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SELECT SETS: RANK AND FILE

BY ABBA M. KRIEGER,! MOSHE POLLAK! AND ESTER SAMUEL-CAHN?
University of Pennsylvania, Hebrew University and Hebrew University

In many situations, the decision maker observes items in sequence and
needs to determine whether or not to retain a particular item immediately after
it is observed. Any decision rule creates a set of items that are selected. We
consider situations where the available information is the rank of a present
observation relative to its predecessors. Certain “natural” selection rules are
investigated. Theoretical results are presented pertaining to the evolution of
the number of items selected, measures of their quality and the time it would
take to amass a group of a given size.

1. Introduction. Items (people) are observed sequentially, each receiving a
score. The decision whether or not to accept an item must be made on the spot,
without possibility of getting back to an item that has been let go. What would
constitute a reasonable selection policy?

The issues involved in formulating a policy are the quality and quantity of those
selected and the size and rate at which the accepted set grows. Also of import is
whether or not the horizon of the pool of items is finite. The scenario we envision
is one where observations arrive in random order and their scores are independent
and identically distributed, but nothing is otherwise known about their distribution
so that, as items are observed, information about the pool of candidates is being
gathered. Heuristically, quality of the items selected and speed of selecting items
are in conflict with each other. A policy of selecting all items fulfills the need
for speed, but the quality will be average. Toward the other extreme, declining to
accept any item unless it is better than all of those observed previously will produce
a high-quality set of items, but its rate of growth will be very slow. In this paper
we study certain policies that compromise between these two objectives.

The procedure that accepts the first item and subsequently accepts only items
which are better than all those observed previously is a well-studied policy (cf. [1]
and [6]).

Preater [5] studied a method that prescribes the acceptance of the first observa-
tion and subsequently accepts those observations that would improve the average

Received March 2005; revised September 2006.
lSupported by funds from the Marcy Bogen Chair of Statistics at the Hebrew University of
Jerusalem.
2Supported by the Israel Science Foundation Grant 467/04.
AMS 2000 subject classifications. Primary 62G99; secondary 62F07, 60F15.
Key words and phrases. Selection rules, ranks, nonparametrics, sequential observations, asymp-
totics.

360


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/105051606000000691
http://www.imstat.org
http://www.ams.org/msc/

SELECT SETS 361

score of those retained. Preater assumed that the scores are exponentially distrib-
uted, and derived the asymptotic growth and distribution of the average score af-
ter n observations have been retained, as n — oo. Selection rules with known
distribution of the items and inspection cost are considered in [4].

Other problems that have a similar flavor are variations of the secretary prob-
lem (cf. [2]), where one samples sequentially from a finite pool until one or several
items are retained, after which sampling ceases, with the objective being the max-
imization of the probability of retaining the best in the pool.

In this paper, we study sequential rules that are based on the ranks of the ob-
servations. At every stage, we (re-) rank the observed values from the best to the
worst, so that the best has rank 1. We consider procedures that retain the nth ob-
servation if its rank is low enough relative to the ranks of the previously retained
observations.

For the sake of illustration, consider the median rule, which prescribes the re-
tention of the nth observation if and only if its rank is lower than the median rank
of the observations retained previously (i.e., the median of the retained group will
be improved). Regarding the speed at which observations are retained, let L, be
the number of items that are retained after n items are observed. We show that the
expected number E(L,) of observations retained after n have been observed is of
order n'/? and that L, /n'/? converges almost surely to a nondegenerate random
variable. Regarding the quality of the retained observations, we show that at least
half of the observations retained are the very best of all observed heretofore, and
that the average rank of the retained observations and its expectation are of order
n'/2logn (implying that almost all of the retained observations are very good).

The paper is organized as follows. In Section 2 we introduce a general class
of rules that are characterized by a criterion that ensures that the probability that
item n + 1 is retained is a simple function of its rank and the number of items L,
that have already been retained. In Section 3 we specialize and consider rules that
retain an item if it is among the best 100p percent of the items already retained.
In Section 4 we show that E(L,)/n? converges and that L, /n” converges almost
surely to a nondegenerate random variable. In Section 5 we find the order of the
expected value of the average rank of the observations retained by the p-percentile
rule and that suitably normalized, the average converges a.s. to a nondegenerate
random variable. We end with remarks and conclusions in Section 6.

2. A class of selection rules. As stated in the previous section, our focus in
this article is on selection rules based on ranks. In this section we introduce a class
of selection rules that retain an observation if its rank is “low enough,” where the
threshold of “low enough” is determined solely by the size of the set of observa-
tions already retained. The rationale for this has to do with the trade-off between
the quality of retained observations and the speed of their accumulation. Heuris-
tically, the more observations retained, the slower one would go about retaining
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further observations, so the size of the retained set should be a factor in the se-
lection rule. On the other hand, one’s evaluation of the quality of an observation
depends on all past observations, not only on those retained so far, and one’s ex-
pectations regarding future observations is the same irrespective of the quality of
those already retained. Therefore, there is good reason to require a selection rule
to depend only on the size of the retained set of observations and the rank (among
all observations) of the present observation. (As for the desire to “improve” the set
of retained observations, heuristically, the quality of the retained set is correlated
with its size, so at least qualitatively “improvement” is implicit in retained set size.
We examine this more formally in Theorem 2.1 and Remark 2.1.)

Formally, let X1, X5, ... be a sequence of observations so that any ordering of
the first n observations is equally likely. A sufficient condition is that the random
variables be exchangeable. A special case that satisfies this assumption is when
we have independent and identically distributed (i.i.d.) random variables from a
continuous distribution. Let S,, be the set of indices of the retained X’s after n
items have been observed and let L, be the size of S,,. Let R}’ be the rank of the ith
observation from among X1, ..., X, thatis, R} = Z’}Zl I{X; < X;} where I{A}
is the indicator function of A. Thus, R}, is the rank of X, within the set {X;}}"_,,
where without loss of generality we assume that “better” is equivalent to “smaller”
so that rank 1 is given to the smallest observation, rank 2 to the second smallest, etc.
A selection rule of the type we study is defined by an integer-valued function r(-)
on the integers such that the observation X,, will be retained if and only if R} <
r(L,—1). In this article, we assume that the first observation is always kept.

Another feature of a reasonable selection procedure is to require that the func-
tion 7 (-) be locally subdiagonal, that is, r(a + 1) <r(a) + 1. Again, the rationale
for this has to do with the trade-off between the quality of retained observations
and the speed of their accumulation. [To see this, suppose a observations have been
retained after n have been observed. The rank of the next retained observation will
not exceed r(a). The rank of the succeeding retained observation will not exceed
r(a+1).If r(a+1) > r(a) + 1, it would mean that after having retained a + 1
observations, one would be willing to settle for an observation of lower quality
than the acceptance level after having retained a observations. Although that may
be reasonable in a case that a quota has to be filled and the pool of applicants is
finite, that is not the case we regard here.]

We summarize the above in the following definition.

DEFINITION 2.1. A locally subdiagonal rank selection scheme (LsD) is a
rule determined by an integer-valued function r(-) with the following properties:

(i) r is nondecreasing.
(i) r(0)=1and Ly =0.
(iii) r is locally subdiagonal, thatis, r(a + 1) <r(a) + 1.
(iv) For n > 1, X,, is retained if and only if R], <r(L,—1). (This implies that
the first observation is retained.)
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This class contains many rules that make heuristic sense. For instance, the me-
dian rule is a LsD rule with r(1) =r(2) =1, r(3) = r(4) = 2, and generally
r(2j — 1) =r2j) = j. A class of LsD rules is “k-record rules.” For a fixed
value k, let r(j) = min{j + 1, k}. For k = 1, this is the classical record rule, where
an element is retained if and only if it is better than all previous observations.
“k-record rules” have been studied extensively (cf. [3] or [6] and many subsequent
papers).

The following theorem is trivial for “k-record rules” but is true for any LsD
rule. It attests to the high quality of the set of observations retainable by a LsD
rule.

Let N > 1 be any integer either predetermined or random. For example, N can
be a stopping rule. A special case of interest is inverse sampling, where the objec-
tive is to collect a group of some fixed size m, so that

N =inf{n : L,, = m}.

THEOREM 2.1. Consider a Ls D rule defined by r(-). The r(Ly) best obser-

vations among X1, X2, ..., Xy belong to Sy.

PROOF. Let X,, be the rth best observation among X1, Xo,..., Xy with <
r(Ly). Let a be the number of observations among X1, X, ..., X,,,— that are
better than X,, and let b be the number of observations among X, +1, ..., Xy that

are better than X,,,. Clearly,a +b =1 — 1.
If m¢ Sy, then the next items retained after iteration m must be better than X,,.
This implies that Ly < L,,—1 + b. Hence

r(Ly) <r(Lm—1+b) <r(Ly—1)+b.
But m ¢ Sy implies thata + 1 > r(L,,—1). Since by assumption t <r(Ly),
a+b+1=t<r(Ly)<r(Lpm—1)+b

sothat a + 1 <r(L,,—1), which contradicts the inequality two lines above. [

REMARK 2.1. Because of Theorem 2.1, implicit in the definition of a LsD
rule is that it “improves” the retained set. For example, when applying the median
rule, the median of the retained set gets better, something that is not transparent
when regarding the median rule via its LsD definition. Theorem 2.1 is a more
formal presentation of the heuristic stated in the beginning of this section, that the
quality of the retained set is correlated with its size, and a Ls D rule embodies all
three heuristics: (i) the larger the retained set, the slower one goes about retain-
ing more observations; (ii) perception of quality is founded on all previous obser-
vations; (iii) one only retains items that “improve” the retained set. Theorem 2.1
means that there is no contradiction between the third heuristic and selection based
on the size of the retained set only.
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A natural representation of the quality of the group of observations kept (when
retention is by ranks) is the average rank of the observations retained. Denote
by O, the sum of the ranks of the retained set after n observations have been
made, so that the average rank A, is O, /L.

LEMMA 2.1. Let ¥, be the o-field generated by the ranks of the i.i.d. contin-
uous random variables X1, ..., X,. Let O, = ;c S, R;'. The conditional expected
behavior of the quantities L1, Qn+1 and the average rank A, 41 given the past,
in terms of the corresponding quantities for n, results in:

() E(Lyy1|Fp) =Ly + ")

n+1>
.. -~ n n)+1
(i) E(Quet] Fo) = 5 O + et
I+L,—r(Ly, Ln)(r(Lp)—1
(ifi) E(An1]F5) = An(1 + bl 4 ripea=D)

PROOF. (i) It follows that Ly 41| Ly = Ly + B(-%2)) where B(x) is a Bernoulli
random variable with probability x. Hence (1) follows by taking conditional expec-
tations on both sides.

(i) The sequence {Q,} is nondecreasing. Its growth can be described as fol-
lows. If X,,4+1 is retained, and it has rank £ among the items retained, then X,
adds k to the sum of the ranks and 1 for each observation that is inferior to it.
Hence, Qy+1=0n +k+[L, — (k— 1] = 0, + L, + 1. When X, is not
retained, then the rank of some of the lower-quality retained observations can in-
crease (by 1, if X,,+1 has lower rank). Note that the distribution of the rank of X,
(conditional on ¥, and its not being retained) is uniform over r (L,)+1,...,n+1.
Therefore, forn > 1,

E(Qni11F0)
=(Qn+Ln+ A
- Ql’l n I’l,+1
n+1—r(Ly,) n+1 n+

- T[ <{,ezsn}l{ m < RN F,L R >r(Ln)):|
_ r(Ly)
=0,+ (L, + 1

n On —r(Lp)(r(Lp) +1)/2 = r(Ly)(Ly —7(Ly))

n+1

_n+2 r(Ly)(r(Ly) +1)
_n+1Q”Jr 2n+1)

(iii) If X, is retained, then L,+; = L, + 1 and if X, 4| is not retained,
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L,+1 = L. Therefore, the same argument as in the proof of (ii) leads to
E (An-i-l | Fn)

_Qn+Ln+1 r(Ly)
L, +1 n+1

Lntl=ry)
n+1
y [Qn + E(Cpies, IRV < RIYIF RIS > r(Ln))}
Ly,
= A [ Ly ) I’(Ln)] r(Ly)
"LLa+1 n+1]" n+1
+1
n+1—r(Ly) [Q n E[Z{ieSn,RZLI<Ri"“}(R? —r(Ly)) 7 :|]
(n+DL, [~" n+1—r(Ly) n
_ [ r(Ly)L, n+1 —r(Ln)}
"Lin+ (L, + 1) n+1

r(Ly) 1 r(Lp)(r(Ly)+1)
+ ntl + (n+ 1)L, |:Qn_ B _V(Ln)(Ln_r(Ln))]
[ l+L,— V(Ln):| r(Lp)(r(Ly) —1)/2
=A,l1+ .
(n+ 1) (L, +1) (n+ 1)L, O

Since Lemma 2.1 is central to the derivations in the sequel, we will henceforth
assume without loss of generality that the random variables X1, X», ... are i.i.d.
and continuous.

3. Percentile rules. In the following sections, we consider rules that retain
items if the item is among the best 100p percent among those items that have
already been retained.

DEFINITION 3.1. A p-percentile rule, for p fixed (0 < p < 1)isa LsD rule
with r(k) = [pk] for k > 1, where [x] is the smallest integer that is greater than
or equal to x. Thus, the nth item is retained if and only if its rank satisfies R]} <

[pLn-1].

To see that the p-percentile rule is a LsD rule, note that [p(a+1)] =
[pa+ pl <[pa+1]=[pa]l+1.

REMARK 3.1. Note that the p-percentile rule is meaningful even when p = 1.
In that case, the first observation is kept. The second is kept if it is better than the
first observation. In general, an item is kept if it is better than the worst item that
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has already been retained. It is easy to see that when p =1, E(L,|L,—1) = L,—1+
L,,_1/n. Itis straightforward to show that E(L,) = % Hence E(L,)/n — 1/2.
Also, since E(L,|L,—1) = "nian_l, it follows that L,/(n + 1) is a bounded
positive martingale, and therefore converges almost surely. Since the worst item
that has already been retained is obviously X, it follows that L, /n is asymptoti-
cally U (0, 1).

4. Results for the number of retained items. In this section, we study the
behavior of the number of items that are retained after n items are observed, L,,
for p-percentile rules. It turns out that L, is of order n”. Hence we consider the
quantity L, /n?. We first show that the expectation of this quantity converges to
a finite limit. We then show that this quantity itself converges almost surely to a
nondegenerate random variable.

The first result we present is that E(L,)/n” — ¢, as n — oo. For example, this
result says that the rule that retains items if they are superior to the median of all
items already retained, will be keeping on the order of \/n items on the average.
The constant ¢, depends on

dy=E([pL,] — pLy).

The relationship between c;, and d;, dz, ... is complicated because it depends on
all of the d;. It seems impossible to determine ¢, analytically, except for p =1,
as done in Remark 3.1.

The result, however, only requires that we show that d, is bounded away
from zero. This result is intuitive. For the median rule (p = 1/2), d, is simply
P(L, is odd)/2. Logically, we would expect (it turns out to be justified by em-
pirical analysis) that P(L, is odd) — 1/2 as n — oo. This is not easy to prove.
Similarly, if p =1/4, then [pL,] — pL, is either 0, 3/4, 1/2 or 1/4 depending
on whether L, (mod4) is j for j =0, 1,2 or 3, respectively. Since logically each
of the four cases should be equally likely (again this appears to be the case by
computer analysis), we would anticipate that d,, — 3/8. [We conjecture that if p is
an irrational number, then [L, p| — L, p converges to U (0, 1) which implies that
dy, — 1/2.]

The following lemma shows that d,, is bounded away from zero.

LEMMA 4.1, Let 0 < p < 1 be fixed, and & = ¢, = min{%, 152}. Then d, >
g/3 for all n.

PROOF. Let S ={j|[pj]l— pj <¢e}. Note thatif j € S, then

e j—1¢ S.. This follows since ¢ + p < 1, thus [p(j — 1)] = [pj]. But then
[p(G—Dl—p(G—-D=Ilpjl—pri+pz=p>c.

e j+1¢S,. This follows since p — e > 0, thus [p(j +1)] = [pj] + 1. Hence
(pG+DI—pG+D=Tlpjl—pj+1-—p>e¢.
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We will show that foralln >2andall j =1,2,...,
4.1) P(Ly=j+D)+PLy=j—1)—P(L,=j)=0.

This will yield the lemma since clearly (4.1) implies ) jes. P(L,=j) <2x
Zj¢ss P(L, = j), which in turn implies that Zj¢ss P(L,=j)=>1/3s0d, >
&/3. Note that (4.1) is trivial for j > n.

We prove (4.1) by induction. Forn =2 and all0 < p < 1 we have P(L,; =1) =
P(Ly;=2)=1/2. Thus (4.1) holds for j = 1,2 and n = 2.

Now assume (4.1) holds for 2,3, ...,n — 1. We shall show it holds for n. Con-
sider first the values of j for which

4.2) 2[pjl/n =1

Clearly

4.3) P(Ly=j—-D=1=Tp(—DV/n)PLp1=j—D,
P(Ly=j)=([p(j—D1/n)P(Lp-1=j—1)

(4.4)
+ (1= [pj1/n)P(Ly—1 = ),
P(Ly=j+1)=(pjl/n)P(Ly—1 =)
4.5)
+(1=Tp(+D1/n)P(Ly—1=j+1).
Thus

PLy=j+D+PLy=j—1)—=P(Ly=))
>P(Lp1=j+D+PLp1=j—-1
(4.6) —P(Lp—1=))+2(Tpj1/m)P(Lu-1=))
=2(Tp(j = D1/n)P(Ly—1=j — 1)
—(TpG+D1/n)P(Lp—1=j+1D).

However, [p(j — D] < [pjl and [p(j +1)] <2[pj] as [pj] > 1. Hence, the
right-hand side of (4.6) is greater than or equal to

A=2Tpj1/mP(Lp-1=j+ 1D+ PLy-1=j—1)— P(Lp-1=))]

>0

4.7

where the last inequality in (4.7) follows from (4.2) and the induction hypothesis.
Now consider values of j (if such exist) for which

(4.8) 2[pjl/n > 1.
Then clearly j > 1. Replace (4.3) by

P(Ly=j—-1D=1=[p(j—D/n)PLp—1=j—1
+ (PG =D1/n)P(Lp—1=j—2)

4.9)
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and replace (4.5) by
(4.10) P(Ly=j+1)=(pj1/n)P(Lp—1 = )).
Then by (4.9), (4.4) and (4.10), it follows that
P(Ly=j+1D+P(Ly=j—1)—P(L,=))
> (2[pjl/n—1)P(Lyp—1 = j)
+(TpG =21/n)P(Ly—1=j —2)
—@MpG=D1/n=1)PLu1=j—D.

If 2[p(j —1)]/n < 1, then by (4.8) clearly the value in the right-hand side
of (4.11) is nonnegative. If

(4.11)

(4.12) 2[p(j —DI/n—-1>0,
we shall show that (4.12) implies
(4.13) [p(G—=21/n=2[p(j —D]/n—1

so that the right-hand side of (4.11) is greater than or equal to
CrpG=DVn=)IP(Ly—1=j)+P(Ly-1=j—2) = P(Ly-1=j—-1120

where the last inequality follows from (4.12) and the induction hypothesis. To
see (4.13) note that [p(j —2)] > [p(j — 1)] — 1. Thus (4.13) will follow if we
show that ([p(j — 1)1 —1)/n >2[p(j — 1)]/n — 1 which is equivalent to

(4.14) n—1=[p(j—=DI

Since j < n are the only values of interest, we have j —1 <n — 1, for which (4.14)
clearly holds. [J

We now turn to the main result of showing that the average number of items that
are retained is of order n”. From Lemma 2.1(i),

E(Lp|Lp—1) =Lu—1+ [pLp-11/n.
Hence,
E(Ly|Ln—1)=Ln—1+ pLyp—1/n+ ([pLn—11— pLy—1)/n.
Let M, = E(L,). Then
(4.15) My = M,—1(1+ p/n) +dp—1/n.

We are now prepared to state and prove:

THEOREM 4.1. LetO<p <1.E(L,)/n? — cpasn— ocowith0 < c, < o0.
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PrROOF. By Remark 3.1, ¢; = 1/2. Thus consider a fixed p, 0 < p < 1, and
let T,, = M,,/n?. From (4.15) we have that

(4.16) T, = (= 1)/n)’ A+ p/m) Tyt +dyy /0 *P.

The key to the proof is showing that A, = T,, — T,,_; eventually becomes positive
and remains positive. Since T;, = Z’;zl A with Tp = 0 and T, will be shown to
be bounded, it follows that 7, converges.

By the definition of A ; and (4.16),

(4.17) Aj=biTi—1 +dj_1/j't?

where b = ((j —D/)HPA+p/j) — 1.

The basis of the proof is in the result that b; < 0 and increases to 0 as j — o0.
This is a straightforward calculus argument.

Letx=1/jand f(x) = (1—x)?(1+ px)—1.Thus, f(0)=0. Also, f'(x) <0
by routine calculus.

From b; < 0 and (4.17) it follows that

1
(4.18) T, <1+Z T _1+/ (/)P dx <2/p
j= 2

so T, is bounded. To show that A, is eventually nonnegative note that [by (4.18)]
Ay >0 T,_ 1 ?+—Pb It is again a straightforward calculus argument to

show that ——-- ﬂ, 5 > 00 Since by (4.18) T,, < 2/p, for all n, that coupled with
Lemma 4.1 w1ll complete the proof. Consider

—j'Pbj = [1 - (] ; 1) a +p/1)} i1

Again, let x = 1/j and so —j!TPb; becomes

g() =[1— (1 =) (1+ px)l/x"*7.
We need to show that g(x) — 0 as x — 0. This follows easily by 1’Hospital’s rule.
O

We just showed that E (L, /n?) converges as n — oco. Next we show that L, /n”
has an almost sure limit. We prove this by showing that L, /(n 4 1)? is a (positive)
submartingale and that £ (L% /n?*P) is bounded.

THEOREM 4.2. lim,_ E(L%/nzf’) exists and is finite.

PROOF. LetU,=F (L,% / n’P). We first show that there exist constants 0 <
c1(p) < ca(p) < oo such that foralln > 1

(4.19) c1(p) < Up <c2(p).
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The left-hand side of inequality (4.19) follows trivially from Theorem 4.1, since
U, > (E(Ly)/nP)* — C%?' For the right-hand side inequality of (4.19), note that

- [pPLn—11 [PLn—1]
E(L2F )= L2, (1 - T) Ly + 2t
L, 1+1
(4.20) < Liy+ QL+ D
2 +2 1
:Lﬁ_1<1+—p>+Ln_1p +-.
n n n
Thus
n—I\N*/( 2p\  EL,_)(p+2) 1
Un = Un—l( . ) (1 + 7) + n1+2p w20
Therefore,
n—1\%" 2p
-t <5 ()
n n
4.21)

E(Lp—1/(n—DP)(p+2) 1
+ nl+p nlt2p”

Note that since f(x) = (1 — x)?P (1 + 2px) — 1 satisfies f(0) =0and f'(x) <0
for x > 0, it follows that (”n;])z”(l + 2717) —1<0. Since E(L,—1/(n — 1)P) is
bounded, it follows from (4.21) that (with Uy = 0)

u >, const
Un:Z(U]—U]_1)< ZJ]—+p < 00,
j=1 j=1
which accounts for (4.19).
Now denote A; =U; — U;_, so that U, = Z’;zl Aj. By virtue of (4.19) to
complete the proof it suffices to show that A; > 0 for all j sufficiently large.

By (4.20),
[PLy_1]
EL2|Fy1) = L2 +2(Lp_y + P21 -

L,_
= L)+ QLyo1 + DT

Thus

P 1\2P . iP
, . j—1 2p PEL;-1/j")
A’ZU"I{( j ) <1+7>_1}+ ji

Now for some 0 < 6 < 1, by Taylor’s theorem,

j— 1)\ 1\ 2 2p—1 A
S I AT R (I
J J J J J
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Hence there exists a constant c3(p) > 0 such that for all j > 1

(52 ) =2

Also, there exists a constant c4(p) > 0 such that E(L;_1/j?) > c4(p) for all

Jj > 1. But then, for all j sufficiently large, A; > _63(”)62(”);’”4(”)" >0 O

COROLLARY 4.1. lim,_, o Var(L, /n?) exists and is finite.

Let j, = [pL,] be the cutoff rank such that the (n + 1)st item is retained if and
only if its rank from among the first # + 1 observations is less than or equal to j,.

THEOREM 4.3. L,/(n + 1)? is a submartingale that converges almost

surely as n — oo to a nondegenerate finite random variable A such that
lim, o0 E(L,/(n+1)P) =EA =cp, forall0 < p <1.

PROOF. Since j, = [pL,],

-~ J
E(Ln|fn—1) =

"L+ 1)+ (1 _ J”‘I)Ln_l
n n

jn—1 — pLy—
:Ln1<1+£)+—Jn ! PEn-l
n n

L L,_ n p jn—1 — pPL,—
E( n ?n—1>: nl( >(1+£)+]n1 PLp—1
(n+1)P n? \n+1 n n(n+1)P
L. _ p
=23 () (+7))]
npP n—+1 n

n?

SO

Therefore, L,,/(n + 1)? is a positive submartingale. Because E (L, /(n + 1)”) and
E (L% /(n + 1)27) are both bounded (by virtue of Theorems 4.1 and 4.2), Theo-
rem 4.3 follows from the submartingale convergence theorem. [

5. The quality of the retained group of observations acquired by a
p-percentile rule. In the previous sections, the focus was on the size of the
group retained by the p-percentile rule. Here, attention is focused on its quality.

In general p-percentile rules yield a qualitative crop. A prime indication of this
is Theorem 2.1—after n observations of which L, have been retained, the best
[pL,] of all n observations seen heretofore are among the retained set. As will be
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shown below in this section, the other retained observations are generally also of
high quality.

To this end, the following theorem considers the average rank of the retained
items A,, which equals Q, /L.

THEOREM 5.1.  There exist constants 0 < b, < o0 such that for0 < p <1,
E(An)/an(p) njo)o bp, where

n'=p, if p<1/2,
an(p) =1 n'?logn, ifp=1/2,
nt, ifp>1/2,
and
c1/2/8, ifp=1/2,
_ 2 . . p
by = 14 cp, ifp>1/2, where c), is the limit of E(L,/n").
22p-1

PROOF. From Lemma 2.1(iii), with »(L,) = j, = [pLa],

N 1+ Ly — jn ] JnGn —1D/2
(n+1)(Ly,+1) (n+ 1L,
Let Y, = A,/n'~P. Equation (5.1) implies

(5.2) E(Ynt+1|Fn) = GnYn + By

1— .
w=(51) [arnm il
n+1 (n+D(L,+1)

_ JnGn—=1)/2
~ Ly(n+1)27°

We consider By, first. Since pL, < j, < pL, +1,
(P’La=p)/2 _ p _ (PPLa+p)/2
(n+41)2-» " (n+1)2-r °

By Theorem 4.1, E(L,/n?) —> c,, which implies
n—o0o

G E(Awi|F) = An[l

where

and

(5.3) B,

2-2 2
(5.4) E(B,)n*™* —> p%c,/2.

We consider G, next. Lete, = pL, + p — [pL,], so that

1+ L, —
L,+1 L,+1
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Y —1-1p4 0(’%2) and since |e,| <1,

Since ( )

_n_
n+1

e 1
) G"=1+m+0<n—z>~

Substituting (5.5) into (5.2) yields

ey 1
5.6 E(Yur1|Fn) =Y, — 4+ 0| —= ) |Yn + Bu.
56 E(alF) n+[(Ln+1)(n+1)+ (o) ]+ 5
After taking expectations in (5.6), it follows that

n n n
(5.7)  E(nr1)= D) [EWmi) —EXYu)= ) E(Dw)+ Y E(By)
J— m 1 J—
where Dm = [m + O(m—z)]Ym and Y() =0.
Our aim is to show that >_" _, E(D,,) and )" _; E(By,) (or variants thereof
for p > %) have finite limits as n — oo. For the first sum, since L,, < m, it is

sufficient to show that E(}_"

el M/%) has a finite limit. Now

()~ )
(L +D(m+1) m!'=P(m + 1)(Ly, + 1)

< | E(Anm Tt = )+ B 1L, <D .
m=—Pp mé

By virtue of Lemma A.1 (in the Appendix) there exists a constant 0 < c; , < 00
such that, for 0 < ¢ < 1/2,

Ce,p

&
P <m’) < o mime

forall 1 <m < oo.

Note that A,, < m. Therefore choosing 0 <& < (1 — p)/y, (with y, =1 +
%1 ), it follows that

enYn 1
<
(L +D(m+ 1| m2=pte

We now divide the proof into three cases.
Case (i): p < 1/2.

(@) Yoo E(By) < oo by virtue of (5.4).

() XX E(Ap)/m>=PTe = 3% | E[Ay,/m'=P+e/2)/m'*¢/2 < 0o by vir-

tue of Lemma A.2 (in the Appendix).
(c) Clearly, >0, ce. ,/m* P~7r¢ < c0.

Case (i1): p = 1/2. We need to divide both sides of (5.7) by log n.

E(Aw) + ce.p/m>~P710E,

(a) ZZlZIE(Bm)/lognnjgopch/Z = c12/8 by virtue of (5.4) since

E(B,) = (pch +&n)/2m where g, - O0asm —ooand ) _, %/logn — 1.
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(b) 00 | E(Ap)/m>=PHe =% E[A,,/m'=P+e/2]/m1+¢/2 < 00 by vir-
tue of Lemma A.2 (in the Appendix). Hence

S E(Ay)/m>PTe
logn

—0 as n — oo.

(c) Clearly,

n 2—p—
m=1 Ce,p/m~_P770"

—> 0
log n n— 00
(since the numerator is summable). Hence
E(A
(An) —> ¢1,2/8.

nl/2logn n—o0
Case (iii): p > 1/2. We need to divide both sides of (5.7) by n2r—1,

(@ ooy EBu) /™" — saarycp by virtue of (5.4) since E(B,) =

(p%cp/2 + em)/m>~2P where &, — 0 as m — oo and Y." _,

S

2p—1"

(b)

et ECAw)/m> P S EL(Aw) [mP 4P m> 20 e
n2r-l B n2p—1 n—00

1 1-2
m272p/n P —

by virtue of Lemma A.2 (in the Appendix).

n 2—p—ype
Y= Ce,p/m~ PP
n2r—1

(c) For small enough ¢, —2 0 (since the numerator is sum-
n

mable). Hence
EAn PP
nP n—-0202p—1) " O

We now consider the almost sure convergence properties of the average rank
of the items kept, suitably normalized. We shall need the following result, due to
Robbins and Siegmund [7], quoted as follows:

PROPOSITION 5.1. Let (2, F, P) be a probability space and let ¥1 C F> C
-+ - be a sequence of sub-o-algebras of . For eachn =1,2,..., let z,,, Bu, &
and &, be nonnegative F,-measurable random variables such that

E(Zn—i—lw‘:n) <zn(1+Bp) +&n — L.

Then limy,_, o0z, exists and is finite and Y ;2 iy < 00 a.s. on {d oo Bn <

The limiting behavior of A, the average rank of the retained observations, de-
pends on p. Theorems 5.2, 5.3 and 5.4 show the results for 0 < p < %, % <p<l

and p = %, respectively.
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THEOREM 5.2. If0<p < %, then A, /n'=P converges almost surely as n —
o0 to a nondegenerate random variable.

THEOREM 5.3. If§ <p <1, then V, “jgo qp where Vy = Q0 /L2 = A, /L,

and q, = %pz/(Zp — 1). Furthermore, E(V;) — q,.
THEOREM 5.4. If p =4, then V,,/logn ni—'“}o 1/8 and E(V,/logn) — 1/8.

PROOF OF THEOREM 5.2. We show that the almost sure convergence of
A, /n'~P is the result of a direct application of Proposition 5.1 above. Regard (5.6).

Note that B, of (5.3) can be written as B, = %%p)/z where |6,| < 1. Apply
Proposition 5.1 to (5.6) with z, =Y, & =By, ¢, =0, B, ={e;/[(Ly+1)(n+
D]+ |O(n_2)}, all nonnegative. Since L, /n? converges a.s., ijo:l Bn < 0o and
> o1 &m < 00 a.s. The nondegeneracy of the limit follows from the fact that the
first observations have rank of order n and their influence on A,/ n!=P does not

vanish as n — co. [

In order to obtain results for p > 1/2 we need two lemmas. These lemmas
describe the extent to which the sums of the ranks of the items kept O, increase
after the (n + 1)st item is observed. If the (n + 1)st item is kept, it is easy to see
that O, 11 = On + L, + 1. The difficulty arises when the (n + 1)st item is not kept.
Even though the (n + 1)st item is not kept, it might still be better than items that
have been kept.

Let X be the values of the items that are kept after having observed n items
for i =1,..., L, where the items are indexed from smallest (best) to largest
(worst). The sum of the ranks of the kept items after n + 1 items are observed,
provided that the (n + 1)st item is not kept, is denoted by Q, + A 41 where

el = ZiL:”j”H I(Xy+1 < X[). The behavior of Ay, is captured as follows.

LEMMA 5.1.

/)i (i D — i (L. — i
(5.8) E(A;:+1|Xn+1 - Xﬂfn’ ?’n) _ On—(1/2)ju(n + 1) — ju(Ly — jn)

n+1—j,

and

Qn(an - 2jn + 1)
5.9 E(A% X X%, Fp) < ,
(5.9) (Anil Xt > X5, ) = == 25—

where j, = [pL,] as above.

PROOF.
*I‘l

* N o W — Jn
E(I(Xnr1 < X)) Xnq1 > X5 Fn) = m

for i > j, where R;“n is the rank of X' from among X1, ... X,



376 A. M. KRIEGER, M. POLLAK AND E. SAMUEL-CAHN

and
Ly
Yo (R =)= Cn = 5jnCn + D = ju(Ln = jn),
i=ju+1
hence (5.8) follows.
Since I (X1 < X)) =1=1(Xy41 < X;‘f) =1,for j>i> j,,
E(AR | Xns1 > X5, Fn)

= E(A} 1|1 Xns1 > X5, )

Ln_l Ln
+2E[ o 2 I X1 < XD X >X;;,3~7,}
i=jp+1k=i+1

< E(A5 1 Xng1 > X5, F0)QLy — 2ju + D).
So (5.9) follows from (5.8). [

LEMMA 5.2. Let V, = Q,/L2. Then

2p—1 1 P*/2 !
510) E(Vy1|F) =Va[1- o 0 '
( ) (Va1 Fn) n( n+1 + <nLn>)+n+l + (nLn)

PROOF.
E(Vn+l|?n)
Jn On+Lp+1

5.11 =
( ) n+1 (L,+1)?2
”+1_jn( Qn_(1/2)jn(jn+1)_jn(Ln_jn))
T, + : .
(n+1)L; n+1-—j,
But
Jn On+Lp+1
n+1 (L,+1)?2
Jn L; a1
= V, >+
n+1 (L,+1 n+1L,+1
. 2 .
Jn 1 Jn 1
5.12 =—V,|1-
(.12) n+1"< L”+1) +n+1Ln+1

Iy W (—2 +0(i>)
n+1 " n+1 p L,

Srilre(z)
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Also, the second term in (5.11) equals

1— v, 1 /1
nJ;r1+1JnV”+nJ:1_n+1<
(5.13)

Substituting (5.12) and (5.13) into (5.11) yields (5.10). O

LEMMA 5.3.

,  2V? 1
£ =V = 2 (2= 1+0(Z))

(5.14)
(reo(z) o)
nt+1\P L, nL,)
PROOF.
E(V2 |5y = 1 (Qn+ Ly +1)?
T (L, + DA
n+1_jn
mE[(Qn+A*+1) | Xnt1 > X5, Fal.
But
(Qn+ Ly, +1)?
(L, + D4
2(-25) oz o)
515 L4 L, +1 (L +1)3 L2
| _Vz(l— 4 +0(1>)
L,+1 L2
20, 1
== 4 o(—).
T <L2>
Hence,

Jn (Qn+Ly+1)?
n+1 (L,+1*

. 2
v (e o(2)
5.16 = Ve — 4 ol —
( ) n+1 " n+l P

Firo(z)) <o)

+

1
Ly
n+1-—j, |74 1 ( 1, (1))
= v, - - = ol—)).
n+1 ”+n+1 n+1\” L L,

377
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Similarly, by Lemma 5.1,
n+1-— jn
(n+1)L%

_ n+1—jy V2 20,
n+1 " (m+1)L}

E[(Qn+A*+1) | Xn+1 >X ]

1
(Qn — S+ 1) = (L~ jn))

(5.17) o
n —J _
Gt DL EA I Xns > X5, )
n
ntl—jn o 2V? ng(lz (1))
=— "V _ | - 1— ol —
CES G FS ST L CY AR A O Vs

since by (5.9) the term involving E(AnJrl | Xpt1 > X}’fn, F,) is bounded by
0Ly —=2ja+1) _ Vi o(i)

(n+1)L% n—+1 L,

Combining (5.16) and (5.17) yields (5.14).

PROOF OF THEOREM 5.3. The claim is trivial for p = 1, for then Q, =
%Ln(Ln + 1). Suppose % <p<l1lLet Vi=(V, - qp)z. We shall show that
Vi—0as.:

EV, 1 1F0) = E(V, L 1F) = 24p E(Vast | F2) + 4.

Lemmas 5.2 and 5.3 imply that

2v?2 1
E(VE | %) = V7 — n(2_1 o(_))
(V| F) pand O + i\

Vi 1
(5.18) + +1(p +2qp(2p—1)+02(Ln))

i o(g))
n+1 +0s L,))

Notice that |V, — g,| = \/V: so that V,, < \/Vz +¢qp. Hence 0 <V, <V +1
+4qp-

V2 VE+29,V, — q Recalling that g, = 2pz/(2p — 1), we obtain [after
algebra applymg (5.18)]

22p — 1 22p — 1
o= (122D 2200, (1)

Vi 1 q,p° 1
5.19 P 0( )
619 Tt (Ln)+n+1 \L,

S(1—2(2p_1)+02(1/Ln))Vn*+0( 1 )
n+1 nL,
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Since L, /n? 2% to a finite random variable, there exists (a random) ng such that
|02(LL)| < (2p —1) for all n > ng, so that for all n > nyg,
no

1
(5.20) E(V 1 F) < V4 ‘0<nL ) .

But since L, /n? converges a.s., it follows that |O(i)| is a.s. summable. There-
fore, it follows by Proposition 5.1 that V,* converges almost surely.

We claim that V* 25 0. Suppose this is false and there exists a set A of positive
measure such that lim V" > a a.s. on A, where a > 0. Since lim V," exists, (5.19)
can be rewritten as

(5.21) E(V* $)<(1—M)v*+0< : >
. n+1| n) = n+1 n nL, .

For given 0 < ¢ < a, there exists (a random) n1 > ng such that,on A, V) >a —¢
for all n > ny. Clearly P(A|F,,) > 0. From (5.21) it follows that

n
E(Vn*|?nl) = Z E(Vz* - ‘/it1|?n|) + Vn*l

i=ni+1
<=2Qp-D@=a)P(AlFy) Y ——+Vi+e
i=ni+1 L+
— —00
n— oo
where c =372 IO(%N < 00.

This is clearly a contradiction since V," is nonnegative. Therefore, V, — 0 a.s.,
thatis, V,, — gp a.s.

By virtue of Lemma A.2 in the Appendix, there exists > 0 such that E (i) <
ﬁ. Therefore it follows from (5.20) that { E(V},)*} is bounded. V,, — ¢, a.s. now
implies E'V, =24 ]

SKETCH OF PROOF OF THEOREM 5.4. Let V¥ = (13% -2
Ignoring O (-) terms, it follows from (5.10) that

( Vi+1 ‘3:'>~ Va logn + 1/8
log(n + 1) " lognlog(n+1) nlog(n+1)

(5.22)

v ( I )+ 1/8
logn nlog(n +1) nlog(n+1)

The last expression comes from logn/log(n +1) =1 — nlog(1n+l) + 0(n211)gn)‘
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Similarly, from (5.14),
V2
log“(n+1)

v <1 1 )2
logzn nlog(n 4+ 1)

5.23
629 1V, 1 (1 1 )
4logn nlog(n+1) nlog(n + 1)
v 2V? 1 N 1V, 1
logn  log’nnlog(n+1) 4lognnlog(n+1)
But
V2 1 Vit 1
524) E(VY,IF =E[”4+1 ?}——E[L 37]+—.
( ) ( n+1| n) 10g2(n+1)‘ n 4 log(n + 1) n 64
Substituting (5.22) and (5.23) into (5.24) yields
2 Ve 1)?
E(V\ | F) ~ V- < " __>
Ve lFn) >V, nlog(n + 1) \logn 8
2

k *

=V*_ V>,
" nlogn+1) "

The remainder of the proof follows in a fashion similar to the proof of Theorem 5.3.
O

6. Discussion. An extensive simulation study has been performed with vary-
ing horizons up to 10,000 and also 10,000 replications. The results of this sim-
ulation will be published elsewhere. The estimated constants for the limit of
E(L,/n?) (see Theorem 4.1) and E(A,/a,(p)) (see Theorem 5.1) are presented
in Table 1.

The standard errors for estimation of the constants are less than 0.002.

TABLE 1
an(p)=n'"P if p <05, an(5) =n'/?logn, an(p) =n? if p>0

)4 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

E(Lp/nP)* 4178 2674 2.111 1.653 1.181 1.198 1.045 0.841 0.693 0.500
E(Ap/ap)® 0238 0401 0578 0967 0214 0978 0.634 0449 0.351 0.250

4Estimate of the limit using n = 10,000 and 10,000 replications.
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REMARK 6.1. Some of the results of the preceding section carry over to the
inverse problem of fixing the number of items kept and considering the number
of observations required until this goal is achieved. Suppose that a p-percentile
rule is applied. Let Z; (for i > 1) be the number of observations made from the
instant that the size of the set of retained observations became i — 1 until its size
became i. Also, let N, = Y""_, Z; be the number of observations made until n have
been retained. The results stated in Theorems 4.3 and 5.2, 5.3 and 5.4 carry over
directly to N, and Qn, : Ly, / NP =n / NP converges a.s. as n — oo to a finite,
nondegenerate random variable. For p < %, p= %, p> % the quantities

1— 1/2
(@) L /N, P 2 y(N, P log N,), L /NP,

n n

respectively, converge a.s. as n — 0o to nondegenerate random variables, and for
pP>3
() On,/n* — p*/122p — D] as.

For 0 < p <1 and n > 2 the expectation of N, is oo [since E(Z;) = oo]. For
p< % p= % p > % respectively, the corresponding expectation of each of the
three expressions in («) converges to finite positive constants as n — oo, and for
p > % the expectation of the term on the left-hand side of (8) converges to the
value in the right side, as n — oo.

REMARK 6.2. Define R =1+ Z?:] I(Xj < X;). (This does not constitute
a change when the X’s are i.i.d. continuous.) Then Theorem 2.1 and its proof hold
verbatim, even if there are ties among the X’s (which may be the case if the X’s
are discrete random variables), and even if the X’s are not random.

REMARK 6.3. Other rules can be evaluated in a manner similar to the
p-percentile rules. For example, for k-record rules using Lemma 2.1, it can be
shown that L, /logn converges almost surely to k as n — oo and E(L,)/logn
also converges to k. It can be shown that Q,/(n + 1) is a (nonnegative) sub-
martingale that converges a.s. as n — oo to a nondegenerate random variable, and
E(Qn)/(n+1) =2 k. Thus A, logn/n converges a.s. to a nondegenerate random

variable.

REMARK 6.4. The complexity of the sorting problem is of order nlogn.
Sometimes, one is interested in retaining (in sorted form) only some of the best ob-
servations rather than the whole set. In this case, a p-percentile rule with0 < p < 1
obtains a sorted set of best observations, and the complexity is of order n. To see
this, note that initially each observation has to be compared only to the p-percentile
of the retained set—amounting to n operations—and each retained observation
must be compared to (roughly) 100p% of the retained observations, amounting (at
most) to another 22_,L-i1 log(j + 1) = O(LplogL,) = O,(n”logn) operations
(since the retained set can be stored in sorted condition).
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APPENDIX

LEMMA A.l1. For any p-percentile rule with O < p <1 and any 0 < e < 1,
there exists a constant 0 < c¢ ,, < 00 such that

P(L,<k) < c&pkm(l_s)/nl_g

where ro = [1/p].

PROOF. After m — 1 observations have been retained by the p-percentile rule,
let Z,, denote the number of additional observations until the next retention. Note
that Z; = 1. Let N, =Y | Z; be the number of observations made until 7 items
have been retained. Thus,

(A.1)  P(L, <k)=P(Ny>n)=P(N. "¢ >n'"%) < E(N/7*)/n'"%.

Without loss of generality, assume that the X; have a U[0, 1] distribution.
Let X} denote the observation with rank i among X1, X», ..., X,,. Note that con-
ditional on X7, ..., Xu,,, the distribution of Z,, 1 is

. . _ vNm _ yvNp
Geometric p with p = X e = X\ om)-

Also note that conditional on N,,, the distribution of X ][\Z;"M is Beta ([ pm],
Ny + 1 —[pm]).
Therefore, for0 <e < 1

E(Zy 5 INw) = E[E(Z,5 [N, X ) 1N ]

< E([E(Zun+1| N X)) 1Nm)

[pm]
1 1—¢
= [ (55-)
X Nm

Nm}
[pm]

Nyy!
~ ([pm] — DUN,, — [pm])!
» C([pm]+¢&—1DI(Ny +1—[pm])

(A.2)

'(Ny, +¢)
. Np! ‘I“([me—I-e—l)
~ ([pm]—1D)! (N +€)
N
<
~ [pm]l4+e—1

The last inequality in (A.2) follows since f(A) =I'(A + ¢)/(I"(A) is increasing
in A for any integer A. This is easily seen since f(A+1)/f(A)=(A+¢)/A>1
for all € > 0.



SELECT SETS 383

For ¢ =0and [pm] > 1 obtain E(Z,,41|Nm) < Np,/([ pm] — 1), so that

[pm]
E(Nps1INy) < —L20 N,
[pm] —1
Hence
1—¢
1 1— [pm] 1—
BN 1N < [Eal Nyl < (= 2 ) e
Letting m , be the smallest m such that [ pm] > 1, it follows that
- N LA
(A3) E(N, 2 |Nm,) < Ny * T <71> .
i=m, NPT =

We first show that E(N,L;S) is finite. By virtue of (A.2), since Z,, 1 > 1,
it 1 Nm) = E((Np + Zin1)' | N )
< E(N'"%|N,) + E(Z}",

E(N!

< N,,}1_8+E(Z(l 5/2) |Nm)

m—+1
_ 1—¢/2 _
< N+ (E@EZY I 2
1—¢/2
<N!=¢ 4 Non

S (pml /2 D

This recursive relation can be applied repeatedly. Since E (N 11_5) =1, it follows
that E(N,, ©) is finite forall 0 < & < 1.

Finally, note that [p]’] - > 1 and can appear (in the product [T/, —21-) at

p [pil-1
most rg = [1/p] tlmes Hence,
m . 1—¢ ro(l—e¢)
[pi] [pm] 0 _
1 (Gi=) =(Gmi=r) =l
—— pmp
For m = k, the conclusion follows from (A.1) and (A.3). U

LEMMA A.2. Let0 < e < 1 and consider a p-percentile rule with 0 < p < 1.
Let p* =max(p, 1 — p). Then

A,
lim E( = )—O.
n—o00 p*te

PROOF. The statement is trivially true for p =1 as E(A,/n) — 1/4 as

n — oo. Thus consider 0 < p < 1. Let 1 < k, < oo be an integer such that
L+Ly—jn

— <0 -pQ <p*Q
T L <(I=-p)d+e)=p +e)

whenever L, > k;, where j, = [pL,].
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From Lemma A.1 we obtain
P(Ly <ke) <cf i /n' "

Using Lemma 2.1(iii),

E(An+1|3c‘n)=A,,(1 + Ln — Jn ) inGn— 1)/

MRCES T

(n+ DL,
(A4) < At Ay T BRI S )+ 1L < k)]
= a1 Ly z
p’Ly+p
2(n+1)

Since A; < n, the right-hand side of (A.4) is less than or equal to

p*(1+e)
n

p*L,+p
2(n+1)

n
An[1+ }+n+11{Ln<k8}+

Hence, with ¢ < {p A ¢} and large enough n,

c;‘k,p,kS P2(8 +Cp)

nl—S 2n1—p

pr(l+ 8)] n Cp
n nl=r’

*(1
E(An—H) =< E(An)|:1 + p (n+8)] +

< E(An)[l +

Let y; =1 and define y,,+1 = v, /[1 + W]. Thus, {y,} is a decreasing se-
quence, and there exists 0 < y», < 00 such that

lim n Py, =y,

Note that for large enough n,

2¢pYoo

Ynt1E(Ant1) < v E(An) + T ()

Because 1 — p + p* > 1, it follows that

A
limsup y,, E(A,) < 0o, that is, limsupE(%) < 00.
n—00 n—00 n? (I+e)

Hence

. An
nE)ngoE<nP*+8) =0. O]
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