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In this article we develop a new methodology to prove weak approxi-
mation results for general stochastic differential equations. Instead of using
a partial differential equation approach as is usually done for diffusions, the
approach considered here uses the properties of the linear equation satisfied
by the error process. This methodology seems to apply to a large class of
processes and we present as an example the weak approximation of stochas-
tic delay equations.

1. Introduction. The Euler scheme for stochastic differential equations is
widely used in applications as it is easy to compute. The Euler scheme can be
easily generalized to a variety of stochastic equations beyond the framework of
diffusion equations, in particular Volterra SDEs, delay SDEs, anticipating SDEs
and nonlinear SDEs.

On the other hand, the theoretical properties of the Euler scheme are mostly
studied for the diffusion case as most of the results available so far are in this
framework. In some cases, extensions to other similar equations are straightfor-
ward but in other cases, additional nontrivial work is required. For example, see
[8] for extensions to semimartingales, and [1, 11] for approximations of an irreg-
ular functional of a diffusion which is approached using a Euler type scheme. It
is also well known that the definition of an extension of the Euler scheme for de-
lay type systems is straightforward but the technical results on the weak rate of
convergence are limited. See [4, 6, 9].

In this article we propose a generalization of the theory of weak approxima-
tions which studies the rate of convergence of the Euler scheme considered in law.
This generalization finds as an application the weak rate of convergence of smooth
functionals of general delay type systems and also covers, with a further study of
the Malliavin covariance matrix, the case of irregular functions of the solution of
the stochastic equation.
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The main idea is to change completely the approach used until now to prove
weak approximation rate results. This new idea, which uses the whole path of the
process under study rather than the partial differential equation associated to the
problem, should allow to obtain various other straightforward generalizations of
results of the weak rate of convergence.

In order to describe our approach roughly, let X denote the solution of a stochas-
tic equation and X the Euler scheme associated to it. The problem of weak rate of
convergence consists in finding the rate at which E(f(X) — f (X)) converges to
zero for various classes of functionals f. The optimal rate is the step size of the
scheme even though the equations considered may differ.

The classical proof of this result for diffusions is based on the associated partial
differential equation, that is, Ef(X) has through the Feynman-Kac formula an
interpretation using PDEs. This is the important point in the classical approach
which is not used in our approach. In the case of some stochastic equations, if f is
regular enough, the proof is similar if the associated PDE exists. If f is an irregular
function, then the issue of the nondegeneracy of the Malliavin covariance matrix
of the Euler scheme becomes an important issue as has been shown in [1, 11], but
this extension is nontrivial.

In this article we propose a completely different method to prove weak approx-
imation results based on a pathwise approach. That is, we use the mean value
theorem to rewrite f(X) — f(X) = Jy f'@X + (1 —a)X)da(X — X). Then, we
derive a linear equation satisfied by ¥ = X — X. When this equation can be ex-
plicitly solved, which seems to be true only for diffusions, one can obtain the rate
of convergence by using the duality property of stochastic integrals. This method-
ology was first introduced by Kohatsu-Higa and Pettersson [7] and used in Gobet
and Munos [5]. It seems to be quite general except for the explicit expression for
Y which can be done only in the case of diffusions. This article presents a general
framework to analyze weak approximations in stochastic equations. In particular
we solve the problem without having an explicit expression for the solution of sto-
chastic linear equations, by using a duality argument. This duality formula (see
Section 3) shows explicitly the weak error as a by-product of the expectation of
an error process (called G in Section 3). To finish the proof one has to use the
duality formula for stochastic integrals. Therefore our approach works mostly for
stochastic equations with regular coefficients. For this reason we have to study the
stochastic derivatives of the solution process. It should be emphasized that this ap-
proach applies to regular functionals of the process X and not only to functions of
the value of X at a fixed time ¢.

Furthermore, the framework introduced here also extends naturally to the case
of irregular functions f. That is, one uses the integration by parts formula of
Malliavin calculus to regularize the function f. We believe that this approach for
the irregular case follows naturally from the regular case. It also explains clearly
that to obtain the result for the irregular case is just a matter of studying the non-
degeneracy of the limiting stochastic process and not the approximating process.
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In order to show what are the elements in each theorem we also consider as
an example a delay type equation which does not have a clear associated PDE
in order to extend the classical proof. The general framework is directly applied,
which gives the weak rate of convergence.

This article is organized as follows. In Section 2 we present the example of a
diffusion process to introduce the methodology. Section 3 contains the main results
in the general framework and an application to the weak rate of convergence of
approximations of delay equations for regular functions. These results are then
extended to irregular functions in Section 4.

2. The case of one-dimensional diffusions. To clarify the methodology, we
consider a smooth function o and a Wiener process W and a real diffusion process

t
Xe=x+ [ o(X)dW,,  rel0,TL

0

Its Euler approximation is given by
Ko=at [Lo(Xyp)d 10,1,

where 7(s) = kT /n for kT/n <s < (k 4+ 1)T/n. The error process ¥ = X — X
satisfies

1 _
V= [ (00X = o (Ryo)) aW,

= /0;/01 o'(aXs + (1 —a) X)) da (Xs — Xp(s)) dWs;
this can be written as
(1) Yt:/()tal(s)stWs—i-G;, 0<t<T,
with

1 _
o1(s) =/0 o'(aXs+ (1 —a)X,)da

t _ - t -
G: =/0 01(5) (X5 — Xyy(s)) dWs =/0 01()0 (Xy5)) (Ws — W(s)) d W.
In this simple case we have an explicit expression for Y;:
t
V=& [ 671G~ 01(5)d(G. W),)
where & is the unique solution of

t
& =1 +/ o1(s)Es dW;.
0
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Finally we obtain

t _
Y, = 8zf0 & 01(5)0 (X)) (Wy — Wi(s)) d Wi

1 _
- 8’/0 &' 01(5)%0 (Xy5)) (Ws — Wy(s)) ds.

Now let f be a regular function. We are interested in the determination of the rate
of convergence of E f(X7) to E f(X7). We first write the difference

_ 1 _
Ef(XT) —Ef(XT) =E/(; f/(aXT + (1 —a)XT)da Yr.

Replacing Y7 by its expression, we obtain with the additional notation F” =
Jo f'@Xr + (1 —a)Xr)da,

T )
EF"Y; = EthT/O 8;101 ()0 (X)) (Ws — Wy(s)) dW
@) .
— IEFhé“T/O & '01(5)%0 (Xy5)) (Ws — Wy(s)) ds.

Applying the duality for stochastic integrals, this gives

T _
EFtY; =E /0 Dy(F"67)€01(5)0 (X)) (Ws — Wy(s)) ds

T _
— EFhQT/O 85_101 (S)ZU(Xn(S))(WS — Wn(s)) ds,

where D denotes the stochastic derivative. Consequently, the difference E f (X 7) —
E f(X7) can be written as

) T
Ef(X7)—Ef(Xr)=E fo UMW, = Wyiy) ds,
with
Ul = (Ds(F"&r) — F"€r01(5)) (&, o1(s)0 (X, (s)))-

We finally obtain the rate of convergence by applying once more the duality for
stochastic integrals
T ps
Ef(XT)—Ef(XT):E/ D,U! duds.
0 Jn(s)
This last formula makes clear that |E f(X7) — Ef()_(T)| < T/n and leads to an
expansion of E f (X7) —Ef (X 1) with some additional work (see Section 3).

In other stochastic equations, the error process also satisfies a linear equation
[similar to (1)] but in a more general form; see Section 3.4. The aim of the next
section is to establish a formula (called the duality formula) which will be a sub-
stitute for (2) when the error process Y does not have an explicit expression.
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3. Duality for the error process and application to delay equations.

3.1. General form of the error process equation. Throughout the paper, we
consider a complete probability space (€2, £, P), which is the canonical space
of a d-dimensional Brownian motion with finite horizon W = {(th, ey Wtd ),
0 <t <T}. We denote by F = (#;)o<;<7 the usual augmentation of the natural
filtration of W. If H is a separable Hilbert space and p € [1, +00), we denote by
LE([0, T]; H) the space of all measurable adapted processes X = (X;)o</<7, with
values in H such that EfOT | X;|? dt < oo, where | - | denotes the norm on H.

Recall that according to the It6 representation theorem, any H -valued random
variable X such that E|X|> < co can be written in the following form:

d 1 .
X=EO+Y [ Hxaw,
i=170

where J1(X), ..., J4(X) € Lg([O, T1; H). Note that this defines J', ..., J¢ as
linear operators mapping L>(¥7; H) into LZ([O, T1; H). We will often use the
notation J (X) for the vector (J!(X),..., J4(X)) and Z - dW for Zl-dzl ZHdWE.

We consider «y,...,a4, B, d + 1 linear continuous operators on the Hilbert
space L2([0, T]; H). The aim of Section 3.1 is to study the following generaliza-
tion of (1):

d , t
3 Y, = (Y dw! Y d Gy, 0<tr<T,
3 v ;foam(s) 5+f013( )(s)ds + G <i<

where G € Lg([O, T, H).

In fact, the study of (3) in the space LZ will not be sufficient (see Section 3.4)
and we will need L?-estimates for p large enough. For simplicity we state the
assumption as follows.

ASSUMPTION Al. For every p > 2, there exists a positive constant C;, such
that, forall t € [0, T], Y € LY ([0, T1; H),

t/ d p/2 ' '
. 2 p p
@) Efo (;wmw) ds+E/0 B dsscpE/O 1Y, 1P ds.

PROPOSITION 1.  Let Assumption Al hold and let p > 2. Given G € L0,
T1; H), (3) has a unique solution Y € LE([0, T1; H) and we have

T B T
IE/ \Y,Pdt < c,,E/ G| dt.
0 0

for some constant C p depending on C), (and T) only.
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PROOF. Let k be a positive real number. We define an equivalent norm || - ||x
on the space LP(0,T1; H) by setting

T
I =E [ ey
0

Let A and B be the operators defined by

d ¢ '
5) ANO =Y [ @) awi,
i=170
t
©) MD@=AﬂWMM&

We have, using the Burkholder—Davis—Gundy inequality (BDG inequality in the
sequel) and p > 2,

T p
IA(Y)|? :E/ dte ™™
0

d ¢ '
1221/0 & (V)(s) dW!

T r d r/2
< KpE/ dre™™ (f |Oli(Y)(S)|2dS>
0 00

T () d p/2
< KpIEf dt e_k’tp/z_lf (Zlai(y)(SNZ) ds
0 0 \iz1

T t
ngcpTl’/z—lE/ dte_k’/ ds|Ys|?,
0 0

where the constant K, comes from the BDG inequality and C}, from Assump-
tion Al. Using Fubini’s theorem, we derive

K,C,TP/2-1
(7 HMDMSJ!%——WM
A similar argument leads to
C
®) nmmwsfww.

It follows that, for k large enough, the operator A + B is a contraction for the
norm || - ||x. Hence, if I denotes the identity, the operator I — (A 4+ B) (acting
on LY ([0, T1; H)) is invertible and this implies existence and uniqueness for the
solution of (3). O

REMARK 2. Note that if the process G has right-continuous (resp. continuous)
paths, the solution of (3) has a right-continuous (resp. continuous) modification.
This modification will still be denoted by Y.
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3.2. The duality formulae. The purpose of this section is to establish two
duality formulae relating E(F, Yr) to Gr for F in LZ(Q). We first introduce
some notation. We denote by (-,-) the inner product on H. The operators
A*:L2([0,T]; H) — L2([0, T]; H) and B*: L2([0, T]; H) — L2([0, T]; H) are
the adjoints of the operators A and B defined by (5) and (6). If we set x(Y) =
(x1(Y),...,aq(Y)), we can view « as a linear operator mapping the Hilbert space
Lg([O, T]; H) into Lg([O, T1; H%). The adjoint operator o™ maps Lg([O, T1; HY)
into Lg([O, T]; H). The following proposition relates the operators A* and B* to
o™ and B*.

PROPOSITION 3.  The operators A* and B* are given by

d T
A (Z)(t):;oei <J (/0 sts>)(t)

o[ 2o

B*(2)(1) = ﬂ*(E(fT Zs ds‘?.))(t).

PrROOF. ForallY, Z € Lg([O, T1; H), we have

T d T t ‘
E/O <zt,A(Y)(t))dt:E;fo <Z,,/0 a,-(Y)(s)dWS>dt
d T o
=§f0 2 Wiz am@)dsds

T/ T 4
:E/O (f ;(J;(Zt),ai(Y)(s))dt)ds.

Note that, since Z; is F;-measurable, we have Jsi (Z;) =0 for t < 5. Hence, using
the linearity of the operators J*,

T T T d ;
E/O <Zz,A(Y>(t)>dr=Ef0 (/0 §<Js(zt),oe,-<Y)<s>>dr)ds
T d 1 ,oT
=E/O §<J(/O Z;dt),ai(Y)(s)>ds

= Ef()%é@(ﬁ (/OT Z dt))(s), Y(s)>ds,
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which proves the formula for A*. We proceed similarly with B:

E/OT(Z“B(Y)(t))dt :E/(;T<Zt,/ot,3(Y)(s)ds>dt

= E/OTUST Z,dt, ,B(Y)(s)>ds

=IE/OT</3*<]E([T z dt‘i’.))(s), Y(s)>ds. -

The next theorem states the two basic duality formulae. In order to relate
E(®, Yr) to Gr, we need a formula for EfOT(Ft, Y;)dt when (Fy)o<i<r €
L3([0, T1; H).

THEOREM 4. Let G € L%([O, T1; H) and let Y be the solution of (3).
1. If F = (F)o<i<r € L2([0, T1; H), we have
T T
E [ (F.Y)di=E [ (6.Gir,
0 0
with 8 = (I — A* — B*)"1(F).
2. If G has a continuous modification, then Y has a continuous modification

(which we still denote by Y), and if ® is an Fr-measurable square integrable
random variable with values in H, we have

T ~
E(®, ¥r) =E(®,Gr)+E [ (@, i),
0
with
0= — A* = B [a*(J(®)) + B*(E(D|F))].
PROOF. The first part of the theorem comes from the equality ¥ = (I — A —

B)~'(G) and standard duality theory. For the second part, it is clear from (3) that if
t — G, is continuous, the process Y has a continuous modification. We also have

E(®, ¥7) = E(D, Gr) +]E<CI>, fOTa(Y)(s) AW, + fOT /B(Y)(s)ds>.
Now
T T4 .
E<CI>,/0 a(Y)(s) - dWS>=IE/O ;(]S(CID),ai(Y)(s))ds
and

E<<b, /OTﬁ<Y)<s)ds> =1Ef0T<JE<d>|?;),ﬁ(Y>(s)>ds.
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Therefore
T
(&, Yr) = E(®, G7) +E/ (Fy. Y,) ds,
0

with F; = o™ (J(P))(¢) + B*(E(P|F))(¢). And the result follows from the first
part. [

REMARK 5. The processes 6 and 6 given by Theorem 4 can also be character-
ized in connection with backward stochastic differential equations (BSDEs). First
note that 9 satisfies the dual equation

€) 0=F+A"(©)+ B*(0),

which, using Proposition 3, can be written

(10) 9=F+a*<](/0T05ds)>+/3*(IE(fT95ds‘5f.)>.

Now, observe that, given 0 € LZ([O, T1; H) and ¥ € L*(Fr; H), the pair of
processes (Y, Z), defined by

~ T - T
Y, = E(\Il +/ Os ds}.?’,) and Z; =, <\IJ —}—/ Os ds),
t 0

is the unique solution of the following BSDE:

dY, = —6,dt +Z, - dW,,

Yr =W
It follows that, if 0 satisfies (10), we have
0 =F +a*(Z)(1) + B*(Y)(@),
where the pair (Y, Z) solves the following BSDE:
dY, =—(F +a™(Z2)(t) + B* X)) dt + Z; - dW;,
Yr=0.

Similarly, the process 6 in Theorem 4 is given by

b =a*(2)(1) + B (D)),
where the pair (l?, 7 ) solves the following BSDE:

dY, = —(a*(Z)(0) + B* X)) dt + Z; - AW,
Yr = .
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3.3. Estimates for the stochastic derivatives of the dual equation. In this sec-
tion we study the dual equation (9). We will establish estimates for the derivatives
of the process 6 involved in the duality formulae. These estimates will be useful for
the study of the weak rate of convergence of the Euler scheme for the computation
of expectations of regular functions (see Section 3.4). Under Assumption Al, we
know from Proposition 1 that the operator / — A — B is invertible when considered
on the space LP([0,T1; H) for p > 2. The operators A* and B* can be viewed as
bounded linear operators on LP ([0, T]; H) for p <2, and it follows that the oper-
ator (I — A* — B*) is invertible on the space L% ([0, T]; H), for p <2.

In other words, we may assert that, given F € L? ([0, T]; H) (with 1 < p <2),
there exists a unique 6 € LP(0,T1; H), satisfying

6 =F + A*(0) + B*(9).

Using Proposition 3, we have

(11) 9:F+a*<](/0T0sds))+,6*(IE([TQS 37))

We want to differentiate this equation, in order to estimate the Malliavin derivatives
of 6. We will need some regularity assumptions on the operators « and 8. For the
basic theory of Sobolev spaces on Wiener space and for standard notation, we refer
the reader to [13].

We denote by D the derivative operator. If X is a simple functional with values
in H, DX is a random variable with values in L2([0, T]; H%) and can be viewed
as a nonadapted process (D;X)o</<7. We will say that a functional (or random
variable) X with values in H is smooth, if it can be written as a finite sum of
multiple Wiener integrals with continuous deterministic integrands. Note that if X
is smooth, the process (D;X) has a right-continuous modification. We denote by
3,([0, T']; H) the space of all adapted processes (¥;)o<;<7 with values in H, with
continuous paths such that, for each ¢ € [0, T'], the random variable Y; is smooth
in the previous sense. The space 4,([0, T]; H) is dense in LP([0,T]; H) for all
p € [1, +00). Our regularity assumptions on « and 8 can now be formulated as
follows.

ASSUMPTION A2. For y =« and y = 8 and for all Z € §,([0,T]; H), the
process y*(Z) is in D%2 and, for all u, v € [0, T'], there exist operators denoted by
D,y*, Dzvy*, such that, for Z € 8,([0, T]; H),

D, (y*(2)) = (Dyy*)(Z) + y* (D, Z),
D}, (y*(2)) = (D}, y*)(Z) + (Duy™)(Dy Z)
+ (Dyy*)(DyZ) + y* (D2, 2).
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Moreover, these operators satisfy the following estimate, for all g1, go with 1 <
q1<q2 =2

T 5 1/q
(E fo IDuy (2| + D2,y *(Z) ()] dt)

T 1/q2
< Con(E [ 127 ar)

where the constants Cy, 4, do not depend on u, v (or Z).

(12)

The estimate (12) for & and B allows us to extend the operators D,a*, D2 a*,
D,B*, D2 B* as continuous operators from LZ*([0, T]; H) into LI ([0, T]; H),
for 1 < g1 < g2 < 2. Note that in typical examples [see Section 3.4, (21), (22)],
the operators D, «a*, D,B* are not bounded from LE([0, T1; H) into itself. In the
sequel, it will be convenient to use the following notation. For a random variable
Z inD?2, and u, v € [0, T], let

n(Z,u,v)=|Z| + |DyZ| + Dy Z| + |D;, Z|.
PROPOSITION 6.  Let Assumptions Al and A2 hold. Let F € Lg([O, T); H).
We assume that F has a modification F; such that, for each t € [0, T], F; € D322

and supg, <1 EfOT n(F;,u,v)?dt < o0o. Then, the solution of (11) has a modifi-
cation 0; satisfying, for 1 < p <q <2,

T l/p T l/q
(E/ np(G,,u,v)dt> §Kp7q(E/ nq(F;,u,v)a’t) ,
0 0

where the constants K, , depend on T and the constants Cp, and Cy, 4, in As-
sumptions Al and A2 (and not on u, v or F).

For the proof of Proposition 6, we will need the following commutation rela-
tions between the operators J and the derivative and conditional expectation op-
erators. We omit the proof which involves only classical arguments of analysis on
Wiener space.

LEMMA 7. Forall X € DV2(H), we have

Dy (J(X)(v)) = J(Du (X)) (v)Lju<y) and
D, (E(X|F))) =E(Dy(X)|F) Liu<v}s dudv a.e.

PROOF OF PROPOSITION 6. The formal differentiation of (11) gives

Db, = D, F, + (Dya™) (J (/OT 0, ds)) (t) + (DM*)(E([T 0, ds’?.))(t)
+ oe*(Du <J(/0T 0, ds)))(t) + ﬁ*(Du (E([T 0, ds‘?’.)))(t).
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Using Lemma 7 and the linearity of D,, we get

Du6; = D, F, + (D,ﬂ*)(](/OT 0, ds))(t)

+ (DM,B*)(E([TGS ds]F.>)(t)
+ a*(n[u,T]J(/OT Db, ds))(t)
+ﬁ*<ﬂ[u,T1E<[T D.by ds‘ﬁ))(t).

Now let 1, 7 be the operator on Lg([O, T]; H) defined by
Ly (Y) =1y 1Y

Clearly, 1, 7 is a self-adjoint operator and defines an operator with norm 1 on
LZ([0, T1; H) for every p € [1, +00). We have

(13)

a*ol,r=Uyroa)" and B*ol, 7= .,T0p)"

and the operators I, 7 o« and I, 7 o 8 satisfy Assumption Al with the same con-
stants C), as  and B. Now let A, and B, be the operators defined on LE0,T]; H)
(p=2)by

d ¢ )
A0 =Y [ B0 awl,
i=1

t
B0 = [ Lun©BX)6)ds.
Using Proposition 3, we can rewrite (13) as
Du8 = ¢u + (A, + B,)(Dub),

where ¢, is the adapted process defined by

$u(t) = Dy F; + (Dua*)(J ( [ "o, ds))a)

1 (DM*)(]E([TQS ds‘i’.))(t).

It follows from Proposition 1 and the properties of the operators I, 7 o o and
I, T o B that, for p € [1,2],

T T
E/ |Duef|f’drscp1€/ bu (DI dt.
0 0
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where C), does not depend on u. On the other hand, we deduce from Assump-
tion A2 and the assumptions on F' that, for 1 < p <g <2,

T 1/p T 1/p
(Ef |¢u(r>|f’dz) scp(E/ |DuFf|f’dt)
0 0

+Cp,q{<E/OT Jt</OT9sds) th>1/q
(o [ () o) ar)

where here again the constants Cj, and C), ; do not depend on u. Here we have used
the notation J;(Z) for J(Z)(¢). We have, using Jensen’s and Holder’s inequalities,

T T q 1/q T| T q 1/q
(E/ E(/ em]%) dt) 5(1@/ /Qsds dt)
0 t o |Jr
T 1/q
§T(E/ |0,|‘1dt) .
0

On the other hand, using 1 < g <2 and the BDG inequality, we have

T T q 1/q
(e[| [ ouas)[ )
0 0
T T
o (e[ o[ 09
0 0

T g\ 1/q
sTl/ql/Zcq<E’/ 0 ds >
0

T 1/q
<1'C, (E/ 1619 ds) .
0

Recall that & = (I — A* — B*)~1(F), so that

T 1/q T 1/q
(IE/ 10; | dt) <Cy (E/ | Fy |9 dt) .
0 0

Hence, we have, for 1 < p < g <2,

T 1/p T 1/p T 1/q
(E/ |Du9t|”dt) gcp<E/ |DuFt|”dt> +CM<E/ |Ft|th> ,
0 0 0

where the constants Cj, and C), ; depend on T but not on u. We can now differen-
tiate (13) with respect to v and derive in a similar manner the estimate

T 1/p T 1/p
(E/ |D§ve,|1’dt) §C,,(E/ |D5UF,|sz>
0 0

T 1/q
+cp,q(E/0 (Fil+ |DuFil + |Dth|)‘fdz> .

2 q/2\ 1/q
dt) )
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Note that in order to justify the formal differentiations, it suffices to use an iterating
procedure of the form 6y = F and 61 = F + (A* 4+ B*)(#;). The regularity of
6 carries over to 61 and we have convergence of 6; toward 6, together with the
derivatives, with the suitable norms. O

For the application of our methodology to numerical schemes, we will need
to consider families of operators (o, ,Bh)hzo and introduce some additional no-
tation. Let +; 2 denote the space of all operators («, 8) satisfying Assump-
tionsAl and A2. For (a, B) € A1 2, let Cp(a, B) [resp. Cy, 4, (a, B)] be the small-
est constant for which (4) [resp. (12)] holds. The following proposition follows
easily from Proposition 6.

PROPOSITION 8.  Assume (", ,Bh)hzo is a family of operators in A1 2, satis-
fying, for all p € [2, +00) and for all q1,q> with 1 < g1 < g <2,

Jim Cpla" —a,p" —p)=0 and Jim Cyrgp@" —a, " — ) =0.

If (Fh)hzo is a family of adapted processes satisfying supy<, ,<r EfOTn(Fth,
u, v)zdt < 00 and

T
lim sup E [ n(F'"—F° u,v)*dr=0,

h—00<y, v<T 0

then the processes 0" [defined by 0" = (I — Ay — B;l“)_1 (F™)] satisfy

T
Vpell,2) lim sup E [ n@®"—6° u,v)?dt=0.

h_’00§u,v§T 0

3.4. Application to the Euler approximation of delay equations: the regular
case. In this section we assume to simplify the notation that all processes take
values in R. We are interested in the expansion of Ef(X7) —Ef (X7) where the
process (X;):e[—r,T] Solves the stochastic delay equation

0 0
dX,:a( X,Hdv(s))dW,—l—b( X,+sdv(s)>dt, t>0,

—r —r

XS:SSv SE[_F,O],

where r >0, & € (?_1([—r, 0], R) and v is a finite measure.
We denote by X the following Euler approximation of (X;);c[—r 7] With step
h=r/n:

_ 0 _ 0 _
dX, =U(/ Xn(t)+n(s)dv(s))dW,+b(/ Xn(t)+n(S)dV(S)) dt, t>0,
—r —r

X, =&, se[-r0],



1138 E. CLEMENT, A. KOHATSU-HIGA AND D. LAMBERTON

with n(s) = 1s/7] *\where [#] stands for the entire part of r. We assume that the

n/r
functions, f, o and b are in GS. Note that if v is the Dirac measure at 0, we have
a standard diffusion.

For existence, uniqueness and moment estimates of solutions of stochastic delay
equations in the above form, we refer to [12]. Consistency of the Euler scheme
for delay equations in the case where v is a Dirac mass has been studied in [9]
through an extension of the PDE method. An infinite-dimensional extension of the
PDE method is used in [4] but their result is limited to drift coefficients linearly
dependent on the past and nondelayed diffusion coefficient.

Our expansion result is derived from the duality formula and the following
lemma.

LEMMA 9. Let (Ush) be a family of FT-measurable real-valued processes,
such thatVs €[0,T],Vh €0, 1], Ush € DY2. We assume that, for some p > 1, we
have

T
limE [ [U'—U%Pds=0

h—0 0
and
hm/ / sup IDyU" — Dy U2l p sy 4nwy=0ds dv(u) = 0.
h—0J—r ve[n(s)+nu),s+u)
Then

E/ Uh/_ Xstu — ’7(5)+77(14)) dv(u)ds = hC(UO) + 1" (U Y+ o(h),

where
cw’ =4 /_ E f (BT 420 + & s 4u0)
+ 60 Dy U y>0] ds dv(u),
1" = /_ E / (B u Lm0 + £ Ly 1u<0)

+ 6%, Dsu U4 u50] ds (u — n(w)) dv(u),

s 0 0
b?:b( X,+vdv(v)> and &,0:o< X,+Udv(v)).
—r —r

REMARK. Observe that [I"(U?)| < hC. Moreover, when v is a Dirac mass
at —r a good discretization of the time interval gives 1" (U®) = 0. When v is an
absolutely continuous measure, we obtain / hU% =hC U + o(h).
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PROOF OF LEMMA 9. We have

n( ndW; "‘/ I;n(t) d’)ﬂn(s)ﬂ(u)zo

n(s)+nu)
(Ss-i—u sn(s')+r](u))]ls+u<0
(

Xs-i-u — XU(S)H?(M) < n(s)+n(u)
+
+

£0 = &n(s)+n@)) Ln(s)+11(u)<0<s-+u>

where
~h 0 _
(14) lop :o(/ X,+n(v)dv(v)>
and
- 0 _
(15) by =b< Xty dv(v)).
—r
This gives

T 0 _ )
E [ U [ (s = Rygsn) dviay ds
—r

0 T n s—+u n
- IEJ/ Ut 0/ & AW, ds dv(u)
I n(s)+nu)=> n(5) 1) n(t) 4

0 T " s+u 1
E/ U ]ln(s)+n(u)20/ bn(t) dtdsdv(u)
- n(s)+n(u)

* - E/ S"L” SU(S)+n(u))]ls+u<odsdv(u)

+ E/O Uy (0 = En)-+n0) Ln()-+n <0<s-+u ds dv ().
—r

By duality, we obtain for the first term

0 T " s+u A
E/ U'l 0/ ol dW;dsdv(u
f_ JEJy Ushiomazo | Oy W )

0 T s+u heh
= IE/]l~ 0/ D:U'c! . dtdsdv(u).
/_r 0 ns)+nu)= n(s) L) tYs O (u)

Since n(s) + n(u) <0 < s 4+ u implies —u < s < —u + 2h, one can easily verify
that

0 T
f E/O Ush (50 - Sn(s)—i—n(u))ln(s)—&—n(u)50<s+u dsdv(u) =o(h).

Now recall that if g is an integrable function on [0, T'], we have fOT g(s)(s —
n(s))ds = % fOT g(s)ds + o(h). It follows that in order to derive the expansion
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stated in the lemma, it is enough to prove that when 4 tends to 0,

1 0 T__, [stu ~p
[E[ T " B drdsdv
-r JO n(s)=+n(u)

h

(16) 0 T
_/—rE/o U(S)Z;?HAHudsdv(u) — 0,
1 0 T prs+u .
—’/ E/ / DU 6], dtdsdv(u)
(17 hlJ—r Jo Jos)+nw)
0 T .
—/ E/O 50, Dy U Ay ds dv(u)| — 0,
—r
1 0 T s+u
—‘/ IE/ Ushf £/ dt 1y 4o ds dv(u)
hlJ—rJo n(s)+n(u)
0 T 0
_/ E/() Uséfs+u]ls+u<0As+udeV(u) — 0,
—r

_h R
where Asyy =54 u —n(s) —n(), Ug = UML) 1nw=0 and U = U1 yu»0.
Using Holder’s inequality, the left-hand side of (16) is bounded by

T -
/0 Ut — U0, ds sup 15",
t

T
0 ~h 70
+ f 100, dssup  sup Bk — B2,
0 u,s te[n(s)+nu),s+ul

T -
+ sup fo 0O L0 <0550 s sup 15 1
u t

with £ + 1 = 1. Observe that sup, i UL pTy(s) 4000 <0<s-+u ds sup, 1B} 1y =
o(h). In the same way the left-hand side of (17) is bounded by

0 T
f / sup DU — Dys Ul p Ly sy mrz0ds dv(u) sup |61,
—rJO  te[n(s)+n(u),s+ul t

0 T

+ f / IDe+aU0pdsdvaysup  sup |6l —50,,
—Jo 15 1€l (s)-+n(w),s-+u]

+o(h).

Similar bounds hold for the left-hand side of (18) and we obtain the result of
Lemma 9 as soon as

h ~h
sup  |Ibgllg <00  and sup oy llg < o0,
h>0,5€[0,T] h>0,5€[0,T]
~h ~0
sup sup ||‘7n(z) ~ Ostu ”q -0

w.S teln(s)+nu),s+u]
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and

h 70
sup sup an(t) - bs—f—u Hq -0,
U, reln(s)+nu),s+ul

for all g € [1, +00). This can be proved as in [6]. [

The following theorem can be viewed as an analogue of the classical expansion
of the error for diffusions (see [15]).

THEOREM 10. We have, if f € G},

Ef(X7) —Ef(Xr) =hCy +1"(f) +o(h),
where Cy = C(U® and Ih(f) =1"(U° are defined as in Lemma 9 with

vt =o'( _Or Xerudv) )y f ) + ' _Or Xerudv@)) £'(Xr)

0 T 0 T
+O'/< Xs+udv(u))Ds(/ Qtdt>+b/( Xs+ud1)(l/i)>/ Q;dt
—r 0 —r s

and 0 is the unique solution of
0, = a*(](f’(XT) + /(;T 0, ds))(t) + ﬂ*(E(f/(XT) + fTQS ds‘?.))(t)
with

0 0
o (X) (1) = E( / a/( Xtmdv(v))xtu dv(u)(z),

max(t—T,—r) —r

ﬂ*(X)<t)=IE< / " b’( " X,_mdv(v))xz_udv(u)\ﬂ).

max(t—T,—r) —r
PROOF. We have
_ 1 _ _
Ef(Xr)~Ef(X)=E [ '(aXr+(1—@Xr)da(Xr - Xr).

Let F* = [ f'(aXr + (1 —a)Xr)da and Y, = X, — X,. We have
0 0 _
b( [ Xeruav@) = b( [ Zatrono dvo))
- .,

0 _
=01 () | (Xsu — Xnio)4na) dv )
—r

0 0 _
o( [ Xerwava) = o( [ Zyoiaidvn)

0 _
= Ulh(s) (Xs+u - Xn(s)—i—r](u))dv(u)’

—r

and
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where

1 0 0 _
(19) olh(s)=/0 o—/(a 3 Xs+udv(u)+(l—a)/._ Xn(s)+n(u)dv(u))da,

1 0 0 _
(20) b}ll(s) = /(; b/<a Xsyudv(u)+ (1 — a)/ X(s)+n ) dU(M)) da.
-r -r
We deduce that Y; is a solution of

dY; =" (Y)(t)dW, + B"(Y) (1) dt + dG", t>0,
Ys:O, Se[_rao]v

with
0

@) "M =0{6) | Yerudv().
0

@) BN =b{6) | Verudv),

t 0 _ -
G/ =/0 o' ) [ Kstu = X5 ne) dv () d W

t 0 _ _
+f0 b)) | (Xotu — Xn4naw) dv() ds.
—r

The operators o and " satisfy Assumption A1 uniformly with respect to 4. The
adjoint operators o* and p’** are given by
7).

7).

They satisfy Assumption A2 uniformly in 4. Note that the estimates on D, a”*,
D, ﬁh*, and so on, follow from the boundedness of the derivatives of » and o and
the following estimates (see [6]):

0
"™ (X)(s) :E(/ ol (s — u) Xy dv(u)

max(s—T,—r)

B (X)(s) =E(f0 DY (s — u) Xs—y dv(u)

max(s—7T,—r)

Vpell,+o0) sup  En?(X;,u,v) <oo and

0<u,v,t<T

sup  sup EnP(X;, u,v) < oo.
h>00<u,v,t<T

Using Theorem 4, we obtain

_ T
Ef(X7) —Ef(X7) = EF"Yr = EF" G +IE/O ohGh ds,
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with
0" = (I — (A"Y* — (B"Y*) '™ (T (F")) + "™ (B(F" | F))]
But

T
IEFhG’}zEf DyF'ali(s) ( Xs-tu — X(s)+na)) dv(u) ds

+E/ thh(s) ( sHu — X (s)+,7(u))dv(u)ds

—r

T T
E/O es’lG?dSZE/O DS</O tht>ol(s) (Xsu — Xy(s)+nw) dv(u) ds

T, T
- E/o </ 6 dt>b ) ( stu = Xys)ytn) dv(w) ds.
S
We end the proof applying Lemma 9 with

T T
Ul = DyF"ol (s) + F"bl (s) + Dy (fo o' dt)alh(s) + bﬁ'(s)f ol d.
N

Since limy, SUPg<y.y.1<T En? (X, — )?,, u,v) =0 for p > 1, the convergence of Ush
and its derivatives follows from Proposition 8. [

4. The irregular case.

4.1. Duality for the derivatives of Y. In this section we want to establish dual-
ity formulae similar to those in Theorem 4, for the derivatives of the solution of (3).
This is motivated by the treatment of irregular functions of the Euler scheme,
which will involve integrations by parts (see Section 4.2).

We will need regularity assumptions on the operators « and 8. We will assume
that for Z € 8,([0, T]; H), a(Z) and B(Z) are in D*° and that we can define
recursively the operators Dfl,, o and D’Y‘l St B so that, for k > 1 and s1, ..., 8¢ €
[0, T1,

k—1 k k—1
Sl((Dsz vk )(Z)) (Dsl vk )(Z)+(D )(DSIZ)’

§2° Yk

D
Dy, (D5L,8)(2)) = (DS, .., B)(Z) + (DS X, B)(Ds, Z).

Note that D .5 Zt can be viewed as an element of H 4" with coordinates Dé'l'_'.'.ls"k,
where the /; superscripts refer to the coordinates of W with respect to which dif-

ferentiation occurs (/; = 1, ..., d). We now introduce the following assumption.

ASSUMPTION A3. For y =« and y = 8, the operators Dgl...sjy defined
above are bounded from L ([0, T]; H) into L% ([0, T]; de) for2 <p<gq < oo.
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Moreover, their adjoints satisfy the following estimates. For all positive integers
J and for 1 < p < g <2, there exists a positive constant C, 4 ; such that for all
u,v,s,...,s; €[0,T], we have

1D}, 7) g p + 1Du(DL ) gy + 102D ¥) g p = Cpagis

where || - ||4— p stands for the operator norm from L% into LY, and the operators

Du(Dfl...sjy)*, Dbztv(D'sjl...sjy)* are defined in the same way as D,y ™ in Assump-
tion A2.

Recall the notation
n(Z,u,v) =|Z| +|DyZ| + Dy Z| + | D2, Z|.
THEOREM 11. Let Assumptions Al, A2 and A3 hold. Let G = (G¢)o<i<T
be a continuous adapted process with values in H, satisfying G, € D, for all

t € [0, T]. Then the solution of (3) satisfies Y; € D*°, fort € [0, T].
Moreover, given an adapted process F = (F;)o<;<r Wwith values in

L2([0, T1%; HY") such that F; € D*2 for t € [0, T1, and

T 1/2
sup (E/ nz(Ft(sl,...,sk),u,v)dt) < 00,
0

0<u,v,s1,....,5x<T
there exist adapted processes 0O oD . o®  with values in H, ...,
LP([0,TYV; de), ..., LP([0, TT; Hdk) respectively for all p € [1, 2), such that
T k T Gy
(23) IE/ <F,,D’<Y,>dz=ZEf 0, DIG,)d1,
0 . 0
j=0

and,for1 <p<q<2,j=0,...,k,

T ) 1/p
sup <IE/0 n?(6,’ (sl,...,sj-),u,v)dt)

u,v,s1,...,5;€[0,T]

24 T 1/q
<Cp.qk sup (E/ nq(Ft(sl,...,sk),u,v)dt> ,
u,v,s1,...,5¢€[0,T] 0

where the constants C, 4  do not depend on F.

COROLLARY 12. In addition to the assumptions of Theorem 11, we assume
that the process (D*G,) is right-continuous with respect to t for k > 1. Then, if Y is
the solution of (3), the process (Dk Y )o<i<r has a right-continuous modification.

Moreover, given a random variable ® with values in Lz([O, T]k; H dk), such that
® € D*? and

sup En2(¢(s1,...,sk),u,v) < 00,
u,v,s1,...,5¢€[0,T]
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there exist adapted processes é(O)’ e, é(j), e, é(k), with values in H, ...,
LP([0,TY); Hd'/), ..., LP([0, TTX; Hdk) respectively for all p € [1,2), such that

(25) E(®, D¥Yr) = E(d, D*Gr) +ZE/ 6, DIG,)dt,
j=0

and, for 1 <p<qg<2,j=0,...,k,

T o 1/p
sup (IE/ np(G,(J)(sl,...,sﬂ,u,v)dt)
u,v,s1,...,5;€[0,T] 0
(26) .
<Cpqk sup (En?(D(s1, ..., Sk), u, v)) /a.
u,v,s1,...,5¢€[0,T]

where the constants C 4  do not depend on ®.
PROOF. By differentiating (3) k times, we get
t t k)
DY, = DG, + [ DM@ dWs+ [ DHEIIE)ds + 1Y),
0 0

with
k

k k—
101 s =Y DL @) i) L=
i=1
where the notation s; means that the variable s; is omitted. More precisely, recall
. ko .
that DX .5 Yt can be viewed as an element of H @*, with coordinates Déllls’j( where
the /; superscripts refer to the coordinates of W with respect to which differentia-

tion occurs. With this more precise notation, we have

1yl l ---l YY)
I,l k(S],.. Sk)—ZDl k Oll (Y)(sl))]l{sift}'

We can write

t
D*];I Sk =G§k)(s1’,sk)+/() (D*];l S5t )(s) dWS
(27)
+/ 51 St Y)(s)ds,

with

G;k)(sl,_,, sk)—Df1 5th+Z Z / Dk jY)(s) dw,

j= lreA"

(28)

+ [DLADL 6 ds + 16150,
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where Alj‘. is the set of j-tuples v = (iy,...,i;), with 1 <ij <--- <i; <k
St = Sip i and 7 is the ordered complement of . We deduce from (27) that

Dfl,,,Sk Y; solves an equation similar to (3) and we can derive L” — L9 estimates

for the derivatives of Y using Assumption A3 and the regularity of G. Here again
the formal differentiation can be justified by a standard approximation argument.

We now prove (23) by induction. For k = 0, the result reduces to the first part of
Theorem 4 and Proposition 6. Now assume that (23) and (24) hold up to the order
k — 1. We first deduce from (27) that

T T
IE/ (F,, D"Y,)dt = E/ (G%,6®)ar,
0 0

with 09 (s1, ..., s8) = (I — A* — B¥)"L(F(s1, ..., s¢)). The estimates for 8%
follow from Proposition 6. It follows from (28) that

T T
E/ (Gﬁ"),e,“‘))dz:E/ (D*G,,6°)d1 + Ry,
0 0

where Rr is the sum of terms which are of three types, which we study succes-
sively.

TYPE 1.

T ¢
(k) j k—j

E/O dt /[O’T]k dty -+ dty <9, (1, ...\ 10), (/0 (D{l,._,joz)(D,H{_,th)(s) . dWS)>,

with j > 1. We have

T t
) j k—j
E/o dt/[O,T]kdtln.dtk<9[ (t, ..o 1), (/0 (Dtjl,,_,ja)(D,Hf,_,tkY)(s).dWs>>

= dty---dty
[0,T]%

T t . .
XE/O d,<9,<k>(,l,_..,tk), (/O (D,’l.._tja)(ij;{,_.,kY)(s).dWs>>

T
- o
:\/[0 T]k dt] dtk}Ev/O (Gs(tl, -..,tk), Dtj+lj---ths)ds,
with
) I ) T o®
0:(t1, ..., tx) = (Dj,..x) (J(/O 0, (zl,...,tk)ds>)(t),

Here, we have used Proposition 3, with Dtjl,._,koz instead of «. Using Assump-

tion A3, we have, as in the proof of Proposition 6,

T B 1/p
(E/ np(9,(t1,...,tk),u,v)dt)
0

NG Va
5Cp,q<Ef0 n? (6, (tl,---,tk),u,v)dt> ,
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for 1 < p <g <2. We can now apply the induction hypothesis, for a fixed
f,...,tj, to the process 0;(,...,t;) considered as a process with values in

LP([O0, TV*/:H dk_j). Note that these processes are not in L? but, by a suitable
density argument, the induction hypothesis can be applied.

TYPE 2.

T t . .
(k) k—
E /0 dt /[O’T]kdn---dzk<et (rl,...,rk),(/o (D,Jl..,tjﬂ)(DtH{...,kY)(s)ds)>,

with j > 1. We have
B a dty---dt (0Pt "D/ DY) (s)d
0 [OyT]k [1 [k t ( 1,...,tk), 0 ( tl"'tjﬁ)( tj+1"'tk )(S) S

= dty---dt
[0, T

T t . .
XE/O dt<9t(’<)(;1,.,.,tk),(/0 (D,Jl,,_,jﬂ)(ij:{,,,,kY)(s)ds>>

T .
~ e
- /[()J“]k dtl o d[kE_/(‘) dt <01 (tl, ey tk), Dlj+1j"'tk YZ‘),
with

~ . T
Ot(tl,...,tk)=(D{|.,,tk,B)*(E([ 95">(t1,...,tk)ds‘j@))(t).

Here again, we have used a variant of Proposition 3, with D,]; ..t; B instead of B, and
the L” — L9 estimate follows from Assumption A3 as in the proof of Proposition 6.

TYPE 3. The terms of type 3 come from /%), They are of the following form
(we let  =0K0):

T
E/ dt/ dsy---dsg
0 [0,TF

x (D7 o) (DET V) ()L, <000 (51, -, 85y 0))

S18ji Sj1Sk

and can be treated as follows (the notation fj, 7-1 ds; means that integration with
respect to s; is omitted):

T
E/ dlf dsy---dsg
0 [0,T]*

X ((Dj_l oz)(Dk_j Y)(Sj)]l{sjft}, Or(S1y vy Sjyeey k)

S8 j—1 Sj+1-Sk

= ds;
0.7F-1 7



1148 E. CLEMENT, A. KOHATSU-HIGA AND D. LAMBERTON

T T . .
xIE[O dsj/ dt(6,(s1,...o5j, 80, (DL, @) (D], Y)(s))
Sj

T T
= dsAj]E/ ds<IE</ Qu(sl,-,s,~,sk)du’33}),
[O,T]k’1 0 s

(DI7\ a)(Dk Y)(s)>

S18j—1 Sj41Sk

T
~ ~ k—i
= S— de E/O (Ql(sl, B 2 T S TP Sk), DSHJI“.SkYt>dl‘,

with

9[(5],...,Sj'_l,SjJ,_],---,Sk)

, T
= (Dgl_lsj1a)*(E<f 0,(s1, ..., Sj—T1s s Sjdlsenns Sk) du‘ff:’))(t)
We have, using Assumption A3,

T _ 1/p
(E/O |9t(S1,...,Sj_l,Sj_H,...,Sk)|pdl)
T T
§Cp,q(E/0 E(/ Qu(s1,...,sj1,t,sj+1,...,sk)du‘$',>
t

T q 1/q
<Cpyq (Efo dt)

T 1/q
=CpyT sup (E/(; |9s(sl,---,Sj—l,t,Sj.H,...,Sk)lqu) )

0<t<T

q 1/q
dt)

T
f Os(S15 -y Sj15 8, 841000, Sk) ds
t

Finally, we have E [ (F,, DXY,)dt as a sum of terms like E J (6, DI G,) 1,
with j <k, or EfOT(Ft(l), Dth)dt, with i < k — 1, with appropriate estimates
for the processes F (). We can now apply the induction hypothesis to terms like

E fOT(Ft(i), D'Y;)dt. The various 0’s given by the induction hypothesis combine
to produce the final form stated in Theorem 11. [J

PROOF OF COROLLARY 12. The continuity of the derivatives of Y follow
easily from the assumptions on G and (27). Using the notation of the proof of
Theorem 11, we have

T T
E<q>,D’<YT>=E<<I>,G¥‘>)+E<<b,f oc(DkY)(s)-dWs—I—/ /S(DkY)(s)ds>
0 0
T
=50, G)+E [ (" (J(@)(5). DY) ds

T k
+E/O (B*(E(®|F))(5), DXYy) ds.



WEAK APPROXIMATION OF SDES 1149

For the last two terms, we can apply Theorem 11, and the fact that, for 1 < p <
q=<2,

T 1/p 1
(E/ n? (J(P(s1---s%)), u, v) dt> < Cp,q(End(D(sy---sx), u,v)) i
0

and

T 1/p
(E/ n? (E(P(s1---s)|F), u, v) dt) <Cpq(End(D(sy---sx), u, v))l/q.
0
For the first term, we have, using (28),
E(®, GV)=E(®, D'Yr) + Ry,

where R7 is a sum of terms of three different types, which can be treated in the
same way as in the proof of Theorem 11. [

4.2. Application to the Euler approximation of delay equations: the irregular
case. 1In this section we consider the processes X and X of Section 3.4. We as-
sume that f is a measurable bounded function, b and o are in C;° and that the
variable X7 is nondegenerate:

(29) E((yx,) 7)< o0 Vp>1,

where yx, denotes the Malliavin covariance matrix of Xr. This condition is sat-
isfied in the uniformly elliptic case, that is, o (x) > a > 0 for all x € R (see [10])
and under weaker assumptions (see [2]) when v is a Dirac measure.

THEOREM 13.  For b and o in C.° and X7 satisfying (29), we have for f
measurable bounded.:

IEf(X7) —=Ef(X7)| < Crh.

SKETCH OF PROOF. We consider the following truncation function. Let
W : [0, +00) > R be a C*° function with bounded derivatives such that 1o /8] <
W < 10,1/4] and let yx, be the Malliavin covariance matrix of X7 be which in our

one-dimensional setting reduces to yx, = fOT(Du X T)2 du. We define \IJ¥ by

JE (D X7 — D,,,XT)zdu)

(30) wh — \p(
VXT

Observe that

T -
PV} #1) < P<V§71/O (Dy X1 — Dy X71)* du > 1/8)

T _ p
sSPEy;f< /0 <DMXT—DuXT>2du) ,
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for all p > 0. Using Holder’s inequality and sup, E|D, X7 — D, X1|? < Ch?/?
one can easily prove that for all p > 1

(31) P(WE £ 1) < ChP.

Moreover, we have

T _
(wh#01 | [ Dxr = DX du = vy /4.
Since
X (T o N2
VaXT+(1—a)X’TZVXT/2_(1_a) /0 (Dy Xt — Dy, X71)du,

we obtain for0 <a <1

(32) (97 #0) C {Vaxtyr1-ay%y = 1VX1 )
Now we have
Ef(Xr)—Ef(Xr)
=E{(f(X7) — f(XD)A = W)} +E{(f(X1) — f(X1))¥}}.

By construction of W/, the first term is of order 4? for all p > 1 and we just have
to prove that the second one is of order /.

Let Yr = X7 — X7 and let (fm) be a sequence of C! functions such that
Il finlloo < |l flloo and ( f;,) converges dx a.e. to f. We have

_ 1 _
E(fn(X1) = fu(X7)) Wl = /0 Ef, (aX7 + (1 —a)X7)Yr Wk da.

Since X7 admits a density E f;,, (X T)\Ilgi converges to E f (XT)\IJ¥. Now on the
set {\D}T’ # 0}, det Y%, > 0 and from [13], Corollary 2.2.1, page 88 (see [3] in
higher dimension) X7 has an absolutely continuous law conditioned by {\I# # 0}
and E f;,, ()_(T)\D? converges to Ef()_(r)lIJ}T’. It remains to prove that E( f,,,(X7) —

Fu(XT)) W? is bounded by C yh where the constant C y only depends on f through
Il flloo. Using the Malliavin integration by parts formula (see [14]) we obtain

E(fn(X1) = fon(X1)) W
1 _ _
:/0 Egm(aXr + (1 —a)X7)H3(aX7 + (1 —a)X1, Y7 W) da,

where g, (x) = i dy [3 dz fn(z) so that g, is in €3 and g, = f,, and Hj is
defined recursively by
Hi(F,G) = Gy '8(DF) — (D(Gy; "), DF),
Hy(F,G)=H\(F, H_1(F, G)), k=2,



WEAK APPROXIMATION OF SDES 1151
with
T
(DH,DF) :f D,HD,F du.
0

Hence for any measurable set A, we have (see [1])
(33) | H(F, G)Lallp < CII)/ElllAII IIFllp2 o161 ps.q5

for some constants C, k1, p1, k2, p2, g2, p3, g3, depending on k and p.
Observe that
3
H3(aX7 + (1 —a)X7, Yr¥}) =) (!, D'yr),
i=0

for smooth variables CI)’.‘ and finally

1
E(fu(X7) = fin(X1)) W} —IEZ</O gm(aXr + (1 — a)X7)®" da, D YT>

3
=R (Fi", D'Yr).
i=0
Moreover, the variables F,ﬁ;h € D22 and from (33) and (39) we deduce the follow-
ing estimate:

i k
supEn*(Fi",u,v) < Cllyg! ) laXr + (1 =) X711 4.
u,v

for some ki, p1, k2, p2, g2, with C independent of m. Applying Corollary 12, this
gives

3
E(fn(X1) = fin(X1)) W} =Z<E(F,f;h,D’GT + ZIE / 0", p'G )dt)
i=0 j=0

where the process G? is defined in Section 3.4 by

t 0
G} =f ol () | (Xotu — Xyo)tna) dv(w) d W,

—r

+ / D) [ (R = Xytsyinu) dv(w) ds

s+u
=/ olh(s)/ f &y dWy dv(u) d Wy
0 —r Jn(s)+n(u)

+/ b (s)/ / dvdv(u) ds.
—r In()tn@w) P

alh, bﬁ’, 55’ and l;fj are, respectively, defined in (19), (20), (14) and (15). We end
the proof using the duality relationship as in Lemma 9. [J
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REMARK 14. The above proof carries over to a multidimensional setting. The
only technical difficulty is to extend the localization argument. Suppose X7 takes
its values in R” with r > 1, and the Malliavin covariance matrix of X7 is de-
fined by (yx;)i,j = (DXiT, DXJT), 1<i<j<r. We want to define a smooth
functional W such that outside a set where all the Malliavin derivatives D!
vanish, we have a uniform control of the determinant of the Malliavin matrix
of aXt + (1 — a)X7,0<a <1.Let U:[0,400) — R be a C* function with
bounded derivatives such that 1o, 1/8) < W < 1o,1/4]. We define \I—'? by

|ID(X7 = X7)P(1 + llyxs ||§)<r—”/2)
detyy, ’

where |[DX7|> =Y IDX5? =Y Jo (DEXE)?du and |lyx, |2 is the Hilbert—

Schmidt norm of the matrix yy,, thatis, the / 2 norm of the coefficients. We denote

by [l¥x, |l the operator norm.

Note that \I# € D [the sum of squares of the coefficients (yx,);, ; is smooth]
and that

(34) W= xp(

(Wh£1)c {mm—fmﬁz o detyx, }

+ llyx, 1)/
so that for all p > 1, we have as in the one-dimensional case
(35) IC>0 PE£1)<cCh?,

provided | D(X1 — X7) ||, < Cp/h for all p € [1, +00).
Now observe that we have the following inequality for any positive-definite
r-dimensional matrix A:

(36) Al < [|All2 < V/rlIA].
Moreover, if A1(A) is the smallest eigenvalue of A, we have
37) M(A) <detA < a(A)IA]"

Observe that 11(A) = infjg|=1 £’ A&, where || is the Euclidean norm of & in R”.
Now for a € [0, 1], we derive a uniform lower bound for the smallest eigenvalue

of ¥xr+(1—ayxy'

VM cano i) = Anf, VEVxrt@-noxr ik

S &D(Xh + (a — DXy — X5))

i

> inf 4 — su
> |$\:1‘/S Yxr§ |s|=pl
> Jr(yxy) — ID(X7 — X7)I.

= inf
l€]=1

(38)

Z&-D(X"T ')
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Moreover, we have

tpwh 20y {|D<XT _ Xl <
k

But from (36) and (37) we have
detyx, - Mrxr)
41+ lyx, 102 74

detyx, }
4(1+ llyx, 13Dz )

We deduce that

U{Dkq# #0} C {ID(XT _ X< W}
k

Now if |[D(X7 — X7)|> < A (vx,)/4, it follows from (39) that

\/kl(yXT—i—(l—a)(XT—)_(T)) = \/)Ll (vxr)/2

and consequently, using (37),

det Vg, 4 (1—ayxr—xp) = M (vxr) /4 = (detyxy) /(lyx, 177 ~D4).

Finally we obtain for 0 <a <1

(39) (D Wk 0} € {det o (detyx, )
- T YaXr+(l—a) X7 = 7xs g7 |-

Therefore on the set Uk{Dk \Ilﬁ # 0}, we have a control of the determinant of

the inverse of the Malliavin matrix of aX7 + (1 — a) X7 by the random variable
lyxp 170D
(detyx, )"
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