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We consider anticipative Stratonovich stochastic differential equations
driven by some stochastic process lifted to a rough path. Neither adapted-
ness of initial point and vector fields nor commuting conditions between vec-
tor field is assumed. Under a simple condition on the stochastic process, we
show that the unique solution of the above SDE understood in the rough path
sense is actually a Stratonovich solution. We then show that this condition is
satisfied by the Brownian motion. As application, we obtain rather flexible
results such as support theorems, large deviation principles and Wong—Zakai
approximations for SDEs driven by Brownian motion along anticipating vec-
torfields. In particular, this unifies many results on anticipative SDEs.

1. Introduction. We fix a filtered probability space (2, ¥, P, (¥7)o<r<1) sat-
isfying the usual conditions. [td’s theory tells us that there exists a unique solution
to the Stratonovich stochastic differential equation

d
(1.1 dy, = Vo(Yt)dt+;%(Y,)odB;,
1=
Yo = yo,
where B = (B}, ..., Btd)of,fl is a standard d-dimensional (¥;)o<;<1-Brownian
motion, Vo a C! vector field on R?, Vi, ..., V; some C? vector fields on R,

and yg a Fg-measurable random variable.

We remind the reader that, by definition (see [19]), a process z is Stratonovich
integrable with respect to a process x if for all ¢ there exists a random variable
denoted fé Zy o dx, (the Stratonovich integral of z with respect to x between time
0 and 1) such that for all sequences (D" = (;");)u>0 of subdivisions of [0, ] such
that | D"| —, - 0, the following convergence holds in probability

1 i1 J ! J
Z tn [n tﬂ Zu u (xl{l+1 - xlln) njoo 0 Zu o xu :
1 1

i+1 " 4

Another way to express this is by introducing x” the D-linear approximation of x,
where D = (¢;) is a subdivision of [0, 1]:
r—1 )
(1.2) xP(t) = x;, + (X, —xg) G <t <tig.
lit1 — i
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Then, z is Stratonovich integrable with respect to x if and only if for all sequences
of subdivisions D" which mesh size tends to 0 and for all ¢ € [0, 1], fot Zudx?" (u)
converges in probability to jé Zy odxy.

Ocone and Pardoux [20] showed that there exists a unique solution to equa-
tion (1.1) even if the vector field V and the initial condition yg were allowed to
be (#1)-random variables. They did so relating the Skorokhod integral and the
Stratonovich one, and using Malliavin calculus techniques. This solution has been
studied in various directions: existence and study of the density of Y [2, 22,
23], a Freidlin—Wentzell-type theorem [18], results on the support of the law of
{Y:,0 <t <1} [3, 17], approximation of Y; by some Euler’s type schemes [1]....
The case where the vector fields V1, ..., V; are allowed to be (¥7)-measurable was
dealt in [8, 9], under the strong condition that the (V;)1<;j<4 commute. This is an
application of the Doss—Sussman theorem. The latter says thatif V = (V,..., Vy)
are d vector fields smooth enough such that [V;, V;] =0, for all i, j > 1, and
if Vg is another vector fields, then the map go(y“}o,v) which at a smooth path

x:[0, 1] = R? associates the path y which is the solution of the differential equa-
tion
d
(13) dy; = Vo(y)dt + ) Vi(y) dxj,
Y0 = 0, =
is continuous when one equips the space of continuous functions with the uniform
topology. One can then define go(y{}o,v) on the whole space of continuous function,

in particular ¢, V vy (B) is then well defined, and is almost surely the solution of
the Stratonov1ch differential equation (1.1). This remains true even if the vector
fields and the initial condition are allowed to be random.

Rough path theory can be seen as a major extension of the Doss—Sussman re-
sult. One of the main thing to remember from this theory is that it is not x which
controls the differential equation (1.3), but the lift of x to a path in a Lie group
lying over R¢. The choice of the Lie group depends on the roughness of x.

If x is a R?-valued path of finite p-variation, p > 1, one needs to lift x to a
path x with values in G!P/(R?), the free nilpotent Lie group of step [p] over R¢,
When x is smooth, there exists a canonical lift of x to a path denoted S(x) with
values in GIP1(RY) (S(x) is obtain from x by computing the “first [p]” iterated
integrals of x). If x is a smooth path, then there exists a solution y to the differential
equation (1.3). We denote by I(V V) the map which at S(x) associates S(x & y).

Denoting C(G [P1(R4)) the set of continuous paths from [0, 1] into G [PI(RY), we
see that I“} .y is a map from a subset of C(G'PI(RY)) to C(GIPI(RY @ RM)).
Lyons showed that this map is (locally uniformly) continuous when one equips
C(G'P! (]Rd)) and C(G'PI(R? @ R")) with a “p-variation distance.” Hence one
can define 1) (vo.v) on the closure (in this p-variation topology) of the canonical lift
of smooth paths This latter set is the set of geometric p-rough paths.
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In the case x = B, the Brownian motion being almost surely 1/p-Holder,
2 < p < 3, one needs to lift B to a process with values in G?(R?) to obtain the so-
lution in the rough path sense of equation (1.1). This is equivalent to define its area
process. The standard choice for the area process of the Brownian motion is the
Lévy area [13, 15], although one could choose very different area processes [11].
Choosing this area, we lift B to a geometric p-rough path B, / (y‘(}o’ v)(B) is then the
Stratonovich solution of the stochastic differential equation (1.1), together with its
lift (i.e. here its area process).

Just as before, when the vector fields V; are almost surely “smooth enough” and

yo is almost surely finite, the 1t6 map / (y‘(}o v) 1s still well defined and continuous

almost surely, and there is no problem at all of definition of / (y\(;o,V) (B). Therefore,
the theory of rough path provides a meaning and a unique solution to the stochas-
tic differential equation (1.1), even when the vector fields and the initial condition
depend on the whole Brownian path. Moreover, the continuity of the Itd map pro-
vides for free a Wong—Zakai theorem, and is very well adapted to obtaining large
deviation principles and support theorems.

The only work not completely given for free by the theory of rough path is to
prove that the solution y of equation (1.1) using the rough path approach is actually
solution of the Stratonovich differential equation, that is, that for all ¢,

' d .t )
Yz=y0+f0 vo(yu)du+2/0 Vi(y) o dBi.
=1

When the vector fields and the initial condition are deterministic, this is usually
proved using the standard Wong—Zakai theorem.

We provide in this general case here a solution typically in the spirit of
rough path, by separating neatly probability theory and differential equation the-
ory. We will show via a deterministic argument that to obtain our result we
only need to check that, if D" is a sequence of subdivisions which steps tends
t0 0, [y B, ®d BL?” and [, Bb?n ®d BL?” converges in an appropriate topology to
JoBu ® odB,.

The paper is organized as follows: in the first section, we present quickly the
theory of rough path (for a more complete presentation; see [14, 15] or [10]). The
second section introduce the notion of good rough path sequence and its properties.
We will then show that B" defines a good rough path sequence associated to B,
and this will imply that the solution via rough path of equation (1.3) with signal B
is indeed solution of the Stratonovich stochastic differential equation (1.1).

We conclude with a few applications: a Wong—Zakai-type approximation result,
a large deviation principle, and some remarks on the support theorem.

2. Rough paths. By path we will always mean a continuous function from

[0, 1] into a (Lie) group. If x is such a path, x; ; is a notation for xs_l - Xi.
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2.1. Algebraic preliminaries. We present the theory of rough paths, in the
finite dimensional case purely for simplicity. All arguments are valid in infinite
dimension. We equip R with the Euclidean scalar product (-, -) and the Euclid-
ean norm |x| = (x, x)!/2. We denote by (G"(R%), ®) the free nilpotent of step n
over R?, which is imbedded in the tensor algebra T"(RY) = @ZZO(R‘I)@‘. We
define a family of dilations on the group G™ (R¢) by the formula

8)\(1,X1, ""-xn) = (1,)\.)('1, "")\'n-xn),

where x; € (RH)®, (1, x1,...,x,) € G"(R?) and A € R. Inverse, exponential and
logarithm functions on 7" (R¢) are defined by mean of their power series [14, 21].
We define on (R?)®* the Hilbert tensor scalar product and its norm

d d
<lel®®xlk’2yjl®®y‘l;>:Z(xl1’yjl><xlk’ylj>’

i=1 j=1 ij
1/2
el = (e, 0)12,
This yields a family of compatible tensor norms on R? and its tensor product
spaces. Since all finite dimensional norms are equivalent the Hilbert structure of
R? was only used for convenience. In fact, one can replace R? by a Banach space
and deal with suited tensor norms but this can be rather subtle; see [15] and the
references therein.
For (1, x1, ..., x,) € G"(R?), with x; € (RY)®, we define

.....

| - || is then a symmetric subadditive homogeneous norm on G" (RY) (llgll = 0 iff
g=1,and |8, ¢ = |A] - gl for all (A,g) € R x G*(R?), for all g, h € G"(R?),
lg @ k|l < llgll + lI&]l, and ||g_1|| = ||g|). Of course, we could have chosen any
other continuous homogeneous norm, as they are all equivalent (see [15]). This
homogeneous norm allows us to define on G"(R?) a left-invariant distance with
the formula

d(g,h)=llg”' @hl.

From this distance we can define some distances on the space of continuous
paths from [0, 1] into GIPI(RY) ( p is a fixed real greater than or equal to 1):

(1) The p-variation distance

I/p
dp—var(x, y) = d(X(), )’0) + sup (Zd(xt,‘,tH,l ) yt,‘,t,‘+|)p)

4

where the supremum is over all subdivision (#;); of [0,1]. We also define
lx1l p-var = dp-var(1, x), and ||x || p-var < 00 means that x has finite p-variation.
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(2) Modulus distances: We say that w:{(s,#),0 <s <t <1} - R* is a con-
trol if
w 1s continuous.
w is super-additive, thatis Vs <t <u,w(s,t) + o(t,u) < w(t,u).
w is zero on the diagonal, that is w (¢, 1) =0 for all ¢ € [0, 1].

When w is non-zero off the diagonal we introduce the distance d,, , by

d(xs ts Vs )
d x,y) =d(xp, + su —_—
w,p(X, y) =d(xo0, yo0) 0§S<It)§1 w(s. D1/

The simplest example of such a control is given by w(s, ) =t — s. In this case,
dy, p defines then a notion of 1/ p-Hdlder distance on G” (R)-valued paths. In gen-
eral, if ||x|l»,p = dw,p(1, x) < 00, we say that x has finite p-variation controlled
by w.

2.2. The G" (Rd )-valued paths. Letx:[0,1] — R be a path of bounded vari-
ation and define S(x) to be the solution of the ordinary differential equation

dS(x); =S(x); ®dx,

S(x)o = exp(xp),

where ® is the multiplication of T (R4 and exp is the exponential on 7" (R9).
S(x) actually takes its values in G" (R%). Moreover, if the 1-variation of x is con-
trolled by w, then so is the 1-variation of S(x) ([14], Theorem 1).

EXAMPLE 1. Ifn=2, S(x), = exp(x(t)+ 5 [§ Xu ®dx, — % [§ dx, ®x,). The
term %fot X, @dx, — %fot dx, ® x, is the area between the line joining xo and x;
and the path (x,)o<u<:-

DEFINITION 1. A path x:[0, 1] = G'PI(R?) is a geometric p-rough path if
there exists a sequence of paths of bounded variation (x,),cn such that

nlggo dp—var(S(xn)’ X) =0.

NOTATION 1. Let C%P~var(GIPI(R4)) denote the space of geometric p-rough
paths, and CY-».P(GIPY(RY)) the set of paths x: [0, 1] — GPI(RY) for which there
exists a sequence of paths (x;),en of bounded variation such that

nlgngodw,p(S(xn), x) =0.

In particular, any G'P!(R?)-valued path with finite g-variation, ¢ < p, is a geo-
metric p-rough path, and a geometric p-rough path has finite p-variation. We refer
to [7] for a “Polish” study of the space of geometric rough paths.

If x is a geometric p-rough path, we denote by Xé,, the projection of x onto

(R?)®1 We also say that x lies above x!.
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2.3. The Ito map. We fix p > 1, and a control w.
When A is vector field on R?, we denote by d A its k' derivative (with the
convention A = A), and its y-Lipschitz norm by

AV Al ).

where || - |l is the sup norm and | - ||g the B-Holder norm, 0 < 8 < 1. If
| AllLip(y) < 00, we say that A is a Lip(y)-vector fields on RY.

We consider V = (V1, ..., V), where the V; are Lip(p + €)-vector fields on R",
& > 0. V can be identified with a linear map from R into Lip(p + ¢)-vector fields
on R”",

||A||Lip<y>=max{ max  [|d*Allso,
k=0,...,[y]

d
Vo) dx',....dx") =" Vi(y)dx'.
i=1

For a R?-valued path x of bounded variation, we define y to be the solution of the
ordinary differential equation

(21) {dyl‘ = V(yt)d-xl‘a

Yo = Yo-
Lifting x and (x & y) to S(x) and S(x @ y) (their canonical lift to paths with
values in the free nilpotent group of step [ p]), we consider the map which at S(x)
associates S(x @ y). We denote it Iy, y. We refer to [14, 15] for the following
theorem (which we adapt here to our notation, but its equivalence with the one
stated in [14, 15] is a trivial consequence of Proposition 4 in [7]).

THEOREM 1 [Universal limit theorem (Lyons)]. The map I, v is continuous
from (COP(GIPV(R)), d,,, p) into (CO*P(GPR? @ R™)), oy, p).

Let x, be a sequence of path of bounded variation such that S(x,) converges in
the d,, p-topology to a geometric p-rough path x, and define y, to be the solution
of the differential equation (2.1), where x is replaced by x,. Then, the universal
limit theorem says that S(x, ® y,) converges in the d,, ,-topology to a geometric
p-rough path z. We say that y, the projection of z onto GP1(R") is the solution of
the rough differential equation

dy =V (y)dx

with initial condition yyg. It is interesting to observe that Lyons’ estimates actually
give that for all R > 0 and sequence x, € C%*?(GP/(RY @ R")) converging to
x € CO@-P(GIPI(R? @ R")) in the d,,, ,-topology,

2.2 su d 1 X,), I, x)) — 0.
( ) |y0|£R w,p( yo,V( n) yo,V( ))n—>oo

l V”Lip(p+5)5R
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To see this, one first observes that the continuity of integration along of a one-form
is uniform over the set of one-forms with Lipschitz norm bounded by a given R.
Then, the path I, v (x) over small time is the fixed point of a map (integrating
along a one-form) which is a contraction. Reading the estimate in [15], one sees
that this map is uniformly, over the set {|yo| < R; ||V |ILip(p+e) < R}, a contraction
with parameter strictly less than 1.

The next theorem was also proved in [15], and deals with the continuity of the
flow.

THEOREM 2. If (yy)n is a R?-valued sequence converging to yo, then for all
R >0,

sup Ao, p(Iyn v (X), Iy,v (X)) — 0.
Il p<R o.0(by 0V @), 2

IVilLip(p+e) <R

The next theorem shows that the Itd map it continuous when one varies the
vector fields defining the differential equation. It does not seem to have appeared
anywhere, despite that its proof does not involve any new ideas.

THEOREM 3. Let V" = (V{', ..., V]) be a sequence of d Lip(p + ¢)-vector
fields on R such that
lim_ max V" = VillLip(p+e) = 0.
Then, for all R > 0,
lim  sup dy, p(Iy, v (X), Iy, v (X)) =0.

n—o00
[Xllo.p<R

[yol<R

PROOF. We use the notations of [14]. First consider the Lip(p + ¢ — 1)-one-
forms 6; : R — Hom(R%, R"), i € NU {oo}. We assume that 6, converges to Hno
in the (p + ¢ — 1)-Lipschitz topology when n — co. For n € NU {00}, [ 6, (x) dx
is the unique rough path associated to the almost multiplicative functional

[pl-1 |
(Z(X)?J)l = Z dllen(xsl) QR dliQ,l(Xsl)( Z n(xls:tll-i----—i-h))

(see [14] for the definition of IT). It is obvious that

(ZX)" ) = (ZX®) |
sup max i N
”XHw,pr i Cl)(s, t)l/p n—00

which implies by Theorem 3.1.2 in [14] that

sup dw,p(/ 0, (x) dx,/@oo(x) dx> —>OOO.
R n—

IXllw, p=
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Now consider the Picard iteration sequence (z),),>0 introduced in [14], for-
mula (4.10), to construct to Iy, y» (X):

zy = (0, yo)

where h, is the one-form defined by the formula h,(x,y)(dX,dY) = (dX,
V' (y)dX) (by V(y)dX we mean Y_ V;(y)"dX"). Lyons proved that

lim sup supd, ,(Z",z" ) =0;

M R o o)

[yol<R

we have the supremum over all n here because the p + e-Lipschitz norm of the
V™" are uniformly bounded in n. Moreover, we have just seen that for all fixed m,
lim, s 0o SUP|y, <R dw, p(z,,,z,,) = 0. Therefore, with a 3e-type argument, we ob-
tain our theorem. [J

The three previous theorems actually give that the map

(v, V. X) = Iy, v(X)

is continuous in the product topology R" x (Lip(p + &) on RM9 x
coo.p (G[”] (Rd)).

In the reminder of this section, p is a real in [2, 3). Now consider a Lip(1 + ¢)-
vector field on R” denoted Vjy, and for a path x of bounded variation, we consider y
to be the solution of

(2.3) {de = Vo(y)dt + V (y) dx,,

Yt = Y0,
Lifting x and (x @ y) to S(x) and S(x @ y) we consider the map which at S(x)
associates S(x, y). We denote it I, (v,,v). The following extension of the universal
limit theorem was obtained in [12].

THEOREM 4. The map Iy, (v,,v) is continuous from (COe-p(GIPI(RYY), dew,p)
into (CO%-P(GPI(RY @ R")), dw,p). More precisely, for all R > 0,
2.4) su d I X,), 1 x)) — O.
sup w.p (Iy0.(Vo.v) %), Iy, (v, v) (X)) =

IVilLip(p+e) <R

Let x,, be a sequence of paths of bounded variation such that S(x,) converges in
the d,,, p-topology to a geometric p-rough path x, and define y, to be the solution of
equation (2.3) replacing x by x,. Then, the previous theorem says that S(x, & yy)
converges in the d,, ,-topology to a geometric p-rough path z. We say that y, the
projection of z onto GIPI(R") is the solution of the rough differential equation

dy, = Vo(y:) dt + V(y;) dx,
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with initial condition yy.
We obtain, as before, the following two theorems:

THEOREM 5. If (yy)n is a R¥-valued sequence converging to yo, then

sup dw,p(lyg,(vo,V)(X), Ly, (v, v) (X)) = n—o0 0.
IXllw,p<R

IV IlLip(p+e) <R
IVollLip(1+6)<R

THEOREM 6. Let (V" = (V]',..., Vi)n>0 be a sequence of d Lip(p + ¢)-
vector fields on R" and (Vy)u=0 a sequence of Lip(1 + &)-vector fields on R",
such that

Jim x| 1V = Vollipa o0, max, 1V, = Villippsor | =0

Then, if x eC%-P(GIPI(R?)),

Jim - sup o p(Tyg, vvm (), Tyg, (v, v) (%) = 0.
Ixllop <R

[yol<R

2.4. Solving anticipative stochastic differential equations via rough paths. We
fix a p € (2,3) and, for simplicity, the control w(s, t) =t — s (i.e. we deal with
Holder topologies), although we could have been more general and have consid-
ered a wide class of controls as in [6] (i.e., we could have consider modulus type
topologies). We define B the Stratonovich lift to a geometric p-rough path of the
Brownian motion B with the formula

t
Bl’=(1’Bl"/ Bu®OdBu).
0

B is a G*(R?)-valued path, and almost surely, IBllo,p < o0.
Consider Vy a random vector field on R” almost surely in Lip(1 + ¢), that is, a
measurable map from

Vo:2 xR" - R”

such that Vy(w, -) € Lip(1 4 ¢) for w in a set a full measure, and V = (V, ..., Vy),
where V1, ..., V4 are random vector fields on R” almost surely in Lip(2 + ¢), and
arandom variable yy € R” finite almost surely.

1y, (vo,v)(B) is then almost surely well defined, and its projection onto G*(R")
is the solution, in the rough path sense, of the anticipative stochastic differential
equation

2.5 dy: = Vo(y) dt + V(y;) dB;

with initial condition yy.
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The next section introduces the notion of good rough paths sequence, and its
properties. Showing that linear approximations of Brownian motion form good
rough path sequences (in some sense that will be precise later on) will prove that
y! is solution of the anticipative Stratonovich stochastic differential equation (1.1).
In particular, the solution that we construct coincides with the one constructed

in [20].
3. Good rough path sequence.

3.1. Definitions. We fix a parameter p > 2, and a control w. R¢ and R9 will
denote two identical copies of R¥.

Let p > 2, and ¢ such that 1/p 4 1/q > 1. We consider x and y two R?-valued
paths of bounded variation. We let y =S(y) to be the canonical lift of y to a
G'PY(R?)-valued path. We let

3.1) §'(x, S() =S ® y)
be the canonical lift of x @ y to a GPI(R?Y @ RY)-valued path and
(3.2) S"(S(x)) :==8'(x, S(x)) = S(x ® x)
be the canonical lift of x & x to a GIP/(R? @ R?)-valued path.
PROPOSITION 1. Let x be a Re-valued path of finite q-variation, and y a

G'PY(RY)-valued path of finite p-variation. Let (x,,, y,) be a sequence of R¢ @ R?-
valued path such that dy, ,(Xp, X) = p—00 0 and dy, ,(S(yn),y) = n—s00 0. Then:

(i) S'(xn, S(yn)) converges in the d, ,-topology, and the limit is independent
of the choice of the sequence (x,, y,). We denote this limit element S'(x,y).

(i) S (S (yn)) converges in d,, p-topology, and the limit is independent of the
choice of the sequence (yy). We denote this element S” (y, y).

PROOF. This is simply obtained using Theorem 3.1.2 in [14], which says that
the procedure which at an almost multiplicative functional associates a rough path
is continuous, and we leave the details to the reader. [

EXAMPLE 2. If2<p <3,

! ! 1 L 2

S/(X,Y)z = <laxl‘ Gayt"/o Xu ®dxu 69‘/0 Xu ®dyu 69/(; yu ®d'xu eayl‘>

The three integrals are well defined Young’s integrals [26].

We introduce the notion of a good p-rough path sequence.
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DEFINITION 2. Let (x,), be a sequence of R?-valued paths of bounded vari-
ation, and x a geometric p-rough path. We say that (x,),<n is a good p-rough path
sequence (associated to x) (for the control w) if and only if

. / 1 _
(3.3) 1im d,, p(S'(xa, %), 8" (%) =0.

In particular, if (x,), is a good p-rough path sequence associated to x, for the
control w, x,, converges to X in the topology induced by d, p.

PROPOSITION 2. Assume 2 < p < 3. The sequence (x(n)), of paths of
bounded variation is good rough path sequence associated to X, for the control
w, if and only if

: |x(n)s,r — Xi,ll
lim  sup — 1, =
n—>0g o<1 w(s,1)/P

’

| x ()50 ® dx(m)y — X2,

lim sup =0,
=00 0<g<r<1 (s, t)2/p
. | fi X5, ® dx(n)y —x3 |
lim  sup : 3 — =0.
>0 0<g<t<1 w(s,1)%/P

PROOF. d,, p(S'(x(n),x), S”(x, X)) goes to zero if and only if

max{A'l’,\/E, ﬁ, M}

|X§,t - x(n)s,t|

goes to zero, where

Al= sup ————7—,
0<s<t<l (s, t)l/p
t
A= sup | [ x(n)gu ® dx(n)y —X2,]
2 O<s<t<1 w(s, 1)?/P '
t
A" — sup |fs x(n)s,u ® dX; - X?Jl
3 O<s<t<l w(s, 1) ’
ol 2
Al — sup |fs Xs,u ® dx(n)u - Xs,tl
4 O<s<r<l w(s,1)%/P

By integration by part, we see that

t t
1 2 1 1 2
/ Xg, ®dx(n)y — Xy, =X, @ x(n)s¢ —/ dx, , @ x(n)y — Xy,
N N

t
=x!, ® (v, —x},) ~ [ dxl, @x(0),
N

+ ((Xi,t)g)z - X?,t)
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Let 77 be the linear operator from R? ® R? onto itself defined by 7(x ® y) =
7 (y®x). Observe that ”(X?,t) = (Xsl,t)®2 —X?,,. Also, we have for all z € RY @ R¢,
|z| = |7 (z)|. Hence, we obtain from this remark and the above equation that

t t
/ x(n)s,u ® dx,i - Xf’, = rr(/ x},’u ®dx(n), — xi,)
N s

+ (x(m)s.r =X ) ®Xg
This implies that A5 < [|X[|w, p - (AT + A};), which proves the proposition. [
By definition of a geometric p-rough path, there always exists a sequence of
smooth x, such that §(x,) converges to x in the topology induced by d-yar. How-
ever, this does not imply that equation (3.3) holds (or equivalently for [p] =2 :

that the conditions in Proposition 2 hold). We now give an example of a geometric
rough path x for which there exists no good sequence associated to it.

EXAMPLE 3. Consider
x; = exp(t[e1, e2])
=exp(t(e;1 @ ex —e2 Q@ ey))
where e, e is a basis of R2. Note that x is a geometric p-rough path and
X}EOERZ, x,zzt[el,ez]e]Rz(X)Rz.

If (x,) is a sequence of smooth paths in R2, then fé x! @dx, =0 trivially con-
verges to 0 € R?> ® R2. On the other hand, if x,, was a good p-rough path sequence
associated to x it should converge to t[e; €3]

3.2. Stability of good rough path sequences. Nonetheless, there are some good
news. Good rough path sequences are stable under integration, as shows the fol-
lowing theorem. We fix a control w.

THEOREM 7. Let (x,),eN denote a good p-rough path sequence associated to
X for the control w, and 6 : R? — Hom(R?, R") be a Lip(p — 1 + &) one-form, with
&> 0. Then ([ 6(x,)dx,), is a good rough path sequence associated to [ 6(x) dx
for the control w. Moreover,

(3.4) lim S(f@(xl)dxn) =/0(x)dx.
n—oo
PROOF. Consider the Lip(p — 1 + ¢) one form
9: R o R > Hom(R? @ R, R” @ R"),
((x,y),(dX,dY)) — 0(x)dX & 0(y)dY.
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All the limits considered in this proof are to be understood to be in the topology
induced by d,,,,. By the continuity of the integral [14, 15] and of the operator S’
(by Proposition 1),

S/</9(xn) dxp, /Q(X)dx) =mli_)moo S/<f9(xn)dxn, S(/G(xm)dxm>>
:mli_)mooS</9(xn)dxn @/G(Xm)dxm>

~ lim (/’é(xn,xm)d(xn,xm)>

m— 00

= lim_ f 6(S(xn ® xm)) dS(xn ® Xm)

=/§(S’(xn,x))ds’(xn,x).

In in the last line we have used once again the continuity of the integral and the
assumption that (x,) is a good p-rough path sequence associated to x.
Therefore, S'([ 6 (x,) dx,, [ 0(x) dx) converges when n — 0o to

[ s oy ds" @ =tim [ 305" (5e0) S (S )

—lim f B(S (X © 1)) dS (xn B x)
=1irrlns(/9(xn)dx,, @/G(Xn)dxn>

= S”(/Q(x) dx),

which proves the first assertion.
For the second one, consider the map

6:R? ®R? - Hom(RY @ RY, R"),
((x,y), (dX,dY)) — 6(y)dX.

By the continuity of the integral, we obtain that [ 0(S' (xn, X)) dS (x,,X) con-
verges in the topology induced by d, , to [6(S”(x))dS"(x). This is our result
as [0(S" (xp,x))dS (xp,x) =S([O(x)dx,). O

We show now that good rough path sequences are stable under the 1t6 map.

THEOREM 8. Let Vy,..., V4 be d elements of Lip(p + ¢)-vector fields on R",
and V = (Vy,...,Vy) thought as a linear map from R? into Lip(p + ¢€) vector



GOOD ROUGH PATH SEQUENCES 1185

fields on R". Assume that (x,,), is a good p-rough path sequence associated to x
for the control w. Denote by y, the solution of the ordinary differential equation

{dYn(f) =V (u (1)) dx,(1),
yn(0) = yo.

Then (x, ® yn)n is a good p-rough path sequence associated to z = Iy, vy (X) for
the control w.

PROOF. The proof is similar to the proof of Theorem 7. Denote by V the
linear map from R? @ R? into the Lip(p + ¢) vector fields on R” by the formula
V(y1, y2)(dx1,dx2) = (V(y1)dxy, V(y2) dxy). First notice that

I(yovyo),V(S”(X)) = S/,(IymV(X))
and that
S/(Zna z) = I(yo,yo),V(S,(xna X))

Hence, since (x,) is a good sequence and by continuity of the Itd6 map, S'(z,, z)
converges as n — 00 to

I(yo,yo),V(SN(X)) = S”(Iy(LV(X)) =5"(2). ]

From our two previous theorems, we immediately obtain the following corol-
lary:

COROLLARY 1. We keep the notation of Theorem 8. Then, in the topology
induced by d,, p,

— 1 1
y=lim S<yo + / V(y.) dxn(u)>.
In particular, looking at the first level of this equation, we obtain that

yo+f0'V<yu>dxn<u> Sy,

REMARK 1. In the previous theorem and its corollary, with no modification
in the proof, for 2 < p < 3, one can obtain the same results replacing the map
Iy, v by the map Iy (v,,v), where Vj is a Lip(1 + ¢)-vector fields on R". In other
words, one can consider differential equations with a time drift and (almost) mini-
mal smoothness condition on V.
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3.3. Piecewise-linear approximation of Brownian motion as a good rough path
sequence. Wefixap e (2,3) and w(s,t) =t —s. We recall from the introduction
that B is a d-dimensional Brownian motion, and that B is the Stratonovich lift
of B to a geometric p-rough path. Let B? be the D-linear approximation of B
[equation (1.2)]. Let (D) be a sequence of subdivisions of [0, 1] which steps
tends to 0 when n tends to infinity. If D" = (ZL,,, 0 <k <2"), we know from [15]
that, almost surely, S(B”") converges in p-variation to B. If D" is an increasing
sequence of subdivision, that is, if D"*! ¢ D" for all n, a martingale argument
proved in [6] that almost surely andin L9, g > 1, S (BP n) converges in 1/ p-Holder
distance (and even some modulus distances) to B. The following theorem goes a
bit deeper in the convergence of piecewise linear approximations of the Brownian
motion.

THEOREM 9. Let (D) be a sequence of subdivision which steps size tends
to 0. Then d,, ,(S'(BP",B), S"(B,B)) converges when n tends to infinity to 0
in L1, g > 1 and in probability.

If D" = (2%, 0 <k <2"), the convergence also holds almost surely, that is,
B" = BP" is almost surely a good p-rough path sequence associated to B.

We decompose the proof in four lemmas.

LEMMA 1. Forallg > p > 1, the LY and L?-norms on the k' Wiener chaos
are equivalent.

PROOF. This is a simple consequence of the hypercontractivity of the
Ornstein—Uhlenbeck semigroup; see [19], page 57, for example. [J

LEMMA 2. Let D be a subdivision of [0, 1]. Then, for all ¢ > 1 and p’ > 2,
there exists u > 0 and Cy 4., < 00 such that forall s <t € D

2 /
< Cp g ul DI*|t — 5|27,

t
/ B, ®dBP —B;,
L4

N

t
D D 2 2/p
H/; Bs,u ®st,u _Bs,t 7 = Cp/,q,,u,lDW” —Sl /r

PROOF. From the previous lemma, we can take g = 2. We write (s,t) =
(tm, ty), with O <m <n < |D|, where D = (t;)o<i<p. It is easy to see that

! D 2 ([t D 2
/s B, ,®dB;, —B;, = Z(ft B,..®dB, —Btk’tkﬂ),

k=m k

t
®2
[ P 0Bl ~B, = ¥ (Bua)™ ~ B ).
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Therefore, by independence of increment,

2 n—1 Tk+1 D 2 2
L= Z e[ Bnvean?-8,) )
k=m k

n—1
=C ) (tre1 — )
k=m

1
/ B, ®dBP — B2
S

n—1
< CIDP4P" 3 (41 — 10)*7

k=m

< C|DIFHP (1 — Y7,

We also obtain the same estimate for || le,)u ®d le,)u — Bi ¢llLa, which concludes
the proof. [J

LEMMA 3. Let D be a subdivision of |0, 1]. Then, for all g > 1, there exists
w>0and Cy ; < 00 such that

2
(3 5) sup |fst Bs,u ®dBuD_Bs,t| -c |D|'u
‘ 0<s<t<l1 |t—s|2/P a4 q.n )
(3.6) sup USI BSI’)” ® stI?u — B?,tl <C |D|“
. O<s<t<l |t—s|2/P 4 q,K1 .

PROOF. We only prove equation (3.5) as the proof for the other estimates is
similar. We define Xf, = [!B;, ®dBP — Bi,, where D=0=t)<tj <--- <
tipj= = 1) is fixed subdivision of [0, 1]. First assume that #; <s <t <t; 1. We let
p’ € (2, p); itis easy to check that there exists C < oo independent of D such that

IBP||s,,» < ClBllw, - Therefore,

X2 B+ 1] Bsudu) ® By iy, /(i1 — 1)
it —s|?/P It — s[2/P

_ CIBIG, It = 5P/ + ([{ @ =)'/ duw) i1 — 1)/

|t —s|2/P
< CIBIlg, (It = sPP/P 7P 4 (¢ =) VP20 (1 — )P,
Bounding t — s and t; 11 — #; by | D], the mesh size of D, we obtain that

D
|Xs’[|

3.7 max sup ———
ke(0,....|DI%) gy <s <t <ty |t — $|?/P

< C||B||(20’p/|D|2(1/p =1/p)



1188 L. COUTIN, P. FRIZ AND N. VICTOIR

Defining ¢p to be the biggest real in D less than or equal to 7, and s the smallest
real in D greater than to s, the above estimate rewrites

| SDt| 2(1/p'—1
(3.8) sup ——=— < C|BI|;, ,|D*"/P /P
0<s<t<l lt—s |2/p
l‘D<SD

and an LY-estimate is immediate. Hence we are left to prove that

0<s<t<l |l‘—S|2/P La a
sP<tp
Now observe that forall s <t < u,
(3.9) X2, =x2 +xP, + B, ®BP, — Bu).

Hence, for all s < 7 such that s < tp, so that

X.Sl‘) XDD+X l +XIDZ’+BS’ID®(BIDI‘ BTD l)
From (3.8)
1XP | xP
sup ’SDZ X, tzl <Cu|DI".
0<s<t<1 ISP —s12/P " |t —tp|?/P | 14
sP<ip

Compatibility of tensor norms shows—similar as above but easier—

|Bs.1p, ® (B,D ¢t — Bip.1)l
|t —s|2/P

<CIBll;, ,|DI"/7 P,

therefore, we just need to check that for some p > 0,

|XSDD ID| trivial | st|
(3.10) sup —— 0 max |, <Cu|DI".
0<s<t<1 [t =52/ | L4 s<teD |t — s|?/P

Now consider X2 : [0, 1] - R? @ R the linear path on the intervals [#;, t;1 1], such

that for all 7, )?Z?H — }?D X,D,H, that is, for all ¢,

SD

~ t—t
D D D
X XD+

-z D
tD —1p ip,t

The previous lemma showed that for all s, € D, IIJ?,D — )N(SDIILq <Cp g.ulDI* x

|t — 5|2/ From this, it is easy to check that (changing the constant) this equality

remains true for all s, ¢ € [0, 1]. Define B, = fo 0' |X(t s))i‘ |2’" dsdt. If a < , +
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ﬁ, then E(By) < C,,|D|"". By Garsia, Rodemich and Rumsey’s theorem [24]
(used here classical on the normed Euclidean space R? ® RY), we obtain that
vD _ %D
sup u < Bl
O<s<t<l1 (t _S)a_ /m

Therefore, there exists two constants ¢ > 0 and Cy < oo (independent of D) such
that

D
|Xs,t |
max

2
———| =<Cy|D|".
s<teD |t — S|2/p - Dl

L4 O

LEMMA 4. Let D be a subdivision of |0, 1]. Then, for all g > 1, there exists
v>0and Cy, < 00 such that

Ido.p (' (B2, B). 5" (B.B)] 1 = Cal DI
B! —BD -
W < C|Bllwq|D|"4=1P,

where 2 < g < p. The previous lemmae together with Proposition 2 give the result.
O

PROOF. It is easy to check that supy_; _,;

We can now turn to the proof of Theorem 9.

PROOF OF THEOREM 9. The first part is obvious from the previous lemma.
From the second part,

P(da,,,,(s/(B", B), S"(B,B)) > 1) <n*|d,, ,(S'(B",B), S"(B,B))|32
n

< C,yn?27".

Hence, by Borel-Cantelli’s lemma, we obtain that, almost surely, S’(B", B) con-
verges to S”(B, B) in the topology induced by d,, ,. O

4. Anticipative stochastic analysis. We present a few applications, such as
Wong-Zakai results, support theorems and large deviations in the context of antic-
ipating stochastic calculus.

4.1. Rough paths solution equals Stratonovich solution. Fix p € (2,3) and
w(s,t) =t — s. Consider random vector-fields Vy and V = (Vy, ..., V), where
Vo (resp. Vi, ..., V) is almost surely a Lip(1 + ¢) [resp. Lip(2 + ¢)] vector field
on R”, and an a.s. finite random variable yg € R". As earlier, B denotes the canon-
ical lift of Brownian motion to a geometric p-rough path. Then, there exists a
unique rough path solution of the (anticipative) stochastic differential equation

dy=Vo(y) dt + V(y;) dB;

with (random) initial condition yjg.
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THEOREM 10. Let y' denote the projection to path-level of the rough-path'y.
Then'y' solves the anticipative Stratonovich stochastic differential equation,

t t
(“.1) vl =+ [ Vowldu+ [ vl ods,.
Moreover, almost surely, y' is the limit in 1/ p-Hélder topology of

t t
4.2) t— yo+ /0 Volyl) du + /O Vyl)dB,

where B" is the dyadic linear approximation of B of level n.

PROOF. For any sequence of subdivisions (D"),, which mesh size tends to O
when n — 00, d,, ,(S'(BP",B), S”(B, B)) converges in probability to 0 (Theo-
rem 9) hence by Corollary 1,

t t n
dw,p<s<yo+/0 Vo(y,i)du+/0 V(y,)dB; >Y>

converges in probability to 0. The first level of this equation says precisely that y'
is solution of the anticipative Stratonovich stochastic differential equation (4.2).

The same argument and the fact that d,, ,(S"(B",B), S”(B,B)) converges al-
most surely to 0 gives the second part of the theorem. [J

4.2. A Wong—Zakai theorem. The universal limit theorem gives us for free a
Wong—Zakai theorem for our solution of the Stratonovich differential equation.

THEOREM 11. Under the same assumptions and notation than the previous
theorem, let y" be the solution of the differential equation

{dyf =Vo(y})dt + V(y})dB" (1),
Yo = Yo-

Then almost surely, y"* converges to y in the topology induced by the 1/ p-Hélder
distance.

PROOF. Let z" = Iy ,(S(B")). Then by the continuity of the It6 map,
dw,p(@",z) — 0. As z" projects down onto y”, this is a stronger result that the
stated theorem. [J

4.3. A large deviation principle. Due to the universal limit theorem, Freidlin—
Wentzell’s type theorems have easy proofs via rough paths [7, 16]. We give here
an extension of the Freidlin—Wentzell’s theorem, and of the main theorem in [18].
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THEOREM 12. Let (yy)a=0 be a family of random elements of R, (V§)a=0
be a family of random Lip(1 + &)-vector fields, (V{*,..., Vi a=0,i =1,....,d,
d families of random Lip(2 + ¢)-vector fields, such that for all 8 > 0

lim alog P(I|V§ — VOllLip(i4e) > B) = —o0,
a—0

: a _ yoy. . — _
O}gnoalogﬁ”(lgllagd IV = VilLip+e) > ﬁ) 00,
lim alogP(|y§ — yg| > B) = —oo.
a—0

Define y* to be the rough path solution of the differential equation
{dy?‘ = Vo () dt + JaVe(y)) dB;,
Yo =5

Then (y¥)u>0 satisfies a large deviation principle in the topology induced by d, )
with good rate function

Jx)=_inf I(y),

yg, vO0 (Y):X

where

1
I(X):{%/o |x;|2du, ifS(x):Xforsomeerl’z,
+00,

otherwise.

PROOF. In [6], it was proved that (§ ﬁB)a>0 satisfies a large deviation princi-
ple in the topology induced by d,, , with good rate function /. The assumptions on
the vector fields and the initial conditions give that ((V;*)o<i<da, (> & ﬁB) satisfies
a large deviation (in the topology product Lip(1 + ¢), Lip(2 + &), |-|,and d, p)
with good rate function

1
%/0 Ix)12du,  if S(x) = x for some x € W2, V; = V0,
1<i<dandyy=)y),
+o00, otherwise.

By the continuity of the Itd6 map (Theorems 4, 5 and 6), we obtain our large devi-
ation principle. [

4.4. Support theorem. We recall the support theorem for the enhanced Brown-
ian motion (see [4—6, 16]).

THEOREM 13. Let and p > 2. The support of the law of B in the d,, ,-topo-
logy is the set of paths starting at 0 in CY-»-P(GIPYRY)) where w(s, 1) =1 —s.
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Denote by I the map which maps (yo, (Vo, V), X) to Iy (v,,v)(X). The following
proposition is an obvious corollary of the continuity of the map / (Theorems 4, 5,
6) and of Theorem 13.

PROPOSITION 3. Lety be the solution of the rough differential equation

{dYt = Vo(y:)dt + V(y,)dB(2),
Yo = o

where Vy is almost surely a Lip(1 + ¢€) vector field and Vi, i € {1,...,d} are
almost surely Lip(2 + &) vector fields, yy € R? is almost surely finite. The support
of the law of 'y in the d,, p-topology is equal to the image by the map I of the
support of the law of (yo, V,B), in the product of the Euclidean, Lipschitz; and

dy,p topology.

In particular, if y and the vector fields V; are deterministic, in the d,, ,-topo-
logy, the support of the law of y is equal to the set Iyo,(VO,V)(Co’w’p(G[p](Rd))),
which, at the first level is the classical support theorem of Stroock—Varadhan [25].

If yo and the V;’s are the image by a continuous function of B, then the support is
still trivially characterized. One could then ask for more specific conditions on yp
and the V;’s, in the spirit of [17], and obtain a detailed support theorem. Thanks to
the universal limit, one would obtain stronger results than in [17] (stronger topol-
ogy and without the assumption of deterministic vector fields) but we shall not
pursue this here.
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