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GOOD ROUGH PATH SEQUENCES AND APPLICATIONS TO
ANTICIPATING STOCHASTIC CALCULUS
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Université Paul Sabatier, University of Cambridge and University Oxford

We consider anticipative Stratonovich stochastic differential equations
driven by some stochastic process lifted to a rough path. Neither adapted-
ness of initial point and vector fields nor commuting conditions between vec-
tor field is assumed. Under a simple condition on the stochastic process, we
show that the unique solution of the above SDE understood in the rough path
sense is actually a Stratonovich solution. We then show that this condition is
satisfied by the Brownian motion. As application, we obtain rather flexible
results such as support theorems, large deviation principles and Wong–Zakai
approximations for SDEs driven by Brownian motion along anticipating vec-
torfields. In particular, this unifies many results on anticipative SDEs.

1. Introduction. We fix a filtered probability space (�,F ,P, (Ft )0≤t≤1) sat-
isfying the usual conditions. Itô’s theory tells us that there exists a unique solution
to the Stratonovich stochastic differential equationdYt = V0(Yt ) dt +

d∑
i=1

Vi(Yt ) ◦ dBi
t ,

Y0 = y0,

(1.1)

where B = (B1
t , . . . ,Bd

t )0≤t≤1 is a standard d-dimensional (Ft )0≤t≤1-Brownian
motion, V0 a C1 vector field on R

d , V1, . . . , Vd some C2 vector fields on R
d ,

and y0 a F0-measurable random variable.
We remind the reader that, by definition (see [19]), a process z is Stratonovich

integrable with respect to a process x if for all t there exists a random variable
denoted

∫ t
0 zu ◦ dxu (the Stratonovich integral of z with respect to x between time

0 and t) such that for all sequences (Dn = (tni )i)n≥0 of subdivisions of [0, t] such
that |Dn| →n→∞ 0, the following convergence holds in probability∑

i

(
1

tni+1 − tni

∫ tni+1

tni

zu du

)(
xtni+1

− xtni

) →
n→∞

∫ t

0
zu ◦ dxu.

Another way to express this is by introducing xD the D-linear approximation of x,
where D = (ti) is a subdivision of [0,1]:

xD(t) = xti + t − ti

ti+1 − ti

(
xti+1 − xti

)
if ti ≤ t ≤ ti+1.(1.2)
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Then, z is Stratonovich integrable with respect to x if and only if for all sequences
of subdivisions Dn which mesh size tends to 0 and for all t ∈ [0,1], ∫ t

0 zu dxDn
(u)

converges in probability to
∫ t

0 zu ◦ dxu.
Ocone and Pardoux [20] showed that there exists a unique solution to equa-

tion (1.1) even if the vector field V0 and the initial condition y0 were allowed to
be (F1)-random variables. They did so relating the Skorokhod integral and the
Stratonovich one, and using Malliavin calculus techniques. This solution has been
studied in various directions: existence and study of the density of Y [2, 22,
23], a Freidlin–Wentzell-type theorem [18], results on the support of the law of
{Yt ,0 ≤ t ≤ 1} [3, 17], approximation of Yt by some Euler’s type schemes [1]. . . .
The case where the vector fields V1, . . . , Vd are allowed to be (F1)-measurable was
dealt in [8, 9], under the strong condition that the (Vi)1≤i≤d commute. This is an
application of the Doss–Sussman theorem. The latter says that if V = (V1, . . . , Vd)

are d vector fields smooth enough such that [Vi,Vj ] = 0, for all i, j ≥ 1, and
if V0 is another vector fields, then the map ϕ

y0
(V0,V ) which at a smooth path

x : [0,1] → R
d associates the path y which is the solution of the differential equa-

tion dyt = V0(yt ) dt +
d∑

i=1

Vi(yt ) dxi
t ,

y0 = y0,

(1.3)

is continuous when one equips the space of continuous functions with the uniform
topology. One can then define ϕ

y0
(V0,V ) on the whole space of continuous function,

in particular ϕ
y0
(V0,V )(B) is then well defined, and is almost surely the solution of

the Stratonovich differential equation (1.1). This remains true even if the vector
fields and the initial condition are allowed to be random.

Rough path theory can be seen as a major extension of the Doss–Sussman re-
sult. One of the main thing to remember from this theory is that it is not x which
controls the differential equation (1.3), but the lift of x to a path in a Lie group
lying over R

d . The choice of the Lie group depends on the roughness of x.
If x is a R

d -valued path of finite p-variation, p ≥ 1, one needs to lift x to a
path x with values in G[p](Rd), the free nilpotent Lie group of step [p] over R

d .
When x is smooth, there exists a canonical lift of x to a path denoted S(x) with
values in G[p](Rd) (S(x) is obtain from x by computing the “first [p]” iterated
integrals of x). If x is a smooth path, then there exists a solution y to the differential
equation (1.3). We denote by I

y0
(V0,V ) the map which at S(x) associates S(x ⊕ y).

Denoting C(G[p](Rd)) the set of continuous paths from [0,1] into G[p](Rd), we
see that I

y0
(V0,V ) is a map from a subset of C(G[p](Rd)) to C(G[p](Rd ⊕ R

n)).
Lyons showed that this map is (locally uniformly) continuous when one equips
C(G[p](Rd)) and C(G[p](Rd ⊕ R

n)) with a “p-variation distance.” Hence one
can define I

y0
(V0,V ) on the closure (in this p-variation topology) of the canonical lift

of smooth paths. This latter set is the set of geometric p-rough paths.
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In the case x = B , the Brownian motion being almost surely 1/p-Hölder,
2 < p < 3, one needs to lift B to a process with values in G2(Rd) to obtain the so-
lution in the rough path sense of equation (1.1). This is equivalent to define its area
process. The standard choice for the area process of the Brownian motion is the
Lévy area [13, 15], although one could choose very different area processes [11].
Choosing this area, we lift B to a geometric p-rough path B, I

y0
(V0,V )(B) is then the

Stratonovich solution of the stochastic differential equation (1.1), together with its
lift (i.e. here its area process).

Just as before, when the vector fields Vi are almost surely “smooth enough” and
y0 is almost surely finite, the Itô map I

y0
(V0,V ) is still well defined and continuous

almost surely, and there is no problem at all of definition of I
y0
(V0,V )(B). Therefore,

the theory of rough path provides a meaning and a unique solution to the stochas-
tic differential equation (1.1), even when the vector fields and the initial condition
depend on the whole Brownian path. Moreover, the continuity of the Itô map pro-
vides for free a Wong–Zakai theorem, and is very well adapted to obtaining large
deviation principles and support theorems.

The only work not completely given for free by the theory of rough path is to
prove that the solution y of equation (1.1) using the rough path approach is actually
solution of the Stratonovich differential equation, that is, that for all t ,

yt = y0 +
∫ t

0
V0(yu) du +

d∑
i=1

∫ t

0
Vi(yu) ◦ dBi

u.

When the vector fields and the initial condition are deterministic, this is usually
proved using the standard Wong–Zakai theorem.

We provide in this general case here a solution typically in the spirit of
rough path, by separating neatly probability theory and differential equation the-
ory. We will show via a deterministic argument that to obtain our result we
only need to check that, if Dn is a sequence of subdivisions which steps tends
to 0,

∫ ·
0 Bu ⊗ dBDn

u and
∫ ·

0 BDn

u ⊗ dBDn

u converges in an appropriate topology to∫ ·
0 Bu ⊗ ◦dBu.

The paper is organized as follows: in the first section, we present quickly the
theory of rough path (for a more complete presentation; see [14, 15] or [10]). The
second section introduce the notion of good rough path sequence and its properties.
We will then show that Bn defines a good rough path sequence associated to B,
and this will imply that the solution via rough path of equation (1.3) with signal B
is indeed solution of the Stratonovich stochastic differential equation (1.1).

We conclude with a few applications: a Wong–Zakai-type approximation result,
a large deviation principle, and some remarks on the support theorem.

2. Rough paths. By path we will always mean a continuous function from
[0,1] into a (Lie) group. If x is such a path, xs,t is a notation for x−1

s · xt .



GOOD ROUGH PATH SEQUENCES 1175

2.1. Algebraic preliminaries. We present the theory of rough paths, in the
finite dimensional case purely for simplicity. All arguments are valid in infinite
dimension. We equip R

d with the Euclidean scalar product 〈·, ·〉 and the Euclid-
ean norm |x| = 〈x, x〉1/2. We denote by (Gn(Rd),⊗) the free nilpotent of step n

over R
d , which is imbedded in the tensor algebra T n(Rd) = ⊕n

k=0(R
d)⊗k . We

define a family of dilations on the group Gn(Rd) by the formula

δλ(1, x1, . . . , xn) = (1, λx1, . . . , λ
nxn),

where xi ∈ (Rd)⊗i , (1, x1, . . . , xn) ∈ Gn(Rd) and λ ∈ R. Inverse, exponential and
logarithm functions on T n(Rd) are defined by mean of their power series [14, 21].
We define on (Rd)⊗k the Hilbert tensor scalar product and its norm〈

d∑
i=1

x1
i ⊗ · · · ⊗ xk

i ,

d∑
j=1

y1
j ⊗ · · · ⊗ yk

j

〉
= ∑

i,j

〈x1
i , y1

j 〉 · · · 〈xk
i , yk

j 〉,

|x| = 〈x, x〉1/2.

This yields a family of compatible tensor norms on R
d and its tensor product

spaces. Since all finite dimensional norms are equivalent the Hilbert structure of
R

d was only used for convenience. In fact, one can replace R
d by a Banach space

and deal with suited tensor norms but this can be rather subtle; see [15] and the
references therein.

For (1, x1, . . . , xn) ∈ Gn(Rd), with xi ∈ (Rd)⊗i , we define

‖(1, x1, . . . , xn)‖ = max
i=1,...,n

{(i!|xi |)1/i}.

‖ · ‖ is then a symmetric subadditive homogeneous norm on Gn(Rd) (‖g‖ = 0 iff
g = 1, and ‖δλg‖ = |λ| · ‖g‖ for all (λ, g) ∈ R × Gn(Rd), for all g,h ∈ Gn(Rd),
‖g ⊗ h‖ ≤ ‖g‖ + ‖h‖, and ‖g−1‖ = ‖g‖). Of course, we could have chosen any
other continuous homogeneous norm, as they are all equivalent (see [15]). This
homogeneous norm allows us to define on Gn(Rd) a left-invariant distance with
the formula

d(g,h) = ‖g−1 ⊗ h‖.
From this distance we can define some distances on the space of continuous

paths from [0,1] into G[p](Rd) (p is a fixed real greater than or equal to 1):

(1) The p-variation distance

dp-var(x, y) = d(x0, y0) + sup

(∑
i

d
(
xti ,ti+1, yti ,ti+1

)p)1/p

where the supremum is over all subdivision (ti)i of [0,1]. We also define
‖x‖p-var = dp-var(1, x), and ‖x‖p-var < ∞ means that x has finite p-variation.
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(2) Modulus distances: We say that ω : {(s, t),0 ≤ s ≤ t ≤ 1} → R
+ is a con-

trol if 
ω is continuous.
ω is super-additive, that is ∀s < t < u,ω(s, t) + ω(t, u) ≤ ω(t, u).

ω is zero on the diagonal, that is ω(t, t) = 0 for all t ∈ [0,1].
When ω is non-zero off the diagonal we introduce the distance dω,p by

dω,p(x, y) = d(x0, y0) + sup
0≤s<t≤1

d(xs,t , ys,t )

ω(s, t)1/p
.

The simplest example of such a control is given by ω(s, t) = t − s. In this case,
dω,p defines then a notion of 1/p-Hölder distance on Gn(Rd)-valued paths. In gen-
eral, if ‖x‖ω,p = dω,p(1, x) < ∞, we say that x has finite p-variation controlled
by ω.

2.2. The Gn(Rd)-valued paths. Let x : [0,1] → R
d be a path of bounded vari-

ation and define S(x) to be the solution of the ordinary differential equation

dS(x)t = S(x)t ⊗ dxt ,

S(x)0 = exp(x0),

where ⊗ is the multiplication of T n(Rd) and exp is the exponential on T n(Rd).
S(x) actually takes its values in Gn(Rd). Moreover, if the 1-variation of x is con-
trolled by ω, then so is the 1-variation of S(x) ([14], Theorem 1).

EXAMPLE 1. If n = 2, S(x)t = exp(x(t)+ 1
2

∫ t
0 xu⊗dxu− 1

2

∫ t
0 dxu⊗xu). The

term 1
2

∫ t
0 xu ⊗ dxu − 1

2

∫ t
0 dxu ⊗ xu is the area between the line joining x0 and xt

and the path (xu)0≤u≤t .

DEFINITION 1. A path x : [0,1] → G[p](Rd) is a geometric p-rough path if
there exists a sequence of paths of bounded variation (xn)n∈N such that

lim
n→∞dp-var

(
S(xn),x

) = 0.

NOTATION 1. Let C0,p-var(G[p](Rd)) denote the space of geometric p-rough
paths, and C0,ω,p(G[p](Rd)) the set of paths x : [0,1] → G[p](Rd) for which there
exists a sequence of paths (xn)n∈N of bounded variation such that

lim
n→∞dω,p

(
S(xn),x

) = 0.

In particular, any G[p](Rd)-valued path with finite q-variation, q < p, is a geo-
metric p-rough path, and a geometric p-rough path has finite p-variation. We refer
to [7] for a “Polish” study of the space of geometric rough paths.

If x is a geometric p-rough path, we denote by xi
s,t the projection of x onto

(Rd)⊗i . We also say that x lies above x1.
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2.3. The Itô map. We fix p ≥ 1, and a control ω.
When A is vector field on R

d , we denote by dkA its kth derivative (with the
convention d0A = A), and its γ -Lipschitz norm by

‖A‖Lip(γ ) = max
{

max
k=0,...,[γ ] ‖d

kA‖∞,
∥∥d[γ ]A

∥∥
γ−[γ ]

}
,

where ‖ · ‖∞ is the sup norm and ‖ · ‖β the β-Hölder norm, 0 ≤ β < 1. If
‖A‖Lip(γ ) < ∞, we say that A is a Lip(γ )-vector fields on R

d .
We consider V = (V1, . . . , Vd), where the Vi are Lip(p+ε)-vector fields on R

n,
ε > 0. V can be identified with a linear map from R

d into Lip(p + ε)-vector fields
on R

n,

V (y)(dx1, . . . , dxd) =
d∑

i=1

Vi(y) dxi.

For a R
d -valued path x of bounded variation, we define y to be the solution of the

ordinary differential equation {
dyt = V (yt ) dxt ,

y0 = y0.
(2.1)

Lifting x and (x ⊕ y) to S(x) and S(x ⊕ y) (their canonical lift to paths with
values in the free nilpotent group of step [p]), we consider the map which at S(x)

associates S(x ⊕ y). We denote it Iy0,V . We refer to [14, 15] for the following
theorem (which we adapt here to our notation, but its equivalence with the one
stated in [14, 15] is a trivial consequence of Proposition 4 in [7]).

THEOREM 1 [Universal limit theorem (Lyons)]. The map Iy0,V is continuous
from (C0,ω,p(G[p](Rd)), dω,p) into (C0,ω,p(G[p](Rd ⊕ R

n)), dω,p).

Let xn be a sequence of path of bounded variation such that S(xn) converges in
the dω,p-topology to a geometric p-rough path x, and define yn to be the solution
of the differential equation (2.1), where x is replaced by xn. Then, the universal
limit theorem says that S(xn ⊕ yn) converges in the dω,p-topology to a geometric
p-rough path z. We say that y, the projection of z onto G[p](Rn) is the solution of
the rough differential equation

dy = V (y) dx

with initial condition y0. It is interesting to observe that Lyons’ estimates actually
give that for all R > 0 and sequence xn ∈ C0,ω,p(G[p](Rd ⊕ R

n)) converging to
x ∈ C0,ω,p(G[p](Rd ⊕ R

n)) in the dω,p-topology,

sup
|y0|≤R

‖V ‖Lip(p+ε)≤R

dω,p

(
Iy0,V (xn), Iy0,V (x)

) →
n→∞ 0.(2.2)
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To see this, one first observes that the continuity of integration along of a one-form
is uniform over the set of one-forms with Lipschitz norm bounded by a given R.
Then, the path Iy0,V (x) over small time is the fixed point of a map (integrating
along a one-form) which is a contraction. Reading the estimate in [15], one sees
that this map is uniformly, over the set {|y0| ≤ R; ‖V ‖Lip(p+ε) ≤ R}, a contraction
with parameter strictly less than 1.

The next theorem was also proved in [15], and deals with the continuity of the
flow.

THEOREM 2. If (yn
0 )n is a R

d -valued sequence converging to y0, then for all
R > 0,

sup
‖x‖ω,p≤R

‖V ‖Lip(p+ε)≤R

dω,p

(
Iyn

0 ,V (x), Iy0,V (x)
) →
n→∞ 0.

The next theorem shows that the Itô map it continuous when one varies the
vector fields defining the differential equation. It does not seem to have appeared
anywhere, despite that its proof does not involve any new ideas.

THEOREM 3. Let V n = (V n
1 , . . . , V n

d ) be a sequence of d Lip(p + ε)-vector
fields on R

n such that

lim
n→∞ max

i
‖V n

i − Vi‖Lip(p+ε) = 0.

Then, for all R > 0,

lim
n→∞ sup

‖x‖ω,p≤R

|y0|≤R

dω,p

(
Iy0,V

n(x), Iy0,V (x)
) = 0.

PROOF. We use the notations of [14]. First consider the Lip(p + ε − 1)-one-
forms θi : Rd → Hom(Rd,R

n), i ∈ N ∪ {∞}. We assume that θn converges to θ∞
in the (p + ε − 1)-Lipschitz topology when n → ∞. For n ∈ N ∪ {∞}, ∫

θn(x) dx
is the unique rough path associated to the almost multiplicative functional

(Z(x)ns,t )
i =

[p]−1∑
l1,...,li=0

dl1θn(x1
s ) ⊗ · · · ⊗ dli θn(x1

s )

( ∑
π∈�(l1,...,li )

π
(
xi+l1+···+li
s,t

))

(see [14] for the definition of �). It is obvious that

sup
‖x‖ω,p≤R

max
i

|(Z(x)ns,t )
i − (Z(x)∞s,t )i |

ω(s, t)i/p
→

n→∞ 0,

which implies by Theorem 3.1.2 in [14] that

sup
‖x‖ω,p≤R

dω,p

(∫
θn(x) dx,

∫
θ∞(x) dx

)
→

n→∞ 0.
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Now consider the Picard iteration sequence (zn
m)m≥0 introduced in [14], for-

mula (4.10), to construct to Iy0,V
n(x):

zn
0 = (0, y0)

zn
m+1 =

∫
hn(zn

m)dzn
m,

where hn is the one-form defined by the formula hn(x, y)(dX,dY ) = (dX,

V n(y) dX) (by V (y)dX we mean
∑

Vi(y)n dXi). Lyons proved that

lim
m→∞ sup

‖x‖ω,p≤R

|y0|≤R

sup
n

dω,p(zn
m, zn∞) = 0;

we have the supremum over all n here because the p + ε-Lipschitz norm of the
V n are uniformly bounded in n. Moreover, we have just seen that for all fixed m,
limn→∞ sup|y0|≤R dω,p(zn

m, z∞
m ) = 0. Therefore, with a 3ε-type argument, we ob-

tain our theorem. �

The three previous theorems actually give that the map

(y0,V ,x) → Iy0,V (x)

is continuous in the product topology R
n × (Lip(p + ε) on R

n)d ×
C0,ω,p(G[p](Rd)).

In the reminder of this section, p is a real in [2,3). Now consider a Lip(1 + ε)-
vector field on R

n denoted V0, and for a path x of bounded variation, we consider y

to be the solution of {
dyt = V0(yt ) dt + V (yt ) dxt ,

yt = y0,
(2.3)

Lifting x and (x ⊕ y) to S(x) and S(x ⊕ y) we consider the map which at S(x)

associates S(x, y). We denote it Iy0,(V0,V ). The following extension of the universal
limit theorem was obtained in [12].

THEOREM 4. The map Iy0,(V0,V ) is continuous from (C0,ω,p(G[p](Rd)), dω,p)

into (C0,ω,p(G[p](Rd ⊕ R
n)), dω,p). More precisely, for all R > 0,

sup
|y0|≤R

‖V ‖Lip(p+ε)≤R

dω,p

(
Iy0,(V0,V )(xn), Iy0,(V0,V )(x)

) →
n→∞ 0.(2.4)

Let xn be a sequence of paths of bounded variation such that S(xn) converges in
the dω,p-topology to a geometric p-rough path x, and define yn to be the solution of
equation (2.3) replacing x by xn. Then, the previous theorem says that S(xn ⊕ yn)

converges in the dω,p-topology to a geometric p-rough path z. We say that y, the
projection of z onto G[p](Rn) is the solution of the rough differential equation

dyt = V0(yt ) dt + V (yt ) dxt
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with initial condition y0.
We obtain, as before, the following two theorems:

THEOREM 5. If (yn
0 )n is a R

d -valued sequence converging to y0, then

sup
‖x‖ω,p≤R

‖V ‖Lip(p+ε)≤R

‖V0‖Lip(1+ε)≤R

dω,p

(
Iyn

0 ,(V0,V )(x), Iy0,(V0,V )(x)
) →n→∞ 0.

THEOREM 6. Let (V n = (V n
1 , . . . , V n

d ))n≥0 be a sequence of d Lip(p + ε)-
vector fields on R

n and (V n
0 )n≥0 a sequence of Lip(1 + ε)-vector fields on R

n,
such that

lim
n→∞ max

{
‖V n

0 − V0‖Lip(1+ε), max
1≤i≤d

‖V n
i − Vi‖Lip(p+ε)

}
= 0.

Then, if x ∈C0,ω,p(G[p](Rd)),

lim
n→∞ sup

‖x‖ω,p≤R

|y0|≤R

dω,p

(
Iy0,(V

n
0 ,V n)(x), Iy0,(V0,V )(x)

) = 0.

2.4. Solving anticipative stochastic differential equations via rough paths. We
fix a p ∈ (2,3) and, for simplicity, the control ω(s, t) = t − s (i.e. we deal with
Hölder topologies), although we could have been more general and have consid-
ered a wide class of controls as in [6] (i.e., we could have consider modulus type
topologies). We define B the Stratonovich lift to a geometric p-rough path of the
Brownian motion B with the formula

Bt =
(

1,Bt ,

∫ t

0
Bu ⊗ ◦dBu

)
.

B is a G2(Rd)-valued path, and almost surely, ‖B‖ω,p < ∞.
Consider V0 a random vector field on R

n almost surely in Lip(1 + ε), that is, a
measurable map from

V0 :� × R
n → R

n

such that V0(ω, ·) ∈ Lip(1+ε) for ω in a set a full measure, and V = (V1, . . . , Vd),
where V1, . . . , Vd are random vector fields on R

n almost surely in Lip(2 + ε), and
a random variable y0 ∈ R

n finite almost surely.
Iy0,(V0,V )(B) is then almost surely well defined, and its projection onto G2(Rn)

is the solution, in the rough path sense, of the anticipative stochastic differential
equation

dyt = V0(yt ) dt + V (yt ) dBt(2.5)

with initial condition y0.
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The next section introduces the notion of good rough paths sequence, and its
properties. Showing that linear approximations of Brownian motion form good
rough path sequences (in some sense that will be precise later on) will prove that
y1 is solution of the anticipative Stratonovich stochastic differential equation (1.1).
In particular, the solution that we construct coincides with the one constructed
in [20].

3. Good rough path sequence.

3.1. Definitions. We fix a parameter p > 2, and a control ω. R
d and R̃d will

denote two identical copies of R
d .

Let p > 2, and q such that 1/p + 1/q > 1. We consider x and y two R
d -valued

paths of bounded variation. We let y =S(y) to be the canonical lift of y to a
G[p](Rd)-valued path. We let

S′(x,S(y)
) := S(x ⊕ y)(3.1)

be the canonical lift of x ⊕ y to a G[p](Rd ⊕ R
d)-valued path and

S′′(S(x)) := S′(x,S(x)
) = S(x ⊕ x)(3.2)

be the canonical lift of x ⊕ x to a G[p](Rd ⊕ R
d)-valued path.

PROPOSITION 1. Let x be a R
d -valued path of finite q-variation, and y a

G[p](Rd)-valued path of finite p-variation. Let (xn, yn) be a sequence of R
d ⊕R

d -
valued path such that dω,p(xn, x) →n→∞ 0 and dω,p(S(yn),y) →n→∞ 0. Then:

(i) S′(xn, S(yn)) converges in the dω,p-topology, and the limit is independent
of the choice of the sequence (xn, yn). We denote this limit element S′(x,y).

(ii) S
′′
(S(yn)) converges in dω,p-topology, and the limit is independent of the

choice of the sequence (yn). We denote this element S′′(y,y).

PROOF. This is simply obtained using Theorem 3.1.2 in [14], which says that
the procedure which at an almost multiplicative functional associates a rough path
is continuous, and we leave the details to the reader. �

EXAMPLE 2. If 2 ≤ p < 3,

S′(x,y)t =
(

1, xt ⊕ y1
t ,

∫ t

0
xu ⊗ dxu ⊕

∫ t

0
xu ⊗ dy1

u ⊕
∫ t

0
y1
u ⊗ dxu ⊕ y2

t

)
.

The three integrals are well defined Young’s integrals [26].

We introduce the notion of a good p-rough path sequence.
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DEFINITION 2. Let (xn)n be a sequence of R
d -valued paths of bounded vari-

ation, and x a geometric p-rough path. We say that (xn)n∈N is a good p-rough path
sequence (associated to x) (for the control ω) if and only if

lim
n→∞dω,p

(
S′(xn,x), S′′(x)

) = 0.(3.3)

In particular, if (xn)n is a good p-rough path sequence associated to x, for the
control ω, xn converges to x in the topology induced by dω,p .

PROPOSITION 2. Assume 2 ≤ p < 3. The sequence (x(n))n of paths of
bounded variation is good rough path sequence associated to x, for the control
ω, if and only if

lim
n→∞ sup

0≤s<t≤1

|x(n)s,t − x1
s,t |

ω(s, t)1/p
= 0,

lim
n→∞ sup

0≤s<t≤1

| ∫ t
s x(n)s,u ⊗ dx(n)u − x2

s,t |
ω(s, t)2/p

= 0,

lim
n→∞ sup

0≤s<t≤1

| ∫ t
s x1

s,u ⊗ dx(n)u − x2
s,t |

ω(s, t)2/p
= 0.

PROOF. dω,p(S′(x(n),x), S′′(x,x)) goes to zero if and only if

max
{
An

1,
√

An
2,

√
An

3,
√

An
4

}
goes to zero, where

An
1 = sup

0≤s<t≤1

|x1
s,t − x(n)s,t |
ω(s, t)1/p

,

An
2 = sup

0≤s<t≤1

| ∫ t
s x(n)s,u ⊗ dx(n)u − x2

s,t |
ω(s, t)2/p

,

An
3 = sup

0≤s<t≤1

| ∫ t
s x(n)s,u ⊗ dx1

u − x2
s,t |

ω(s, t)2/p
,

An
4 = sup

0≤s<t≤1

| ∫ t
s x1

s,u ⊗ dx(n)u − x2
s,t |

ω(s, t)2/p
.

By integration by part, we see that∫ t

s
x1
s,u ⊗ dx(n)u − x2

s,t = x1
s,t ⊗ x(n)s,t −

∫ t

s
dx1

s,u ⊗ x(n)u − x2
s,t

= x1
s,t ⊗ (

x(n)s,t − x1
s,t

) −
∫ t

s
dx1

s,u ⊗ x(n)u

+ (
(x1

s,t )
⊗2 − x2

s,t

)
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Let π be the linear operator from R
d ⊗ R

d onto itself defined by π(x ⊗ y) =
π(y⊗x). Observe that π(x2

s,t ) = (x1
s,t )

⊗2 −x2
s,t . Also, we have for all z ∈ R

d ⊗R
d ,

|z| = |π(z)|. Hence, we obtain from this remark and the above equation that∫ t

s
x(n)s,u ⊗ dx1

u − x2
s,t = π

(∫ t

s
x1
s,u ⊗ dx(n)u − x2

s,t

)
+ (

x(n)s,t − x1
s,t

) ⊗ x1
s,t

This implies that An
3 ≤ ‖x‖ω,p · (An

1 + An
4), which proves the proposition. �

By definition of a geometric p-rough path, there always exists a sequence of
smooth xn such that S(xn) converges to x in the topology induced by dp-var. How-
ever, this does not imply that equation (3.3) holds (or equivalently for [p] = 2 :
that the conditions in Proposition 2 hold). We now give an example of a geometric
rough path x for which there exists no good sequence associated to it.

EXAMPLE 3. Consider

xt = exp
(
t[e1, e2])

= exp
(
t (e1 ⊗ e2 − e2 ⊗ e1)

)
where e1, e2 is a basis of R

2. Note that x is a geometric p-rough path and

x1
t ≡ 0 ∈ R

2, x2
t ≡ t[e1, e2] ∈ R

2 ⊗ R
2.

If (xn) is a sequence of smooth paths in R
2, then

∫ t
0 x1 ⊗ dxn ≡ 0 trivially con-

verges to 0 ∈ R
2 ⊗R

2. On the other hand, if xn was a good p-rough path sequence
associated to x it should converge to t[e1,e2]

3.2. Stability of good rough path sequences. Nonetheless, there are some good
news. Good rough path sequences are stable under integration, as shows the fol-
lowing theorem. We fix a control ω.

THEOREM 7. Let (xn)n∈N denote a good p-rough path sequence associated to
x for the control ω, and θ : Rd → Hom(Rd,R

n) be a Lip(p−1+ε) one-form, with
ε > 0. Then (

∫
θ(xn) dxn)n is a good rough path sequence associated to

∫
θ(x) dx

for the control ω. Moreover,

lim
n→∞S

(∫
θ(x1) dxn

)
=

∫
θ(x) dx.(3.4)

PROOF. Consider the Lip(p − 1 + ε) one form

θ̃ : Rd ⊕ R
d → Hom(Rd ⊕ R

d,R
n ⊕ R

n),(
(x, y), (dX,dY )

) → θ(x) dX ⊕ θ(y) dY.
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All the limits considered in this proof are to be understood to be in the topology
induced by dω,p . By the continuity of the integral [14, 15] and of the operator S′
(by Proposition 1),

S′
(∫

θ(xn) dxn,

∫
θ(x) dx

)
= lim

m→∞S′
(∫

θ(xn) dxn, S

(∫
θ(xm)dxm

))
= lim

m→∞S

(∫
θ(xn) dxn ⊕

∫
θ(xm)dxm

)
= lim

m→∞S

(∫
θ̃ (xn, xm)d(xn, xm)

)
= lim

m→∞

∫
θ̃
(
S(xn ⊕ xm)

)
dS(xn ⊕ xm)

=
∫

θ̃
(
S′(xn,x)

)
dS′(xn,x).

In in the last line we have used once again the continuity of the integral and the
assumption that (xn) is a good p-rough path sequence associated to x.

Therefore, S′(
∫

θ(xn) dxn,
∫

θ(x) dx) converges when n → ∞ to∫
θ̃ (S′′(x)) dS′′(x) = lim

n

∫
θ̃ (S′′(S(xn))) dS′′(S(xn))

= lim
n

∫
θ̃ (S(xn ⊕ xn)) dS(xn ⊕ xn)

= lim
n

S

(∫
θ(xn) dxn ⊕

∫
θ(xn) dxn

)
= S′′

(∫
θ(x) dx

)
,

which proves the first assertion.
For the second one, consider the map

θ̂ : Rd ⊕ R
d → Hom(Rd ⊕ R

d,R
n),(

(x, y), (dX,dY )
) → θ(y) dX.

By the continuity of the integral, we obtain that
∫

θ̂ (S′(xn,x)) dS′(xn,x) con-
verges in the topology induced by dω,p to

∫
θ̂ (S′′(x)) dS′′(x). This is our result

as
∫

θ̂ (S′(xn,x)) dS′(xn,x) = S(
∫

θ(x) dxn). �

We show now that good rough path sequences are stable under the Itô map.

THEOREM 8. Let V1, . . . , Vd be d elements of Lip(p + ε)-vector fields on R
n,

and V = (V1, . . . , Vd) thought as a linear map from R
d into Lip(p + ε) vector
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fields on R
n. Assume that (xn)n is a good p-rough path sequence associated to x

for the control ω. Denote by yn the solution of the ordinary differential equation{
dyn(t) = V (yn(t)) dxn(t),

yn(0) = y0.

Then (xn ⊕ yn)n is a good p-rough path sequence associated to z = Iy0,V (x) for
the control ω.

PROOF. The proof is similar to the proof of Theorem 7. Denote by Ṽ the
linear map from R

d ⊕ R
d into the Lip(p + ε) vector fields on R

n by the formula
Ṽ (y1, y2)(dx1, dx2) = (V (y1) dx1,V (y2) dx2). First notice that

I(y0,y0),Ṽ
(S′′(x)) = S′′(Iy0,V (x)

)
and that

S′(zn, z) = I(y0,y0),Ṽ

(
S′(xn,x)

)
.

Hence, since (xn) is a good sequence and by continuity of the Itô map, S′(zn, z)
converges as n → ∞ to

I(y0,y0),Ṽ
(S′′(x)) = S′′(Iy0,V (x)

) = S′′(z). �

From our two previous theorems, we immediately obtain the following corol-
lary:

COROLLARY 1. We keep the notation of Theorem 8. Then, in the topology
induced by dω,p ,

y = lim
n→∞S

(
y0 +

∫
V (y1

u) dxn(u)

)
.

In particular, looking at the first level of this equation, we obtain that

y0 +
∫ ·

0
V (yu) dxn(u) → y.

REMARK 1. In the previous theorem and its corollary, with no modification
in the proof, for 2 ≤ p < 3, one can obtain the same results replacing the map
Iy0,V by the map Iy0,(V0,V ), where V0 is a Lip(1 + ε)-vector fields on R

n. In other
words, one can consider differential equations with a time drift and (almost) mini-
mal smoothness condition on V0.
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3.3. Piecewise-linear approximation of Brownian motion as a good rough path
sequence. We fix a p ∈ (2,3) and ω(s, t) = t − s. We recall from the introduction
that B is a d-dimensional Brownian motion, and that B is the Stratonovich lift
of B to a geometric p-rough path. Let BD be the D-linear approximation of B

[equation (1.2)]. Let (Dn) be a sequence of subdivisions of [0,1] which steps
tends to 0 when n tends to infinity. If Dn = ( k

2n ,0 ≤ k ≤ 2n), we know from [15]
that, almost surely, S(BDn

) converges in p-variation to B. If Dn is an increasing
sequence of subdivision, that is, if Dn+1 ⊂ Dn for all n, a martingale argument
proved in [6] that almost surely and in Lq , q ≥ 1, S(BDn

) converges in 1/p-Hölder
distance (and even some modulus distances) to B. The following theorem goes a
bit deeper in the convergence of piecewise linear approximations of the Brownian
motion.

THEOREM 9. Let (Dn) be a sequence of subdivision which steps size tends
to 0. Then dω,p(S′(BDn

,B), S′′(B,B)) converges when n tends to infinity to 0
in Lq , q ≥ 1 and in probability.

If Dn = ( k
2n ,0 ≤ k ≤ 2n), the convergence also holds almost surely, that is,

Bn = BDn
is almost surely a good p-rough path sequence associated to B.

We decompose the proof in four lemmas.

LEMMA 1. For all q > p > 1, the Lq and Lp-norms on the kth Wiener chaos
are equivalent.

PROOF. This is a simple consequence of the hypercontractivity of the
Ornstein–Uhlenbeck semigroup; see [19], page 57, for example. �

LEMMA 2. Let D be a subdivision of [0,1]. Then, for all q ≥ 1 and p′ > 2,
there exists µ > 0 and Cp′,q,µ < ∞ such that for all s < t ∈ D∥∥∥∥∫ t

s
Bs,u ⊗ dBD

u − B2
s,t

∥∥∥∥
Lq

≤ Cp′,q,µ|D|µ|t − s|2/p′
,∥∥∥∥∫ t

s
BD

s,u ⊗ dBD
s,u − B2

s,t

∥∥∥∥
Lq

≤ Cp′,q,µ|D|µ|t − s|2/p′

PROOF. From the previous lemma, we can take q = 2. We write (s, t) =
(tm, tn), with 0 ≤ m < n ≤ |D|, where D = (ti)0≤i≤D . It is easy to see that∫ t

s
Bs,u ⊗ dBD

u − B2
s,t =

n−1∑
k=m

(∫ tk+1

tk

Btk,u ⊗ dBD
u − B2

tk,tk+1

)
,

∫ t

s
BD

s,u ⊗ dBD
s,u − B2

s,t =
n−1∑
k=m

((
Btk,tk+1

)⊗2 − B2
tk,tk+1

)
.
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Therefore, by independence of increment,∥∥∥∥∫ t

s
Bs,u ⊗ dBD

u − B2
s,t

∥∥∥∥2

L2
=

n−1∑
k=m

E

((∫ tk+1

tk

Btk,u ⊗ dBD
u − B2

tk,tk+1

)2)

= C

n−1∑
k=m

(tk+1 − tk)
2

≤ C|D|2−4/p′ n−1∑
k=m

(tk+1 − tk)
4/p′

≤ C|D|2−4/p′
(t − s)4/p′

.

We also obtain the same estimate for ‖ ∫ t
s BD

s,u ⊗dBD
s,u −B2

s,t‖Lq , which concludes
the proof. �

LEMMA 3. Let D be a subdivision of [0,1]. Then, for all q ≥ 1, there exists
µ > 0 and Cq,µ < ∞ such that∥∥∥∥ sup

0≤s<t≤1

| ∫ t
s Bs,u ⊗ dBD

u − B2
s,t |

|t − s|2/p

∥∥∥∥
Lq

≤ Cq,µ|D|µ,(3.5)

∥∥∥∥ sup
0≤s<t≤1

| ∫ t
s BD

s,u ⊗ dBD
s,u − B2

s,t |
|t − s|2/p

∥∥∥∥
Lq

≤ Cq,µ|D|µ.(3.6)

PROOF. We only prove equation (3.5) as the proof for the other estimates is
similar. We define XD

s,t = ∫ t
s Bs,u ⊗ dBD

u − B2
s,t , where D = (0 = t0 ≤ t1 < · · · <

t|D|∗ = 1) is fixed subdivision of [0,1]. First assume that ti ≤ s < t ≤ ti+1. We let
p′ ∈ (2,p); it is easy to check that there exists C < ∞ independent of D such that
‖BD‖ω,p′ ≤ C‖B‖ω,p′ . Therefore,

|XD
s,t |

|t − s|2/p
= |B2

s,t | + |(∫ t
s Bs,u du) ⊗ Bti,ti+1/(ti+1 − ti)|

|t − s|2/p

≤ C‖B‖2
ω,p′(|t − s|2/p′ + (

∫ t
s (u − s)1/p′

du)(ti+1 − ti)
1/p′−1)

|t − s|2/p

≤ C‖B‖2
ω,p′

(|t − s|2/p′−2/p + (t − s)1+1/p′−2/p(ti+1 − ti)
1/p′−1)

.

Bounding t − s and ti+1 − ti by |D|, the mesh size of D, we obtain that

max
k∈{0,...,|D|∗} sup

tk≤s<t≤tk+1

|XD
s,t |

|t − s|2/p
≤ C‖B‖2

ω,p′ |D|2(1/p′−1/p).(3.7)
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Defining tD to be the biggest real in D less than or equal to t , and sD the smallest
real in D greater than to s, the above estimate rewrites

sup
0≤s<t≤1
tD<sD

|XD
s,t |

|t − s|2/p
≤ C‖B‖2

ω,p′ |D|2(1/p′−1/p)(3.8)

and an Lq -estimate is immediate. Hence we are left to prove that∥∥∥∥ sup
0≤s<t≤1
sD≤tD

|XD
s,t |

|t − s|2/p

∥∥∥∥
Lq

≤ Cµ|D|µ.

Now observe that for all s < t < u,

XD
s,u = XD

s,t + XD
t,u + Bs,t ⊗ (BD

t,u − Bt,u).(3.9)

Hence, for all s < t such that sD ≤ tD , so that

XD
s,t = XD

s,sD + XD
sD,tD

+ XD
tD,t + Bs,tD ⊗ (

BD
tD,t − BtD,t

)
.

From (3.8) ∥∥∥∥ sup
0≤s<t≤1
sD≤tD

|XD
s,sD |

|sD − s|2/p
+ |XD

tD,t |
|t − tD|2/p

∥∥∥∥
Lq

≤ Cµ|D|µ.

Compatibility of tensor norms shows—similar as above but easier—

|Bs,tD ⊗ (BD
tD,t − BtD,t )|

|t − s|2/p
≤ C‖B‖2

ω,p′ |D|1/p′−1/p;

therefore, we just need to check that for some µ > 0,∥∥∥∥ sup
0≤s<t≤1

|XD
sD,tD

|
|t − s|2/p

∥∥∥∥
Lq

trivial≤
∥∥∥∥ max
s<t∈D

|XD
s,t |

|t − s|2/p

∥∥∥∥
Lq

≤ Cµ|D|µ.(3.10)

Now consider X̃D : [0,1] → R
d ⊗R

d the linear path on the intervals [ti , ti+1], such
that for all i, X̃D

ti+1
− X̃D

ti
= XD

ti,ti+1
, that is, for all t ,

X̃D
t = X̃D

tD
+ t − tD

tD − tD
XD

tD,t
D .

The previous lemma showed that for all s, t ∈ D, ‖X̃D
t − X̃D

s ‖Lq ≤ Cp′,q,µ|D|µ ×
|t − s|2/p′

. From this, it is easy to check that (changing the constant), this equality

remains true for all s, t ∈ [0,1]. Define Bα = ∫ 1
0

∫ 1
0 | X̃D

t −X̃D
s

(t−s)α
|2m ds dt . If α < 2

p′ +
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1
2m

, then E(Bα) ≤ Cm|D|µm. By Garsia, Rodemich and Rumsey’s theorem [24]
(used here classical on the normed Euclidean space R

d ⊗ R
d ), we obtain that

sup
0≤s<t≤1

|X̃D
t − X̃D

s |
(t − s)α−1/m

≤ CB1/2m
α .

Therefore, there exists two constants ϑ > 0 and Cϑ < ∞ (independent of D) such
that ∥∥∥∥ max

s<t∈D

|XD
s,t |

|t − s|2/p

∥∥∥∥
Lq

≤ Cϑ |D|ϑ . �

LEMMA 4. Let D be a subdivision of [0,1]. Then, for all q ≥ 1, there exists
ν > 0 and Cq,ν < ∞ such that∥∥dω,p

(
S′(BD,B), S′′(B,B)

)∥∥
Lq ≤ Cq,ν |D|ν.

PROOF. It is easy to check that sup0≤s<t≤1
|B1

s,t−BD
s,t |

|t−s|1/p ≤ C‖B‖ω,q |D|1/q−1/p ,
where 2 < q < p. The previous lemmae together with Proposition 2 give the result.

�

We can now turn to the proof of Theorem 9.

PROOF OF THEOREM 9. The first part is obvious from the previous lemma.
From the second part,

P

(
dω,p

(
S′(Bn,B), S′′(B,B)

) ≥ 1

n

)
≤ n2∥∥dω,p

(
S′(Bn,B), S′′(B,B)

)∥∥2
L2

≤ Cq,νn
22−nν.

Hence, by Borel–Cantelli’s lemma, we obtain that, almost surely, S′(Bn,B) con-
verges to S′′(B,B) in the topology induced by dω,p . �

4. Anticipative stochastic analysis. We present a few applications, such as
Wong–Zakai results, support theorems and large deviations in the context of antic-
ipating stochastic calculus.

4.1. Rough paths solution equals Stratonovich solution. Fix p ∈ (2,3) and
ω(s, t) = t − s. Consider random vector-fields V0 and V = (V1, . . . , Vd), where
V0 (resp. V1, . . . , Vd ) is almost surely a Lip(1 + ε) [resp. Lip(2 + ε)] vector field
on R

n, and an a.s. finite random variable y0 ∈ R
n. As earlier, B denotes the canon-

ical lift of Brownian motion to a geometric p-rough path. Then, there exists a
unique rough path solution of the (anticipative) stochastic differential equation

dyt=V0(yt ) dt + V (yt ) dBt

with (random) initial condition y0.
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THEOREM 10. Let y1 denote the projection to path-level of the rough-path y.
Then y1 solves the anticipative Stratonovich stochastic differential equation,

y1
t = y0 +

∫ t

0
V0(y1

u) du +
∫ t

0
V (y1

u) ◦ dBu.(4.1)

Moreover, almost surely, y1 is the limit in 1/p-Hölder topology of

t → y0 +
∫ t

0
V0(y1

u) du +
∫ t

0
V (y1

u) dBn
u,(4.2)

where Bn is the dyadic linear approximation of B of level n.

PROOF. For any sequence of subdivisions (Dn)n which mesh size tends to 0
when n → ∞, dω,p(S′(BDn

,B), S′′(B,B)) converges in probability to 0 (Theo-
rem 9) hence by Corollary 1,

dω,p

(
S

(
y0 +

∫ t

0
V0(y1

u) du +
∫ t

0
V (y1

u) dBDn

u

)
,y

)
converges in probability to 0. The first level of this equation says precisely that y1

is solution of the anticipative Stratonovich stochastic differential equation (4.2).
The same argument and the fact that dω,p(S′(Bn,B), S′′(B,B)) converges al-

most surely to 0 gives the second part of the theorem. �

4.2. A Wong–Zakai theorem. The universal limit theorem gives us for free a
Wong–Zakai theorem for our solution of the Stratonovich differential equation.

THEOREM 11. Under the same assumptions and notation than the previous
theorem, let yn be the solution of the differential equation{

dyn
t = V0(y

n
t ) dt + V (yn

t ) dBn(t),

yn
0 = y0.

Then almost surely, yn converges to y in the topology induced by the 1/p-Hölder
distance.

PROOF. Let zn = IV,y0(S(Bn)). Then by the continuity of the Itô map,
dω,p(zn, z) → 0. As zn projects down onto yn, this is a stronger result that the
stated theorem. �

4.3. A large deviation principle. Due to the universal limit theorem, Freidlin–
Wentzell’s type theorems have easy proofs via rough paths [7, 16]. We give here
an extension of the Freidlin–Wentzell’s theorem, and of the main theorem in [18].
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THEOREM 12. Let (yα
0 )α≥0 be a family of random elements of R

d , (V α
0 )α≥0

be a family of random Lip(1 + ε)-vector fields, (V α
1 , . . . , V α

d )α≥0, i = 1, . . . , d ,
d families of random Lip(2 + ε)-vector fields, such that for all β > 0

lim
α→0

α log P
(‖V α

0 − V 0
0 ‖Lip(1+ε) > β

) = −∞,

lim
α→0

α log P

(
max

1≤i≤d
‖V α

i − V 0
i ‖Lip(2+ε) > β

)
= −∞,

lim
α→0

α log P(|yα
0 − y0

0 | > β) = −∞.

Define yα to be the rough path solution of the differential equation{
dyα

t = V α
0 (yα

t ) dt + √
αV α(yα

t ) dBt ,

yα
0 = yα

0 .

Then (yα)α>0 satisfies a large deviation principle in the topology induced by dω,p

with good rate function

J (x) = inf
I
y0

0 ,V 0 (y)=x
I (y),

where

I (x) =
 1

2

∫ 1

0
|x′

u|2 du, if S(x) = x for some x ∈ W 1,2 ,

+∞, otherwise.

PROOF. In [6], it was proved that (δ√
αB)α>0 satisfies a large deviation princi-

ple in the topology induced by dω,p with good rate function I . The assumptions on
the vector fields and the initial conditions give that ((V α

i )0≤i≤d, yα
0 , δ√

αB) satisfies
a large deviation (in the topology product Lip(1 + ε),Lip(2 + ε)d, | · |, and dω,p)
with good rate function

1
2

∫ 1

0
|x′

u|2 du, if S(x) = x for some x ∈ W 1,2, Vi = V 0
i ,

1 ≤ i ≤ d and y0 = y0
0 ,

+∞, otherwise.

By the continuity of the Itô map (Theorems 4, 5 and 6), we obtain our large devi-
ation principle. �

4.4. Support theorem. We recall the support theorem for the enhanced Brown-
ian motion (see [4–6, 16]).

THEOREM 13. Let and p > 2. The support of the law of B in the dω,p-topo-
logy is the set of paths starting at 0 in C0,ω,p(G[p](Rd)) where ω(s, t) = t − s.
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Denote by I the map which maps (y0, (V0,V ),x) to Iy0,(V0,V )(x). The following
proposition is an obvious corollary of the continuity of the map I (Theorems 4, 5,
6) and of Theorem 13.

PROPOSITION 3. Let y be the solution of the rough differential equation{
dyt = V0(yt ) dt + V (yt ) dB(t),

y1
0 = y0,

where V0 is almost surely a Lip(1 + ε) vector field and Vi , i ∈ {1, . . . , d} are
almost surely Lip(2 + ε) vector fields, y0 ∈ R

d is almost surely finite. The support
of the law of y in the dω,p-topology is equal to the image by the map I of the
support of the law of (y0,V ,B), in the product of the Euclidean, Lipschitz and
dω,p topology.

In particular, if y0 and the vector fields Vi are deterministic, in the dω,p-topo-
logy, the support of the law of y is equal to the set Iy0,(V0,V )(C

0,ω,p(G[p](Rd))),
which, at the first level is the classical support theorem of Stroock–Varadhan [25].

If y0 and the Vi ’s are the image by a continuous function of B, then the support is
still trivially characterized. One could then ask for more specific conditions on y0
and the Vi ’s, in the spirit of [17], and obtain a detailed support theorem. Thanks to
the universal limit, one would obtain stronger results than in [17] (stronger topol-
ogy and without the assumption of deterministic vector fields) but we shall not
pursue this here.

REFERENCES

[1] AHN, H. and KOHATSU-HIGA, A. (1995). The Euler scheme for anticipating stochastic dif-
ferential equations. Stochastics Stochastics Rep. 54 247–269. MR1382119

[2] CABALLERO, M. E., FERNÁNDEZ, B. and NUALART, D. (1995). Smoothness of distributions
for solutions of anticipating stochastic differential equations. Stochastics Stochastics Rep.
52 303–322. MR1381675

[3] CABALLERO, M. E., FERNÁNDEZ, B. and NUALART, D. (1997). Composition of skeletons
and support theorems. In Stochastic Differential and Difference Equations (I. Csiszár and
Gy. Michaletzky, eds.) 21–33. Birkhäuser, Boston. MR1636824

[4] FRIZ, P. (2005). Continuity of the Itô-map for Hölder rough paths with applications to the
support theorem in Hölder norm. In Probability and Partial Differential Equations in
Modern Applied Mathematics (E. C. Waymire and J. Duan, eds.) 117–135. Springer, New
York. MR2202036

[5] FRIZ, P., LYONS, T. and STROOCK, D. (2006). Lévy’s area under conditioning. Ann. Inst.
H. Poincare Probab. Statist. 42 89–101. MR2196973

[6] FRIZ, P. and VICTOIR, N. (2005). Approximations of the Brownian rough path with ap-
plications to stochastic analysis. Ann. Inst. H. Poincare Probab. Statist. 41 703–724.
MR2144230

[7] FRIZ, P. and VICTOIR, N. (2006). A note on the notion of geometric rough path. Probab.
Theory Related Fields 136 395–416.

[8] KOHATSU-HIGA, A. and LEÓN, J. A. (1997). Anticipating stochastic differential equations of
Stratonovich type. Appl. Math. Optim. 36 263–289. MR1457871

http://www.ams.org/mathscinet-getitem?mr=1382119
http://www.ams.org/mathscinet-getitem?mr=1381675
http://www.ams.org/mathscinet-getitem?mr=1636824
http://www.ams.org/mathscinet-getitem?mr=2202036
http://www.ams.org/mathscinet-getitem?mr=2196973
http://www.ams.org/mathscinet-getitem?mr=2144230
http://www.ams.org/mathscinet-getitem?mr=1457871


GOOD ROUGH PATH SEQUENCES 1193

[9] KOHATSU-HIGA, A., LEÓN, J. A. and NUALART, D. (1997). Stochastic differential equations
with random coefficients. Bernoulli 3 233–245. MR1466309

[10] LEJAY, A. (2003). Introduction to rough paths. Séminaire de Probabilités XXXVII. Lecture
Notes in Math. 1832 1–59. Springer, Berlin. MR2053040

[11] LEJAY, A. and LYONS, T. (2003). On the importance of the Lévy area for studying the lim-
its functions of converging stochastic processes. Application to homogenization. Current
Trends in Potential Theory 63–84. MR2243956

[12] LEJAY, A. and VICTOIR, N. (2006). On (p, q)-rough paths. J. Differential Equations 225
103–133. MR2228694

[13] LÉVY, P. (1948). Processus Stochastiques et Mouvement Brownien. Gauthier-Villars, Paris.
[14] LYONS, T. (1998). J. Differential equations driven by rough signals. Rev. Mat. Iberoamericana

14 215–310. MR1654527
[15] LYONS, T. and QIAN, Z. (2002). System Control and Rough Paths. Oxford Univ. Press.

MR2036784
[16] LEDOUX, M., QIAN, Z. and ZHANG, T. (2002). Large deviations and support theorem for

diffusion processes via rough paths. Stochastic Process. Appl. 102 265–283. MR1935127
[17] MILLET, A. and NUALART, D. (1992). Support theorems for a class of anticipating stochastic

differential equations. Stochastics Stochastics Rep. 39 1–24. MR1293299
[18] MILLET, A., NUALART, D. and SANZ, M. (1992). Large deviations for a class of anticipating

stochastic differential equations. Ann. Probab. 20 1902–1931. MR1188048
[19] NUALART, D. (1995). The Malliavin Calculus and Related Topics. Springer, New York.

MR1344217
[20] OCONE, D. and PARDOUX, E. (1989). A generalized Itô–Ventzell formula. Application to

a class of anticipating stochastic differential equations. Ann. Inst. H. Poincaré Probab.
Statist. 25 39–71. MR0995291

[21] REUTENAUER, C. (1993). Free Lie Algebras. Oxford Science Publications. MR1231799
[22] ROVIRA, C. and SANZ-SOLÉ, M. (1997). Anticipating stochastic differential equations: Reg-

ularity of the law. J. Funct. Anal. 143 157–179. MR1428121
[23] SANZ-SOLÉ, M. and SARRÀ, M. (1999). Logarithmic estimates for the density of an anticipat-

ing stochastic differential equation. Stochastic Process. Appl. 79 301–321. MR1671855
[24] STROOCK, D. W. (1993). Probability Theory, an Analytic View. Cambridge Univ. Press.

MR1267569
[25] STROOCK, D. and VARADHAN, S. R. (1972). On the support of diffusion processes with

applications to the strong maximum principle. Proc. Sixth Berkeley Sympos. Math.
Statist. Probability III. Probability Theory 333–359. Univ. California Press, Berkeley.
MR0400425

[26] YOUNG, L. C. (1936). An inequality of Hölder type, connected with Stieltjes integration. Acta
Math. 67 251–282.

L. COUTIN

LABORATOIRE DE STATISTIQUE ET PROBABILITÉS

UNIVERSITÉ PAUL SABATIER

118 ROUTE DE NARBONNE

31062 TOULOUSE CEDEX

FRANCE

E-MAIL: coutin@cict.fr

P. FRIZ

CENTER FOR MATHEMATICAL SCIENCES

UNIVERSITY OF CAMBRIDGE

WILBERFORCE ROAD

CAMBRIDGE CB3 OWB
UK
E-MAIL: P.Friz@statslab.cam.ac.uk

N. VICTOIR

UNIVERSITY OF OXFORD

MAGDALEN COLLEGE

OXFORD OX1 4AU
UK
E-MAIL: Victoir@maths.ox.ac.uk

http://www.ams.org/mathscinet-getitem?mr=1466309
http://www.ams.org/mathscinet-getitem?mr=2053040
http://www.ams.org/mathscinet-getitem?mr=2243956
http://www.ams.org/mathscinet-getitem?mr=2228694
http://www.ams.org/mathscinet-getitem?mr=1654527
http://www.ams.org/mathscinet-getitem?mr=2036784
http://www.ams.org/mathscinet-getitem?mr=1935127
http://www.ams.org/mathscinet-getitem?mr=1293299
http://www.ams.org/mathscinet-getitem?mr=1188048
http://www.ams.org/mathscinet-getitem?mr=1344217
http://www.ams.org/mathscinet-getitem?mr=0995291
http://www.ams.org/mathscinet-getitem?mr=1231799
http://www.ams.org/mathscinet-getitem?mr=1428121
http://www.ams.org/mathscinet-getitem?mr=1671855
http://www.ams.org/mathscinet-getitem?mr=1267569
http://www.ams.org/mathscinet-getitem?mr=0400425
mailto:coutin@cict.fr
mailto:P.Friz@statslab.cam.ac.uk
mailto:Victoir@maths.ox.ac.uk

	Introduction
	Rough paths
	Algebraic preliminaries
	The Gn(Rd)-valued paths
	The Itô map
	Solving anticipative stochastic differential equations via rough paths

	Good rough path sequence
	Definitions
	Stability of good rough path sequences
	Piecewise-linear approximation of Brownian motion as a good rough path sequence

	Anticipative stochastic analysis
	Rough paths solution equals Stratonovich solution
	A Wong-Zakai theorem
	A large deviation principle
	Support theorem

	References
	Author's Addresses

