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TRACKING A RANDOM WALK FIRST-PASSAGE TIME
THROUGH NOISY OBSERVATIONS

BY MARAT V. BURNASHEV! AND ASLAN TCHAMKERTEN?
Russian Academy of Sciences and Telecom ParisTech

Given a Gaussian random walk (or a Wiener process), possibly with
drift, observed through noise, we consider the problem of estimating its first-
passage time ty of a given level £ with a stopping time n defined over the
noisy observation process.

Main results are upper and lower bounds on the minimum mean absolute
deviation inf; E|n — 7| which become tight as £ — oo. Interestingly, in this
regime the estimation error does not get smaller if we allow 7 to be an ar-
bitrary function of the entire observation process, not necessarily a stopping
time.

In the particular case where there is no drift, we show that it is impossible
to track 7y infy, E|n — 7|7 = oo for any £ > 0 and p > 1/2.

1. Introduction. The tracking stopping time (TST) problem, recently intro-
duced in [5], is formulated as follows. Let X = {X;};>0 be a stochastic process and
let T be a stopping time defined over X. A statistician has access to X only through
correlated observations Y = {Y;};>0 and wishes to find a stopping n that gets close
to t, for instance, so as to minimize the average absolute deviation E|n — t|. For
specific applications of the TST problem formulation related to monitoring, fore-
casting and communication, we refer to [5].

In [5], an algorithmic solution is proposed for discrete-time settings where the
(X¢, Yy)’s take on values in a common finite alphabet (otherwise X and Y are arbi-
trary processes) and where 7 is bounded. What motivated an algorithmic approach
to this problem is that the TST problem generalizes the Bayesian change-point
detection problem, a long-studied problem that dates back to the 1940s, and for
which nonasymptotic solutions are known to be hard to obtain.

In the Bayesian change-point problem, there is a random variable 6, taking
on values in the positive integers, and two probability distributions Py and P;.
Under Py, the conditional density function of Z; given Zi,Z>,...,Z;—1 is
fo(Z:1Z1, Z5, ..., Z;_1), for every t > 0. Under Py, the conditional density func-
tion of Z; given Z1, Z», ..., Zi—11s f1(Zi|Z1,2Z>, ..., Z;_1), forevery t > 0. The
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observed process Y = {Y;};>0 is distributed according to Py for all # < 6 and ac-
cording to P; for all ¢+ > 6. The problem typically consists in finding a stopping
time 1, with respect to {Y;}, that is, close to .

Nonasymptotic results for the Bayesian change-point problem have been re-
ported mostly for the i.i.d. case where, conditioned on the change-point value, ob-
servations are independent with common distribution Py and P; before and after
the change [6, 71.3

The TST problem can be seen as a Bayesian change-point problem whose
change-point 7 is a stopping time defined with respect to an unobserved process X
that depends on the observed process Y. What specifically differentiates a TST
problem from a Bayesian change-point problem is that for the latter we always
have the identity

PO =k|Yo, Y1,..., Yy, k>n)=P0O =klk > n), k >n.

In contrast, the above identity with 6 = t need not hold for a TST problem. Be-
cause of this, past observations are in general useful for estimating t. Furthermore,
the observed process Y has usually memory once conditioned on 7.* This is what
makes the TST problem hard.

In this paper, we investigate the natural setting case where X is a Gaussian
random walk (or a Wiener process) possibly with drift, where Y is a noisy version
of X, and where 7 is the first time when X reaches a given level £. We establish a
lower bound on inf,, E[ — 7|, where the infimum is over all stopping times with
respect to Y, then exhibit a stopping rule that achieves this bound as £ — oo. In
the case where X does not drift, we show that E|n — t| = oo for any £ > 0 and any
estimator 7, not necessarily a stopping time.

Throughout the paper the following notational conventions are adopted. We
use 7 to denote a function of the observation process ¥ = Y5°. When 7 has no
argument, we mean that 7 is a stopping time with respect to Y. Instead, if 1 has
an argument, we mean that n is a function of its argument which need not be a
stopping time with respect to Y. For example, 1(Y;) refers to a function of obser-
vation Y;.

Further, we frequently omit arguments of functions (or estimators) that appear
in expressions to be optimized. For instance, instead of

inf E|n(Y;) — el”,
n(Yr)

we simply write
inf E|n — 1¢|?
n(Yr)
to denote an optimization over estimators of 7, that depend only on observation Y;.
Section 2 contains the main results and Section 3 is devoted to the proofs.

3An exception is [8] which considers Markov chains, but of finite state.
4Unless the TST problem under consideration reduces to a Bayesian change-point problem with
independent observations before and after the change.
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2. Main results. Consider the discrete-time processes

t
X: Xo=0, X;=) Vi+st, t>1,
i=1

t
Y: Yo=0, Yi=X+e) W, t>1,
i=1
where Vi, Vo, ... and Wi, W», ... are two independent sequences of independent
standard (i.e., zero-mean unit variance) Gaussian random variables, and where
s >0 and ¢ > 0 are arbitrary constants.
Given the first-passage time

p=inf{t >0: X, > ¢}

for some arbitrary known level £ > 0, we aim at finding a stopping time with
respect to the observation process Y that best tracks 7,. Specifically, we consider
the optimization problem

2.1 irr}fEln — 10/,

where the infimum is over all stopping times 1 defined with respect to the natural
filtration induced by the Y process.

To avoid trivial situations, we restrict £ and ¢ to be strictly positive. When £ =0
or e =0, (2.1) is equal to zero: for £ =0, n = 0 is optimal, and for e =0, n = 14 is
optimal.

Define the stopping time

nt Linf(r > 0: X, > ¢},

where

5 def o def 1
Xo=0 and X; =st+ ——=(Y; —st), t>1,
0 t 1+82(t ) -

is the minimum mean square estimator of X; given observation Y;.
The following theorem provides a nonasymptotic upper bound on (2.1):

THEOREM 2.1 (Upper bound). Given0 <¢ < 00,0 <s <ooand0 < £ < oo,
we have

Ejn? < 20g2
_‘E —
T =\ 230162
[ 42 ¢ \4 \/?
22 3 302 43546
22 + S2(1+82)|:<27[S3> + s+ s+

4 4
+ ——+-+4
sV1l+e2 s
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The next theorem provides a nonasymptotic lower bound on E|n(Y5®) — 7| for
any estimator 7(Y;) of 7, that has access to the entire observation sequence Y;°.
The function Q(x) is defined as

def 1™ o
Ox) = \/E./x exp(—u~-/2)du.

THEOREM 2.2 (Lower bound). Given0 <e <00,0<s <ooand(0 < { < oo,
and any integer n such that 1 <n <{/s,

2ne?
n(Y5®) V 7ws2(1 +¢2)

_( 2n )1/4_ 200 —sn)4 6

_2_2
356

2.3
(2:3) ws3 s

—@n? /s +n'20/5)Q((t — sn)//n) 2.

When n approaches ¢/s and £/s tends to infinity in a suitable way, the upper and
lower bounds (2.2) and (2.3) become tight. The following result is an immediate
consequence of these bounds by considering n of the form n = [£/s — (£/s)9],
1/2 < g < 1, in Theorem 2.2°:

THEOREM 2.3 (Asymptotics). Let g be a constant such that 1/2 <q < 1. In
the asymptotic regime where

¢N\d—1/2 N1—a g2
(O e ()7
s s 14 &2
4

£
s£7(1 T — 00,

we have
(i?OfO)Em — 1| =(1+0(1)E|n; —
n
2.4) ’
202
= [— (1 1)).
w3 1en o)

In particular, the equalities in (2.4) hold in the limit £ — 00 for fixed 0 < & < 00
and 0 < s < 00.

5 |x | denotes the largest integer not greater than x.
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Theorem 2.3 says that the sequential estimator 7} does as well as the best es-
timators with the foreknowledge of the entire observation process Y, asymptoti-
cally.® Part of the reason for this is that 7, concentrates around £/s. Hence, re-
stricting estimators to depend only on finitely many observations induces no loss
of optimality, asymptotically.

Consider now the setting where >!_, V; and }_i_, W; are replaced by standard
Wiener processes, that is, with the X and the Y processes defined as

X: Xo=0, X; = B; + st fort > 0,

Y: Yy=0, Y =X;+eN; fort > 0,
where {B;};~0 and {N;};~¢ are two independent standard Wiener processes. The
previous results easily extend to the Wiener process setting. Indeed, the analysis
is simpler than for the Gaussian random walk setting as there is no excess over
the boundary (variously known as overshoot) for a Wiener process—the value of
a Wiener process the first time it reaches a certain level is equal to this level.

Theorems 2.4, 2.5 and 2.6 are analogous to Theorems 2.1, 2.2 and 2.3, respec-
tively.

THEOREM 2.4 (Upper bound, Wiener process). Given 0 <¢& < 00,0 <5 <00
and 0 < £ < 00, we have

25) Ty +\/ 36e” < : )1/4
. — T .
T =N TA+ 53 V(1 +62)52 \ 2783

THEOREM 2.5 (Lower bound, Wiener process). Given 0 <& < 00,0 < s <
00, 0 < £ < 00, and n such that 0 <n < £/s, we have

2ne? 2n \4 200 -
inf Ely—7|> |5 2_( ”) _ [RE=sm)y
n(Y§®) ws2(1+¢€%) m3s’ s3

— @3 - n/s +n'20/5)Q((€ — sn)//n)' 2.

The following theorem is an immediate consequence of Theorems 2.4 and 2.5.

THEOREM 2.6 (Asymptotics, Wiener process). Theorem 2.3 is also valid in
the Wiener process setting.

When there is no drift, that is, s = 0, it turns out that (2.1) is infinite for all £ > 0

and ¢ > 0. In fact, Theorem 2.7 below, which is valid in both the Gaussian random
walk and the Wiener process settings, provides a stronger statement:

617(Y(‘)’O ) need not be a stopping time according to our notational conventions.
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THEOREM 2.7. Lets =0,0<e <ooand £ >0, and let f(x), x >0, be a
nonnegative and nondecreasing function such that

(2.6) Ef(tn/2) =00
for some constant h > 0. Then,

(1) Ef (e —n(Y5°)|) = oo for any estimator n(Y5°).
(i) If f(x) =xP, p>1/2, then (2.6) holds for all h > 0. Hence,

Eltg — nl? =00

or any estimator n(Y$®) of t¢ whenever p > 1/2.
0

A heuristic justification for Theorem 2.7, claim (ii) is as follows. When s = 0,
Et; = oo for any £ > 0. So, when s = 0, it is likely that 7, takes some very large
value. When this happens, the estimate of 7, is poor because of the noise in the
observation process whose variance grows proportionally with time.

3. Proofs of results. In this section we prove Theorems 2.1, 2.2 and 2.7. The-
orems 2.4 and 2.5 are proved in the same way as Theorems 2.1 and 2.2 by merely
ignoring overshoots.

The proofs of Theorems 2.4 and 2.5 are therefore omitted.

In this section, V and W always denote standard Gaussian random variables.

Before proving Theorems 2.1, 2.2 and 2.7, we establish a few auxiliary results
related to overshoot estimates. These results are based on the following theorem,
given in [4], Theorem 2, equation (7), which provides an upper bound on overshoot
which is uniform in the threshold level .

THEOREM 3.1 ([4]). Let Zi,Z>,... be i.i.d. random variables such that
EZ, > 0. Define S =21+ Zr+ -+ Z;, g = inf{t > 1:8; > £}, and the over-
shoot Oy, = S,,, — £. Then,

2 2)E|Z|PT2
SupE(0)) < (p+2)E|Z]

forall p> 0.
>0 (p+1) EZ}

Overshoot has been extensively studied and various other bounds have been
exhibited (see, e.g., [1-3]). However, to the best of our knowledge, the bound
given by Theorem 3.1 has not been improved for all s > 0 and p > 0. In particular,
it is tighter than Lorden’s bound [3] for small values of s.

COROLLARY 3.1. Let Z1,Z3, ... be i.i.d. random variables according to a
mean s > 0 and variance o > 0 Gaussian distribution, and let Sty e and Oy, be
defined as in Theorem 3.1. Then,

(3.1 supE(0,,) < 2s + 4o,
£>0
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and

4o

14

=<

U |~
© | =

PROOF. Since
E(Z)2=s2402 and E|Z[*=FE(s +0V)* =s*+ 65262 + 304,

we have

8 204
E(0? <—[2 5 2—7},
i;}; ( W)—3 s“+ S50 P

from Theorem 3.1 with p = 2. Therefore,

supE(Oy,) < [supE(03,)
=0 =

8 204
2 2
5\/§[s + 50 —s2+02}

<2s +4o,

which gives (3.1).
Now ES,,, = sEu, by Wald’s equation since 0 < s < oo and Euy < 0o. Hence,
since

¢ <ES,, <t+supE(O,,),
£>0
inequality (3.2) follows from (3.1). U

LEMMA 3.1. The following inequalities hold for all 0 < s < oo and
0<fl<o0:

(33) E(e/s — to)s < E(te — £/5)4 < (| —— + 142,

2ms3 s
20 6
(3.4) Eltg—¢/s| <=5 +2+ -,
s S

[ £
3.5 E(X¢ —st)4 < /z— +3s+7.
27

PrROOF. From Wald’s equation EX;, = s[Ety, since 0 < s < 0o and E1y < 00,
hence ¢ <[EX,, = sEt,. Therefore, using the identity x = x4 — (—x)4, we get

0 <E(ry—£/s) =E(tre — £/5)4 —E(/s — 1)+,

7x+ def max{0, x}.
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that is,
(3.6) E/s — 1)y =E(re — €/5)+.
We upper bound the right-hand side of (3.6) as®
E(tg —€/s)4 <E(re — [€/sD+ + 1
=E(te —[¢/s1; e > [€/s], Xpes1 <€) + 1
=E(ve — [€/sT; Xress1 <€) + 1
=E(wg; G>0)+1,

(3.7)

where v, & inf{t > [€/s1: X, > £} and G < £ — X[y,

Since G < — Z,-fi/f] Vi 4 1€/s1V, using equation (3.2) of Corollary 3.1 with
o2 =1 yields

IE(vg,G>O)<E[S+ 2 G>O]
E[VWSWHJF V>O}

(3.8)

L/s 2
< /[QWE(V)++1+—
s s
< ¢ —i—l—i—3
—V 23 s

From (3.6), (3.7) and (3.8) we get

L 3
(3.9 E/s —t)y <E(re —£/s)+ < /55 + 1+,
27s K

which gives (3.3).
Inequality (3.4) is an immediate consequence of (3.3).
Since X, > £, we have

E(Xz, /s — )+ <E(Xg, /s —£/s) + E({/s — t0)+.
This, together with (3.9) and the inequality
(3.10) E(Xc, /s —£/s) <2+4+4/s
obtained from equation (3.2) of Corollary 3.1, establishes (3.5). [J

8 [x7 denotes the smallest integer not smaller than x.
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PROOF OF THEOREM 2.1. We prove Theorem 2.1 by considering estimators
of the form
n© =inf{r > 1: X[ > ¢},
where X is defined as
t t
=0, RO =st+e¥—s0) =st+c[2v,- +EZW,-:|, 1>1,
i=1 i=1

for some constant ¢ > 0. We upper bound E[7© — t;|, ¢ > 0, and show that the
optimal value of ¢ is 1/(1 + €2), which shall prove the theorem.
For ¢ =0, we have n(o) = [£/s], and equation (3.4) of Lemma 3.1 gives

| 2¢ 6
(3.11) Eln® -z <, /=5 +3+-.
s N

We now bound E|©) — 7| for arbitrary values of ¢ > 0. Since
x| =2x4 — x,
we have
(3.12) Eln© — 7| =2E(0 — ) . —E(0 — 1)
Applying equation (3.4) of Corollary 3.1 to 7, and 7 yields

4
E(© —7)>—2— -,
N

hence from (3.12)
4
(3.13) Eln©@ — 7| <2E(0 — 7o), +2+ -
S

Below, we upper bound E(n(c) — 7¢)4 then use (3.13) to deduce a bound on
Eln© — 7.
For notational convenience, throughout the calculations we sometimes omit the
superscript (c) and simply write X, and n in place of X t(c) and n'©.
Let us introduce the auxiliary stopping time
v & inflr > 70 X, > €).
It follows that
EMm—t)+ =E@—1:n>10)
(3.14) <E@—14; X, <€)

| N ~ ~
= ;E(Xv — X7 X, < ),
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where the second inequality holds since {n > 7} C {)A( 7, < £} and where for the
last equality we used Wald’s equation since 0 < s < oo and both v and 7, have
finite expectation.

Since the random walk X has incremental steps with mean s and variance ¢*(1+
€2), from equation (3.1) of Corollary 3.1 and the strong Markov property of X at
time 1y, we get

E(X, — X¢; Xop <€) <E[0 425 +4cy/ 1+ 82— X3 Xq, < 0]

<E[Xy, 425 +dcy 1462 — Xops Xp, < Xq ]

<E(Xy — Xg)g +5 42/ 1+ 62,

hence from (3.14)
s+ 2cv/1 462

1 . N
(3.15) E( =), = B - &), + ;

Before we compute an upper bound on E(X;, — X g) )+ for general values of ¢ > 0,
we consider the case ¢ = 1.
Case ¢ = 1: We have X,(l) =Y, and n(l) =inf{r > 0:Y; > £}. Since Y; 4 Xt +
e+/tW with W independent of X, it follows that
E(Xz, — Xo)+ = E(e /W),

= eB (V) E(W)
&

(3.16) = mE(ﬁ)

J_
- £ L4+2s+4
—_— /_27-[ S 9

where for the first inequality we used Jensen’s inequality, and where the second
inequality follows from equation (3.2) of Corollary 3.1.
Combining (3.16) with (3.15) (¢ = 1) yields

0 C+2s+4  s+2V1+62
E(n' — 1), <e 53 + g

which, together with (3.13), gives

E(‘L’g

€+25+4+4(s+1+«/1+82)

3.17 Eln® — ¢ <2
(3.17) In n| <2 2783 s



1870 M. V. BURNASHEV AND A. TCHAMKERTEN

Comparing (3.17) with (3.11), we note that for fixed s > 0, if ¢ < 1, then E|n® —
7| K Eln(o) — 1¢| for large values of £.

General case ¢ > 0: We compute a general upper bound on E(X,, — X g))+,
¢ >0, and use (3.13) and (3.15) to obtain an upper bound on ]E|n(c) — 1yl.

Let U; be the increment of the random walk Z; = X; — X t(c), that is,
Ul' = Zi — Zi—l = (1 — C)Vl — C{;‘Wl'.

Given the fixed time horizon m = |£/s], we have

(3.18) XW—X(C)—ZU — 1{zy < m)} Z U; + 1{t; > m} Z U;,
i=to+1 i=m+1

and therefore

E(XU — ‘)A(EE))-F < E(Z U,‘) —{—E(—]l{‘[g < m} Z Ul')
+ +

i=1 i=tp+1
(3.19)

I
+E<]l{l’g>m} > Ul-) .
_l’_

i=m+1
We bound each term on the right-hand side of (3.19). For the first term, since
", Ui L /m[(1 = )2+ 2€2]V, we have

E(Z U,-) = \/m[(l — )2 + 22 |E(V) 4
+

(3.20)

_\/m[(l — )2 4 262] <\/12[(1 — )2+ 262]
o 2 - 27s '

For the second term on the right-hand side of (3.19), since 7, is independent of
Ury41,Ugyg2, ..., we have

E(—Jl{fe <m} Y Ui) = E[\/(m —10)+[(1 — ¢)? + 2621V ]

i=tp+1
[(1 —c¢)%+c2¢2
= TE\/ (m — o)+

- \/[(1 — )%+ c2e?]
- 2

[(1—=c)24c2e2]| | ¢ 3
S\I 27 [ 2ns3+1+;]’

(3.21)

E@m — 7o)+
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where the first inequality holds by Jensen’s inequality and where the last inequality
follows from equation (3.3) of Lemma 3.1.
For the third term on the right-hand side of (3.19), we have

E(]l{t[>m} XZ: U,-) SCSE(]l{‘L’(>m} XZ: W,-)
+ +

i=m+1 i=m+1
(3.22) i=m i=m

123
+(1—c)+E<ﬂm>m} > V) :
+

i=m+1
Since 1, and {W;} are independent, we have
7
d
Yee>n) Y W= ,\/(te—m)LW,
i=m+1
and a similar calculation as for (3.21) shows that

i 1] ¢ 3
(3.23) E[Jl{fe>m} Z Wl} SJ—[ —+2+—]
N 27 |\ 2ms3 s

i=m+1

We now focus on the second expectation on the right-hand side of (3.22). Note first
that, on {ry > m}, we have

I
> Vi=(Xg — Xp) —s(zg —m).
i=m+1

Therefore, to bound E(1{z; > m} ZZWZ m1 Vi)+, we consider the “shifted” se-

quence {S; = X; — X }r>m, and its crossing of level £ — X,,. Using (3.5) (with
£ — X,, instead of £) we have

E(]l{rg>m} i Vi>
+

i=n+1
<E([X¢ — X —s(tg —m)]4; X < 0)

[t —x
(3.24) <E E= X+ 45017
27 s
E(l — X
fd—L——Jﬂi+3s+7
27s

£1/4

1
<
= 2 Jans

+3s+7,
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where the third inequality follows from Jensen’s inequality. Combining (3.22) to-
gether with (3.23) and (3.24) yields

E(]].{‘L’g>m} ZK U,~>
+

i=m+1
1 £ 3
3.25 < — | —= +2+ -
(3.25) _CSJ 2n|:V 2ns3+ +s]
oL4 1
1-— 3 7],
+( C)+<(2ns)3/4+m+ s+ )

and from (3.15), (3.19)—(3.21) and (3.25), we get

[(1 — )2 + c2e2] 1 V4 3
(c)
E( - T€)+ = \/ 2ms3 tee 252 |\ 27s3 +2+ s

— )2 20,2
+J[(1 0 +cs][ 63+1+§}
2ms s

2752

(3.26)
+(1_C)+[ AN N +7]
N
s Q2ms)3*  2ns
2¢/1+ €2
Fle—=

s

To minimize the first term on the right-hand side of (3.26) (which is the dominant
term as a function of £), we set ¢ = ¢ = 1/(1 + &%) so as to minimize the factor
(1 —¢)® +c2e%. With ¢ = ¢ we have (1 — )% + ¢?e?2 = ¢2/(1 + £2) and n© = ny,
hence, from (3.26),

Le? e 1 [ ¢ 3
E(n, — < 74
(7 =70+ = 2w (1 +&2)s3 + 1+ EZJ 27?2 |: 2ms3 tet s:|
N &2 | ¢ 14 3
2 (1 4+ 62)s2 |\ 27s3 s

.\ g2 [ o1/4
s(14+&2) [ (2ns)3/4

+ +3s+7]

1
N2ms

Pl
svV1+ g2
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Combining the second, third and fourth terms on the right-hand side of the above
inequality, we get

B0 =0+ = 271(1 n 82)S

1/4 \/g W
27 e
(3.27) m 3( ) +3 ot 3s+6}

«/% + 1.
Finally, combining (3.27) with (3.13) yields
2
Elng — el < %
1/4 3

WF(MS +3\/§+\/§+6]

4 4
fire st

from which Theorem 2.1 follows. [

PROOF OF THEOREM 2.2. We prove Theorem 2.2 by establishing a lower
bound on E[n(Y5°) — 7¢| for any estimator n(Y°) that has access to the entire
observation process Y.

Pick an arbitrary integer n such that 1 <n < £/s. Then, we have

{—X L—X
inf E|ln— 1= inf E‘( —n— n)+(n+ u —‘L’g)‘
s s

77(Y0) 77(())
{—X {—X
(3.28) > inf E‘ —n— I —Eln+ o
n(Y$) s s
1 L—X
=— inf E|n—-X,|—Eln+ 1.
s n(Yg®)

The first expectation on the right-hand side of (3.28) is lower bounded as fol-
lows. Since X, and Y, are jointly Gaussian, we may represent X, as

Xn L /ne2/(1 4+ €2V +¢- Y, +d,

where V is a standard Gaussian random variable independent of {Y},}, and where ¢
and d are (nonnegative) constants (that depend on s and &). Using this alternative
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representation of X, yields

inf Ejln—X,|= (inf)E|n —c Y, —d—\ne?/(1+&>)V|
n(¥g®

n(Yg®)

(3.29) = infEle — V|

_ 2ng?
Vw1 +¢2)’

where the infimum on the right-hand side of the third equality is over constant
estimators (i.e., independent of Yé’o ) since V is independent of Yé’o, and where for
the fourth equality we used the fact that the median of a random variable is its best
estimator with respect to the average absolute deviation.

We now upperbound the second expectation on the right-hand side of (3.28).
We have

+E|

- X, £ —X,

Eln+ — Ty n -+ — Ty

P T > n]
(3.30)

{ —
n-+ "—rg

;refn]

For the first term on the right-hand side of (3.30), we use (3.4) to get

26 — Xp) 6
‘Xn,fe>n <\ ——73— t2+-
s s

on {X, < ¢}. Since X, 4 sn +4/nV,
E(€ - X,)+ =E(t —sn—/aV),
< VnEVy + (£ —sn)4

n
= /—+ - .
Von + (£ —sn)4
Hence, from Jensen’s inequality

1/2
E\(€— X4 < JEC€ - X,)1 < (/% +(— sn)+) ,

L—X
n—+ n

(3.31) E[ 7
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and therefore, by taking expectation on both sides of (3.31) we get

L—X
E|:n+ n

;‘Eg>l’l:|

s
2 n 12 6

=\ =3lysz+tU—sn)y +24-.
TS 2 s

For the second term on the right-hand side of (3.30),

JE[ {— X,
<(+L£/s)P(tg <n) + (1/)E(|Xp|; e <n)
(3.33) < (n+£/5)P(rg <n) + (1/)(E(X,)*P(ze <))
= (n+£/9)P(tg < n) + (1/5)((n + s>n )Pz <))
<(2n+/n/s+£/s)P(r < n)l/2,

where the second inequality follows from the Cauchy—Schwarz inequality. Further,

(3.32)

n+ — T

;TZEH}

P(rg <n) =) Pty =1i)
i=1

<3 PXi 20

i=1
<nQ((€—sn)/v/n).
Hence, from (3.33),

[+ ]
E| |n+ — T Te<n
(3.34) O
<@ +n/s +n'?0)5)Q(€ — sn)//n)"2.
Combining (3.28)—(3.30), (3.32) and (3.34), we get
2ne?
inf Elpn—1|>,—————
S P
( 2n )1/4 2A—smy ., 6
7350 w3 s

— @3 /s +n'%0)5)Q((0 — sn)//n)' 2,

yielding the desired result. []
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PROOF OF THEOREM 2.7. We prove the result only for the Gaussian random
walk setting. The proof for the Wiener process setting follows the same arguments
and is therefore omitted.

Lets =0and fix 0 <& < oo and 0 < £ < co. We show that given & > 0,

inf Ef(In—tl)=kEf(t:/2)
n(¥5®)
for some strictly positive constant k. Hence, if E f(t;,/2) = oo for some & > 0,
then infn(yooo) E f(|n — t¢]) = 0o, which yields claim (i).

The first step consists in removing the noise in the observation process Y from
time ¢+ = 2 onward; that is, instead of {Y;};>0, we consider the better observation
process {Z;};>¢ defined as

Zy=0,
Z1=X1+eW =V +eWy,
Zi=X— X1 =V, t>2.

Clearly, it is easier to estimate 7, based on Z§° than based on Y;°; one gets ¥, —
Y;_1 by artificially adding the “noise” eW; to Z;, t > 1. Therefore,
(3.35) inf Ef(ln—zl)> inf Ef(n— ).
n(Yy?) n(Zg°)

Given Zgo, estimation errors on 7, are only due to the unknown value of X; be-
cause of the unknown value of the noise ¢ W;. In turn, given Z3°, it is sufficient to
consider only Z; in order to estimate X (Z is a sufficient statistic for X ).

Below, we are going to make use of the important property that the conditional
density function of X|(= V}) given Z; is not degenerated since it is given by

V1+4g2 (1+¢?) 7 \?
plxle) = ﬁexp{‘ﬁ()‘ I 82) }
and since ¢ > 0 by assumption.
Define C =C(Z1)=2Z1/(1+¢&2)—h/2and D=D(Z)=Z1/(1 + €2 +h/2
where i > 0 is some arbitrary constant. From the above nondegeneration property
it follows that

P(X, <C)=P(X; > D) & 5, =68,(h, &) > 0.

Using this, we lower bound

inf B f(|n— )
n(Z§°)
by considering the following three-hypothesis problem: with probability 1 — 2§,
X1 is known exactly (hence 7, is known exactly as well), and with equal probabil-
ity 81, X is either equal to C or equal to D (and no additional information on X
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is available). More specifically, denoting by rf the value of 7, when X| = C, and
by rZD the value of 7, when X| = d, we have

inf Ef(ln— 7l
n(Zg°)
Zn(i%o){E[f(m_WD;Xl <Cl+E[f(n—1t]; X1 = Dl}
0
(36 = inf (BLf (I~ X1 < CI+BLf (1 = 71 X1 = DI)
0
=381 inf EBLf(n—7ED)+ f(n—7PD]
n(Zy°)
cC__D
zakf (%)

where the second and third inequalities follow from the assumption that f(x)

lle &

. . . d .
nonnegative and nondecreasing. Further, since rec = T(¢—c), and since 1, — Ty,
Tg,—0,, £1 > €2, from (3.36) we get

TeC_TeD
inf Ef(ln—l) = HE (—)
n(Z3) f s 2
T—C)y — T(f—D>+>
3.37 =& E
(337) 1 f( .
f(z—cn—(e—on)
=& F =204 )
1 f( >

Now, on {D < ¢} we have
—-C)+—(C—-—D)y=D—-C=h,
therefore from (3.37) we get

(338) inf Ef(y—ml)> &&Ef(f—h),
n(Zg§°%) 2

where
5, ¥ 5, (h,1,6) =P(D <€) > 0.

Claim (i) follows from (3.38) and (3.35).
We now prove claim (ii). Let {B;};>0 be the standard Wiener process whose
value at integer times t =0, 1,2, ... corresponds to process X, and let

2 inf{r > 0: B, = h).
Since T < t;, for all & > 0, had we proved that E f (7;/2) = 0o, equation
Ef(th/2) =00
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would hold since f(x) is nondecreasing.
From the reflection principle we get

P(fhgt)=2P(B,zh)=2Q(%), h>0,t>0,

hence for h > 0,

Ef(5/2) =2f0°° f(r/z)dQ(i>

Jt
h Oof(l‘/2) 7]12/2[
= dt
27 Jo 132 ¢
he™h/2 oo £(1/2)
> d
2 I 132

Therefore, if f(x) = xP with p > 1/2, then Ef(7,/2) = oo for all & > 0.
Claim (ii) follows. [

4. Concluding remarks. We considered the problem of sequentially estimat-
ing a random walk first-passage time through noisy observations. Nonasymptotic
upper and lower bounds on minimum mean absolute deviation have been derived
that coincide in certain asymptotic regimes.

Extensions to other loss functions or non-Gaussian settings may be envisioned.
For the latter, an interesting problem is the derivation of a good lower bound. In
fact, a main step in the proof of Theorem 2.2 [see argument after equation (3.28)]
takes advantage of the fact that X, and Y;, are jointly Gaussian.

Finally, note that at least some of the presented arguments apply to stopping
times other than first-passage times since the basic property that we used is that ©
concentrates around its mean (assuming a positive drift).
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