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1. Introduction

Random walks on the integers Z are familiar to many students of probability.
(See, for example, Ch. XIV of Feller, volume 1 [§], Ch. XII of Feller, volume
2 [9], or Ross [Z1]). Such random walks are of the form Xy, X, Xo,... where
Xo=0and X,, =21 +...+ Z,, where Z1, Z, ... are independent, identically
distributed random variables on Z. A commonly studied random walk on Z has
Pr(Z; = 1) = Pr(Z; = —1) = 1/2. Various questions involving such random
walks have been well studied. For example, one may ask what is the probability
that there exists an m > 0 such that X,, = 0. In the example with Pr(Z; =
1) = Pr(Z; = —1) = 1/2, it can be shown that this probability is 1. (See []], p.
360.) For another example, one can use the DeMoivre-Laplace Limit Theorem
to get a good approximation of the distribution of X,, for large m.

One can examine random walks on sets other then Z. For instance, there are
random walks on Z2 or Z3. A symmetric random walk on Z? has X, = (0,0) and
Pr(Z; = (1,0)) = Pr(Z; = (-1,0)) = Pr(Z; = (0,1)) = Pr(Z; = (0,-1)) =
1/4 while a symmetric random walk on Z3 has Xy, = (0,0,0) and Pr(Z; =
(1,0,0)) = Pr(Z; = (-1,0,0)) = Pr(Z; = (0,1,0)) = Pr(Z; = (0,-1,0)) =
Pr(Z; =(0,0,1)) = Pr(Z; = (0,0,—1)) = 1/6. It can be shown for this random
walk on Z?2, the probability that there exists an m > 0 such that X,, = (0,0) is
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1 while for this random walk on Z3, the probability that there exists an m > 0
such that X,, = (0,0,0) is less than 1. (See pp. 360-361 of [¥] for a description
and proof. Feller attributes these results to Polya [I9] and computation of the
probability in the walk on Z3 to McCrea and Whipple [17].)

One can similarly look at random walks on Z,,, the integers modulo n, where
n is a positive integer. Like the walks on the integers, the random walk is of the
form Xy, X1, Xs,... where Xg =0and X,, = Z1+...4+Z,, where Z1, Zo, ... are
i.i.d. random variables on Z,,. One example of such a random walk has Pr(Z; =
1) = Pr(Z; = —1) = 1/2 and n being an odd positive integer. This random
walk on Z,, corresponds to a finite Markov chain which is irreducible, aperiodic,
and doubly stochastic. (For more details on this notation, see Ross [21].) Thus
the stationary probability for this Markov chain will be uniformly distributed
on Z,. (If P is a probability distribution which is uniformly distributed on Z,,,
then P(a) = 1/n for each a € Z,.) Furthermore, after a large enough number
of steps, the position of the random walk will be close to uniformly distributed
on Z,.

One may consider other probability distributions on Z,, for Z; in the random
walk. For example, on Ziggo, we might have Pr(Z; = 0) = Pr(Z; = 1) =
Pr(Z; =10) = Pr(Z; = 100) = 1/4. Again Markov chain arguments can often
show that the stationary distribution for the corresponding Markov chain will
be uniformly distributed on Z,, and that after a large enough number of steps,
the position of the random walk will be close to uniformly distributed on Z1gqo.
A reasonable question to ask is how large should m be to ensure that X,, is
close to uniformly distributed.

One may generalize the notion of a random walk to an arbitrary finite group
G. We shall suppose that the group’s operation is denoted by multiplication.
The random walk will be of the form Xg, X1, Xo,... where X is the identity
element of G, X, = Z;nZmm—_1...42721,and Zy, Zs, ... arei.i.d. random variables
on G. (A random variable X on G is such that Pr(X = g) > 0 for each
g € Gand ) oPr(X =g)=1) An alternate definition of a random walk
on G has X,, = Z12y...Zy_1Z,, instead of X,,, = Z,,Zp,_1...2Z27;. If G is
not abelian, then the different definitions may correspond to different Markov
chains. However, probability distributions involving X, alone do not depend on
which definition we are using.

An example of a random walk on S,, the group of all permutations on
{1,...,n}, has Pr(Z; = e) = 1/n where e is the identity element and Pr(Z; =
7) = 2/n? for each transposition 7. Yet again, Markov chain arguments can
show that after a large enough number of steps, this random walk will be close
to uniformly distributed over all n! permutations in S;,. Again a reasonable
question to ask is how large should m be to ensure that X,, is close to uni-
formly distributed over all the permutations in .S,. This problem is examined
in Diaconis and Shahshahani [E] and also is discussed in Diaconis [3].

A number of works discuss various random walks on finite groups. A couple
of overviews are Diaconis’ monograph [3] and Saloff-Coste’s survey [22].

In this article, we shall focus on “random random walks” on finite groups.
To do so, we shall pick a probability distribution for Z; at random from a set of
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probability distributions for Z;. Then, given this probability distribution for Z;,
we shall examine how close X, is to uniformly distributed on G. To measure
the distance a probability distribution is from the uniform distribution, we shall
use the variation distance. Often, we shall look at the average variation distance
of the probability distribution of X, from the uniform distribution; this average
is over the choices for the probability distributions for Z;. The next section will
make these ideas more precise.

2. Notation

If P is a probability distribution on G, we define the variation distance of P
from the uniform distribution U on G by

IP-vl=33

seG

P(s)ﬁ‘.

Note that U(s) = 1/|G| for all s € G and that |G| is the order of the group G,
i.e. the number of elements in G.

EXERCISE. Show that || P — U| < 1.

EXERCISE. Show that

1P = Ull = max|P(4) — U(4)]

where A ranges over all subsets of G. (Note that A does not have to be a
subgroup of G.)

A random variable X on G is said to have probability distribution P if P(s) =
Pr(X =s) for each s € G.

If P and @ are probability distributions on G, we define the convolution of
P and Q by

PxQ(s) =Y PHQE ).
teG

Note that if X and Y are independent random variables on G with probability
distributions P and @, respectively, then P x @ is the probability distribution
of the random variable XY on G.

If m is a positive integer and P is a probability distribution on G, we define

P — Py P*(mfl)

where

1 ifs=e
P*O — {
(5) 0 otherwise

with e being the identity element of G. Thus if Z;,..., Z,, are i.i.d. random
variables on GG each with probability distribution P, then P*™ is the probability
distribution of the random variable Z,,Z,,_1 ... 23721 on G.
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For example, on Zig, suppose P(0) = P(1) = P(2) = 1/3. Then P*?(0)
1/9, P*2(1) = 2/9, P*2(2) = 3/9, P*2(3) = 2/9, P*2(4) = 1/9, and P*(s) =
for the remaining elements s € Z1y. Furthermore

0

2 1/]1 1 2 1 3 1 2 1 1 1
1= =t = 5(‘5%*55*}5%*‘5%}*‘51—0
#o- |+ - +‘0—i +‘0—i‘+‘0—i)
10 10 10 10 10
1
e

EXERCISE. Let @ be a probability distribution on Zig. Suppose Q(0) =
Q(1) = Q(4) = 1/3. Compute Q*2 and ||Q*? — U]|.

EXERCISE. Consider the probability distribution P in the previous example
and the probability distribution @ in the previous exercise. Compute P**, Q*4,
[P = U], and [|Q** ~ U]

Let a1, as,...ar € G. Suppose p1,...,pi are positive numbers which sum to
1. Let
k
-Pal,m,a;C (5) = Zpb(ss,ab
b=1
where

5 _ { 1 ifs=ap
Sav 0 otherwise.

The random walk X¢, X7, Xo,... where Z1, Zs, ... are i.i.d. random variables on
G with probability distribution Py, 4, is said to be supported on (a1, ..., ax).
If we know k£ and pq, ..., pg, then we could find

172" o — Ul
for any k-tuple (aq,...,a;) and positive integer m. Thus if we have some prob-
ability distribution for (a1, ..., ax), we could find

E(1P" o, = UID

for any positive integer m since this variation distance is a function of the
random k-tuple (a1, ..., ax). However, computing these values may be extremely
impractical if either the order of the group or m is not small.

In a random random walk, a typical probability distribution for Z; will be
P, .. .a, where p1 = ps = ... =p; =1/k and (a1, aq,...,ax) chosen uniformly
over all k-tuples with distinct elements of G. However, other probability distri-
butions for Z; sometimes may be considered instead.

For example, on Zs, suppose we let p; = p2 = ps = 1/3 and we choose
(a1, ag,a3) at random over all 3-tuples with distinct elements of Zs. Then

BP0 — Ul =

1 * * *
a1,a3,a03 10 (HPO,T,Q — Ul + 1P = Ul + [|1P5T4 = Ull
+HPoss — Ul + 1Pssa — Ul + [ 554 = Ull
P = Ul + 1Prs = Ul + [P, = Ul

HIP55s = Ull) -
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Note that we are using facts such as Py 12 = P10 = P1,2,0 since p1 = p2 =
p3 = 1/3; thus we averaged over 10 terms instead of over 60 terms.

We shall often write E(||P*™ — Ul|) instead of E(||P,™ .. —Ul).

Often times we shall seek upper bounds on E(||P*™ — UlJ|). Note that by
Markov’s inequality, if E(||P*™ —U||) < u, then Pr(||P*™ —U|| > cu) < 1/c for

¢ > 1 where the probability is over the same choice of the k-tuple (a1, ...,ax)
as used in determining E(||P*™ — U])).
Lower bounds tend to be found on ||[P*™ — U] for all a4, ..., ax, and we turn

our attention to some lower bounds in the next section.

EXERCISE. Compute E(HP*4 — U”) ifG=7Z11,k=3,p1=p2=p3 = 1/3,
and (a1, az,as3) are chosen uniformly from all 3-tuples with distinct elements
of G. It may be very helpful to use a computer to deal with the very tedious
calculations; however, it may be instructive to be aware of the different values
of |P** — U|| for the different choices of a1, az, and az. In particular, what can
you say about HP(:147(12,(13 - U” and ||P6:%z27a1,a37a1 - UH?

Throughout this article, there are a number of references to logarithms. Un-
less a base is specified, the expression log refers to the natural logarithm.

3. Lower bounds
3.1. Lower bounds on Z,, with k = 2

In examining our lower bounds, we shall first look at an elementary case. Sup-
pose G = Z,,. We shall consider random walks supported on 2 points. The lower
bound is given by the following:

Theorem 1 Suppose p1 = ps = 1/2. Let € > 0 be given. There exists values
¢ >0 and N > 0 such that if n > N and m < cn?, then
P —U||l>1—¢

ay,az
for all a1 and ay in G with a1 # as.

Proof: Let F,,, = |{i : 1 < i < m,Z;, = a1}|, and let S, = [{i : 1 <
i < m,Z; = as}|. In other words, if we perform m steps of the random walk
supported on (a1, as) on Z,, we add a; exactly F, times, and we add as exactly
Sy times. Note that F,,, + S, = m and that X,, = F,,a1 + Smas. Observe
that E(Fy,) = m/2. Furthermore, observe that by the DeMoivre-Laplace Limit
Theorem (see Ch. VII of [8], for example), there are constants zj, 2z, and Ny
such that if n > Ny, then Pr(m/2—z1/m/4 < Fp, < m/242z3y/m/4) > 1—¢/2.
Furthermore, there exists a constant ¢ such that if m < cn? and n > Ny, then
(e/6)n > y/m/4max(z1,22) and Pr(m/2 — (¢/6)n < F,, < m/2+ (¢/6)n) >
1—¢€/2.Let A, = {Fpa1+ (m—Fp)az : m/2—(e/6)n < Fpp, <m/24 (¢/6)n}.
Thus P*"(A,,) > 1 — (¢/2). However, |A,,| < (¢/3)n+ 1. Thus if n > Ny and

m < cn?, then
€ e 1
Pm—Ull > 1—-=—(=+-
H || - (5+7)
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_oq_oe 1
6 n
Let N = max(Ny,6/¢). If n > N and m < cn?, then |[P*™ —U| > 1 —e. O
EXERCISE. Modify the above theorem and its proof to consider the case
where 0 < p; < 1 is given and ps =1 — p;.

3.2. Lower bounds on abelian groups with k fized

Now let’s turn our attention to a somewhat more general result. This result
is a minor modification of a result of Greenhalgh [I0]]. Here the probability
distribution will be supported on elements aj,as,...,ar. One similarity to the
proof of the previous theorem is that we use the number of times in the random
walk we choose Z; to be ay, the number of times we choose Z; to be as, etc.

Theorem 2 Let p1 = ps = ... = pr = 1/k. Suppose G is an abelian group of
order n. Assumen >k > 2. Let § be a given value under 1/2. Then there exists
a value y > 0 such that if m < yn® =V then |Py™  —U| > 6§ for any k
distinct values ay,as,...ar € G.

a

Proof: This proof slightly modifies an argument in Greenhalgh [I{J]. That
proof, which only considered the case where G = Z,,, had § = 1/4 but considered
a broader range of p1,po, ..., pk.

Since G is abelian, X, is completely determined by the number of times r; we
pick each element a;. Observe that r1+...+ry = m. Thusif g = r1a1+. . .+rrak,
we get

m!
P*m g Z Q 7) =
(9) = Qum(7) T rater)
where 77 = (r1,...,7x). (Note that we may use P*™ instead of P, )

Suppose |r; — m/k| < a;/m for i =1,..., k. Then

1-1/k)

m

Pr(lr; —m/k| < ajv/m,i=1,....k) > 1_zk:m(1/k’;(2
_ oy Wi -1k)

i=1 g

> 25

where we assume «; are large enough constants to make the last inequality hold.
Let R={F:r+...4+re =mand |r; —m/k| < a;/mfori=1,...,k}, and
let Ay, = {ra1+...+rpag: (r1,...,75) € é} Thus P*™(A,,) > 2.
Observe that, with €,,(7) — 0 uniformly over 7 € R as m — oo, we have, by
Stirling’s formula,

mFE=D2e=mmm2rm(1 4 €, (7))

Hle krie=rirli\/2mr;

Qm(mm(k—l)/Q
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— €7m mm 1 1 + . (,’:j
exp(— iy 7i) Tl (k) \/m (2m)(k=1)/2
= 1 1 1 1+ €, (7)
Hz 1 (kri fm)" Hz 1 \/77 (2m)(k=1)/2
provided that all of the values r1,...,TE are positive integers.

It can be shown that Hz 1 \/7’1/ (1/k)*/2 uniformly over 7 € R as
m — 00.

Now let z; = r; —m/k; thus kr; = kx; + m. Note that 21 + ...+ z; = 0 since
71+ ...+ 1. = m. Observe that

k N\ T k m/k+x;
) (-

i=1 i=1

exp (i ( + x) log (

i=1

)

Now observe

where for some constant C7 > 0, |f(m,z1,...,zk)| < C1/y/m for all 7 € R. So
for some constant Cy > 0,

k221 lxs <

2m?

Cs

=V

‘f(maxla"'amk)

for all 7 € R.
Thus for some constant o > 0 and some integer M > 0, we have

Qm(fjm(kfl)/2 >«

for all # € R and m > M. (We may also assume that M is large enough that
m/k > a;/m if m > M. Thus if m > M, we have r; > 0 for all ¥ € ]%) Now

suppose that
Q@

I
mk=1)/2 — p
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Thus if g € A, P*™(g) > a/m*=1/2 > 2/n and P*™(g) — (1/n) > P*™(g)/2.
Thus P*"(Ay,) — U(Am) > 0.5P*™(A,,) > J, and so

1Py o —Ull>0

aig,...,a

if m < (a/2)?/(k=1n2/(k=1) and m > M. The following exercise shows that the
above reasoning suffices if M < (a/2)%/*F=Dp2/(=1) "o n > (2/a)MF-1/2,

EXERCISE. Suppose P and @ are probability distributions on G. Show that
|IPxQ—U| < ||P—TU]|. Use this to show that if mga > mq, then ||P*" —U|| <
[P — 0.

For smaller values of n > k, observe that ||[P** — U|| = 1 —1/n > §, and
we may choose 7; such that vy N%*~1 < 1 where N = (2/a)M*~1/2 Let
v = min(y1, (a/2)>*~1). Note that this value v does not depend on which

abelian group G we chose. |
EXERCISE. Extend the previous theorem and proof to deal with the case
where p1, ..., px are positive numbers which sum to 1.

EXERCISE. Extend the previous theorem and proof to deal with the case
where ¢ is a given value under 1. (Hint: If § < 1/b where b > 1, replace “2§” by
“bo” and replace “2/n” by an appropriate multiple of 1/n.)

3.3. Some lower bounds with k varying with the order of the group

Now let’s look at some lower bounds when k varies with n. The following theorem
is a rephrasing of a result of Hildebrand [T4].

Theorem 3 Let G be an abelian group of order n. If k = [(logn)®*] where
a < 1 is a constant, then for each fized positive value b, there exists a function
f(n) such that f(n) — 1 as n — oo and ||P;" , — Ul > f(n) for each
(a,...,axr) € G* where m = |(logn)®|.

Proof: The proof also is based on material in [I4]. In the first m steps of
the random walk, each value a; can be picked either 0 times, 1 time, ..., or
| (logn)®| times. Since the group is abelian, the value X,, depends only on the
number of times each a; is picked in the first m steps of the random walk. So
after m steps, there are at most (1 + |(logn)®|)* different possible values for
X . The following exercise implies the theorem.

EXERCISE. Prove the following. If £k = |(logn)®| and a < 1 is a constant,

then .
(+ [ogn)’))*
n
as n — 00.
Note that the function f may depend on b but does not necessarily depend
on which abelian group G we chose. a

The following lower bound, mentioned in [I4], applies for any group G.

Theorem 4 Let G be any group of order n. Suppose k is a function of n. Let

€ > 0 be given. If
logn

m = [-—==](1 —e),

log k
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then || Py, —U| > f(n) for each (a1,...,ar) € G* and some f(n) such that
f(n) =1 asn — oco.

Proof: Note that X,, has at most k™ possible values and that k™ < n!—¢.
Thus |P;™ . —Ull>1—(n'"¢/n). Let f(n)=1—(n'"¢/n). O

If k = |(logn)*| and @ > 1 is constant, then the previous lower bound can be
made slightly larger for abelian groups. The following theorem is a rephrasing
of a result in Hildebrand [I4].

Theorem 5 Let G be an abelian group of order n. Suppose k = |(logmn)®| where
a > 1 is a constant. Let € > 0 be given. Suppose p1 = ... = pr, = 1/k. Suppose

a logn

m=| (1-9).

a—1logk

Then for some f(n) such that f(n) — 1 asn — oo, |Py" .. — Ul > f(n) for

Tyeees
all (a1,...,a) such that ay,...,ax are distinct elements of G.

Proof: The proof of this theorem is somewhat trickier than the previous
couple of proofs and is based on a proof in [T4]. We shall find functions g(n) and
h(n) such that g(n) — 0 and h(n) — 0 as n — oo and the following holds. Given
(a1,...,axr) € G*, there exists a set A,, such that P;™ , (A,,) > 1—g(n) while
U(An) < h(n).

To find such a set A,,, we use the following proposition.

Qg

Proposition 1 Let R={j:1 < j < m and Z; = Z; for some i < j}. Then
there exist functions fi(n) and fa(n) such that fi1(n) — 0 asn — oo, fa(n) — 0
as n — 00, and Pr(|R| > fi(n)m) < fa(n).

Proof: First note Pr(Z; = Z; for some i < j) < (j — 1)/k. It follows that
Sty Pr(Z; = Z; for some i < j) < m?/k. Thus E(|R|) < m?/k. Thus by
Markov’s inequality,

m?/k m
Pr(|R| > fi(n)m) < =
for any function f1(n) > 0. Since m/k — 0 as n — oo, we can find a function
fi(n) — 0 as n — oo such that fa(n) :=m/(fi(n)k) — 0 as n — co. O

Let Ap, = {ZmZm—1...Z1 such that |[{j : 1 < j <m and Z; = Z; for some

i < j} < fi(n)m}. So by construction,

Pl (Am) = 1= fa(n).

Now let’s consider U(A,,). Note that there are k™ different choices overall
for Z1,Zs, ..., Zy,. Observe that for each X,, € A,,, there is at least one way
to obtain it after m steps of the random walk such that the values Z1,..., Z
have m — [ fi(n)m] distinct values. Rearranging these distinct values does not
change the value X, since G is abelian. Thus each X, is obtained by at least
(m — [ fi(n)m])! different choices in the walk. Thus A,, has at most £™/(m —
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[ fi(n)m])! different values. The following exercise completes the proof of the
theorem.

EXERCISE. Show that for the values m and k in this theorem and for any
function fi(n) > 0 such that fi(n) — 0 as n — oo,

k™ /(m — [fi(n)m])!

n

— 0

as n — oo. (Hint: Use Stirling’s formula to show that (m — [fi(n)m])! is
n(=€)=g1(n)/(a=1) for some function g;(n) — 0 as n — oo, and search for
terms which are insignificant when one expresses k™ in terms of n.)
O
Note that the function f(n) in the previous theorem does not have to depend
on the which group G of order n we have.

4. Upper bounds

We now turn our attention to upper bounds for the random random walks
on finite groups. Usually these bounds will refer to the expected value of the
variation distance after m steps. This expected value, as noted in an earlier
section, is over the choice of the k-tuple (ay,...,ax). First we shall consider the
representation theory of finite groups and a lemma frequently used for upper
bounds involving random walks on finite groups as well as random random walks
on finite groups.

4.1. Representation theory of finite groups and the Upper Bound
Lemma of Diaconis and Shahshahani

To understand this useful lemma, we need to know some facts about represen-
tation theory of finite groups and Fourier analysis on finite groups. There are
a number of sources which describe Fourier analysis on finite groups (e.g. Ter-
ras [25]) and representation theory of finite groups (e.g. Serre [23] or Simon [24]).
Diaconis [3] also presents an extensive survey of these areas.

A representation p of a finite group G is a function from G to GL,(C) such
that p(st) = p(s)p(t) for all s,t € G; the value n is called the degree of the
representation and is denoted d,. For example, if j € {0,1,...,n — 1}, then
p;(k) = [BQWijk/”] for k € Z,, is a representation of Z,. For any group G, the
representation p(s) = [1] for all s € G is called the trivial representation.

EXERCISE. Suppose p is a representation of a finite group G. Let e be the
identity element of G. Show that p(e) = I where I is the identity matrix of size
d, by d,. Also show that (p(s))™! = p(s™!) for each s € G.

A representation p is said to be irreducible if there is no proper nontrivial
subspace W of C" (where n = d,) such that p(s)I/W C W for all s € G. If there
exists an invertible complex matrix A such that Ap;(s)A~1 = pa(s) forall s € G,
then the representations p; and p, are said to be equivalent. It can be shown
that each irreducible representation is equivalent to a unitary representation. We
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shall assume that when we pick an irreducible representation up to equivalence,
we pick a unitary representation. If p is an irreducible unitary representation,
then (p(s))* = (p(s)) ! for each s € G where (p(s))* is the conjugate transpose
of p(s).

If p is a representation on a finite group G, define the character of the repre-
sentation by x,(s) = Tr(p(s)). Note that equivalent representations have identi-
cal characters. If py, ..., pp are all the non-equivalent irreducible representations
of a finite group G, dy, ..., d, are the corresponding degrees, and x1, ..., xs are
the corresponding characters, then it can be shown that

idiXi(S) _ { |G| ifs=e
i=1

0 otherwise

where e is the identity element of G. Furthermore |G| = 2?21 d?. It also can be
shown that if G is a finite abelian group, then all irreducible representations of
G have degree 1.

We define the Fourier transform

P(p) =Y P(s)p(s).
seG

The following lemma, known as the Upper Bound Lemma, is due to Diaconis
and Shahshahani [@] and is frequently used in studying probability distributions
on finite groups. The description here is based on the description in Diaconis [3].

Lemma 1 Let P be a probability distribution on a finite group G and U be the
uniform distribution on G. Then

1P~ U < 1 37 d,Tr(P()Pl))

where the sum is over all non-trivial irreducible representations p up to equiva-
lence and x of a matriz denotes its conjugate transpose.

4.2. Upper bounds for random random walks on Z,, where n is
prime

A result shown in Hildebrand [I4] (and based upon a result in [T3]) is the
following.

Theorem 6 Suppose k is a fixed integer which is at least 2. Let p;,i=1,...,k

be such that p; > 0 and Zle pi = 1. Let € > 0 be given. Then for some values

N and v > 0 (where N and v may depend on €,k,p1,...,pk, but not n),
E(|F o, —Ull) <e

Lseens

for m = L'ynQ/(k’l)J for prime numbers n > N. The expectation is over a
uniform choice of k-tuples (a1, ..., ax) € G* such that a1, ..., ax are all distinct.
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Proof: This presentation is based upon the ideas in the proof in [I4]. First
the result of the following exercise means that we may use the Upper Bound
Lemma.

EXERCISE. Suppose that given € > 0, there exists values 4/ > 0 and N’
(which may depend on €, k,p1, ... pg, but not on n) such that

E(|P o —UI?) <€

if m = |7y/n?/(*=1 ] and n is a prime which is greater than N’ where the expec-
tation is as in Theorem @l Then Theorem [ holds.

The following proposition is straightforward, and its proof is left to the reader.
Note that by abuse of notation, we view the Fourier transform in this proposition
as a scalar instead of as a 1 by 1 matrix.

Proposition 2

.
P (P = <ZP$> +2 > pipi, cos(2m(ai, — ai,)j/n)
i=1 1<ir <iz<k
where Pau---ﬂk (]) = Pa17~~-1ak (pj)'

In the rest of the proof of Theorem B we shall assume j # 0 since the j =0
term corresponds to the trivial representation, which is not included in the sum
in the Upper Bound Lemma.

Let’s deal with the case k = 2 now. We see that

Poy s (§) = (1 — 2p1p2) + 2p1pa cos(2m(ar — az)j/n).

Note that (a1 — a2)j mod n runs through 1,2,...,n — 1. Thus

n—1 n—1
> Paran()P™ = (1= 2p1p2 + 2p1ps cos(2mj/n))™
j=1 j=1
[(n—1)/2]
< 2 > exp(—¢i’m/n?)

=1

2 Z exp(—cjm/n?)
j=1

IN

exp(—cm/n?)

1 — exp(—cm/n?)

for some constant ¢ > 0. (This argument is similar to one in Chung, Diaconis,
and Graham [I].) For some v > 0, if m = |yn?|, then |[P;™, —U| < € for
sufficiently large primes n uniformly over all ay, as € Z,, with a1 # as.

From now on in the proof of Theorem Bl we assume k& > 3. Note that
|Pay 0 (4)]? > 0 and that if cos(2m(a;, — ai,)j/n) < 0.99 for some i; and

in with 1 < iy < iy <k, then |Pa, o, ()2 < b1 :=1 — 0.02ming, 4, pi, Pi, -
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EXERCISE. If m = |[yn**~V] where v > 0 is a constant, show that
lim,, s nbT* = 0.

Thus we need to focus on values of ay, . . ., ax such that cos(27(ai;, —as,)j/n) >
0.99 for all 47 and i3 with 1 < 47 < i9 < k. In doing so, we’ll focus on the case
where 77 = 1.

Let gn(z) = xo where 29 € (—n/2,n/2] and © = 29 (mod n). Observe
cos(2mz/n) = cos(2mgn,(x)/n). The following lemma looks at the probability
that

(9n((ar = a2))/1 - -, gal(ar — ax))/)

falls in a given (k — 1)-dimensional “cube” of a given size.

Lemma 2 Suppose k > 3 is constant. Let € > 0 be given. Then there exists a
value Ny such that if n > Ny and n is prime, then

P (male/2)4/ = Dn=2/ 40 fan) < g, (a1 = a)j)/n

< (mq + 1)(e/2)V k=D (k=2/ (k=) y(0p) 5 — 9 . k)

1.1(/2)
- 2k—1p

for each (ma,...,my) € ZF"1 and j € {1,...,n —1}.

Proof: Observe that if n is prime and odd, then g,((a1 — a;)j) may be any
of the values (—n+1)/2,...,-2,-1,1,2,...,(n — 1)/2 except for those values
taken by g, ((a1 —a;)j) for ¢’ < i. Furthermore, different values of a; correspond
to different values of g,((a1 — a;)j). Note that this statement need not hold if
n were not prime or if j were 0.

On the interval [a, b], there are at most b—a+1 integers. Thus on the interval

m(e/2)/ =D pE=2)/(k=1) (1m; 4 1)(e/2)V/ F=Dpk=2)/(k=1)
2 ’ 2 ;

there are at most 1+ (e/2)1/ (F=Dp(k=2)/(k=1) /9 possible values of g, ((a1 —a;)7).
Thus the probability in the statement of the lemma is less than or equal to

(14 (/2)1 =D p=2)/G=1) )71 (g

m—1)(n-2)...(n—k+1)  2k1n

where f(n) ~ g(n) means lim, . f(n)/g(n) = 1. The lemma follows. 0

EXERCISE. Explain why the proof of the previous lemma fails if £ = 2 (even
though this failure is not acknowledged in [14]).

Next we wish to find an upper bound on | Py, 4, (§)|*™ over all (k—1)-tuples
(gn((ar — a2)j)/n,...,g((a1 — ag)j)/n) in such a (k — 1)-dimensional “cube”.
Note that there is a constant ¢; € (0,1] such that if cos(2mky/n) > 0.99, then
cos(2mky /n) < 1 — (c1/2)(gn(k1))?/n?. Now let £,, be largest positive integer ¢

such that
5(6/2)1/(k*1)n(k*2)/(k*1)
cos <27T ( on )) > 0.99
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and
0(e/2)Y/ k=) (k=2)/(k=1) 1
<
2n
Now observe that if m; € [—¢,, — 1,¢,] and

e~ |

mi(e/2)1/F"Unt=0/ED g (a1 — ai))
2n - n
(m; 4+ 1)(e/2)Y/ k=D (k=2)/(k=1)
2n ’

IN

then

(in(|mg], [ + 1]))2(e/2)% =
“ 877/2/(1671)

cos(2m(a;, — a;,)j/n) < max (0.99, 1-
Thus

E(|Pa,.....ar G))P™)
< by 3 1.1(¢/2)

2k—1n
m;€[—Ln—1,0,],i=2,....k

117522 47},2/(’671)

46

)

k . m
(min(|mg], m; + 1]))2(e/2)?/ (k=1
(1 SN (Il s + 1)%(e/2)

e Y L1(e/2)

mi€[0,0n],i=2,....k
k
6/2 )2/ (k=1)
(1 —c( mln Diy iy Z 12/ (1)
=2

Since
mi(e/2)/ =01
2/ S 160

c1 <1, and ming, -, pi, pi, < 1/k, we may conclude that

k 2 2/(k—1)
: m; (€/2)
“ (fi%p“p”) Zi:g ey <L

Thus for some constant ¢y > 0,

k 2 2/(k—1) "
. m; (e/2)
(1 ()3 W)
6/2 2/(k 1)
< exp ( mea Z 4n2/(k—1) ’
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Thus

E(|P,....ar G))P™)

k 2/(k—1)
m € 2(¢/2)
< '+ E kl'lﬁ exp (mcz Eszm

m;€[0,4,],i=2, i=

€ 6/2 2/(k 1)
b + Z kl.lgf}){p( chz:mZ 0D

m; €[0,00),i=2,...,

o [1lle (e/2)2/(k=1)
= '+ <%> / (1 — exp <m0244n2/(k1)

For some constant v > 0 and m = [yn?/(*=1 |

. e/2)2/ (k=1 \\ 1
lim (1 — exp (—m@%)) >0.7.

n—00

IN

k—1

Thus 0.9
5 N\ 12m m e €
E(|Puy,....a (5)P™) < b7 + - <

for sufficiently large n, and the theorem follows from the Upper Bound Lemma.
O

4.3. Random random walks on Z,, where n is not prime

Dai and Hildebrand [2] generalized the result of Theorem [ to the case where
n need not be prime. One needs to be cautious in determining which values to
pick for ay, ..., a. For example, if n is even and aq, . . ., ax are all even, then X,
can never be odd. For another example, if n is even and aq,...,a; are all odd,
then X, is never odd if m is even and X, is never even if m is odd. In both
cases, ||Py™ . —Ull /0 as m — oo. Furthermore, if you choose (a1, ..., ax)
uniformly from G¥, there is a 1/2* probability that ai,...,a; are all even and
a 1/2F probability that ay,...,ax are all odd.

The following exercises develop a useful condition.

EXERCISE. Let a1, ...,ar € {0,...,n — 1}. Prove that the subgroup of Z,

generated by {as — a1,a3 —a1,...,a; — a1} is Z,, if and only if (as — a1,a3 —
a,...,ar —ay,n) = 1 where (by,...,bs) is the greatest common divisor of
bl,...,bg in Z.

EXERCISE. Prove that [P, , —U| — 0 as m — oo if and only if the
subgroup of Z,, generated by {as — a1, ...,ar — a1} is Z,,. (Hint: X,,, equals m
times a; plus some element of this subgroup.)

The main result of [2] is

Theorem 7 Let k > 2 be a constant integer. Choose the set S = {a1,...,a;}
uniformly from all subsets of size k from Z,, such that (az—aq,...,ax—a1,n) =1
and ay,...,ax are all distinct. Suppose p1,...,pr are positive constants with
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S pi = 1. Then E(|P;™
o(n)n®*=1 and o(n) is any function with o(n) — oo as n — oo. The expected
value comes from the choice of the set S.

ap —Ull) = 0 as n — oo where m := m(n) >

The case k = 2 can be handled in a manner similar to the case k = 2 for
n being prime. So we assume k > 3. Also, we shall let ¢ > 0 be such that
1/(k—1)+ (k4 1)e < 1 throughout the proof of Theorem [l As in the proof of
Theorem B, we can use the Upper Bound Lemma to bound E(||P;™ , —U|?).
We may write P instead of Py, . q,-

We shall consider 3 categories of values for j. The proofs for the first and third
categories use ideas from [2]. The proof for the second category at times diverges
from the proof in [2]; the ideas in this alternate presentation were discussed in
personal communications between the authors of [2].

The first category has J; := {j : (j,n) > n+=2/(k=D+e and 1 < j < n —1}.
In this case, we have the following lemma.

Lemma 3 . |P(j)]2™ — 0 asn — oo form > o(n)n® *=1 where o(n) —
o0 as n— 0o. For a given o(n), this convergence is uniform over all choices of
the set S where aq,...,ax are distinct and (ag — ay,...,a —a,n) = 1.

Proof of Lemma: Observe that if n divides jap — ja; for all h = 2,... )k,
then n would divide j since (az — a1,...,ar — a1,n) = 1. So for some value
h € {2,...,k}, n does not divide ja; — ja;. Let w = €2>7/™, Thus, with this
value of h, we get

[P

|101cuja1 +... +pkwja’“|

< 1—2min(py,pp) + min(py, pp)|w’® 4w’ |
= 1 —2min(p1,pn)(1 — | cos(mj(an —a1)/n)l)
< 1—ca?/n?

where a := (j,n) and ¢ > 0 is a constant not depending on S. To see the last
inequality, observe that since j(ap—a1) Z0 (mod n), we get (j/a)(ap—a1) £ 0
(mod n/a) and (j/a)(ar — a1) € Z. Thus |cos(nj(ap, — a1)/n)| < cos(ma/n).

The proof of the lemma is completed with the following exercise.

EXERCISE. Show that for m in the lemma and with a > n(k=2)/(k=1+e
we get (1 — ca?/n?)™ < c1exp(—n2€) for some constant ¢; > 0 and n(l —
ca?/n?)*™ — 0 as n — oo.

O

The next category of values of j is Jo := {j : (j,n) < nk=2/(=1=€ and

1<j<n-1}

Lemma 4 ., E(|P(j)]*™) — 0 if m > o(n)n®*=D where o(n) — oo as
n — oo where the expectation is as in Theorem [}

To prove this lemma, we use the following.
Lemma 5 ., E(|P(j)]*™) — 0 if m > o(n)n®*=D where o(n) — oo as

n — oo where the expectation is over a uniform choice of (a1,...,a;) € G*.
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Proof of Lemma [BE Although Dai and Hildebrand [2] used a different
method, the proof of this lemma can proceed in a manner similar to the proof
of Theorem [l for £ > 3; however, one must be careful in proving the ana-
logue of Lemma Note in particular that instead of ranging over —(n —
1)/2,...,—-2,-1,1,2,...,(n—1)/2, the value g,((a; — a;)j) ranges over multi-
ples of (j,n) in (—n/2,n/2]. Furthermore, distinct values of a; need not lead to
distinct values of g, ((a1 — a;)j).

EXERCISE. Show that Lemma B still holds if n is not prime but j € Jy and
(ai,...,ax) are chosen uniformly from G*. Then show Lemma [H holds.

O

To complete the proof of Lemma Bl note that if d is a divisor of n and
(ai,...,ax) is chosen uniformly from G*, then the probability that d divides
all of ag — ay,...,ax — ay is 1/d*=1. Thus, given n, the probability that as —
ai,...,ar—ai have a common divisor greater than 1 is at most ZZOZQ d-k=1) <
(72/6) —1 < 1if k > 3. Also observe that the probability that a duplication
exists on aq, ..., ar approaches to 0 as n — oo.

EXERCISE. Show that these conditions and Lemma Bl imply Lemma Bl

IN O

The last category of values for j is Jg 1= {j : n(F=2/(=D=c < (5 p)
nk=2)/(k=+€ and 1 < j <n —1}.

Lemma 6 ). ;. E(P(j)]P™) — 0 if m > o(n)n?* =D with o(n) — oo as
n — oo and with the expectation as in Theorem [}

A . *m _ — *m —
Proof: Since [P, .. — Ul = |Fya a1 ap—as — Ull, we may assume
without loss of generality that a; = 0. Hence we assume (ag,...,ax,n) = 1.

Let (x) denote the distance of x from the nearest multiple of n. If (ja;) >
nk=2)/(k=1)+€ then by reasoning similar to that in the proof of Lemma B we
may conclude that |P(7)[*™ < ¢ exp(—n2) for some constant ¢; > 0. Other-
wise (jag) < nF=2/(k=D+e for ¢ = 2 .. k; let B be the number of (k — 1)-
tuples (ag,...,ax) satisfying this condition. Since (j,n) < n(kF=2/(=1t+e e
may conclude by Proposition B below that for some positive constant cs, we
have B < cy(n(k=2)/(k=1)+eyk=1 Thys

. B
E(|P(H)]P™) < e1exp(—n*) + Trb—Th(n)
where T := 1 -5, d~*=Y and b(n) is the probability that (as,...,a)) when
chosen at random from G*~! has no 0 coordinates and no pair of coordinates
with the same value. Note that b(n) — 1 as n — oo. Thus E(|P(j)[*") <
c1 exp(—n?€) + canF=De=1 for some constant ¢z > 0.

Let D be the number of divisors of n. By Proposition Hl below, D < ¢yn€
for some positive constant c4. Also, if a divides n, then there are at most n/a
natural numbers in [1,n — 1] with (j,n) = a. For j € Js,

n n _1/(k—1)+e
a < ni—2)/(k—1)— " :
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Thus

S E(IPG)P™) < cantn/ FTUF (e exp(—n) 4 esn* D) = 0
JEJs

as n — oo if m > n?*=Ng(n). Note that we used 1/(k— 1)+ (k+1)e < 1 here.
O

We need two propositions mentioned above.

Proposition 3 If (j,n) < b with j € {1,...,n — 1}, then the number of values
ain0,1,...,n—1 such that (ja) < b is less than or equal to 3b.

The proof of this proposition may be found in [2] or may be done as an exercise.

Proposition 4 For any € with 0 < € < 1, there is a positive constant ¢ = c(€)
such that d(n) < en® for any natural number n where d(n) is the number of
divisors of n.

Proof: Suppose n = p{*...p%" where p1,...,p, are distinct prime numbers
and ay, ..., a, are positive integers. Then d(n) = (a1 +1)(az+1) ... (a,+1). Note
that a1, as,... here are not the values selected from Z,, and p1,pa,... are not

probabilities! Let M = e!/¢. If p; > M, then (p*)¢ > ((e!/€)%)¢ = % > 1+ a;.
If p; < M, then (pf*)¢ > 2%i€ = ¢il°82 > | 4 €q;log2 > €(log 2)(1 + a;). Thus

r €
i=1

II » X(H pi-“>6

pi<M pi>m
> ] elog2)(1+ai) x [ (1+a)
pi<M pi>M
> (elog2)™ [ (1 +a)
=1

since elog2 < 1. Thus n¢ > (elog 2)Md(n) and d(n) < en® where ¢ = (elog2)~M.
O

EXERCISE. Give a rough idea of what c¢ is if e = 0.1. (Hint: It’s ridiculously
large!)

EXERCISE. Look through books on number theory, and see if you can find
a different proof of Proposition Bl If you succeed, can you tell if the constant is
not so ridiculously large?

4.4. Dou’s version of the Upper Bound Lemma

The Upper Bound Lemma of Diaconis and Shahshahani is particularly useful
for random walks on abelian groups or random walks where P is constant on
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conjugacy classes of G. Dou [5] has adapted this lemma to a form which is useful
for some random random walks. This form was used in [5] to study some random
random walks on various abelian groups, and Dou and Hildebrand [6] extended
some results in [B] involving random random walks on arbitrary finite groups.
Dou’s lemma is the following.

Lemma 7 Let QQ be a probability distribution on a group G of order n. Then
for any positive integer m,

A =U* <D nQ@1) ... Qwam) — Y Qw1) ... Q(xzm)
Q

G2m

where G*™ is the set of all 2m-tuples (x1, . .., T2y,) with x; € G and Q is the sub-
set of G®™ consisting of all 2m-tuples such that x1Ts . .. Ty = Tn41Tm42 - - Tom -

Proof: The proof presented here uses arguments given in [b] and [6]. Label all
the non-equivalent irreducible representations of G by p1, ..., pn. Assume py, is
the trivial representation and the representations are all unitary. Let x1,..., xn
be the corresponding characters and di,...,d; be the corresponding degrees.
Recall p;(z)* = (p;(x))~! = p;(x™1) for all z € G since p; is unitary. Thus

Qp)™ = > Qz1)...Qwm)pi(x1...7m)

T,y Tm

and

Q)™ = Y Q@mt1)---Q@am)pi((@msr - w2m) ")

Tm+15--L2m

Thus if s = (71 ... 20) (Tma1 - .- Tom) "L, we get

Z d;Tr(Q(p) ™ (Q(p:) Z Z Q1) ... Q(z2m)dixi(s)

=1 G2m

h—1
> Q1) ... Qzam) > dixi(s)
G2m i=1

Note that dpxn(s) =1 for all s € G. Recall

h
ifs=e
dixi(s) = {n !
; Xi(s) 0 otherwise

where e is the identity element of G. The lemma follows from the Upper Bound

Lemma. O
To use this lemma, we follow some notation as in [B] and [6]. We say a 2m-
tuple (z1,...,%am) is of size i if the set {z1,...,22,} has ¢ distinct elements.

An i-partition of {1,...,2m} is a set of ¢ disjoint subsets 7 = {Aq, ..., A;} such
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that A;U...UA; ={1,...,2m}. An i-partition of the number 2m is an i-tuple
of integers m = (p1,...,pi) such that p; > ... > p; > 1 and Z;zlpj =2m.

Note that each 2m-tuple in G2™ of size i gives rise to an i-partition of 2m in a
natural way. For 1 < j <4, let A; C {l,...,2m} be a maximal subset of indices
for which the corresponding coordinates are the same. Then Aq,..., A; form
an i-partition of {1,...,2m}; we call this i-partition the type of the 2m-tuple.
If |Aq] > ... > |A;], then 7 = (JA1],...,|A;]) is an i-partition of 2m, and we
say the type 7 corresponds to .

EXAMPLE. If v = (0,11,5,5,1,3,0,5) € Z§,, then the type of v is 7 =
{{3,4,8},{1,7},{2},{5},{6}} and the corresponding 5-partition of the number
8ism=(321,1,1).

Now suppose that 7= {Aq,...,A;} is a type corresponding to a partition 7
of 2m. Let N(7) be the number of 2m-tuples in Q of type 7.

A little thought should give the following lemma.

Lemma 8 N, (1) is the number of i-tuples (yi,...,y;) with distinct coordi-
nates in G that are solutions to the induced equation obtained from xy ..., =
T4 - - - Tam by substituting y; for xe if £ € A;.

EXAMPLE. If 7 = {{3,4,8},{1,7}, {2}, {5}, {6} }, then the induced equation
IS Y2ysyi = Yaysyay-

EXERCISE. Suppose v = (0,3,4,1,5,1,4,5,3,3) € Z19. Find the type 7 of
v. Then find the value ¢ and the induced equation described in the previous
lemma.

We can adapt Lemma [ to prove the following lemma. The lemma and its
proof are minor modifications of some material presented in [5] and [6]. In par-
ticular, the argument in [B] covered a broader range of probability distributions

Q.

Lemma 9 Suppose (a1, ...,ax) are chosen uniformly from all k-tuples with dis-
tinct elements of G. Also suppose that Q(a;) = 1/k. Then

min(k,2m)

2IQ" U< Y Y mrtdt S (o)~ )
(@)

=1 rep(i [l r€T(m)

where [n]; =n(n—1)...(n—i+1), P(i) is the set of all i-partitions of 2m, and
T(m) is the set of all types which correspond to .

Proof: Suppose 7 is an i-partition of 2m. A 2m-tuple of 7 is defined to
be a 2m-tuple whose type corresponds to m. Let Dj(w) be the set of all 2m-
tuples of m in €2, and let Dy(n) be the set of all 2m-tuples of 7 in G*™. Thus
ID1(m)| = > er(my Na(7) and [Da(m)| = 3°_ cq(r) Mx(7) where Mr(7) is the
number of 2m-tuples of type T in G?™ where 7 is the corresponding i-partition
of the number 2m. It can readily be shown that M. (7) = [n];.

Observe from Lemma [ that

AB(|Q™ ~UIP) < > > > nE(Q(x1) ... Q(w2m))

i=1 7€P(i) \(@1,..,D2m)ED1 ()



M. Hildebrand/Random Random Walks on Finite Groups 53

_ Z E(Q(z1)...Q(zam))

(x1,...,x2m )ED2(T)

Now let’s consider E(Q(x1)...Q(z2m)). This expectation depends only on
the size i of (21,...,22m). The probability that a given i-tuple (y1,...,y;) with
distinct elements of G is contained in a random sample of size k from G is
[kz]l/[n]z Thus
. !

(Q(z1)...Q(xam)) = Tom oF
Note that if the size of (z1,..., %oy ) is greater than k, then Q(z1)...Q(z2m)
must be 0.

Thus
1 [kl
> nEQ(x1)...Qzam)) = 7 o, nN(7)
€D+ () v T€T ()
and
L [k
> EQ).. Q) = o 3 M(r)
xz€Ds() TET ()
_ L [k
T k2m [n]z Z [Tl]z
T€T(7)
where z stands for (z1,..., %2y ). The lemma follows by substitution and easy
algebra. O

Next we consider a result in Dou [B]. The next theorem and its proof es-
sentially come from [B] but use a simpler and less general expression for the
probability distribution P.

We assume that G is an abelian group with n elements such that n =nq ... n;
where ny > ... > n; are prime numbers, ¢t < L for some value L not depending
on n, and n; < An; for some value A not depending on n.

Theorem 8 Suppose G satisfies the conditions in the previous paragraph and
k> 2L+ 1 is constant. Suppose (a1, ...,ax) is chosen uniformly from k-tuples
with distinct elements of G. Then for some function f(n) — 0 as n — oo (with
f(n) not depending on the choice of G but depending upon the function c(n)
below)

E(IP" o Ul < f(n)

where m = c(n)n? =Y where c(n) — co asn — oo and p1 = ... =p, = 1/k
so that Py, .. a.(s) =1/k if s = a; for somei in1,... k.

Proof: Without loss of generality, we may assume that

o(n) < n(1/D)=(/(k=1)) g=1+(1/1)
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We may use Lemma [ Let

k—1
B=% Y% k%mgj S (Na() — [n]).

i=1 1€ P(i) b reT(n)

It can be readily shown from Lemma B that nN(7) — [n]; < n[n];. Thus

k—1 1 [kl
Bos LY gy 3ol

i=1 e P(i) ‘

=
= " > (ki Som.i
i=1

where So,, ; is a Stirling number of the second kind; this number is the number
of ways to place 2m labeled balls in i unlabeled boxes such that there are no
empty boxes.

EXERCISE. Show that (k —1)?™ = Zf;ll [k — 1];S2m,i- (Hint: The left side
is the number of ways to place 2m labeled balls in k£ — 1 labeled boxes where
some boxes may be empty.)

Observe that [k]; = k[k — 1];/(k — i) < k[k —1]; if i < k—1. Thus By <
k(1/k*)n(k — 1)?™ — 0 as n — oo for the specified m.

Now let L

B = 3 e Vele) —
where the sum is over all k-types 7, i.e. the set of all k-partitions of the set
{1,2,...,2m}. We use the following lemma (which, along with its proof, is
based upon [A]).

Lemma 10 If G is an abelian group satisfying the conditions for Theorem @
and m = c(n)n* *=1) where c(n) — oo as n — oo such that

c(n) < nM/E)=@/(k=1) g=14+0/L)

then for each k-type T, either N (7) = [n]x or Na(7) < [n|g—1. If T1 = {k —
types T|N(7) = [n]r} and To = {k—types 7|Nr(7) < [n]k—1}, then |Th|+|Ta| =
Smek and

2
m

|T1| = fmk = (7"1 Tk) .
Z ey

r1t+...+rE=m,r1,...,r >0

Proof: We start with an exercise.

EXERCISE. Show that the conditions on G and the restrictions on ¢(n) imply
that m < ny.

By Lemma B N, (7) is the number of k-tuples (yi,...,yx) with distinct co-
ordinates such that A\iy; + ... + A\xyr = 0 for some integers Aq,..., A\ with
|Ai] < m < n;. Note that here we are using the fact that G is abelian. Also note
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that \; is the number of times y; is substituted for z; with 1 < j < m minus the
number of times y; is substituted for x; with m 4+ 1 < j < 2m; in other words,

i = 1A 0{L...om}—]A;N{m+1,....2m}. If \y = ... = Ay = 0, then
Nz (1) = [n]x; otherwise if A; # 0 for some j, then y; is solvable in terms of the
other variables in yi, ...,y since m < n; and thus N;(7) < [n]g—1. Thus we
may conclude that Ay = ... = A\, = 0if and only if 7 = {AJUAY, ..., AL UAY}

where 7/ = {A],...,A}} and 77 = {AY,..., A} are k-types of {1,...,m} and

{m+1,...,2m} respectively with |Al| = |AY| fori = 1,2,..., k. The inequality

|T1| < K,k is elementary. The equality |T1| + |T2| = Som, i follows quickly from

the definitions of Soy, k, 11, and T5. The lemma is thus proved. O
Thus By < By 1 + B2 o where

and

Bg o = Z L%[n]k_l(kz —1).

Note that in defining Bs 2, we used the fact that n[n]y_1 — [n|x = [n]e—1(k —1).
Now observe that

Bas < (k= 1) WelTol/(n — b+ 1)
< (k- 1)}{32%[k]k82m,k/(n —k+1)
S (k= )k~ k1)

since Som k < k2m/k! because k2™ is no more than the number of ways to place
2m labeled balls in k labeled boxes where no box is left empty. Thus By 2 — 0
as n — oo.

We also have

1
By < kQ—m[k]k(n — )|Ty]
1
< kQ—m[k]k(n = Dkmk
1
< [K]x(n — 1)cok®™ /mF—1)/2

o

since an appendix of [B] proves K, i < cOka/m(k’l)/2 for some positive con-
stant cg. Thus for some value ¢ which may depend on k but not n, we get
Bay < c(n —1)/m*=1/2 The theorem follows. O

PROBLEM FOR FURTHER STUDY. The restrictions on G in Theorem
seem excessive, but we used the fact that m < n; to bound |T}|. Perhaps argu-
ments can be made for a broader range of G to deal with some cases where we do
not have this fact. Indeed, similar squares of multinomial coefficients, along with
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some additional terms, appear in the argument which Dai and Hildebrand [2]
use to prove Lemma Bl described earlier; this proof might serve as a starting
point for a possible proof of an extension of Theorem

It should be noted that Greenhalgh [I1] has also used arguments involving
squares of such multinomial coefficients to prove results similar to Theorem B

Further results using these techniques appear in Dou and Hildebrand [6]. In
particular, the following two theorems are shown there; their proofs will not be
presented here.

Theorem 9 Suppose G is an arbitrary finite group of order n and k = |(logn)®|
where a > 1 is constant. Let ¢ > 0 be given. Suppose (a1,...,ax) is chosen
uniformly from k-tuples with distinct elements of G. Then for some function
f(n) — 0 asn — oo (with f(n) not depending on the choice of G),

E(|P o = Ul < f(n)

a logn

m =m(n) >

(1+e).

Theorem 10 Suppose G is an arbitrary finite group of order n. Also suppose
k = |alogn] and m = |blogn| where a and b are constants with a > €2,
b < a/4, and blog(eb/a) < —1. Suppose (a1,...,ar) is chosen uniformly from
k-tuples with distinct elements of G. Then for some function f(n) — 0 as

n — oo (with f(n) not depending on the choice of G),

a—1logk

E(IPe o, = Ul < f(n).

Roichman [20] uses spectral arguments to get results similar to these theo-
rems and to extend them to symmetric random walks where at each step one
multiplies either by a; or by a; ! (with probability 1/2 each) where i is chosen
uniformly from {1,...,k}.

4.5. Extensions of a result of Erdés and Rényi

Some early results involving probability distributions on finite groups appear in
an article of Erdds and Rényi [7. In it, they give the following theorem.

Theorem 11 Suppose k > 2log, n+2log,(1/€)+logy(1/9) and J = (aq, ..., ax)
is a random k-tuple of elements from an abelian group G of order n. If b € G,
let Vi (b) be the number of (ey, ..., ex) € {0,1}F such that b = eyay + ... + exay,.
Then

2k
Vie(b) — —

Pr <max
n

2k
< e—> >1-4.
beG

n

Near the end of their paper, Erdés and Rényi note that this theorem can be
generalized to non-abelian groups G, of order n by counting the number of ways
an element b can be written in the form b = a;,a;, ... a;, where 1 <11 <ig <
...<ir <kand 0 <r <k. They find it unnatural to assume that if ¢ < j that
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a; would have to appear before a;. They also assert that if we “do not consider
only such products in which i1 < i3 < ... < 4., then the situation changes
completely. In this case the structure of the group G,, becomes relevant.”

Further results by Pak [I8] and Hildebrand [I5] built upon this result in
[1 and its extension to non-abelian groups to get results for random “lazy”
random walks on arbitrary finite groups. These “lazy” random walks are such
that at each step, there’s a large probability that the walk stays at the same
group element. These results, despite the assertion of [7], do not depend on the
structure of the group G and involve products of the form a;, a;, ... a;, where
11,49, - - .,1r need not be in increasing order and may be repeated.

For the next two theorems, which come from [I5], we use the following nota-
tion. If J = (ay,...,ax) € G*, then

1 . 1
P(s) = Py(s) = o [{i: ai = s}[+ 50(s=c)
2k 2

where dg,—y is 1 if s is the identity e of G and 0 otherwise. Note that this
expression is different from the expression P,, . o, (s) in the rest of this article.

Theorem 12 Suppose a > 1 and € > 0 are given. Let k = [alogy,n]. Suppose
m =m(n) > (14 €)alog(a/(a — 1))logyn. Then for some function fi(n) — 0
as n — oo (where f1(n) does not depend on which group G of order n is being
considered), E(||P*™ — U||) < fi(n) as n — oo where J is chosen uniformly
from G*.

Theorem 13 Suppose k = logyn + f(n) where f(n) — oo as n — oo and
f(n)/loggm — 0 as n — oo. Let € > 0 be given. If m = m(n) > (1 +
€)(logy n)(log(logy n)), then for some function fa(n) — 0 as n — oo (where
the function fa(n) does not depend on which group G of order n is being con-
sidered), E(||[P*™ — U||) < fa(n) where J is chosen uniformly from G*.

The proofs of Theorems [[2 and [[3 use the following variation of Theorem [Tl
In it, note that ¢° is the identity element of G.

Lemma 11 Let J = (a1,...,ax). Suppose j < k. Let Qj(s) be the probability
that s = af'as? ...a;j where €1,€,...,€; are t.i.d. uniform on {0,1}. If J is
chosen uniformly from all k-tuples (a1, ...,ax) of elements of G, then Pr(]|Qj—
Ul <€) >1—4 for each j > logyn + 2logy(1/€) + log,(1/0).

Proof: This proof follows [I5] and extends a proof in [7].
Let V;(s) = 27Q(s). Observe that

4Q, -V = (Z @—%)
seG

N (Vi) 1Y’

<2 (%73)

by the Cauchy-Schwarz inequality; this argument is very similar to part of the
proof of the Upper Bound Lemma described in Chapter 3 of Diaconis [3].
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Thus
2
Pr2|Q;-U| >¢ < Pr <nz (VJQ—SS) — %) > e2>
seG
21\% _ 2%
= PT(;(VJ(S)g) > — )

It can be shown (as on p. 130 of [[] extended to non-abelian groups) that

E <§(j; <v<>%)> o (1 %)

The expectation comes from choosing J uniformly from all k-tuples (a1, ..., ax)
of elements of G.
Thus by Markov’s inequality, we get

Pr(|lQs;—Ul>¢e) < Pr2[Qs—Ul >e€)
2/(1 - (1/n))

€222 In

n
S @y SO

<

O

We say that a family of probability distributions R; depending on J € G*

is (a, §)-good in variation distance if Pr(||R; — U|| > «) < 8 where the proba-

bility is over a uniform choice of all k-tuples for J. Thus Lemma [[1l shows that

ast ... a;j is (¢, d)-good in variation distance if j > log, n+2log,(1/€)+1logy(1/6).

Theorems [ and [ look at the variation distance from the uniform distrib-
ution of a probability distribution of

astas? ... as™m
11 12 Tm

where i1,. .., 4, are i.i.d. uniform on {1,...,k}, €1,..., €y are i.i.d. uniform on
{0,1}, and (41,...,%m) and (ey,...,€y) are independent. Using Lemma [Tl to
examine this distribution requires considerable care.

First let’s consider the case where i1,...,14,, are all given and consist of at
least j distinct values. Suppose also that the value €y is given if iy = iy for some
0 < lorif{iq,...,ig—1} has at least j distinct values; in other words, €, is given
if iy appeared earlier in the m-tuple (i1,...,4y) or if i, is not among the first
j distinct values in this m-tuple. We assume that the remaining j values from
€1,...,€m are i.i.d. uniform on {0, 1}. For example, if j =5, k=7, and m =9,
such an expression may look like

as'aPaSala$®atas adas
where €1, €a, €3, €5, and €7 are i.i.d. uniform on {0, 1}.
To use Lemma [[l to examine such expressions, we need to consider the
“pulling through” technique described in Pak [I8] and subsequently in Hilde-
brand [15].
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Proposition 5 Suppose h = a' ... azéxaz:’f .. a;j where €1, ..., €; are each in
{0,1} and x is a fized function of ai,...,as. Then

h=a$...af (afy,)""" .. (a)) @

where ¢* = xgx~'. Furthermore if ai,...,a; are i.i.d. uniform on G, then

7 are i.i.d. uniform on G.

Alye ey QLAY e

Proof: The alternate expression for h can be readily verified. Note that since
x does not depend on a4 and since ay, . .., ag, agy1 are i.i.d. uniform on G, the
expression zay, 12! will be uniform on G independent of ay, . .., ay. Continuing
in the same way completes the proof of the proposition. O

This proposition can be used repeatedly. For example, if

_ €162 €3 1 €5 1 €7 0 1
h = a3'aas’asai’ azag’ aras,
then
_ €1 €3 €3 a4 \€5 asa3\€7 0.1
h = ag'ag’a3’ (ay*)” (ag*™)"" asazazas.

Furthermore, if a3, a4, a2, a1, and ag are i.i.d. uniform on G, then so are as,
ag, az, ay*, and ag*®®. Also note that if aq,...,ar are given and €1, €2, €3, €5,
and €7 are i.i.d. uniform on {0, 1}, then the probability distributions P and @
given by P(s) = Pr(s = a5'aas® (ai*) (ag*™®)“") and Q(s) = Pr(s = h) have
the same variation distance from the uniform distribution.

Thus we may conclude the following.

Lemma 12 Suppose I = (i1,...,im) where iy,...,in € {1,...,k}. Suppose I
has at least j distinct values where j > logy n+2logy(1/€)+1ogy(1/8) and j < k.
Suppose € is a vector determining eg if ig = ip for some £’ < £ orif {i1,...,i¢—1}
has at least j distinct values. Suppose the remaining j values from €y, ..., €y, are
i.i.d. uniform on {0,1}. Then ag} ...a;™ is (€,8)-good in variation distance.

We need to put together probabilities for the various possibilities for I and
€. The following exercise will be useful.
EXERCISE. Suppose P = p1 P, + ... + p¢P; where pi,...,p; are positive

numbers which sum to 1 and Pi,..., P, are probability distributions on G.
Show that ,
1P =Tl <> pillP—Ul.
j=1

The following lemma comes from [[I3].

Lemma 13 Let ¢ > 1 be given. Suppose j is given such that j < k, j > logsn+
2logy(1/a) 4+ logs(1/8), and j < m. Suppose that the probability of getting at
least j distinct values when choosing m i.i.d. random numbers which are uniform
on{l,....k} is 1—p(j,k,m). Then Pr(|P;™ —U| > cB+a+p(j,k,m)) <1/c
where the probability is over a uniform choice of (a1,...,a;) € G*.
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Proof: Let I be an m-tuple (i1,...,4y) of elements of {1,...,k} and J =
(a1,...,ax) be a k-tuple of elements of G. Let € be a vector with m — j elements
of {0,1}. Let S7 be the set of I such that I has fewer than j distinct values, and
let So be the set of I such that I has at least j distinct values.

If I € Sy, consider the probability distribution of af!ag? ...a;™ where ¢/ is
determined by €'if iy = iy for some ¢’ < £ or {iy,...,i¢—1} has at least j distinct
values and where the remaining j values from e€q,..., ¢, are i.i.d. uniform on

{0,1}. Let v(I, J,€) be the variation distance of this probability distribution
from the uniform distribution. By the exercise

|WW_U“§§:%ﬂ+§:Xh%?%W@L@

I€S; IeSy €

Let i
G(I,J,8) = {1 1fv([,,.],€) <a
0 otherwise
For each I € Sy and €, the number of J with G(I,J,€) = 0 is no more than
0 times the total number of J since the family of probability distributions
aglag? ...a;™ (where j of the values €1, ..., €, are ii.d. uniform on {0,1} and
the rest are determined by € as previously described) is («, 3)-good in varia-
tion distance by Lemma For a given J, the number of I € Sy and € with
G(I,J,€) = 0 may be more than ¢f times the total number of I € Sy and €.
However, the number of such k-tuples J can be at most 1/c times the total

number of k-tuples J. For the other choices of J, we have

1Py —ul
1 1 1 1 1
< D malt ) Tmgm T ) Tm g1
Ies, (1,8):1€S,G(I,J,8)=1 (1,8):1€S5,G(I,J,&)=0

< pUk,m)+a+cf.

The proof of the lemma is complete. O

Using Lemma [[3 to prove Theorems [[2 and [[3] involves finding a bound on
p(4, k,n) and choosing ¢ appropriately. The technique to find the bound involves
the time it takes to choose j out of k£ objects in the coupon collector’s problem.
More details may be found in Pak [I8 and in Hildebrand [I5]; these sources
refer to p. 225 of Feller [g].

By using comparison theorems (such as Theorem 3 and Proposition 7 of
Hildebrand [T6]), one can extend Theorems [[A and [[3 to deal with the cases
where L

Py(s) = =i+ a; = s} + abgomey

if @ is a constant in the interval (0,1) and k is as in those theorems. The constant
multiple in the expression for m may depend on a.

PROBLEM FOR FURTHER STUDY. Can these theorems be extended to
the case where a = 0 for these values of k7
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Hildebrand in [I5] and [I6] also considers some random symmetric lazy ran-
dom walks and again extends results of Pak [I8]. One of these results from [I5]
is the following.

Theorem 14 Suppose X, = ag! ...a;" where ey, ..., €m are i.i.d. with Pr(e; =
1) = Pr(e; = —1) = 1/4 and Pr(e; = 0) = 1/2. Suppose i1,...,im are i.i.d.
uniform on {1,...,k} where k is as in Theorem [[3. Given J € G¥, let Qsym
be the probability distribution of X1. If m = m(n) > (1 + €)(logy n) log(log, n),
then E(||Q%r, — Ull) — 0 as n — oo where the expectation is over a uniform

choice of J = (a1, ...,ax) from G*.

4.6. Some random random walks on Zg

Greenhalgh [I2] uses some fairly elementary arguments to examine random ran-
dom walks on Z¢, and Wilson [26] uses a binary entropy function argument to
examine these random random walks. The main result of [26] is the following
theorem, which we state but do not prove.

Theorem 15 Suppose k > d. There exists a function T(d,k) such that the
following holds. Let € > 0 be given. For any choice of a1, ...,ay (each from Z3),
if m < (1 —¢€)T(d, k), then ||Pa;,....ap — U| > 1 — €. For almost all choices of
ai,...,ak, if m > (14 €)T(d, k), then ||Pa,....ar, — Ull < € provided that the
Markov chain is ergodic.

Note that “for almost all choices” a property holds means here that with
probability approaching 1 as d — oo, the property holds. Also note that here
Pay.onan (5) = i : a = s} /k.

Some properties of T'(d, k) are described in [26] and are also mentioned on p.
321 of Saloff-Coste [22].

Wilson [26] noted that the upper bound remains valid for any finite abelian
group G provided that d is replaced by log, |G|.

PROBLEM FOR FURTHER STUDY. Does the expression for the upper
bound remain valid for any finite group G provided that d is replaced by log, |G|?

PROBLEM FOR FURTHER STUDY. Relatively little is known about ran-
dom random walks on specific families of finite non-abelian groups if k£ <
log, |G|. Indeed, Saloff-Coste [22] (p. 324) cites a wide-open problem involv-
ing the alternating group with k& = 2.
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