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CONTINUUM TREE LIMIT FOR THE RANGE OF RANDOM
WALKS ON REGULAR TREES

BY THOMAS DUQUESNE

Université Paris 11

Let b be an integer greater than 1 and let W¢ = (W,f ;n > 0) be arandom
walk on the b-ary rooted tree Uy, starting at the root, going up (resp. down)
with probability 1/2 4 ¢ (resp. 1/2 — ¢), ¢ € (0,1/2), and choosing direc-
tioni € {1, ..., b} when going up with probability a;. Here a = (ay, ..., ap)
stands for some nondegenerated fixed set of weights. We consider the range
{W£; n > 0} that is a subtree of Uy, It corresponds to a unique random rooted
ordered tree that we denote by t.. We rescale the edges of 7, by a factor ¢
and we let ¢ go to 0: we prove that correlations due to frequent backtracking
of the random walk only give rise to a deterministic phenomenon taken into
account by a positive factor y (a). More precisely, we prove that e converges
to a continuum random tree encoded by two independent Brownian motions
with drift conditioned to stay positive and scaled in time by y (a). We actually
state the result in the more general case of a random walk on a tree with an
infinite number of branches at each node (b = 00) and for a general set of
weights a = (a,,n > 0).

1. Introduction. Random walks on trees have been intensively studied by
many authors having different motivations coming from group theory, discrete
potential theory, statistical mechanics or genetics. We refer to [21] for a general
introduction to random walks on infinite graphs and to [15] for a probabilistic
approach more focused on trees. See also [14] for a survey of open problems
concerning random walks on trees. In most of the papers about random walks
on trees, given the treelike environment the transition probabilities of the random
walk are fixed and one focuses on a certain range of questions: the speed of the
random walk (see [18] for random walks on groups, [20] for random walks on pe-
riodic trees, [12] and [13] for random walks on Galton—Watson trees), large devia-
tion principle for the distance-from-the-root process (see [8] for random walks on
Galton—Watson trees), central-limit theorem for the distance-from-the-root process
and the number of visited vertices (see [4] for the b-ary tree and [17] for the sim-
ple random walk on supercritical Galton—Watson trees). In this paper we consider
a different problem; the transition probabilities are not fixed: we study, near criti-
cality, transient random walks on the b-ary rooted tree and more generally on the
oo-ary tree, in a “diffusive” regime.
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Let us specify that we only consider ordered rooted trees that are formally de-
fined as in [16]: Let N = {0, 1,2, ...} be the set of the nonnegative integers, set
N* =N\ {0}. The oco-ary tree is the set U = {@} U |J,~; (N*)" of the finite words
written with positive integers by. Let u € U be the word uj ...u,, u; € N*. We
denote the length of u by |u|: |u| = n. |u| is viewed as the height of the vertex u
in U. Let v = vy ...v, € U. Then the word uv stands for the concatenation of
uand v: uv =uy...u,yv1...v,. Observe that U is totally ordered by the lexico-
graphical order denoted by <. A rooted ordered tree ¢ is a subset of U satisfying
the following conditions:

(i) @ et and @ is called the root of t.
(ii) If v € ¢t and if v = uj for some j € N*, then u € 1.
(iii) For every u € t, there exists k, (t) > 0 such that uj € ¢t forevery 1 < j <
ky(1).

We denote by T the set of ordered rooted trees. Let us mention that we sometimes
see ordered rooted trees as family trees. So, we often use the genealogical terminol-
ogy instead of the graph-theoretical one. All the random objects introduced in this
paper are defined on an underlying probability space denoted by (€2, &, P). Let
e €(0,1/2) and let a = (a,,n > 1) be some nondegenerated fixed set of weights,
namely Y a,=1and0<a, <1,n>1.

We attach to the infinite tree U a cemetery point d ¢ U situated at height (—1)
and we view 0 as the parent of the root &. Then, we let run a particle on U U {d}
that evolves as follows:

(a) The particle starts at & at time O and it stops when it reaches d.

(b) If at time n the particle is at vertex v € U, then it jumps down to the parent
of v with probability 1/2 — ¢ and it goes up with probability 1/2 4 ¢.

(¢) When going up, the particle chooses direction j € N* and jumps to the
vertex vj € U with probability a;.

The height of the particle evolving in U U {9} is then distributed as a random
walk on Z started at 0, stopped when reaching state —1, and whose possible jumps
are (41) with probability 1/2 + ¢ and (—1) with probability 1/2 — ¢. In this paper
we condition the particle to never reach 0 (observe that this conditioning is non-
singular). We denote by W® = (W}; n > 0) the sequence of vertices in U visited
by the conditioned particle.

We study the range {W};n > 0} when & goes to zero. Observe that it is an
ordered rooted subtree of U. There exists a unique ordered rooted tree v, € T
corresponding to {W,; n > 0} via a one-to-one map that fixes the root &, preserves
adjacency and that is increasing with respect to the lexicographical order.

Since W? goes to infinity, 7. has one single infinite line of descent. Following
Aldous’ terminology introduced in [2] we call sin-tree such trees (see Section 2.1
for precise definitions). The distribution of 7, is not simple and it shows corre-
lations due to frequent backtracking of the random walk (see comments in Sec-
tion 2.3). However, Theorem 2.1, which is the main result of the paper, asserts
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that 7, converges in distribution to some continuum random tree. More precisely,
think of 7, as a planar graph embedded in the clockwise oriented half-plane and
suppose that its edges have length 1; consider a particle visiting continuously the
edges of 7. at speed 1 from the left to the right, going backward as little as possi-
ble; we denote by Cs(7.) the distance from the root of the particle at time s and we
call the resulting process C(t.) = (Cs(t¢); s > 0) the left contour process of t. It
is clear that the particle never reaches the part of t. at the right hand of the infi-
nite line of descent; observe, however, that C(7;) completely encodes the left part
of 7,. Denote by C*(t;) the process corresponding to a particle visiting 7, from
the right to the left. Thus, (C(t.), C*(t:)) completely encodes 7. (see Section 2.2
for more careful definitions and other encodings of sin-trees). Let D and D*® be
two independent copies of the process s — By — 2s — 2inf, <, (B, — 2r) where B
is distributed as the standard linear Brownian motion started at 0. Theorem 2.1
asserts that the convergence

(ECS/SZ(T{;), 8CS./82 (T‘?))SZO 8__)6 (2D)/S’ ZD;S)SZO

holds in distribution in C ([0, 00), Rz) endowed with the topology of uniform con-
vergence on compact sets. We see that correlations in 7, only give rise to a deter-
ministic phenomenon characterized by a constant y = y (a) that is defined by

(1) 1)y =E[(1+ X1 + X1 X2+ X1 X2 X3 +--) 7],

where (X,,; n > 1) stands for a sequence of i.i.d. {a,, n > 1}-valued random vari-
ables whose distribution is given by P(X,, = a;) = }_a;, the sum being taken over
the j’s such that a; = a;. Observe that if b is some integer greater than 1 and if
anp =0 for all n > b + 1, then the particle remains in the b-ary ordered rooted tree
Uy ={og}UlU,>{1,...,b}". More comments about this limit theorem are added
before and after the statement of Theorem 2.1.

Before ending this section, let us give a short overview of the proof of the the-
orem: one part of the proof relies on a specific encoding of the range {W}; n > 0}
that can be explained as follows: Denote by (|W;|; n > 0) the sequence of succes-
sive heights of the particle. It is obviously distributed as a random walk started at 0
whose possible jumps are (+41) with probability 1/2+ ¢ and (—1) with probability
1/2 — ¢, conditioned to stay nonnegative. Then, the piecewise linear process

is the contour process of an infinite “fictive” tree denoted by T, whose distribu-
tion can be informally described as follows: T, has one infinite line of descent; at
each vertex v on the infinite line of descent an independent random number with
distribution p of independent Galton—Watson trees with offspring distribution p
is attached at the left of the infinite line. Here, p stands for the probability mea-
sure on N given by u(k) = (1/24+¢)(1/2 — &)*, k > 0 (see Section 2 for precise
definitions concerning trees and Lemma 3.1 for the details).
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We then encode the walk (W?;n > 0) by the tree T, and random marks
%, € N*, u € T, that are defined as follows: Let u € T, be distinct from the root &.
Denote ¥ its parent. By definition of the contour process the edge (¥, u) cor-
responds to a unique upcrossing of the process (|W, |; n > 0) between times 7 (u)
and n(u) + 1. Thus, there exists j € N* such that the word er(u) 41 18 written
W,f(u) j and we set r,, = j. Then, we easily check that conditional on 7., the
marks ,, u € T, \ {@} are independent and distributed on N* in accordance
with a (see Section 3.1 for details). We get back the walk W*¢ from the marked
tree T, = (T¢: (m,,u €T:)), in the following way: consider u € T, distinct from
the root & at height |u| = n; denote by ug = &, uy, ..., u, = u the ancestors of u
listed in the genealogical order. Then we define the track of u, Tra(u), by the
word 1, ..., € U (observe that the mark of the root plays no role). Then,

Wg(u)_,’_l - ’I‘rf(u)

n

and thus
Tryz(Te) = {W;;n>0}.

Taking the trace of T, has two distinct effects: the first one shuffles T in the order
of the marks in N*. The second one shrinks the tree because several edges of 7,
might correspond to the same vertex in U.

Let us briefly explain how to deal with the shuffling effect of the tree: it is
possible to reorder randomly the marked tree T, into a new marked tree 7. =
(Te; (Ly, u € T¢)) such that:

(a) T. has the same distribution as the tree obtained from T, by changing inde-
pendently and uniformly at random the order of birth of brothers in 7.
(b) If uy, up € 7, are such that u; < uy, then

Trz (u1) < Tri (u2)

(see Section 3.1 for a precise definition). Thus, the shuffled tree 7, has a simple
distribution specified by Remark 3.1. Up to the shrinking effect, 7, is close to z,
and if we denote by (C(7:), C*(7.)) the left and the right contour processes of T
we prove in Section 2.1 that

) (6C, (%), £C32(%)) 29 — (2D5. 2D3);0.

in distribution in C([0, 00), R?) endowed with the topology of uniform conver-
gence on compact sets. Denote by d the graph distance in U. Informally speak-
ing, (2) says that the metric space (7, ¢ - d) converges to some random metric
space that is a continuum random tree encoded by D and D* [see comment (c)
after Theorem 2.1 for a more precise discussion of that point]. Next, observe that
for any 11 and u» in T

0 <d(u1, uz) — d(Trz (u1), Try (u2)) < 2G(uy, u2)
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where conditional on u1, us € 7., G(u1, u2) is a random integer with a geometric
distribution with parameter ¢ = P(X| # X»), which is a quantity that does not
depend on ¢. This gives an informal argument to explain why the limits of the
metric spaces (7, € - d) and (T, € - d) should be close and why tightness for the
contour processes of t; is not the difficult part of the proof: it is deduced from (2)
by (now standard) arguments inspired from the proof of Theorem 20 in Aldous’
paper [3].

The technical point of the paper concerns the identification of the limiting
tree by studying precisely the “shrinking effect” via explicit computations for the
U-indexed Markov process (Z,, v € U) given by

Zy =#u €T Try () = v}

This analysis is done in Propositions 3.3 and 3.4. More precisely, if we fix a real
number x > 0 and if we remove from 7, all the descendents of the unique vertex
at height |x/e] on the infinite line of descent, we get a finite tree denoted by 7.
Let U be a uniform random variable in [0, 1] independent of 7,. Denote by U (¢)
the vertex of T} coming in the | U#7} |th position in the lexicographical order. Set

Ver= " > zso-
velU
v=Trz (U(¢))

Then, we prove that

2(Y7 1 ~X
3 <V(s) — —‘u#rg) —0
14 e—0
in probability. This key result is stated more precisely in Lemma 3.7.

The paper is organized as follows: In Sections 2.1 and 2.2 we specify our nota-
tion and we define various encodings of trees and forests; Theorem 2.1 is stated in
Section 2.3; Section 3 is devoted to its proof that relies on a certain combinatorial
representation of the range {W?; n > 0} given in Section 3.1 and on a technical
estimate (Lemma 3.7) whose proof is postponed to Section 3.3 while the proof of
Theorem 2.1 itself is done in Section 3.2.

2. Preliminaries and definitions.
2.1. Trees, forests and sin-trees. We first start with some notation. We define
on U the genealogical order < by

Yu,velU u<v <= 3Jwel:v=uw.

If u < v, we say that u is an ancestor of v. If u is distinct from the root, it has a
unique predecessor with respect to < that is called its parent and that is denoted
by % . We define the youngest common ancestor of u and v by the <-maximal
element w € U such that w < # and w < v and we denote it by u A v. We also



LIMIT OF RANDOM WALKS ON TREES 2217

define the distance between u and v by d(u, v) = |u| + |v| — 2|u A v| and we use
notation [u, v] for the shortest path between u and v. Let t € T and u € t. We
define the tree ¢ shifted at u by 6,(¢) = {v € U:uv € t} and we denote by [?], the
tree t cut at the node u : [t], :={u}U{v €t:v Auz£u}. Observe that [¢], € T. For
any uy,...,ur €t wealsoset [t],,, . u :=[tly, N---N[t]y, and

[t]n:[t]{uelzlu\:n}:{MEt:|u|§n}, n>0.

Let us denote by § the o-field on T generated by the sets {t e T:u et}, u cU
and let ;o be a probability distribution on N. We call Galton—Watson tree with
offspring distribution u [a GW(uw)-tree for short] any (¥, §)-measurable random
variable T whose distribution is characterized by the two following conditions:

(1) Plkg(r) =1i) =pn(i),i =0.
(i1) For every i > 1 such that (i) # 0, the shifted trees 61 (7), ..., 6;(t) under
P(- | kz(r) = i) are independent copies of t under P.

REMARK 2.1.  Let uy,...,u; € U such that u; Auj ¢ {uy,...,ur}, 1 <1,
Jj <k, and let T be a GW(u)-tree. Then, conditional on the event {u1, ..., ux € t},
Ou, (T), ..., 0y (7) are i.i.d. GW(u)-trees independent of [t],,, . 4, -

We often consider a forest (i.e., a sequence of trees) instead of a single tree.
More precisely, we define the forest f associated with the sequence of trees
(t;;1 > 1) by the set

f={=1L o0t w),uen)

>1

and we denote by [F the set of forests. Vertex (—1, @) is viewed as a fictive root
situated at generation —1. Letu’ = (I, u) € f with [ > 1; the height of u’ is defined
by |u’| ;= |u| and its ancestor is defined by (I, &). For convenience, we denote it
by @ := (I, @). As already specified, all the ancestors &1, &», ... are the descen-
dants of (—1, &) and are situated at generation 0. Most of the notation concerning
trees extend to forests: The lexicographical order < is defined on f by taking
first the individuals of #1, next those of #,, ..., and so on and leaving (—1, @)
unordered. The genealogical order < on f is defined tree by tree in an obvious
way. Let v’ € f. The youngest common ancestor of u’ and v’ is then defined as
the <-maximal element of w’ such that w’ < " and w’ < v and we keep denoting
it by u’ A v’. The number of children of u’ is k,/(f) := k,(#;) and the forest f
shifted at u’ is defined as the tree 0,/ (f) := 0,(t;). We also define [ f],/ as the for-
est {u'}U{v € f:v' Au' #u'} and we extend notation [f]u/l ‘‘‘‘‘ !, and [f], in an
obvious way. For convenience of notation, we often identify f with the sequence
(t1;1=1). When (1; 1> 1)=(t1,..., 1%, D, D, ...), we say that f is a finite forest
with k elements and we abusively write f = (¢1, ..., ).
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We define the set of sin-trees by
Tsin={r €T:Vn>0,#{vet:|v]=n and #0,(r) = oo} = 1}.

Let ¢ € Tyin. For any n > 0, we denote by u(¢) the unique individual u on the
infinite line of descent [i.e., such that #6, () = oo] situated at height n. Observe
that uj(t) = @. We use notation £ (t) = {u,(t); n > 0} for the infinite line of
descent of ¢ and we denote by (/,,(¢); n > 1) the sequence of positive integers such
that u (¢) is the word [1(¢)...1,(¢) € U. We also introduce the set of sin-forests
Fgin that is defined as the set of forests f = (#;; [ > 1) such that all the trees #; are
finite except one sin-tree #,. We extend to sin-forests notation u and [, by setting
Ln(f) =1n(tyy), uy (f) = (lo, uy(t;)) and ug(f) = @y,.

Next, we introduce a natural class of random sin-trees called Galton—Watson
trees with immigration (GWI-trees for short). The distribution of a GWI-tree is
characterized by:

(a) its offspring distribution  on N that we suppose critical or subcritical:
m=2k=0kp(k) <1;

(b) its dispatching distribution r defined on the first octant {(k,/) € N* x
N*:1 < < k} that prescribes the distribution of the number of immigrants and
their positions with respect to the infinite line of descent.

More precisely, T is a GWI(u, r)-tree if it satisfies the two following conditions:

(i) The sequence S = ((kyx(7)(7), ln+1(7)); n > 0) is L.i.d. with distribution r.
(i)) Conditional on S, the trees 0,x(¢);(t) with n € N and 1 <i < kyx(¢)(7)
with i # [,,+1(7) are mutually independent GW (1 )-trees.

We define a GWI(u, r)-forest with [ > 1 elements by the forest ¢ = (7, 71, ...,
7;—1) where the t;’s are i.i.d. GW(u)-trees independent of the GWI(u, r)-tree 7. It
will be sometimes convenient to insert T at random in the sequence (ty, ..., T/—1)
but unless otherwise specified the random sin-tree in a random sin-forest occupies
the first row.

The word “immigration” comes from the following obvious observation: Let ¢
be a GWI(u, r)-forest with [ 4+ 1 elements. Set for any n > 0, Z,(p) = #{u €
@ :|u| = n} — 1. Then the process (Z, (¢); n > 0) is a Galton—Watson process with
immigration started at state /, with offspring distribution w and immigration dis-
tribution v given by

viky= > rtk+1,j), k=0.
1<j<k+1

Recall that a Galton—Watson process with immigration (Z,(¢);n > 0) is an
N-valued Markov chain whose transition probabilities are characterized by

(3)  E[x%mD|Z,0)] = £ ()P g(fum1 () g(fua(x)) - - g(fo(x)),
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where f (resp. g) stands for the generating function of u (resp. v) and where f;, is
recursively defined by f,, = f,—10 f,n>1and fo=1d.

We conclude this section by giving an elementary result on the so-called
GW(w)-size-biased trees that are GWI(u, r)-trees with dispatching distribution
of the form r(k, j) = u(k)/r, 1 < j <k. Size-biased trees arise naturally by con-
ditioning critical or subcritical GW-trees on nonextinction: see [1, 2, 9] or [11]
for related results. The term “size-biased” can be justified by the following ele-
mentary result needed in Section 3.3: Let ¢ be a random forest corresponding to
a sequence of / independent GW(u)-trees and let ¢, be a GWI(u, r)-forest with /
elements where r is taken as above and where the position of the unique random
sin-tree in ¢, is picked uniformly at random among the [ possible choices. Check
that for any nonnegative measurable functional G on [F x U:

4) E[Z G([¢lu- u)} =Y I"E[G([95]uzgn)s s (90))]

UEY n>0

and in particular dP([¢y ], € -)/dP([¢ln € ) = Z, (@) /L™

2.2. The encoding of sin-trees. The purpose of the paper is to provide a limit
theorem for 7, thanks to its encoding by two contour processes as briefly explained
in the Introduction. It will be convenient to introduce two additional encoding
processes: namely, the height process (also called exploration process) and a cer-
tain kind of random walk.

Encoding of finite trees and forests. Lett € T be a finite tree and let ug = & <
uy < --- <ugp—1 be the vertices of ¢ listed in the lexicographical order. We define
the height process of t by H,, (t) = |u,|, 0 <n < #t. H(t) clearly characterizes the
tree .

We also encode ¢ by its contour process which is informally defined as follows:
think of 7 as a graph embedded in the clockwise oriented half-plane with unit
length edges; let run a particle starting at the root at time O that explores ¢ from
the left to the right moving continuously along each edge at unit speed until it
comes back to its starting point. In this evolution, each edge is crossed twice and
the total amount of time needed to explore the tree is thus 2(#¢ — 1). The contour
process C(t) = (Cs(t); 0 <5 <2(#t — 1)) is defined as the distance-from-the-
root process of the particle at time s € [0, 2(#f — 1)]. More precisely, C(¢) can be
recovered from the height process by the following transform: Set b, = 2n — H, (t)
for 0 <n < #t and by, =2@#t — 1). Then observe that

H,(t) —s + by, if s € by, bpr1 — 1) and n < #r — 1,
(5) Cs(®)=15—Dbnt1+ Hyt1(0), if s € [by+1 — 1, bpy1] and n < #r — 1,
Hy1(t) — s + by —1, if s € [bar—1, bur].
See Figure 1. We also need to encode ¢ in a third way by a path V (¢) = (V,,(¢); 0 <
n < #t) that is defined by V,1(t) = V,(t) + k,,,(t) — 1 and Vp(£r) = 0. V(¢) is
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F1G. 1. When the particle reaches the vertex uy for the first time, then the double-line edges
have been visited two times [the total number of such edges is n — Hy(t)], the one-line
edges have been visited one time [the total number of such edges is equal to Hy(t)] and the
dashed-line edges have not been visited. Then the total amount of time needed to reach u, is
by =2(n — Hp(t)) + Hu (1) =2n — Hp(1).

sometimes called the Lukaciewicz path associated with 7. It is clear that we can
reconstruct ¢ from V(¢). Observe that the jumps of V() are > —1. Moreover,
Vu() >0 for any O <n < #t and Vi (t) = —1. We recall from [10] without proof
the following formula that allows to write the height process as a functional of
V():

(6) Hn(t):#{ij <n:V@t)= 'igclf Vk(t)}, 0<n<#t.
j<k=n

REMARK 2.2. If t is a critical or subcritical GW(u)-tree, then it is clear from
our definition that V (7) is a random walk started at O that is stopped at —1 and
whose jump distribution is given by p(k) = u(k + 1), kK > —1. However, neither
H (7) nor C(7) is Markov process except for the geometric case: (k) = (1— p) pk
with p € (0, 1/2]. In this case, C(¢) is distributed as a random walk killed at —1
and whose possible jumps are (41) with probability p and (—1) with probability
1 — p [more precisely, it is the restriction of the first 7_; — 1 steps of a random
walk killed at the reaching time of level (—1)].

The previous definition of V and of the height process can be easily extended
to a forest f = (#;; [ > 1) of finite trees as follows: Since all the trees ¢#; are finite,
it is possible to list all the vertices of f but (—1, @) in the lexicographical order:
up =31 <up <---, and so on. We then simply define the height process of f by
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Hy(f) = |un| and V(f) by Vi1 (f) = Va(f) + ku, (f) — 1 with Vo(f) = 0. Set
np, =#t; +--- +#t, and no = 0 and observe that

Hy 1k (f) = Hi(tp+1) and V, 4k (f) = Vi(tp+1) — p,
0<k<#tp;1,p=0.

We thus see that the height process of f is the concatenation of the height processes
of the trees composing f. Moreover, the nth visited vertex u, is in 1, iff p =
1 —info<g<n Vi (f). Then, it is easy to check that (6) remains true for every n > 0
when H (t) and V (¢) are replaced by respectively H (f) and V (f).

Encodings of sin-trees. Lett € Tg,. A particle visiting ¢ in the lexicographical
order never reaches the part of ¢ at the right hand of the infinite line of descent.
So we need two height processes or equivalently two contour processes to encode
t. More precisely, the left part of 7 is the set {u € r:Jv € £oo () s.t. u < v}. It can
be listed in a lexicographically increasing sequence of individuals denoted by & =
up < uyp < ---. We simply define the left height process of t by H,, (t) = |up|,n > 0.
H (t) completely encodes the left part of . To encode the right part we consider
the “mirror image” ¢* of t. More precisely, let v € ¢ be the word cjc3 . ..c,. For
any j <n, denote by v; :=cy...c; the jth ancestor of v with vy = @. Set ¢§ =
kvj_1 (t) —cj+1and v* =c}...cy,. We then define * as {v®, v € ¢} and we define
the right height process of t as H®*(t) := H (t*).

REMARK 2.3. Observe that T and 7° have the same distribution if 7 is a
GW(u)-tree. This is no longer the case if v is a GWI(u, r)-tree unless r(k, m) =
rtk,k—m+1).

We now give a decomposition of H(¢) and H*(t) along €. (¢) that is well suited
to GWI-trees and that is used in Section 3.2: Recall that (u,,; n > 0) stands for the
sequence of vertices of the left part of ¢ listed in the lexicographical order. Let
us consider the set {u)_,(#)i; 1 <i <[,(¢t); n > 1} of individuals at the left hand
of £ () having a brother on £, (#). To avoid trivialities, we assume that this set
is not empty and we denote by v; < vy < - - - the (possibly finite) sequence of its
elements listed in the lexicographical order.

The forest f (1) = (0y, (t), 0, (1), ...) is then composed of the bushes rooted at
the left hand of £~ (#) taken in the lexicographical order of their roots. Define
L,t)=0L&)—D)+---+U,(t)—1),n > 1, with Lo(¢) = 0 and consider the pth
individual of f () with respect to the lexicographical order on f(¢); check that the
corresponding bush is rooted in ¢ at height

a(p) :inf{k >0:Li(t) > 1— inf Vj(f(t))}.
j<p

Thus the corresponding individual in 7 is uy(p) Where n(p) is given by

7 n(p)=p+a(p)
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[note that the first individual of f(¢) is labelled by 0]. Conversely, let us consider
u, that is the nth individual of the left part of # with respect to the lexicographical
order on . Set p(n) = #{k < n:uy ¢ £oo(¢)} that is the number of individuals
coming before u, and not belonging to £, (¢). Then

®) p(n) =inf{p = 0:n(p) = n}
and the desired decomposition follows:

9) H, (1) =n —p(n) + Hp) (f (1)).
Sincen —p(n) =#{0 <k <n:ur € £ ()}, we also get
(10) a(p(n) — 1) <n —p(n) <a(p()).

Observe that if u, ¢ £ (¢), then n — p(n) = a(p(n)). The proofs of these identi-
ties follow from simple counting arguments and they are left to the reader (see
Figure 2). Similar formulas hold for H*®(¢) taking ¢*® instead of ¢ in (7), (8),
(9) and (10).

o 14, 10%
%k

11, 8+

9, 6%
3, 2% \/
, 12
4, 3%
1%
\/ 5, 4x
1, 0% 6

0

FI1G. 2. The left part of a sin-tree t. The individuals which are not on £~o(t) have two labels: the first
one is their row in the lexicographical order on t and the second one (tagged with a star) corresponds
to their row in f(t); individuals of £ (t) have only one label corresponding to their row in t.
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REMARK 2.4. The latter decomposition is particularly useful when we
consider a GWI(u, r)-tree 7: In this case (f(t), f(r®)) is independent of
(L(7), L(t*)), f(7) and f(r°*) are mutually independent and f(t) [resp. f(z®)]is
a forest of i.i.d. GW()-trees if for some k > 2 we have r(k,2) +---+r(k, k) #£0
[resp. r(k,k—1)+---+r(k, 1) # 0]; it is otherwise an empty forest. Moreover, the
process (L(t), L(t*®)) is an N x N-valued random walk whose jump distribution
is given by

P(Lyt1(t) = Ly(t) =m; Lyy1(z*) — Ly(x*) =m ) =r(m+m' + 1,m + 1).

We next define the left contour process of the sin-tree ¢ denoted by C(¢) as
the distance-from-the-root process of a particle starting at the root and moving
clockwise on ¢ viewed as a planar graph embedded in the oriented half-plane with
edges of unit length. We define C*(¢) as the contour process corresponding to the
anticlockwise journey and we can also write C(t*) = C*(¢). More precisely, C(¢)
[resp. C*(¢)] can be recovered from H (¢) [resp. H*(¢)] through (5) that still holds
for sin-trees [note that in that case the sequence (b,; n > 0) is infinite].

It will be sometimes convenient to approximate a sin-tree ¢ by the finite tree
[t)uz () with n large. The formula connecting the contour processes of ¢ and
[#]ux(r) 18 given as follows: Set 0, (1) =#{u € t:u < uy(t)} and 0, (t°) = #u €
t*iu <uy(t®)}). We get o, (t) + 0,(t°) = #[t1ux 1) +n — 1 since the individuals of
[@, u’_,(1)] have been counted twice. Check that

on(t) = sup{k > 0: Hi(t) < n},
(1D
20,(1) —n =sup{s = 0: Cs (1) <n},
with similar formulas for #*. Thus we get

Cs(t) = Cs([t)uzry) if s € [0, 20, (1) — nl,

C3 (1) = Cogitn) o~ D—s ([luzy) i s €10,20,, (1) — n].

(Observe that a similar formula is not available for height processes.)

(12)

2.3. Statement of the main result. For convenience of notation, we set d =
1/2 — ¢ and u = 1/2 + ¢. Recall that 7, € T denotes the random ordered rooted
tree associated with the range of the random walk W¢ in U. First observe that the
process (|W/|; n > 0) giving the distance from the root of the particle performing
the random walk does contain an important part of the information concerning t,.
Moreover, this process is simply distributed as the post-infimum path of a random
walk whose possible jumps are +1 with probability # and —1 with probability d.
Recall that (By; s > 0) stands for the linear Brownian motion and set for any y € R,

Bs(y ) = B; + ys and [, S(y ) = inf, < BL(,y ) Standard arguments imply

;sZO)g(
e—>0

2
el 5,

2).
LS/€2J —Iéo),SZO),
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. . d
where we have set g = inf{s > 0: BS(Q) = Ié?}. Notation (—2 stands for the conver-
gence in distribution in the appropriate space of right-continuous functions with

left limits endowed with Skorohod topology. We also use notation © for the con-
vergence in distribution of all finite-dimensional marginals.

This result turns out to provide the right scaling for t, though the connection
between (|W?|; n > 0) and 7, is nontrivial and the distribution of 7, is not simple;
for instance, we can check that 7, and r; might not have the same distribution.
Take the binary case a = (a, 1 — a, 0,0, ...) for some a € (0, 1). Define the set
ACTbyA={teT:kg(t) =2,k (t) =0, ka(¢) > 0}. Then it follows from sim-
ple arguments discussed in Section 3.1 that

_ du®a(l —a)
P e ) = i da u+ o)’
. du?a(l —a)
P(t? € A) =

u+d(l—a)(u+d*(1—a)’

Thus, except for a = 1/2, P(t; € A) #P(r? € A). Actually, when ¢ goes to zero,
the particle backtracks more and more often causing correlations. However, Theo-
rem 2.1 asserts that the correlations only give rise to a deterministic phenomenon
that is taken into account by the coefficient y = y (a) given by (1).

THEOREM 2.1. Let D and D* be two independent copies of B2 — 212,
Then:

. . @ .
(i) (6Cyye2 (1), £C2 2 (7e))s=0 — (2Dy5. 2D5, )50,

) . @ .
(11) (SHLS/ZSZJ (T&‘)a 8H\_S/282J (TE))SZO :0 (2D)/S’ ZDVS)SZO-

Let us make some comments. (a) The limit of the height and the contour
processes are the same up to the multiplicative time constant 2. This comes from
the fact that vertices are visited once by the height process while the edges are
crossed exactly twice by the contour process.

(b) The definition of y through expectation (1) is only for practical reasons.
We have not found a simpler expression except for the case aj = --- =ap = 1/b,
where b is an integer greater than 1. In that case the X;’s are deterministic and
y=1—-1/b.

(c) The continuum random sin-tree whose 2D(,.) and 2D¢ , are respectively
the left and the right height processes can be defined as follows: To any real s
corresponds a vertex in the tree at height Hy = 1(_s0,0)(5)2D—y 5 + 1{0,00) (s)2D}‘,S.
Let s < s’. The youngest common ancestor of the vertices corresponding to s and s’
is situated at height

m(s,s") =inf{H,;u e I(s,s"))},
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where I (s, s’) is taken as [s, s']if O ¢ [s, s'] and as R \ [s, s’] otherwise. Thus, the
distance between the vertices corresponding to s and s’ is

d(s,s") = Hy + Hy —2m(s, s').

We say that s and s’ are equivalent if they correspond to the same vertex in the tree,
that is, d(s, s”") = 0 that is denoted by s ~ s’. We formally define the continuum
random sin-tree as the quotient set 7 = R/ ~. Then d induces a metric on 7T that
makes it be a (random) Polish space.

We can show that the metric space (T, d) is an R-tree (see [6] for related results).
Due to the Brownian nature of H, all fractal dimensions of 7' are a.s. equal to 2.
A point o € T is called a branching point if the open set T \ {0} has more than
two connected components and it corresponds to times at which H reaches a local
minimum. Since all the local minima of H are distinct, all the branching points are
binary, that is, T \ {0’} has three connected components.

(d) Observe that the limiting tree 7 is symmetric since D and D*® have the
same distribution. A heuristic explanation is the following: arguments discussed in
Section 3.2 imply that an unbalanced set of weights a breaks the symmetry of
only if 7, has branching points of order > 3 which does not happen to the limiting
tree T that is binary.

3. Proof of the main result.

3.1. Combinatorial results. In this section ¢ is fixed and for convenience of
notation we drop the corresponding subscript in the random variables. Thus, we
write W and t instead of W? and t.. As explained in the Introduction, the lin-
ear interpolation of the process (|W,|;n > 0) can be viewed as the left contour
process of a (fictive) GWI-tree denoted by T and whose distribution is given by the
following lemma.

LEMMA 3.1. The linear interpolation of (|Wy|;n > 0) is distributed as the
left contour process of a GWI(ju, r)-tree where (k) = ud®, r(k, k) = uk —1)
andrk,m)=0,1<m <k, k>0.

PROOF. Let(&,;n>1)beiid.suchthatP(¢, =1)=uand P, =—1) =d.
Set Sg=0and S, =& +---+ &, and define T_; as T :=inf{n > 0: S, = —1}
(with the convention inf @ = 00). Since the random walk S = (S,; n > 0) a.s. drifts
to 400, P(T_1 = 00) > 0. By definition of W, (|W,|; n > 0) has the same distrib-
ution as S under P(:|T_; = 00).

Let us denote by (Ti(o); i > 0) the passage times to state 0: TO(O) =0and Tl(f)l =

inf{n > TZ.(O) : §,, = 0}, with the convention inf @ = c0. Set

K=sup{i >0:T” <0} <oc0 as.
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We denote by &1, ..., 8k, Ex+1 the excursions of S away from O defined by

&= (S 0<n<g:=7"-179), 1<i<Kk,

0

and by &k = (ST;((»M;
process is the linear interpolation of (S,; 0 <n <T_; — 1) under P(:|T_; < 00):

n > 0). We first consider the tree T whose contour

CLAIM. Tt isa GW(u)-tree.

PROOF. If L stands for the number of children of the root of 7, then L + 1 is
also the number of times § visits O before 7_1: L = sup{i > 0: Tl.(o) <T_1}. By

applying the Markov property at the stopping times Ti(o) ’s, we show that P(L =
0) = d and that for any [ > 1, conditional on the event {L =[; T_{ < oo}:

(a) &1,...,8 are i.i.d. and they are distributed as & under P(:|61(1) =
1; TI(O) < 00). Moreover, the Markov property at time 1 implies that

b) E(n+1)—1;0<n<T” —2) under P(-|€;(1) = 1; T,* < 00) has the
same distribution as (S,;0 <n <T_; — 1) under P(-|T_; < 00).

Now observe that the contour processes of the subtrees 617, ...,0. T are the
linear interpolations of (§;(n+ 1) — 1;0<n <¢ —2), 1 <i < L. We deduce
from (a) and (b) that 7 satisfies the two conditions of the definition of a GW-tree;
its distribution is then the distribution of L under P(:|7_; < 00), which can be
computed as follows: Observe first that

{L=1;T_1 < o0}
=6 =172 <o0;...; 861 =1; ¥ < 00; &1 (1) = —1}.
Then, by (a):
P(L=1;T_ <o00)=dP(& (1) =1;T” < o0)".
But (b) implies that P(€;(1) = 1; T\* < 00) = uP(T_; < 00). Thus,
P(L=1;T_| <oo)=duP(T_ < o0))"

and by summing over [ we get P(T_| < 00) =d /(1 — uP(T-; < o0)) which im-
plies that P(7_; < oo) =d/u. Finally we get

P(L =1|T_| < 00) = ud* = u(k),

which achieves the proof of the claim. [J

Let us achieve the proof of the lemma: we now consider the tree T whose con-
tour process is the linear interpolation of (|W,[; n > 0). To simplify notation, we
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identify this process to S under P(-|7_; = 00). Then K + 1 is the number of chil-
dren of the ancestor of 7. First, observe that

{K=k; T_1 = o0}
(3) 0 0 0
=6 =172 <o00;...; 61 =1 T < 00; T, = 00},

By applying the Markov property, we then show that conditional on {K = k; T_| =
o0}:

(1) &1,..., 8y are independent;
(2) &, ..., & are distributed as & under P(-|&; (1) = 1; T\ < 00);
(3) &k41 is distributed as & under P(-|Tl(0) = 00).

Now, by applying the Markov property at time 1 we see that

(14) (6,(n+1)—1;2>0) under P(-|T” =o00) "2’ S under P(-|T_; = 00).
Observe that the contour processes of the subtrees 617, ..., 04T are the linear
interpolations of (&;(n+1) —1;0<n <¢ —2),1 <i < K + 1. Deduce from (b),
from the previous claim and from (14) that conditional on {K = k; T_; = oo}, the
subtrees 017, ..., 6xT are k independent GW(1)-trees and that 617 is distributed
as T. It implies that T satisfies the two conditions of the definition of GWI-trees.
Since the infinite subtree is 6;4+17, T is a GWI(u, r)-tree with

rtk+1,m)=0, l<m<k+1,
rtk+1,k+1)=P(K =k|T-1 = 00), k>0,
which can be computed as follows: Deduce from (13) and the Markov property
P(K=k;T_1 =00) =P(& (1) =1; T\ < 00)'P(T¥ = 0).

Now observe that P(T\” = 00) = uP(T_; = 00) and that P(§,(1) = 1; T\” <
o0) =d. Thus P(K = k|T_1 = o0) = u(k), k > 0, which achieves the proof of the
lemma. [

Observe that T is completely asymmetric, that is, it has no vertices at the right
hand of its infinite line of descent. Note also that its immigration distribution v is
equal to u. In what follows, we explain how to recover the full range {W,;; n > 0}
from T. To that end we need to label T by random marks in N* as explained in
the Introduction. Let us introduce some notation: the set T = (¢; (m,, u €t)) is an
N*-marked tree T if t € T and if m,, € N*, u € ¢t. The m,,’s are the marks of 7. The
set of N*-marked trees is denoted by T+. We define the track of T as the mapping
Trr :t — U defined as follows: Let u € ¢; if we denote by up =9 u; < ---
u, = u the ancestors of u, then we define Trr(u) as the word m,,, ...m,, €U,
with the convention Tr7 (&) = & (observe that m g plays no role in the definition
of TI‘T).
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Similarly we define marked forests as sets of the form F = (f; (m,,u € f))
where f € IF and m,, € N*. The set of marked forests is denoted by Fn+. We define
the track Trr of F exactly as we have defined the track of marked trees and we set
forany u € F

Ou(F) = (gu(f); (muv, RS Qu(f))) and [F], = ([f]u, (my,ve [f]u))

Since the linear interpolation of the process (|W,|; n > 0) is the distance-from-
the-root process of a (fictive) particle exploring continuously T at unit speed from
left to right T, we can associate with each vertex u € T\ {<} a unique time n(u) € N
such that the (fictive) particle climbs the edge (%, u) between times n(u) and
n(u) + 1. Since [Wy+1|1 =1 + |Wy |, we can find 7, € N* such that the word
Wiuy+1 1s written W, i, € U. We then define the random marked tree T as

J:: (?7 (ﬁuv ue ?))7
where the mark of the root 7t is taken independent of W and distributed on N* in

gzcordance with the set of weights a: P(t; =i) = a;, i € N*. The distribution of
T is described by an elementary lemma whose proof is left to the reader.

LEMMA 3.2. Conditional on T, the marks (jx,,u € T) are independent and
distributed in accordance with a. Moreover,

(15) Trz(T) = {Wu;n = 0}.

As already explained in the Introduction, to take the track of T is a procedure
that can be broken up in two distinct subprocedures: The first one “shuffles” T by
putting its edges in a certain random order. The second one “shrinks” T by iden-
tifying some successive edges with respect to the new random order. Let us first
specify what we mean by shuffling: Let t € T; we say that p = (p,, u € t) is a per-
mutation of ¢ if each p, is a permutation of the (possibly empty) set {1, ..., k,(¢)}.
Let u € t be the word c; ...c,. We denote by uy =cy ...cy the kth ancestor of u.
We define the word u? by p,(c1) ... pu, ,(cn) € Uif u # & and by & otherwise.
We set t? = {u?; u € t}. Now, pick uniformly at random a permutation 7 of ¢
among the [], ¢, k, (t)! possible ones. We define the shuffling of t as the random
tree Sh(z) :=1".

REMARK 3.1.  Shuffling a GW-tree does not change its distribution. It is also
easy to check that Sh(7) is a GWI(, r')-tree with r’ given by ' (k, j) = ud*~'/k,
l<j<k.

We would like to shuffle an N*-marked tree T = (¢; (m,, € t)) in accor-
dance with the order of its marks in N*: for any permutation p of ¢, set 77 =
(t?; (myr,u €t)) and observe that

(16) Trry (t7) = Trr(2).
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Let n(T) = (my, u € t) be a random permutation of ¢ such that the m,,’s are mutu-
ally independent and r,, is picked uniformly at random among the permutations o
of {1,..., k,(¢)} satisfying

Myg(l) =Myg2) =" = Myo(k, (1))
We define the shuffling of T as Sh(T) := T7T). By definition the mapping
Trenery : 1™ () s U is increasing with respect to the lexicographical order:
(17) Vu,vet™  u<v = Trenr)(u) < Trsnr)(v).

Observe that if any brothers in 7 have distinct marks, then 7 (7) is deterministic.
Thus, ™) has clearly not the same distribution as Sh(z). However, when the
marks m,, u € t, are i.i.d. random variables, we can easily check that ™ ) jg
distributed as Sh(z). Thus, if we set

T =Sh(T) := (%; (Hu.u € 7)),
then we deduce from the previous observation that

~ (law)

(18) Trz(7) = {Wy;n > 0}, 7 ="Sh(7),
and that
(19) Yu,vet us<v = Trzu)<Trz).

So, we first obtain T by shuffling the GWI-tree T and then by identifying the
edges of the resulting marked tree that have the same random marks. We now
give estimates in Propositions 3.3 and 3.4 on how much this edge identifica-
tion does shrink 7. Let us introduce some notation: with any marked forest
F = (f; (m,,u € f)) we associate a collection (Z,(F); v € U) of integers defined
by
Zy(Fy=#ue f:Trr(u) =v}.

Some key estimates in the proof of Theorem 2.1 rely on a precise computation
of the law of the Z,(F)’s when F is distributed as a GW-forest or a GWI-forest.
From now until the end of the paper all the GW or GWI-forests that we consider

share the same offspring distribution (k) = ud*, k > 0. We set for any i € N* and
for any x € [0, 1]

fx):= Zudkxk = I—L

and fi(x):=f(1 —a; +aix).
(=0 dx
For any v=m ...m, € U we also define

foi=fmo-0fn, and ay:=ay, ...am,,

with fg =1d and ag = 1. We adopt the following convention: to simplify notation,
we do not distinguish constants in inequalities and we denote them in a generic
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way by a symbol K, g . meaning that we bound by a positive constant that only

depends on parameters «, 3, ..., and so on.
We first describe the law of (Z,(F); v € U) with ¥ = (¢; (Uy, u € ¢)), where
¢ =(t1,...,77) is a forest of [ i.i.d. GW(u)-trees and where conditional on ¢ the

marks (u,, u € @) are taken mutually independent and distributed in accordance
with a.
PROPOSITION 3.3.
(i) Forany v,w € U,
E[x? )| Z,(F)] = fu )T
(i) Moreover forany v=m...m, € U,

X

= h =9 = T B

with 1/B(v) = a,(d/u)"

and

u 1 u\2
A(v):1+——+(—)

1 N +<u)"_1 1
dap, d) am am, d aml...amnil'

(iii) For any positive integer p,
P

E[Z Zv(f“')l’] <Ka, T—d/u’

velU

PROOF.  We first show (i) whose proof reduces to the “/ = 1 case by an imme-
diate independence argument. Let us take ¥ = 77 = (t1; (uy, u € 71)) and v € U.
Consider the set &£, of the vertices u € t; satisfying Trg; (1) = v. We denote by
up <---<ugz, ) the elements of /£, listed in the lexicographical order. As a con-
sequence of Remark 2.1, we see that conditional on £, the marked trees (6,, (77),
1 <i <Z,(71)) are i.i.d. marked trees distributed as 77. Observe next that for any
welU

Zy(T1)
Zyw(T1) = #u € 0y, (T1) : Trg, (77) () = w}.
1

&

i

So we get
E[xzuw(Tl) |Zv((fl)] — E[xZw(Tl)]Zv(Tl).

Then it remains to prove E[xZv(TD] = fuw(x), which follows from iterating the
previous identity and from the easy observation E[x Zi(M] = fix),i>1.
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The proof of (ii) is a simple recurrence. Let us prove (iii): For any positive
integer p and any v =m ...m, € U, we deduce from (ii) the following inequality:

1 [A@)\?™!
(p)
0 (D=r B(v)(B(v))
[v]
@1 sp!av(g) (1—ap)'?,

where we have set a; = max;>1a; < 1. For any integer i we denote by (x); the
factorial polynomial x(x — 1) ... (x —i + 1) [with the convention: (x)g = 1]. Check
recursively that for any [, p > 1 and any & € C*° (R, R),

arn’ _ ¢ - )
(22) T = ZU) () Qj (' (x), ..., B P (x)),
where the Q; ,’s are j —homogeneous polynomials with N-valued coefficients that
only depend on j and p. Deduce from (21) that for any v € U,

E[(Zy(¥)),]
dP f!
=—2(

or D

p
(24) =>"0;Qjp(fy(D). ..., £P(1))

j=1

P PN
(25) Z z>,af< ) Qip 2 —an o p —a) ')

a\
(26) 5Ka,pzl’av<—> .
u
Then, by an easy argument,
P ANLL
@7) EIZ,(F)") = Kal'a, ()
u
which implies (iii) by the following observation:
d\"! d\" 1
(28) Zav<—) :Z(—) > my o am, = :
velU u n>0 u mi,...,mp>1 - d/u O

We need similar results for GWI-forests. Let » be some fixed repartition proba-
bility measure. We denote by v the corresponding immigration distribution given
by vk —1)= Zlgjgk r(k, j), k> 1.For any x € [0, 1] and any i € N* we write

g(x) =Y v(k)x* and g(x):=g(l —a; +ax).
k>0
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Let £o = (¢o; (1y, u € ¢p)) be a random marked GWI-forest whose distribution is
characterized as follows: ¢o = (79, 71, ..., 77), the 7;’s are mutually independent,
T1,..., 7 are i.i.d. GW(u)-trees, 79 is a GWI(u, r)-tree and conditional on ¢q
the marks u, are i.i.d. random variables distributed in accordance with a. For
convenience of notation, we set

uy=u,(po) and v, =Trg(u)), n>0.

We also set Sp = {v;;i,i € N*\ {u,x}, n > 0} and we define 4 as the o-field gen-
erated by the random variables (1,x; n > 0) and (Zy,(¥0); w € Sp).

PROPOSITION 3.4.

(i) Conditional on 4, the collection of the U-indexed processes ((Zyy(F0);
v € U); w € Sp) are mutually independent. Moreover, for any w € Sp, the process
(Zywy(Fo); v € U) only depends on 8 through Z.,(¥o). More precisely,

(Zwo(F);v€U)  under P(-|w eSp; Zo(Fo) =1) "L (Z,(F); v e V)
where ¥ = (¢; (Uy, u € ), where ¢ is a sequence of [ i.i.d. GW(u)-trees and
where conditional on ¢ the marks (., u € ¢) are i.i.d. distributed in accordance
with a.

@ii) Forany p>1,anyn >0,

E[Z,:(F0)"] < Ka p(l +1)? max g (1)?,
. 0<j=<p

and for any i € N¥,
E[Zy;i (F0)"] < Ka,pai(L + 1)P max ¢ (1)?,
n 4 OSjSp

with the convention g© = g.
(iii)) Forany p > 1 and any n > 0,
E| 3 Zu(Fol)” | < Kap— 1 (4 1P max g9 (1.
o " — TP —d/u 0<j<p

PROOF. Set for any w € Sp, £y, = {u € ¢o: Trg,(u) = w}. Then by defini-
tion, Z,,(Fy) = #L,,. Check that

Yu#u e U Ly u,u' ¢ Loo(@o) and unu' & {u,u’}.
weSp

These two observations combined with Remark 2.1 imply that conditional on 4§
the marked trees 8, (Fp), u € Uwesp Ly are i.i.d. marked GW(u)-trees with in-
dependent marks distributed in accordance with a. This implies (i) thanks to the
following equality valid for any w € Sp and any v € U:

Zuwo(Fo)= Y #{u' € 0,(F0): Trg, (7)) = v}.

ULy,
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Let us prove (ii): Suppose that the word u;: is written /1 ... [, € U for some nonneg-
ative integers [y, ..., [,. Consider u € ¢g such that Trg, (u) = v;;. There are three
cases:

() If lu Aujl =n, then u =u;j,.

(ii) If |u Auj| = —1, then u A uj, is the fictive root (—1, @). Thus, the ancestor
I of the sin-tree tp is not an ancestor of u. It implies

l
#ucqo:lunul]l=—1and Tre,(u) = v} Z 1 (02, (F0)).

(iii) If u Auj =uf with 0 <k <n, we can find some j € {1,..., ku;(fﬂO)} with
J # li+1 and some u’ € U such that
u=ugju, Houj = Hui Treuij(%)(”/) =Wy,
where w;, ; € U stands for the word Mk, -+ - Hu € U, with the convention
_ +
w, =J.
Now, set forany 0 <k < n,
Exi={je{l,... kg (@0)}:j # k1 and pypj = pyr |}
The combination of the three preceding cases implies that

l
Zy:(Fo) =14 Y Zy: (05, (F0))
j=1

+Z Z #{u' €0, #j (o) Treu*/(fo)(”)—wk—i-l}
k=0 j€E+1

Set kx =#Ey, 1 <k <n, ko =1and w; = v;. Then, by (i) we get

n—1

Z x(F¢
@9 B[P (e ey, o] = 7o () k]"[o Fup,, ()

(30) =r [ fur (™.
k=0

It also follows from the previous observations that 1, ..., k, are mutually inde-
pendent with the same distribution specified by

(€29) E[x“'] =E[gy, ; W)= aigax).
ieN*
From Proposition 3.3(ii) we get a.s.

A(wp) )

1 =1 1—
Jup(d+2) +B( )( B(w))
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and since
A (w,’:)
B(wj

|wk‘ d |
( a+> ++-ap=(l—-ay),
u u

fw;:(l + z) has a.s. a power series expansion with a radius of convergence greater
than 1 — a4 > 0. Then, for any |z| < 1 — a4 we can write

1 dP f
for+ 2% =143 DPzP  with D = — ;’k ().
p=1 p! dz
Deduce from (26)
1 A1 PN
p

(32) 0 (1) = Kparf awz(;>
(33) < Kpakla' k.
Then observe that

wa (1+Z)K"—1+ZDPZP lz| <1 —ay,

p=1
where
D)= Z Z 1_[ Dtgl/?'

P0,...n} Yhep gr=p kP
qr=1

Set Dy = 1 and deduce from (30)

(34) E[(Zy; (F0)) | (K&, tuz)o<r<n] = PUDp + Dp—1).
Use (33) and the independence of the «;’s to get
E[D)l< ) Y. I KoaBltlai ™

P{0,...n} Y jcp q=p keP
qk=1

P C{0,...,ntand Y jcpgr =p withgy > 1, ke P, then#P <pand gy < p
for any k € #. Thus,

[] Elx*1 <+ DPA VE[]D?

keP

since k1, ..., k, are identically distributed and x¢ = [. Deduce from (31)
1VE[] < Ka pmax(1, g'(1), ..., g (1)).

Thus,

(35) E[D,] < Kap(+ Dpol;lf;‘pg(j)(l)p
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since

—k —
> Y et ska-an™
PA0,....n} Yhep qp=p kP
qr=>1

Then by (34) and an easy argument
(36) E[Zy:(F0)P] < Ka,p(l + 1P max g (1)?.
" 0<j=<p

To achieve the proof of (ii), we set £L£yx = {u € go \ {u,} : Trg, (u) = v, }. Recall
that any u € &£+ has offspring distribution w and that uj has offspring distribu-
tion v. Since Zyx = 1 + #L,x, we get for any i € N*,

Ly = Z w1

E[x ™| Loy, ]=x et " fin % g ).

Thus,
E[x%|Zy =k + 1] = (1 — a; + a;x) fi (x)* g; (x).
By differentiating p times at x = 1 we get

dpfl'kgi dpflfikgi
dxr PTG

E[(Zv:i)p|zv;‘,‘:k+1]: (D).

Now observe that for any g > 0, gi(q)(l) = al.qg@(l) and
di ff
dx4

by a simple computation. Thus,

() = (aid/w) (k+q — 1)q,

dr f gl P p! P4 (p )
= _ 1 diwik+qg—1
0= (Dard /) (k+g — 1)

< Kpal (k+ p), max g (1).
l<j=p

Consequently,

- * P(7 «— )

E[(Zy;,),120;] < Kpa (Zyg = 1+ p), max ¢/(1).
Since p > 1 and by (36) we get
. . p G (1yp
E[(va,)p] <Kpai(l+1) lléljafxpg (1)

this easily implies the second inequality of Proposition 3.4(ii).
We now prove (iii): First observe that the decomposition

> Zy([Folu)’ =e1+er+es
velU
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holds with

€1 = Zwv([}vO]u*)p,
> :

weSp vel
lw|=<n

2= Zy(Fola)"

0<k<n

€3 = Z Zv;{v([?b]uﬁ)p-

velU

Note for any v € U and for any w € Sp such that |w| < n that Zy([Foluz) =
Zwy(F0). Then by Proposition 3.3(i) and Proposition 3.4(iii)

Zy(Fo)?
Ele||$] < Kap Z lw—d
weSp - /u

|lw|<n

(37) )
< Kap(l—d/w)™" )" 3" Zyi(Fo)P.

k=0ieN*
We then deduce from the second inequality of Proposition 3.4(ii)

n+1
1—d/u’

(38) Ele1] < Ka p( +1)" max gy
<J=<p

Observe next that Zv,’g([?O]u;) = ZU;; (%0). Then by the first inequality of (ii), we
get

(39) Eles] < Ka pn(l + l)pomax g (P,
=<J=p

To bound El[es], note that conditional on Zu:([Foly,x) = [, the process
(Zyro([Foluz); v € U) is distributed as (Z,(F); v € U) where F = (¢; (u,u €
¢)), where ¢ is a sequence of / independent GW(u)-trees and where conditional
on ¢ the marks (u,, u € @) are i.i.d. random variables distributed in accordance
with a. Thus, by Proposition 3.3:

Zv;;([?O]uj;)p
1—d/u
Now observe that Zyx (F0) = Zyx ([Folu:) and use (36) to get

E[e3]| Zy: ([Foluz)] < Ka,p

I+ 1P
l—d/u’

Then, (iv) follows by adding (38), (39) and (40). O

(40) Eles] < Kap, max g ()P
0<j<p
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3.2. Proof of Theorem 2.1. Let us first explain why Theorem 2.1 reduces
to a convergence for finite trees: we restore ¢ in the random variables Te =
(Te; (y,u €Te)) and T = Sh(7.) = (T:; (jiy, u € T)). For any positive real
number x we set x, = |x/e] and we define Zx ¢ =sup{n > 0:|W;| < x.}. As
explained in the Introduction, we associate a unique finite ordered rooted tree 7/
with the subtree {W?;0 <n < {x ¢} C U. Observe that in general 7} # [ra]u* ()

however, 7} and 7, coincide up to level x,:

(41) [t 1x, = [Telx,

The following proposition asserts that the convergence of 7, is equivalent to the
convergence of the 7}’s for all x > 0. For convenience of notation, we set ¢, =
2e%#t} and

Hy(x, &) = eljo.¢, ) () H 502 (r7) and Cs(x,e)= 81[0,978—252](5)6";/52(T§)~
We also define the limiting process by

Ds(X) = l[O,Gx](S)Ds + l[Ux:OO) (S)D(.§

x—8)+’

where ¢y = o + o with oy (resp. o) =sup{s > 0: Dy (resp.DJ) < x}.

PROPOSITION 3.5. Theorem 2.1 is implied by either of the following equiva-
lent convergences:

() Vx>0 C(x, g) (20;";), > 0),

(i) Vx>0 H(x,e) ~2% 2D%); s > 0).
e—0

PROOF. The proof of (ii) = (i) can be copied from the proof of Theo-
rem 2.4.1 of [5]. It relies on formula (5) that makes the contour process of a fi-
nite ordered rooted tree an explicit functional of the corresponding height process.
Since (5) also holds for contour processes of sin-trees, similar arguments work
to show that Theorem 2.1(ii) implies Theorem 2.1(i). Let us prove that Proposi-
tion 3.5(i) implies Proposition 3.5(ii): Recall from (5) that

Hy (1)) = Con—p,(z3)(T7).
So, if we denote by S(e) the maximal height of 7} we get
sup |Hy(z;) — Con(7,)] < o max |Cn (7)) — Cr (7)1,

n<#ry n—n'|<S(e
which implies after scaling

sup |Hy(x,e) —Cs(x,8)| < max [Cs(x,e) — Cy(x,é€)l.

§<Cx.e |S—S/|§825(8)

Proposition 3.5(i) implies that £S(g) converges in distribution to the supremum of
D™ that is a.s. finite. Thus, the right member of the latter inequality converges
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to zero in probability and Proposition 3.5(ii) follows. A similar argument shows
that Theorem 2.1(i) implies Theorem 2.1(ii). Now, the proof will be achieved if
we show that Proposition 3.5(ii) implies Theorem 2.1(ii): Assume that Proposi-
tion 3.5(ii) is true and deduce from (41) that

(42) (eH|sne, . 202) (o) EH o /zsﬂ(fs))oo (2DV<W~> 2D3 (s nes))sz0-

where e, . = inf{n > 0: H,(t}) > x.} and e, = inf{s > 0: Dy > x} with similar
definitions for e} , and e}. Observe that Proposition 3.5(ii) implies for any x > 0
that (e, ¢, e)'w) converges in distribution to (ey, e}). Since e, and e} a.s. go to
infinity with x, we then get for any M > 0,

xl_i)rr(;olimsupP(ex’,s <M; e)'w <M)=0

e—0

which implies Theorem 2.1(ii) by (42) and by standard arguments. [
We define 7} = [?g]u;s ) and T} = ['fg]uis (z.) and we also set
T =T elur, w0 = (T2 Wy u € 7)),
T =1T0us, ey = (B (u,u € 7)),
By definition, #7} = #7, = Ex, ¢. Deduce from (18) and (19)

~x (law)

(43) Trz (35) = (W0 <n <0y, Sh(T})
and
(44) Yu,vet; u<v == Trz @) <Trz ().

By Proposition 3.5, Theorem 2.1 reduces to prove that for any x > 0:

(45) H(x,e) —> (2D;’g>, 5 >0).

The first step of the proof of (45) is a limit theorem for 7}: let us set for any
s € [0, 00)

ﬁs (X, 8) = 81[0,282#@")(‘9)[_]\}/28% (%I;C)v

6_; (x, 8) = 81[0,282(#%2‘—1)] (S)Cs/€2 (%ZC)

LEMMA 3.6.

(i) Vx>0 Cx, e)ﬂ(zb(“ >0),

(i) Vx>0 H(x, £) —> (2D§x); s >0).
e—0
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PROOF. Deduce from (9)

(46) Hy (Te) =n — pe(n) + Hp, (n)(f (Te)), n=0.

Recall that f(7,) stands for the forest composed by the bushes rooted at the left
hand of the infinite line of descent of 7, and that p,(n) is given by p.(rn) = inf{p >
0:n.(p) = n} where

n.(p) = p +intk = 0:Lu(®) > — inf W,(£ ()

with L, (%) = (1(T) = D) + -+ + (l,(F.) — 1), n > 1, and Lo(Z.) = 0. By Re-
mark 3.1, T, is a GWI(u, r')-tree with r/(k,[) = ud*"'/k, 1 <1 < k. Thus by
Remark 2.4:

(a) the two forests (f(T;), f(77)) are independent of (L(7;), L(T}));

(b) f(7e) and f(77) are two mutually independent sequences of i.i.d.
GW(u)-trees;

() (L(T¢), L(z?)) is an N x N-valued random walk whose jump distribution is
given by

~ ~ . ~e 1 I+
P(Ln+1(fs) —L,(Te) =1; Ln+1(Tg) - Ln( ) =1 ) mud .
Check first that E[L, (T.)] = E[L,(T?)] = nd/2u, which implies

(47) (SLs/e(?s)»gLs/s( ))3>0 (5/2 5/2)5>0-

Next, we need to prove the joint convergence of (¢ H 5,2 (Te), €V, 1262 (f (Te))):
We know from Remark 2.2 that (V,(f(%;)); p > 0) is a random walk with jump
distribution given by p(k) = ud**!, k > —1. An elementary computation implies
for any A € R that

. - s
Elexp(ireV s 202 (f (Te))] = exp(—T — 2Z)LS) +o(1)
and by standard arguments
~ d (-2
(48) (eVisj2e2) (f (@) o — BT

(see, e.g., Theorem 2.7 of [19]). We then use Theorem 2.3.1 of [5] that asserts that
under (48) the joint convergence

(d _ _ _
(49)  (eHyy o2 (f (Bo)), Vi ppea) (f (Be))) g —3 (BT = 1079), BE?)
holds provided that for any é > O,
(50) tim inf( fis/ o) >0
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(recall that f;, is recursively defined by f;,, = f,—1 o f). Check that

y L= @/d" = x( = /)"
o) =377 (u/d)y™+1 —x(1 — (u/d)")’

Then,

4
: [1/e] _ _
Elg)r(l)(fl_(S/é‘J (O)) = CXp( e _ ) >0

and (49) follows from (50). Recall notation o from Section 2.2 and observe that

ea(Ls/282J) = inf{s/ >0:eLy/e)(Te) >— inf eVLr/zszJ(f('fg))}.

r<ls/2e?
Deduce from (7) that
2e%n, (|s/2¢%]) = 26% 5 /262 ] + 26%a (|5 /262 )).
Then by (47) and (49)
(see(ls/262))) - —21< 2 and  (2¢n.(s/2¢])s = 0) D(sis > 0).

Thus, (282p8(Ls /2e]); s = 0) —>(s; s > 0) and (10) combined with the conver-
gence of p, and (46) imply

(8HLs/2e2J (Te))po (23( ? 41572))»0 =2D.

The joint convergence (47) combined with the independence of f(7;) and f(T;)
also implies
~ @
(8H|_‘/282J (Tg),sHL,/ZSZJ( ))S>0 —> (2D 2D )

Use (5) and arguments similar to those used in the proof of Theorem 2.4.1 of [5]
to get

(51) (eCyje2 (), €22 () g~ 2D, 2D%).

Set 6y = sup{s > 0: Cs(T;) < x.} and define & O'xv . in a similar way. Recall no-

tation oy, o) and DY introduced before Proposition 3.5 and deduce from (51)
that

~ ~ (d)
(Gx,a, 0';,8) —> (0y, O'x.)
e—0

It easily implies Lemma 3.6(i) by (12). Then, argue exactly as in the proof of
Proposition 3.5 to deduce Lemma 3.6(ii) from Lemma 3.6(i). [

We now have to prove Proposition 3.5(ii). In one part of the proof we adapt Al-
dous’ approach (Theorem 20 of [3]) and we get estimates for the tree 7} reduced
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at certain random times. The main technical difficulty is Lemma 3.7 that asserts
that these random times are asymptotically uniformly distributed. Let us first de-
fine these random times: Let (U;; i > 1) be a sequence of i.i.d. random variables
independent of W¢ and uniformly distributed on (0,1). Letup =9 <uj <--- <
uyzx— be the vertices of 7} listed in the lexicographical order. We set

Ui(x,e) =u|y#zx) and Vi(x,e) = Trix (U;i(x,¢e)) eU.

Then Vi(x,e) e {(W;;0<n < Ex, ¢} and the row of the corresponding vertex in ;'
is given by

Vilx,e)= Z Lz, 550
velU
v<V;(x,e)

The key argument is the following lemma that is proved in the next section.

LEMMA 3.7. Foranyi > 1, the following convergence holds in probability:

2 (17 1 ~x
e\ Vilx,e) — =Ui#t, | — 0.
14

e—>0

From now until the end of the section we assume that Lemma 3.7 is true and we
prove Proposition 3.5(ii): Fix x > 0 and set for any § > 0:

o(H (x,¢),8) = sup{|Hs(x,&) — Hy(x,&)[; |s — s'| <8}

We first prove tightness for H(x,¢), € > 0: By a standard criterion (see, e.g.,
Corollary 3.7.4 of [7]) we only need to prove

(T1) lim 1imian<sup H;(x,¢) < M) =1
M—oco e—0 5>0

and for any n > 0,

(T2) lim limsup P(w(H (x, €),8) > n) =0.

=0 -0

PROOF OF (T1). Note that the mapping Tr preserves height. So, we get

sup H(x, &) =esup{Trac(u):u €Ty} = sup  eH ()
>0 € 0<s<2e2#7X

which is a tight family of random variables by Lemma 3.6. [

PROOF OF (T2). Let k be a positive integer and let p be a permutation of
{1,...,k} such that Vj,(1)(x, &) <--- < Vp)(x, &) in U. It implies

Vo) (x,8) <V pay(x,e) <+ <V pp(x,8) <V pgan(x, €)
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where we set 0 = Vp(o) (x,¢e) and #1} = Vp(k+1)(x, €). We first need to get an
upper bound for the quantities ¢; defined for any 0 <i < k by

gi = sup{|H, (t}) — va(i)(xyg)(f,f)!; Vo (x,8) <n <V papn(x, o)}

Observe that g; can be rewritten

gi = sup{|lv] — [Vpi) (x, &) v € Trz (7))

(52)
and Vp(,-)(x, g<v< Vp(i+1)(x, 8)}
Set
wO(k, X, 8) = Oréllakaq” wl(k’ X, 8) = OI;IIaSXkHVp(i—i_I)(x, 8)| - |Vp(i)(xa 8)”
and

Ak,x,e)= max_ d(v,{&, Vi(x,e),..., Vi(x,e)}).

veTrzy ()
Equation (52) easily implies
(53) wo(k, x, &) <wi(k,x, &)+ Ak, x, ¢).
Since Tr preserves height, we get for any i > 1,
|Vi(x, &) = Ui(x, &)| = Hjyuex | (T7).
Then by Lemma 3.6 we get the following convergence in distribution:

(x) I 8 162)
ewi(k,x.8) > max 1Du,e ~ Pt

where 0 = U@y < Uy <+ < Ux) < Up+1) = 1 denotes the increasing re-
ordering of {0, 1, Uy, ..., Ug}. Thus,
(54) V>0 lim limsupP(ew;(k, x, &) > n) =0.

k=00 50

We next want to prove

(55) V>0 lim limsupP(¢A(k, x, &) > n) =0.

k=00 ¢ 0

To that end, observe that for any u,u’ € 77, d(Trfgx (u), Trﬁx W) <d(u,u).
Then if we set '

A'(k,x,e) =maxd(u; {&, Ui (x, ), ..., Uk(x, &)}),
UET)
we get
(56) Ak, x,e) < A'(k,x,¢)

and we control A’(k, x, €) thanks to Lemma 3.6 (the following argument is directly
inspired from the proof of Theorem 20 of [3]): With any [ € {0, ..., #T} — 1} we
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associate the index i(/) € {0, ...,k + 1} such that U, is the smallest element
ye{0,1, Uy, ..., U} such that | < | y#T, |. Check that
A/(k, Xx,&) < max (H[(?g) + Hl_‘ui(z)#?fj (‘T,";C) -2 Hj (‘?g))
O0<l<#ty

Lemma 3.6 implies that the right member of the previous inequality converges in
distribution to

~inf
I<j=<U;n#7¥]

57 DX p® 2 inf D(x)),
o7 ossggx( o Pk Sirinﬂmsﬂx '

where we denote by U;(5)¢x the smallest element y € {{y, U1y, ..., Urly} such
that s < y (recall that ¢, stands for the lifetime of the process D™ as defined
before Proposition 3.5). We easily check that (57) converges to 0 in probability
when k goes to infinity since

su Uis) —5) < max U1 — Ui — 0
OSSECX(CX i) —8) < max Ug41) — Uy >

in probability. Thus, it implies (55) by (56). Finally, as a consequence of (53), (54)
and (55) we get

(58) V>0 lim limsupP(swo(k, x, &) > n) =0.

k=00 50

Then, check that on the event
E(k,x,e,8) =1 min ¢2(V ,; ,8) — Vi (x, 8
(k,x,¢,8) {Jé‘f&g (Vpa+n(x,8) = Vpay(x, 8)) > }

the following inequality holds a.s.:
(59) w(H(x,¢€),8) <3wy(k, x, &).
Use Lemma 3.7 to get
Olélii;lkez(vp(i)(x, &) = Vpit+1(x,8)) " 2% O?iigk(u(ﬂrl) - Ug)
in distribution. Thus,
Vk>1 (Slgr%)lig)i(l)qu(E(k,x, g,8))=1.

Easy arguments combined with (58) and (59) achieve the proof of (T2) and at the
same time the tightness for H (x, ), & > 0. U

It remains to prove that (2D](f§); s > 0) is the only possible weak limit for the
processes H(x, ¢), € > 0. Tightness for the H (x, €)’s, € > 0, and Lemma 3.6 im-
ply that the joint distributions of (H (x, &), 282#?5‘ ), &€ > 0, are tight. Assume that
along a subsequence &, — 0 the joint convergence

2~ (d)
(H(x,ep), 28p#r§p)p:)>O(H/’ ')
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holds for some continuous process H' and some positive random variable ¢’.
Lemma 3.7 implies

(H(x,ep); 28?,#?;;; 282?1 (X, 8p)s .-, 28[2,Vk(x, €p))

d)
—(H Wil fy, .. Wl ),
=0

where the U;’s are chosen independent of (H’, ¢’). Since Tr preserves height, we
get forany i > 1

Hy, () (@) = Vilx, ep)| = [Ui(x, £p)| = Hiyer | (T2)-
Then Lemmas 3.6 and 3.7 imply for any & > 1
(HZaf,Vl(x,sl,)(x’ 817)’ tee HZSIZ,Vk(x,ep)(x’ 817);

2812,#%2;; 28%V1 (X,€p)s ey Zsf,vk(x, €p))

— (2D, ... 2D e Unte /v, Uil y)

e—0

in distribution. Consequently,
(Haygyrpys s Hygprpys §5 Wig fys oo, Uit /)

(law)
= (ZD%I)Q,...,ZD%Z{X; Cos Wil /Yoo vy Uila /).

It implies (H,; s > 0) daw )(ZD)(/?; s > 0), which achieves the proof of (45).

3.3. Proof of Lemma 3.7. We introduce the notation

Uix,e)= Y. Zy(T5
velU
v<V;(x,e)

and we first prove the following convergence in probability:

(60) e2(Ui(x, &) — U #TY) —0.
E—>

PROOF. Deduce from (44):
{uet! Trg(u) < Vitx,e)) Clu e} iu <Ui(x,¢))
cluet} tTrae(u) < Vi(x, &)}
which implies

(61) 0<U;(x,&) — LUHTY ] < Zvi(r.e)(T5).
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Then observe that for any v € U,

=0 Zo(TH)
P(Vi(x,e) =v|T") = ——.
¢ #TX

Thus, (61) and the Cauchy—Schwarz inequality imply

— " 1 Sxy2
E[|Ui(x,e) — U#T; 1 <1 +E[#?x > Zu(T) }

& velU
1 N 1/2 ~ 1/2
< 1+E[WZZU((J\;‘X)2} E|:Z Zv((fgx)zi| .
€ velU velU
Since #75 = Y, ey Zu(T5), we get Y ey Zo(T5)? < (#72)? and
1/2
(62) E[[U;(x, &) — U#T ] <1 +E[Z Zv(ix)2:| -
vel

Remark 3.1 and (43) imply that 7, is a GWI-tree with immigration distribution
v = i, so that

u

8 =)= T
Then, by Proposition 3.4(iii),

P Kax, _ Kax
E[gjzvug ) } S i (1+o(D).

) d\/
and gm(l):j!(;), i>1

Thus,
E[£?|U;(x, &) — WH#T|] < Kare(1 +0(1))
and (60) follows. [

Then, Lemma 3.7 is a consequence of the convergence in probability:

2(v7 1—
(63) € <V,'(x,8) — —U,~(x,s))—>0.
)4 e—0

PROOF OF (63). We need several preliminary estimates (Lemmas 3.8 and 3.9)
whose proofs rely on Propositions 3.3 and 3.4. We first consider a random marked
GW-forest with [ elements ¥, = (@.; (1y, U € ¢;)) as defined in Proposition 3.3:
Recall that ¢, = (71, ..., 77) is a forest of [ i.i.d. GW(u)-trees and that the marks
(ty, u € @) are i.i.d. conditional on ¢, their conditional distribution being given
by a. Set 71 ¢ = (71; (1y, # € 1)) and define

E[>-eu liz,0>01]
1/)/5 = Iead .
E[>cu Zo(T16)]
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We also set

B(Fe) =Y Zy(Fe) — Veliz,(5)>0}-
vel O

LEMMA 3.8. (1) limg—qy: =y,
(i) forany 1> 1,0 <E[B(F)] < Kal (1 — 1),
(iii) E[B(F:)?] < Kaﬁ and thus E[|B(F:)|] < Kal*(1 — d Ju)~"/2.

PROOF. Let us prove (i): First observe that

Soeu = £u(0)
1y, = el — Jotd
Ve =5 R

Then, Proposition 3.3 implies that for any v =my...m, € U

1
Y i = ay@d/w =

velU velU 1- d/u

and also

[v] n n—1 —1
0= £) (2 e+ (4 o]
u u u

Thus, we get
d d G\ —1
1/y8=E|:<1 +X1;+---+X1X2---Xg(;> ) i|,
where we recall that the sequence of random variables (X,; n > 0) is distributed
as specified after formula (1), and where G stands for an independent random

variable whose distribution is given by P(G =n) = (1 —d/u)(d/u)", n > 0. Since
lim;_,od/u =1, an elementary argument implies

lim 1/ye =E[(1+ X1 + X1 X + X1 X2 X3 + - ) =1/y.
e—>
Let us prove (ii): Deduce from Proposition 3.3 that

(64) E[B(F)] =Y If;(1) = ye(1 = £, (0)').
vel
The definition of y, implies
LY ) =ve(l= fuo(@) = D 1f;(1) = lye(1 = £u(0)) =0.
vel vel
We then subtract this expression from (64) and we get

E[B(F)l=ve Y fo(O) —1+1(1 = £,(0)).

velU
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Then, use the elementary inequality (1 — x)l —1+Ix<l(l- 1)x2/2, x €0, 1],
to get

A1 — 1
(65) E[B(F:)] < % > o(1- fo(0))*.

velU

Deduce from the explicit computation of 1 — f,,(0) recalled above that

2 _ (A
O—fﬂm)s(;) a2 <ala,.
Thus,
S(=£0)P2<Yd Y ayccam, <(—ap”
velU n>0 mi,..., m, eN*

and (ii) follows from (i).
It remains to prove (iii): For convenience of notation, we simply write 8 and Z,
instead of B(¥;) and Z,(F;). Check that

(66) E[p*] =E[E] + E[Ea],
where

Er= ) (Zo—veliz,=0)(Zo = veliz,>0)

v,v'elU
vAY ¢{v,v'}

and

Er = Z (ZU - Vel{Z“>O})(ZU/ - Val{Zv/>0})

v,v'el
vAv' €{v,v’}

(note that in the two sums all but a finite number of terms vanish). Define for any
wel

lgw = Z Ly — Vel{ZwU>0}-
velU
E1 can be rewritten as follows:
Ey= Z Z IBwiﬂwj-
weli#jeN*

Deduce from Proposition 3.3 that conditional on (Zy,;, Zy;) (with i # j) the ran-
dom variables B, and B, j are independent and distributed as 8 with, respectively,
l=Zyi and [ = Z,,;. Use (ii) to get

E[lgwiﬁwj |(Zwia ij)] = E[/gwi |Zwi]E[ﬂwj |ij]
= KaZwi(Zwi - l)ij(ij - 1)-
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By Proposition 3.3 again, we get
E[x%viy?ui|Z,) = f(1 —a; —a; +aix +a;y)*.

Recall that
%" k—1
67) f —(x )—(—) uf( Yk,
(n—
Then,

d 4
BlZui (Zui = DZuj(Zuy = DlZu) =@t} (5 ) (2300 = 122,

Thus, by Proposition 3.3,

l4
68 E[E|]<K.,E| Y 7| <K :
(68) [E1] < a[Z w}_ S
wel
We get a similar upper bound for E[ E;] by first noting that
Ey <2 Z — veliz,>0) ),Bw
wel

Apply Proposition 3.3(i) and Lemma 3.8(ii) to get
E[(Zw - ]/sl{Zw>0}),Bw|Zw] = Kazg)
By Proposition 3.3(iii) again

3
3
(69) E[E] < KEL;; Zw} <K

Then (iii) follows from (66), (68) and (69). [

We need similar estimates for a marked GWI(u, r)-forest ¥y . whose distri-
bution is the same as in Proposition 3.4: Recall that r is some fixed repartition
probability measure on {(k,/) € N* x N*:/ < k}. We denote by v the corre-
sponding immigration probability measure given by v(k — 1) = > r(k, 1),
k> 1, and we set g(r) =) ;=0 v(k)rk. We define Fo.e as (¢o.e; (Mu> U € @0.¢))
where ¢o . = (10, T1, ..., T1), the 7;’s are mutually independent, 1, ..., 7; are i.i.d.
GW(u)-trees, 1o is a GWI(u, r)-tree and conditional on ¢ . the marks p,, arei.i.d.
random variables distributed in accordance with a. Recall notation

wh=ui(poe).  vi=Trg, ()).  Sp={v}i.i N\ {uu}.n >0}
and recall that 4 is the o-field generated by the random variables (1,x; n > 0) and
(Zyw(Fo.¢), w € Sp). For any n > 1 we also set
Sp(n) = {w € Sp: |w| <n} U {v,}.
We set

Bu((Fo.eluz) = Y Zuwo([Fo.eluz) — Vel{Zu (1F0.61,1)>0)-
velU
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|

< Kan(l + D*(1 —d/u)~"?max(1, g'(1)?, " (1)?).

LEMMA 3.9. Foranyn > 1,

> Bu((Fo.eluz)

weA

E|: sup
ACSp(n)

PROOF. To simplify notation we write 8, and Z,, instead of By ([Fo,eluz)
and Zy([F0.eluz). We also denote by E? the $-conditional expectation. Let
A C Sp(n). From Proposition 3.4(i) we deduce that conditional on 4 the (8,; w €
Sp(n)) are independent random variables and that for each w € Sp(n), conditional
on Z,, =1, By, is distributed as the random variable 8(¥;) defined at Lemma 3.8.
Apply Lemma 3.8 to get

E*{ > Bu

weA
Next, use Proposition 3.4(ii) to get

o ¥ 2l<¥yuz,

weSp(n) k=0ieN*

} < > E[IBul]

weA

<Ks(l—d/wy > Y zz.
weSp(n)

< Kan(l+ 1)*max(1, g'(1), g"(1)?),
which achieves the proof of the lemma. [
We now come back to the proof of (63) and we apply the previous results to the

marked sin-tree T, = (T; (Jl,, 4 € T¢)). For convenience of notation, we fix i and
we set

U=Ux,¢), V =Vi(x,¢), U=U,(x,¢), V=V(x,e).
We keep the notation uy, = uy (%), v; = Trg (u;), Sp, Sp(n) and 8. Recall that
‘]N'Sx = [i]uh and that for any v € U that is not a descendant of U;
(70) Zy(T7) = Zw(T2).
For convenience of notation, we set for any w € U

Zy= Zw(ix) and By = Z Zuwy — Ye{Zyyy > 0}.
vel
Since lim,;_,¢ Y= = y, we only have to show

(71) e U —y:V) =6} Zy—veliz,>0)— 0

v<V
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in probability. To that end, we first introduce the random word
W =max{w € Sp(x;):w <V},

where the maximum is taken with respect to the lexicographical order on U. There
are two cases:

(D) IfV ¢[2,v; ], then we can find V' € U such that V = WV’ and we set
in that case A = {w € Sp(x;):w < W}.
(2) IfV e[, v;“g_l]], then we set A = {w € Sp(x,):w < W}.

Then, check that U — y,V = e (g) + e2(g) + e3(e) with

e1(e) = Z Zy — velyz,>0)
ve[[@,ngfl]]
v<V
exe) =Y Bu.
weA

e3() = Lgor 1) D Zwy = Velizy,>0)-

v<V’/

The limit (71) is then implied by the following convergences:

(72) e”E[le1 ()] — 0.
(73) e”El|ex(e)]] — 0,
(74) £*Ele3(e)] — 0.

PROOF OF (72). Use Proposition 3.4(i1) with p =1,/ =0, n =x, — 1 and
gx)=f(x)=u/(1 —dx) to get

xe—1

Ellei(@)1 < D E[Zy ]+ (xe — Dye
i=0
S Kad(xg — D) /u+ (xg — Dy < Ka,x<9_1

which obviously implies (72). U
PROOF OF (73). We use Lemma 3.9 withn =x,,l=0and g(x) = f(x) =
u/(1 —dx) and thus g (1) = j!(d/u)’, to get
Ellex(e)[] < Kaxe(1 —d/w)™"/? < Ky 67/
which implies (73). 0O
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PROOF OF (74). It requires more complicated arguments. Let wg € U and let
[ be a positive integer. We define E(wo, ) as the event {W = wq; Z,,, = [}. We
first get an upper bound for
§(wo. 1) = Eles(e)*|E (wo, D).

Let ¥ = (¢; (uy,u € ¢)) be a marked GW-forest with [ elements as defined
in Proposition 3.3. Pick uniformly at random a vertex U(F) in ¢ and de-
fine V(¥)eU by V(F) = Tres(U(F)). As a consequence of Propositions
3.3(1) and 3.4(i), we get the following identity:

(75)  (Zuwge,v€U; V') under P(- | E(wo, D) "&(Zo(F), v e U; V(F)).
Let G be the function on FF defined by
G(I(Fluw)= Y., Zo(F)—veliz,#)>0
v=V(¥F)
Then, (75) implies

(76) E(wo. ) = E[G([F lu))’] [ Y G(F) }
uew
(77) =+ VS)E|:Z IG([?]M)I]
uep

since for any u € ¢,

1 1 + Ve lreod

o |GUFL| < 3 Zy(F) <1+

i v<Trg (u)

We now estimate the right member of (77) thanks to (4): Recall the notation ¢;
for a size-biased forest with / elements, that is, a GWI(u, r)-forest with [ elements
where r is given by r(k, j) = ud*/j, 1 < j <k, with i = > ksoku(k) =d/u.
Thus the corresponding immigration distribution is v (k) = (k + Du?d*, k >0, and
its generating function is g(r) = u?/(1 — dr)?. Let us define the random marked

GWI-forest F, as (¢p; (;L,b, € ¢,)) where conditional on ¢, the ,uZ’s are i.i.d. with
distribution a. Deduce from (4) that

(78) E[Z |G([J‘f]u)|]

ueyp

Zl( > G([F1uz () ]-

n>0
Set as usual v (%) = Trg, (u); (%)) and observe for any n > 0

G(Fluzm) = D, Zu(F) = veliz,(5)>0)
v<vi(Fp)

n—1
= Z Bw(Fp) + Z Zv[*(-%) — Ve

weAp i=0
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where we have set

Buw(Fp) = Z Zuyo(F5) = Vel( 7,0 (F)>0)
vel

and A, = {w € Sp, 1w < v (F,)} with

Sp, = {vi_1 (Fp)isi € N*\ {upr ()} k= 1}

|+

Use Lemma 3.9 with g(x) = u?/(1 — dx)? to get

"

and use Proposition 3.4(ii) with p =1 and g(x) = uz/(l —dx)*to get
E[

79 E(wo.) < K l’(1—d/u)~'? Zn(g)n <K

n>0

Then,

n—1
> 2y (F) — e

i=0

> Bu(F)

weA)p

|

E[|G([Foluz7))[] = E[

D Bu(F)

weAp,

} < Kanl*(1 —d/u)~'"?

n—1

Y Zy (Fo) — e

i=0

:| < Kanl.

These inequalities imply
l3
Y1 —dfuy?
We now come back to the proof of (74): by (79), we get
Eles(e)’1= > &(wo. DP(W = wo; Zy =1)

wer,
>1

Ka [ 3
<—FE Z Z 1{W:w }:|.
5/2 w 0
(I =d/u®2 ], S

Then, set for any wo € Sp(x¢), Swy = Y very Zuwov and observe that P(W =
wol4) = Cw,/#T, . Thus the previous inequality implies

Ka [ L
E[€3(8)2]SWE > Zu, O}

=X
LwoeSp(xe) T

- 1/2 1/2
< Ha >ooz8 | El Y iy
~ (1 —d/uy/? o @]

LwoeSp(xs) woeSP(xg)
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But >0espix.) gu%o < (#7¥)? since 1 + x; + > woeSp(x,) Swo = #7; . Then, use
Proposition 3.4(ii) with p =6,/ =0 and g(x) = f(x) to get

172

Ele3(e)?] < Ka < Ka e

(1 —d/uy>*~ ’

which implies (74). U
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