, which is monotone (decreasing) on R, and terminal con-
dition £ = g(X7) where g(x) =id(x) = x is unbounded.
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As explained above, we can consider many generic ways of obtaining a mod-
ified driver f” from f. Here, we consider an example of inner-taming, f”(y) =
f(T"(y)), an example of outer-taming fh(y) = T"(f(y)), and an example of
multiplicative taming f”(y) = x"(y) f (y). We take the functions 7" to be projec-
tions on a ball centered in 0 with growing radius, and we take the taming factor

h 1 . .
x"(y) of the form TFO) RGBT An analysis of these examples and how they fit in

our framework is provided in Appendix B. Specifically, we compute approxima-
tions of the solutions using the following schemes:

1. (black) The implicit scheme.

2. (blue) A modified explicit scheme with driver f" tamed from inside by a
projection, f h n=f (Th(y)), where T" is the projection of the centered ball of
radius r* = roh™, with ro =1 and y = ﬁ m = 3 being the degree of the
polynomial f (see Appendix B for the choice of y).

3. (green) A modified explicit scheme with driver f”* tamed from outside by a
projection, f"(y) = T"(f(y)), where T" is the projection of the centered ball of
radius R" = Roh =P, with Ry = 1.5 and g = 1.

4. (cyan) A modified explicit scheme with driver f" given by f(y) =
%, where Ry =1 and o = %
1+|ym=1R; " he
We point out the relation between the 2nd case and (TCvg).3; the 3rd case and
(TCvg).2; and the 4th case and (TCvg).1.

We generate a sequence of uniform partitions (7™)y of [0, 7] with mesh
h=T/N for N € {2,4,8, 16, ...,2048} (we simulate first the Brownian paths on
the finest partition, and then use these to compute the forward paths X on all par-
tition). Since we do not know the exact solution to the FBSDE, we use as a proxy
the average YP™*Y of the results returned by the schemes 1 and 2 for the finest time-
grid. We measure as error the distance dist(Y, Y’) = max;—o,__ v E[|Y; — Yl.’lz]%
between, on the one hand, the output YN = (YiN )i=0,...~ of one of the schemes
(1 to 4) and, on the other hand, the proxy YP™*Y for the solution.

On Figure 2, we plot first the error versus the number of time-steps (top picture)
and then the computation time versus the error (bottom picture), both in log-log
scales.

We observe that the modified explicit schemes 2 and 3 provide errors compara-
ble to the implicit scheme. However, as they are of explicit type, they benefit from
a lower computation time. Scheme 4 however does not perform as well. We took
o= %, as suggested by Appendix B so that the scheme fits in our framework. Then
Theorem 2.4 guarantees convergence but since u = o < 1 the modified scheme 4
has a convergence rate lower than the usual rate. Essentially, what slows down the
multiplicative schemes with x”(y) of the form 1/(1 4+ F (y)Ié(h)*l) is that even
when F (y) [which canbe | £ (y)], |y|™, |y, ...]is small, that is, F(y) < R(h),
one does not have f"(y) = f(y). This creates an error compared to the true dy-
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Strong error wrt YPeSt Proxy
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FI1G. 2. Errors computed for N € {4, 8, 16, ..., 2048}, with M = 100,000 and K = 10.

namics, which is not necessary [since f(y) is not big and does not need to be
modified], and that error vanishes but too slowly.

2.6.2. Numerical stability and preservation of positivity. 'We now look at the
qualitative behavior of the modified explicit schemes used above.
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Bounds preservation
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F1G. 3.  Computed with N = 10, M = 50,000 and K = 30.

We consider the following FBSDE, with T = 1. The forward component X
in (1.1) is a Brownian motion started at x = 0, with drift » = 0 and diffusion
coefficient 0 = 1.25. The BSDE (1.2) has driver f(¢,y,z) = f(y) = —yz, which
is monotone decreasing on the domain D = [0, +oo[, and terminal condition & =
g(X7) where g(x) = xZ is positive.

The solution of the continuous-time BSDE remains positive (i.e., in the do-
main D) and we have proven in Section 2.5 that the modified explicit schemes
should reproduce this property, at least under certain sufficient conditions—
Assumption 2.8 reduces in our case to th < 1. Figure 3 shows the empirical

maximum and minimum of YiN ,as t; goes from 7T to 0.

We observe the desired preservation of positivity, and note that N is only equal
to 10. We also observe, when looking at the upper bounds, a regular decay on the
implicit scheme. This is due to the strict monotonicity of the driver f. The mod-
ified explicit schemes appear to preserve this qualitative behavior as well, though
in a limited way.

It must be stressed that such a numerical stability properties, the preserva-
tion of positivity and monotonicity, can fail due to an imperfect approxima-
tion of the conditional expectations. Our results in Section 2.5 hold only for the
time-discretization scheme and rely on the order-preserving property of the con-
ditional expectation operators. In practice, when we tried to approximate the con-
ditional expectations with K = 4 functions, we found that frequently (the numer-
ical method we used is a Monte-Carlo one) positivity was violated at some of
the grid-points. Due to the taming of the driver, explosion was prevented, but the
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qualitative behavior is not satisfactory if the conditional expectations are poorly
approximated.

3. Size estimates and nonexplosion of the schemes. In this section, we un-
dertake the size-analysis for the modified explicit scheme (2.1) and show that,
under our assumptions, it cannot explode. Specifically, we obtain bounds on the
p-moments of the scheme that are uniform in N. For this, we first carry out the
size-analysis for one step of the scheme. Thanks to the linear growth and the mono-
tone growth of the driver f”, we obtain an estimate which, unlike that for the ex-
plicit BTZ scheme (see [19]), can satisfactorily be iterated. This then leads to an
almost-sure and uniform-in-N global bound, which in turn leads to bounds on the
moments.

3.1. The one-step almost-sure estimate. The first results are useful estimates
about the size of the output of the scheme over a single time-step. For clarity of the
computations, we first prove the result for scheme (2.5)—(2.6) (which has D; = 0)
in Lemma 3.1 then extend it to the scheme (2.1) (for which D; = Z; — ¢; #£0) in
Lemma 3.2. We do this in order to show the differences in the estimations. Also,
the first result needs a smallness assumption on the step size & while the second,
due to the enhanced estimation, does not.

LEMMA 3.1.  Assume that the driver f h satisfies (TGrowth) and (TMonGr)
with Mzh < %. Let h be such that h < hgy := W. Then there exist constants

¢, C > 0 such that, forany i € {0, ..., N — 1}, and for any random variable Y; | €
L2(E+1), with (Y;, Z;) the output of scheme (2.5)—(2.6) for the input Y1, one
has

1
Vil + 21 ZiPdh + B[ AN ] < (0 + e E:[[Yiga ]+ Ch,
The constants ¢ and C are uniform in N.

PROOF. By Lemma 2.2, we write
Y =Yip + ", Yir, Zoh — AMig

=Y+ £t Yisr, Zooh — (Zi — D)A™ " Hiz1h + ANi11).

Squaring Y; + AM;y1 =Yy + fh(t,-, Yi+1, Zi)h and taking [E;, we have
Yil? + Bi[| AMi 1 P] = Ei[| Vit P+ Bi[2Yi, (i, Yigr, Z0))]h
+E{| £, Vi, Zi)|2]h2-
Using (TMonGr) leads to
Y1+ Ee[|AM 1 2] < (14 2MPh)E; [| Y1 1P] + 2] h + 2M7 | Z;

+E (] £ (81, Yiga, Zi)|2]h2'
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Due to the orthogonality of H; 14 and AN;4| and using a Young inequality, we
have

Ei[|AMi11*] = |61 A7 Ei [| Hir hI1*]) + Ei[| AN 411°]
=12 — Di’ A~ dh + Ei[|AN;111%]
1
> S1ZiP A dh — |DiP AT dh + Ei[| AN 7],
So the estimate currently yields
1
Yil* + 512 PA~dh — D PA™ dh + Ei[| AN; 1]
< (L4+2M"W)E[|Yi1|*] +2M" 1 4 2M" Z; )R
= y i i+1 t 7z 141
+Ei[| @i, Yig, Zi)|2]h2,
hence, since 1 < A~! <2,

il* + (% — %)m&zh +Ei[|AN;11]
< (1L +2M}R)E[|Y; 1]+ 2M]'h + 2| D;|*dh
FE[| @, Yir, Z0 ]R3
Now, using the growth of " given by (TGrowth), we obtain that
Eil| f" (i, Yirr, Z0 [ 1h* < 3(KP)* R + 3(K )2 W2E: [| Vi 1] + 3(K 1)1 Z: 2.
This immediately implies the core estimate:

1 2Mh
|Y,~|2+(—— Z)|Z,-|2dh+Ei[|AN,~+1|2]

2 d
3.1 - -
G-1) < (14 [288 + 3(K") RAYE:[¥i 1 2] + (28] + 3(K[)2h)h
+2|D;dh + 3(K!)? |z 2.
Now, recall that (Y;, Z;) are produced by the scheme (2.6)—(2.6) with input Y; 1,
and we have therefore D; = 0 here. Also, from the assumptions we have

oMl 1 Kh2 1
L <~ and 3( ) h<-.
d 4 d 8
This allows to pass the term in |Z;|*A% on the RHS of the inequality to its LHS.

O

We now state the one-step estimate for (2.1), for which D; # 0 a priori. We
emphasize the additional assumption (TReg), the absence of a smallness condition
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on h, and that our handling of the end of the proof is slightly different (even in the
case D; =0).

_ PROPOSITION 3.2.  Let the driver fh satisfy (TGrowth), (TMonGr) with
M;‘ < % and (TReg). Then there exist ¢, C > 0 such that, for any i € {0, ...,
N — 1}, and for any random variable Y| € L2(.7-",-+1), with (Y;, Z;) the output
of scheme (2.1) for the input Y; 11, one has

1
Vil + 1 ZiPdh + B[ AN P] < (1 + e)E[|Yig1 ] + Ch.
The constants ¢ and C are uniform in N.
PROOF. We resume from estimate (3.1) of the previous proof, before passing

the | Z;|?h? to the LHS. We start by estimating | D; |2dh as a function of | Z;|*h?.
Following the definition of Z; in (2.1) and that of ¢; in (2.4), we have

—Di=¢i -2,
=Bi[(Yi1 + "t Yigr, Zh)Hf ]
— Ei[(Yigr + (1 = 0') (11, Yigr, OOR) HE, ]
=E[(f" . Yisr, Zo) — (1 =) f" (&1, Yizr, 0) R H ]
Using the Cauchy—Schwarz inequality,
|D;iI*dh < dhE:[|Hiz1*] x Ei[|(f" (i, Yier, Z0) — (1 — 0') f2 @1, Yigr, 0)h[]
= Ad® < Ei|(f" @i, Yipr. Z0) = (0, Yig1, 0)) +6' £ (1, Yisr, ) 0
<2d*(L")1Z: 1202 + 24207 [| £ (11, Yisr, 0)*]R2,

where we used the z-regularity of f” from (TReg), (a + b)?> < 2a* + 2b* and
A<l.
Injecting this in (3.1), we obtain

1 2Mm!
4P+ (5 = 55 )12 Pdh+ Eif|AN )
< (1+ [2M" + 3(K )R]0 E: [|Yia P] + (M) + 3(K])h)h
+ (KM +4d> (L") Z: 202 + 4d?0 R [| £ (1, Yisr, 0) ]2
Using again the growth assumption (TGrowth), we have

Eil| £t Yisr, O 0% < 2(K]')h? + 2(K ") hPEi[|Yig1 .
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Hence, the previous estimate implies that
1 2M!
1P+ (5= 2 )1Zildh + E(IAN )
< (1+ [2M" +3(K!)h + 8470 (K1) h]h)Ei[ | Vi1 1]

+ (M" +3(K)?h + 84260 (K!)?h)h + (3(K!)* + 4d> (L)) Z: 21,

At this stage, instead of assuming 4 small enough and passing the term in
|Z,~|2h2 from the RHS to the LHS as in the previous proof, we estimate Z; di-
rectly from its explicit definition in (2.1). From the Cauchy—Schwarz inequality,
(AH), A <1 and (TGrowth),

1Zi)*h = [Ei[(Yir + (1= 0') " (0, Yiir, OR) H ]
< 2dE;[ Vi1 2]+ 2d(1 — 0"V B [| £ (01, Vi1, 0)) ]2
< (2d +4d(1 = 0') (K} W) E:[|Yis1 P+ 4d (1 - 0) (K] R,

y
Injecting this estimate into the previous one and rearranging the terms, we obtain
2, (1 2m! 2 2 h 2 h
Yil"+ {5 - = )IZi] dh +E;[|[ANi4117] < (1 + "h)Ei[|Yiq1|] + C"h,

where ¢ and C" are given by
h 2072 ( prh)2
_2M +3(K )h+8d0/ (Ky)h

+ (3(K")? +4d>(L")) (2d +4d (1 — 0" (K!)*h?),

Ch = 2M! +3(K])h + 84207 (K!)n
+ B(KM? + 4d>(L1Y))4d (1 — 0')2 (K1) R2.

7 = }‘, the LHS simplifies.
Second, from the assumptions on the constants that are made in (TGrowth),
(TMonGr) and (TReg), and the fact that 4 < T, there exist ¢ and C such that
c"<candCh<C. O

REMARK 3.3 (On the constants ¢" and C"*). The constants ¢ and C” defined
in the above proof depend on £ in a bounded way.

First, since (K/")?h and (K;‘)zh are bounded, we see that (K/")2h? and (K;‘)zh2
vanish as & — 0. So the last term in C" and most of the last term in ¢” vanish.
Here, our handling of the estimates allows to conclude without restrictions on /4,
at the price of having bigger constants. As & — 0, these bigger constant decrease
to, essentially, what they would have been if we had assumed / small and handled

the estimates as in Lemma 3.1.
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Second, we note that if 9/ =6 = 0 and f does not depend on z (in which case
K!' = L" = 0), then the scheme (2.1) coincides with the scheme (2.5)~(2.6) and
the constants ¢ and C” are the same as those found in the previous lemma. As
will be clearer in the proof of the almost-stability of the scheme (Proposition 4.2),
using scheme (2.1) (not taking 8 = 0 and replacing Z; by zero in the definition of
Z;) creates some errors that vanish at the same rate as the standard error, and only
make for bigger constants.

3.2. The global almost-sure estimate. The one-step size estimate of Proposi-
tion 3.2 can be readily iterated to yield an informative almost-sure bound on the
size of the ¥;’s, where (Y;, Z;);=o,.... N—1 1s the output from the iteration of scheme
(2.1) with terminal condition initialized to .

PROPOSITION 3.4. Under (TGrowth), (TMonGr) and (TReg), for any i €
{0,...,N — 1},

1 N-1 N-1
|Y,-|2+E,-[4—1 > 1z 1Pdh + Z|AN,-+1|2}
Jj=i j=i

< €C(T_ti)Ei[|§N’2] + eC(T—t,‘)C(T o ti)-

PROOF. This proof follows by directly iterating Proposition 3.2; see
Lemma A.3. O

3.3. Moment estimates. We now show that (¥;, Z;);—o,... .y has p-moments
which are bounded uniformly in N. This is crucial in the next section to show that,
while the scheme might not be strictly stable, the stability imperfections are small
enough that the scheme is almost-stable.

PROPOSITION 3.5. Assume (A‘;‘N ), (TGrowth), (TMonGr) and (TReg). For
every p > 1, there exists a constant C (independent on N) such that

N—-1
sup  E[|Y;|*]<C and E[Z(|Z,~|2h)p} <C.
i=0,...,.N—1 20

The proof of this result is somewhat similar to that in [19], Proposition 5.1. For
the convenience of the reader, we place it in Appendix A.4.
We have analogue results for (Y;, Z;)i—o....n—1 defined in (2.7)—(2.8).

.....

PROPOSITION 3.6 (Integrability of Z-). Let (TGrowth) hold. Then, for any
p = 1 there exists C > 0 such that, forany N > 1,

sup  E[|Yi[*’]<C and sup E[|Z;*P]<C.
i=0,...,N—1 0<i<N-—1

Consequently, we also have the estimate E[Z;V: B] (|Z~ I2h)P1<C.
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PROOF. We start by estimating Z;. Using the Cauchy—Schwarz inequality, 1 —
0’ < 1, the fact that E;[| Hi11|*] = 44 and (a + b)? < 2(a® + b?),
(Ad)%
w)
So for all p > 2, since (a + b)? < 201 (g% + b7),

p (Ad\?
+Ei[|fh(tivYt,-+1,0)|2h2]7)(_d) '

B —

~ 1
|Zi| < 2§(Ei[|Y1i+l - IE:i[Yfi+1]|2] +Ei[|fh(ti’ Yli+1’0)|2h2])

~ 4
|Zi|p fzp_l(EiHYtiH _Ei[YTi+1]|2]2 h

We now take the expectation,

~ p
E[|Zi |p] = 2P_I(E[Ei[|yfi+1 - Ei[Yti+1]|2] 2]

P Ad 5
+ E[Eiufh(ti’ Yfi+| ’ O)|2h2] 2])<7> .

Now, let us first observe that, using | f h| < f, (Growth), Jensen’s inequality,
the tower property of expectations and using Theorem A.2, we have

D _ P p
E[E:[| f" (i, Yir,, O) PR 2] =277 1 (K22 + (K,)22E[|Y,,,, 1P ])hP < ChP.

We now address the main difficulty, the term E[E;[|Y;,,, — IE,-[Y,Z.+1]|2]%]. Using
the dynamics of the BSDE over [#;, t;11] we easily find the identity

fit1
YIH_] - Ei [YI‘H_]] = Ei |:/ f(u7 YM’ Zu) du]
li

fit+1
- f(uquaZu)du‘i_

ti 1

t:

i+1
Zy,dW,.

Taking the square, using (Z;’:lai)z < nZ;’ZlaiZ and Jensen and/or Cauchy—
Schwarz inequalities we obtain

|Yfi+l - Ei[YliH”z <3E; [h/

l

tit1 )
F Y, Z0)| du]

li+1 2 2
+3hf | f(u, Yo, Z)| du + 3
t

lit1
/ Z,dw,
f

We then take the conditional expectation, use the Itd isometry and (Growth) to
have

Ei“YtiH - Ei[YTiH]}z] < 6hE; |:/

1

lit1 2 tit1 5
| f(u, Yy, Z,)| du}+3dE,~|:/ | Zy| du}
I
tit]
< 18(K,)2h? + 18(K ,)*hE; [/ iy du}
t

5 lit1 )
t
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Consequently, taking the power £ and using(3_7_; ;)7 <nf iy, a? we have

P
Ei[|Y,, — EilYs,, 1]

t

P +1 2 5 lit1 2 5
§Ch”+Ch2IE,-[/ |Yu|’”du} +CIE,-[/ \Z,] du:| .
ti t

Here, the constant C depends on p, the growth constants of f and uses h < T. We
can then take the expectation, and further use the Jensen inequality (repeatedly) to
obtain

p tit1 g
B |V, — Eilti, P)] < cnr o+ cB[ ( [z Pan) |
14

Gathering the two estimates, we see that we have in the end

)4

7 vt o \2 Ad\ %
E[lZiIP]§C(ChP+CE|:(/ \Z,] du) }H;hp)(T)
t

fit1 8
<Cht +Ch—%E[(/ ’ |Zu|2du>2].
4

We have now proven the pivotal estimate that will allow us to conclude. Using
[19], Theorem 3.4, equation (3.20), that is, |Z;| < C(1 + |X;|) dt ® dP-as., to
better control the last integral term we obtain, in combination with Theorem A.1,
that

P

~ tit1
E[|Z:|"] < Ch* +Ch—%E[(/ T |Xu|2)du)2]
1

<c(hr+n2n5(1 +E[ sup |Xu|p])) <C(h?+1)
O<u<T
Since h < T there exists C, independent on /, such that SUPg<j<N—1 E[lz P1<C.
The second estimate for (Z) ; can be obtained either directly from the above
pivotal estimate or from the latest estimate: since p > 1,

N—1
E[Z (I?ilzh)p] < s E[ZPP]ThrT' <C.
i=0 i=0,....N—1

Following the arguments just used to prove the estimate for (Z-),- it is rather
straightforward to prove the remaining estimate for Y;, and hence we omit it. [

4. Convergence of the schemes. In this section, we prove that scheme (2.1)
converges to the solution of the BSDE, as claimed by Theorem 2.4. Following the
outline of proof described in Section 2.3, we prove that the scheme is almost-stable
and estimate the sum of the discretization errors.
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4.1. Stability estimate of the scheme. We consider one step of the scheme with
inputs Yy, and Y; 41, for which the outputs are respectively (?i, Z) and (Y;, Z;)
[recall (2.7)—(2.8) and (2.1)]. We denote by 8x the difference X — x for a generic
quantity x, X being the counterpart of x when the input is Y;, ;. We consequently
have

8Y; =8Yip1 + {f i, Yoy, Z0) — £ (1, Yig1, ZD)}h — SAM 41,

0Z; = B[ (8Yiv1 + (1= )" @i, Vi1, 0) = £ i Yigr, V) H .

From Lemma 2.2, we recall that SAM;; has the decomposmon BAM +1
8¢ AT Hip1th + 8AN;11, and we have 8¢ = E;[(8Y;q1 + (", Yy, Z0) —

S Y, Zoy HE .

LEMMA 4.1. Under (TMon), (TReg) and (TRegY), there exist c, C > 0 such
that, without any restriction on the time-step (aside from 0 < h < T), we have

18Y; > + %lSZ,-lzdh +Ei[I8ANi111%] < (1 4 ch)E;[|8Yi411*] + CT:,
where
T; =Ei[R™" (4, Yy, Yigr, Zi)]h
+E[RUE (4, ¥, Yigr, Z)P 02 + B[ROV (45, Yy, Yigr, 002 ]h°

PROOF. The proof presented here works with the extra assumption that L? >

0, while (TReg) assumes L? > (. The case of Lé’ =0 is easy to derive and does
not require the constant  below. Overall, the estimations here are very similar to
those for the one-step size estimate (see Proposition 3.2). To shorten the notation,
we set Z; = Ajh + Bih® + Bioh2 with A;, B;, BZQ the 1st, 2nd and 3rd terms in the
sum defining Z; above. Squaring and taking conditional expectation, we have

181> + Ei[|sAM; 11 *] = Ei[|8Y; 417
+2(8Yi 41, {fM (1, Yiiirs Z)) — f'(t, Y1, Zo)}h)
+ |, Yiis Z)— ", Yig, Zi)|2h2]-

As usual, we add-and-subtract f h,, Yit1, Z,-) and then make use of (TMon) and
(TReg) to estimate the 2nd term on the RHS with Young’s inequality with param-
eter  and obtain

181> + Ei[|sAM; 11 [*]
< (1+2(M! + n)h)E;[18Yi11*] + Aih

( h)2 A
. S ZiPh + B[ @i, Yy Z0) — £ Yig, Z0)P]R?
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Due to the orthogonality of H;1h and 6 AN;+ and using a Young inequality, we
have

Ei[|8AM;1117] = 186 P A B[ | Hi171*] + Ei[ISAN; 1117]
=18Z; — 8Di* A~ dh + E;[|SAN; 41]7]

1
> §|5zi A" dh — 18D > A7 dh + Ei[|I8AN;+11%].

So, the inequality for |(3Yi|2 + Ei[|8AMl~+1|2] becomes, since 1 < A~L,
1o@h?
2 2nd
< (14 2(M! + n)h)E;[|8Yi11*] + Aih

+18D; PAT dh + i [| f (6, Yy Zi) — £ Yiar, Zo) PR

|5Yi|2+< )|az 2dh +Ei[ISAN;+11°]

We now focus on 8 D;:
—8D; =8t — 8Z;
=E[(|f" @, Yiiis Z) — '@, Y, Z0)
— (L= f" W, Vi, 0) — £, Yigr, O DRHS .

Hence, using the Cauchy—Schwarz inequality, Ei[lHi+1|2] =Adh 'and A <1,
we have

8D A~ dh < AT ARE [|Hi 2] < B[ (£ i, Yoy s Z0) — i, Yigr, Z0))
— (1= 0) ("1, iy, 0) = £ (@i, Yigr, )]
<2dPEi[| 1, Vi Z0) — £ (81 Yigr, Z0) P
+2d°(1 — 9’)2Ei[|fh(li, Y 1,0) — i, Yig, 0)|2]h2
Reinjecting this in the previous estimate leads to
1 owh?
2 2nd
< (L+2(M" + n)R)E[18Yi41 2] + Aih
+ (U 2B | £ 0. Yo,y Z0) — 0, Vi, Z0) ]
+2d% (1= O E[| £ 1, Vi1, 0) = £, Yinn, 0P,

|5Y,-|2+< )|5z Pdh + Ei[|SAN; 1]
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We now use (TRegY) and (TReg) to estimate
Vh%,HH,ZJ—fhm,ﬁ+hZOF
< 4(L1Y18Yi41 2 + 4RE (4, Y, Yigr, Z0)2 + 2(L1)18Zi %,
|1 Y 0) = £, Vi, O
= 2(L?))2|8Yi+1 24+ 2R™EV (4, V., Vi1, 0)2.

This leads to

1
2

<(L+[2(M) +n)+4(1+ 2d2)(L’;) h

+4d*(1—0)*(L2)?h]n)Ei[|8Yi 41 1]

h 2
|8Yi|2+( ( n) )|az 1dh +E;[|sAN;i1+117]

+ Aih 4+ 4(1 +2d%)B;ih® + 4d*(1 — 6')* Bh?
+2(1 4+ 24%) (L1 Ei[18 Zi 1 *h]h.

All that remains is to estimate the term with |§Z;|*h on the RHS. We have, since
A<l,

18ZiPh =Ei[(8¥i41 + (1 = )£ (i, Yyrr1, 0) = " (1, Yigr, O R) Hy B
<h™'Ei[|Hiy1h)?]
< Bi[|8Yi1 + (1= 0) [ "1, Vi, 0) = £, Yigr, 0)}4)]
<2d(1+2(1—6') (L")’ h*)E;[sY7 ] +4d(1 — 0') BIR?.
Define the quantities
M= 2(M + ) +4(1 +2d%) (L1)h +4d* (1 - 0)* (L") *h
+4(1+2d%) (L) d(1+2(1 - 6')*(L")*h%)  and

Ch =14 4(1 42d%) +4d(1 — 6')*[d +2(1 + 2d%)(L")*h].

Then, by plugging in the estimates for |8 Z;|?h and reorganizing the terms we have

) 1 (L h)Z 5
18Yi] +(2 2nd >|az 1dh +E;[|sANi1117]
< (14 c"n)E[I8Y;411*] + C"(A;h 4 Bih® 4+ BYh?).

2(LM)? . .
To complete the proof, first, we choose n = ( dz) . Second, we note that with this

choice of 7, and the assumptions on the constants made in (TRegY), (TReg) and



2576 A. LIONNET, G. DOS REIS AND L. SZPRUCH

(TMon), there exist ¢, C > 0 such that c"<cand C" < Cforallh >0 (provided
h<T) 0O

Remark 3.3 applies to the constants ¢” and C”. We can now prove that the
scheme is almost-stable. We recall that w is defined in Section 2.3.

PROPOSITION 4.2. Under (A& Ny, (TGrowth), (TMonGr), (TMon), (TReg)
and (TRegY), there exist ¢, C > 0 such that for all N > 1 we have

1
E[18Y; %] + ZE[|SZ,- 2dh] < (1 + ch)E[|8Yi11]?] + Ch#*TL.

PROOF. The first and easy step is to take expectation in the estimate from
Lemma 4.1. One must then estimate the imperfection terms in the E[Z;]. We treat
each case separately and we recall that C is a constant whose value can change
from line to line.

Case 1. We assume for convenience that R(°2Y) and R(™°" satisfy (TCvg).1
with the same constants. In practice, for the multiplicative tamings (see Ap-
pendix B), we find ¢ =2m and p =2 for R™Y) and ¢ =4m and p =2
for RMoM But ¢ does not affect the rates. Alternatively, we could argue that
ly|? <1+ |y|* so both cases fit with ¢ = 4m. Let us start with R &Y.

B:h? =E[|R™EV ;. Y, ,,. Yi 1. Zo)|*]n?
< CE[(1 4+ 1Yy, | + Vit | +1Zi17) 2|02 R
< C(1+E[|Yy,, ]+ E[|Yi1 ] + E[| Zi P ) h*F> < CR**F2,

Here, we have used moment bounds from Theorem A.2 and Propositions 3.5 and
3.6. The case of B?h2 is similar. Define consequently p1 = —1+20+2 =20+ 1.
Let us now handle R ™™
Aih=E[R™ (51, Yy, Yir1, Z0)]h
< CE[1 + 1Yy |7 + |Yie1 1 +1Zi1 P10 R
= C(L+E[|Y,,, 1]+ E[|Yis1 1] + E[IZ:|P ) p
< Cha—H )
Define consequently @y = —1 + « + 1 = «. The proof is completed by taking
n=min(p, U2) =a.
Case 2. We assume again that R"€Y) and R(™ satisfy (TCvg).2 with the

same constants. In practice, for the outer taming by projection, we find ¢ = 2m
and p = 0 for R°8Y) and ¢ = 2m and p = 2 for R(MY Let us start with R °g¥)
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Using 14up < 14 + 1p and the Cauchy—Schwarz inequality,
E[|[RT€ (1, Y, Yit1, Zp)|*]h?
< CE[(1+ 1Y,y |7 + Y117 +1Zi17)?
< A4y, Zolsra) L6201 rm) T

~ 1
< CE[1+ Y, 1% + Vi % + | Z; %]

1
512
< By sy, 2oisrao) B p v, Zosran]) 2 A7

i+1

Now, we systematically use the moment bounds from Theorem A.2 and Proposi-
tions 3.5 and 3.6, as well as the Markov inequality with a power [ > 1 yet to be
determined, to have

E[|R(rng)(ti’ Yl‘,‘+17 Yi+1’ Zi)|2]h2

1 I

< C(B[|f (i Yoy Z0I T+ Bl £ (i, Yiwr. Z0[ ) 2r ()~ 207
~ 1 Bl Bl
< C1+E[1Y,,, "]+ E[|Yi1|™] + E[IZi'])2h Th* < ChT T2,
Define u =—1+%+2=%+1.

Let us now handle R(™M°" . We use the Cauchy—Schwarz inequality, the inequal-
ity (X0 ank <nk=1 3" a¥, the Markov inequality with a power / > 1 yet to
be determined, and the moment bounds from Theorem A.2 and Propositions 3.5
and 3.6:

E[|[R™Y (8, ¥, ,, Yis1, Z1)|]h
—~ l
< CE[1+ ¥y, P + [Yip1 [ +1Zi| 7]

1
X By v, Zosrmy T L ra. v Zol=ran] P

i+1
~ ~ 1 1
<C(E[|f @, Yy, Zi)|l] +E[| f (i, Yig1, Zi)|l])2r(h) 2h.
Using (Growth), we therefore have
E[[R™™ (1, Y., Yigr, Zo)|]h

h%-l—l

(Sl

< C(1+E[|Y,,, "]+ E[|Yis11™] + E[1Z:]])
< ChEt!,

Define up = —1+ %l +1= ’%l ‘We have the desired result with u = min(u®1, u2) =
%l. Note that since 8 > 0, by taking / big enough one can make the exponent of &
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be as big as wanted. Naturally, the constant C depends on the powers ¢, p and [
eventually chosen.

Case 3. We assume again that R"eY) and R™ satisfy (TCvg).3 with the
same constants. In practice, for the inner taming by projection, we find R "e8Y) =
0, and ¢ =m and p = 0 for Rmon) [ et us start with RTeeY), Using 14up <
14 + 1p and the Cauchy—Schwarz inequality,

E[|R™0 (1, Yy, Yirr, Zo)|*]h?
< CE[(1+ Yy 1+ [Ye1 1 +1Zi1P)* Ay, 1=riy + Lgvig=roon) 2
4q .14 5 14p13
< CE[1+ Yy I¥ 4+ 1Yiia [* +1Z;*7]
1
x (BlLqy, ,,1=rooy] + By =ra 1) 242

Now, we systematically use the moment bounds from Theorem A.2 and Proposi-
tions 3.5 and 3.6, as well as the Markov inequality with a power [ > 1 yet to be
determined, to have

E[|R" (4, ¥, Yit1, Z)'n?
1 _1 vl
< C(E[Y;, I'T+E[1Yi1']) 2r(h)~2h> < Ch 2 h*.
Define uj =—1+ 4 +2=4 4+1.
Let us now handle R ™", We use the Cauchy—Schwarz inequality, the inequal-
ity O_7; ap)k < nk-1 Y alk , the Markov inequality with a power [ > 1 yet to

be determined and the moment bounds from Theorem A.2 and Propositions 3.5
and 3.6:

E[R™N (5, Yy, \, Yi1, Zi) ]
< CE[(1+ 1Yy iy 1 + 1Yis1 1 +1Zi17) Ay, 1=rto) + Lvigy1=ran))
< CE[1+ Y, % + Vi1 + |Z|2”]%E[Jl{|yli+l =) F Ly 1=r)12R
< CE[[Yy,, I+ E[Yisa ) 2r ()2
<ch5H,

Define up = -1+ %1 +1= 771 We have the desired result with & = min(u g, u2) =
VTZ. Note that since y > 0, by taking / big enough one can make the exponent of %
be as big as wanted. Naturally, the constant C depends on the power / eventually
chosen. [J
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4.2. Time-discretization errors. We now turn to the estimation of the lo-
cal errors, that is to say the error between the BSDE dynamics and the time-
discretization scheme (2.1) introduced over one time-step, and in particular their
total sum. As before, the assumptions of Section 2.1 are in force.

PROPOSITION 4.3. Assume (TReg), (TCvg) and (AH). There exists a con-
stant C > 0 such that, for all N > 1,

N-1 N-1
S E[Z, - Zil*Jh<Ch and Y E[|Y;, - Y] < Ch*.
i=0 i=0

The proof of this estimate is split in two parts. The first is the estimations for

the Z-component, while the second those for the Y -component.

PROOF OF THE ESTIMATE FOR THE Z-COMPONENT IN PROPOSITION 4.3.
First, recall that from the martingale increment property of H;| we have

fit1 N fit1 "
Ell: Zuqu l+1:|:El|:(Ytl+l +f f(u,Yu,Zu)du> l+1i|
t ti

We write

L lit1 AW lit .
Zti—Zi:Ei[/ ZuquT]_Ei[/ Z,dW, i+li|
ti t

i

li+1
+E{(YU+1 + fu, Yy, Zu)du) ;‘;1]

I
B Ei[(yli+1 + (1 - el)fh(tiv Yli+1’ O)h) iﬁ—l]'

Regrouping the terms yields
— _~ fit+1 A Wti-H *
Zy—Zi :Ei[/ Zuqu<T —Hi+1) ]
li

litl
—i—Ei[@/ ) f,Yy,, Z,)du i*+1}

I

+1
+1Ef[(1—0’) f, Y, Z) = [, Yy, 0) du ;;1]

14

Further decomposing the last term leads finally to

—_ ~ lit1 AW, *
Zti —Z; =E; [/ Zy qu(% - i+1> :|
1

tiy1
+Ei[9’/ ’ f(u,Yu,zu)duH;;l]
t
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t

[ [li+1
+ (1 _9/)El f(us Yu7 Z ) f(u YT,+1’ u)du l+1]

LJ ¢
liv

=0 [ v 20 - f Yy, 0y,

LJt;
lit1

+ (1 - 9/)El f(us Yl‘l‘+15 ) f(tl’ Ytt+l’ O) du l+1i|

LJt;
, [ rli+l
+(1 _Q)El f(ti7Yl‘i+1’ ) f (tl?Ytz+1’ )dl/l l+1]
LJt;
=&+ & + Epry + €7 + & + Elamed f-
We now want to estimate (the expected square of) each of these terms £..
Estimation of £y. Using the Cauchy—Schwarz inequality and the Itd isometry,

we have
lit1 AW, 2
|5H|2§dIE,~[/ |Zu|2du]IEH%— i1 }
I

since AWy, /h — H;y is independent from ;. Hence, taking expectations,

tit1 AW, 2
E[I€x 7] sdEU ' |zu|2du]EHT”“ — Hia }
14

Estimation of &y. Using the Cauchy—Schwarz inequality and (AH), then
Jentzen we have |Ey|? < 0'%E; ft’“ | f(u, Yy, Z,)|>du]Ad/ h. Taking expecta-
tions, since A < 1, yields IE[|€9/| 1< Q’ZdE[ft’“ | f(u, Yy, Z,)|*dul.

Estimation of Epr.y. Using the Cauchy—Schwarz inequality and (AH) as above,
and then the Y -regularity (RegY),

Ad
|EPR;Y|25(1—9’)2E,-[ / W Y Zu) — f (s Yoy Za)| du} -

lit1
<(1-6)’AdL3E; Ut 1+ 1% " 1Y, "Y1 —Y,l.+1|2du:|.

When taking the expectation we obtain, using the Cauchy—Schwarz inequality,
A <1, and that Y € S§? for any p > 2

AN
E[|Epry[2] <3%/2(1 — 0)2dL2 (1 + 2]V ]300 0)?

Lit1 1
(4.1) x/p E[Yy — Yi,,,1*]? du

< 3/2(1 )’ dL3Cyh(REGy.4(h) .

With the term REGy 4(h) following from the path-regularity Theorem A.2 and

from Theorem A.1, it holds that 1 + 2|| ¥ || X~V

g4m-1 = Cy for some constant Cy > 0.
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Estimation of £z. Using the Cauchy—Schwarz inequality and (AH) as above,
and then the Z-regularity (Reg), and A <1,

€2 < (1 - 0)Ey [ Y 20 = f@ Y00 Yau 5

1

N2 5 Lit1 2
5(1—9)dALZE,-/ 1Z, 1 du

i

Ad
h

1
= E[I&P] <~ 9/)2dL§E[/ " |Zu|2du}.

Estimation of & . Using the Cauchy—Schwarz inequality and (AH) as above, and
then the ¢-regularity (Reg), and A <1,

lit1 Ad
|g[2| S (1 _9/)2]Ei |:h / ‘f(”h Yl‘,‘+|v ) f(tla Yt,+1’0)| dl/t:|

n2 h2 n2 2
<(1-0)dL— < (16 dLh?

Estimation of Eamed.r. Using the Cauchy—Schwarz inequality and (AH) as
above,

lit1 Ad
|€tamed.f|2 = (1 _9/)2Ei |:h/ |f(ti7 Yl‘,‘+170) - fh(tiv Yti+],0)|2dl/t:| h
ti

< (1= 0 AdhE:[|(f = f") ¥y OF]:
Hence, in expectation, E[|Eamed 1*] < (1 —0)?dhE[|(f — f") (@i, Yy, 0[],
Gathering the estimates. We finally obtain
]

N-I AW,
S E[Z, — 7 h<6thE[/ 1Z,] du] max IEH*’—H,-+1
i=0 =0,...,N—1 h

2 T 2
+ 66 thE[/ | f (. Yo, Z2)| du]
0
+6-332(1 = 0/)?dh L2 Cy (REGy 4 (1)
n2 2 T 2
+6(1—0) dhLZE[/ 1Z4| du}
0

+6(1 —0)2dL,h?

N-1
+6(1=0an” Y E[|(f — £t Yo O],

i=0
Here, REGy 4(h) = SUP|s_¢|<h E[Y; — Y,|4]. From the path-regularity Theo-
rem A.2, there exists Cpr such that REGY,4(h)% < Cprh. Consequently, there
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exists a constant C (independent of N) such that

N—1
_ ~ AW,
> ElZy = Zi"Jh<Ch_max EH# — Hiyi

2
] +CO%h+CL 2
part —0.... h y

+C(1-0)’L2h+C(1 —0')*Lh?

N—-1

+Ch> Y E[|(f — 1), Yy, 0],

i=0
The result then follows from the (AH).3 and Lemma 4.4 below. [l

LEMMA 4.4. Under (TCvg) there exists a constant C > 0 such that, for all N,

N-1

STE[(f - 1)@, Yy, 0] < C

i=0

and

N—
Z f f (tl’Yt,+1th,)| ]

We postpone the proof of the lemma above to Appendix A.5 and proceed with
the second part of the proof of Proposition 4.3.

PROOF OF THE ESTIMATE FOR THE Y-COMPONENT OF PROPOSITION 4.3.
We first decompose

7

Bl f Y zodu— fra v, Z-)h]

l

tll

IE’II: f(u’YuvZu)_f(uaYti+1vZM)du:|
E;

+

1

F Y Za) — f . Y, z,,>du]

tit _ —
+El|: f(uleH_]lei)_f([ilei+1’Zli)du:|

Ei [f(tiv Yt,‘+1 s ?t,') - fh(tiv Yt,‘+1 s ?I,)]h
Ei[f" i, Yiors Z0) — £ i, Yiyy s Z0) )R
= Epriy + EPR:Z + & + Etamed.t + € (2)-

We now estimate (the expected square of) each of these terms.
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Estimation of Epr:y. Using the Cauchy—Schwarz inequality and (RegY), we
have

ti+1 _ —1\2
Sy P < BLIE [ (1 Pl i 1P IY — Y P ]

= E[|&ryl*] <hL} x CYh(REGYA(h))%,

where the last line follows by taking expectations and arguing as in (4.1).
Estimation of Epr.z. Using Cauchy—Schwarz’s inequality and (Reg), we have

|8pRzz|25E,-[h f s Yoy Za) — f Yy, Z3)] du]
ti+1 _
§hL§E,-[/ "1z, —z,i|2du]
ti

Hence, taking expectations, we obtain E[|Epr. Z| 1< hLZIE[ f fit1 |Z, — Z,l. |2 dul.
Estimation of &. Using Cauchy—Schwarz’s inequality and (Reg), we have

5 tit1 . — 2 2h3
|€l| SEl[h/ |f(uv YlH,lv Z[,‘) - f(tiv Yli+1vzli)| dui| =< Lt?

Estimation of Eamed.r- Taking squares, using Jensen and taking expectations
and using the Cauchy-Schwarz inequality, E[lgtamed.flz] < th[|( f - fh) X

(tiv Yt,‘+1 ) ?tl)|2]
Estimation of &, (z). Taking the square, using the Cauchy—Schwarz inequality
and using the Z-regularity (TReg), we have

|g‘[i(Z)|2 S thi[|fh(ti7 Yl‘i+19 71‘,‘) - fh(tl" Yl‘i+17 Zl)|2]
2 —_ o~
< W (L) Ei[|Zy — Zi).
Hence, taking expectations, we obtain E[|E, (z) 121 < hz(Lé’)zEHZl. — 7 12].
Gathering the estimates. We finally obtain

N—1
1
Z [I¥; - ¥i"] <5-3"?h°L}Cy (REGy.4())? - N

+5hL2 -REGz(h) +5h°L} - N

N-1

+51> Y E[|(f = "), Vi Zi) )

i=0

N-—1
+5h(LM S E(IZ,, — Zi*n.
i=0
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Here, we used again the notation set in the path-regularity Theorem A.2 for

REGy 4(h) and REGz 2 (h). From the said result, we have REGY,4(h)% < Ch and
REGz 2(h) < Ch, and hence, using the estimates on the size of the solution (see
Theorem A.1) the first three terms on the RHS of the above estimate are bounded
above by some Ch?. The same goes for the fourth term by Lemma 4.4 and the first
part of the proof guarantees that the same goes for the last term. This completes
the proof of Proposition 4.3. [J

4.3. Proof of convergence (Theorem 2.4). We have established with Proposi-
tion 4.2 that the scheme is almost-stable, with the rate p introduced in Section 2.3.
By the fundamental Lemma 2.6, we therefore have the global error estimate

N-1
5 (Y
(ERRy)? < CE[|g — V"] + c(Z ; ) 4 ‘L’i(Z)) + Ch*.
i=0
By assumption (A&™), the first term is bounded above by Ch for some C. Propo-
sition 4.3 guarantees that the second term Zf\’: 61 # + 1;(Z) is also bounded

above by Ch. Therefore, we have proven (ERRy)? < Ch + Ch*, as claimed in
Theorem 2.4.

APPENDIX A: AUXILIARY RESULTS

A.1. Background results on monotone BSDE with polynomial growth.
The results stated in this section hold under the assumption listed in Section 2.1.
They can be found in [19], Sections 2 and 3, and are slightly adapted to suit the
framework in the main body of the present work.

THEOREM A.l (Existence and uniqueness). The FBSDE (1.1)—(1.2) has a
unique solution (X, Y, Z) € SP x S x HP for any p > 2. Moreover, it holds that
Y115, + 1Z15 < CplleXD) 7, + 1 ¢ X, 0,005}

Take the uniform partition w = (¢;);=o,... .y of [0, T'] as defined 21 Section 2.2
and with mesh size 7| =h = T/N. Define the random variables (Z;,);—o,...n—1

by
_ 1 tit1
Zy = —E; [[ Z, du]
h t
We have then the following result ([19], Theorem 3.5 and Corollary 3.6)

THEOREM A.2 (Integrability and path regularity). For any p > 2, there exists
a positive constant C independent of h such that
supE[|Y;,|’] <C and REGy, ,(h) := sup E[|Y, — Y,|] < Ch?,

tiemw |s—t|<h;t,s€[0,T]



MODIFIED EXPLICIT SCHEMES FOR BSDES WITH POLYNOMIAL GROWTH 2585

moreover, for the control component Z we have

N-—1
S EB[(1Z,1?h)2]<C and  sup E[|Z,P]<C
i=0 t;enn[0,T)

and the respective path regularity result
N-1 fisl .
REGa(0):=E| 3 [ 12~ Z,Par | <Ch
i=0 7l

A.2. Proof of Lemma 2.2 (discrete-time martingale representation).

PROOF OF LEMMA 2.2. Equation (2.2) clearly defines AM;;; as being
Vitr+ " Qis1, Z0h = EilVie1 + f"(Vig1, Zi)h]. Conversely, defining AM; 1
clearly yields a martingale increment: E;[AM;,1] = 0. So we now want to prove
the existence and uniqueness of the decomposition (&;, AN;1) of the martingale
increment AM; .

Uniqueness. Let (¢;, AN;11) be such a decomposition. That is, we have ¢; a
Fi-measurable r.v. and AN;;; a martingale increment orthogonal to H; 1A (in
other words E;[AN;4+1] =0 and E;[AN;+(H;+1h)*] = 0), satisfying the decom-
position (2.3). Multiplying the equation (2.3) by H;* | on the right, taking condi-
tional expectation, using the orthogonality between H;" | and AN; 1, and recall-
ing (AH).2 implies

E[AMip1 HY ) = Ei[G A (Hiph) (HE )]+ Ei[ AN HE
= G AT T E [ (Hipth) (Hi )] + 0= ¢,

which yields the uniqueness of ¢;. On the other hand, (2.3) directly implies
AN; 11 =AM — & A~ H;1h, which yields the uniqueness of AN; .

Existence. Define §; = E;[AM; 1 H ;1 and AN; 11 = AM;4) — AT Higqh.
It is then obvious that we have AM; | = g“,-A_lHiHh + AN;41, and that g; is
JFi-measurable. It remains to check that AN; is a martingale increment and that
it is orthogonal to H;1h. The first point follows easily from the fact that AM; |
and H;, are martingale increments and that ¢; is JF;-measurable:

Ei[ANip 1] =Ei[AMi11 — G A~ Hip1h] = Ei[AM; 1] — G A7 B[ Hiy1h =0,
The second point follows by computing, using the definition of ¢;,
Ei[AN;+1(Hi110)*] =Ei[(AMi1 — & A~ Hi g1 h) (Hi 1))
=Ei[AMp1 HE Jh— G AT AR
=E;[AM; 1 H |]h — ¢ih =0.

Therefore, the pair (£;, AN;+1) so-defined is a solution, which proves existence.
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To conclude, we just rewrite
¢ =Ei[AMi1Hf ]
Ei[(Vig1 + £ Qigr, Z0h = Bi[Vig1 + [ Vg1, Z20R]) H ]
Ei[Vir1 + £ Viers Z0R) Hiy . =

A.3. Iteration and the fundamental lemma. We first state a particularly use-
ful “iteration lemma.”

LEMMA A.3. Let (a;), (bi), (¢ci), i €{0,..., N}, be sequences of positive
numbers. Assume that there exist constants ¢ > 0 and h > 0, such that, for all

ie{0,...,N—1},
(A.1D) ai +b;i <(1+ch)ajy1 +ci.
Then, for all i,

N—1 N—1 N—1
a; + Z b <ec(N l)haN + Z ec(/ l)hc < ec(N t)haN +ec(N 1—i)h Z cj.
Jj=i Jj=i j=i

PROOF. The first estimate is clearly true for i = N — 1 (even for i = N in
fact), since 1 + ch < . Then, for any given i < N — 2, if it is true for i + 1, by
multiplying both sides by e we find that

N-1 N—1
echai+1+ech Z bj SeC(N_l)haN+ Z eC(_]—l)]’le.
Jj=i+l Jj=i+l

Summing this inequality with (A.1) and noting that 3% i + 1 bj eh N i +1
due to the positivity of the b; terms gives the first estimate for the given i. The

second follows from the fact that ZN ecli= ’)hc < e¢IN=1=D)h ZN lcj since
the c;’s are positive. [J

We now prove the fundamental lemma.

PROOF OF LEMMA 2.6. We write
E[Y, — Vi) =E[|Y, = ¥; + Y; — Yi|?]
1 ~ ~
< (1 + E)E['Y“ _ TP+ (4 +WE[T - v,

E[|Z, — Zi|)| =E[|Z,, — Zi + Z; — Zi*) <2E[|Z,, — Z;|*] + 2E[|Z; — Z;|*].
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Since the scheme is almost-stable, we have
1.
E[1Y, = Y;"] + SE[IZ;; — Zi*]n
1 - ~
< (1 + Z)E[IYQ — Y]+ (1 +WE[|Y; — Y;|?]

~ 1 ~
E[|Z,, — ZiI*]h + ~E[|Z; — Zi|*]h
4

4>|~

S U 1 1
§<1+h><E[|Y,-—Yi| J+ B2 - 2 ]h)+(1+ )r,(Y>+ w0 (Z)

7;(Y)
h

where the constants ¢ and C changed on the last line and we used 4 < T'. Applying
Lemma A.3 then gives, since t; =ih and h = %,

<+ Ch)E[|Yti+l —Yip |2] + C(

-(2)) + Ch#H,

E[1Y, — Vi Z [1Z1; — Z,1*]h

N—
Sec(Tz,( ’5 5 Z (

N—1
‘L’i(Z)) + Z Ch’”l)
=i

N-1_
SCEHS _$N|2]+C<Z TI(Y)

j=i

-(Z)) + Ch*.

A.4. Proof of Proposition 3.5 (moment bounds for the scheme).

PROOF OF PROPOSITION 3.5. Taking the power p > 1 in the estimate of
Proposition 3.4, using (a + b)? <27~ 1(a? 4 bP), we have

Vi 1?P < (eTE[|gV ]+ eTCT)? <277 1ePTE;[|6V [P]7 + 2P~ terT (CT)P.
Using the Jensen inequality and taking the expectation we therefore have
E[lYi |2p] < 2p—lechE[|€N|2p] + 2p_lep"T(CT)p.

Given the moment assumption in (A£Y), this proves the first estimate. For the
second, we come back to the one-step estimate of Proposition 3.2, take the power
p>1,use a” + bP < (a + b)? and use the Jensen inequality to write

d\P
IYi|2p+(Z> (1Zi1*h)”

< ("Bl |Yig1 ] + Ch)”
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— P17, 44 2] Z() (B[ 1¥;1 )P (ChY*

< P[]+ Y (7) e miliri )" cnt.
k=1

Iterating this estimate (see Lemma A.3), we obtain

(Z) Ei[ZUZjlzh)p]
j=i
SepC(N_i)thUYleP]
N—1 o p
+ Y ePUTOME, {Z( > (e E;[1Y )41l ])p_k(Ch)k}
j=i k=1

< epc(T—l‘i)EiHé:N}Zp]
. N—-1 p k
PN RN (i) PN [E, (1Y 1P ](Ch) .
=i k=1

One can then use the Holder inequality and the Jensen inequality to further obtain
N—1

(%)pﬂﬂ [ZGZ °h)” }

J=1

N1 p p—k
<P TR ] T 5 S (7 BRI PPt
j=i k=1
p N-1
= P TR [|EV[2P] 4 P T Y (Z) E,[1Y;11%]7 (Ch.
k=1 j=i

In particular, for i = 0, we obtain in the end
N-1

(%)pE[Z (lzjizh)"}

Jj=0

p
< ePCTEHg_-N‘ZP] + ePCT Z (5) ( sup E[IY 41 |2p]> Ckhk lT
k=1 0<j<N-1

which, in view of the moment estimate just proved for (Y;), yields the desired
result. [J
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A.5. Proof of Lemma 4.4 (vanishing effect of the tamed drivers).

PROOF OF LEMMA 4.4. We verify the claim of the lemma in each of the three
cases covered by our assumption (TCvg). We only prove the second estimate, as
it is clear from the proof how the first follows. Recall that R” = f — f”, and that
C denotes a constant whose value may change from line to line.

Case 1. We use the inequality (37, a;)> <nY ", ai2 to write

E[|Rh(yti+l’71i)|2] = CE[(I + |Yfi+1 |q + |7ti |p)2]h2a = Chza’

where we used the moment bounds from Theorem A.2. In turn, we have
N—1 B
S E[|RMY,,,. Z)[ ] <= Cch* ! <,
i=0

since o > % by assumption. This proves the desired result for Case 1.

Case 2. Using (X7_,a;)? < CY!_,al, the Cauchy-Schwarz inequality, the
Markov inequality with a power / > 1 yet to be determined, and (Growth), we
have

h = 1|2 2 = 12 _
E[|R" (Yiyy» Ze)|"] < CE[(1 + ¥y, |7 +1Z] q)]l{lf(Y,l.H,Z[l.)>r(h)|}]
_ 1 — N
< CE[1 + Y, [*¥ + 1Z, 172 B[ f Vi Zo) [ Tr ) ™)
— 1 — g4l B
< CE[1 + Y |% +1Z, |¥]2E[1 + Yy, 1" +1Z4 ]2 07 .
We have then E[|Rh(Y,l. +1,Zl.)lz] < Ch% by systematically using the moment
bounds from Theorem A.2. The desired result then follows since, given that § > 0,
%, so that % > 1.
Case 3. Using (3_7_;a;)1 <CY ', aiq , the Cauchy—Schwarz inequality, and
the Markov inequality with a power / > 1 yet to be determined, we have

we can take [ =

E[|R" (Y. Zi)[*] < CE[(1+ Yy, 1 +1Z4 PP 1y, 15r )]

— 1 1
< CE[1 + 1Y, 1 +1Z1*" 2By, 1=rain]?

1 l

— 1 1
< CE[1 + Y, [ + |Z,, |*")2E[ 1Y, ']2R 7.
Using systematically the moment bounds from Theorem A.2, we then have
= vl
EHRh(YliH’ Zti)|2] <Ch7.

The desired result then follows since, given that y > 0, we can take /, so that
A
> > 1.
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APPENDIX B: VERIFICATIONS FOR SOME STANDARD WAY'S
TO TAME THE DRIVER

Some verifications can be found in the preprint version of this work: arXiv:
1607.06733. The material presented in Appendix B there was also subject to peer
review, but removed from the final version of this manuscript due to size con-
straints.

Acknowledgment. A. Lionnet gratefully acknowledges the hospitality of the
University of Edinburgh.
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