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A WAY OF CONSTRUCTING SPHERICAL ZONAL TRANSLATION
NETWORK OPERATORS WITH LINEAR BOUNDED OPERATORS

Sheng Baohuai, Wang Jianli and Zhou Songping

Abstract. A kind of spherical zonal translation network operator is con-
structed with the help of the de la Vallée poussin means of the spherical
harmonic polynomial and the Riesz means of the Jacobi orthogonal polynomi-
als, and, moreover, its degree of approximation in Lp(Sq) spaces is deduced.
The method presented in the present paper is actually a way of constructing
spherical zonal translation network operators with spherical linear bounded
operators.

1. INTRODUCTION

In recent years there has been growing interest in the problem of neural network
and related approximation, and many important results on the quantitative estimate
of degree of approximation have been made. The concept of sigmoidal function of
order k is defined in [1] and it was proved by H. N. Mhaskar and C. A. Micchelli
(see [1]) that if φ is not a polynomial function defined on R and K ⊂ Rd is a
compact set, the function class

�φ(x) = {φ(λ(x− t)) : λ ∈ Rd, t ∈ Rd} ∪ {1}, x ∈ K

is dense in Lp(K). Moreover, a kind of neural network operator was constructed by
B-spline functions and a Jackson type theorem of approximation in C([0, 1]) was
established. Let s ≥ d ≥ 1 be integers. φ∗ : Rd → R is a 2π−periodic function
and φ∗ ∈ Lp([−π, π]d), 1 ≤ p ≤ +∞, J = Jd,s is the class of all d× s matrices of
rank d with integer entries, and let

�∗
φ(x) = {φ∗(Ax + t) : A ∈ J, t ∈ [−π, π]d} ∪ {1}, x ∈ [−π, π]s.
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Then, H. N. Mhaskar and C. A. Micchelli gave the necessary and sufficient con-
ditions that �∗

φ(x) is dense in Lp([−π, π]s) and constructed with the de la Vallée
Poussin means of Fourier series a very important network operator and obtained
estimates on the degree of approximation in Lp([−π, π]s) (see [2]). In a recent
paper, [3] considered the problem of approximation of non-periodic functions by
the function class

�c
φ(x) = {φ[cos(Aarccosx + t)] : A ∈ J, t ∈ [−1, 1]d} ∪ {1}, x ∈ [−1, 1]s,

and gave the necessary and sufficient condition such that �c
φ(x) is dense in the

weighted space L
p
W [−1, 1]s (where W (x) = (1−x2

1)
− 1

2 (1−x2
2)

− 1
2 · · · (1−x2

s)
− 1

2 )
as well, and constructed with the de la Vall ée Poussin means of the Chebyshev
polynomials of the first kind a kind of network operator and obtained an estimate
on the degree of approximation in weighted Lp

W [−1, 1]s space. Let q ≥ 1 be an
integer which will be fixed throughout the rest of this paper, and let S q be the
unit sphere in the Euclidean space Rq+1. By Lp(Sq) (1 ≤ p ≤ +∞) we denote
the function space consisting of real or complex functions defined on Sq such that
‖f‖p,Sq < +∞, where

‖f‖p,Sq =



(∫

Sq

|f(x)|pdµq(x)
)1

p

, 1 ≤ p < +∞,

ess sup
x∈Sq

|f(x)|, p = +∞,

with dµq(x) being the usual volume element on Sq. The volume of Sq is

ωq =
∫

Sq

dµq =
2π

q+1
2

Γ( q+1
2 )

.

By Lp
Wq

[−1, 1] we denote the the real or complex function φ defined on [-1, 1]
such that ‖φ‖p,Wq < +∞, where

‖φ‖p,Wq =



(∫ 1

−1

|φ(x)|pWq(x)dx
) 1

p
< +∞, 1 ≤ p < +∞,

ess sup
x∈[−1,1]

|φ(x)| < +∞, p = +∞,

with Wq(x) = (1 − x2)
q
2
−1. Then H. N. Mhaskar, F. J. Narcowich and J. D.

Ward showed in [4] that if φ ∈ L
p
Wq

[−1, 1] satisfies certain conditions, the zonal
translation network class

�S
φ(x) = {φ(x · y) : y ∈ Sq} ∪ {1}, x ∈ Sq,
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(where x · y denote the inner product of vectors x and y ) is dense in Lp(Sq)
and gave a Jackson estimate on the degree of approximation in Lp(Sq). The fact
that Bernstein operators are useful in constructing neural network operators (see
[6]) inspires us to construct specific zonal translation network operators on the
unit sphere S q. We shall constructed, along the lines of [4], a kind of specific
spherical zonal translation network operator with the de la Vallée Poussin means
of the spherical harmonic polynomials, the Riesz means of the Jacobi orthogonal
algebraic polynomials and the Gauss integral formula obtained in [7]-[8], and give
its degree of approximation in Lp(Sq). What we shall show in the present paper
is in fact a way of constructing spherical zonal translation network linear operator
from a specific bounded operator on the unit sphere.

In what follows, we shall write A = O(B) if there exists a constant C > 0
such that A ≤ CB, and we shall write A ∼ B if A = O(B) and B = O(A).

2. SOME PRELIMINARIES OF SPHERICAL HARMONICS

For an integer l ≥ 0, the class of all one variable algebraic polynomials of degree
≤ l defined on [-1, 1] is denoted by Pl, the restriction to Sq of a homogeneous
harmonic polynomial of degree l is called a spherical harmonic of degree l. The
class of all spherical harmonics of degree l will be denoted by Hq

l , and the class
of all spherical harmonics of degree l ≤ n will be denoted by Πq

n. Of course,

Πq
n =

n⊕
l=0

Hq
l , and it comprises the restriction to Sq of all algebraic polynomials in

q + 1 variables of total degree not exceeding n. The dimension of H
q
l is given by

(see [9, P.65])

dq
l = dimHq

l =




2l + q − 1
l + q − 1

( l + q − 1

q − 1

)
, l ≥ 1,

1, l = 0,

and that of Πq
n is

n∑
l=0

dq
l . By [10] we know

L2(Sq) = closure{
⊕

l

Hq
l }.

Hence,if we choose an orthonormal basis {Yl,k : k = 1, 2, · · · , dq
l } for each Hq

l ,
then the set {Yl,k : l = 0, 1, 2, · · · ; k = 1, 2, · · · , dq

l} forms an orthonormal basis
for L2(Sq). One has the well-known addition formula(see [11]):

dq
l∑

k=1

Yl,k(x)Yl,k(y) =
dq

l

ωq
p

q+1
l (x · y), l = 0, 1, · · · ,
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where pq+1
l (x) is the degree-l Legendre polynomial. The Legendre polynomials are

normalized so that pq+1
l (1) = 1, and satisfy the orthogonality relation∫ 1

−1
pq+1

l (x)pq+1
k (x)Wq(x)dx =

ωq

ωq−1d
q
l

δl,k.

From the fact that Πq
n =

n⊕
l=0

H
q
l and the addition formula, we know that for any

p ∈ Πq
n and x ∈ Sq

p(x) =
n∑

l=0

dq
l

ωq

∫
Sq

p(y)pq+1
l (x · y)dµq(y).

In addition to the inner product and norms defined above on Sq, we shall need
the following related norms for [−1, 1], with generalized Jacobi weight functions
Wα,β(x) = (1 − x)α(1 + x)β (α > −1, β > −1)

‖f‖p,Wα,β
=



(∫ 1

−1
|f(x)|pWα,β(x)dx

)1
p

, 1 ≤ p < +∞;

ess sup
x∈[−1,1]

|f(x)|, p = +∞.

We also note that the Funk-Hecke formula (see [9, Chapter 3]) implies the
following useful connection between integrals over Sq and integrals over [-1, 1]
with respect to the weight function Wq(x). For any φ ∈ L1

Wq
[−1, 1], x ∈ Sq, and

any Yl ∈ Hq
l we have∫

Sq

φ(x · z)Yl(z)dµq(z) =
ωq

dq
l

φ̂(l)Yl(x),

where

φ̂(l) =
ωq−1d

q
l

ωq

∫ 1

−1
φ(x)pq+1

l (x)Wq(x)dx.

Moreover, we have the following relation∫
Sq

φ(x · y)dµq(x) = ωq−1

∫ 1

−1
φ(x)Wq(x)dx.

The orthogonal projection Yk(f, x) of a function f ∈ L1(Sq) on Hq
k is defined

by (see [10])

Yk(f, x) =
dq

k

ωq

∫
Sq

pq+1
k (x · y)f(y)dµq(y).
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Correspondingly we have the following Fourier-Laplace expansion of f

f(x) ∼
∞∑

k=0

Yk(f, x), x ∈ Sq.

Let C be a finite set of distinct points on S q. The mesh norm of C is defined to
be

δC = max
x∈Sq

dist(x, C) = max
x∈Sq

min
y∈C

dist(x, y),

where dist(x, y) = arccos(x · y) is the geodesic distance between x and y.

Lemma 2.1. There exist constants αqand Nq with the following property. Let
1 ≤ p ≤ +∞, C be a finite set of distinct points on S q and n be an integer with
Nq ≤ n ≤ αqδ

−1
C . Then there exist nonnegative weights {Aξ}ξ∈Cand {aξ}ξ∈C with

∑
ξ∈C

aξ

Aξ
≤ C,

such that for every p ∈ Πq
n,

1
ωq

∫
Sq

p(x)dµq(x) =
∑
ξ∈C

aξp(ξ),

and

‖p‖C,p ∼ ‖p‖p,Sq,

where

‖p‖C,p =




( ∑
ξ∈C

∣∣p(ξ)
∣∣pAξ

) 1
p

, 1 ≤ p < +∞,

sup
ξ∈C

{∣∣p(ξ)
∣∣}, p = +∞.

Further,
∣∣{ξ : aξ �= 0}∣∣ ∼ nq ∼ dim(Πq

n).

Proof. See [7-8].

Let n ≥ 1 be an integer and

ω
(λ)
n,k =

n!
(n − k)!

Γ(n + 2λ + 1)
Γ(n + k + 2λ + 1)

, 0 ≤ k ≤ n, 2λ = q − 1.



94 Sheng Baohuai, Wang Jianli and Zhou Songping

Then H. Berens and Li Luoqing (see [12]) introduced the following de la Vall ée
Poussin operator on spherical harmonics

Vn(f, µ) =
n∑

k=0

ω
(λ)
n,kYk(f, µ), f ∈ L1(Sq),

and deduced the following estimate.

Lemma 2.2. Let f ∈ Lp(Sq). Then

‖Vn(f) − f‖p,Sq ≤ C

n + 1

[
√

n]∑
k=0

(k + 1)Ek(f)p,Sq ,

where
En(f)p,Sq = inf

p∈Πq
n

‖f − p‖p,Sq .

Proof. See [12].

3. THE RIESZ MEANS ON JACOBI ORTHOGONAL POLYNOMIALS

In this section, we shall give the estimate of the degree of approximation of
Riesz means of Jacobi polynomials. To define the K−functional, we first define
the Jacobi differential operator

Pα,β(D) = Wα,β(x)−1 d

dx
Wα,β(x)(1− x2)

d

dx
.

Its eigenfunctions are the Jacobi polynomials p
(α,β)
k (x) and

Pα,β(D)p(α,β)
k (x) = −k(k + α + β + 1)p(α,β)

k (x),

where the Jacobi polynomials p
(α,β)
k (x) are normalized by

∫ 1

−1
p
(α,β)
k (x)p(α,β)

m (x)Wα,β(x)dx = δk,m.

The formal expansion of f ∈ L1
Wα,β

[−1, 1] corresponding to p
(α,β)
k (x) is

f(x) ∼
+∞∑
k=0

ak(f)p(α,β)
k (x), x ∈ [−1, 1],
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where

ak(f) =
∫ 1

−1

f(x)p(α,β)
k (x)Wα,β(x)dx.

The partial sum Sn(f, x) for a given n is

Sn(f, x) =
n∑

k=0

ak(f)p(α,β)
k (x), x ∈ [−1, 1],

and for an integer b > 0 the Riesz means R
(α,β),b
n (f) are

R(α,β),b
n (f, x) =

∑
0≤k<n

(
1 − k(k + α + β + 1)

n(n + α + β + 1)

)b
ak(f)p(α,β)

k (x), x ∈ [−1, 1].

A K-functional K (α,β)(f, t)p(see [13]) corresponding to the differential operator
Pα,β(D) is defined by

K(α,β)(f, t)p = inf
g∈C2[−1,1],Pα,β (D)g∈Lp

Wα,β
[−1,1]

(‖f − g‖p,Wα,β
+ t‖Pα,β(D)g‖p,Wα,β

), t > 0,

where Pα,β(D)jg(x) is given in such a way that Pα,β(D)0 = Pα,β(D), Pα,β(D)j =
Pα,β(D)(Pα,β(D)j−1), and
∫ 1

−1
Pα,β(D)jg(x)p(α,β)

k (x)Wα,β(x)dx =
∫ 1

−1
g(x)Pα,β(D)jp

(α,β)
k (x)Wα,β(x)dx

hold for any p
(α,β)
k (x), k = 0, 1, 2, · · · . Then, Z. Ditzian showed that (see [14])

‖R(0,0),1
n (f)− f‖p,W0,0 ∼ K(0,0)(f, n−2)p, f ∈ Lp[−1, 1].

For the needs of constructing zonal translation operators in the next paragraph
we give here an upper estimate of convergence rate of R

(α,β),b
n (f) in case of (α, β) �=

(0, 0).

Lemma 3.1. Let f ∈ Lp
Wα,β

, 1 ≤ p ≤ +∞, b > max(α + 1
2 , β + 1

2 ), α, β >

−1,and α + β ≥ −1. Then,there is a constant C(b, α, β) > 0, which depends only
on b, α, and β, such that

‖R(α,β),b
n (f)‖p,Wα,β

≤ C(b, α, β)‖f‖p,Wα,β
.

Proof. See [13, Theorem A].
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Lemma 3.2. Suppose g ∈ C2[−1, 1], 1 ≤ p ≤ +∞, b > max(α + 1
2 , β +

1
2 ), α, β > −1, and α + β ≥ −1. Then we have

‖R(α,β),b
n (g)− g‖p,Wα,β

= O
( 1

n2

)
‖Pα,β(D)g‖p,Wα,β

.

Proof.

R(α,β),b
n (R(α,β),b

n (g)− g)(x) =
∑

0≤k<n

[
1 − k(k + α + β + 1)

n(n + α + β + 1)

]b
ak

×(R(α,β),b
n (g)− g)p(α,β)

k (x)

=
∑

0≤k<n

[
1 − k(k + α + β + 1)

n(n + α + β + 1)

]b

×
([

1 − k(k + α + β + 1)
n(n + α + β + 1)

]b − 1
)

×ak(g)p(α,β)
k (x)

=
∑

0≤k<n

[
1 − k(k + α + β + 1)

n(n + α + β + 1)

]b

×
b∑

i=1

(−1)i
( b

i

)(k(k + α + β + 1)
n(n + α + β + 1)

)i

×ak(g)p(α,β)
k (x)

=
b∑

i=1

(b

i

)( 1
n(n + α + β + 1)

)i

×
∑

0≤k<n

[
1 − k(k + α + β + 1)

n(n + α + β + 1)

]b

×ak(g)
(
− k(k + α + β + 1)

)i
p
(α,β)
k (x).

On the other hand, by

Pα,β(D)rp
(α,β)
k (x) =

(− k(k + α + β + 1)
)r

p
(α,β)
k (x),

we have

R(α,β),b
n (R(α,β),b

n (g)− g)(x) =
b∑

i=1

(b

i

)( 1
n(n + α + β + 1)

)i

×Pα,β(D)iR(α,β),b
n (g, x).
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By the definition of Pα,β(D)i one has

Pα,β(D)iR(α,β),b
n (g, x) = R(α,β),b

n (Pα,β(D)ig, x).

Since

R(α,β),b
m (R(α,β),b

n (g), x) = R(α,β),b
n (R(α,β),b

m (g), x),

we have

R(α,β),b
m (R(α,β),b

m (g), x)− R
(α,β),b
m+1 (R(α,β),b

m (g), x)

=
(
R(α,β),b

m (R(α,β),b
m (g), x)− R(α,β),b

m (g, x)
)

+
(
R(α,β),b

m (g, x)− R
(α,β),b
m+1 (R(α,β),b

m (g), x)
)

=
b∑

i=1

( b

i

)
Pα,β(D)iR(α,β),b

m (g, x)
( 1(

m(m + α + β + 1)
)i

− 1(
(m + 1)(m + α + β + 2)

)i)

=
b∑

i=1

( b

i

)
Pα,β(D)iR(α,β),b

m (g, x)O
( 1
m2i+1

)
.

Recalling that for pn ∈ Pn there exists the Bernstein type inequality (see [15])

‖Pα,β(D)pn‖p,Wα,β
≤ C(α, β)n2‖pn‖p,Wα,β

,

where C(α, β) > 0 is a constant depending only on α and β. Hence, by Lemma
3.1 we have

‖Pα,β(D)iR(α,β),b
m (g)‖p,Wα,β

= ‖Pα,β(D)R(α,β),b
m (Pα,β(D)i−1g)‖p,Wα,β

= O(m2)‖R(α,β),b
m (Pα,β(D)i−1g)‖p,Wα,β

= O(m2(i−1))‖R(α,β),b
m (Pα,β(D)g)‖p,Wα,β

= O(m2(i−1))‖Pα,β(D)g‖p,Wα,β
.

Therefore,

‖R(α,β),b
m (R(α,β),b

m (g))− R
(α,β),b
m+1 (R(α,β),b

m (g))‖p,Wα,β

= O
( 1

m3

)
‖Pα,β(D)g‖p,Wα,β

.
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In a similar way, one has

‖R(α,β),b
m+1 (R(α,β),b

m+1 (g))− R(α,β),b
m (R(α,β),b

m+1 (g))‖p,Wα,β

= O
( 1

m3

)
‖Pα,β(D)g‖p,Wα,β

.

Hence,
∞∑

m=n

‖R(α,β),b
m (R(α,β),b

m (g))− R
(α,β),b
m+1 (R(α,β),b

m+1 (g))‖p,Wα,β

= lim
N→+∞

N∑
m=n

‖R(α,β),b
m (R(α,β),b

m (g))− R
(α,β),b
m+1 (R(α,β),b

m+1 (g))‖p,Wα,β

= O
(

lim
N→+∞

N∑
m=n

1
m3

)
‖Pα,β(D)g‖p,Wα,β

= O
( 1

n2

)
‖Pα,β(D)g‖p,Wα,β

.

Consequently,

‖R(α,β),b
n (g)− g‖p,Wα,β

≤ ‖R(α,β),b
n (R(α,β),b

n (g))− R(α,β),b
n (g)‖p,Wα,β

+‖R(α,β),b
n (R(α,β),b

n (g))− g‖p,Wα,β

≤ ‖R(α,β),b
n (R(α,β),b

n (g))− R(α,β),b
n (g)‖p,Wα,β

+‖
N∑

m=n

(
R(α,β),b

m (R(α,β),b
m (g))− R

(α,β),b
m+1 (R(α,β),b

m+1 (g))
)

+
(
R

(α,β),b
N+1 (R(α,β),b

N+1 (g))− g
)‖p,Wα,β

≤ ‖R(α,β),b
n (R(α,β),b

n (g))− R(α,β),b
n (g)‖p,Wα,β

+
N∑

m=n

‖R(α,β),b
m (R(α,β),b

m (g))− R
(α,β),b
m+1 (R(α,β),b

m+1 (g))‖p,Wα,β

+‖R(α,β),b
N+1 (R(α,β),b

N+1 (g))− g‖p,Wα,β
.

Lemma 3.1 and the density of polynomials in Lp
Wα,β

immediately yield

‖R(α,β),b
N+1 (R(α,β),b

N+1 (g))−g‖p,Wα,β
≤ ‖R(α,β),b

N+1 (R(α,β),b
N+1 (g))− R

(α,β),b
N+1 (g)‖p,Wα,β

+‖R(α,β),b
N+1 (g)− g‖p,Wα,β

→ 0 (N → +∞).

Which allows
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‖R(α,β),b
n (g)− g‖p,Wα,β

≤ ‖R(α,β),b
n (R(α,β),b

n (g))− R(α,β),b
n (g)‖p,Wα,β

+
+∞∑
m=n

‖R(α,β),b
m (R(α,β),b

m (g))

−R
(α,β),b
m+1 (R(α,β),b

m+1 (g))‖p,Wα,β

= O
(‖Pα,β(D)g‖p,Wα,β

n2

)
.

Lemma 3.3. Let f ∈ Lp
Wα,β

, 1 ≤ p ≤ +∞, b > max(α + 1
2 , β + 1

2 ), α, β >

−1,and α + β ≥ −1. Then there exists a constant C > 0 such that

‖R(α,β),b
n (f) − f‖p,Wα,β

≤ C

n2

∑
0<k≤n

kEk(f)p,Wα,β
,

where En(f)p,Wα,β
= inf

pn∈Pn

‖f − pn‖p,Wα,β
.

Proof. By Lemma 3.1 and Lemma 3.2 we know that for any Pα,β(D)g ∈ Lp
Wα,β

‖R(α,β),b
n (f)− f‖p,Wα,β

≤ ‖R(α,β),b
n (f − g)‖p,Wα,β

+‖R(α,β),b
n (g)− g‖p,Wα,β

+ ‖f − g‖p,Wα,β

= O
(
‖f − g‖p,Wα,β

+
‖Pα,β(D)g‖p,Wα,β

n2

)
.

Which allows

‖R(α,β),b
n (f)− f‖p,Wα,β

= O
(
K(α,β)(f, n−2)p

)
.

Since (see [13, Theorem 5.4])

K(α,β)(f, n−2)p ≤ Cn−2
∑

0<k≤n

kEk(f)p,Wα,β
,

Lemma 3.3 is therefore deduced.

4. CONSTRUCTING OF ZONAL TRANSLATION OPERATORS

Choosing an orthonormal basis {Yl,k : k = 1, 2, · · · , d
q
l} for each H

q
l , then we

know that for any x ∈ [−1, 1], φ ∈ L1
Wq[−1,1], and any given integer N > 0
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Yl,k(x) =
dq

l

ωqR
( q
2
−1, q

2
−1),b

N+1 (φ)(l)

∫
Sq

R
( q
2
−1, q

2
−1),b

N+1 (φ, x · ξ)Yl,k(ξ)dµq(ξ),

k = 1, 2, · · · , dq
l ; l = 0, 1, 2, · · · .

Taking RN(φ, x) = R
( q
2
−1, q

2
−1),b

N+1 (φ, x) and f̂(l, k) =
∫
Sq f(u)Yl,k(u)dµq(u),

then for x ∈ Sq, f ∈ L1(Sq), one has

VN(f, x) =
N∑

l=0

dq
l∑

k=1

V̂N(f)(l, k)Yl,k(x)

=
N∑

l=0

dq
l∑

k=1

V̂N(f)(l, k)
dq

l

ωqR̂N(φ)(l)

∫
Sq

RN(φ, x · ξ)Yl,k(ξ)dµq(ξ)

=
N∑

l=0

dq
l

ωqR̂N(φ)(l)

dq
l∑

k=1

∫
Sq

VN(f, u)Yl,k(u)dµq(u)

×
∫

Sq

RN(φ, x · ξ)Yl,k(ξ)dµq(ξ)

=
N∑

l=0

dq
l

ωqR̂N(φ)(l)

d
q
l∑

k=1

∫
Sq

RN(φ, x · ξ)

×
( ∫

Sq

VN(f, u)Yl,k(ξ)Yl,k(u)dµq(u)
)
dµq(ξ)

=
N∑

l=0

dq
l

ωqR̂N(φ)(l)

∫
Sq

RN(φ, x · ξ)

×
( ∫

Sq

VN(f, u)
dq

l

ωq
pq+1

l (ξ · u)dµq(u)
)
dµq(ξ)

=
N∑

l=0

dq
l

ωqR̂N(φ)(l)

∫
Sq

RN(φ, x · ξ)Yl

(
VN (f), ξ

)
dµq(ξ).

Since RN(φ, x · ξ)Yl(VN(f), ξ) is in Πq
2N for a given ξ ∈ Sq, Lemma 2.1 makes

VN(f, x) =
N∑

l=0

dq
l

R̂N(φ)(l)

∑
ξ∈C

aξRN (φ, x · ξ)Yl

(
VN(f), ξ

)
.

The above equation reminds us to define the following zonal translation operators

MN,φ(f, x) =
N∑

l=0

dq
l

R̂N(φ)(l)

∑
ξ∈C

aξφ(x · ξ)Yl

(
VN(f), ξ

)
, f ∈ Lp(Sq), x ∈ Sq.
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Theorem 2.2. Let f ∈ Lp(Sq), φ ∈ Lp
Wq

, 1 ≤ p ≤ +∞. If φ̂(l) �= 0 holds
for any nonnegative integer l, and there exist constant number N q, αq, such that
Nq ≤ 2N ≤ αqδ

−1
C . Then there exists a constant C > 0 such that

‖MN,φ(f) − f‖p,Sq ≤ C
( 1

N

[
√

N ]∑
k=0

(k + 1)Ek(f)p,Sq

+
αφ,q

N ωq−1‖f‖p,Sq

N 2

∑
0<k≤N+1

kEk(φ)p,Wq

)
,

where αφ,q
N =

N∑
l=0

(dq
l )2ω

− 1
p

q ‖pq+1
l ‖p′,Wq(

1− l(l+q−1)
(N+1)(N+q)

)b|φ̂(l)|
, 1

p + 1
p′ = 1.

Proof. By Hölder inequality we have
∣∣∣MN,φ(f, x) − VN(f, x)

∣∣∣ ≤ ∑
ξ∈C

aξ

∣∣∣ N∑
l=0

dq
l

R̂N(φ)(l)
Yl(VN(f), ξ)

∣∣∣
×∣∣RN(φ, x · ξ) − φ(x · ξ)∣∣

≤
(∑

ξ∈C
aξ

∣∣RN (φ, x · ξ) − φ(x · ξ)∣∣p
) 1

p

×
(∑

ξ∈C
aξ

∣∣∣∣∣
N∑

l=0

dq
l

R̂N(φ)(l)
Yl(VN(f), ξ)

∣∣∣∣∣
p′) 1

p′

.

By Lemma 2.1 we know aξ

Aξ
≤ C. Therefore, using Lemma 2.1 again, one has

AN =

(∑
ξ∈C

aξ

∣∣∣∣∣
N∑

l=0

dq
l

R̂N(φ)(l)
Yl(VN(f), ξ)

∣∣∣∣∣
p′) 1

p′

≤ C

(∑
ξ∈C

Aξ

∣∣∣∣∣
N∑

l=0

d
q
l

R̂N(φ)(l)
Yl(VN(f), ξ)

∣∣∣∣∣
p′) 1

p′

≤ C‖
N∑

l=0

dq
l

R̂N (φ)(l)
Yl(VN(f), x)‖p′,Sq .

Since p
( q
2
−1, q

2
−1)

l (x) =
(

ωq−1dq
l

ωq

) 1
2
pq+1

l (x), we have

RN(φ, x) =
∑

0<l≤N+1

(
1 − l(l + q − 1)

(N + 1)(N + q)

)b
φ̂(l)pq+1

l (x).
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Which allows
R̂N(φ)(l) =

(
1 − l(l + q − 1)

(N + 1)(N + q)

)b
φ̂(l).

Thus, there exists constant number C > 0 such that

AN ≤ C

N∑
l=0

dq
l(

1 − l(l + q − 1)
(N + 1)(N + q)

)b|φ̂(l)|
‖Yl(VN(f), x)‖p′,Sq .

Furthermore,

Yl(VN(f), x) =
dq

l

ωq

(
VN (f) ∗ pq+1

l

)
(x)

=
dq

l

ωq

∫
Sq

VN(f, η)pq+1
l (x · η)dµq(η).

The Hölder inequality yields∣∣∣∣∣Yl(VN(f), x)

∣∣∣∣∣ ≤ dq
l

ωq
‖VN(f)‖p,Sq

(∫
Sq

∣∣pq+1
l (x · η)

∣∣p′dµq(η)

) 1
p′

≤ C
dq

l

ωq
‖f‖p,Sq

(
ωq−1

∫ 1

−1

∣∣pq+1
l (x)

∣∣p′Wq(x)dx

) 1
p′

≤ C
dq

l

ωq

(
ωq−1

) 1
p′ ‖pq+1

l ‖p′,Wq‖f‖p,Sq.

Thus,

AN ≤ C

N∑
l=0

(dq
l )

2ω
1
p′
q−1ω

− 1
p

q ‖pq+1
l ‖p′,Wq(

1− l(l + q − 1)
(N + 1)(N + q)

)b|φ̂(l)|
‖f‖p,Sq

= Cω
1
p′
q−1α

φ,q
N ‖f‖p,Sq ,

and

‖MN,φ(f) − VN (f)‖p,Sq

≤ C
∑
ξ∈C

aξ

(∫
Sq

∣∣∣RN(φ, x · ξ)− φ(x · ξ)
∣∣∣pdµq(x)

) 1
p

ω
1
p′
q−1α

φ,q
N ‖f‖p,Sq

≤ C
∑
ξ∈C

aξ

(∫ 1

−1

∣∣∣RN(φ, x)− φ(x)
∣∣∣pWq(x)dx

)1
p

ωq−1α
φ,q
N ‖f‖p,Sq .
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By Lemma 2.1 we know
∑
ξ∈C

aξ = 1. Hence, Lemma 3.3 makes

‖MN,φ(f) − VN (f)‖p,Sq ≤ C
αφ,q

N ωq−1

N 2

∑
0<k≤N+1

kEk(φ)p,Wq‖f‖p,Sq.

It follows that

‖MN,φ(f) − f‖p,Sq ≤ ‖VN(f)− f‖p,Sq + ‖MN,φ(f) − VN (f)‖p,Sq

≤ C
( 1

N + 1

[
√

N ]∑
k=0

(k + 1)Ek(f)p,Sq

+
αφ,q

N ωq−1

N 2

∑
0<k≤N+1

kEk(φ)p,Wq‖f‖p,Sq

)
.
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