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STRONG WEAK CONVERGENCE THEOREMS OF IMPLICIT
HYBRID STEEPEST-DESCENT METHODS
FOR VARIATIONAL INEQUALITIES

Lu-Chuan Ceng*, Chinsan Lee** and Jen-Chih Yao**

Abstract. Assume that F' is a nonlinear operator on a real Hilbert space H
which is strongly monotone and Lipschitzian with constants > 0 and « > 0,
respectively on a nonempty closed convex subset C' of H. Assume also that
C' is the intersection of the fixed point sets of a finite number of nonexpansive
mappings on H. We develop an implicit hybrid steepest-descent method which
generates an iterative sequence {u,} from an arbitrary initial point uo € H.
We characterize the weak convergence of {w,} to the unique solution «* of
the variational inequality:

(F(u"),v—u*) >0 WveC.

Applications to constrained generalized pseudoinverse are included.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively.
Let C be a nonempty closed convex subset of H, and F' : H — H be an operator.
Stampacchia [10] initially studied the classical variational inequality problem: find
u* € C such that

(VI(F,C)) (F(u"),v—u")) >0, VveC.
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Variational inequalities ever since have been extensively studied because they in-
clude as special cases many diverse disciplines such as partial differential equations,
optimal control, optimization, mathematical programming, mechanics and finance,
etc.. The reader is referred to [8-10, 12, 20] and the references therein.

It is well known that if F' is strong monotone and Lipschitzian on C, then
VI(F, C) has a unique solution. See, e.g., [10]. In the study of the VI(F, C), one
of the most important problems is how to find a solution of the VI(F, C) if any.
A great deal of effort has gone into the problem of finding a solution of VI(F, C);
see [8, 11].

It is also known that the VI(F, C) is equivalent to the fixed-point equation

(1) u' = Fo(u” — pk(u"))

where Pq is the (nearest point) projection from H onto C; i.e., Fox = argmin, ¢
|z — yl|| for each z € H and where x> 0 is an arbitrarily fixed constant. So if
F is strongly monotone and Lipschitzian on C and g > 0 is small enough, then
the mapping determined by the right-hand side of this equation is a contraction.
Hence the Banach contraction principle guarantees that the Picard iterates converge
in norm to the unique solution of the VI(F,C). Such a method is called the
projection method. It has been widely extended to develop various algorithms for
finding solutions of various classes of variational inequalities and complementarity
problems; see, e.g., [21-23]. It is remarkable that the fixed-point equation involves
the projection Pz which may not be easy to compute due to the complexity of the
convex set C'.

Recently Yamada ([18], see also [5]) introduced a hybrid steepest-descent method
for solving the VI(F, C) so as to reduce the complexity probably caused by the pro-
jection Po. His idea is stated now. Let C be the fixed-point set of a nonexpansive
mapping 7' : H — H; thatis, C = {z € H : Tz = x}. Recall that T" is nonexpan-
sive if | Tx— ix(T)={z e H:Tx =z}
denote the fixed-point set of 7. Let F' be n-strongly monotone and x-Lipschitzian
on C. Take a fixed number p € (0,2n/x?) and a sequence {\,} of real numbers
in (0, 1) satisfying the conditions below:

(L1) limp oo A\, =0,

(L2) 22521 An

(L3) hmn—>00( n n+1)/)‘721+1 =0.

Starting with an arbitrary initial guess vy € H, one can generate a sequence {u,}
by the following algorithm:

(2) Unt1 = Tup — App1puF'(Tuy), n>0.

Then Yamada [18] proved that {u,,} converges strongly to the unique solution of the
VI(F,C). An example of the sequence {\,} which satisfies conditions (L1)-(L3)
is given by A, = 1/n” where 0 < o < 1.
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On the other hand, if C is expressed as the intersection of the fixed-point sets
of N nonexpansive mappings 7; : H — H with N > 1 an integer, Yamada [18]
proposed another algorithm,

(3) Un1 2= T y1)tun — Anp1 pflF (Tjpgayun), n >0,

where Tjy) := Tgmodn, for integer £ > 1, with the mod function taking values in
the set {1, 2, ..., N'}; thatis, if £ = jN 4 ¢ for some integers j > 0and 0 < g < N,
then Ty = Ty if ¢ = 0 and Ty = T, if 1 < ¢ < N, where . € (0,2n/x?) and
where the sequence {\, } of parameters satisfies conditions (L1), (L2) and (L4),

(L4) >°7 1 [An — Angn| s convergent.

Under these conditions, Yamada [18] proved the strong convergence of {u, } to
the unique solution of the VI(F, C).

In 2003, Xu and Kim [17] further considered and studied the hybrid steepest-
descent algorithms (2) and (3). Their major contribution is that the strong conver-
gence of algorithms (2) and (3) holds with condition (L3) replaced by the condition

(L3)" limy,—00 An/Ant1 = 1 or equivalently limy, oo (A, — Apt1)/Ant1 =0,
and with condition (L4) replaced by the condition

(L4)" limy— 00 An/An+n = 1 or equivalently lim,, o0 (A, — Aptn )/ Ansn = 0.

It is clear that condition (L3)’ is strictly weaker than condition (L3), coupled with
conditions (L1) and (L2). Moreover (L3)’ includes the important and natural choice
{1/n} for {\,}, while (L3) does not. It is easy to see that if lim, oo A/ Aptn
exists then condition (L4) implies condition (L4)’. However in general conditions
(L4) and (L4)’ are not comparable: neither of them implies the other (see [16] for
details). Furthermore under conditions (L1), (L2), (L3)’, and (L4)’, they gave the
applications of algorithms (2) and (3) to the constrained generalized pseudoinverses.

Let {o,}2, < (0,1), {A\,}72, C (0,1) and take a fixed number p €
(0,2n/x%). Now we introduce the following implicit hybrid steepest-descent al-
gorithms (1) and (I1) as follows:

Algorithm (I). For any initial guess uo € H, the sequence {u,} is generated
by the following implicit iterative scheme

Unp = anun—1+(1_an)T>\nun = anun—1+(1_an)[Tun_)‘nMF(Tun)]v n>1.
Algorithm (I1). For any initial guess ug € H, the sequence {u,,} is generated

by the following implicit iterative scheme

Up 1= Qplp_1 —|—(1—an)T[;\ﬁun:anun_1 + (1= ) [Ty un=Anpt F (T un)], n>1,

where Tj,;) = Thmodn -
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For the sequence {u,} generated by the above algorithms (I) and (1), we dis-
cuss and characterize the weak convergence of {u,} to the unique solution of the
VI(F, C) under the suitable conditions which are more convenient and more simple
than Xu and Kim’s ones [17]. Moreover applications to constrained generalized
pseudoinverse are included.

2. PRELIMINARIES

The following lemmas will be used for the proofs of the main results of the
paper in Section 3.

Lemma 2.1. See [15, Lemma3.1]. Let {a,}5°, and {b,}5°, be two sequences
of nonnegative numbers satisfying the inequality

any1 < ap +by, n>0.
If >°>° , by, converges, then lim,, . a,, exists.

Lemma 2.2. See [7]. Demiclosedness Principle. Assume that 7" is a non-
expansive self-mapping of a closed convex subset C' of a Hilbert space H. If T
has a fixed point, then I — T is demiclosed; that is, whenever {x ,} is a sequence
in C'" weakly converging to some = € C and the sequence {(I — T))x,,} strongly
converges to some y, it follows that (I — T")z = y. Here I is the identity operator
of H.

For a nonempty closed convex subset C C H, we denote by P the (near-
est point) projection from H onto C. In what follows, we state some well-known
properties of the projection operator which will be used in the sequel; see [19].

Lemma 2.3. Let C be a nonempty closed convex subset of H. For any
xz,y € H and z € C, the following statements hold:
(i) (Pocx —x,z — Pox) > 0;
(i) [|[Pex — Peyl® < ||z — ylI? - |Pox — x +y — Poyl*.

Remark 2.2. Obviously, Lemma 2.3 (i) provides also a sufficient condition
for a vector v to be the projection of the vector z; i.e., u = Rz if and only if
(u—z,z—u) >0, VzeC.

Now recall that a Banach space F is said to satisfy Opial’s condition if whenever
{z,,} is a sequence in E which converges weakly to z, then

liminf ||z, — z| < liminf |z, —y|| forally e E,y# x.
n—oo n—oo
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It is well known that every Hilbert space satisfies the Opial condition. See, e.g.,
[13].

3. ImMpPLICIT HYBRID STEEPEST-DESCENT ALGORITHMS

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. Let ' : H — H be an operator such that F' is Lipschitzian and strongly
monotone with constants x > 0 and n > 0, respectively on (' that is, F' satisfies
the conditions

(4) [1Fz — Fy|| < &llz —yll, Va,yeC,

(5) (Fo —Fy,x —y) 2 nllz —y[*, VYa,yeC.
Under these conditions, it is well-known that the variational inequality problem

(VI(F,C)) (F(u*),v—u*) >0, YveC.
has a unique solution u* € C.

Denote by Po the projection of H onto C. Namely, for each x € H, Rz is
the only element in C satisfying

|z — Poz| = min{|lz — y|| : y € C}.
It is known that the projection P¢ is characterized by the inequality
(x — Pox,y— Pexz) <0, VyeC.
Thus it follows that the VI(F, C) is equivalent to the fixed-point problem
" = Po(I — pF(u")),

where 1 > 0 is a constant.

In this section, assume that 7 : H — H is a nonexpansive mapping with
Fix(T) = C. Note that obviously, Fix(P~) = C. For any given numbers \ €
(0,1) and u € (0,2n/x2), associating with T : H — H, we define the mapping
T»:H — H by

Tz :=Tx — \uF(Tx), Yz € H.

Lemma 3.1. See [18]. If 0 < XA < 1and 0 < u < 2n/k2, then there holds for
T :H — H,

(6) 1T e =Tyl < (1 = Ar)llz —yll, Va,ye H,
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where 7 =1 — /1 — u(2n — ux?) € (0,1).

Proof. For completeness, we include a simple proof.
Observe that

K>nenn>1— /1= 2nu+ p?s?
& 201 = N)[1— /1 —2np + p262] + 221 — \)npu > 0
(1= N2+ 201 — A)V/1 =20+ 262 + N2(1 — 2np + pK2)
> 1 — 2 un + ()22
& 1-A1—/1—p2n—pr2)] > /1=2xun+ (Ap)2x2.
From the strong monotonicity and Lipschitz continuity of F', we obtain

IT e — Ty|? < (1 20m + (Aw)*k?) | T — Tyl
Therefore, it is easy to see that the conclusion holds. ]
Algorithm (1). Let {a,}72; C (0,1), {A}52, C (0,1) and take a fixed

number p € (0,2n/k2). Starting with an arbitrary initial guess ug € H, one can

generate a sequence {u,} by the following implicit iterative scheme
o Up : = Qplin_1 + (1 — )Ty,
= aptn—1 + (1 — ap)[Tuy, — AgpuF (Tuy)], n>1.

Observe that by Lemma 3.1, for every v € H and ¢ € (0,1), the operator
S; : H — H defined by Six = tu + (1 — t)T x satisfies

(Six — Spy,x —y) = (1 —t){(Trz — Ty, z — )
< (1=t = A7)z -yl
(1—75)”1'—2/”2, vayGH-

Hence S; is strongly pseudocontractive (see, e.g., [3, 14]). Since S; is also Lips-
chitzian, it follows from [3-4, 14] that S; has a unique fixed point z; € H. Thus
there exists a unique x; € H such that

xp = tu+ (1 — )Tz = tu + (1 — t)[Txy — A\uF (Txy)].

This implies that the implicit iteration scheme (7) above for generating the sequence
{u,,} of approximate solutions of the VI(F, C) is well defined.

Theorem 3.1. Let {a,,} and {\,} be real sequences in (0,1) such that
YomioAn<ocand a < a, <1—a,n>1,for some o > 0. Let {u,} denote the
sequence generated by Algorithm (). Then there hold the following statements:
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(i) {u,} converges weakly to an element of Fix(7T);

(ii) if F' is additionally sequentially continuous from the weak topology to the
strong topology, then {u,,} converges weakly to the unique solution @ of the
VI(F, C) if and only if

lim inf(F(Tuy,), u, —a) < 0.

n—oo

Proof. At first, recall that the well known identity
[tz + (1 = t)yl* = tz]|* + (1 = ) [lyl* — (1 = 1) []a — y|®
holds for all z,y € H and for all ¢ € [0, 1].
() Let «* be an arbitrary element in Fix(7"). Observe that
| — u*||? = |anttn_1 + (1 — an) T, — u*||?
(8) = omlun—1 — u[* + (1 — an) [T un — w2
—a (1 = ap) |Jtn—1 — Ty
Utilizing Lemma 3.1 we have
| T uy — w*|| = | T uy — TA 0" 4+ T — ||
< NTA gy — T ™|+ || T — ||
< (1= An7)[Jun — ™[l + Anpl [ F ()],
which hence implies that
1T wy — w2 < (1= AoT) ||t — w2 4 A - m
This together with (8) yields
lun — w1 < anllun—1 — | + (1= an)[(1 = Aa7)l|un — w2
i LECOIE) 1 s = TP
< apllun-1 — | + (1 = an) up — |

O L

T

+(1—ay an (1 — ap)l|up—1 — T’\"unHQ,

and so
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by 2 F(u* 2

ltn — )% < |ty — w2+ (1 — o) =2 - P E )]
(7% T

_(1 - O‘n)”“n—l - TA"’LL”HQ

— |lun — un—lHQ-

2 *\ |2
. F(u
S Hun—l_u H2+)\n_ﬂ H ( )H
TO

Since Y~ An-w converges, from Lemma 2.1 we know that limy, ,~ ||u,—
u*|| exists. Hence we deduce that

— 0 asn — oo,

2 *\ |12
|| F(u
Hun un_1H2 < Hun_l —u*HQ— Hun—u*H2—|—)\n-M

that is, lim,, . ||un, — un—1|| = 0. Now, observe that
allup—1 — T’\"unH < (1—ap)|lup—1— T’\"unH = ||up — up-1]] = 0 asn — oo.

Also note that it follows from the boundedness of {u,,} that {T'u,} and {F(T'u,)}
are bounded. Thus we infer that

[un—1 = Tun| < llup—1— TA"unH + HTA"un — Ty ||

< Nun—1 — T up]|| + Aptl|[F(Tuy)|| — 0 as n — oo.
This together with (7) implies that

[un — Tun | < [lan(un—1 = Tup) — (1 = an) AapoF (Tun) ||
< Nup—1 — Tup| + Moptl| F(Tuy)|| — 0 as n — oo.

Furthermore since {u, } is bounded, it has a subsequence {u, }52, which converges
weakly to some @ € H, and hence we have lim; . |ty — T'uy, || = 0. Note that
from Lemma 2.2 it follows that I — 7" is demiclosed at zero. Thus o € Fix(T).
If there exists another subsequence {u.,, }32, of {u,} which converges weakly to
@, then we must have @ € Fix(T'). Since lim, ., ||u, — || exists and H is an
Opial space, it follows from a standard argument that @ = . Consequently {w,,}
converges weakly to o € Fix(T').

(i) Suppose additionally that F" is sequentially continuous from the weak topol-
ogy to the strong topology. Moreover let & denote the unique solution of the
VI(F,C). We observe the following facts: lim,, o ||t — Tuy,|| = 0, and weak-
limy, oo up, = @ € Fix(T) =: C. Now let {u,} be weakly convergent to the
unique solution @ of the VI(F, C). Then ||F(u,) — F(a)|| — 0 as n — oco. Since
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limy, o0 |Jun, — Tuy || = 0, we have lim, . | F(Tu,) — F(a)|| = 0. Hence that

lm inf(F(Tuy,), up, — @) = Uminf(F(Tu,), up, — @) — lUm (F(a), u, — @)

n—oo n—oo n—oo
= lim inf(F(Tu,) — F(a), u, — 0)
n—oo
< liminf || F(Tun) — F(@)]||lun — @l
n—oo
=0
which implies that
(9) lim inf(F(Tuy,), u, —a) < 0.

n—oo

Conversely suppose that (9) holds. Then by using the strong monotonicity of F' and
the weak lower semicontinuity of || - ||, we conclude that

nlla—al* < pliminf u, —al?
< nlim inf[|| T, — | + un — T []”
= nliminf | Tuy, — |
< lim inf(F(Tun) — F(@), Tup, — i)

= liminf[(F(Tu,) — F(0),un, — @) + (F(Tu,) — F(@), Tuy, — up)]

= lim inf(F(Tuy) — F(i), w, — )

= liggiorolﬂF(Tun), Up — WY — nli_)r&(F(ﬂ), Uy — U)
< —(F(@), i~ )

<0

This shows that |4 —@||? = 0 and hence @& = @. Therefore, {u,} converges weakly
to the unique solution @ of the VI(F, C'). This completes the proof. |

Next we consider a more general case where
N
C = (\Fix(Ty),
i=1

with N > 1 an integer and T; : H — H being nonexpansive for each 1 <i < N.
We propose the following implicit hybrid steepest-descent algorithm for solving
the VI(F, C).
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Algorithm (I1). Let {a,}5°, C (0,1), {\,}72; C (0,1) and take a fixed
number u € (0,2n/x%). Starting with an arbitrary initial guess ug € H, one can
generate a sequence {u,} by the following implicit iterative scheme

Up + = Qplp—1 + (1 — )Tk"

(10) [n]
= antn-1 + (1 — o) [Tpyun — AnpuF (i un)], 1> 1,

where Tj,;) = Thmodn -

We remark that as in Algorithm (I), the implicit iteration scheme (10) above
for generating the sequence {u, } of approximate solutions of the VI(F, C) is well
defined.

We are now in a position to prove the main result of this paper.

Theorem 3.2. Let {a,,} and {\,} be real sequences in (0,1) such that
Yoo <ooand a < ap, <1—a,n>1, for some a > 0. Assume that

(11) C = ﬂ Fix(T;) = Fix(T\Ty...Ty) = Fix(TyT1...Tx 1)

=1
== FiX(TQTg...TNTl).
Let {u,} denote the sequence generated by Algorithm (I1). Then there hold the
following statements:
(i) {un} converges weakly to an element of "\, Fix(T);
(ii) if F' is additionally sequentially continuous from the weak topology to the

strong topology, then {u,,} converges weakly to the unique solution @ of the
VI(F, C) if and only if

lim inf(F(Tjpun), un — @) < 0.

n—oo

Proof.
(i) Let u* be an arbitrary element in ﬂ ., Fix(T;). Observe that
e = w2 = lewmtin 1 + (1= @) T — ||
(12) = apllun—1 = u*|* + (1 = an) | T}y un — |

—an (1 — ap)|[tn—1 — T up||%.

[n]
Utilizing Lemma 3.1, we have
1T un = | = 1T um = T + Tu” = o

< 1 T)un — Togu®ll + |1 Ty u” — |

< (1= A7) un = ™| + Anpul| F ()]
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which implies that

. . 2 F ’U,* 2
HT[;\lTun —u H2 < (1=X\o7)|un —u H2 + Ay - M

This together with (12) yields

[, — u[[* < o a1 — w1 + (1 = ) [(1 = A7) [ — u|?
2 *\ |12

F(u
+Apn - M] —an(l—ap)|lup—1 — T[;\ﬁunw

< apllup—1 — U*H2 + (1 = an)||un — U*H2

2| F(u®)||?
)An - PIF@II® an(1 = an)||un—1 — Tprun|?

+H(1 = an ; ]

and so
A 2] F ()]

Qp T

—(1 = an)|un—1 — T[ﬁTunHZ

2F *\ |12
L L)
TO

= w1 < -1 = u[* + (1 = a)

< Jup—1 —u[|? = llun = wnf*.

Since Y~ An-w converges, from Lemma 2.1 we know that limy,_,~ ||u,—
u*|| exists. Hence we deduce that

2 F(u* 2
Hun—un_1H2 < Hun_l—u*H2— Hun—u*HQ—i—)\n-M — 0 asn— oo,
TQ

that is, lim,,—oo ||un —un—1|| = 0. Obviously it is easy to see that ||u, —w,i| — 0
asn — oo,Vi =1,2,..., N. Now observe that

of|tp_1 — T[;\ﬁunH < (1= o) ||tn-1 — T[;Tunu = ||t — tn_1]| = 0 as n — .

Also, note that it follows from the boundedness of {u,,} that {7}, u,} and {F (T},
uy, )} are bounded. Thus we infer that

-1 = Thnll < -t = Toganll + 1T e = Thogn|
< lp—1 — T[;\ﬁunH + At F(Tnjun)|| — 0 as n — oo.
This together with (10) implies that
[tn = Thyunll < [lom(un—1 = Tipyun) — (1 = o) AnpiF (Tyun) |

< Nun—1 = Tinpun |l + Al | F(Tirjun)|| — 0 as n — oo.
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Consequently, we have for eachi=1,2,..., N

[un — T[n—f—z‘]unH < lun — untill
Hlunti — Ty tntill + [ Tintatnti — Tl

< 2|un — Unill + un+i — Tnyguntill = 0 asn — oo
and so

(13) dim [lup = Tpyguall = 0, Vi=1,2,...,N.

It follows from (13) (see also [7, 21]) that lim, oo ||un — Tiuy| = 0,VI =
1,2,...,N. Furthermore since {u,} is bounded, it has a subsequence {u,}32,
which converges weakly to some @ € H and hence we have lim; .o [ty —
Tyun, || = 0. Note that from Lemma 2.2 it follows that 7 —T; is demiclosed at zero.
Thus @ € Fix(T;). Since [ is an arbitrary element in the finite set {1,2, ..., N}, we
get & € (Y, Fix(T;). If there exists another subsequence {un, }72, of {u,}
which converges weakly to w, then we must have u € ﬂf\il Fix(T;). Since
lim,, .o ||u, — || exists and H is an Opial space, it follows from a standard
argument that & = u. Therefore {u, } converges weakly to @ € ﬂf\il Fix(T;).

(i) Suppose additionally that F' is sequentially continuous from the weak topol-
ogy to the strong topology. Moreover let & denote the unique solution of the
VI(F, C). Again we observe lim,, .« [|un — Tjpjun| = 0 and weak-lim,, .o u, =
4 € NN, Fix(T;) =: C. Now let {u,} be weakly convergent to the unique
solution @ of the VI(F,C). Then ||F(u,) — F(a)|| — 0 a n — oo. Since

limy, oo [[tn — Tipjunl| = 0, we have limy, oo || F'(Thyus) — F(@)|| = 0. Hence

lim inf(F (Tjpun), up — @) = Uminf(F (T, un), un — @) — lim (F(@), u, — @)
= lim inf(F(Tjun) — F(@), un — @)
< Y inf | P(Tyyua) - F(@)| i — ]
=0

which implies that

(14) lim inf(F (T} un), un — @) < 0.

n—oo

Conversely, suppose that (14) holds. Then by using the strong monotonicity of F
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and the weak lower semicontinuity of || - ||, we conclude that
|t —al|? < nliminf|ju, — >
n—oo
< lim inf{)| Ty — @l + un = Tiyunl

= nliminf (A ||

< lim inf(F(Tjun) — F (@), Thujun — )
=t it (F (Tl tun) — F (), =) + (F(Tpujtin) = F(2), Thojtin =10}
= lim inf(F(Thyun) — F(@), un — @)

= lim inf(F(T)jwa), w, — @) — Tim (F(@), w, — @)

< —(F(a), 0 —u)

<0.

This shows that |2 — @||2 = 0 and hence @ = @. Therefore {u,,} converges weakly
to the unique solution @ of the VI(F, C'). This completes the proof. |

Remark 3.1. Recall that a self-mapping of a nonempty closed convex subset K
of a Hilbert space H is said to be attracting nonexpansive [1-2] if 7" is nonexpansive
and if || Tz — p|| < || —p|| for z,p € K with 2 ¢ Fix(T) and p € Fix(T). Recall
also that 7 is firmly nonexpansive [1-2] if (x —y, Tz — Ty) > ||Tx — Ty||? for all
xz,y € K. Itis known that assumption (11) in Theorem 3.2 is automatically satisfied
if each T; is attracting nonexpansive. Since a projection is firmly nonexpansive, we
have the following consequence of Theorem 3.2.

Corollary 3.1. Let u € (0,2n/x%) and let {a,} and {)\,} be real sequences
in (0,1)suchthat > > ;A\, <ocoanda < a,, <1—a,n > 1, for some a > 0. Let
uo € H and let the sequence {u,, } be generated by the implicit iterative algorithm

Up 1= QpUp—1 + (1 — Oén)[P[n]un - )\nMF(P[n]un)]v n 2> 1,

where P, = Pc,,1 < k < N. Then there hold the following statements:

(i) {u,} converges weakly to an element of C' := ﬂ]kvzl Ck;

(ii) if F' is additionally sequentially continuous from the weak topology to the
strong topology, then {u,,} converges weakly to the unique solution @ of the
VI(F, C) if and only if

lim inf(F (P, un), un — @) < 0.

n—oo
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4. APPLICATIONS TO CONSTRAINED GENERALIZED PSEUDOINVERSE

Let K be a nonempty closed convex subset of a real Hilbert space H. Let A be a
bounded linear operator on H. Given an element b € H, consider the minimization
problem

1 in||Axz — b2
(15) gggH r— b

Let S, denote the solution set. Then, S; is closed convex. It is known that S is
nonempty if and only if Pm(b) € A(K). In this case, S has a unique element
with minimum norm; that is, there exists a unique point & € S}, satisfying

(16) |1]* = min{]|z|* : = € Sy}

Definition 4.1. See [6]. The K-constrained pseudoinverse of A (symbol Ax)
is defined as

D(Ag) = {b€ H : Pyg(b) € A(K)}, Ag(b) =2, and be D(Ag),

where & € Sy, is the unique solution to (16).

Now we recall the K -constrained generalized pseudoinverse of A; [17-18].

Let § : H — R be a differentiable convex function such that 6’ is a s-
Lipschitzian and 7-strongly monotone operator for some « > 0 and n > 0. Under
these assumptions, there exists a unique point &g € S, for b € D(AK) such that

(17) 0(z9) = min{f(x) : x € Sp}.

Definition 4.2. See [17]. The K-constrained generalized pseudoinverse of A
associated with 6 (symbol Ak p) is defined as

A~

D(Agg) = D(Ag), Agg(b) =9, and be D(Aky),

where 3 € Sy, is the unique solution to (17). Note that if 6(z) = ||z||%/2, then the
K -constrained generalized pseudoinverse AK@ of A associated with 6 reduces to
the K -constrained pseudoinverse A of A in Definition 4.1.

We now apply the results in Section 3 to construct the K -constrained generalized
pseudoinverse AK@ of A. But first, observe that z € K solves the minimization
problem (15) if and only if there holds the following optimality condition:

(A*(Az —b),z—2) >0, z€kK,
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where A* is the adjoint of A. This is equivalent to, for each \ > 0,
(N + (I —NA"A)z) — 2,2 —7) >0, z€K,

or

(18) Prx(ANA™b+ (I — NATA)T) = 7.

Define a mapping 7' : H — H by

(19) Tx = Pg(A*b+ (I — MA*A)z), z € H.

Lemma 4.1. See [17]. If A € (0,2|A]|"2) and if b € D(Ag), then T is
attracting nonexpansive and Fiz(T) = S5.

Theorem 4.1. Let u € (0,2n/x%) and let {a,,} and {),} be real sequences
in (0,1) such that >>>° (A, < oo and a < a, <1 —a,n > 1, for some a > 0.
Given an initial guess ug € H, let u, be the sequence generated by the implicit
iterative algorithm

(20) Up = Qptp—1 + (1 — ap)[Tup — A’ (Tuy)], n>1,

where T is given in (19). Then there hold the following statements:

(i) {u,} converges weakly to an element of Sy;
(ii) if 0’ is additionally sequentially continuous fromAthe weak topology to the
strong topology, then {u,,} converges weakly to A ¢(b) if and only if

Hminf (0 (Tw,,), un — Agc (b)) < 0.

n—oo

Proof. The minimization problem (17) is equivalent to the following variational
inequality problem:

(21) (0 (%0),w — $0) >0, Vz €S,

where &g = Agg(b). Since Fix(T) = S, and ¢’ is Lipschitzian and strongly
monotone with constants x > 0 and n > 0, respectively, the statements follow
immediately from Theorem 3.1 with F :=¢'. ]

Lemma 4.2. See [1-2]. Assume that N is a positive integer and assume that
{T;}., are N attracting nonexpansive mappings on H having a common fixed
point. Then

N
() Fix(T;) = Fix(T Ty...T).
=1
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Now assume that {S}, ..., S{} is a family of IV closed convex subsets of K
such that S, = (Y., S;. For each 1 < i < N, we define T; : H — H by

Tix = Pg; (A*b+ (I —NA*A)x), x€ H,
where Pg; is the projection from H onto Si.

Theorem 4.2. Let u € (0,2n/x%) and let {a,,} and {\,} be real sequences
in (0,1) such that > >° A\, <ooand o < v, <1—a,n > 1, for some a > 0.
Given an initial guess ug € H, let u, be the sequence generated by the implicit
iterative algorithm

)

(22) Up = Qptin_1 + (1 — an)T[;\lTun, n>1

where Ty, = Tinyun — Anpd' (Tipyun),mn > 1. Then there hold the following

[n]

statements:

(i) {u,} converges weakly to an element of Sy;

(ii) if ' is additionally sequentially continuous fromAthe weak topology to the
strong topology, then {u,} converges weakly to A ¢(b) if and only if

lim inf(@’(T[n]un), Uy, — AK,e(b» <0.

Proof. The minimization problem (17) is equivalent to the following variational
inequality problem:

<0/(i‘0), xr — i‘0> >0, VzeSy,

where &g = AK@(b). In the proof of [17, Theorem 4.2], Xu and Kim have proved
that

N
(23) Sy = Fix(T) = (| Fix(T).
=1

By Lemmas 4.1 and 4.2, we see that assumption (11) in Theorem 3.2 holds. Since
ﬂf\i 1 Fix(T;) = S, and ¢’ is Lipschitzian and strongly monotone with constants
k > 0 and n > 0, respectively, the statements follow immediately from Theorem
3.2 with F:=¢". n
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