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CONFIDENCE INTERVALS FOR NONHOMOGENEOUS
BRANCHING PROCESSES AND POLYMERASE
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We extend in two directions our previous results about the sampling
and the empirical measures of immortal branching Markov processes. Direct
applications to molecular biology are rigorous estimates of the mutation
rates of polymerase chain reactions from uniform samples of the population
after the reaction. First, we consider nonhomogeneous processes, which
are more adapted to real reactions. Second, recalling that the first moment
estimator is analytically known only in the infinite population limit, we
provide rigorous confidence intervals for this estimator that are valid for
any finite population. Our bounds are explicit, nonasymptotic and valid
for a wide class of nonhomogeneous branching Markov processes that we
describe in detail. In the setting of polymerase chain reactions, our results
imply that enlarging the size of the sample becomes useless for surprisingly
small sizes. Establishing confidence intervals requires precise estimates of
the second moment of random samples. The proof of these estimates is more
involved than the proofs that allowed us, in a previous paper, to deal with the
first moment. On the other hand, our method uses various, seemingly new,
monotonicity properties of the harmonic moments of sums of exchangeable
random variables.

Introduction. The incomplete replications of DNA sequences and their
mutations that occur during successive cycles of a biochemical reaction called
the polymerase chain reaction (PCR) can be modeled, under various simplifying
hypotheses, by a branching process with a suitable branching mechanism; see
Sun (1995) and Weiss and von Haeseler (1995). Sun proposed a point estimator of
the mutation rate of homogeneous reactions that is valid, in fact, in the infinitely-
many-sites and infinite-population limits. Sun’s estimator is based on the first
moment method and was adapted by Wang, Zhang, Cheng and Sun (2000) to
the finitely-many-sites case, still for the infinite-population limit of homogeneous
reactions. In Piau (2002, 2004a), we showed that the branching process introduced
by these authors was but an example of a wider class of processes that we
called immortal branching Markov processes. We studied in-depth properties of
these processes, especially in the case of polymerase chain reactions. Thus, we
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provided explicit bounds of the discrepancy between the point estimator of a finite-
population homogeneous reaction and its infinite-population limit, in cases of both
infinitely many sites and finitely many sites.

In this paper, we refine our methods and adapt them to nonhomogeneous
reactions. This provides confidence intervals for the point estimator of the mutation
rate. Also, we apply our results to a published data set and we comment on
some estimation aspects of the model. For the sake of simplicity, we restrict the
exposition to the so-called additive model, that is, to the infinitely-many-sites case,
although similar results hold in the finitely-many-sites case. Finally, we show that
our techniques allow us to deal with more general branching Markov processes.
We explain in detail how to get pointwise estimates in this wider context and we
leave as straightforward extensions the computation of confidence intervals.

Coming back to the molecular biology context, the first consequence of
our results is that Sun’s first moment method, supplemented by the correction
that the finiteness of the initial population induces and by explicit confidence
intervals, is also available for PCR with variable efficiencies. This provides an
alternative to the estimation of the mutation rate through Monte Carlo simulations
based on the properties of the coalescent that was proposed by Weiss and von
Haeseler (1997). To our knowledge, our results are the first rigorous results
that deal with nonhomogeneous reactions for finite populations. Second, we
exhibit realistic efficiency sequences such that the finite-population correction is
significant: In one case, we are able to show that the correct estimator is more than
33% and less than 63% higher than its infinite-population approximation for every
sample. Conversely, we prove that the finite-population correction is negligible as
soon as the parameters fulfill a simple condition. Third, we show that, for finite
populations, the first moment method yields an estimator that is not consistent,
that is, whose variance does not converge to zero when the size of the sample goes
to infinity. Thus, poor confidence intervals are an intrinsic feature of this setting.

In actual reactions, the efficiency decreases along the successive cycles of
the reaction (see Section 1 for a definition of the efficiency of the reaction or,
more precisely, of a cycle of the reaction). The reduced sterical accessibility
to the DNA sequences when the population is large is among several plausible
biochemical reasons for this phenomenon. This shows that the efficiency of a cycle
should be random and depend on the size of the population before that cycle. We
present some extensions of our results to this setting. In particular, Schnell and
Mendoza (1997) suggested that the kinetics of PCR reactions follow a Michaelis–
Menten law. That is, the efficiencyλn of thenth cycle depends on the population
Sn−1 before thenth cycle, with

λn = D/(C + Sn−1).(1)

Here C denotes the (usually quite large) Michaelis–Menten constant of the
reaction,D is of the order of magnitude ofC and D ≤ C + S0. (Schnell and
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Mendoza suggested choosingD = C + 1 so as to getλ1 = 1 if S0 = 1, as the
greatest available efficiency.) When the initial populationS0 is such thatS0 � C,
this allows us to recover the initial exponential growth phase, followed by a linear
increase of the number of molecules; see Jagers and Klebaner (2003). Also note
that Michaelis–Menten kinetics imply that whenS0 → ∞, the largest value of the
sequence(λn), namelyλ1 = D/(C + S0), converges to zero. In other words, the
underlying branching process becomes critical in theS0 → ∞ limit.

Point estimators and confidence intervals are consequences of precise bounds
of the mean and the variance of a uniform sample. In turn, these follow from the
study of the empirical measure of the population. Our methods ultimately rely
on rather sharp bounds of the harmonic means of sums of i.i.d. or exchangeable
random variables. Thus, on our way, we state and prove various new results about
these means that are often valid in a broader context and, in particular, some simple
monotonicity properties that seem to have been unnoticed until now.

The model of the PCR by a branching process is in Section 1, as well as a
sample of the results of the paper. Some notation used in the paper are collected
in Section 2. Theoretical results on the moments of samples are in Section 4.
These follow from the results on empirical measures of Section 3. Uniform bounds
are available even for random efficiencies, as explained in Section 5, and for
a much more general model of branching processes, as explained in Section 6.
Consequences with regard to the estimation of mutation rates are described in
Section 7. In Section 8, we apply the method to the published data set used
by Weiss and von Haeseler (1997). Some comments about the estimation of the
efficiencies are in Section 9. Proofs are mainly deferred to Sections 10–13.

1. Model of the PCR. The PCR is modeled by a nondecreasing Galton–
Watson process(Sn) that starts fromS0 ≥ 1 particles with a Bernoulli reproduc-
tion. We call(Sn) a Bernoulli branching process. More precisely, each particlex

gives birth toLx = 1 or Lx = 2 descendants independently of the other particles
and with distribution

P(Lx = 2) := λ =: 1− P(Lx = 1).(2)

Each particle represents a single stranded molecule that comprises the region
targeted at by the PCR or represents its complement on the other strand of the
original duplex DNA molecule. Thus, the branching process counts the number
Sn of successfully replicated biological sequences aftern cycles of the reaction.
Mutations are described by the statess(x) of the particlesx as follows. Assume
that the states of theS0 initial particles are given. For any particlex of any
generation, the first descendant ofx is x itself and it has the same states(x). If
the other descendanty exists, its states(y) is the result of the application of a
given Markov kernel tos(x). In the additive model, the states are real numbers
and the kernel is given by

s(y) := s(x) + ξy, E(ξy) =: µ, V(ξy) =: ν,(3)
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where all the random variablesξy are independent,E denotes the expectation and
V denotes the variance. In the PCR context, the law ofξy is usually Poisson, so
that ν = µ. In any case,λ is the efficiency of the PCR (in its exponential phase)
andµ is the mutation rate (per cycle and per particle). From now on, we assume
that the initial population is homogeneous and we sets(x) = 0 for anyx in the
initial population. Thus, in the PCR context,s(x) is a nonnegative integer for any
x after any number of cycles. Note, however, that our results are valid in the full
generality of the additive model, as described above.

In actual PCR, the efficiencyλ is not constant, but typically decreases to
zero along the successive cycles of the reaction. To take into account this
nonhomogeneity and the possibility of nonhomogeneous mutation rates, we
choose two sequences(λn) and(µn) indexed byn ≥ 1, and we replaceλ andµ

in (2) and (3) byλn andµn when we construct thenth generation from theSn−1
particles of the(n − 1)th generation.

In some versions of PCR, the quantification of the product is done at the end
of the reaction or only after a given number of cycles. By contrast, real-time PCR,
also called quantitative PCR, allows us to measure the amount of product after each
cycle. Based on fluorescent detection systems, this technology yields amplification
plots that represent the accumulation of product during the successive cycles of the
reaction; see Higuchi, Dollinger, Walsh and Griffith (1992) and Higuchi, Fockler,
Dollinger and Watson (1993). Hence, we consider from now on that(λn) is known.
On the other hand, very little seems to be known about the evolution, if any, of the
mutation rate during the reaction. We assume thatµn = µ for every n and we
seek to estimate the value ofµ. Let {x1, . . . , x�} denote a uniform sample of size�
drawn with replacement from the population aftern cycles and lett denote its
mean state, that is,

t := �−1
�∑

i=1

s(xi).

Because the law oft is unknown, we have to rely on Bienaymé–Chebyshev
bounds, which state thatt is in the interval bounded by

E(t) ± z
√

V(t)

with probability at least 1− 1/z2. This supposes known values ofE(t) andV(t).
Although there exists no closed form ofE(t) and V(t) that would be valid for
every numbern of generations, we can show that these quantities converge when
S0 → ∞ and can compute the exact values of their limits, which we denote by
E(t∗) andV(t∗), and call infinite-population limits. The task is then to bound the
discrepancies between the finite-population moments and their infinite-population
limits. This involves the empirical laws of the population, which are defined in
Section 2 and studied in Section 3. To present a flavor of the results we are aiming
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at, we introduce

m := µ

n∑
k=1

λk

1+ λk

, σ 2 := ν

n∑
k=1

λk

1+ λk

+ µ2
n∑

k=1

λk

(1+ λk)2 .

Then, we prove thatm − ε(S0)µ ≤ E(t) ≤ m with

ε(S0) := 1/(S0 − 1) if S0 ≥ 2, ε(1) := 3/2.

Likewise, for any� ≥ 3,

σ 2/� ≤ V(t) ≤ σ 2/� + (1− 1/�)η(S0)(ν + µ2)

with η(S0) := 2/(S0 − 1) if S0 ≥ 2 andη(1) := 6. Specializations of the above are
the easier to establish equalities

E(t∗) = m, V(t∗) = σ 2/�.

Finally, we mention briefly that all these bounds on the discrepancy between the
moments and the distributions oft andt∗ are of the right order. For instance, there
exists an absolute constantc such that, for any� ≥ 3 andS0 ≥ 1,

V(t) ≥ σ 2/� + c(ν + µ2)/S0.

An unexpected consequence is that enlarging the size of the sample becomes
useless for surprisingly small sample sizes; more precisely, as soon as the
deviation, which behaves like 1/S0, becomes the main contribution toV(t), instead
of σ 2/�. Thus,� � n∗S0 is useless, wheren∗ describes the behavior ofσ 2. We can
choosen∗ := n for homogeneous reactions andn∗ := λ1 + · · · + λn otherwise. We
recall that the expected population at timen is (1+ λ1) · · · (1+ λn)S0, which can
be much greater thann∗S0.

2. Notation. Call ζn the empirical law of the state of a particle drawn
uniformly at random from the population at timen and letηn := E(ζn). That is,
ζn andηn are measures such that, for any nonnegativeϕ,

ζn(ϕ) := S−1
n

Sn∑
x=1

ϕ(s(x)), ηn(ϕ) := E(ζn(ϕ)).

By an abuse of notation, we denote the sum over the population at timen by a sum
from x = 1 to x = Sn. For any measureη, M(η) andM2(η) denote the first and
the second moments ofη, andD(η) denotes its variance, that is,

M(η) :=
∫

s dη(s), M2(η) :=
∫

s2 dη(s), D(η) := M2(η) − M(η)2.

In the next sections, some technical lemmas are valid in the broader setting of a
general nondecreasing branching process and even for the harmonic moments of
sums of i.i.d. or exchangeable random variables.
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DEFINITION 1. Let Li denote i.i.d. or exchangeable copies of a square
integrable random variableL such thatL ≥ 1 a.s. and

Mk := L1 + · · · + Lk.

For anyk ≥ 1, define

H(k) := E(k/Mk), A(k) := H(k) − 1/E(L), G(k) := E
(
(k/Mk)

2).
For anyk ≥ 1, A(k) ≥ 0. For i.i.d. sequences,A(k) → 0 whenk → ∞. For

Bernoulli branching processes, that is, when the distribution ofL is given by (2),
we writeA(k,λ) instead ofA(k) to specify the value ofλ. The same convention
holds forH andG and other sequences that are defined later.

Our results involve various parameters, functions of(λk) only, that we define
below.

DEFINITION 2. Letαk := λk/(1+ λk), γ0 := 1, γ (i)
0 := 1, and, forn ≥ 1,

γn :=
n∏

k=1

(1− αk), γ (i)
n :=

n∏
k=1

(1− λk/i).

DefineW0 := 0, W ′
0 := 0 and, forn ≥ 1,

Wn :=
n∑

k=1

αk, W ′
n :=

n∑
k=1

αk(1− αk).

3. Empirical laws. From Theorem A, whenS0 → ∞, ηn and ζn converge
to a deterministic measureη∗

n, which is easy to describe [we omit the proof; see
Piau (2004a)].

THEOREM A. The law η∗
n coincides with the distribution of the random

variable

ε1ξ1 + · · · + εnξn,

where all the random variablesεk and ξj are independent, εk is Bernoulli with
P(εk = 1) = αk = 1 − P(εk = 0), and ξj follows the law used in(3) at the j th
generation. Thus,

M(η∗
n) =

n∑
k=1

µkαk, D(η∗
n) =

n∑
k=1

νkαk + µ2
kαk(1− αk).
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3.1. Mean and distance in total variation.The approximations below stem
from precise estimations ofA(k) and of the harmonic moments ofSn that we
develop later in this paper. The results of this section are adapted from Piau (2002,
2004a) and we omit their proofs.

THEOREM B. (i) First moment:

M(ηn) = M(η∗
n) −

n∑
k=1

µkAk, Ak := E
(
A(Sk−1, λk)

)
.

(ii) Distance in total variation:

‖ηn − η∗
n‖TV ≤ Vn :=

n∑
k=1

Ak.

THEOREM C (Approximations). For any (λi), S0 andk ≥ 1, Ak satisfies the
inequalities

(S0 + 1)Ak ≥ γk−1αk(1− λk)/(1+ λk)
2,

(S0 − 1)Ak ≤ γk−1αk(1− λk)/(1+ λk)
2,

(S0 + 1)Ak ≤ γ
(3)
k−1αk(1− λk).

This implies thatVn is bounded above and below by explicit functions
of (µk) and(λk), divided by(S0 − 1) or (S0 + 1). We assume from now on that
the law ofξ is constant along the generations or, more precisely, that its first two
moments are. This is only for simplicity of notation and the reader should be able
to guess the correct formulation of our results for variable laws ofξ by analogy
with the expressions in Theorem A. Thus,µ := E(ξ), ν := V(ξ) and

M(η∗
n) = µWn, M(ηn) = µWn − µVn.

The first assertion of Theorem C provides a lower bound ofVn for any S0. The
second assertion provides an upper bound ofVn for any S0 ≥ 2 that involves
1/(S0 − 1). WhenS0 = 1, we should use the third assertion instead. In the rest
of the paper, the bounds that involve 1/(S0 + 1) are valid for anyS0 and the
bounds that involve 1/(S0 − 1) should be used only whenS0 ≥ 2. For instance,
in Corollary 3, we should use thevn lower bound for anyS0, thevn upper bound
for any S0 ≥ 2 and thev′′

n upper bound ifS0 = 1 (for small values ofS0, thev′
n

bound is often less interesting than thev′′
n bound). These remarks apply to later

results in this paper.
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COROLLARY 3. (i) One hasvn ≤ (S0 + 1)Vn ≤ v′′
n with

vn :=
n∑

k=1

γk−1αk(1− λk)/(1+ λk)
2,

v′′
n :=

n∑
k=1

γ
(3)
k−1αk(1− λk).

(ii) One has(S0 − 1)Vn ≤ vn andS0Vn ≤ v′
n, with

v′
n :=

n∑
k=1

γ
(2)
k−1αk(1− λk).

COROLLARY 4. For anyS0 ≥ 2,

µWn − µvn/(S0 − 1) ≤ M(ηn) ≤ µWn − µvn/(S0 + 1)

and

‖ηn − η∗
n‖TV ≤ vn/(S0 − 1).

REMARK 5. In contrast to the last statement above, we can show that,
althoughζ ∗

n = η∗
n, for any givenn and(λk), there exists a constantc such that

E[‖ζn − η∗
n‖TV] ≥ c/

√
S0

for everyS0 ≥ 1. We omit the proof.

3.2. Variance and uniform bounds of the empirical laws.We move to entirely
new results, namely the estimation of second moments. Recall that we assumed
for simplicity of notation that the two first moments ofξ are constant. Thus,

D(η∗
n) = νWn − µ2W ′

n.

DEFINITION 6. DefineV ′
n such that 0≤ V ′

n ≤ Vn by the formula

V ′
n :=

n∑
k=1

A′
k, A′

k := A2
k + (1− 2αk)Ak.

The assertionV ′
n ≤ Vn in the definition above follows fromA(·, λ) ≤ α.

THEOREM D. One hasD(ηn) = ν(Wn − Vn) + µ2(W ′
n − V ′

n).

PROPOSITION7. There exists a constantV that depends onS0 such that

µWn − µV ≤ E(ηn) ≤ µWn, ‖ηn − η∗
n‖TV ≤ V,

νWn + µ2W ′
n − (ν + µ2)V ≤ D(ηn) ≤ νWn + µ2W ′

n.

This holds withV := 1/(S0 − 1) for S0 ≥ 2, andV := 3/2 for S0 = 1.
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3.3. Additional term. From Sections 3.1 and 3.2, the two first moments and
the distance in total variation of the empirical laws are described byVn andV ′

n.
The second moment of uniform samples involves an additional termRn, defined
as

Rn := V(M(ζn)) = E
(
M(ζn)

2) − E(M(ζn))
2.

We now complete the results of Sections 3.1 and 3.2 with an in-depth study ofRn.
Theorem E recursively describes the evolution ofRn. We control the terms of the
recurrence in Lemmas 9 and 11 and Corollary 14, and finally get tractable bounds
of Rn in Corollary 15. This section details the path that leads to these bounds ofRn,
but the proofs of the steps themselves are postponed to Section 11.

DEFINITION 8. Introduce

B(k) := E

(
Mk − k

M2
k

)
, B ′(k) := V

(
k

Mk

)
, B ′′(k) := k

2
E

(
(L1 − L2)

2

M2
k

)
.

Thus,B(k) = (H(k) − G(k))/k andB ′(k) = G(k) − H(k)2.

The theorem below is proved in Section 10.

THEOREM E. One hasR0 = 0 and

Rn+1 = Rn + νE(B(Sn)) + µ2
E(B ′(Sn)) + E[D(ζn)B

′′(Sn)],
where one usesλn+1 in the definition ofB(Sn), B ′(Sn) andB ′′(Sn).

Lemma 9 deals with theB andB ′ terms. The control of theB ′′ term is more
intricate and involves Lemma 11 and Corollary 14.

LEMMA 9. For any k ≥ 1, B(k) ≤ b/k with b := (E(L) − 1)/E(L)2. In the
Bernoulli case, b = α(1 − α). For Bernoulli processes, B ′(k) ≤ b′/(k + 1) and
B ′′(k) ≤ b′′/(k + 2), with

b′ := λ, b′′ := λ(1− λ).

DEFINITION 10. Let y ≥ −1 denote a real number. Define nonnegative
sequencesC, C′ andC′′ that depend ony by the following equations:

(i) Let C(1) := 0 and, for anyk ≥ 2,

C(k) := k2(k + y)E

(
L1L2

M2
k (Mk + y)

)
.

(ii) For anyk ≥ 1 such thatk + y > 0,

C′(k) := E

(
(Mk − 1)(Mk − k)

M2
k (Mk + y)

)
, C′′(k) := E

(
k(Mk − k)

M2
k (Mk + y)

)
.
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In the lemma below,Fn is theσ -algebra generated by then first generations of
the process.

LEMMA 11. Usingλn+1 in the definition of the sequencesC, C′ andC′′, we
have, on the set{Sn + y > 0},

E

(
D(ζn+1)

Sn+1 + y

∣∣∣Fn

)
= C(Sn)

D(ζn)

Sn + y
+ C′(Sn)ν + C′′(Sn)µ

2.

DEFINITION 12. For any real numbery and any integerk > −y, let

Hy(k) := E

(
k + y

Mk + y

)
.

Thus,H0(k) = H(k). SinceMk ≥ k, C′′(k) ≤ C′(k) and

(k + y)C′(k) ≤ 1− H(k).

On the other hand, fork ≥ 2,

C(k) = Hy(k) − k(k + y)

2
E

(
(L1 − L2)

2

M2
k (Mk + y)

)
.

Thus, C(k) ≤ Hy(k). At this point, the only additional tools that we need are
estimations ofH andHy . These are developed in Section 12 and yield the next
lemma.

LEMMA 13. (i) For anyy ≥ 0, C(k) ≤ 1− λ/(y + 2).
(ii) For y = −1 andk ≥ 2, C(k) ≤ 1− α.
(iii) For anyy > 1− k, (k + y)C′(k) ≤ α.

Our next result states that Lemma 11 can be integrated to get a recursion of the
form

E

(
D(ζn+1)

Sn+1 + y

)
≤ βn+1E

(
D(ζn)

Sn + y

)
+ αn+1E

(
1

Sn + y

)
(ν + µ2).(4)

COROLLARY 14. For anyy ≥ 0, (4)holds withβn+1 := 1− λn+1/(y + 2).
If y = −1 andS0 ≥ 2, (4)holds withβn+1 := 1/(1+ λn+1).

We are now in the position to estimate the three sums that the iteration of
Theorem E yields. Assume first thatS0 ≥ 2. A weaker form of Lemma 9 is that
B(k) ≤ b/(k − 1), B ′(k) ≤ b′/(k − 1) andB ′′(k) ≤ b′′/(k − 1). For theB andB ′
parts, Corollary 27 gives an upper bound ofE[1/(Sk −1)]. For theB ′′ part, we use
they = −1 form of Corollary 14.

Assuming now thatS0 = 1, we use the full form of Lemma 9 forB andB ′.
Corollary 27 allows us to boundE(1/Sk) for the B term andE[1/(Sk + 1)] for
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the B ′ term. For theB ′′ term, we use the fact thatB ′′(k) ≤ b′′/k and they = 0
form of Corollary 14. This yields an upper bound ofRn of the form

Rn ≤ νu(n) + µ2u′(n) + (ν + µ2)u′′(n).

COROLLARY 15. If S0 ≥ 2, we can choose

u(n) :=
n∑

k=1

αk(1− αk)γk−1/(S0 − 1),

u′(n) :=
n∑

k=1

λkγk−1/(S0 − 1),

u′′(n) :=
n−1∑
k=1

λk

n−1∑
i=k

λi+1(1− λi+1)γi/(S0 − 1).

If S0 ≥ 1, we can choose

u(n) :=
n∑

k=1

αk(1− αk)γ
(2)
k−1/S0,

u′(n) :=
n∑

k=1

λkγ
(3)
k−1/(S0 + 1),

u′′(n) :=
n−1∑
k=1

αk

1− λk/2

n−1∑
i=k

λi+1(1− λi+1)γ
(2)
i /S0.

Uniform bounds follow from the tricks described in Section 5.

COROLLARY 16. There exist constantsU , U ′ and U ′′ that depend onS0
such thatu(n) ≤ U , u′(n) ≤ U ′ and u′′(n) ≤ U ′′. For S0 ≥ 2, this holds with
U = U ′ = U ′′ = 1/(S0 − 1). For S0 = 1, this holds withU = 2, U ′ = 3/2 and
U ′′ = 4.

COROLLARY 17. For S0 ≥ 2 (resp. for S0 = 1),

Rn ≤ 2(ν + µ2)/(S0 − 1) (resp. Rn ≤ 6ν + 11µ2/2).

4. Moments of uniform samples. Recall that the sample is{x1, . . . , x�},
that the family[s(xi)] is exchangeable, and that eachs(xi) follows the lawηn.
Thus, first taking the expectation with respect to the randomness of the sampling
procedure, and then the expectation with respect to the branching process and to
the mutation process (we skip the details), we get

E(t) = M(ηn), V(t) = D(ηn)/� + (1− 1/�)Rn.
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Hence, the results below are mostly corollaries to Section 3. The exception is
Proposition 19 whose proof is in Section 11 [we omit the proof of part (iv), which
is anecdotal].

THEOREM F. One hasE(t) = µWn − µVn, where Vn is nonnegative and
converges to0 whenS0 → ∞. More precisely, for anyS0 ≥ 2,

vn/(S0 + 1) ≤ Vn ≤ vn/(S0 − 1)

for a positive constantvn, which depends on(λk) only and is defined in Section3.1.

THEOREM G. We have

V(t) = (νWn + µ2W ′
n)/� − Zn/� + (1− 1/�)Rn,

where Zn and Rn are nonnegative and converge to0 when S0 → ∞. More
precisely,

Zn := νVn + µ2V ′
n ≤ (ν + µ2)Vn, Rn ≤ rn(ν + µ2)/S0

for a positive constantrn that depends on(λk) only and whose value can be
deduced from Corollary15.

COROLLARY 18. Whenn → ∞, E(t) → ∞ if and only ifV(t) → ∞ if and
only if (λk) is not summable. For any(λk), Zn andRn are uniformly bounded.

PROPOSITION19. (i) For any� ≥ 1, E(t) ≤ E(t∗).
(ii) For � = 1, V(t) = D(ηn) < D(η∗

n) = V(t∗).
(iii) For � ≥ 3, V(t) > V(t∗).
(iv) For � = 2, both situations are possible for any law ofξ . That is, there

exist generationsn and efficiencies(λk) such that, for any law ofξ , V(t) < V(t∗),
respectively, V(t) > V(t∗).

Finally, uniform bounds hold that are valid for any(λk).

PROPOSITION20. (i) For anyS0 ≥ 2,

µWn − µ/(S0 − 1) ≤ E(t) ≤ µWn.

For S0 = 1, µ/(S0 − 1) above should be replaced by3µ/2.
(ii) Assume that� ≥ 3 and recall thatV(t∗) = (νWn + µ2W ′

n)/�. For any
S0 ≥ 2,

V(t∗) ≤ V(t) ≤ V(t∗) + (1− 1/�)2(ν + µ2)/(S0 − 1).

For S0 = 1,

V(t∗) ≤ V(t) ≤ V(t∗) + (1− 1/�)6(ν + µ2).

(iii) Assume that� = 1. Then, for anyS0 ≥ 2,

V(t∗) − (ν + µ2)/(S0 − 1) ≤ V(t) ≤ V(t∗).
For S0 = 1, (ν + µ2)/(S0 − 1) above should be replaced by3(ν + µ2)/2.
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5. Random efficiencies. Assume thatλn+1 depends onSn, as in the
Michaelis–Menten setting we recalled in the Introduction, or on the full pastFn of
the process up to timen. Perhaps surprisingly, some uniform bounds of the error
term that we proved in the deterministic case still hold, but the behavior of the
main term becomes somewhat unclear. In this section, we restrict the exposition
to estimation of the first moment. Theorem H deals with the “error term” in the
general case and Theorem I deals with the “main term” in the Michaelis–Menten
case.

THEOREM H. Let wn := E(Wn), whereWn := α1 + · · · + αn is now random,
and letV be defined as in Proposition7. Then

µwn − µV ≤ E(t) ≤ µwn.

Recall thatV ∼ 1/S0 whenS0 → ∞. Theorem H leaves open the question of the
true behavior ofE(t) in many interesting situations. For instance, the Michaelis–
Menten law implies thatwn ∼ nD/S0 when S0 → ∞, all the other parameters
being fixed. Thus, the main termwn and the error termV become of the same
order. Before coming back to the Michaelis–Menten case, we sketch the proof of
Theorem H. We first mention without proof the crucial identities

n∑
k=1

λkγk = 1− γn,

n∑
k=1

λkγ
(i)
k−1 = i

(
1− γ (i)

n

)
.

SKETCH OF THE PROOF OFTHEOREM H. A simple consequence of the
monotonicity ofH (see Lemma 30) is

E

(
1

Sn

− 1

Sn+1

∣∣∣Sn

)
≥ λn+1

2Sn

.

Taking expectations of both sides and summing overn, we get

∑
n≥0

E

(
λn+1

Sn

)
≤ 2

S0
.

Likewise, for anyk ≥ 0,

1

S0 − 1
− E

(
1

Sk+1 − 1

)
≥

k∑
n=0

E

(
αn+1

Sn

)
≥ 1

S0
− E

(
1

Sk+1

)
.

Thus, if (λk) is not summable,Sk → ∞ a.s. and

1

S0 − 1
≥ ∑

n≥0

E

(
αn+1

Sn

)
≥ 1

S0
.

These bounds are tight sinceSn = 2nS0 whenλn = 1 for everyn. �
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We now studywn in the Michaelis–Menten case, that is, when

wn =
n∑

k=1

E

(
λk

1+ λk

)
=

n∑
k=1

E

(
D

D + C + Sk−1

)
,

which depends onn and(S0,C,D). Easy remarks are thatSn ∼ Dn almost surely
and wn ∼ logn when n → ∞, all the other parameters being fixed, and that
wn ∼ nD/S0 whenS0 → ∞, all the other parameters being fixed.

Estimations for fixed values ofn andS0 are as follows. Introduce the reduced
variables

s0 := S0/C, b := C/D,

and note thatb(1 + s0) ≥ 1 sinceλ1 = D/(C + S0) ≤ 1. The regime we are
interested in is whens0 is small andb is about 1, but the following result makes
no such assumption.

THEOREM I. In the Michaelis–Menten case, w−
n ≤ wn ≤ w+

n with

w+
n := (

2+ (2b − 1)/s0
)
log

(
1+ ns0/(2+ s0)

)
,

w−
n := log

(
1+ n/

(
1+ b(1+ s0)

))
.

Whenb ≥ 1, we can choosew+
n := w∗

n with

w∗
n := (

2+ (2b − 1)/s0
)
log

(
1+ ns0/

(
2b(1+ s0)

2)).
In the special caseb = 1, we get

log
(
1+ n/(2+ s0)

) ≤ wn ≤ (2+ 1/s0) log
(
1+ ns0/

(
2(1+ s0)

2)).
PROOF OFTHEOREM I. The convexity of the functionx �→ 1/x yields

wn+1 − wn ≥ D/
(
D + C + E(Sn)

)
.

SinceE(Sn+1) = E(Sn) + E(Snλn+1) andSnλn+1 ≤ D,

E(Sn) ≤ S0 + nD.

This yieldswn ≥ ζ(n, b(1+ s0)), where

ζ(n, t) :=
n∑

k=1

1/(t + k) ≥ log
(
1+ n/(t + 1)

)
.

This proves thew−
n bound. On the other hand, the concavity of the function

x �→ x/(1+ x) yields

wn+1 − wn ≤ DE(1/Sn)/
(
1+ (D + C)E(1/Sn)

)
.
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From Lemma 27,

E(1/Sn+1|Fn) ≤ (1− λn+1/2)/Sn.

For Michaelis–Menten values ofλn+1, this yields

E(1/Sn+1) ≤ (
1− D/(2C)

)
E(1/Sn) + (

D/(2C)
)
E

(
1/(C + Sn)

)
.

The same concavity inequality with respect to 1/Sn that we used a few lines above
allows us to deal with the termE(1/(C + Sn)). This yields

E(1/Sn+1) ≤ ψ
(
E(1/Sn)

)
for the functionψ defined by

ψ(x) := (
1− 1/(2b)

)
x + 1/(2b)x/(1+ Cx).

It is a simple matter to show that 1/ψ(x) ≥ 1/a + 1/x for anyx ≤ 1, with

a := 2/D + (2b − 1)/S0.

Thus E(1/Sn) ≤ ψ(n)(1/S0) ≤ a/(n + aS0). This yields an upper bound of
wn+1 − wn which reads, after some cumbersome algebra,

wn ≤ sζ(n, r), s := aD, r := a(S0 + D + C) − 1.

This can be written in(b, s0) terms only, as

s = 2+ (2b − 1)/s0,

r = {2b(1+ s0)
2 + 1− 1/b}/s0.

Whenb ≥ 1, the expression ofw∗
n stems from

ζ(n, r) ≤ log(1+ n/r), r ≥ 2b(1+ s0)
2/s0.

In the general case,b ≥ b0 := 1/(1 + s0) and r(b, s0) ≥ r(b0, s0) since r is
increasing inb. Finally r(b0, s0) = (2+ s0)/s0 yields the value ofw+

n , since

ζ(n, r) ≤ log(1+ n/r) ≤ log
(
1+ n/r(b0, s0)

)
. �

6. General branching processes. The results of Sections 3 and 4 can be
extended, at a relatively low cost, to a wider context. Assume for instance that
each particlex in the nth generation gives birth toZx ≥ 1 children, where(Zx)

is i.i.d. and eachZx is distributed likeLn+1, say. On the event{Zx = k}, order
thek children ofx from y1 to yk and decide that thek-dimensional random vector
(ξ(y1), . . . , ξ(yk)) follows a given lawπn+1

k . Do this independently for different
particlesx in the same generation and independently in different generations.

The PCR model is recovered when the law ofLn is (1 − λn)δ1 + λnδ2 and
whenπn

1 = δ0 andπn
2 = δ0 ⊗ π for a given distributionπ on the nonnegative real

numbers.
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Coming back to the general setting, assume that everyLn is integrable and
call zn the size biased distribution ofLn, defined byzn(k) := kαn

k , where

αn
k := P(Ln = k)/E(Ln).

Let the lawsπn
k be (square) integrable for anyn ≥ 1 and anyk ≥ 1 in the support

of the law ofLn. Let µn
k denote the expectation ofξ(y1) + · · · + ξ(yk) underπn

k .
Then the following analogue of Theorem A holds.

THEOREM J. The lawη∗
n coincides with the law of the random variable

ξ∗
1 + · · · + ξ∗

n ,

where(ξ∗
n )n≥1 are independent and distributed as follows. For any fixedn ≥ 1,

draw k ≥ 1 at random along the sized biased distributionzn, then choose the
index i uniformly at random in{1, . . . , k} and let ξ∗

n denote a copy of theith
marginal ofπn

k . Thus, for instance,

M(η∗
n) =

n∑
k=1

∑
j≥1

µk
jα

k
j .

In the PCR context, the only nonzeroµk
j term isµk

2 = µk andαk
2 = λk/(1+λk)

is αk . ThusM(η∗
n) is the sum ofµkαk as in Theorem A.

The next step is to estimate the discrepancy betweenη∗
n andηn. With regard to

first moments, their difference can now be negative or positive.

PROPOSITION21. One has

M(ηn) =
n∑

k=1

∑
j≥1

µk
jα

k
j (1− εk

j ),

where the error termsεk
j , which can be positive or negative, are bounded by

functions ofj and of the reproducing laws of(Li)i≤k . Such bounds can be deduced
from the inequalities

0 ≤ E(Lk)ε
k
j − (

j − E(Lk)
)
E(1/Sk−1)

≤ E
({(

j − E(Lk)
)2 + (Sk−1 − 1)V(Lk)

}
/S2

k−1
)
.

Assume, additionally, that the first moment of each marginal ofπk
j is bounded

by a given numberµk
0 (or that |µk

j | ≤ jµk
0) for everyj ≥ 1 and 1≤ k ≤ n. Then

after some computations, Proposition 21 yields

|M(ηn) − M(η∗
n)| ≤

n∑
k=1

µk
0E(1/Sk−1)E(L3

k)/E(Lk)
2.



690 D. PIAU

Recalling finally that

E(1/Sk−1) ≤ E(1/Lk−1) · · ·E(1/L1)/S0,

we get the main result of this section.

THEOREM K. Fix n and fix some reproduction and mutation mechanisms for
then first generations. Assume that there existsr ≥ 1, µ0 andL0 finite, such that,
for every1≤ k ≤ n and everyj ≥ 1,

|µk
j | ≤ j rµ0, E(L2+r

k ) ≤ L0.

Then there exists a finite constantC := C(n,L0) such that, for everyS0 ≥ 1,

|M(ηn) − M(η∗
n)| ≤ Cµ0S

−1
0 , M(η∗

n) =
n∑

k=1

∑
j≥1

µk
jα

k
j .

This holds with the(very crude) constantC := nL0.

We could deal with the second moment ofηn along similar lines, but we leave
this task to the interested reader.

7. Estimation of mutation rates. In the rest of the paper,(λn) is a given
deterministic sequence as in Section 5. Letµ̂ denote the point estimator ofµ
by the first moment method, that is, the solution of the equationt = E(t) in the
unknownµ. Let µ̂∗ denote its infinite-population limit, that is, the solution of
t = E(t∗) in the unknownµ. When the efficiency is constant,̂µ∗ is the estimator
due to Sun (1995).

COROLLARY 22. We havêµ > µ̂∗ = t/Wn. More precisely, for anyS0 ≥ 1,

1− r ′′

S0 + 1
≤ µ̂∗

µ̂
≤ 1− r

S0 + 1
, r := vn

Wn

, r ′′ := v′′
n

Wn

.

When is the finite-population correction toE(t∗) negligible? Assume that then
first efficienciesλk are greater thanλ∗. Then (we omit the proof )(

1− 2

nλ∗S0

)
µ̂ ≤ µ̂∗ ≤ µ̂.

COROLLARY 23. If S0n inf(λk) � 1, thenµ̂∗ ≈ µ̂.

In the opposite direction, consider the situation wheren = 25, λk := λ1/k,
λ1 := 0.25 andS0 = 1. Thus, the efficiencyλk decreases fromλ1 = 0.25 to
λ25 = 0.01. Thenr = 0.495 andr ′′ = 0.770, meaning that the true estimatorµ̂

is between 1.33 · µ̂∗ and 1.63 · µ̂∗.
With regard to second moment properties, we first make the following remark,

direct from Theorem G.
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COROLLARY 24. In the infinite-population limit, µ̂∗ is a consistent estimator
of µ. For finite populations, µ̂ is not a consistent estimator ofµ.

Assuming thatµ̂∗ ≈ µ̂, the confidence interval of level 1− 1/z2 for µ

corresponds tot lying in the interval bounded by

E(t∗) ± z
√

V(t∗).

In the Poisson case,E(ξ) = µ = V(ξ). Thus, replacingµ in V(t∗) by its point
estimator̂µ∗, we get an approximative confidence interval forµ, bounded by the
pointsµ̂∗ ± zσ̂∗/Wn, where

µ̂∗ := t/Wn, σ̂ 2∗ := (t + t2W ′
n/W2

n )/�.

Whenµ is small,σ̂ 2∗ ∼ t/� and the interval is approximately bounded by

µ̂∗
(
1± z/

√
t�

)
,

where(t�) is the total number of mutations in the sample.

8. Data set. Weiss and von Haeseler (1997) applied their coalescent method
to the data set of Saiki et al. (1988). The efficiency sequence(λk) is not
provided; neither is the initial populationS0. However, following Weiss and
von Haeseler (1997), the extent of the amplification after 20, 25 and 30 cycles
[provided by Saiki et al. (1988)] allows us to compute hypothetical efficiencies,
which are constant and equal toλ during the 20 first cycles, then constant and
equal toλ′ during the cycles between 21 and 25, and finally constant and equal to
λ′′ during the cycles between 26 and 30. Numerically,

λ = 0.872, λ′ = 0.743, λ′′ = 0.146.

For a sample of size� = 28, 17 mutations were observed. Thus,t = 17/28. We
find W30 = 12.085 andµ̂∗ = t/W30 = 0.05024. Furthermore,v′′

30 = 0.38435 and
v30 = 0.03653. Thus,

µ̂ ∈



(0.05032,0.05105), for S0 = 1,

(0.05025,0.05039), for S0 = 10,
(0.05024,0.05026), for S0 = 100.

These intervals are much smaller than the uncertainties associated to, first, the fact
that the efficiencies are unknown and, second, the variation that a difference of±1
in the count of the observed mutations would yield. With regard to the efficiencies,
we followed Weiss and von Haeseler (1997) and chose a constant value fromk = 1
to k = 20, then fromk = 21 to k = 25, and finally fromk = 26 to k = 30. More
regular variations of(λk) are possible.

The maximum likelihood method of Weiss and von Haeseler (1997) gives values
that are similar to ours whenS0 is large and gives markedly different values when
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S0 is small, namely an estimated value ofµ of 0.060 for S0 = 1. This suggests
that the mean of the posterior distribution ofµ is not the point where its density is
maximal; in other words, that the distribution is far from being symmetric around
its mean.

With regard to confidence intervals,W ′
30 = 6.755, andσ̂∗ = 0.149, which is

quite comparable to
√

t/� = 0.147; see the remark at the end of Section 7.
This yields the interval bounded by 0.05024± z0.01236. For instance,µ ∈
(0.02552,0.07496) at a level of confidence of 75%.

With regard to the variance, Weiss and von Haeseler (1997) simulate the correct
value of 0.012 whenS0 is large and a variance of 0.016 whenS0 = 1.

9. On the mean of the sample.

9.1. Boundary effects. We recover some striking features of the numerical
simulations in Weiss and von Haeseler (1995). Recall that the histogram ofηn

is always to the left of the histogram ofη∗
n, meaning thatη∗

n stochastically
dominatesηn (this is specific to the case whereξ ≥ 0 almost surely); see
Piau (2002). Furthermore, the gap between the two distributions decreases to zero
whenλ → 1. This last fact follows fromv′

n ≤ 2(1− λ).
Another property that is not visible on the simulations is that, forn fixed and

whenλ → 0, the gap goes to zero as well. Our results prove that this effect appears
only whenλ is so small thatnλ � 1, that is, for values of the efficiency that Weiss
and von Haeseler did not consider in their simulations.

9.2. First generations effect.Considering a smaller number of cycles in our
test case in Section 7, we get similar values of the ratior . For instance, ifn = 5,
respectively, ifn = 10, thenr = 0.521, respectively,r = 0.516. Roughly speaking,
this means that the approximation fails only during the first generations, that is,
whenSk is not large enough yet.

9.3. Estimating efficiencies.For Bernoulli branching processes, the sequence
(γnSn) is a positive martingale, bounded inL2 (and in everyLp, p ≥ 2). Thus, it
converges, almost surely and in the mean to a random limit which is in(0,+∞)

almost surely. This implies that

Sn+1/[Sn(1+ λn+1)] → 1 a.s.

This fact, rather than the observation thatE(Sn+1) = E(Sn)(1 + λn+1), is the
reason whySn+1/Sn is a good estimator of(1 + λn+1). Additionally, some
concentration of measure phenomena occurs; see the large deviations results of
Athreya (1994) and Athreya and Vidyashankar (1995).
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10. On the proof of stochastic recursions. We first recall some basic tools.
We haveM(ζn) = Tn/Sn, whereTn denotes the sum of the states of the population
at timen. For any particlex at timen, letε(x) := 1 if x has two children; otherwise,
let ε(x) := 0. Let (ξ(x)) denote i.i.d. random variables distributed likeξ . Then

Tn+1 =
Sn∑

x=1

s(x)
(
1+ ε(x)

) + ξ(x)ε(x), Sn+1 =
Sn∑

x=1

1+ ε(x).

The exchangeability ofε(x) implies that

SnE

(
1+ ε(x)

Sn+1

∣∣∣Fn

)
= 1.

Likewise,

SnE

(
ε(x)

Sn+1

∣∣∣Fn

)
= 1− H(Sn).

IntegratingTn+1/Sn+1, we get

E
(
M(ζn+1)|Fn

) = M(ζn) + µ[1− H(Sn)].
Turning to the evaluation of the second moment, we use once again the expression
of Tn+1 and the exchangeability properties that arise. Separating carefully the
square terms from the rectangular terms inT 2

n+1, and skipping the details, we get

E
(
M(ζn+1)

2|Fn

) = M2(ζn)B
′′(Sn) + M(ζn)

2B1(Sn)

+ 2µM(ζn)[1− H(Sn)] + νB(Sn) + µ2B2(Sn),

where the only coefficients that are not already defined are

B1(1) := 0, B1(k) := k2
E(L1L2/M

2
k ), k ≥ 2,

B2(k) := E
(
(1− k/Mk)

2).
We take the expectation of both sides and substract to this the recursion
relationship forE(M(ζn)) squared. Theµ terms cancel. Theµ2 terms add to

B2(Sn) − [1− H(Sn)]2 = B ′(Sn).

Theν term isB(Sn). TheM2(ζn) andM(ζn)
2 terms remain and we must show that

the coefficients of these, namelyB ′′(Sn) andB1(Sn)− 1, add to 0. SinceM2
k is the

sum ofk squaresL2
i and ofk(k − 1) productsLiLj for i �= j , the exchangeability

of (Li) yields

kE
(
(L2

1 − L1L2)/M
2
k

) + k2
E(L1L2/M

2
k ) = 1,

that is, B ′′(k) + B1(k) = 1. This ends the proof of Theorem E. The proof of
Lemma 11 uses similar techniques and we omit it.
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11. Additional term—proofs. We begin with the proof of Lemma 9 and with
simple considerations about the sequencesB, B ′ and B ′′ that are valid for any
distribution ofL. Laplace’s method and the law of large numbers yield that, when
k → ∞,

kB(k) → E(L) − 1

E(L)2 , kB ′(k) → V(L)

E(L)4 , kB ′′(k) → V(L)

E(L)2 .

This implies that Lemma 9 cannot hold withb < α(1−α), b′ < λ(1−λ)/(1+λ)4

or b′′ < λ(1− λ)/(1+ λ)2. Thus, Lemma 9 is optimal whenλ → 0.

PROOF OF LEMMA 9. The first assertion of Lemma 9 stems from the
concavity of(m − k)/m2 with respect tom on the interval(k,2k). TheB ′′ result
follows from the facts that, fork ≥ 2,

B ′′(k) = λ(1− λ)E

(
k

(3+ Mk−2)2

)
,

thatMk−2 ≥ k − 2 a.s. and thatk/(k + 1)2 ≤ 1/(k + 2). We postpone (a stronger
version of ) theB ′ assertion to Lemma 25.�

REMARK. In the Bernoulli case,B ′′(k) ≥ (V(L)/E(L)2) · k/(k + 1)2.

REMARK. We can refine the uniform bounds as follows. First,vn ≤ 1 and
v′′
n ≤ 3. Assuming thatλk ≥ λ∗ for everyk ≤ n,

vn ≤ 1− λ∗.

On the other hand, assuming thatλk ≤ λ+ for everyk ≤ n,

vn ≥ (1− γn)(1− λ+).

This yields lower bounds ofZn andRn since, for instance,

νvn/(S0 + 1) ≤ Zn ≤ (ν + µ2)vn/(S0 − 1).

Lemma 25 is a key step in the proof of Lemma 26.

LEMMA 25. (i) One hasG(k) ≤ 1/(1+ λ)2 + 3A(k).

(ii) For any integerj ≥ 1,

E
(
(k/Mk)

j ) ≤ 1/(1+ λ)j + A(k)j (j + 1)/2.

(iii) One hasB ′(k) ≤ A(k)(1+ 3λ)/(1+ λ).
(iv) One hasB ′(k) ≤ b′/(k + 1), with

b′ := λ(1− λ)(1+ 3λ)/(1+ λ)2 ≤ λ.
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PROOF. Assertion (iv) follows from assertion (iii) and from the upper bound
of A(k) in Corollary 34. Assertion (iii) follows from assertion (i) and from the fact
that

B ′(k) = G(k) − H(k)2 ≤ [3− 2/(1+ λ)]A(k).

The convexity of the functionm �→ 3k/m − k2/m2 onm ≥ k implies that

3E(k/Mk) − E
(
(k/Mk)

2) ≥ 3/(1+ λ) − 1/(1+ λ)2.

Going back to the definitions, this is assertion (i). For assertion (ii), we use the
convexity of the functionm �→ (j + 2)/mj − jk/mj+1 on m ≥ k to perform a
recursion onj . �

The contribution ofν, respectively, ofµ2, to Rn+1 − Rn is greater than
E(B(Sn)), respectively,E(B ′(Sn)). The contribution ofν, respectively, ofµ2, to
Zn+1 − Zn is E(A(Sn)), respectively,A′

n+1. From Corollary 34,A(k) ≤ α(1 −
λ)/2. Hence,

A′
n+1 ≤ E(A′(Sn)), whereA′(k) := (1− λ)A(k).

Thus, Lemma 26 below implies thatRn ≥ Zn/2, that is, the� ≥ 3 point in
Proposition 19.

LEMMA 26. For anyk ≥ 1, B(k) ≥ A(k)/2 andB ′(k) ≥ A′(k)/2.

PROOF. The definitions and two lines of algebra show that the inequality
B(k) ≥ A(k)/2 is equivalent to

(k − 2)A(k) + 2G(k) ≤ 2(1− α).

From assertion (i) of Lemma 25, a sufficient condition is

(k + 4)A(k) ≤ 2α(1− α).

The upper bound ofA(k) in Corollary 34 implies that this holds if

(k + 4)/(k + 1) ≤ 2/(1− λ2).

This settles thek ≥ 2 case, since(k + 4)/(k + 1) ≤ 2 for k ≥ 2. Because thek = 1
case is obvious, this proves thatB(k) ≥ A(k)/2 for anyk ≥ 1.

Our proof ofB ′(k) ≥ A′(k)/2 is more intricate. According to Corollary 36 in
Section 12.4, whose notation we use from now on, it is enough to check that

G̃(k) ≥ H̃ (k)2 + (1− λ)(1+ λ)(H̃ (k) − 1)/2,

that is, after some rearrangements, to check that

(1+ λ2)G1k ≥ (3+ λ2)G2 + (1− λ2)
G3

k
+ 2

(
G2

1 + G2
2

k2 + G2
3

k4

)
.



696 D. PIAU

First,G2 ≤ (1− 2λ)G1. Furthermore, sincen2 ∈ (0,1/4), for anyk ≥ 2,

G3 = G1[1+ 3(k − 2)n2]/(1+ λ) ≤ G1uk, u := 3/4.

For k ≥ 2, this yields the sufficient condition

(1+ λ2)k ≥ (3+ λ2)(1− 2λ) + u(1− λ2)

+ 2G1 + 2
G1

k2

(
(1− 2λ)2 + u2).

SinceG1 ≤ λ(1 − λ), the sum of the three first terms on the right-hand side is
the sum of 3+ u and of a polynomial inλ with negative coefficients, hence
at most 3+ u. For anyk ≥ 4, the last term on the right-hand side is at most
2G1(1 + u2)/k2 ≤ 1/16 becauseu ≤ 1, G1 ≤ 1/4 andk ≥ 4. Hence, the right-
hand side is at most 3+ 3/4+ 1/16< 4. Since the left-hand side is at leastk, we
are done for anyk ≥ 4.

Finally, settingD(k,λ) := (2B ′(k)−A′(k))(1+λ)/[λ(1−λ)], we get, with the
help of Maple© software,

D(1, λ) = λ ≥ 0,

18D(2, λ) = 2+ 10λ − 9λ2 + λ3 ≥ 2,

200D(3, λ) = 24+ (1− λ)(1+ 58λ − 55λ2 − λ4) ≥ 24.

Hence,B ′(k) ≥ A′(k)/2 for anyk ≥ 1. �

12. Harmonic moments—statements.

12.1. Method. Following the technique of Piau (2002, 2004a), we seek to
compareA(k) with 1/k and to boundHy(k). Iterating these bounds yields good
estimations of the harmonic moments ofSk .

A remarkable feature of the rescaled harmonic meanHy(k) of the sum ofk i.i.d.
positive random variables is that, fory ≥ 0,Hy(k) is a decreasing function ofk for
k ≥ 1. This very general fact seems to be unknown. It holds in a wider context (see
Lemma 30) and we prove it by a completely deterministic method in Section 13.1.

In the restricted context of the Bernoulli branching process, we uncover two
other monotonicities. First, fory ≥ 1, H−y(k) is an increasing function ofk for
k > y. Second, a suitably normalized correction ofH(k) is decreasing (however,
see Remark in Section 12.3). Thus, Lemmas 30, 31 and 33 are crucial steps in our
proofs. We state the following consequence.

COROLLARY 27. In the Bernoulli case, for anyy ≥ 0 andS0 ≥ 1,

γn/(S0 + y) ≤ E[1/(Sn + y)] ≤ γ (y+2)
n /(S0 + y).

For anyS0 > y ≥ 1,

E[1/(Sn − y)] ≤ γn/(S0 − y).
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As a consequence, for anyS0 ≥ 2,

γn/S0 ≤ E(1/Sn) ≤ γn/(S0 − 1).

REMARK 28. If S0 ≥ 2, E(1/Sn) is exactly of orderγn, that is, of the order
of 1/E(Sn). If S0 = 1, our results show only thatE(1/Sn) is at most of orderγ (2)

n ,
which can be much greater thanγn = 1/E(Sn). An upper bound ofE(1/Sn) of
orderγn indeed holds whenS0 = 1, namely

E(1/Sn) ≤ γn(1+ 1/λ∗
n),(5)

whereλ∗
n is the minimum of the sequence(λk) up to timen (we omit the proof ).

This bound is optimal, up to a factor 2, since, whenλk = λ is constant, we can
show that the limit ofE(1/Sn)/γn is at least(1+ 1/λ)/2; see Piau (2004a or b).

Equation (5) could be used to replace the productsγ
(2)
n in all our upper bounds

by γn(1 + 1/λ∗
n). Recall finally that, in actual reactions, the sequence(λk) is

nonincreasing. Thenλ∗
n = λn andγn(1+ 1/λ∗

n) = γn−1/λn.

12.2. Monotonicities ofHϕ
y .

DEFINITION 29. For any integerk ≥ 1 and real numbery such thatk +y > 0,
and for any nonnegative functionϕ, define

Hϕ
y (k) := E

(
ϕ

(
Mk + y

k + y

))
.

We recoverHy whenϕ is the convex and decreasing functionϕ(x) = 1/x. For
any locally boundedϕ and anyL ≥ 1 of bounded support, the law of large numbers
and an easy domination imply thatH

ϕ
y (k) → ϕ(E[L]) whenk → ∞.

LEMMA 30. (i) Assume that(Li) is exchangeable and thatϕ is convex.
ThenH

ϕ
0 is nonincreasing. If furthermore(Li) is i.i.d., thenH

ϕ
0 (k) ≥ H

ϕ
0 (∞) =

ϕ(E[L]).
(ii) Assume thaty ≥ 0, that (Li) is exchangeable, and thatϕ is convex and

nonincreasing. Then H
ϕ
y is nonincreasing. If (Li) is furthermore i.i.d., then

H
ϕ
y (k) ≥ H

ϕ
y (∞) = ϕ(E[L]).

For instance,Hy decreases fromHy(1) = E[(1 + y)/(L + y)] to 1/E(L) for
anyy ≥ 0. For Bernoulli branching processes, we get

1− α ≤ Hy(k) ≤ 1− λ/(y + 2).

Furthermore,Hy describes one step of the evolution of 1/(Sn + y), since

Hy(Sn) = E

(
Sn + y

Sn+1 + y

∣∣∣Sn

)
a.s.

This yields the first part of Corollary 27.
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LEMMA 31. For Bernoulli branching processes andy ≥ 1, the sequence
H−y(k) is increasing fork > y. Thus,

H−y(k) ≤ 1/E(L) = 1− α.

Iterating Lemma 31 yields the second part of Corollary 27.

REMARK. For non-Bernoulli laws,H−1 can fail to be increasing.

12.3. Monotonicity ofA. Lemmas 32 and 33 are proved in Section 13.2.

LEMMA 32. For k = 1, A(1) = E(1/L) − 1/E(L). Whenk → ∞,

kA(k) → V(L)/E(L)3.

LEMMA 33. For Bernoulli branching processes, (k + 1)A(k) is decreasing.

For Bernoulli branching processes,A(1) = α(1− λ)/2 andV(L) = λ(1− λ).

COROLLARY 34. For Bernoulli branching processes,

α(1− λ)/(1+ λ)2 ≤ (k + 1)A(k) ≤ α(1− λ).

COROLLARY 35. In particular, kA(k) ≤ α(1− λ).

REMARK. (i) The sequencekA(k) is not always decreasing, even in the
restricted case of Bernoulli branching processes. Ifλ ≤ 2− √

3, we can show that
kA(k) is in fact increasing (we omit the proof ).

(ii) In the general context, the sequence(k + 1)A(k) is not always decreasing.
If the law ofL is (1− p)δ1 + pδ3 and ifp ≤ 1/16, we can show that(k + 1)A(k)

is in fact increasing (we omit the proof ).

12.4. Taylor expansions. Precise estimates of the remaining terms of the
Taylor expansions of the functionsx �→ 1/x andx �→ 1/x2 yield bounds ofG(k)

andH(k), hence ofA(k). Setn2 := λ(1− λ). The following results are proved in
Section 13.3.

COROLLARY 36. One hasG(k) ≥ G̃(k)/(1+ λ)2 andH(k) ≤ H̃ (k)/(1+ λ)

with

G̃(k) := 1+ 3G1/k − 4G2/k2 + 2G3/k3,

H̃ (k) := 1+ G1/k − G2/k2 + G3/k3,

where

G1 := n2

(1+ λ)2 , G2 := n2(1− 2λ)

(1+ λ)3 , G3 := n2(1+ 3(k − 2)n2)

(1+ λ)3 .
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Corollaries 34 and 36 provide tight bounds ofA(k). For instance, when
λ → 0, A(k)/λ is asymptotically between 1/k − 1/k2 + 1/k3 and 1/(k + 1). The
difference is 1/[k3(k + 1)]. In the general case, the following corollary holds.

COROLLARY 37. For anyk ≥ 1,

λ(1− λ)

(1+ λ)3

1

k + 1
≤ A(k) ≤ λ(1− λ)

(1+ λ)3

k + 1

k2 .

Therefore, for anyk ≥ 2,

A(k) ≤ λ(1− λ)

(1+ λ)3

1

k − 1
.

13. Harmonic moments—proofs.

13.1. Proof of the monotonicities ofHϕ
y . Surprisingly (to us), Lemmas

30 and 31 reflect almost sure properties that have nothing to do with randomness.
Assume first thaty = 0 and note thatMk+1/(k + 1) is the barycenter with equal
weights of the(k + 1) random variablesM(i)

k /k, whereM
(i)
k := Mk+1 −Li . Thus,

the convexity ofϕ implies that

ϕ

(
Mk+1

k + 1

)
≤ 1

k + 1

k+1∑
i=1

ϕ

(
M

(i)
k

k

)
.(6)

By exchangeability, eachM(i)
k is distributed likeMk . Taking the expectations of

both sides of (6) yields the result.
Fory ≥ 0, setNk := (Mk +y)/(k +y) andyk := y/[k(y + k +1)] ≥ 0. Tedious

computations show that

Nk+1 = −yk + (1+ yk)
1

k + 1

k+1∑
i=1

N
(i)
k ,

whereM
(i)
k yields N

(i)
k like Mk yields Nk . Since eachN(i)

k ≥ 1, Nk+1 is greater

than the barycenter of the random variablesN
(i)
k , which are distributed likeNk .

Sinceϕ is nonincreasing, taking expectations yields Lemma 30.
Likewise, the proof of Lemma 31 for Bernoulli random variables is entirely

nonrandom. Assume thatLj = 2 for i indices j between 1 andk + 1, and
assume thatLj = 1 for thek + 1 − i other indicesj . ThenMk+1 = k + i + 1,

M
(j)
k = k + i − 1 for i indicesj andM

(j)
k = k + i for thek + 1− i other indicesj .

Thus, it is enough to check the almost sure inequality

k + 1− y

k + i + 1− y
≥ k − y

k + 1

(
i

k + i − 1− y
+ k + 1− i

k + i − y

)
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for any 0≤ i ≤ k + 1 andk > y. After simplifications, this is equivalent to the
condition that eitheri = 0 or i ≥ 1 and

(y − 1)k + (y + 1)i − 1− y2 ≥ 0,

which holds for anyi ≥ 1 andk > y ≥ 1. Thus, Lemma 31 holds.

13.2. Proof of the properties ofA. For |t | ≤ 1, letf (t) := E(tL) andg(t) :=
E((L1 − L2)

2tL1+L2−3)/2. An integration by parts yields

A(k) =
∫ 1

0
g(t)f ′(t)−2f (t)k dt.

(We omit the details.) Since|f (t)| < 1 for |t | < 1 andf (1) = 1, whenk → ∞, the
integral is controlled by the behavior of the integrand whent → 1. More precisely,
from Laplace’s method,

A(k) ∼ g(1)f ′(1)−2/[kf ′(1)],
whereg(1) andf ′(1) denote limits whent → 1, t < 1. Sinceg(1) = V(L) and
f ′(t) → E(L), Lemma 32 holds.

For Bernoulli branching processes,g(t) = λ(1 − λ) is constant. Thus,A(k)

takes the simpler formA(k) = λ(1− λ)I (k,1), where

I (k, �) :=
∫ 1

0
(f )k(f ′)−2�.

The facts that(k + 1)f ′f k is the derivative off k+1 and thatf ′′ = 2λ, together
with an integration by parts yield the recursion

(k + 1)I (k, �) = (1+ λ)−(2�+1) + 2λ(2� + 1)I (k + 1, � + 1).

SinceI (·, �) is decreasing for any�, this implies that the sequence(k + 1)I (k, �)

is a decreasing function ofk and, finally, that Lemma 33 holds.

13.3. Proofs of Taylor expansions.Let Ti(f )(x0, ·) denote the Taylor expan-
sion atx0 of the functionf , up to orderi ≥ 0. For instance, ifh(x) := 1/x and
g(x) := 1/x2,

Ti(h)(x0, x) =
i∑

j=0

(−1)j (x − x0)
j /x

j+1
0 ,

Ti(g)(x0, x) =
i∑

j=0

(−1)j (j + 1)(x − x0)
j /x

j+2
0 .

We now estimate the remaining terms, perhaps more precisely than is usual.
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LEMMA 38. For anyi ≥ 1,

h(x) = T2i−1(h)(x0, x) + (x − x0)
2i/(x2i

0 x),

g(x) = T2i−1(g)(x0, x) + (x − x0)
2i (x0 + 2ix)/(x2i+1

0 x2).

PROOF. Recursion oni ≥ 1. �

COROLLARY 39. If x andx0 are both in a positive interval(x−, x+),

h(x) ≤ T2i−1(h)(x0, x) + hi(x − x0)
2i ,

g(x) ≥ T2i−1(g)(x0, x) + gi(x − x0)
2i ,

where

hi := 1

x2i
0 x−

, gi := 2ix+ + x0

x2i+1
0 x2+

≥ 2i

x2i+1
0 x+

.

A similar lower bound ofh(x) and a similar upper bound ofg(x) hold.

REMARK. Taylor–Lagrange formulas yield greater error terms forh(x) and
for g(x) that are, respectively,

h′
i := 1

x2i+1−
and g′

i := 2i + 1

x2i+2+
.

We apply Corollary 39 tox := Mk/k, x0 := 1 + λ, x− := 1 andx+ := 2, and
i := 2. Introducingmj := E((x − x0)

j ) and usingm1 = 0, we get

H(k) ≤ 1/(1+ λ) + m2/(1+ λ)3 − m3/(1+ λ)4 + m4/(1+ λ)4,

G(k) ≥ 1/(1+ λ)2 + 3m2/(1+ λ)4 − 4m3/(1+ λ)5 + 2m4/(1+ λ)5.

If nj denotes thej th moment ofL − E(L), m2 = n2/k, m3 = n3/k2 and

m4 = (
n4 + 3(k − 1)n2

2
)
/k3.

If L is Bernoulli, n2 = λ(1 − λ), n3 = n2(1 − 2λ) andn4 = n2(1 − 3n2). This
yields Corollary 36.

PROOF OFCOROLLARY 37. The expression of̃H(k) in Corollary 36 yields

kA(k) ≤ λ(1− λ)

(1+ λ)3

(
1+ a

k

)
,

where, after some rearrangements,a can be written as

a = λ −
(

1− 1

k

)
1− 4λ(1− λ)

1+ λ
− 2λ(1− λ)

(1+ λ)k
.
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Thus,a ≤ 1 and the upper bound is proved. The lower bound is in Corollary 34.
�
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