The Annals of Applied Probability

2016, Vol. 26, No. 4, 2454-2493

DOI: 10.1214/15-AAP1152

© Institute of Mathematical Statistics, 2016

CYCLE SYMMETRIES AND CIRCULATION FLUCTUATIONS FOR
DISCRETE-TIME AND CONTINUOUS-TIME MARKOV CHAINS'

BY CHEN Ji1A*™T, DA-QUAN JIANG' AND MIN-PING QIANT
Beijing Computational Science Research Center* and Peking University'

In this paper, we find a series of equalities which characterize the sym-
metry of the forming times of a family of similar cycles for discrete-time and
continuous-time Markov chains. Moreover, we use these cycle symmetries to
study the circulation fluctuations for Markov chains. We prove that the sample
circulations along a family of cycles passing through a common state satisfy
a large deviation principle with a rate function which has a highly nonobvi-
ous symmetry. Further extensions and applications to statistical physics and
biochemistry are also discussed, especially the fluctuation theorems for the
sample net circulations.

1. Introduction. Markov chains are widely used to model various stochas-
tic systems in physics, chemistry, biology, engineering and other disciplines. The
trajectory of a recurrent Markov chain constantly forms various cycles. The cycle
representation theory of Markov chains [23, 31, 34-38] not only possesses rich
theoretical results, but has become a fundamental tool in dealing with nonequi-
librium (irreversible) processes in natural sciences as well. Readers may refer to
[21, 24] for the theoretical contents of the cycle representation theory and refer to
[18, 45] for its applications in physics, chemistry and biology.

The earliest theoretical result about the cycle representation theory is proba-
bly Kolmogorov’s criterion for reversibility [25], which claims that a stationary
Markov chain is reversible if and only if the product of transition probabilities
(rates) along each cycle ¢ and that along its reversed cycle c— are the same. Illu-
minated by Hill’s diagram method [19] and Schnakenberg’s network theory [40],
the Qian’s [31, 34, 35, 37, 38] and Kalpazidou [23, 24] introduced the important
concept of circulations and further enriched the cycle representation theory. Let
Nf denote the number of times that cycle ¢ is formed by a Markov chain up to
time ¢. Then the sample circulation J£ along cycle ¢ by time ¢ is defined as

(1) JS =—Nf
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and the circulation J¢ along cycle ¢ is a nonnegative real number defined as the
following almost sure limit:
(2) J¢= lim J/, a.s.,

t— 00
which represents the number of times that cycle c is formed per unit time. It turns
out that a stationary Markov chain is reversible if and only if the circulations along
each cycle c and its reversed cycle c— are the same. This explains why the cycle
representation theory is naturally related to various nonequilibrium phenomena in
natural sciences.

Recently, biophysicists have applied the cycle representation theory to study
single-molecule enzyme kinetics and found an interesting relation named as the
generalized Haldane equality [16-18, 33]. Mathematically, each chemical reaction
catalyzed by an enzyme can be modeled as a Markov chain whose state space has
a cyclic topology (see Section 7.2 below). For such cyclic Markov chains, there are
only two effective cycles, that is, the clockwise cycle ¢ and the counterclockwise
cycle c—. Let T¢ and T¢~ denote the time needed for the Markov chain to form the
cycle ¢ and its reversed cycle c— for the first time, respectively. Kolomeisky et al.
[26] proved that for such cyclic Markov chains, the expectations of 7¢ and T¢~,
under the condition that the corresponding cycle is formed earlier than its reversed
cycle, are exactly the same:

3) E(T|T¢ < T°7) = E(T*7|T™ < T°).

Subsequently, Qian and Xie [33] and Ge [16] generalized the equality (3) and
proved that for cyclic Markov chains, not only the conditional expectations, but
also the conditional distributions of 7¢ and T<~ are also the same:

4) P(TC<t|IT*<T)=P(T <t|IT <T°).

This equality characterizes a symmetry of the forming times of a cycle and its re-
versed cycle. Qian and Xie [33] named the equality (4) as the generalized Haldane
equality since it generalizes what is known as the Haldane relation for reversible
enzyme kinetics [41]. Interestingly, Samuels [39] and Dubins [10] have found
an equivalent form of the generalized Haldane equality even earlier in nearest-
neighbor periodic walks when studying the gambler’s ruin problem.

Now that the generalized Haldane equality holds for cyclic Markov chains, it
is natural to ask whether it holds for general Markov chains. If the state space
has a cyclic topology, then the Markov chain has only two effective cycles. In this
case, the generalized Haldane equality can be proved by the method of quasi-time-
reversal [16]. However, this method depends too much on the cyclic topology of
the state space and cannot be generalized to general Markov chains with a large
number of effective cycles.

In this paper, we establish some deep properties of taboo probabilities and
use them to prove the generalized Haldane equality for general discrete-time and
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continuous-time Markov chains with denumerable state space. We find that the
generalized Haldane equality not only holds for a cycle and its reversed cycle,
but also holds for a family of similar cycles, which are defined as cycles pass-
ing through the same set of states (see Definition 3.1 below). Let ¢y, ca, ..., ¢,
be a family of similar cycles, let T7¢!, T2, ..., T be their forming times and let
T =min{T°, T, ..., T}. In this paper, we prove that although the distributions
of T, T, ..., T can be different, their distributions, under the condition that
the corresponding cycle is formed earlier than other similar cycles, are exactly the
same:

(5) P(TO<T=T")=P(T?<t|T=T)=---=P(T" <t|T =T%).

This equality also implies that the forming time 7 of multiple similar cycles is
independent of which one of these cycles is formed (see Remark 3.13 below). This
is another important aspect of the generalized Haldane equality.

The generalized Haldane equality established in this paper has wide applica-
tions. One of the most important applications is to study the circulation fluctua-
tions for Markov chains. In the recent two decades, the studies on the fluctuations
of various thermodynamic quantities for stochastic systems have become a cen-
tral topic in nonequilibrium statistical physics [43]. Motivated by the results of
numerical simulations [13], Gallavotti and Cohen [15] gave the first mathemati-
cal presentation of the fluctuation theorem for a class of stationary nonequilibrium
systems. Since then, there has been a large amount of literature exploring various
generalizations of the fluctuation theorem [8, 12, 20, 27, 28, 42, 44].

In recent years, physicists became increasingly concerned about the fluctuation
theorems for the circulations of Markov chains [1-4, 14, 18, 30, 33]. As pointed out
by Seifert [43], the studies on the circulation fluctuations have become a hot spot
topic in nonequilibrium statistical physics. In the previous work, physicists have
studied the fluctuation theorems for the cycle currents of Markov chains based on
Schnakenberg’s network theory [1, 14, 30]. However, the cycle currents studied by
physicists are related to but in essence different from the circulations considered
in this paper [14]. In addition, Andrieux and Gaspard [2] have tried to study the
circulation fluctuations for Markov chains. However, their proofs of the fluctuation
theorems are not mathematically rigorous and seem questionable in some compli-
cated cases. As a result, the circulation fluctuations for Markov chains need to be
studied in more detail with full mathematical rigor.

Interestingly, the generalized Haldane equality established in this paper can be
used to study the circulation fluctuations for Markov chains. It is easy to see that
the circulations defined in (2) are the almost sure limits of the sample circulations
defined in (1). In this paper, we prove that the sample circulations along a family
of cycles ¢y, ¢a, ..., ¢, passing through a common state satisfy a large deviation
principle with rate ¢ and good rate function /€2~ Moreover, we apply the
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generalized Haldane equality to prove that the rate function /¢1°2>¢ has the fol-
lowing highly nonobvious symmetry: if cx and ¢; are similar, then

C1,C2,...,C
T (oo Xy oy Xy e e ey X))

(6)

Ck

14
=T (X, X Xy ey Xy ) — (logﬁ>(xk—x1),

where Yy and y“ are the strengths of c; and ¢;, respectively (see Definition 5.1
below).

The results of this paper can be directly applied to statistical physics. In
nonequilibrium statistical physics, one of the topics of interest is the fluctuation
theorems for the sample net circulations, where the sample net circulation K;
along cycle c by time ¢ is defined as

(7 Ke=Je—Je .
In this paper, we prove that the sample net circulations along cycles cy, ¢3, ..., ¢,

also satisfy a large deviation principle with rate ¢ and good rate function / [C(l’cz""’c’

which has the following symmetry:

C1,C2senns c
L (X, e Xy o Xr)

(®)

o y Ck
= [ (X, =Xk, X)) — (log _ _)xk.
Y
This is actually the Gallavotti-Cohen-type fluctuation theorem for the sample net
circulations. During the proof of this result, we also obtain other types of fluc-
tuation theorems as by-products, including the transient fluctuation theorem, the
integral fluctuation theorem and the Kurchan-Lebowitz—Spohn-type fluctuation
theorem. All these fluctuation theorems, together with the generalized Haldane
equality, characterize the symmetries of Markov chains along a family of similar
cycles from different aspects.
At the end of this paper, we briefly discuss the application of our work to bio-
chemistry. This indicates that our work could have a broad application prospect in
natural sciences.

2. Rigorous definitions of cycles and their forming times. In this section,
we shall give the rigorous definitions of cycles and their forming times for discrete-
time and continuous-time Markov chains.

We first give the definition of cycles. Here, we adopt the definition given
by Kalpazidou [24]. Let X = (X;);>0 be a time-homogeneous discrete-time or
continuous-time Markov chain with denumerable state space S defined on some
probability space (€2, .#, P).

DEFINITION 2.1. Let Z be the set of integers. A circuit function in the state
space S is defined as a periodic function f from Z into S. The smallest positive
integer s such that f(n +s) = f(n) for each n € Z is called the period of f.
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DEFINITION 2.2. Two circuit functions f and g in S are called equivalent if
there exists some k € Z such that g(n) = f(n + k) for each n € Z.

Note that Definition 2.2 introduces an equivalence relation on the space of all
circuit functions in §. It is obvious that two equivalent circuit functions have the
same period.

DEFINITION 2.3. Let iy, i2,..., Iy be distinct states in S. Let f be a circuit
function in S with period s that satisfies f(1) =iy, f(2) =i2,..., f(s) =i;. Then
the equivalence class of the circuit function f under the equivalence relation de-
scribed in Definition 2.2 is called a cycle and is denoted by (i1, i2, ..., is).

In other words, a cycle is nothing but an equivalence class on the space of all
circuit functions under the equivalence relation described in Definition 2.2. Ac-
cording to the above definition, two cycles are the same if one can be transformed
into the other by a cyclic permutation. For example, (1, 2, 3), (2,3, 1) and (3, 1, 2)
represent the same cycle.

DEFINITION 2.4. Leti € S and let c = (i1, i3, ..., is) be acycle. Then we say
that cycle ¢ passes through state i if i € {iy, i2,...,is}.

We next give the definition of the forming times of cycles for discrete-time
Markov chains. To this end, we must first introduce the definition of the derived
chain. Let X = (X,),>0 be an irreducible and recurrent discrete-time Markov
chain with denumerable state space S and transition probability matrix P = (p;;).

The trajectory of a recurrent Markov chain constantly forms various cycles.
Intuitively, if we discard the cycles formed by X and keep track of the remaining
states in the trajectory, then we obtain a new Markov chain Y called the derived
chain. We shall give the rigorous definition of the derived chain later, but the basic
ideas should be clear from the following example.

EXAMPLE 2.5. If the trajectory of the Markov chain X is {1, 2, 3,2,4,5,2,
3,1, ...}, then the corresponding trajectory of the derived chain Y and the cycles
formed are as follows (see Table 1).

TABLE 1
An example of the derived chain and the cycles formed

n 0 1 2 3 4 5 6 7 8
X 12 3 2 4 5 2 3 1
Y (1 (1,21 [1,2,3] [1,2] [1,2,4] [1,2,4,5] [1,2] [1,2,3] [1]

Cycles formed 2,3) 2,4,5) (1,2,3)




CYCLE SYMMETRIES FOR MARKOV CHAINS 2459

In order to give the rigorous definition of the derived chain, we introduce
several notation. We denote an finite sequence iy, io, ..., iy of distinct states by
[i1,i2,...,is] and denote the collection of all finite sequences of distinct states
by [S], that is,

9) [S1={li1,i2,...,is):s > 1,i,..., iy are distinct states in S}.

It is easy to see that [S] is denumerable. We also define a map {-, -} from [S] x S
into [S] by

{[i],iz,...,is],i}

_{[il,iz,...,is,i], ifi &{iy,i2,...,10s},
[i1,i2, ..., im], ifi =i, forsome 1 <m <s.

(10)

DEFINITION 2.6. The derived chain ¥ = (Y},),>0 of X is defined as Yy = [X¢]
and Y, ={Y,,_1, X;,} foreachn > 1.

For any i € §, let [S]; be the subset of [S] defined by
A1) [SL={li1,i2,...,is]1 €[S1:i1 =i and pj,iy Pinis -+ Piy_yi, > 0}
It is easy to see that if Yo = [i], then Y}, € [S]; for each n > 1.

PROPOSITION 2.7. The derived chain Y is a time-homogeneous Markov chain
with denumerable state space [S]. Each [S]; is an irreducible recurrent class of Y .

PROOF. Let y; =iy, i2,...,is] and y2 = [j1, jo2, ..., jr] be two states in [S].
It is easy to see that Y is a time-homogeneous Markov chain on [S] with transition
probability

Pis jr» ifrfsandil:jl,iz:jz’,”’ir:jr’
(A2) Py =1 Pij»  fr=s+landiy=ji,i2=jo,....is=Js,
0, otherwise.

Moreover, it is easy to see that [ S]; is a communicating class of Y. If Yy = [i], then
Y, = [i] if and only if X,, =i for each n > 0. Since X is recurrent, X will return to
i infinitely often, which means that Y will return to [i] infinitely often. Thus, [i] is
a recurrent state of Y. Since recurrence is a property of the communicating class,
we claim that [S]; is an irreducible recurrent class of Y. [

DEFINITION 2.8. Let ¢ = (i1, i2,...,1is) be a cycle. For each w € 2, we say
that the trajectory X (w) forms cycle c at time # if one of the following two cases
occurs:

(i) there exists 1 < m < s such that Y,_1(®) = [im, im+1,---»im+s—1] and
Yn(@) = [im];
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(i1) there exists 1 < m < s and distinct states ji, j2,..., jr & {i1,02,...,1is}
SuCh that Yn—l(w) - [,]17,]25 ---»jr’im,im—I—l’ ---’im—l-s—l] and Yn(a)) = [JI,JZ,
--»jr’im],

wherem +1,m+2,...,m+s — 1 are understood to be modulo s.

DEFINITION 2.9. Let ¢ be a cycle. Let (7,7),>1 be a sequence of stopping
times defined by

T{ (w) = inf{k > 1 : the trajectory X (w) forms cycle ¢ at time k},
(13)  Tj(w)=inflk > T | (w)+ 1: the trajectory X ()
forms cycle ¢ at time &} Vn > 2.

Then T,; is called the nth forming time of cycle c. The (first) forming time 77 of
cycle ¢ is always abbreviated as 7 in the following discussion.

PROPOSITION 2.10. Let ¢ = (i, i2,...,1i5) be a cycle.

(1) If piyiyPiyis -+ Piyiy > 0, then T\ < 00, a.s. for each n > 1.
(i1) If pijir Pisis - - - Pisiy =0, then T, =00, a.s. for eachn > 1.

PROOF. It is easy to see that (ii) holds. We next prove (i). Without loss of
generality, we assume that X starts from an arbitrarily fixed state i.

We first consider the case when ¢ passes through i. Since p;, i, piyiy = - - Piyi; > 0,
there exists 1 <m < s such thati,, =i and y = [i;, im+1,---» im+s—11 € [S]i- By
Proposition 2.7, the derived chain ¥ will hit y infinitely often. Since p; i, >0,
by the Markov property of Y, there will be infinitely many » such that ¥,,_; =
Y =lim:im+1,---5imts—11 and Y,, = [ij,]. This shows that T\ < oo, a.s. for each
n>1.

We next consider the case when ¢ does not pass through i. Since p; i, pii; - -
Disiy > 0, there exists 1 <m < and distinct states ji, jo, ..., jr &€ {i1,i2,...,1s}
such that j; =i and z = [J1, j2, - -» Jro0ms im+1s - - - » im+s—1] € [S]i. By Propo-
sition 2.7, the derived chain Y will hit z infinitely often. Since p;, i, > 0, by
the Markov property of Y, there will be infinitely many n such that ¥, =z =
L1 J2s oo vs Jrsdms Imtls « - s imts—1] and Y, = [J1, j2, ..., jr, im]. This shows that
TY <oo,as.foreachn>1. [

We finally give the definition of the forming times of cycles for continuous-time
Markov chains. Let X = (X;);>0 be an irreducible and recurrent continuous-time
Markov chain with denumerable state space S and transition rate matrix Q = (g;;).
Let (J,)n>0 be the jump times of X, where Jy is understood to be 0. For each n > 0,
let X, = Xy,. Then X = (}_(n)nzo is the embedded chain of X.
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DEFINITION 2.11. Letcbea cyclel Foreachn > 1, let Tnc be the nth forming
time of cycle ¢ by the embedded chain X. Then the nth forming time of cycle ¢ by
X is defined as

(14) T¢ = Jse.

The (first) forming time 7 of cycle c is always abbreviated as T in the following
discussion.

PROPOSITION 2.12. Letc=(iy,i2,...,1s) be a cycle.

() If 9i,i,9isi5 - Gisiy > 0, then T, < 00, a.s. for eachn > 1.
(1) If qi,i,9isis - - - qisi, =0, then TS = 00, a.s. for each n > 1.

PROOF. 1t is easy to see that (ii) holds_. We next prove (i). Since X is irre-
ducible and recurrent, the embedded chain X is also irreducible and recurrent. By
Proposition 2.10, we see that 7,7 < oo, a.s. This shows that 7,y = J7. < 00, a.s.

O

3. Generalized Haldane equality for discrete-time Markov chains. In this
section, we shall prove the generalized Haldane equality for discrete-time Markov
chains. Let X = (X,),>0 be an irreducible and recurrent discrete-time Markov
chain with denumerable state space S and transition probability matrix P = (p;;).

Before we state the generalized Haldane equality, we introduce the following
definition.

DEFINITION 3.1. Letcy = (i, i3, ...,Is) and ¢2 = (ji, j2, ..., jr) be two cy-
cles. Then ¢ and c; are called similar if s = r and {i1, iz, ..., is} = {j1, j2, -+, jr}-

According to the above definition, two cycles are similar if they pass through the
same set of states. It is easy to see that similarity is an equivalence relation on the
space of all cycles. For example, the six cycles, c; = (1,2, 3,4), c2 = (1, 2,4, 3),
c3=(1,3,2,4),¢c4=(1,3,4,2),¢c5s =(1,4,2,3) and ¢ = (1, 4, 3, 2), are similar.

We next give the definition of the strengths of cycles for discrete-time Markov
chains.

DEFINITION 3.2. Letc = (i1, i2, ..., is) be acycle. Then the strength of cycle
c is defined as

(15) Y = Piriy Pisiz - - * Pisiy -

The generalized Haldane equality, which characterizes the symmetry of the
forming times of a family of similar cycles, is stated in the following theorem.
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THEOREM 3.3. Let c1,c2,...,¢r be a family of similar cycles. Let T =
min{7, T, ..., T}. Then:

() foreachn>1andany 1 <k,l<r,

(16) P(T%=nT=T% PT=T% y%*
P(T¢=n,T=T¢) P(T=T%) ya’

(1) foreachn >1,

P(T¢ =n|T =T) = P(T =n|T =T)
(17)
=...=P(T =n|T =T%).

REMARK 3.4. The above theorem shows that although the distributions of the
forming times of a family of similar cycles may not be the same, their distributions,
under the condition that the corresponding cycle is formed earlier than other simi-
lar cycles, are exactly the same. This is the first aspect of the generalized Haldane
equality.

REMARK 3.5. It may occur that both the numerator and denominator
in (16) are 0. In this case, (16) is understood to hold trivially. In addition, if
P(T =T¢) =0 for some k, then (17) is understood to hold trivially. This un-
derstanding applies to similar equalities below.

In order to prove the generalized Haldane equality, we need to establish some
nontrivial properties of taboo probabilities. Let us first recall the definition of taboo
probabilities, also called transition probabilities with a taboo set [7].

DEFINITION 3.6. Leti, j € S and let H be a subset of S. Then the n-step
transition probability from state i to state j with taboo set H is defined as

(18) P =Pi(Xy=j.X1..... Xp_1 ¢ H),

where P;(-) = P(-|Xo =1i). If the taboo set is the union of a set H and a finite num-
ber of states k, .. ., ks, then we shall denote the taboo probability by pg Kl ks (n),
that is,
H.ky,... kg .
(19) pij (n)=Pi(Xn=J,X1,..., Xn—1 ¢ HU{k1, ..., ks}).
The next four lemmas give some deep properties of taboo probabilities. The
following lemma is called the basic decomposition formula of taboo probabilities

([7], Theorem 1, Section 9, Part I). To make the paper self-contained, we give a
proof of this lemma.
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LEMMA 3.7. Let H be a subset of S and let k ¢ H. Then for each n > 0 and
anyi,jes,

n—1
(20) pimy =p*my + Y plempit o —m).

m=1

PROOF. When n =0 orn =1, itis easy to check that the theorem holds. We
next prove the theorem when n > 2. Note that
@l pHmy=plte) + P(Xa=j. X1, Xoo1 ¢ Hok € (X1, ... X)),
Then by the Markov property, we obtain that
Pi(Xn =]"X1,---»Xn—1 ¢ H7ke {Xl’aXn—l})

Z (Xn—]sXIa---an—l¢Hva:kme+l,---»Xn—l?ék)

n—1

=Y P(Xm=kX1,....,Xn_1¢ H)

m=1
X Pk(Xn—m =/, Xt,.... Xn-m-1 ¢ HU{k})
= Z pHm)pEn —m).
This completes the proof of this lemma. [J

LEMMA 3.8. Let H be a subset of S. Let i, j ¢ H and i # j. Then for each
n=>0,

n
i
(22) Z pHempl m—my= 3" plhmp/’n—m).
m=0
PROOF. By Lemma 3.7, we have
n
> plmyplt (n—m)
m=0

n—m—1

—Zp” (m)p,](n—m>—2p£’(m> > PP =m0
m=0 m=0 =1
(23)

= Z pHm)pHn—m) - Z pH (m) Z pHOP n—m—1)
m=0

m=0

= Z pHm)ptn—m)— Zp,lm Z pi ) pfl(n—m —1).
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Using Lemma 3.7 again, we have

n—I
> Pl mpltn—m—1

m=0
n—I[—1
(24) =ptn=0+ Y pllomplitn—m—1)

m=1
=pi =D+ pflin—1)—pllin—1)=pln-1.
Thus, we obtain that

Zop” (m) it (n —m)

(25)
= Z pil m)pfi(n —m) — ij,mp” (n—1).

m=0
Commuting i and j in the above equation, we finally obtain that
Y phimp ! (n—m)
m=0
= Z prm)pfl (n —m) — pr,’(l)p"(n — 1)
(26)
= Z pii m)pfi(n —m) — pr{ DO pfl(n=1)
m=0
n Hi
= Z pi[?(m)ij’l(n —m),
m=0

which gives the desired result. [

LEMMA 3.9. Let H be a subset of S. For any distinct states iy, i2, ...,is ¢ H,
let

.. . H,i s—
QN GHris....in= Y. plmplimy) - p T ).
ny+nz+--+ns=n

Then for each n > 0, G (i1, 12, ...,1s) is invariant under any permutation of

i1,i2,...,1g.

PROOF. Since any permutation can be decomposed into the product of some
transpositions of adjacent elements, we only need to prove that Gf (i1,02,...,105)
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is invariant if we exchange two adjacent elements, iy and ixy1, and keep all other
elements fixed. By Lemma 3.8, we obtain that

H, . .. .
G, (1, slkslft1, o0y ig)

H H,iy,...,ix—1
= Y plop (1)
ny+-Fng=n
H,iy,...,ik H,i,...,isz_1
X Pigyrips (k1) - Py T (ny)
n H . .
H ey lf—2
=2 ) Piyiy (1) - py i (k)
m=0ni+-+ng_1+ngo+-+ns=n—m
H,iy,...igq1 H,il,...,is—1
X Piyigsn (ng+2) - - Dii, T (ng)
H,ip,.ip—1 H,ip,...,ix
XD P M) Py iy ket
ng+ng41=m
n H . .
H ey lf—2
= Z Z pi1i1(”1)"'pik7|ik71 (nk-1)

m=0n1+--+ng_1+ngy2+--+ns=n—m

H,ip,.oipt1 H,il,..is—1
Ik420k42 i (l’lk+2) T pixis ) (ns)
H,iy,....ig—1 H,iy,ooig—1,ik+1
x Z Piy i () Py (k1)
ng+ngy1=m
_ H H,iy,....ix—2 H,ip,...ig—1
= Z pilil(m)”'pikqikq (nk_l)pik+1ik+1 ()
ny+ebng=n
H,iy,ooig—1,ik+1 H,it,lpt1 H,igyoig_1
pikik (nk+1)pik+2ik+2 (nk+2) T pisi.v ’ (ns)

- Gyll—l(llv ce ey ik*l’ lk+1v lks lk+2’ ceey lY)
This completes the proof of this lemma. [

The following lemma will play a key role in the proof of the generalized Hal-
dane equality.

LEMMA 3.10. Letcy,ca, ..., cr be afamily of cycles passing through a com-
mon statei. Let T =min{T, T, ..., T}. Let c;, = (i, i’2‘, e if). Then for each
n>1,

(28) Pi(T% =n, T =T%)=F.(i5, ..., i%p%*,

N

where F,’l' (ié‘, el if) is invariant under any permutation ofilz‘, el if.

PROOF. Note that the event {T* =n, T = T} is equivalent to saying that X
forms c; at time n and does not form cy, ¢, ..., ¢, before time n. In order to make
this event occur, the Markov chain X must finish the following procedures.
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First, X must take n| steps to return from i to { without forming cy, c2, ..., ¢,
and then jump from i to i’z‘. Second, X must take n; steps to return from i’2‘ to

i’z‘ without entering i and without forming cy, ¢z, ..., ¢,, and then jump from i’z‘

to 13 Third, X must take n3 steps to return from 13 to 13 w1thout entering i, z’z‘

and without forming cy, ¢, ..., ¢/, and then jump from 13 to 14, and so on. Fi-
nally, X must take n; steps to return from ik to ik without entering i i{‘ Y e f |
and without forming cy, ¢2, ..., ¢y, and then jump from z to i. Here, the steps
ni,na,...,ns must satisfy (n1 +D+m+1)+---+ (ns + 1) = n, that is,
ni+ny+---+ng=n-—s.

We make a crucial observation that if X does not enter i, it will not form any

one of ci, 2, ..., ¢ since all these cycles pass through i. Let p;"“* 7 (n}) de-
note the probablhty that X takes n; steps to return from i to i without forming
c1,¢2, ..., cr. According to the above discussion, we obtain that

Pi(T% =n, T =T%)
C1,€25m0sCr i i,i
= > Jot () P,k Py (n2) Py P (13)
2 1212 243 1313
ni+ny+---+ng=n—s

’vl

k
X pigc,-g---p,k, (ns) pik;

yeensCr -k -k
= |:Z pc1 €20 (ﬂl)Gn —ny—s (lza---,ls):|P,','12<Pi§i’3< o Pikis

n1=0
where
i -k -k
Gn—nl—s (l2’ tee ls)
(29)
; i kit
= Z Dikik (n2)p i (n3) -+ P (ns).
22 1313 Lsls
ny+--t+ng=n—nj;—s
By Lemma 3.9, G’ _ ni—s (ilz‘,...,if) is invariant under any permutation of
ilz‘,...,zf.Let
n—s
ik kY C1,€2,...,C -k -k
(30) Fi(i5,....if) =Y pi )G, _(i5. ... i)
n1=0
Then F,i (ié‘, e, if) is invariant under any permutation of ilz‘, e lf This com-

pletes the proof of this lemma. [

REMARK 3.11. The core idea in the above proof is to decompose the state
transitions of each trajectory in the event {T% = n, T = T} into invalid tran-
sitions and valid transitions. During the invalid transitions, X will walk around in
circles without contributing to the forming of cycle c. During the valid transitions,
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however, X will jump along cycle ck. In this way, we can decompose the proba-
bility P;(T =n, T = T) into the product of an invalid part F! (ié‘, ey if) and
a valid part y“¢. The invalid part is invariant under any permutation of i§, s if
and the valid part is independent of time #.

We are now in a position to prove the generalized Haldane equality.

PROOF OF THEOREM 3.3. Itis easy to see that (ii) is a direct corollary of (i).
Thus, we only need to prove (i). Without loss of generality, we assume that X
starts from an arbitrarily fixed state i. Since cy, 2, ..., ¢, are similar, they must
pass through the same set of states.

We first consider the case when ci,ca,...,c, pass through i. Let ¢ =
(i,i%, ...,i% and ¢, = (i,il, ..., il). By Lemma 3.10, we have

Pi(T% =n,T =T%) = F’(zz,...,zk)yc",
(31 ) . - N
Pl.(TCI =n,T= T”) = Frlz(iZ’ cesd ))/Ll,

N

where F!(i%, ..., i¥) is invariant under any permutation of i%, ..., i¥. Since ¢ and
¢; are similar, i’z‘, ..., i¥ can be transformed into ié, ..., il by a permutation. This
shows that
Pi(T%=n,T=T%) y%
Pi(T¢=n,T=T% ya’

We next consider the case when cy, ca, ..., ¢, do not pass through i. Let ¢ =
(i, i%, ... i% and ¢ = (i,i,...,i!). By an argument similar to the proof of
Lemma 3.10, we can obtain that

P(T%=n,T =T%)

(32)

N
=X T eong A . o0

i
m=1ni+na+-+ng=n—s 11

l-k k .
(L m+A
X Pik ik "Dk ik (ns) p;x ik
m+1 m+2 Ungs—1Ym4s—1 m+s—1'm

_ka Z Z pq pe (nl)Gn —np— S(I]1(1+1"“’ifn+s—l)’

m=1n1=0
where pc' 22 (1) denotes the probability that X takes n; steps to jump from i
to zm w1th0ut forming ¢y, ¢, ..., ¢, and
k -k

Gnm ni— s( NS PR lm—‘rs—l)

33) P
LS L
= Z pk o () p TR (),
m+llm+l lm+.sfllm+sfl

ny+-+ng=n—ni—s
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By Lemma 3.9, it is not difficult to see that

N n—s
Tk
C1,C2,...,C, l .k .k
> Pi ik "Gy s gt Ds—1)

m=1n1=0
is invariant under any permutation of i{‘, i’z‘ e if. Since c¢; and ¢; are similar,
i%,i%, ..., i* can be transformed into i}, i}, ..., il by a permutation. This suggests
that
Pi(T%*=n, T=TC%) y%
(34) l =L

P(Te =n,T=T% y

which gives the first equality in (16). Since the above equation holds for any n > 1
and the right-hand side of the above equation does not depend on n, the second
equality in (16) also holds. [

The next corollary gives another aspect of the generalized Haldane equality.

COROLLARY 3.12. Let cy,c¢3,...,cr be a family of similar cycles. Let T =
min{7T°, T, ..., T}. Then foreachn >0and 1 <k <r,
(35) P(T=nT=T%=P(T =n)P(T =T%).

PROOF. By Theorem 3.3, it is easy to see that foreachn >0and 1 <k <r,
(36) P(T =n|T =T%) = P(T =n).
Thus, we obtain that
P(T=nT=T%=P(T=n|T=T%P(T=T%)
(37)
=P(T =n)P(T =T%),
which gives the desired result. [J

REMARK 3.13. The notation is the same as in Corollary 3.12. Let £ be a
random variable defined by

c1, if the trajectory of X forms cycle ¢ at time T,
(38) e , if the trajectory of X forms cycle ¢, at time T,
Cr, if the trajectory of X forms cycle ¢, at time 7.

It is easy to see that & = ¢ if and only if T = T for each 1 < k < r. Thus,
Corollary 3.12 is equivalent to saying that 7" and £ are independent. This suggests
that the forming time of multiple similar cycles is independent of which one of
these cycles is formed. This is another important aspect of the generalized Haldane
equality.
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In applications, we are more concerned about the symmetry of a cycle and its
reversed cycle. Thus, we introduce the following definition.

DEFINITION 3.14. Letc= (i, i2,...,is) be acycle. Then the reversed cycle
of cycle c is defined as c— = (iy, i, ..., i2).

It is easy to see that a cycle ¢ and its reversed cycle c— must be similar. Thus,
we obtain the following corollary.
COROLLARY 3.15. Letc=(iy,i2,...,15) be a cycle. Then:
@) foreachn >0,

P(T =n,T <T7) P(T°<T")  PpijiPiis " Pii; .
P(T¢~=n,T" <T¢ P(T"<TC)  pii,Piji,_s " Pirir

(39)

(i1) for eachn >0,
40) P(T=n|T*<T)=P(T =n|T” <T°);
(ii1) for each n >0,

@1)  P(T AT =n,T <T)=P(T° AT =n)P(T° <T).

PROOF. This corollary follows directly from Theorem 3.3 and Corollary 3.12.
O

REMARK 3.16. The above corollary generalizes the so-called generalized
Haldane equality [see (4) in Section 1] found by biophysicists in cyclic Markov
chains [16, 18, 33].

4. Generalizations of the generalized Haldane equality. We have seen that
the most important step in the proof of the generalized Haldane equality is
Lemma 3.10, in which we decompose the probability P;(T* =n, T = T*) into
an invalid part and a valid part. However, the conditions of Lemma 3.10 are much
weaker than those of Theorem 3.3. This suggests that the generalized Haldane
equality can be further generalized, as stated in the following theorem.

THEOREM 4.1. Letcy,ca, ..., cr be afamily of cycles passing through a com-
mon state i. Let T = min{T, T2, ..., T }. Assume that cy and c; are similar for
some two indices 1 <k,l <r. Then:

(i) foreachn > 1,
Pi(T% =n, T = T*) _ P(T= T k) B y Ck

(42) = =—;
P(T=nT=T% P(T=T%) ya
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(i1) foreachn > 1,

43) P(T%=n|T =T%)=P,(T"=n|T =T).

PROOF. Itis easy to see that (ii) is a direct corollary of (i). Thus, we only need
to prove (i). Let cx = (i, i%,...,i%) and ¢, = (i, i}, ..., il). By Lemma 3.10, we
have

Pi(T% =n, T =T%)=F.(i5, ... i%yp%*,
(44) : j (1 I

Pl‘ (Tcl =n, T = Tcl) = F,i(lz, ey l'S))/Cl,
where Fi(iX, ..., i¥) is invariant under any permutation of i%, ..., i¥. Since ¢; and
¢ are similar, 1'12c R if can be transformed into ié, e i‘é by a permutation. This
shows that

Pi(T% =n, T =T¢% Ck

(45) ; ( n ) Y

P(T=n,T=T%) ya’
This completes the proof of this theorem. [J

REMARK 4.2. There are two crucial differences between Theorems 3.3
and 4.1. The first difference is that we require c1, c3, ..., ¢, to be similar in The-
orem 3.3, while we only require cy, 2, ..., ¢, to pass through a common state in
Theorem 4.1. The second difference is that Theorem 3.3 holds for Markov chains
starting from any initial distributions, while Theorem 4.1 only holds for Markov
chains starting from the common state.

Since a cycle ¢ and its reversed cycle c— must be similar, we obtain the follow-
ing corollary.

COROLLARY 4.3. Let cy,c2,...,cr be a family of cycles passing through a
common state i. Let T = min{T°, T'=, ..., T T~} Then:

(1) foreachn>1and 1<k <r,

Pi(T% =n, T =T¢%) Pi(T =T¢) y K
Pi(T%—=n,T=T%) P(T =Ta—) ya—
(ii) foreachn>1and1 <k <r,

(47) Pi(T%=n|T =T%) = P(T% =n|T =T%").

(46)

PROOF. This corollary follows directly from Theorem 4.1. [

REMARK 4.4. We have seen that the generalized Haldane equality has many
variations which are closely related. These results, which include Theorems 3.3
and 4.1, Corollaries 3.12, 3.15 and 4.3, will be collectively referred to as the gen-
eralized Haldane equalities in the following discussion.
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5. Generalized Haldane equalities for continuous-time Markov chains. In
this section, we shall prove the generalized Haldane equalities for continuous-time
Markov chains. Let X = (X;);>0 be an irreducible and recurrent continuous-time
Markov chain with denumerable state space S and transition rate matrix Q = (g;;).

Before we state the generalized Haldane equality, we give the definition of the
strengths of cycles for continuous-time Markov chains.

DEFINITION 5.1. Letc = (i1, i2, ..., is) be acycle. Then the strength of cycle
c is defined as

(48) Y = qiinGizis - iiy -

The generalized Haldane equality, which characterizes the symmetry of the
forming times of a family of similar cycles, is stated in the following theorem.

THEOREM 5.2. Let c1,¢2,...,¢, be a family of similar cycles. Let T =
min{7T, T, ..., T}. Then:
(i) foreacht >0andany 1 <k,l <r,
49) P(T% <t, T =T¢%) B P(T =T¢%%) B yck'
P(T¢ <t, T=T¢<) P(T=Ta) ya’

(i) foreacht > 0,

P(T9 <t|T =T) = P(T? <{|T = T?)
(50)
::P(Tcr§t|T:Tcr)

PROOF. Itis easy to see that (ii) is a direct corollary of (i). Thus, we only need
to prove (i). Let ¢ > O be an arbitrarily fixed time. For each m > 1, let

(51) Y)' = Xni/m-

Then Y™ = (Y)"),>0 is an irreducible and recurrent discrete-time Markov
chain with transition probability matrix P, = (p;;j(t/m)), where p;;(t/m) =
Pi(X;/m = j). Let T™° be the forming time of cycle ¢ by Y™. Let T" =
min{7"-t, T2 T"™}

Since X is irreducible and recurrent, it must be nonexplosive, which implies
that X can only complete a finite number of jumps by time ¢. Thus, for any w € €2,
when m is sufficiently large, r/m is less than any of the waiting times of X (w)
by time 7. This means that the occurrence of the event {T* < ¢, T = T} implies
the occurrence of the event {77 <m, T™ = T™ %} when m is sufficiently large.
Thus, we obtain that

o0
() {T™% <m, T™ =T"™%).
1m=N

(52) {T% <t,T=T%} C

TC2
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Similarly, it is easy to see that the occurrence of the event {7 > ¢} implies the oc-
currence of the event {T""“* > m} when m is sufficiently large, and the occurrence
of the event {T' < T <t} implies the occurrence of the event {T™ < T"™% < m}
when m is sufficiently large. Thus, we obtain that

{T% <1, T =T%}"
=|{T% >t} U{T <T% <t}

o (Ao < <o)

This shows that
o0 o0
(54) m U {Tm,ck Em,TMZTm’Ck}C{Tckft,TZTck}.
N=1m=N
By (52) and (54), we have

(55) {Tck <t,T= Tck} = lim {Tm’ck <m, T" = Tm’ck}.

m—0o0

By the dominated convergence theorem, we obtain that

(56) P(T* <t,T= TC") = lim P(Tm’c" <m, T" = Tm’c").
m—00
Let ¢, = (if, i’z‘, e, if) and ¢; = (ii, ié, e ié). By Theorem 3.3, we have
P(T% <t, T =T¢%) L P(T™% <m,T™ = T"™c)

P(T< <1, T=T¢) moto P(IMe <m, T = Tmel)
p,’f,"g (t/m)Pi§i§ (t/m)--- pijfi/f (t/m)

(57) = lim
m—00 pi{ié (t/m)piéié /m)--- piéii (t/m)
_ qikikdikik - dikik _ v
qititditit - digl Ve

This completes the proof of this theorem. [J

We can also obtain the following results parallel to those for discrete-time
Markov chains.
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COROLLARY 5.3. Let c1,c¢3,...,cr be a family of similar cycles. Let T =
min{7T, T, ..., T}. Then foreacht >0and 1 <k <r,
(58) P(T<t,T=T% =P(T <t)P(T =T%).

PROOF. The proof of this corollary follows the same lines as that of Corol-
lary 3.12. O

COROLLARY 5.4. Letc=(i1,i3,...,15) be a cycle. Then:
(i) foreacht >0,

P(TC<t,T°<T) P(T°<T)  GiiGiris " Gigiy |

(59) - - ’
P(T—<t, T~ <T¢) P(T™<T  qi,iGisis_, " Dirir

(ii) foreacht > 0,
(60) P(TC<t|T*<T)=P(T <t|T™ <T°);
(iii) for eacht > 0,

61)  P(TSAT™ <t,TC<T)=P(T° AT~ <t)P(T <T).

PROOF. This corollary follows directly from Theorem 5.2 and Corollary 5.3.

O
THEOREM 5.5. Letcy,ca,...,c, beafamily of cycles passing through a com-
mon statei. Let T = min{T!, T2, ..., T }. Assume that c; and c; are similar for

some two indices 1 <k,l <r. Then:

(i) foreacht >0,
P(T%<t,T=T% P(T=T% y%
P(T9 <t,T=T%) P(T=T% ya’
(ii) foreacht > 0,

(63) P(T*<t|IT =T%) =P(T" <t|T =T).

(62)

PROOF. Itis easy to see that (ii) is a direct corollary of (i). Thus, we only need
to prove (i). Let # > O be an arbitrarily fixed time. For each m > 1, let

(64) Y)' =Xnt/m.

Then Y™ = (Y;"),>0 is an irreducible and recurrent discrete-time Markov
chain with transition probability matrix P, = (p;;(t/m)), where p;;(t/m) =
Pi(X;/m = j). Let T™° be the forming time of cycle ¢ by Y™. Let T" =
min{7"-t T2 Ty,
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By an argument similar to the proof of Theorem 5.2, we can obtain that

(65) [T <1, T =T%} = lim {T™% <m, T™ = T™%].

m—0o0

By the dominated convergence theorem, we obtain that

(66) P,'(Tck <t, T = Tck) = lim Pi(Tmka <m, Tm — Tm,Ck)_
m—0o0
_ ik ok Ny il sl .
Let ¢ = (i}, i35, ...,iy) and ¢; = (i}, I, ..., iy). By Theorem 3.3, we have
P(T*<t, T=T% . P(T"™%<m,T" =T"%)

Pi(T <1, T =Tc) _ mooo P(TMe <m, Tm = Tmer)
pi’filz( (t/m)pilzcié( (t/m) te pi!filf (t/m)

(67) = lim
m—00 piiié(t/m)piéié (t/m)--- piéii (t/m)
Gty
qititditit il Ve

This completes the proof of this theorem. [J

COROLLARY 5.6. Let cy,c2,...,cr be a family of cycles passing through a
common state i. Let T = min{T°, T'=, ..., T, T~}. Then:

() foreacht >0and 1 <k<r,

P(T%<t,T=T%  P(T=T% _ y%

(68) - -,
P(To~ <1, T=T%") P(T=T4") ya-

(ii) foreacht >0and 1 <k <r,

(69) Pi(T* <t|T =T%) = P(T% <t|T =T%").
PROOF. This corollary follows directly from Theorem 5.5. [J

6. Large deviations and fluctuations of sample circulations. The general-
ized Haldane equalities established in the above sections have wide applications.
One of the most important applications is to study the circulation fluctuations for
Markov chains. In this section, we shall prove that the sample circulations along
a family of cycles passing through a common state satisfy a large deviation prin-
ciple with a good rate function. Particularly, we shall use the generalized Haldane
equalities to prove that the rate function has a highly nonobvious symmetry, which
is closely related to the Gallavotti—-Cohen-type fluctuation theorem in nonequilib-
rium statistical physics.
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6.1. Preliminaries. In order to study the large deviations of the sample circu-
lations, we need some results about the large deviations of Markov renewal pro-
cesses. To avoid misunderstanding, we recall the following two definitions.

DEFINITION 6.1. Let (us)s~0 be a family of probability measures on a Polish
space E. Then we say that (u;)s~0 satisfies a large deviation principle with rate ¢
and good rate function [ : E — [0, oo] if:

(i) for each o > 0, the level set {x € E : I (x) < «} is compact in E;
(i1) for each closed subset F of E,

1
(70) limsup —log u; (F) < — inf I(x);
t—00 t xeF

(iii) for each open subset U of E,

1
an liminf —log u;(U) > — inf I(x).
t—00 t xeU

DEFINITION 6.2. Let & = (§,),>0 be an irreducible discrete-time Markov
chain with finite state space E. Assume that each x € E is associated with a Borel
probability measure ¢, on (0, co). Let (7,),>1 be a sequence of positive and finite
random variables such that conditioned on (&,),>0, the random variables (7;,);>1
are independent and have the distribution

(72) P (1 € |(En)n=0) = pz,_, ().
Then (&, T,+1)n>0 is called a Markov renewal process.
The following lemma, which is due to Mariani and Zambotti, shows that the

empirical flow of Markov renewal processes satisfies a large deviation principle
with a good rate function.

LEMMA 6.3. Let Z = (§,, Th+1)n=0 be a Markov renewal process. Let T, =
Y i—1 Tk be the nth jump time of Z. Let Ny = inf{n > 0: T),1 > t} be the number

of jumps of Z by time t. Let Q; € C(E x E, [0, 0)) be the empirical flow of Z by
time t defined as

N,
1 t
(73) 0i(x,3) =~ 3 lg=x.br1=0)-
n=0

Then the law of Q; satisfies a large deviation principle with rate t and good rate
function I : C(E x E, [0, 00)) — [0, o0]. Moreover, the rate function I is convex.

PROOF. The proof of this theorem can be found in [29], Theorem 1.2. [
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6.2. Large deviations of sample circulations. In this paper, we only consider
the large deviations of the sample circulations for continuous-time Markov chains.
Using similar but simpler techniques, we can obtain parallel results for discrete-
time Markov chains.

Let X = (X;);>0 be an irreducible and recurrent continuous-time Markov chain
with denumerable state space S and transition rate matrix Q = (g;;). We next give
the definition of the sample circulations for Markov chains.

DEFINITION 6.4. Let T,y be the nth forming time of cycle c. Let N/ = inf{n >
0:7,, | > t} be the number of times that cycle c is formed by X up to time 7. Then
the sample circulation J along cycle c by time ¢ is defined as

o
(74) Jf =Ny

and the sample net circulation K/ along cycle ¢ by time ¢ is defined as K[ =
JE=J.

We next recall the definition of the circulations for Markov chains.

DEFINITION 6.5. The circulation J¢ along cycle c is defined as

(75) J¢= lim Jf, a.s.

1—00

and the net circulation K¢ along cycle c is defined as K = J¢ — J¢™.

Intuitively, J€¢ represents the number of times that cycle ¢ is formed by X per
unit time and K¢ represents the net number of times that cycle ¢ formed by X per
unit time.

REMARK 6.6. It can be proved that the almost sure limit in (75) exists when-
ever X is irreducible and recurrent and the limit is a nonnegative constant indepen-
dent of the initial distribution of X. When X is positive recurrent, the proof of the
above fact is due to the Qian’s [21, 35]. When X is null recurrent, it is easy to see
that J¢ = K¢ = 0 for each cycle c.

We have defined the forming time of a single cycle in Definition 2.11. We shall
now define the forming time of multiple cycles.

DEFINITION 6.7. Let c1,ca,...,c, be a family of cycles and let T, ', 7,2,
..., I,7 be their nth forming times. Then the nth forming time 7, of cycles
€1,¢2,..., ¢ is defined as the nth order statistics of the set {Tp,', T*, ..., TS :

m > 1}.
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If we only focus on the forming of cycles by a Markov chain, instead of the
specific state transitions, then we can obtain a Markov renewal process, as shown
in the following lemma.

LEMMA 6.8. Letcy,ca,...,cr be afamily of cycles passing through a com-
mon state i and assume that y* > 0 for some 1 <k <r. Let T, be the nth forming
time of cycles c1,c3,...,cr. Let T, =T, — T,,_1. Let &, be a random variable
defined as

c1, if the trajectory of X forms cycle c| at time Ty,

c2, if the trajectory of X forms cycle ¢ at time T,
76)  Er=1""

cr, if the trajectory of X forms cycle ¢, at time T,,.

Then under P;, (&,, Tn)n>1 is a Markov renewal process.

PROOF. Since X9 =i and ¢y, ¢, ..., ¢, pass through i, it is easy to see that
Xr, =1 for each n > 1. By the strong Markov property, the random sequence
(&n, Tn)n>1 1s an i.i.d. sequence. This shows that (§,),>1 is a Markov chain with
state space £ = {c1,c2,...,cr}. Note that we have assumed that y% > 0 for
some k. By Proposition 2.12, we see that 7, < T ¢ < 00, a.s. for each n > 1.
This shows that (t,),>1 is a sequence of positive and finite random variables.

Since (&,, T4)n>1 is an i.i.d. sequence, for any bounded measurable function
f1, .., fnon (0,00), it is easy to see that

Ei(fi(z) - fu(@)|(En)n=1)
== Ei(fl (Tl)|(€n)nzl) te El(fn(tn)l(%_n)nzl)

Moreover, for any Borel set A in (0, 00),

(78)  Pi(tn € AlEp)n=1) = Pi(tn € Al€n) = Pi(t1 € Al§1 = X)|x=g, = 5, (A),

where ¢, (A) = P; (11 € Al§1 = x). The above two equations show thateach x € E
is associated with a Borel probability measure ¢, on (0, o0) and conditioned on
(&1)n>1, the random variables (7,),>1 are independent and have the distribution
P;(ty € -|(§1)n>1) = ¢, (-). This shows that (§,, 7,),>1 is a Markov renewal pro-
cess. [

(77

The large deviation principle of the sample circulations is stated in the following
theorem.

THEOREM 6.9. Letcy,ca, ..., cr beafamily of cycles passing through a com-
mon state i. Then under P;, the law of (Jtc1 , Jtcz, R Jtc’) satisfies a large deviation
principle with rate t and good rate function 12 : R" — [0, 0o].
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PROOF. We first consider the case when y“ = (0 for each k. By Proposi-
tion 2.12, we see that 7% = oo, a.s. for each k. This shows that Jf" =0, a.s.
for each k. In this case, the theorem holds trivially.

We next consider the case when y“ > 0 for some k. By Lemma 6.8, we see that
(&n, Tw)n>1 1s a Markov renewal process with state space E = {c1, ¢, ..., ¢/ }. Let
Ny =inf{n > 0: T, 41 > t} be the number of jumps of the Markov renewal process
by time t. Let Q; € C(E x E, [0, 00)) be the empirical flow of the Markov renewal
process by time ¢ defined as

N,
1 M
(79) Ql‘(-x’ y) = ; Z l{én:xs%_tz+1:y}'
n=1

Note that for each k,

(80) Jek —N"‘ Z lg, =y = Y Orlck, y).

yeE

We define a continuous map F : C(E x E, [0, 00)) = R" as

@81) F(Q>=(Z ER ZQ(cr,w).

yeE yeE

Thus, we have

(82) (J' . I = F(Q)).

By Lemma 6.3, the law of Q; satisfies a large deviation principle with rate ¢ and
good rate function [ : C(E x E, [0, 00)) — [0, co]. Using the contraction princi-
ple, we see that the law of (J,, ..., J") satisfies a large deviation principle with
rate ¢ and good rate function /¢-¢ : R” — [0, co] which can be represented as

(83) [t ()= inf  1(Q).
QeF1(x)

This completes the proof of this theorem. [J

6.3. Circulation fluctuations for Markov chains. We have proved that the sam-
ple circulations along a family of cycles cy, ¢, ..., ¢, passing through a com-
mon state satisfy a large deviation principle with rate ¢ and good rate function
[€1°2-¢ In general, it is very difficult to obtain an explicit expression of the rate
function /€12~ However, we can use the generalized Haldane equalities to
prove that the rate function /¢!-“2>~“ has a highly nonobvious symmetry, whose
specific form is given in the following theorem.
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THEOREM 6.10. The notation is the same as in Theorem 6.9. Assume that
cx and c; are similar for some two indices 1 < k,l <r. Then the rate function

€12 has the following symmetry: for any x1,x2, ..., x, € R,
T2 (X, o Xy ey Xy ee ey Xp)
(84)
=10 (e, X e Xy ey Xy ) — <10g e )(xk —X7).

The above theorem shows that if ¢; and ¢; are similar, then the rate function
I€1-¢2-Cr gatisfies a symmetric relation under the exchange of the arguments x
and x;. In order to prove the above theorem, we need several lemmas.

LEMMA 6.11. The rate function 112 s convex.

PROOF. Note that the map F defined in (81) is linear. This fact, together with
(83), shows that foreachO <A < 1 and any x,y € R,

Ic1 ..... C’(Ax+(1 _k)y): inf I(Q)
QeF~1(x+(1-1)y)
(85) < inf 1(Q)
QELF—1 (x)+(1-2) F~1(y)
_ inf I(AQ+ (1 —MR).

N QeF~1(x),ReF~1(y)

By Lemma 6.3, the rate function / is convex. Thus, we obtain that

I (x + (1= 2A)y) < inf AM(Q)+ (1 —2)I(R)
QeF~1(x),ReF~1(y)
(86) =A inf I(Q)4+{1—-A) inf I(R)
QeF~1(x) ReF~1(y)

— )\’IC‘] ..... Cr (x) _|_ (1 _ )\’)161 ..... Cr (y).

This completes the proof of this lemma. [
The following lemma follows directly from the generalized Haldane equalities.

LEMMA 6.12. Letcy,ca, ..., cr be a family of cycles passing through a com-
mon state i. Assume that cy and c; are similar for some two indices 1 <k,l <r.
Let T =min{T, T, ..., T}. Then for each t > 0,

87  P(T<t,T=T% =P(T<t,T=T%AT)P;(T% < T).

PROOF. By Theorem 5.5(i), we have

88) P(T<t,T=T% P(T=<t,T=T* AT T%<T% y%
P(T<t,T=T% P(T<t,T=T%ATa, T <T%) ya’
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Using Theorem 5.5(i) again, we have

P(T*ANTU=T%) P(T*<TT) y%
P(T% AT =Tc)  P(T <T%) ya
Combining the above two equations, we obtain that

P(T <t,T=T%ATYT% < T%)

(89)

(90)
=P(T <t,T =T% AT T < T%).

This implies that
91) P(T<t,T=T*ANTUT* <T)=P(T <t,T=T%AT).
Thus, we obtain that
P(T<t,T=T*=P(T<t,T=T*AT", T*<T)
(92) =P(T<t,T=T*ATT* <TYP(T* <T)
=P(T<t,T=T*ANT)P(T* <T),
which gives the desired result. [J
The following lemma, whose proof strongly depends on the generalized Hal-

dane equalities, characterizes the symmetry of the joint distribution of the sample
circulations.

LEMMA 6.13. Let N be the set of nonnegative integers. Let c1, ca, ..., cr be
a family of cycles passing through a common state i. Assume that cy and c; are
similar for some two indices 1 <k,l <r. Then for any ny,na,...,n, € N,
Pi(N/'=ny,...,N*=ny,....,N'=ny,...,N" =n,) ()/Ck)”k”l

93 -
©3) Pi(N/'=ny,...,N*=n;,...,N' =ng,...,N" =n,) ye

PROOF. We only need to prove this lemma when k = 1 and / = 2. The proof
of the other cases is totally the same. To simplify notation, let N =n; +--- + n,
and let

94) p=P(T <T?), qg=P(T?<T).

Let T, be the nth forming time of c1,c2,...,c. Let t, =T, — T,—1. Let &, be
the random variable defined in (76). Note that &, = ¢ if and only if X forms
¢k at time T,. By distinguishing which one of cy, 2, ..., c, is formed at times
Ty, T», ..., Ty, we obtain that

P;(N{' =ny,..., N =n;)
= Z Pi(Ty <t <Tni1,En=cy forthosem € Ay, ..., &, =c;

for those m € A,),
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where the sequence of sets Ay, ..., A, ranges over all partitions of {1,2,..., N}
such that Card(Ay) = ny for each 1 < k <r. Then Lemma 6.12, together with the
fact that (§,, t,),>1 1s an i.1.d. sequence, shows that

P;(N{'=ni, N> =ny, Ny =n3,..., N/ =n,)

= > Pi(Tv <t <Ty41,6m € {c1, 2} forthose m € A; U Ay,

&n = c3 for those m € A3, ..., &, = ¢, for those m € A,)p"'¢"

= Z P;i(Ty <t <Tn+1,&m € {c1, 2} for those m € By,

&n = c3 for those m € B, ..., &y = ¢, for those m € B,)C,,!,, p"'q™

=Pi(N{'+ N> =n14+na, N> =n3, ..., N =n,)Cpl,,p"'q",

where the sequence of sets By, ..., B, ranges over all partitions of {1,2,..., N}
such that Card(B;) = n1 + ny and Card(By) = ny for each 3 < k < r. By Theo-
rem 5.5, it follows that

Cc C C c
Pi(N;' =ni, N> =na, N> =ns, ..., N/ =n,)
c ¢ c ¢ "
:Pi(Ntl + N2 =ny+ny, N =ns,...,N/” :nr)cnll+n2pn1qn2

(95) = P;(N{' + N> =ny; +na, N* =ns, ..., N7 =n,)
ni—nj
X C::ll+nzpn261nl(£>
q

) ] . )/Cl ni—np
:P,-(N,”:nz,Nfzzn],Nt3:ng,...,N,C’:nr)( ) ,
which gives the desired result. [J

The following lemma shows that the moment generating function of the sample
circulations has a certain symmetry.

LEMMA 6.14. Letcy,ca, ..., cr be a family of cycles passing through a com-
mon state i. Assume that ¢y and c; are similar for some two indices 1 <k,l <r.
Let

(96) g(h, o A) = El.eMNtcl-Q-m—i-)»err — Eiet()»lf;cl+-~~+)LrJ,C’).
Then for eacht > 0 and any Ay, ..., Ay €R,

8t(Al, ooy ALy oy ALy ey A
97)

y* Yk
:gt()q,...,)»l—log—,...,Ak+log—,...,kr>.
y A
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PROOF. We only need to prove this lemma when k = 1 and / = 2. The proof
of the other cases is totally the same. By Lemma 6.13, we have

gt()\‘l9)"25)"37"'5)"r)

E; N RN N e N

— Z eklnl-l—----l—krnrpi(Nt —I’l],N —nz,N 3 =3, ""Ntcr =nr)

ni,....,nr€N
Ang A cl ) c3 c
= > St (NS =ny, Nf*=ni, N> =n3,..., N =n;)
ny,...,ny€N

y I\
X S
(y”)
c C
(hi+Hog Loy yni+(a—log Loy Inp+hznz -4 hony
= Z e y2 y2
ny,...,n€N
x Pi(N;' =na, Ny>=ni, N> =ns, ..., N/ =n,)

_ ot %)Nf1+(kl+10g ;Tz)Nfzx3Nf3+---+ArN:"
c1

Y ye!
—gt<kz—log M—i—log ,...,Ar),

which gives the desired result. [J]

The following result is a strengthened version of Varadhan’s lemma in the large
deviation theory.

LEMMA 6.15. Let (i4t)s=0 be a sequence of probability measures on a Polish
space E which satisfies a large deviation principle with rate t and good rate func-
tion I : E — [0,00]. Let F : E — R be a continuous function. Assume that there
exists y > 1 such that the following moment condition is satisfied:

1
(98) limsup — log f e’ FO g, (x) < .
t—oo E
Then
(99) lim —log / e dpy (x) = sup(F (x) — 1 (x)).
=00 f xeE

PROOF. The proof of this lemma can be found in [9], Theorem 4.3.1. [

Using the above lemma, we can obtain the following result.
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LEMMA 6.16. The notation is the same as in Lemma 6.14. Then for each
reR,

1 . .
(100) t1—1>rgo A log g; (1) = sup {)L cx — JE1C2nsCr (x)}

xeR”

PROOF. Let A =(A1,...,A;). By Theorem 6.9, the law of (J,Cl, e, Jtc’) sat-
isfies a large deviation principle with rate ¢ and good rate function /<!>~ . By
Lemma 6.15, the result of this lemma holds if the following moment condition is
satisfied for each y > 0:

. 1 ‘1 cr
(101) limsup — log Eje?! 1/t +-2 i) < o,

t—oo I
Note that

E;eV! O ot ) < v INT ety I NG
(102) p .
< EieV“(Nfl+"'+NfLr) = E;e?*MNi,

where o = max{|r{],...,|A/|} and N; = inf{n > 0: T,,+| > ¢} is the number of
times that ci,...,c, are formed by X up to time ¢. Since Xo = i, in order to
form any one of cy,...,c,, X must first leave state i. This shows that the nth
forming time 7}, of cy, ..., ¢, is larger than the sum of n independent exponential

random variables with rate g;, where ¢; = }_;; gij. This further implies that N;
is stochastically dominated by a Poisson random variable R; with parameter g;t.
Thus, we obtain that

0 o0
E;eV N :/ yae'*  Pi(N; > x)dx < f yae'*  Pi(R; > x)dx
-0 -0
(103)

o yan (@it)"
=Eje’*f =" eyo‘”#e_qi’ =exp((e”* — 1)g;t).
n=0 ’

This shows that

. 1 ‘1 C . 1
limsup — log Eje?" 1/ ++4 ") < Jimsup — log Eje?*™
t—oo I t—oo I

(104)
< (" —1)g;i < 0.

This completes the proof of this lemma. [
REMARK 6.17. Lemma 6.16 shows that

1 e e
(105) Jim ~log g,() = (1°%77)* 1),
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where ([€1¢2--¢r)* jg the Legendre—Fenchel transform of the rate function
[¢1¢2-¢  Recall that the Legendre—Fenchel transform of a function f : R" —
[—o0, 00] is a function f*:R" — [—o00, 0o] defined by
(106) ff)=sup{r-x — F(x)}.

xeR"

The following lemma, which is called the Fenchel-Moreau theorem, gives the
sufficient and necessary conditions under which the Legendre—Fenchel transform
is an involution. Recall that a function f : R" — [—o0, oo] is called proper if
f(x) < oo for at least one x and f(x) > —oo for each x.

LEMMA 6.18. Let f : R" — [—00, 00] be a proper function. Then f** = f if
and only if f is convex and lower semi-continuous, where f** = (f*)*.

PROOF. The proof of this lemma can be found in [6], Theorem 4.2.1. [J
We are now in a position to prove the symmetry of the rate function /12,

PROOF OF THEOREM 6.10. We only need to prove this theorem when k = 1
and [ = 2. The proof of the other cases is totally the same. By Lemma 6.16, we
have

1
(107) Jim 108 g Gt ) = (1975 (hr ).
—00

By Lemma 6.14, we have

A y
(108) gtm,xz,xg,...,xr>=g,(xz—1ogﬁ,m+1ogﬁ,x3,...,xr>.

Combining the above two equations, we obtain that

(109) (1) Oty gy gy oy Ar)

c

c Ccr\ ¥ y ! VCI

:(11 ----- r) <A2—logﬁ,kl+logﬁ,k3,...,)\r).

By Theorem 6.9 and Lemma 6.11, /¢!~ is a good rate function which is also
convex. This shows that /¢!~ is proper, convex and lower semicontinuous. By
Lemma 6.18, we obtain that J€!>--¢ = (€1~ )** Thus, we have

ICI’...7C).(xl’x27-x3a-"7-x}’)
=(ICI’.‘.’cr)**('xl7'x29-x3a"'9-xr)
= sup  {Aixi oo Aexe — (F) (AL Ao, A3y e, A))
Ayeens Ar€R
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cy cl
_ Clyeeny cr\ ¥ _ 14 Y
(I ) ()»2 1Og—yc2,)»1—{—log—ycz,)»g,,...,)»r)}

o o
= sup {()\,1 —logy—c)xl + (Az—i—logy—c)xz—l—)»g)c3+---—i—err
A €R Y2 Y2

C1

=1 (X, X1, X3y e, X)) — <1Og y—)(xl —X2),
Y
which gives the desired result. [J

REMARK 6.19. Let

1 1 ¢ cr
(110) ¢(l) = lim —logg,(A) = lim - log E;e! %19 +4h ")
t—oo t t—oo t

The above proof shows that

(111) [0 (x) =g"(x) = sup {1 -x — g(M)}.
reR”

This equality is closely related to the well-known Gartner—Ellis theorem in the
large deviation theory. Roughly speaking, the Gartner—Ellis theorem claims that if
g(}) is differentiable everywhere, then the sample circulations J;', J/2, ..., JS"
must satisfy a large deviation principle with a good rate function which has the
form of (111). This is the routine approach to study the large deviations and fluc-
tuation theorems in nonequilibrium statistical physics. However, in some com-
plicated problems, it is extremely difficult to prove the differentiability of g(A).
Therefore, in this paper, we obtain the desired results with the aid of the large
deviations of Markov renewal processes without involving into the complex dif-
ferentiability issue.

Since a cycle ¢ and its reversed cycle c— must be similar, we obtain the follow-
ing corollary.

COROLLARY 6.20. Let cy,c2,...,cr be a family of cycles passing through
a common state i. Then under P;, the law of (J/', J'™, ..., ", J77) satisfies
a large deviation principle with rate t and good rate function [°1-17> 6=
R — [0, 0o]. Moreover, for each 1 < k < r, the rate function €117~ has
the following symmetry: for any x1, y1, -+, Xr, yr ERand 1 <k <r,
ICI,CI_,-N,Cr,Cr_(x]’ ylv oo ’xkv )’k, e 7~xi"a yi")
(112) :ICI’CI_ ..... Cr’cr_(xl,yl,---ayk,xk’---axr,)’r)

v
- <log ka_>(Xk — Vi)
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PROOF. This corollary follows directly from Theorems 6.9 and 6.10. [J

REMARK 6.21. The generalized Haldane equalities characterize the symme-
try of the forming times of a family of similar cycles. Theorem 6.10, Lemma 6.13
and Lemma 6.14, however, characterize the symmetry of the sample circulations
along a family of similar cycles from different aspects.

7. Applications in natural sciences.

7.1. Applications in nonequilibrium statistical physics. Markov chains are
widely used to model various stochastic systems in physics, chemistry and biology.
In nonequilibrium statistical physics, one of the most important concepts associ-
ated with a stochastic system is the entropy production rate. Let X = (X;);>0 be
an irreducible and recurrent continuous-time Markov chain with denumerable state
space S and transition rate matrix Q = (g;;). Then the sample entropy production
rate W, of X by time ¢ is defined as

1. Po(Xo)dxx,9%,%, 9%, X
W, = —log L L
t Pi(X)qx%,%,9%,%, " 4% X

N,XN,—l
(113)
1 PO(XO) Ty 4% X0
= - log - Zl o
t pt(Xt) i=0 le+1Xt

where p, = (p;(i)) is the probability distribution of X at time 7, X = (X,),>0 is
the embedded chain of X, and N, is the number of jumps of X by time . In recent
years, physicists found that the sample entropy production rate W; satisfies various
types of fluctuation theorems [22, 28, 42]. This discovery has been considered as
one of the most important results in nonequilibrium statistical physics in the last
two decades.

Interestingly, the sample entropy production rate of Markov chains can be de-
composed along different cycles [21, 36, 43]. Specifically, the sample entropy pro-
duction rate W, can be decomposed as

(114) Z Kf !,
where ¢ ranges over all cycles, K{ is the sample net circulation along cycle ¢, y¢
is the strength of cycle ¢, and the remainder W, collects the contributions of those
state transitions by time ¢ that do not form a full cycle. This implies that the sample
net circulation K along cycle c is proportional to the sample entropy production
rate of X along cycle c. Thus, it is nature to ask whether we can establish the
fluctuation theorems for the sample net circulations of Markov chains.
Fortunately, the generalized Haldane equalities established in this paper can be
used to study the fluctuation theorems for the sample net circulations. To make the
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readers understand the connections between our work and nonequilibrium statisti-
cal physics, we briefly state various types of fluctuation theorems for the sample
net circulations.

The following definition of the affinity originates from nonequilibrium statisti-
cal physics [43].

DEFINITION 7.1. Let ¢ be a cycle. Then the affinity of cycle c is defined as

c

: y
(115) p¢ =log =

Theorems of the following type are called transient fluctuation theorems in
nonequilibrium statistical physics.

THEOREM 7.2. Letcy,ca,...,c, be afamily of cycles passing through a com-
mon state i. Then for any ny,na,...,n € Zand 1 <k <r,

P(K{'=ni/t,....,K* =ni/t,..., K" =n,/t)
Pi(K'=ni/t,....,K* =—ni/t,....,K" =n,/t)

— kP

(116)

PROOF. We only need to prove this theorem when k = 1. The proof of the
other cases is totally the same. By Lemma 6.13, we have

Pi(K' =ni/t,...,K* =nk/t,...,Kfr =n,/t)

=P(N/' = N/'" =n, N> = N> =na,....,N =N~ =n,)
C C
= Z P,'(N,1=l1,Nt1 =m, N> =L, N> =my,...,
li—m1=ny,..., l,—m,=n,
=10, N =my)
= Z P,'(th:m],Nfl =1, Cz—lz,N2 =mo,...,
li—mi=ny,....l,—m,=n,

_ _ c
Ntcr:lr,Ntcr :m,)e(ll mi)ptl

= > Pi(N{' =11, N{'" =my, N2 =1, N> =ma, ...,

li—my=—ny,...,.l,—m,=n,

Ntcr — lr’ NtCr— — mr)enlp"l
= P(N{' = N{'" = —n1 N = NPT =na. .. N = Nf ™ =n,)e" "
=Pi(K{ =ni/t, .. K = —ni/t, .. KT =n,/t)e"P

which gives the desired result. [J

Theorems of the following type are called Kurchan-Lebowitz—Spohn-type fluc-
tuation theorems in nonequilibrium statistical physics.
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THEOREM 7.3. Letcy,ca, ..., ¢, be afamily of cycles passing through a com-
mon state i. Let
(117) hz()ul,...,)ur):Eiet()‘thlJr"'Jr)‘thcr).

Then foranyt >0, A1,..., A\ €R,and 1 <k <r,
(118) he(A ooy Ay ooy Ap) =ht()»1, e, _()\.k + pck), ...,Xr).

PROOF. We only need to prove this theorem when k£ = 1. The proof of the
other cases is totally the same. By Theorem 7.2, we have

h[()\‘lv)\'Za "'7)\'}")
— Ejo! MK+t K

— Z €k1n1+)\2n2+-~+krnr

x Pi(K{"=ni/t,K;*> =na/t,...,K;" =n,/t)

— Z e)»ln1+)»2n2+---+)»rnr

x P;(K;' = —ny/t,K* =na/t, ..., K" =nr/t)e”"oc1

— Z e()»l-i-p"‘)n1+?»2n2+-~~+)»rnr

= Eio! COtp DK 0K bt KT (L (0 4 1), Mgy . )

which gives the desired result. [J

Theorems of the following type are called integral fluctuation theorems in
nonequilibrium statistical physics.

THEOREM 7.4. Letcy,ca,...,cr be afamily of cycles passing through a com-
mon state i. Then for each t > 0,

(119) Eje—t (Kt 0K 02K )
PROOF. By Theorem 7.3, for any Aq, ..., Ar € R,
(120) Eief()lefl-&-----&-)»rKfr) — El.e—l‘(()\l-l—pCl)K,Cl+---+(Ar+pc’)Kfr)‘

If we take Ay = —p©* for each k in the above equation, we obtain the desired result.
g
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The large deviation principle of the sample net circulations and the symmetry
of the rate function are stated in the following theorem. Theorems of the follow-
ing type are called Gallavotti-Cohen-type fluctuation theorems in nonequilibrium
statistical physics.

THEOREM 7.5. Let cy,c2,...,¢r be a family of cycles passing through
a common state i. Then under P;, the law of (K;',K;*,...,K;") satisfies a
large deviation principle with rate t and good rate function I,C("C2 """ TR —
[0, oo]. Moreover, the rate function [ ,C<' 2 has the following symmetry: for any

X1, X2,....,x,€Rand1 <k <r,

(121) IIC("C2 ””” C’(xl,...,xk,...,xr):IIC(I’C2 """ Ty ooy =Xk e Xp) — Pk

PROOF. We only need to prove this theorem when k£ = 1. The proof of the
other cases is totally the same. Let F : R” — R’ be a continuous map defined as

(122) FOer, yis oo X, yr) = (01 = Y1, o0, X = Y1)
Then we have
(123) F(JS I I I ) = (K K.
By Corollary 6.20, the law of (J;', J/' ™, ..., J/", J ) satisfies a large deviation
principle with rate ¢ and good rate function /-1~ _Using the contraction
principle, we see that the law of (K, ..., K;") satisfies a large deviation principle
with rate ¢ and good rate function

II? """ 2y 2r)
(124)

= inf [EOT T (X Y1y Xy D)

X1=Y1=215Xr —Yr=2r

Thus, we have

C1,...,C
IK r(Zl,ZZ,---,Zr)
= inf T (0 Y1, X2, Y2, ey Xy Vi)
X1=Y1=20500s Xr—=Yr=2r
= inf [T T (yy, X0, X0, Y20 s Xy Vi)
X1 V1= seees Xr—Yr=2r
c
—p (1 —y1)
= inf T = (Y X1, X0, V2, oo ey Xy Vr)
YI—X1=—21,X2—Y2=22,.-+, Xr—=Yr=2r
—p'z1
Clyene c c
:IK r(_Z17Z27"'7Zr)_plzla

which gives the desired result. [J
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(a)

EP;

E

Vg

FI1G. 1. Markov chain models of enzyme kinetics. (a) The Markov chain model of single-substrate
enzyme kinetics. (b) The Markov chain model of multiple-substrate enzyme kinetics.

7.2. Applications in biochemistry. One of the most important branches of bio-
chemistry is enzyme kinetics, which studies chemical reactions catalyzed by en-
zymes. In recent years, it has been made possible to study enzyme kinetics at
the single-molecule level [11, 18, 32], in which case the concept of concentration
makes no sense and the behavior of enzymes must be studied in a single-molecule
way.

Let us consider the following three-step Michaelis—Menten enzyme kinetics [5,
16, 18]:

(125) E+S=ES=EP=E+P,

where E is an enzyme turning the substrate S into the product P. If there is only
one enzyme molecule, then it may transition stochastically among three states: the
free enzyme E, the enzyme-substrate complex ES and the enzyme-product com-
plex EP. From the perspective of a single enzyme molecule, the Michaelis—Menten
enzyme kinetics (125) can be modeled as a three-state Markov chain illustrated in
Figure 1(a).

However, single-substrate enzymes are actually rather rare in biochemistry [17].
If the enzyme E can catalyze multiple chemical reactions simultaneously with
substrates S, S2, ..., S, and products Py, P,, ..., P,, then the transition diagram
of the Markov chain model will contain multiple cycles passing through a common
state £, as illustrated in Figure 1(b).

We assume that the Markov chain illustrated in Figure 1(b) starts from state E.
If the Markov chain forms a clockwise cycle ¢; = (E, ESg, EPy), then the sub-
strate S is converted into the product Py for one time. Similarly, if the Markov
chain forms a counterclockwise cycle cy— = (E, EPy, ESk), then the product Py
is converted into the substrate S; for one time. Thus, the sample net circulation
K;* along cycle ¢, represents the net number of conversions from the substrate Sy
into the product Py per unit time and the quantity

(126) Wit =K/ p*
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represents the fluctuating chemical work done along cycle cx [17, 18, 33], where
p¢k is the affinity of cycle cx. In fact, the results of this paper can be directly applied
to establish the multivariate fluctuation theorems for the sample net circulations
along cycles cy, c2, ..., ¢, and the fluctuating chemical works done along cycles
€1, €2, ..., Cy. This shows that our work could have a broad application prospect
in biochemistry.
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