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Bayesian and frequentist methods differ in many aspects, but share some
basic optimality properties. In practice, there are situations in which one
of the methods is more preferred by some criteria. We consider the case
of inference about a set of multiple parameters, which can be divided into
two disjoint subsets. On one set, a frequentist method may be favored and
on the other, the Bayesian. This motivates a joint estimation procedure in
which some of the parameters are estimated Bayesian, and the rest by the
maximum-likelihood estimator in the same parametric model, and thus keep
the strengths of both the methods and avoid their weaknesses. Such a hybrid
procedure gives us more flexibility in achieving overall inference advantages.
We study the consistency and high-order asymptotic behavior of the proposed
estimator, and illustrate its application. Also, the results imply a new method
for constructing objective prior.

1. Introduction. In statistical practice, usually either the frequentist or the
Bayesian method is used in parametric inference. Often the choice of methods
is subjective. The two methods share some common basic asymptotical proper-
ties, which have been studied extensively. The Bernstein—von Mises theorem, for
example [23, 30], states that in broad cases the Bayes and frequentist inferences
are equivalent: the two estimators are close, and the posterior distribution around
its mean is close to the distribution of the maximum likelihood estimate (MLE)
around the true parameter—both are asymptotically normal with mean zero and
the same asymptotic covariance matrix. However, the two methods are different
in many other aspects, each of them has its own advantage(s) in some situations.
In application they have received different appreciations for various reasons. Al-
though all admissible solutions, including the MLE, to a decision problem can be
formulated as Bayesian [37], the two methods are regarded as different in concept,
theory and history; so are they in this paper.

The Bayesian has appreciated steady growth partially due to the development
of computation facilities, but in practice the main stream statistical tool is still
frequentist. Efron [12] summarized the main reasons for this as the ease of use,
modeling and objectivity. Lindley [25] gave a broad review of the present posi-
tion of Bayesian statistics. The two schools mainly favor their own method, and
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the practitioners often have to choose one of the methods and ignore the other. In
practice, there are situations in which one of the methods is more favorable than
the other by some criteria. Thus in inferring multiparameters, it may happen that
on part of the parameters, the frequentist method is preferable, while on the other
part a Bayesian procedure is more appropriate. A practical example comes from
our analysis of genetic data, in which the means of traits underlining each genotype
are well studied in the literature. The sound prior knowledge prefers a Bayesian
on this subset of parameters, while the mixing proportions and variances for the
subdistributions are new in the investigation, and the MLE is favored on these pa-
rameters. This motivates a joint operation of the two methods on different parts of
the parameters in the same model. Such hybrid inference will give us more flexi-
bility than using either methods alone in achieving overall advantage. In this paper,
we propose a hybrid estimator and study its consistency and asymptotic high-order
behavior, and we illustrate its application. Also, using the high-order expansions,
we considered a new type of second-order matching prior in the objective Bayes
context.

There are some combined Bayesian and frequentist methods [1] and compro-
mises between the two [16]. Our method here is not such combination nor com-
promise, not the quasi-Bayesian (pseudo- or semi-Bayesian), nor the empirical
Bayes in the literature. The profile likelihood approach [28, 32] also divides the
parameters into two parts, one of interest and the other nuisance, often of infinite
dimensional. Fixing the parameters of interest, the nuisance parameters are elimi-
nated by maximization, then the parameters of interest are estimated based on the
resulting profile likelihood. This approach and ours have some operational simi-
larity, but are different in nature. [7, 8, 24] study Bayesian method based on profile
likelihood. They obtain the frequentist inference about parameters of interest by
sampling from the posterior distribution of the semiparametric profile likelihood.
They show that the estimator is of high-order accuracy to the corresponding fre-
quentist’s, and can have advantages on small samples. They further studied the case
that the nuisance parameter may not have root-n convergence rate. Their method
and ours share more in common than the others. Although not identical, the two
can be the same in some cases. This point will be made clear after we introduce
the notations in the next section. Shen [33] studied the inference of parameters of
interest by marginalizing the posterior distribution. Berger, Liseo and Wolpert [2]
studied a method of eliminating nuisance parameters by integrating the likelihood
over them with a prior, and the parameters of interest is estimated by maximizing
the resulting likelihood.

In Section 2, we describe our method and study its consistency and asymptotic
high-order behavior. For the latter, we first extend the existing high-order results
of Bayes estimate and MLE to multivariate case, then based on the results, obtain
the expansion of the hybrid estimator, which depicts the interplay of the Bayes
and MLE components in each order. We show that the Bayes estimator, MLE and
the hybrid estimator are first-order equivalent, asymptotic normal and efficient.
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In Section 3, we discuss implications from the results obtained, the evaluation
of high-order terms, and advantages and weaknesses of MLE and Bayes, so as
to have some references in choosing which method or how to hybridize them in
practice. In particular, we derive a new method for constructing objective priors by
matching high-order terms in expansions of the Bayes estimator and the MLE. We
then illustrate the application of this method and the construction of the second-
order objective prior in this sense by some examples. Also, a simple example is
given in which neither the MLE nor Bayes estimator is consistent while the hybrid
estimator is. The used regularity conditions and technical proofs of theorems are
given in the Appendix.

2. The method. Let f(-|@) be a given density function of the data distribution
and @ € ® C R? (d > 1) be the parameter of interest. Partition the parameter as
0 =(a,B) (A, R) C (R, R%). Assume that according to some criteria, on part
of the parameters «, the Bayesian method is preferred, and on the other part 8,
the MLE. This motivates the operation of the two methods on different parts of
parameters in the same model simultaneously. We call such joint procedure of the
two methods on the parameters in the same model a hybrid estimator, which is the
goal of this study.

Specifically, let x* = (xq, ..., X;) be an i.i.d. sample with likelihood f(x"|e,
B) =T17_, f&xila, B), m(a) be the prior density for e and 7 (a|x", B) ox f(x"|
o, B)m(a) the posterior density of a given the data and B. Let O be the decision
space for inferring o (D = A for estimation of «), d(x") € D a decision rule,
W(d(x"), &) the loss function, R(d, &|B) = E (g gy W(d(x"), &) the risk on & for
given B, R(d|B) = [ R(d, «|B)7 (&) do the Bayes risk on e for given 8 and

R@|X", B) = / W(d(x"), @) (alx", B) dex

the posterior risk for inferring & given B. Then for fixed §, the Bayes decision for
o is d*(-) = d*(-|B) = arginfgep R(d|B), and from Bayes inference theory

d*(x") = arg inf R(d|X", B) = arg inf / W dE"), o) f (X" |et, B)7 () dex.
deA deA
The right-hand side above is the generalized Bayesian estimator of & for fixed 8.
In this hybrid inference, we infer a by the generalized Bayesian rule for each

fixed B and at the same time infer B8 by the frequentist MLE, that is, we are to find
0, = (a,, B,) = (@(x"), B(x")) such that

2.1 (o, Bn) = arginfsup/ Wdx"),a) f(x"a, B)r(a)do
d,p)

is the joint optimizer over (d, ) € (A, 2).
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REMARK 1. By imposing a 0-1 loss and constant prior on 8, (2.1) can be
formulated as a full Bayesian solution (as in the proof of Theorem 2.1). Thus,

(aty, ﬁn) generally exists and is locally unique.

In the above (e, Bn) is jointly a generalized Bayes estimator and a MLE
of (&, B). Here &, is not identical to the Bayes estimator based on profile
likelihood such as in [8]. The latter is first eliminating the nuisance parame-
ter f by maximizing the likelihood over it, along some least favorable curve,
to get B = Bla) = argsupg f(x"|e, B), then computing the Bayes estimator &,

of a based on the profile likelihood f x") = f(x"*ex, B (), that is, a, =
arginfg [ W(d(x"), @) f (X" |e)7 () de = arginfq [ W(d(x"), &) supg f(x"|e,
B)m (o) de. Tt is seen that generally &, # &,, and they can be equal under some
fair conditions, such as that the integrand in (2.1) can be dominated, with respect
to (x"*, B), by some integrable function in a.

In the following, we study the consistency of the hybrid estimator. As Bayes
estimator and the MLE are generally first-order equivalent, their competition goes
into the asymptotic high-order terms. We investigate the high-order asymptotic
behavior of (2.1); this will give us flexibility in choosing which method to use on
which parameter component(s) to achieve high-order advantage.

Consistency of the estimator. The study of the consistencies of Bayes esti-
mates, MLE and their relationships has a relatively long history [4, 11, 22, 34,
36], among others. Doob [11] established strong consistency of Bayes estimators
under very general conditions, and there is some speculation that conditions for
Bayesian consistency might be found which are weaker than those for the MLE.
Under some basic assumptions, Strasser [34] showed that any conditions for the
convergence (a.s.) of MLE assert the concentration (a.s.) of the posterior distribu-
tion to the true parametric value. This does not directly imply that conditions for
Bayesian consistency are weaker since posterior concentration to the true parame-
ter is not equivalent to the consistency of Bayes estimate. The latter also depends
on the loss. There are examples in which one of the estimator is consistent while
the other is not. However, for multiple parameters using a hybrid estimator may
overcome possible difficulty in using one method alone. We will give such an ex-
ample later. Let 6y = (ao, B() be the “true” parameters generating the data under
the specified model. In the following, we give the consistency of the hybrid es-
timate using a method similar to that in [5]. Generally, the loss W (d, &) has the
form W (||ld —«|)) = W(d —«). To avoid confusion, we will use W for any of these
functional forms. Let d = dim(0) = dim(a) + dim(B) = d| + d;.

THEOREM 2.1. Assume conditions (A1)—(A9) in the Appendix, W (-) satisfies
W(0) =0, is strictly increasing and continuous in a neighborhood of 0. Then, as
n — oo we have

(@n, By) = (@0, Bp)  (as.).
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High-order asymptotic behavior. High-order asymptotic expansions are used
to assess estimators when they have similar lower-order behavior. In [9, 17, 20,
26] (among others) such expansions of Bayes estimate and MLE were obtained, so
were their densities and related quantities in the one-dimensional case. The results
in [17] are more suitable to our case. Here, we first generalize the results there
to the multidimensional case, then use them to get the expansion of the hybrid
estimator.

We first give a multivariate generalization of the asymptotic expansion of max-
imum posterior density estimator, which is given by

0, = argsup (0|x") = argsup f(x"|0)7(0).
0 [4

We introduce the following notation. For an integer vector i = (i1, ..., ig) with

ij>0(=1,...,d),denote |1|_ZJ 1'1,%_ﬁ,andforanyg(.)zo,
Ry

define logg(-) =0 if g(-) = 0. Denote 1 = (1, ..., 1)’ of length d, 0 = (0, ..., 0)
of length d,

0 0 !
L(x|0) := (L1(x9), ..., Lq(x]0)) = (_89 log f(x|0), ..., —Ing(X|0)> ,
1 00y
L;(x|6 —alilL 0 —alilL 0 ,
i(x]0) _(aoi 1(x] ),--.,80i d(X] )),

L (a 5 ’
p©®) = (p1(6), ... pa(8)) = (89 logm @), ... 5 1ogn(o)) ,

, o ol N
m()—(ﬁm() et )),

Si(0) = IZLI(X,W)

1
Ai(0) = T ;(Li(xﬂm — EgLi(x119)),

and set S; = Sj(0p), Aj = Aj(fp) and E; = Eg Li(x1|0p). For vector H =
(Hi, ..., Hy) and integer vector i = (iy, ..., iz), define H = (H]i',...,HL;")’,

=19, Hjl.j and il =[]/_,i;!. Fora=(a,...,as) and b= (by,..., by,
define a +b = (a1 + b1,...,aq + by)', ab = (a1by, ..., aqsby) and (ab) =
]_[fi:l a;b;. Denote ¢; = (0,...,0,1,0,..., 0)’, the d-vector with jth element be
1 and the others be zeros. For nonnegative integers r < s and nonnegative integer
d-vectors 1 and i, the notation (7, s, 1, i) stands for the collection of all nonnegative
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integer d-vector sets {(ir, ..., iy)},

N N
ros, L) =1, ....0): ) vip=L)Y i,=it.
v=r v=r

Denote I the Fisher information, and I"! its inverse, evaluated at 0.

THEOREM 2.2. Under conditions (B1)-(B7) in the Appendix, we have

k—1
V@, —80) = n~"PH, + 0,7,

r=0

where the term 0p(n_k/2) is in the sense of [17], and the H,’s are d-vectors of
polynomials in the Ay’s of degree r + 1, their coefficients are polynomials in the
Ei’s, |i|=2,...,r+1,in I-! and the p;i’s, given by (0 <r <k—1)

H()=I_1A0,
hor' S (Y aX ST ray ¥ 1
s+t=r \lil=t—1  |Il|=s (0,sLi) v=0 i! lil=t  [l|=s(0.s,1i) v=0 B!

sy my ¥t

lil=t+1,:>0  |l|=s (0,s,L,i) v=0 iy! )

In the above set 7 (+) to constant, then én is the MLE, and we have

k—1
Vin(@n—00) =Y n""PHy + 0,07,
r=0
where Hj = Hop, and for 1 <r <k —1,

- Y (Yay > 19

s+t=r \lil=t  |l|=s(0,s,1,i) v=0 iy!

sy ey ¥ %

lil=t+1,t>0  |l|=s (0,s,1,i) v=0 iy! )

Next, set § = o, then 0, = én is the Bayes estimate of 6. To get the cor-
responding expansion for /n(#, — 6p), we need the following notation. Let
[(x|0) =log f(x]0), 0(8) =logm(0),

lil

ol 3
li(x10) = ﬁl(xlﬂ), 0i(0) = 3 log(6),

1 n
8i(0) = ﬁ;li(x_,-w), 5i(0) = [ Z li(xj10) — Egli(x110)).
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and set 4; = 4;(00), 6; = 8i(0p) and & = Eg,/;(X]60). We make the convention that
for nonnegative integer vectors i = (i1, ...,ig) and j= (ji, ..., jq), the notation
j—iimplies j > 1, thatis, j, >i, (r=1,...,d).

THEOREM 2.3. Under conditions (B1)—(B10) in the Appendix, we have

k—1
V@, —00) =Y n"*G, + 0p(n™"),
r=0
where Go =Hg and for 1 <r <k —1,

G, =H, +Q,,

r—1 m m
Q =My, + > > iV, > > []@Qk)/iy!

m=1|ij=1 Nj=m (1,m,Li) v=1

+ Z I'MIQZ Z H Ql‘ )/iy! (note Q1 =My 1),

lile(3,r) N=r (1,r—1,Li) v=1

_ 1 - ,
M, = (o@D > SNl Oslii<k-D.,
lile(An+il,3r+) I
where {0 (a)} = diag(o (a1), . G(Gd)) o(a,) lS the a,th marginal moment of 0,

with @ ~ N(0,I71), ‘I’U = ‘Il (0) [¥; = ‘II (O)] is d-vector of multivariate
normal moments assoczated wzth the loss [wzth components of the form o (i) as
given in the proofl, {(a, b) is the set of odd integers s with a <s <b and N ,’s are
random variables given in Lemma 1 in the Appendix.

For general loss functions instead of the one in (B9), the Q,’s have more terms
in more involved forms, and are outlined at the end of the proof.

Now, based on the expansions of the MLE and Bayes estimate, we give as-
ymptotic expansion for the hybrid estimator /n(8, — 6¢), which depicts the
interplay of the two components in each order. Denote ! = (I )i<i,j<2 and
a = (a},a))’ as the componentwise notations corresponding to the two sets of
parameters (o, ).

THEOREM 2.4. Assume conditions (B1)—(B5), and (B6)—(B10) (with 6, ©®
and a replaced by a, A and ay), in the Appendix, then

V0,00 = Vi (5125 )

k-1
=Y n 2 <gr> + 0,74,
r=0 h,
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where (ﬁ;) (0<r <k—1) are given by

g\ _ -1
(ho>_l Ao,

(B)=r' = (Tax = mA{(E))

s+t=r \lil=r  |l|=s (0,s,1,i) v=0
S i,
+ ) Ei), ]_[—<< >>)+Tr
lil=+ 1,650  [l|=s (0,s,1i) v=0"

(r=1,....k—1)
and

Ilv§r|l|2z:1( >|%(O§l)vl_[0 iy! ( )

pi1 = ,oi1 (0tp) is the first di components of p;, H,’s as in Theorem 2.2 with p; =

(pil, 0) and q, = q,(00) is the dy-dimensional version of Q, in Theorem 2.3 with
I~! replaced by I'!.

For general loss functions rather than that given in (B9), the results are analo-
gous. Below we give the first three terms in the expansions for each estimators.

FACT. (i) For the MLE in Theorem 2.2, the first three terms are

Hy=1"'Ay, H; :1—1<Z AiHG) + Y Ei<H8i)/i!),

lil=1 li|=2

H}=1"" (Z Ai(HG) /i + >0 AjHESY + Y Ei(H /it

li[=2 lij=1 lij=3
by By ?>+<H3JH?>>/2).
i, [jl=1

(i1) For the maximum posterior estimator in Theorem 2.2, the first three terms
are

Hy=H], H =H+1'p,,

H, =I‘1<Z piHp) + Y- AiHY) /il + ) AiHY) + Y Ei(Hp) /il

lil=1 lil=2 lil=1 li]=3

+ Y Enj(HBE) + <H~2;H%>>/2)-
lil,jlI=1
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(iii) For the Bayes estimator in Theorem 2.3, the first three terms are
Go=Hj, G =H}+ I_Ipo +Qu,
Qi =M =(o@D" ) \11 .
[i|=3 !
Vi=E@O* 10,  60~NOI);

G2 =H;+Qa, Q=Moo+ > M (Q}),
lil=1

1 .
Mo:= (o@D )" .—,(ai + > 8i+j<(I_IA0)J>>‘I’

lil=3 " lil=1
1
Mii=({o@D™" > f.),<aj_i+ Zsj_i+1<(r1Ao>‘>>wl
jigim O D" =1

(iv) For the hybrid estimator in Theorem 2.4, the first three terms are

o " oy + (o@I"H™ Y wlgli
( ) =Hg, ( ) =H; + lil=3 ,
hg h; 21l

0o

where W) = E(a® 11 (o)), @ ~ N(0,I'!), and & = Eoo[éall(xl let, Bo)lla=ao»

' 3" pl (HY) +qo

2 . lil=1
=H; + :
<h2> 2 2! Z Pl H‘
lil=1

where HJ is HS in which H} is replaced by (g.,h) (r=0,1) and q2 is Q» with
(I, a, W, &, &, Ag) replaced by (I'', a;, w!, &! 51 AY).

i*%¥ie

REMARK 2. Since Go = Hj = (g, h))' = I-' Ay, the Bayes estimator, MLE
and hybrid estimator are asymptotically first-order equivalent, normal and effi-
cient.

Computation consideration. Although in some cases (&, Bn) has closed
form, the solution of (2.1) generally may not. Denote G, (d, 8) = [ W(d(x,), &) x
f (X, loe, B)m () dee. Since

sup |:infGn (d, ﬂ)} <infsupG,(d, B) < inf[sup G, ﬂ):| ,
g Ld d.B) dlp
and the “="" signs do not always hold, so generally

arg sup[infGn(d, ﬂ)} # (o, fin) = arginfsup G, (d, B) # arg inf[sup G,d, ﬂ)]
pLd d.p) dl g
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However, if arginfq G,(d,B) does not depend on g, then (e, ﬁn) =
supglinfa G, (d, B)]. Similarly, if argsupg G,(d, B) does not depend on d, then

(én. B,) = infalsupg G, (d, B)].
When (&, B,) is not directly computable, an iterative procedure of it can be
formulated by using the Newton—Raphson method.

3. Implications and examples. The results obtained in Section 2 imply a new
method for the construction of objective prior. They can also can be used to assess
high-order behavior of the three estimators and applied to practical problems. Be-
low we discuss these issues with some examples.

Implication for objective Bayes. In the objective Bayesian context, the prior
is selected by some objective rule instead of subjective choice. Such results in-
clude the uniform prior, the reference prior [3] and the noninformative prior [19].
Jeffreys’ general rule for such a prior is () o [I(8)|'/2. Under some regular-
ity conditions and without nuisance parameters, the reference prior coincides with
Jeffreys’ prior. The coverage matching prior is one that the posterior probabil-
ity matches the corresponding frequentist probability with high accuracy. Authors
[27, 35, 38], among others, studied priors with second-order probability matching.
A comprehensive review of this area can be found in [21].

Here we use a similar idea to that of coverage matching to select prior such that
the Bayes estimate and MLE match for high-order terms in their expansions. We
say that a prior 7 (-) on @ (or on &) is rth order expansion matching prior for Bayes
estimate (or for the hybrid estimator) if the first » terms in its expansion under 7 (-)
match those of the MLE, that is, under the notation of the last section,

Gi=H> [or(g.h)y=H, i=0,....r—1

As Go = Hj = (g, hj))’ under the conditions of Theorems 2.3 and 2.4, any prior is
automatically 1st-order matching. In the above equations, all quantities involving
0 in their definition should be replaced by € (or &), so these equations are a set of
differential equations of order » — 1 for the prior density as a function of @ (or a).
Especially, by the expressions in the Fact, a second-order matching prior 7 (@) in
this sense should satisfy

&(9)

i!

_ dlogm(0) _
I''pg+Mo1=0 or §—0=—{6(a)} 'y
li=3

;.

To solve m(-) from the above partial differential equations, denote b(f) =
—{o @)™ Loy HPW = 010), ... ba(0)), 6k = 1. 01, Ot1. - -
64)’, then it is seen that the solution exists if and only if
0b;(0) 0b;(0)
00, 96,

@ #7),
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which is equivalent to that there are functions v (@ _¢) (k =1, ..., d) such that the
following set of equations of indefinite integrals hold

[oi@rae v = [b@)d0,+v,0-)  (=i<j=d).
then for any k (1 <k <d), up to constant,
logm(0) = / br(0) dOy + vi (0 ).

Notationally, we denote the solution as

&0
n(@ocexp(—f{a(a)}—lz Dy, )

li|=3

Similarly, for the hybrid estimator, a second-order matching prior 7(-) on «
should satisfy

1
dlog (o) 4 (o) Z &; (Of',ﬂﬂ

vl =0,
I'pj+mg; =0, dat —,
121,01:0 or 510 n(a) li|=
0 2 (a ﬂl)gi 0,

which is a set of equations in dm(a)/do, with B as a hyper parameter. As in
Example 1 below, when I?! =0, I'! is independent on components of &, and a; =
214, we will have 7 (ar) oc [T (e, B)|'/2.

The W¥;’s (\Ilil’s) are d-vector functions of the o (i)’s which can be found in
various sources. Denote I-! = (o), we have o ((4,0,0)) = 30121, 0((3,1,0) =
3011012, 0((2,2,0)) = 011022 + 203, and 6 ((2, 1, 1)) = 011023 + 2012013.

Like the second-order probability matching prior, the second-order expansion
matching prior may not always exist nor be unique. For the former, Mukerjee and
Ghosh [27] gave closed-form examples only under some special parameteriza-
tions. Below we give several examples of second-order expansion matching priors
in natural parametrization.

EXAMPLE 1. WhenI={(l11(61),...,134(64))} is in independent parametric
form and a = 21, we have {0 (a)} = I~ (). Assume the conditions for exchange
of expectation and differentiation, then for i = 3e;, some j, & = —01;;(0;)/00;,

v; = 31_2(9 ;)e;. For i # 3e;, some j, & = 0. So {o(a)}” IZ|1| -3 ‘( Iy =

2(3’(91>111 1), ..., B2 15, (0a))'. Tt is casy to see that v (8 ) = z#k(l/
2) [(01;;(6;)/036;)/1;;(6;) d6;, and the second-order expansion matching prior is

7(8) ]‘[exp{2 / 81;’;9) ,-1<9,-)d9i} =1®)['?,

which is Jeftreys’ prior.
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EXAMPLE 2. Consider the data model N (u, o?) with parameter 6 = (i, o).
We have I™! = {(02,20%)}. In this case, §3,0) = €12 =0, €21y = /0%,
803 = 2/0% W1y = (6(3,1),0(2,2) = (0,20, ¥(30) = ((1,3),
0(0,4)) = (0,1208). If set a = (2,2)/, then {o(a)} =TI and —{o(a)}~! x
Y jii—3 W = (0, —(5/2)072)'. It is easy to check that if we choose v (%) =
—(5/2) f (02) 1'do? and vy (w) = const., then the second-order expansion match-
ing prior is 7(0) = 7w (u, 02)  (62)75/2. In contrast, Jeffreys’ prior in this case is
(1, 0%) o< (o)

EXAMPLE 3. Consider the bivariate normal model with parameters 6 =
(w1, u2, 012, 022, p), with p being the correlation coefficient. Suppose we make
a hybrid inference with a Bayesian component on o = (012, 022, p) and want a
second-order matching prior 7 (). Here we need to replace I, i by I2,1'?)
in the partial differential equations. We have I'> = 0 and

20 22 (71 Zo?  p(l—p?o?
120)=1?@) =| 20%?%03 204 p(1—p»o? |,
p(l=pHof p(l—pHo;  (1-p*?
62 _16-7p2 2 _16-7p? 2 _ 10p°48p°—12p 62 B
(3,000 T 8(1—p2)of’ V0300 T g1—p2)ef’ V003 T T (1-p)F P2L0 T
__ 3 g2 3 62 _ _30%5p o2 _ 305
8(1-pHatos’ ~(1,2,0) 8(1-pHotoy’ ~ (2.0 T 4(1-p1)20f’ T(0.2,1) T 4(1-p2)203°
g2 _ U+42pH)0f-p*(GB+p%) e _ (42pH)0f—p* (3407 6
(1,0,2) — (1—pD)3c? ) 0,1,2) — (1—pD)3c? ) 1,1,

p(14+p%)
4(1 p2)20 02’

62’ 1202» 6p(1 — PZ)UZ())/ (0 0,3 = GBp — )02)301 ,3p(1 — /02)30'2’ 3 —

PN W1 = (2p%0fod. 41 + 2p0f0], 2p(1 = p)(1 + 200003
Ve 50 = @1 +2pM0107, 12,02012026,2,0(1— pHot(of +2p%03)), W o1y =
6p(1 = pHo7, 2p(1 = p*)(1 + 2pHoto7, 2(1 + p*)(1 = p*) 0 ), ¥y, ) =
Qo1 = pP)of (o} +2pa), 6p(1 — 2)02 21+ p2) (1 = 220 ), W, ) =
(14202 (1 = p*)?0}, 40> (1 = p*)?0 03, 3p(1 = p*) 20 1), Wy | o) = (4o (1 —

p?0l03.2(1+ pH) (1 — p2)%03.3p(1 — p2)%03) W2 | ) = Q2p(1 — pP)(1 +
20%)0t03,2p(1 — p?)(1 +2p2)a1 o), 4p>(1 — 2)201 03). Take ay = (2,2,2),
then {o(ax)}~! = {(201 , 202, (1 — 2)2)} I In this case, the second-order ex-
pansion matching prior 7 (e) cannot be evaluated in closed form, and numerical
method, such as in [18], is needed.

Result for second-order expansion matching prior 7 (8) = 7w (1, Uz, 012, 022, 0)
can also be obtained similarly. In this case for |i| = 3, there are 35 &;’s and W¥;’s
each, the prior will not be evaluated in closed form and numerical method is
needed.

\11%300)_(1201,12;) ob03,6p(1—pHol), \11(030)_(12,020‘12X
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Evaluation of high-order behavior. Note that in the H;’s the A;’s are asymp-
totic normal random vectors, the p;’s and E;’s are constant vectors and in the G;’s
the Nj’s are random variables determined by the H;’s. Thus, asymptotically, H;,
G;, h; and g; converge in distribution to multivariate polynomials in normal vec-
tors of degree i. For the MLE, H? is an ith form of normal vectors. Let fIi, I:If,
G, & and h; be the weak limits of H;, H?, G;, g; and h; (i =0, ...,k — 1). The
first-order terms in the expansions often have mean zero, so their asymptotic be-
haviors can be characterized by their asymptotic variances. But high-order terms
generally have nonzero mean, so using asymptotic variances alone as a criterion
to evaluate their behavior is inappropriate. So we consider an asymptotic mean
(bias) and variance combined criterion. We say that én is rth order preferred over
1, if 1| Eq, (FL)) | + 1| Cova, (H)| = I| Egy (Gl + | Cova, (G| (i =0, ..., 7 —2),
and || Eq, (H,—1)[| + || Covg, (1) < || Ego(Gr—1) |+ [| Covgy (Gy—1)|l. and vice-
versa.

From the Fact, we see that Go = Hjj (hence (}0 = 1:18). AlsoG=H1+Mjp; =
Hj + I_lpo + My with My 1 = ({o (a)}n~! > jij=3 Yi&i/il. Note HY is a random
vector and G is H} plus a constant vector I-! po+Mp 1. Similarly, for the second-
order term of hybrid estimator, its Bayesian components are those of the MLE plus
a constant vector. Hence for the second-order behavior, we only need to consider
the expected asymptotic bias (EAB), and 8, is second order preferred over 0,, if

| Ego (HD)|| < | Egy(G1) |

and vice versa. We have:

PROPOSITION.  Let D = Eg)[Le; (X|00)Ly(X|00)], and ;1! and I;' be the
jth row and jth column of 1™, then

d d
@) Eqg, (HY) =I—1<Z DI+ Y Eepe,l T /(e +e,~)!),

j=I ij=1
(ii) Egy(G1) = Egy(HS) + 1" pg + My 1,
5 ) o)+ (fo@)I''h ™" Y wigl/i
(iii) Ey, (fl ) = Eg,(HY) + li|=3 .
1 Ilel
0

By this proposition we are able to evaluate which estimator has second-order
advantage under each specification of the likelihood model, prior and the loss, by
the criterion of EAB.

EXAMPLE 4. We want to evaluate the overall and small-sample advantage of
an estimator. We first evaluate the overall advantage for the model in Example 2 in
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four cases: (a) full MLE (j1,,, 6,12); (b) full Bayesian (ft,, 6”2); (c) hybrid Bayes—
MLE (i, c},%); and (d) hybrid MLE-Bayes (i, &,%). We know that the four esti-
mates are first order equivalent, we are to study their second-order behavior by the
EAB criterion. Here,

2
=10y = (00 0 )

0 204
1
0 0 e 0
D=(1 ol D; = 0 e
o 0 _—
0 006

Eete; = (0.1/03), Ee v, = Eeye; = (1/03,0)', Eey 4oy = (0,2/07)'.

For (a), we have Eg,(HS) = (0, —20¢ + o + 165°)".

For (b), if we use the prior 7(8) = ()7 (0?), i ~ N (i1, 02) with (ug,07)
known, 7 (02) = )Lle_kl‘fz, A1 > 0 known. Then, py = —((ro — m)/af, A If
we use the loss W(d, 0) = (d) — 1)*> + (d2 — 02)?, then {o(a)} = I"!, and for
li| =3, ¥;=(c(i+e),o(i+e)). We have €30 =612 =0, 821 = 00_4,
E0.3) = 200_6, ¥ .3 = (0(1,3),0(0,4)) = (0, 120(?)’. Thus, My, = (0, 2002)/,
and Eg,(GS) = (1 — po)og /o, —203r1 + o + 165,°)". Note the MLE is
in closed form and the Bayesian is not. If one has good prior knowledge of 6,
that is, w1 &~ o and Ay &~ 00_2, then Eg,(GY) ~ Eg,(HY), so the Bayes estimator
and MLE have similar second-order behavior, while the former has small-sample
advantage and the latter is computationally preferable. One can even choose
AR (002 + 1603 )/2, s0 Eg,(GY) ~ 0, thus the Bayesian has smaller asymptotic
second-order bias than the MLE, but also lost its small-sample advantage on the
estimate of o2,

For (c), let (1) be as in (b), W (d1, ) = (dy — n)*. Then, p = (111 — 110) /07,
{o(a))} =T1", and for i =i =3, ¥} = 307 and €' = 0. Thus, Ep,(&,h;) =
(1 — ,uo)crg/af, —203 + 006 + 160010). As in (b), if one has good informative
prior on w, then the hybrid estimator can have small-sample advantage over the
MLE, and they are compatible in second-order behavior and computation. If we
do not have sound information on o2, (c) often has better second-order property
than (b).

For (d), let 7(0?) as in (b), W(d2,0%) = (d» — 0?)%. Then, pj = —Ai,
{o(ap)} =172, and for i =i = 3, W? = 120 and & = 0. Thus Ep,(hy, &) =
(0, —2)»1061 + 006 + 160010). In this case {1, is in closed form and &2 is not. If we
infert =1/ o2 and use a Gamma prior on it, then ({i,, T,) has closed form, while
the full Bayes estimator (b) is not. This has practical meaning when one seeks
high-order accuracy in addition to computational advantage. As (b) is usually ob-
tained by numerical approximation methods, such as Markov chain Monte Carlo,
the inaccuracy of these methods is not easy to assess.
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Next, we discuss small-sample advantage. Consider the x;’s are i.i.d. multivari-
ate normal N (u, ). Suppose we have good prior knowledge on € in the form of
a Wishart prior 7 (2), but relative ignorance about x. So we use MLE for p and
jointly, a Bayes estimate for £2. Since in this case argsup, G,(d, p) = jL =X does

not depend on d, Qs just the Bayes solution given ft = X, which can be evaluated
numerically.

On the other hand, suppose we have good information about u summarized by
the prior N(u, £2), but not enough knowledge on 2. Note here the prior has the
same unknown variance matrix as that in the data distribution, so that the Bayesian
part has a closed-form solution. It can be checked that Theorem 2.1 still applies
to this case. We want to use the good prior experience for u, but a full Bayesian
estimate for (f, 2) is not easy, so we estimate € by the MLE. It is easy to see
that for given 2, the posterior on w is N(nX/(n + 1) + pu/(n + 1), /(n + 1)).
With loss to be either absolute error, squared error or O—1 error on p, ft,, is either
the posterior median, mean or mode, which are all the same in this case and is

independent of €. So we have (f&,,, Q,) = (n"?i—k nﬂ_—i-ll’ n_lH X — ) (X —

i,) + nl?(ul — ) (my — I,)), which is given in closed form, while the full

Bayes estimator (ft,,, Q,) is not.

EXAMPLE 5. Using existing results, we give an application of the hybrid es-
timator in which neither the full MLE nor full Bayes estimator works. Let x|« be
the model in [13] with distribution P (A|«) and density function

1 xX—a
Sfxle)y=(1 a)é(a)fo<8(a) >+Otf1(X), a € [0, 1],
where fo(x) = (1 — |x]) x(—1,11(x), f1(x) = x[—1,17(x)/2 and () satisfies (0) =
1,0 <d(x) <1 —a and §(x) - 0 as @ — 1. Ferguson [13] shows that the MLE
®, of « is not consistent; &, — 1 (a.s.) no matter what the true parameter o
is if 8(a) — 0O fast enough, in particular if §(a) = (1 — @) exp(—(1 —a@) ¢+ 1)
with ¢ > 2. On the other hand, it is easy to see that for this model Doob’s general
conditions (as stated in [31]) for the consistency of Bayes estimator are satisfied as
follows: (1) The measurable spaces {X, 8} of x and {A, U} of o are isomorphic
to Borel field in a complete separable metric space; (2) For every A € 8, P(Al-)
is U-measurable; (3) If oy # ao there exists a set A € B such that P(A|ay) #
P(A|az); (4) The prior 7 (-) has finite second moment. Then, the Bayes estimator
&y, under quadratic loss is strongly consistent a.e. (7).

On the other hand, let yq, ..., y,1.i.d y|8 ~ U0, 1]x(B=1)+U[0,2/8)x(1 <
B < 2) be the model in Example 2 in [31] with the prior 7 (-) to be the Lebesgue
measure on the Borel sets on [1,2) and U[O0, a] ‘pe the uniform distribution on
[0, a]. Denote y(,) = maxj<;<, i, then the MLE B, and Bayes estimator §, (un-
der squared error loss) of g are

. 2
Bn=x(m <1)+ . x (v > 1),

n
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Schwartz [31] showed that the MLE is consistent while the Bayesian is not when
B =1 (although under some special prior, ,BVH can be consistent).

Now let x and y be independent, (x1, y1),..., (Xn, ¥,) be an i.i.d. sample of
(x, y) and the parameter be 0 = («, 8). Then, nelther the full Bayes estimator
(o, ,Bn) nor the full MLE (&,,, ,Bn) of 0 is consistent while the hybrid estimator

(tn, ,Bn) 18.

X(y(n) > 1)

EXAMPLE 6. As a last application, let’s consider the problem mentioned in
the Introduction. The data follows a mixture model f (x|, B) = Zl}:l Yo Xle,
2;), where ¢(-|e, ) is the density of N (e, 2). Assume that we have good
knowledge on o = (a1, ..., &), as summarized by the prior density m;(et;) ~
N(ajo, o), m(a) = ]_[1;:1 m(eej), but not enough experience for the parameter
B=By,....B, B;j= (v, Rj) (j=1,...,k). So we use a hybrid estimate with
a Bayesian components on & and the MLE on . To estimate the parameters in a
mixture model, often it is more convenient if we use a complete data model. For
this, let /;; be the membership indicator of x;, that is, I;; = 1 if x; is from the jth
subdistribution, and I;; = 1 and O otherwise. Let I; = (I;1, ..., lix), yi = (X, I;)
and y" = (y1,...,¥n). Treating I, ..., I, as missing data, given the “complete
data” y" and B, the posterior on « is

k

m(aly”. B) ocm(e) [ [ [[(vjd(xilaj. @)% :=b(y"|0),

i=1j=1
and the corresponding logarithm is

n k

o, BlY") =D > Iij(logy; +log d (xileej, ;) + log 7 (ar).
i=1j=1

Using the 0-1 loss on e, its Bayesian solution is the posterior mode, so we
are to maximize /(a, B]y") over (e, ). As typical, this leads to an EM algo-
rithm. However, different from the common EM algorithm, here / (e, 8]y") is not
a proper log-likelihood due to the extra term log (). If we define Q(0'|0) =
Ellogb(y"|0")|x",0], H(0'|0) = Ellogg(y"6")Ix", 0], where g(y"|0) = b(y"|
0)/a(x"10) and a(x"|0) = 7 () [T/ f(x:0). Thenl(0ly )=0(0'16)— H(6'10).
It is seen that g(y"|@) is just the conditional density of y” given X", thus Q(-|-) and
H (-]-) here play the same roles as they do in the standard EM algorithm [10], and
0, = (a,, ﬁ”) can be evaluated in closed form at each iteration, the details omitted
here.

Below we give simulation results to compare the performances of the MLE 0,,
Bayes estimator 0, and the hybrid estimator 8,, for this example. We take k = 3,
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TABLE 1
Simulation results for three estimators

n 6 0190 0540 0270 -—0.850 0.220 1350 0.450 0.200 0.860

100 6, 0281 0463 0255 —0.783 0238 1.803 0401 0.139  0.480
(0.163) (0.130) (0.184) (0.064) (0.134) (0.059) (0.289) (0.483) (0.164)

6, 0280 038 0334 —0.649 0204 1490 0539 0.177 0.722
(0.158) (0.129) (0.146) (0.055) (0.089) (0.051) (0.188) (0.345) (0.093)

0, 0277 0427 0296 -0819 0210 1.637 0348 0.104 0.575
(0.168) (0.135) (0.169) (0.071) (0.149) (0.059) (0.370) (0.649) (0.131)

300 6, 0.201 0.531 0267 —0.905 0.239 1371 0454 0.169 1.049
(0.107) (0.069) (0.090) (0.027) (0.076) (0.022) (0.132) (0.204) (0.062)

0, 0173 0563 0.264 —1.005 0.232 1362 0440 0.198 1.181
(0.115) (0.068) (0.089) (0.024) (0.072) (0.020) (0.141) (0.170) (0.050)

0, 0201 0531 0.268 —0.900 0.237  1.373 0447 0.167 1.021
(0.108) (0.069) (0.090) (0.028) (0.077) (0.022) (0.140) (0.209) (0.065)

1000 6, 0201 0533 0266 —0.797 0227 1323 0420 0202 0.824
(0.055) (0.037) (0.049) (0.017) (0.037) (0.014) (0.095) (0.089) (0.042)

6, 0.185 0556 0259 —0.885 0215 1314 0405 0220 0.883
(0.059) (0.036) (0.050) (0.016) (0.038) (0.013) (0.104) (0.080) (0.037)

6, 0202 0531 0267 —0.801 0227 1326 0416 0.199 0.811
(0.055) (0.037) (0.049) (0.017) (0.038) (0.014) (0.097) (0.091) (0.043)

X;’s to be 1-dimensional and ; = ajz. The parameter vector in the model is now

0 = (y1,y2, v3, a1, 02, a3, 012, 022, 032). For the Bayes estimator, the prior is taken
as w(0) = n(a)n(y)n(az). Since we do not have good knowledge on (yp, 0?),
except that 0 < y; < 1, 23':1 yj=1,and 0 < sz <3 (j=1,2,3). We use a non-
informative prior on them, thatis, 7 (y) = 7 (y1)w (y2|y1) with T (y1) ~ U (0,2/3),
T(mly)) ~U©O,1 =), y3=1—y1 — y» and w(c?) ~ U[0, 3]3. To distinguish
the Bayesian estimator from the hybrid estimate, we use the squared error loss
for the former, which has no closed form, and we use Markov chain Monte Carlo
sampling to compute it. The results are given in Table 1, in which 6y is the true
parameter value and the estimated standard deviations are in brackets. We see that
when sample size is relatively small (n = 100), the hybrid estimator has better
performance on &, which may be due to the good knowledge on it. The Bayes es-
timator behaves better only on «3. As sample size increases, the performances of
the three estimator are close, as anticipated.

Some pros and cons of each method. Here we discuss some advantages and
disadvantages of the Bayesian and frequentist method in parametric inference.
These known facts can help us in practice in the selection of the method to use.
Our list is far from complete.
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Unbiasedness consideration. It is known [6, 29] that there are essentially no
unbiased Bayes procedures.

Small-sample advantage. When good prior knowledge about parameters is
available, Bayesian estimate often has better small-sample advantage than the fre-
quentist’s, due to the information in the prior.

High-order behavior. Since the Bayes estimator, MLE and the hybrid estima-
tor have the same first-order performance, if we want higher standards to select
among them, usually their second-order terms will be evaluated, such as in Exam-
ple 4.

Prior selection. In some cases we don’t have sufficient knowledge for the prior
on part of the parameters. Although one may use a noninformative prior [21] on
these parameter components, so that a full Bayesian analysis can be performed,
this often pays the price of small-sample bias and computational complexity.

Feasibility. Sometimes it is difficult to implement a full Bayesian or a full fre-
quentist’s analysis on all the parameters of interest, but relatively easy for parts of
the parameters by one of the methods. For example, in a multi-parametric model
[14], some of the parameters are the change points, the model is nondifferentiable
at these points and to compute the MLE on this part of the parameters is infeasi-
ble.

Multidimensionality and nuisance parameters. In some models with high di-
mensional parameters or in the presence of nuisance parameters, either Bayes or
frequentist’s estimate may be difficult to compute. Various methods ([7, 15, 28],
etc.) have been studied for this problem. A proper hybrid formulation may be
among the options.

APPENDIX

Regularity conditions. Throughout this paper we assume the densities are
with respect to the Lebesque measure. In the following, conditions (A1)—(A3) are
A2.1, A2.6 and A2.7 in [5]:

(A1) 0 belongs to an open subset of R?.

(A2) Let [(x]0) be the log-likelihood. Assume 3/(x|0)/d0 and 8%(x|0)/(30 36")
exist and are continuous in € for almost all x.

(A3) Eg(sup,ce 1821 (x|n) /(360 80")||: ||ln — 0] < £(#)) < oo for some £(0) > 0
and all @ € ©.

Let Py be the data distribution given 0 € @, and [,,(x"|0) = %27:1 1(x;16).
Conditions (A4)—(A9) below are those of (1)—(6) in [34].

(A4) The metric space (©, d) is separable, where d(0, n) = || Pp — Pyl
(AS5) The functions (I,(:|0))¢co, € N, are separable and measurable.
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(A6) f(-10), 0 € ©, are lower semicontinuous, that is, limsup,_, o, f(:|0,) <
f(-10) (a.e.)ifd(8,,60) — 0.

(A7) For every 6,n € O, there is an open neighborhood Uy, of 5 such that
Eq (info’eug_,, 1,(x"0")) > —oo for at least one n.

(A8) Forevery e ®and ¢ > 0, I1(y € O: Epl(x|) < Egl(x]0) + &) > 0, where
[T1(-) is the distribution for 7 (-).

(A9) For every 0 € © there is some ng such that Py (x": []i_; f(x;ImTI(dn) <
o0)=1if n > ny.

Conditions (B1)—(B10) are multivariate versions of those of 1-10 in [17].

(B1) For 6 # 9, [|f(x16) — f(x|n)|dx > 0.
(B2) For some pj > 0 and some compact set K € @, supyck yco 10 — 07! x
| VTR0 T &) dx < 0.
(B3) f(x|-) is continuous on @¢, the closure of ® on R and has k +2 (k > 1)
continuous derivatives on @.
(B4) (a) For some b > 0, and every compact K € O, supy.k Eg|L(x|
0)”3v(k+1+b) < 00.
(b) For every compact K € ©, max<jjj<k Supgck Eo IL;(x]0) |*! < oo.
(c) For every compact K € O, and for some ¢&;(K) > O,
MaXij=k+1 SUPgeK, j9—n| <e; (K) Eo ILi(xIM[FTD72 < 00,
(B5) (a) Forsome py >0, supy.g (1 + 16172)~111(0) || < oo.
(b) I(0) is positive definite for § € ©.
(B6) m(-) has k continuous derivatives on ©®.
(B7) For some p3 > 0, supp.e(1 + [10]173) "7 (8) < oo.
(B8) W(-) >0, is convex, that is, for any ¢ € [0, 1] and u; and up, W(ru; + (1 —
Nup) <tW(uy) + (1 —1)W(uy).
(B9) Forsome a = (ai,...,aq) witha; > 1 tobe aneveninteger (j =1,...,d)
and £2 >0, W(0) = X9_, ej.‘-f for [|0] < &>.
(B10) For some p4 > 0, suppega (1 + 0[P~ W (8) < oco.

Note for the 1-dimensional case in [17], (B9) is for some real a > 1, &, > 0,
W (@) =10]? for |0| < &;. Here we require a to be a componentwise even integer,
otherwise the computation will be unnecessarily involved.

PROOF OF THEOREM 2.1. There is a compact @' C € such that B, € 2.
Define a prior on B as 7(B) = 1/L(R') for B € ' and =0 for B € 2\ ', where
L(-) is the Lebesque measure on R% _ Then, define the prior 7 (0) = w(a)7(B), the
decision d = (dy, dp) for (e, ). Assign the loss W(d, 8) = W(d;, @) x V(dy, B),
where, for small enough 6 > 0, V(da, ) =V (||d2 — B||) =0if ||dy — B]| < 5 and
1 otherwise. Here, without confusion, we used W to denote both the loss on & and
that on #. Denote 7 (8|x") the posterior density for # under the above prior and
R, = [W(d,0)r(0|x")dé the posterior risk under the new prior and loss for 6.
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Then from (2.1), the hybrid estimate ,, is the Bayes estimate of # under the above
new prior and loss. To see this, the Bayes estimate under the new setting is

arg mdinf wd,0)r(0|x")dé

= arg min //W(dl,oz)V(dz,,B)n(oc,ﬂlx”)d(xdﬂ

(dy,dp)

= arg min // Wy, o) (e, BIx")dadB
dy,d2) S J||B—dy||=8

= argmin, max/ Wy, ) fx"|a, B)m () do = (ay, ﬁn),
(di.B)

as the integration over § is minimized when d; is the f-marginal posterior mode,
in this case the B-marginal MLE, while the first integration is minimized by the
corresponding marginal Bayes estimator. The § > 0 above can be arbitrary and the
result does not depend on it.

Under the given conditions, by Lemma 2.1 in [5], the MLE of @ is consistent
(a.s.); thus by Theorem 2.5 in [34], for any compact M > @,

P<1iminfl'[(M|x”) — 1) —1,
n

where IT(-|x") is the posterior distribution under the new prior 7 (0).

Let 6y = (ap, B) be the true parametric value. By the given conditions on W (-),
for € > 0, there is a § > 0 such that W (Jlag — «||) < ¢ as long as |leg — | <.
Let M = (0 = 61) be the § neighborhood of @, then supy g W (0o, 0) < ¢. Since
7(-|x") — 0 (a.s.) on M, and for large n it can be dominated by 7 (-|x*) on M€,
so for large n we have [y;c W (0o, )7 (0|x")d6 < ¢. Since @, is Bayesian under
the new prior and loss, (2.1) is rewritten as

0, :argngin/ WS, 0 @0x")do.
So, for large n, we have the posterior risk

R, :/W(Gn,())n(0|x”)d0 §/W(00,0)n(0lxn)d0
=/ W(00,0)n(0|x")d0+/ W (8. 0)7(8|x") dO
M Mce¢

< / W@, Hm(0x")dO + ¢ < 5/n(0|x”)d0 4 & =2e.
M

Since ¢ > 0 is arbitrary, we have R, — 0 (a.s.).

Suppose @, is not consistent (a.s.) to fg, or limsup ||#,, —f¢|| > ¢ (a.s.) for some
& > 0. Then there is a sub-sequence {ny} such that either (a) limy ||et,,, —otgoll > €/2
and limg [|8,,, — Boll > £/2: or (b) limy [, — atol| = & but limg [|B,,, — Boll —
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0; or (c) limg [leey, — etoll — O but limg [|B,, — Boll > &. For case (a), let M =
{0:110 — 0ol <¢/2}, then M C My :={0: ]l —otp, [l = /2 1B — By, Il = €/2}.
Note for 0 = (a, B) € My, W(Jla — atp, ||) > W(e/2), and ITI(M|X"*) — 1 (a.s.)
by the previous result. Also, by our choice of the prior on 8, we have for some
O<c<l,

/ V(B B)w@X")db > / V(B B)m(@x")dd > cTI(M|X").
M, M
So we have, for all ny,

Ry, > /M1 W (0, 0)7 (0]X™%) dB
> W(e/2) /M V(B,,. B (BIX")db
1

> W(e/2) /M V(B,,. B)wBIX")db

> cW(e/2)TI(M|X™) — cW(g/2) > 0,

which is a contradiction to the fact that R,, — 0 (a.s.), and so (a) cannot be true.

For case (b), let Iy ,, (-|x"**) be the a-marginal posterior distribution with g
evaluated at B, . Similarly as before, let M = (o £ 1). Since B,, — By, we
have P (limy infITy ,, (M|x") = 1) =1, and as before, the posterior risk

Ry, :=/W(ank,a)n(a,ﬂnk|xn")da
5/ W (o, @) (ex, B, [X") dex
M

+/ W (o, &) (e, B, [X") dat
MC

IA

gfrr(oc, B IX")do + & < 2e,

i.e. Ry, — 0. On the other hand, for the fixed ¢ > 0, let M = {o : || — atg || < &/2},
then MC M| :={a: |l — oy, || > £/2}. We have

Ry, Z/ Wy, @) (e, B, [X"*)doe > W(e/2)TTy p, MIX™) — W(g/2) >0,
M,

a contradiction.
By similar argument on the -margin, it is seen that case (c) cannot be true. [

PROOF OF THEOREM 2.2. We check the main steps, for the vector version, of
the proof of Theorem 1 in [17]. Lemmas 1-6 of Gusev [17] there can be checked

similarly. Let é; =./n (én — 09). By definition of én, we have
(A.1) So@) +n""2p4(8,) = 0.
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Also,
k—1
So(én)Zso(Oo—l—n_l/zé;)iZ 23 (@, )>Sl
r=0 li|=r
—1 A
Z r/z<z (@, ) A At S <(0.’7)>Ei)
r=0 li|=r l' li|l=r+1 1!
and

n~2py(8, )Nzn_r/z Z

li|=r—1
In the above, we used the relationship S; = Aj + n'/2E;, and E¢g=0.
Al .
Note I = —(E;: |i| = 1)’, the Fisher information matrix, so 2 ij=1{(@)"E; =
—Ié;. Now, we rewrite (A.1) as
s (@, (@, (@,
) —r/2
Ag—10,+> n"/ ( > l, pit Y l' A+ Y. TE)
r=1 lijl=r—1 [i|=r li|l=r+1
(A.2)

Lo.

COHSldCr with t = 0 the term ZS-H‘ —r lel =t+1 E lel =5 Z(O Li) l_[v i, , . Note
i can only take one of the vectors e;’s. First we take i = ey, since |l| = r it
is easy to check that the only nonempty integer vector sets satisfy the defi-
nition of ¢y is {l =re;}, and the only i, in this set is {i, = e;}. Simi-
larly, for i = e,, the only nonempty integer vector sets satisfy the definition of
2.1 is {l =rez}, and the only i, in this set is {i, = ey}, ..., so we have, with
t=0,

U

> yeY ¥ 1% —ZEZZHT

s+t=ri|l=t+1 |l|=s (0,s,Li) v=0 i! lil=1  [l|=r (0,s,Li) v=0 Ly:

—IH,.

li|=1

Thus, the expression for H, in Theorem 2.2 is rewritten as

S(rar r nferay v

s+t=r \|li|l=t—1 |l|=s (0,s,1,i) v=0 v- li|=t¢ l|=s (0,s,1,i) v=0 Iy:

sy Y ¥y 8

)k
lil=t+1  |l|=s (0,s,L,i) v=0 i!

(A.3)
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Set 0 = Y12  Hin ™12 := (@).....0/,)", s0 (O))1) =14, @)),)1.

For integers » > a and integers m, [ > 0, I1(a,r,m,[) denote the set of nonneg-
ative integers (i1, ..., i),

r r
Ii(a,rm, D) =1{(1,....i): Y _ vip=m, Zivzl}.
v=a v=a

Write H; = (H; 1, ..., Hig) and i= (i1, ...,iz)". Note é;’, =Y A n?H,
and

k-1
@ ) =iy on Y HHt”;/tv

r=0 I (O,r,r,ij) v=0
It can be checked that
d r -
Iy .v .
[T > Ila:/mi=3 > [THE)A!,
J=11(0,r,r,i;) v=0 [|=r (0,r,1,i) v=0
thus

(@h ~1'Zn*’/2]‘[ > HH /!

J=110,r,r,i;) v=0

SOV (T
llj=r (0,r,Li) v=0
Note (A.2) still holds with é; replaced by éZ , and using (A.3) we get

R k—1 AL o/ AL
AO_MHZH_,Q( 3 1O 17)>Ai+ 3 .n>>Ei)

|
r=1 li=r—1 % = " i=r+1 "

k—1 A/ i N/ N/
—r (@" (@" (@)"
(B O x Ca  O)

lij=r—1 V = ¥ lij=r+1

SR WEEEG NS ool E

r=0s=0 lil=r—1 |l|=s (0,s,L,i) v=0 i!

syay ¥ o

lil=r  |l|=s (0,s,Li) v=0 i!

U

(A.4) +ZEZZ]‘[';)

lij=r+1  [l|=s(0,s,1,i) v=0 Ly
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ey (y ay v 1%

s+t=r \lil=t—1 |l|=s(0,s,1,i) v=0 i!

syay ¥ %

lil=t  |l|=s(0,s,1,i) v=0 iy!

sy ey Y8

li|=t+1 1|=s (0,s,L,i) v=0 “‘ )
Now (A.2) minus the left-hand side of (A.4), similarly as in [17], we get

0r 10, —0)+ 0 )10, —0") =1+ 0n~"»)1@, —0").
Thus, 0/ L 6", and Theorem 2.2 is proved. [J

Recall é; = ﬁ(én —00), and define

ﬁ f(xil6o+ 0n1/2)> (0o +0n=1/2)
in1 f(xi|60) 7(00) '

We first extend a result in [17] to the multivariate case.

Zn(o) = (

LEMMA 1. Under the conditions ofTheorem 2.2, we have

Zn(0+é;z) ( 1 / 2 —k/2
———" =exp ——010> I+Zn r/ ZG'N” +0,(n /2y,
Zn(97) 2 lil=2
where
v+2 ”J

M= I X 1

| !"‘J
B(ri) v=1 I} 2,04 2.k, iy) ljl=2 "3 (-])

in the above, the summations are for i, € Io(1,r,r), K, € Io(r, 1), and for each fixed
v, uj € I1(2,v+2,Kky, iy), with the notation Iy(1, r,r), I (r,i) and I (m, r, Ky, iy)
given at the end of the proof, and

For= > Y o> Y [l

t+s=r,t>1j>i,|jl=t |l|=s (0,s,l,j—1i) v=0

D DD DD DD S li[<HLv>/iv!

t+s=r+1,t>2j>i,|jl=t |l|=s (0,s,l,j—1) v=0

D DN

t+s=r4+2,t>3j>iljl=t  |l]=s (0,51, j—i) v=0
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PROOF. As in the proof of Theorem 2 in [17], we have

0 0+0
loan(0+0;)iiZ -2y (0 + ))
r=0 g A
AN
_ ((0+0,))
+ r/2 _—"Q.
Z: %% i
- (0" (0 )i)
_Zn r/2 Z JZ
ljl=r+1 i<j l'(]_l)'
I WRED W UL
lil=r i<j
and
k Al . k—1 N
ALk . 0 )i . 0
e 2yB) 4 L L B4 Y 3 e,
=0 it L =1 =
These give
o' k LA
Z,(0+86 o) ((9 i1
log (7—1_,”) L Yo g Y L")'}
2 r=0 =t isjgimr ATD
- (6") (0 )
+Zn r/2 Z Z
lil=r i<j lil=1 _l)'
(A.5)

. (6" (@,
+Zn 2 Z /S.l Z il —i)!

lil=r+1 i<j,li|>2

DWW

ljl=r igj,li|=2

(0") (0 )i~ ')
|(J —i)!
Recall for |i| =1 we have
0= %(0,) +n""0i(8,)
= 4i(0o + n_l/zé;) +n" 2000 + n_l/zé;),

k AN
—1257 K - ((6,)))
8i(0o +n l/zon)~2n /2 Z Sitj f

r=0 lil=r
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and

A

g kS (6,))
0i(0o+n""20,)~> n > Oitj—
r=1 lil=r—1 J:

so the first two summations in the right-hand side of (A.5) together is

5 00 X 0 A S ”)—o-

lil=1 r=0 ljl=r ! r=1 ljl=r—1

Using &j = §; + /n&j, (A.5) is now

Zy(0+6,) & 'S 0@,

Sy g Y

~7
Zn(on) r=2 ljl=r i<j,li|=2 ‘(']_l)‘

ey x ol

(1 —1)!
o isjz2 A D!

JrX:n—r/z Z 6 Z (‘9 )= ')

"1 —1)!
lil=r+2  i<j.lil>2 '0 i)!

. 0@,
—Zn NIDE

(1 —1)!
= isjli>2 '0 i)!

iy p \i—i
+Zn /2 Z 5; Z <0><(0,,) )

(1 —1)!
jert igie2 A D

iy’ i 1
+Zn—r/2 DD DRRALUIS JE

(1 —1)!
jere2 isjz2 M- DI =2

log

(A.6)

In the above we used the fact that for r = 1, 3=, 0j Xi<j jij>2 - =0, asitis a

summation over empty set, thus er:; n='/? 2ljl=r Oj 2i<j,|ij=2 " * - can be rewrit-
k=1 —r/2

tenas Y, 2y n~"2 Yy 0 Zisj,mzz“'- Note

1
ZQJ .‘ :—50/10

ljl=2

Also, as in the proof of Theorem 2.2,

(@)1 < (@ih ~u—n>'2n 2y [lmEnA

[1|=r (0,r,1,j—1) v=0
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Plugging in the above into (A.6) and rearranging terms, we get

Z,(0+0))

log =

X _019/2

DL DV 'L D ol ol | £

t+s=r,t>1[i|=2 i j=iljl=t |l|=s(0,s,l,j—i) v=0 v-

r+1 01 U

+ r Y8y sy > 11 o

t+s=r+1,t>2]i|=2 ! j=iljl=t  |l|=s (0,s,1,j—i) v=0 Ly:

oy S8 s gy i)

t+s=r+2,t>3 i|=2 ! j=iljl=t |l|=s(0,s,l,j—i) v=0 v'

=—0'10/2

DR SE IS VD o D I I

li|=2 t+s=r,t>1j>iljl=t |l|]=s (0,s,1,j—1i) v=0

U'

Y Yay ¥ 8

t+s=r+1,t>2j>i,|jl=t |l|=s (0,s,1,j—1i) v=0 i!

Y Yey ¥t

t+s=r+2,t>3j>i,ljl=t |l|=s (0,s,1,j—i) v=0 v- )

/ —r
__010+Z >~ Fir
r=1 lil=2

In the above we used the fact that, for [i|] > r + 1, the summation
Dits=r 2j=i|jl=t 2_|I|=s 1S OVer an empty set, thus the first term inside the bracket
above originally is Zk_l —r/2 D otds=r z’”:2<oi>/i! --- and can be rewritten as
Zr 1n_’/ 2 ZT}TZZ o) y/i!l---. For the same reason, the second term inside the
bracket above originally is er‘_l - ZZ,H:,Hzjﬂzzwi)/i!m and can be
rewritten as Zf;ll —r/2 Zr+2 6% /i! - - -. Now as in [17] we have

Z,(0+6 1, N
¥k X(—EGIB)GXP<Z /22 . )

Z(0) =1 lij=2
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S YOI S TS e

r=1 lil=2 r=1 Io(1,r,r) v=1 \Ji|=2 il

the second summation on the right-hand side above is for (i1, ...,i) € Ip(1,r, r).
Also,

> (5 %) /i

Io(1,r,r) v=1 \|i|=2
r ()i, V42 F”~'
ky
Z 1_[ Z (0™) Z Hu'(]y)uJ_Z ””
Io(1,r,r) v=1 |ky|=2i, I12,04+2,ky,iy) [jl=2 73°

li|=2

in the left-hand side above the summations are for (i, ..., i) € Ip(1,r,r), and for
each given v and Ky, uj € I1(2, v + 2, Ky, i). Now we have

k—1 r+2 <0> 3r .
exp(Zn_rﬂZ—Fn)~l+Z _r/ZZ(Gl)N”
r=1 ’

li|=2 r=1 li|=2

In the definition of Lj,, Io(1,7,7) = U0 [1(1, 7,1, 1), where I1(1,r,7,1) is de-
fined in the proof of Theorem 2.2. For given (i1, ..., i) € Ip(1,r,r), and integer
d-vector i, I>(r, 1) is the collection of integer d-vectors ki, ..., K,

-
12(rai)={(kla---,kr):Z|kv|=ia 2iy < Kyl = (v +2)iy, v=1,---,r}-
v=1

Given integer d-vector K, integers i and m <r, I{(m, r,K, i) is the collection of
integers uj indexed by a integer d-vector j,

r r
Ii(m,r K, i) = {uj: Z Juj =Kk, Z uj:i}.
ljl=m ljl=m
PROOF OF THEOREM 2.3. By Theorem 2.2, we only need to prove
. R k—1
(A7) Vnn =0, =3 n7"?Q + 0p(nTH?).
r=I1

Denote WD (8) = (3W(8)/86y, ..., 0W(0)/364), dy = /n(B, —0,) and 8, =
J/n(@, — 0p). We only need to point out the main modifications to the proof of
Theorem 4 in [17]. In place (4.5) of [17] there we have

/W(l)( )Z(0+0)d0 0.
Vi Z,(0,)
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corresponding to (4.7) of [17] there we have

4 1/2
WO @] < (Z(W<u+ei>+ W<u>+W<u—ei>)2> as.
i=1
By Condition 9, for ||(d, — 0)/+/n] < &2, we can replace WV ((d,, — 8)//n) by
the vector a((d,, — 0)/ﬁ)a_1, and (4.10) of [17] there is replaced by, for § > 0,

/ d, —0)*~ ‘7”(0+0 ) a9 X
161 <n® /2 Z, (@)

As in [17], d, ~ 0. Define Noo = 1, thus 1 = n=%/2(8%Nq_o, let |I| be the deter-
minant of I, by Lemma 1 the above is

0.

k—1 3r
k _ _
0~ Z w112 Z Qo112 N,

lil=2(1Ar)

« / @, — oyt 1 (—10/10> a0
lol<nt2 Q)2 P\ 72 '

Also, as in [17], for each i and k > 0,

/ nj1/2 exp(— 0,10> 40 ~ op(n=k/2).

101>nb/2 (27)472

Define the R? to R? function W;(-) = (¥i.1(-), ..., ¥i.q(-) as
|I|1/2

(27.[)d/2

. 1

W;(u) = /03_1((0 +uw)') exp(—E(O +u)I6 + u)) de,
and ¥ () = X O, w0y with ¥ W) = 0y p(wy /0w (k=1.....d).

On the right-hand side of the “0 A > relationship above, leave out the constant
Qm)421~1/2 and multiply the nonsingular matrix ({o (@)}I)~!, the “0 L rela-
tionship remains. The choice of this matrix will be clear when we prove the ex-
pression for Q, (1 <r <k — 1) later. We will show below that W (0) = 0, for
li + j| even, so the previous relationship is rewritten as

k—1 3r
0502 3 Ni(lo @)D,

r=0 lil=2(1Ar)
i k—1 3r k—1—r )
A8 ~Y a7 Y N, Z 2

r=0 lil=2(1Ar) 1jl=0
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k—1—r 3r

1 .
—r/2 ()
—Zn 7 ) Y 5N (lo @D (0)
r=0 1jl=0 [i|=2(1Ar)
k—1—r il |
—Z TR Ay Y SN (o@D e )
ljI=0 Is|=2(1Ar)+I1jl ©*
B 1 e
—Z ' Z () 3 =N (o@D~ wd (0)
[jl=0 Isle2AAr)+[jl,3r+jl) *°
k—1—
_anr/Z Z dJ) _]}"7
1jI=0

where {0 (a)} is the d x d diagonal matrix with rth element be the a,th moment
for 6, [with  ~ N(0,I"1)]. Denote I = (i), I"! = (i*), using the joint moment
formula for multivariate normal distribution, we have

e
Vik(0) = (2| |)d/2f 0%~ 1<01)exp(——0’10)d0

_ [0, if [i] even,
~ |o(ta—1ex +1i), otherwise,

where o (a) = E (?) is the joint ath moment of # ~ N (0,1!). Note

30 +u)1(0 d
(0 + w16 +u) ZeZI9=Zikr9r,
r=1

20ug u=0
PO +wI@+uw| o Te. — i
20uy ou, ug kT

and 911[(0 + u)'I(0 + u)]/dul|u—g = 0, for |i| > 2, we have

) 12
@ i ) 1 W
W= / PO l)ek(O)exp<—§0’10 do=pP9, . (@,

where Plgl_(a 1ye, (0) 1s the multivariate polynomial in 6 given by the relationship

[note 6% ! = (9@~Dex))

alil [e,fk‘l (0 +wh) exp(—1/2(8 +u)'1(0 + u))]
Jud

u=0
1
Pl(‘—]k)(a ey (6) exp (_50/10> ’
and Pl +(a Dey (0)=E (Plg]r)(a Deg (0)) with 8 ~ N(0,I"!) is the corresponding

vector polynomial in the moments oy;’s. Especially, W(&l} 0)=0(k=1,...,d),
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for |j| even, or ‘I’(()i,)k (0) =0, for |j| even, and it can be shown that \Ill(],Z 0) =0, if
[i+ j| is even. We get

3r 1 .
Mj, =(e@D™" Y Ni,-e0)

lil=2(1Ar)

and M;, = 0 for |i + j| even. Note the recursive relationship for the M;,’s in
Theorem 2.3 can be rewritten as

A9 DY > iMi,m > > []@Q /i =0, l<r<k-—1.

m=0 |i|=0 N=m (1,m,L,i) v=1

To see this, letd), = Zk-;} n‘j/ZQj; as in the proof of Theorem 2.2, we have

@H AR Y T [T

r=lil N=r (1,r,1,i) v=1

Denote P, (o) = (P, 1)el(a) P o 16, (). Take i = 0 in the above,
we have 3520 2-(1,0.1,0) [ [y=1(Qy)/iv! = 1 symbolically. Note My o = 0, and re-
call we defined No g = 1, so Me,,o_No o(fo @I) P (0) = —(fo ())) ! x

({o(a)}I),, where ({o(a)}I), is the rth column of {o(a)}l; this is the rea-

son we multiply it in the previous k3 relationship, and we see that {o(a)}l =

— (P (0),...,P) (). Note Y*_, (fo(a)}D,(Q%) = (fo(@)}DQ;. So, for
r=1,(A.9)is

1 1
0=Mo1+ > Moy > (Q)=Moi+ Y MoQ}

lil=0 =1 (1,1,Li) li|=0

d

=My,1 + Moo+ > M, 0(Qf) =My —Qi;
r=1

this gives the equivalence of (A.9) and the expression for Q; given in Theorem 2.3.
For r > 1, since Mj o = 0 for |j| even, (A.9) is rewritten as

iMoo Yy Y H Qb)/iy!

0 l|=m (1,m,Li) v=1

Ms

r—

=2

m=0

il

r r
+ 3 iMoo Y. > [T@b i+ > Mio Y > TTQk) /i
lile(3,r) Nj=r (1,r,1,i) v=1 li|=1 |=r (1,r,1,i) v=1

As before 2o1=0 2-(1,01,0) I [v=1¢ (Ql»)/i,! = 1, so the first term above is My, +
Z lel R L7 - Z|l|=m Z(]’m,l’,) Hv:l Q:)”)/lv!. For the second term, since
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r>1,3<|i| <|l, the set (1,r,1,i)i 1s empty if i, # 0, thus the factor [} _ Q'“)/
i,! in the second term is in fact ]_[ Ql">/lv' For the third term, i € {ey, ..., e;}
and || = r, ifi = e, the set (1, r, 1, ek) is nonempty only if 1 = rey, and in this case
a,rLi) ={@,...,i,—1,i,) =(0,...,0,e)}. Similarly as before, the third term
above is Y{_; Me, 0(Q) = —({o (@)}~ ({o (@)}, (Q%) = —Q,. Now we get

r—1 m m
0=Mo,+ > > iMi,p Y. > Q)i

m=1 li|=1 N=m (1,m,Li) v=1

r—1
+ Y iMi Y > [T/ - Q.

lile(3,r) |=r (1,r—1,Li) v=1

and the equivalence of (A.9) and the recursive relationship for the M; ,’s in Theo-
rem 2.3 is proved.
We now show that d, also satisfies (A.8). In fact, by (A.9) we have

k—1—r
lil= 0
k—1—r
Sy (S 3 [T
li|=0 s=li| M=s (1,5,Li) v=1
k—1—r
SOMED WS ool | ae
s=0 li|=s lj=s (1,s,1,i) v=1
(k—1—r)vs s .
~Zn*’/2 Yooy Mg Y Y T
r+s=t  |i|=0 ]=s (1,s,Li) v=1

Notet <k—1landr+s=timpliesk—1—r>s,50(k—1—r)Vs=s,and the
above is

Z"””ZZI'MU Y X 1@

s=0 [i|=0 |=s (1,s,1,i) v=1

The remaining proofs are similar to those in [17] and are omitted.
Lastly, for general loss function W (-) satisfies Conditions (B8) and (B10) with

various derivatives and ||[W®M =12, — 0))| < C||0 + é;ll” for some 0 < C <
oo, and y > 0 [17]. Then similarly as before, we have

|I|1/2

Q2 )d/2e
| |1/2
Qr )d/2

V;(u) = fwm(o)((a +u)l) Xp(—%(ﬂ +uw) 10 + u)> de,

de.
u=0

who - [ 2 W00 +wh L exp( 50 +u/T0 +w ) |
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Denote W) = (W, ..., Wy)/, assume Wi (1) #0((k=1,...,d), and define

X = (0k),
- 28 TWe® ! :
Okj = —(2ﬂ)d/2 f %[Wk(l) exp(—i((;’ +u)'I(0 —|—u)>] u:0d0.

[The previous situation is a special case with oy; = Eg (G,f"_l Zlei,jer) =

irkEo(G,fk) and 0 ~ N, I 1), or T = {o(a)}1.] Then, we have Gy = Hy, G, =
H +Q, (1<r<k-—1),with

r—1 m m
Q= Y iMi,—m > Y @b/

m=0 [i|=0 N=m (1,m,Li) v=1

r r—1
+ > iMoo Y @b/,
[i|=2 M=r (1,r=1,Li) v=1
3r+ljl 1 "
M, =" Y SN0,
[i|=2(1Ar)+1j| &

In the above, we assume X to be nonsingular. Here we no longer have \Ili(j) 0)=0
for |i + j| even, thus the above formula for Mj , has more terms than stated in
Theorem 2.3, and each term has more complicated form. [J

PROOF OF THEOREM 2.4. For 0,, = (a,, ,Bn) given in (2.1), although it can
be formulated as a joint Bayesian estimator with an additional 0-1 error loss and
a constant prior on 8, Theorem 2.3 cannot be applied to get its expansion, as
Condition (B10) there excludes such loss.

We first outline the idea of the proof. Denote Hy = (h/,,h ,)’, and G, =
(g.,,8,) is the component notations of the rth order term in the expansion

A A/ v v/ .
of /n(&, —ay, B, — By) and /n(&, —ay, B, — By)'. In Theorem 2.2, HY is
a function of H,...,H?_;. In terms of the components, h,; is a function of
ho1,....h,—1,1and hgy, ..., h,_1 2, with some evaluations at 8¢, similarly for h,,.
We denote these functions as, forr =1, ...,k —1,

h,; = #1(ho1, hoa, ..., h—11,h._12|00),
h,» = #H,2(ho1, hop, ..., h—1,1.h_12100).

By Theorem 2.3, the components g, and g, are also functions of go1, ..., & —1.1
and go2, ..., 8—1,2. We denote them as, forr =1, ...,k —1,

g1=%r1(8o1,802,---,8 1.1, 81,2100,
g2 = %r2(8o1, 802, -- -, & 1,1, 8—1,2100).
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The expansion in Theorem 2.3 can be obtained by another way. Fix Bn in the
posterior and expand /n (&, — &) to get

k—1
(@, —ao)ly = nTg1(B,) + 0pn ),
r=0

where g,1(-) is the d;-dimensional version of G,(-) and with 6 replaced by
(@0, B,,)- Now expand /n(B, — Bp) in the g,1(-)’s above; this gives the same
expansion as that in Theorem 2.3, so we must have

k—1 k—1
Y 0P (B =) n"*G1(801. 802 - - - . &1, 8r2) + Op(n ).
r=0 r=0

A

On the other hand, for the hybrid estimator (e,, 8,) we can expand the two com-
ponents simultaneously or componentwise, and the two expansions are the same.
We fix B,,, first expand /n (e, — o) and we have

k—1
Vi@, —ao)ly =3 n""g(B,) + 0pn ).
r=0

Then, expand /n (ﬁ »— Bo) in the g1 (+)’s. Comparing the procedures for \/n (e, —
aO)li*n and /n(a, — oco)|ﬁn, and note the statuses of Bn and ,@n in the g, (-)’s are
the same, except that the former expands in terms of gop, g02, ..., g1, &2 and the
latter in terms of go1, hg, ..., g1, hy2. So we get

k—1 k—1
> 0 Pg(B,) = n "G, 1(go1. hoa, - ... g1, hy2) + O, (0P
r=0 r=0

k—1
= > 0P H(gor. ho2. -, g1 hp2) + 414 0, (7).
r=0
The last step above is by the recursive relationship in Theorem 2.3.
In the same way, for the MLE (&, B,,), we have

k—1

VB, = Bla, =Y n @) + 0,3,

r=0

where l_lrz(-) is the dp-dimensional version of H, and with 6 replaced by (&, B()-
As before, we have

k—1 k—1

> on TP @) =Y n TP Ha(hor hoo, Byt hyo) 4 0, (7).
r=0 r=0
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Similarly, for the hybrid estimator (e, fSn), we have

k—1
\/E(ﬁn - ﬁO)lan = Znir/zhrZ(&n) + Op(nik/z)
r=0
k—1
= Zﬂ_r/zﬂ’rz(gm,hoz, o 81, ) + O,,(n_k/z).
r=0

These give

(gr ) — (er(gm hO, e 8r—1, hr—1|00)> + <tr>
hr e;L€r2(g0a hOs---,gr—l: hr—l|00) 0/’
which is the recursive formula in the theorem.
Below, we go into some details of the above sketch. We need the following
notation. Let I = (I;j)1<; j<2 be the partition of the Fisher information matrix,

where I1; corresponding to the block for e and I, for 8. For nonnegative integer
dj-vector i and nonnegative integer dp-vector j, define

a /
p' (@)= (p{ (@), ..., p4 () = (8—10g71(oc), e logn(a)> :
o] di
1 4lil i '
pl@ = (5 ol@..... 5ok @)

>/

Ll cl.B))

1 (9 9
L (x|a,B) = (80{1 log f(x|e, B), ..., daa

= (L{(x|et, B), ..., Ly (x]e, B)),
li+jl gli+il

- .leoe, ey ——
dari 9B (e, B) dari 9B

L2(xlee, B) = (ﬁlogf(xla B).. 8;2 logf(xm,ﬁ))

= (Li(x|et, B). ..., Ly, (x|et. B)),

Ly (<l ) = (

li+jl [i-+j]

0 0 !
L2 (xla, B) = (—jL%(xw,ﬂ),...,mLi(ﬂa,ﬂ)),

do 9B
1 1 - 1 1 1 “ 1
Si.ile, B) =— E L. (xjlee, B), SiinB)=— E L.q (xjleco, B),
(is) (i) X (is) (i) X
L) ﬁj:l L) L) \/ﬁjzl L)

1 n
Afip (. B) = 7 Z(Léi;j)(xjm,ﬂ)—E(a,mL(ﬂ;j)(xm,ﬂ)),
j=1
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1 n
Al (B) = =D (L (X 0. B) — . )Ly (X 0. B).
j=1
1 1 1 1
Ei.j)(B) = E@y.pL,j (Xlao, B), E.j) = E@o.80L:j (Xleo, Bo)-
1 1 1 1
Sip = S<i~j)(“0» Bo):  Agj = Agj (@0, Bo),

Sty (@ B) = ZL@J)(lea,ﬂ),

1
Sip (@) = NG ZL%i;D(XJ'“’ﬂO}’
j=1

and define A%l ) (e, B), A(l J)(ct) E(1 J)(oz) and S accordingly.
We first give the expression for hy; the expressmn for go will be outlined later.
Fix a,, note here p(l) does not depend on B, E%O;O) =0 and E%O;O) (an) # 0. Let

B; = ﬁ(fin — Bo), and &), = /n(&, — &) (not to be confused with the trans-
pose). As in the proof of Theorem 2.2, we have

0= s%o‘o) (&n» B,) =S30,0)(&n, Bo + 1772 B))

“‘Z Y (ﬂ.) Sfo.j (@)

lil=r

k v
~ nl/ZEfo.o) (dn)

. (B (B
+Z /2( il CARSDY il (op("‘n)>

ljl=r ’ [jl=r+1

k—1 .
k _r ((6,)T)
’\'Zon /2< Z l' E(l 0)

lij=r+1

(/3) (CA0)
+ 2 ' T A

s+1=r |jl=s =

<<B;>J'> (@)1
r 3y Gy g, )

. ) L
sH=r |jl=s+1 lij=t

= A2 0 —Tnd, —Inf
= Afp.0) — 1, — 128,

- (@) o
(A.10) +) n_’/z( > El.o)
r=1

il
ii=rt+1 %
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+zz““ y &l gz,

s+t=r |jl=s li|=t

(B (5/)
ry y By Gy )

Jj!
s+t=r |jl=s+1 [i|=t

or ha) + 122/}/ = A%O 0 T Op(nfl/z). Similarly, fix ,Bn and expand &, we will

1
have 116, + 1128, = A(o 0 + Opn~ 1/2). So we get \/_I(a" 050) _ (A«).o)) 4

A2
©,0)
Op(n~ 172y and note (A(O;O), A%O;O)) = Ay; this gives the expression for go
and hy.
To prove the expansions for the g,’s and h,’s, we use induction. We only need

to prove those for the g.’s and h).’s, where &) =1 g’ . Now we prove
p

h/
= > Y Eigpy Y H(giv”)/iu!
s+t=r—1 li|=s+1 [1|=t (0,2,L,i) v=0
a
+ 2 X XX Aw X X [T
a+b+c=r—1s+t=c|jl=s |i|=t l|=a (0,a,1,i) v=0

b
x> [T/

N|=b (0,b,Lj) v=0

f Y Y Y YE,Y Y [Ien

a+b+c=r—1s+t=c|jl=s+1 |i|=t |=a (0,a,l,i) v=0

b
x 33 Tk

=5 (0,b,1,j) v=0

g.=h. +q. (1 <r <k-—1), and the q’s are outlined later.
Since in the following t = r, we get

Z Z E(nO)Z Z l_[ g:;v [iy! = ZE(I()) gr —I2ig;

sHt=r |i|=s+1 =t (0,,1,i) v=0 lil=1

similarly, in the following, we take b = r (note @ = r will result in summations
over empty sets) and we get

Y OY Y YE,Y Y (e Y ¥ e

a+b+c=r s+t=c |jl=s+1 |i|=t [1|=a (0,a,1,i) v=0 1|=b (0,b,1,j) v=0
= —Ixh,,
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and the previous expression for flr =Ir1g, + Ioh, (1 <r <k —1) is rewritten as

> 2 Eho2 2 1_[ V) /!

s+t=r |i|l=s+1 [l|=t (0,¢,1,i) v=0
FY Y Y YA Y Y [l
a+b+c=r st+t=c |j|=s |i|=t l|=a (0,a,1,i) v=0

b
(A.11) x Y Y [mly/i

[1I=5(0,b,1,j) v=0

P Y Y Y YR Y Y Il

a+b+c=r s+t=c |j|=s+1|i|=t l|=a (0,a,l,i) v=0

b
x Y Y []mbyi=

|=b (0,b,1,j) v=0

Let&;’:zk (l)n r/ andﬂ _Z 0n_’/Zhr,then

(@&, ~1'Zn—r/22 > 1‘[ ") /iy,

[l|=r (0,r,L,i) v=0
(Biy X j Zn"ﬂz > 1‘[ (hiv) /i, !.
l|=r (0,r,1,j) v=0

By (A.10) and (A.11), we have

A

A%o;o) 12106 —I»B,

k—1 L

_ (@)
+)n /2< > e T >E<10)

r=1 ’

lij=r+1

+zzw>z@%w
s+t=r |jj=s = "

(B — (@)}
Py B )

) |
sti=rljl=s+1 ¥ ji= ¥

k_l 99 .
_r ((a,) (,3 i) ((a,)")
a =T 3 Gl s s B s @y

!
r=0 L

[i|=r+1 ’ s+t=r |jl=s li|=t
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(B (@)
NP LD

| |
s+t=r |jl=s+1 J: li|=t L

k—1
L (X T B X T [Tk
r=0 s+1=r [i|=s+1 )=t (0,t,1,i) v=0
FYOY Y YARY Y e
a+b+c=r s+t=c |j|=s |i|=t l|=a (0,a,1,i) v=0
b
x >3 [Tl /iy
[1|=b (0,b,1,j) v=0
a
2 X 2 X Ehy 2 X [l
a+b+c=r s+t=c |jl=s+1 |i|=t l|=a (0,a,1,i) v=0
b
x Yy > [](hk)/ng)
|=b (0,b,1,j) v=0
=0.

Thus, (A.10) minus (A.12) will give the expression for h/..
Now, we outline the expressions for the g/.’s. We need to modify the result in

Lemma 1. For fixed ﬁn, define

ﬁ f(xilog +an=1/2, ,Bn)> 7 (0g +an17?) .
i=l f (xileo, B,,) 7 (eto)
Define .. (), 8 j() and le accordingly. We have

Zn(, B,) = (

k—1
Ehoy B~ Y 02 Y ki (B!

r=0 ljl=r
= Zn—r/Z Z Z Z 8(1_]) Z Z l_[ (hv) /lv
ljl=r sti=r|j|=s =t (0,Lj) v=0

and

k—1
Sy B X Y Y sk (B

r=0 lil=r

_Z”_r/z Z Z Z 5(1.1) Z Z n ((hy)) /iy .

jl=r s+1=r |jl=s M=z (0,,1.j) v=0
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From these we can get expansion for F; , (Bn) by the relationship

FirB)= Y > o > > [lmi/!

t+s=rj>iljl=t  [l|=s (0,s,1,j—i) v=0

+ > > SheBa Y. Y [Tty

t+s=r+1j>i,|jl=t [1]=s (0,s,1,j—i) v=0
)
L (A vy /s
FYOY eheBa Y X TTmb
t+s=r+2j>i,|jl=t [1|=s (0,s,1,j—i) v=0

With these Fi,,(/}n)’s we can get the expansion for

ror+2 v+2 ﬂn

Ni (B, = Z l_[ Z Z 1_[ lul(.]!)lu'

L i) v=11j1=2 11 (2,v+2,ky |, iy) u=2

Also, note in this case

1
—506/111(0!0, D=y & 0)<ﬂn

lil=2

~Zn"/22 > Eip 2 X Hh‘” /iy,

li|=2s+t=r |j|=s |l|=t¢ (0,2,1,j) v=0

Then we can get the expansion for Z,(a + &), B.)/Zn (@, B,). Going through
the remaining part in the proof of Theorem 2.3, we will get two correspond-
ing relationships of (A.10) and (A 12) for g,; Taking these together, as in the

proof of Theorem 2.2, we get 0 L (1+ 0@ 1?)(a, — an, ,Bn ,B;)/, and thus

(), B n) L (ozn, B n)/ . Other proof details can be similarly obtained and are omit-
ted.

As an alternative simple, but not rigorous, justification in the proof of Theo-
rem 2.3, replace p;, a and I with (pil/, 0'), a; and Iy, set 7 (0) = 7w (o) (B), with
7 (B) being constant, and W(d, §) = W(d;, «)V(d2, B), with V(-,-) be the 0-1
loss. Note V(D = 0 a.e. (8). Then, find the expression for M;, = (M:ilr, 0') as the
way to the end of the proof in that theorem. [J ’

PROOF OF THE FACT. (i) is a special case of (ii) with p; =0 (]i| =0, 1).

(ii) The key is to find out the set (0, s,1,i) for given 1 and i. It is empty if
1#40 and i = 0. For H{, s + ¢t =1 we must have (s,7) = (0,1) or (1,0). If
(s,t) = (0, 1), for the first term i =1 = 0 and the set (0, 0,1,i) = {ip = 0}, so
the first term is I_lpo. For the second term, |i| =1, so i =e; for some j,1=0
and the set (0,0,1,i) = {ip = e;}, and so the second term is I! 2 jAe; (ng) =
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I! 2 jij=1 Ai(H})). For the third term, |i| = 2,1 = 0 and the set (0, 0, 1, i) = {ip = i};
this term is I71 3" 5 Ej(H}) /il. If (s, 1) = (1, 0), the summation Y j—_; in the
first term is empty, and the set (0, 1,1, 1) in the second term is empty. Also, since
¢t =0, the summation » ;1 ,~0 in the third term is empty. These give the ex-
pression for Hj.

For Hj, the case (s,?) = (2,0) corresponds to empty summations. So we only
consider (s, t) = (0,2) or (1,1). When (s,t) = (0, 2), for the first term, |i| = 1,
1 = 0 and the set (0, 0,1, i) = {ip = i}; this term is I} Z|i|:1 pi(HB). For the second
term we have i = 2e; for some j or i = e; + ¢ for some j # /. Since 1 =0, the
set (0,0,1,i) = {ip = i} and this term is I"! 2 jij=2 Ai(Hz))/i!. For the third term,
lif =3,1=0 and (0,0,1,i) = {ip = i}, resulting in I"! 2 jij=3 Ei(HB)/i!. When
(s, 1) = (1, 1), for the first term, i = 0, |l = 1 and the set (0, 1, 1, i) is empty. For the
second term, we have |i| = || = 1. If 1 #1, (0, 1,1, i) isempty. If 1 =1, (0, 1,1, i) =
{(o, i) = (0, 1)}, this term is I"! 2 lij=1 Ai(Hil). For the third term, |i| = 2 and so
it has the form i = e; +¢; for some j, [ and [I| = 1. Itis easily checked thatif 1 = e;
ore, (0,1,1,i) = {(ip, i1) = (e;, ¢;) or (e;, e;)}, otherwise (0, 1, 1, 1) is empty. So
this term is I™' Y4 _| Ee, e, (Hy HY') + (HYH{')) /2.

Note for d = 1, it is easy to see that Hyg, H; and G (for ¢ = 2) above coin-
cides with those corresponding on page 496 in [17]. hy there has two extra terms
p1E3/I3 4+ p1 A2/ I%. These two terms come from py 2_1,(0.1,1,0) ]_[11}:0 hf}'/iv! in
his formula. Obviously, 71(0, 1, 1, 0) is an empty set by definition. So these extra
terms should not be there.

(ii1) By Theorem 2.3, G; = H; 4+ Q1, Q1 = My, 1, and it is easily checked that
My, = ({o@hH! Z|i|:3 Nj 1¥;, and note ¥; = \Ili(o)(O). To evaluate Nj i, for
li| = 3, note
uj

Fi1

=Y Y 1

. oM aghs”
L(Li) 11(2,3.ky,ip) ljl=2 " b

To get I>(1,1i), we first find the corresponding Ip(1,1,1) = U,~o 1(1, 1, 1, 7).
It is easy to see that /1(1,1,1,1) = {1} and I1(1,1,1,r) is empt_y for r #1, so
Ip(1,1,1,) ={i; =1}, and I (1,i) = {k; :k; =1,2i;1 < |k{] <3i1} =1{ki:k; =
i}. It is easy to see that 1;(2,3,ky,i1) = 1(2,3,i,1) = {uj:Zf“:Zjuj =i,
Zfﬂzz uj = 1}. There are d? of u;j’s with |j| = 2, and d* of uj’s with |j| = 3, but
only one of them can be 1; the rest are zeros, so I1(2,3,i,1) = {uj:u; = 1, uj =
0, for j#1i,2 <|j| < 3}. These give, for |i| =3, Nj1 = % Refer to the definition
of Fj, in Lemma 1; since |i| = 3, it is easy to see that the first two terms in Fi are
zeros as they are summations over empty sets. Also, |i| = 3, the constraints ¢ > 3,
J>iand|j| =t givess =0, j=iand (0,1, j—i) = {ip = 0}, and so Fj 1 = &;. Thus

g.
Gi=Hi+My =Hi + (o@D~ ) ¥
=3 "
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Gy =Hy + Q2 Q2 =M + Xjioi Mit Tyt 1,110 (Q1)/il = Mo +
Y i1 Mi,1(Q)/il. Note My, = ({0(3)}1)_121626 Nix¥i = (fo (@D ™! x
(X jij=3 Ni2¥i + Yi=s Ni2¥i) and, for [ij = 1, Mj; = (fo@}D™"' x
2 ji=3 Nj—i, 1\Il ;- For |i| =3,

v+2 F”J

Nip = Z l_[ Z 1_[ R
Uj (.l)J
D20 v=1 11 (2,04+2,Ky,iy) [jl=2 73"
For I5(2,1), the corresponding Io(1,2,2) = Urzo Ii(1,2,2,r)=1;(1,2,2,1) =
{(i1,12) = (0, D}, so [(2,1) = {(k;, kp) :k; +ky =1, [ki| =0,2 < [ka| <4} =
{(kk1, ko) :k; =0,k =i}, [1(2,3,ky,i1) =11(2,3,0,0) = {uj:u; =0,2 < [j| <
3) and 12,4, Ko, i2) = L2, 4,0, 1) = {uj: S juj = i Thouj = 1) =
{uj:uj=1,u;=0, forj ;éi 2 < |j| <4}. Also, it can be checked that, for |i| = 3,
Fio=46+ Zm 1 Eigj(H ) Recall Hy=1" 1A1 0. These give, for [i| = 3,

F, 1 _ .
Ni2 = 11! E(& + Z i (d 1Aoﬂ))-
ljl=1
For |i| =5, (2, 1) is empty, so Nj2 =0. (In [17], the set I5(2, 5) is also empty;
but there Ns> # 0 and we regard this as a mistake.) Similarly, for |i| = 1 and
ljl =3 with j > i,

Nj—iq1 = Fj—i1/G—D!=

1
(J )<J1+Zgjl+l(l AO)))

=1

From these we get the expression for G».

(iv) By the above results, the first d; components of Ty is t| = I p(l) +q1,q1 =
my 1, which is the d;-dimensional version of My ;. So mg | = ({o@I'Hh—1 x
> lij=3 \Ili18i1 /i!, and \Illl and é“il are the corresponding d;-dimensional versions of
their counterparts. [

PROOF OF THE PROPOSITION. (1) Let Ai and A(} be the weak limits of A; and
Ag. Itis easy to see that Aj ~ N (0, J;), with J; = Eg,[Lj(x1]00)L;(x1]00)] — EiE;,
Ao~ N(,I™1), and A and 80 are jointly normal with covariance matrix, for
i=ej, Eg[Li(x1|00)Ly(x1100)] — E;Ej = Eoo[Ll(Xl|00)L (X1|0o)] D;. Thus

Ai|AO~N(DJ-1A0,J—D,1D/j),and((I Ag)l) =1~ AO_AOI;,so
Egy(Ai((T ' Ag))) = Epy[Eg, (AilAg) (I Ag)T)]
= Eg,[D;jTA¢ (I Ag))] = Ep,[D;jTAg; T Ag]
O ! —1y-1 -1
=D;1Eg,[AoA,I; ' =D; I =D,I; .
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Similarly, for |i| = 2, i = ¢; + e; for some (i, j). Thus,

Ego (I Ag)l) = Ep, (GI7 ' Ag) T Ap))
=17 Egy(AgApL; ' = 17T,

and now the result follows using Fact (1) and taking the corresponding summations.
(i1) Note Eoo(Gl) = EoO(HO) +1I po + My, 1, and the result follows.
(iii) The proof is similar and is omitted. [
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