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RANDOM ISHIKAWA ITERATIVE SEQUENCE WITH ERRORS FOR
APPROXIMATING RANDOM FIXED POINTS

Y. J. Cho, J. Li and N. J. Huang

Abstract. The purpose of this paper is to construct a random Ishikawa it-
erative sequence with errors for random strongly pseudo-contractive operator
T in separable Banach spaces and to study that under suitable conditions this
random iterative sequence with errors converges to a random fixed point of
T. As applications, we utilize our results to study the existence problems of
solutions for some kinds of nonlinear random operator equations in uniformly
smooth separable Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Recently many authors have solved the nonlinear operator equations, general
variational inequalities and multi-valued variational inclusions by using Ishikawa
iterative sequence [12] and Mann iterative sequence [15]. And, concerning the
stability and the convergence problems of Ishikawa, Mann, Liu and Xu iteration
process for single-valued and set-valued accretive and pseudo-contractive mapping
have been studied extensively by many authors for approximating the fixed points
of some nonlinear mappings and for approximating solutions of some nonlinear
operator equations in Banach spaces (see, for example, [1, 4, 9-11, 23]).

On the other hand, after the publication of the review article by Bharucha-Reid
[3], random fixed point theory has been studied extensively by many authors (see,
for example, [2, 6, 7, 13, 14, 16-20, 22]).

In 1993, Chang and Huang [5] studied the random iterative sequences for finding
random solutions of the random complementarity problems in separable Hilbert
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spaces. In recent years, Choudhury [6, 7] has suggested and analyzed random
Mann iterative sequence in separable Hilbert spaces for finding random solutions
and random fixed points for some kind of random equations and random operators.

The purpose of this paper is to introduce and construct a random Ishikawa it-
erative sequence with errors for some kinds of random strictly pseudo-contractive
mappings in uniformly smooth separable Banach spaces and to study the approxi-
mation problem of random fixed point by using this kind of iterative sequence with
errors. As applications, we utilize our results to study the existence problems of so-
lutions for some kinds of nonlinear random operator equations in uniformly smooth
separable Banach spaces.

Throughout this paper, we assume that (€2, %) is a measurable space, E' is a
real uniformly smooth separable Banach space, E* is the dual space of E, C is
nonempty closed convex subset of £, and J : E — 2F" is the normalized duality
mapping defined by

J@)=A{f € E": (2, f) =l - [I[F Il 11 = =}, =€ E.

A function f : Q — C is said to be measurable if f~%(BNC) € X for
each Borel subset B of E. A function T : Q x C — C is called a random
operator if, T'(-,z) : Q — C'is measurable for every = € C. A measurable function
f:Q — C is called a random fixed point of the random operator T': Q x C — C
if T(w, f(w)) = f(w) forall w € Q. A random operator 7' : 2 x C — C'is said to
be continuous if, for any given w € Q, T(w, ) : C — C'is continuous.

Lemma 1.1. [20] Let E be a separable metric space and Y be a metric
space. Let T: Q x E — Y be measurable in w € Q and continuous in z € E. If
g : Q — FE is a measurable function, then f(-,g(-)): Q — Y is measurable.

Definition 1.1. Let T : Q x C — C be a continuous random operator,
xo : @ — C be any given measurable function and u,, v, :  — C' be bounded
measurable functions for each n > 0. Then the sequence {z,,} with errors define

by
T (w) = (1 = an — ) 2n(w) + anT(w, yn(w))
+ynun(w), we, n>0,
Yn(w) = (1 = Bn — dn)xn(w)
+00.T (w, p(w)) + dpvp(w), weQ, n>0,

(1.1)

is called the random Ishikawa iterative sequence with errors, where {a .}, {5,},
{7} and {4,,} are real sequences in [0, 1].
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If v, = 6, = 0 for all n > 0, then we have:

Tnp1(w) = (1 — ap)zp (W) + anT(w, yn(w)), weQ, n>0,

(1.2)
Yn(w) = (1 = Bp)zp(w) + 6T (w, zp(w)), weR, n>0,

is called the random Ishikawa iterative sequence, where {a,} and {3, } are two
real sequences in [0, 1].

Remark 1.1. It should be pointed out that since 7" : 2 x C' — (' is a continuous
random operator, C' is a closed convex subset of F and xzy : Q — C'is a measurable
function, and w,,, v, : Q — C are measurable functions for each n > 0, by Lemma
1.1, it is easy to see that {x,,} and {y,, } are sequences of measurable functions from
Q into C.

Definition 1.2. (1) A random operator 7' : Q2 x E — F is said to be strongly
pseudo-contractive if there exists a function £ : Q@ — (0, 1) such that, for any
x,y € C, there exists j(z — y) € J(z — y) such that

(1.3) (T(w, ) = T(w,y), iz~ y) <k@lz-y|? we

(2 T:Qx FE — F is said to be strongly accretive if there exists a function
h:Q — (0,1) such that, for any z,y € E, there exists j(z — y) € J(x — y) such
that

(1.4) (T(w, ) = T(w,y),j(x—y) > bWz -yl we

From the definition, it is easy to see that T': 2 x E — FE' is strongly pseudo-
contractive with function k£ : Q — (0,1), if and only if I — T is strongly accretive
with a function h : Q — (0, 1) defined by h(w) = 1 — k(w).

The following lemmas will be needed in proving our main results.

Lemma1.2. Let E be areal Banach space and J : £ — 2" be the normalized
duality mapping. Then, for any z,y € E, we have

lz +ylI* < lll* + 2{y, (x +y))
forall j(z+y) € J(z +y).

Lemma 1.3. F is a uniformly smooth Banach space if and only if the nor-
malized duality mapping J : E — E* is single-valued and uniformly continuous
on any bounded subset of E.
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Lemma 1.4. Let {a,} and {b,,} be two nonnegative real sequences satisfying
the following condition:

An+1 < (1 - )‘n)an + bnv n > ng,

where ng is some nonnegative integer, A, € [0, 1] with >>>° /A, = oo and b,, =
o(An). Then lim,,—, a, = 0.

2. THE MAIN RESULTS
Now, we give our main results in this paper.

Theorem 2.1. Let E be a real uniformly smooth separable Banach space, C
be a nonempty closed convex subset of £, T : Q x C' — C be a continuous random
strongly pseudo-contractive operator with a function & : 2 — (0, 1) and the range
R(T) of T be bounded. Let u,,, v, : 2 — C be bounded measurable functions for
each n > 0. Let zp € C be a given point and {x,(-)} be the random Ishikawa
iterative sequence with errors defined by (1.1). If the sequences {« .}, {Gn}, {70}
and {d,,} C [0, 1] appeared in (1.1) satisfy the following conditions:

(i) ap — 0, B, — 0, 6, — 0asn — oo,
(i) >nloan = o0,
(i) vn = o(an),

then the sequence {x,,} converges strongly to a random fixed point of 7.

Proof. First, we point out that, for given zy € C, obviously, it is a constant-
valued measurable function from  to C. By Remark 1.1, we know that {z,} and
{yn} are sequences of measurable functions from Q into C. Since T: Q x C — C
is a continuous random strongly pseudo-contractive operator with a function k(w) :
Q2 — (0,1), forany given w € Q, T(w, ) : C — C'is a strongly pseudo-contractive
operator with a number k(w) € (0, 1). By the well-known result (see, for example,
[4]), T(w,-) : C — C has a unique fixed point, that is, there exists a unique point
p(w) € C such that

p(w) =T(w,p(w)).
Next, we have to prove that, for each w € Q, {z,(w)} converges strongly to

p(w) and p : Q — C is a random fixed point of 7' In fact, for any given w € €, it
follows from Lemma 1.2 and (1.1) that



Random Ishikawa lterative Sequence with Errors 55

|41 (w) = p(w)]”
= [[(1=n =) (@n(w) —p(w))
+ o (T(w, yn () =p(@)) + Y (un(w) —p(w)) ||
< (1=on =)’z (w) —p(w)]|?
+ 2({an(T(w, yn(w)) =p(@)) + Yn(un (W) =p(w)), J (Tp41(w) —p(w)))
= (1=an =) [[zn(w) —p(w)||?
+ 20, (T(w, yn(w)) =T (w, p(w)), J (241 (w) =p(w)))
+ 295 {un (@) =p(w), J(Zn41(w) =p(w)))

(21) = (1—an—7)?[zn(w) —p(w)|?
+ 20 (T (w, Yn(w)) =T (w, p(w)), I (yn(w) —p(w)))
+2a0(T(w, yn(w)) =T(w, p(w)), J (Zn41(w)

—p(w)) = J (yn(w) —p(w)))

+ 29 (un (W) =p(w), J(#nt1(w) —p(w)))

< (1= =)’z (w) =p(W)[I* + 20mk(w) | yn(w) = p(w)]|*
+ 20, (T(w, yn(w)) =T (w, p(W)) J (Tp-41(w)

—p(w)) = J (yn(w) —p(w)))

+ 29 (un (W) =p(w), J(2n11(w) —p(w)))-

Now, we consider the second term on the right side of (2.1). From (1.1) and
Lemma 1.2, we have

lyn (@) = p(w)]”
= [[(1 = B = 0n) (@n(w) = p(w)) + Bn(T(w, 2n(w))
= T(w, p(w))) + Gn(vn(w) — p(w)) |
< (1= B = 0n)?llzn(w) — p(w)||?
+2(0nT (w, 2(w)) = T(w, p(w))
+0n(0n(w) = p(w)), J (Yn(w) — p(w)))
< (1= = 60)*[lzn(w) — p(w)|®
+ 200 T(w, 2n(w) — T(w, p(w))[[[[yn(w) — p(w)||
+ 200 (vn(w) = p(w), J(yn(w) — p(w)))
< (1= B = 00)*[2n(w) — p(w)|?
+ Bu{ |1 T (w, 2a(w)) = T(w, p))]* + lyn(w) — p(w)|*}
+ 200 (0n(w) = p(w), J(yn(w) — p(w))),

(2.2)

&
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which implies that

(1= Ba)lyn(w) = p(w)|?
(2.3) < (1= B =82 llzn(w) = p(@)PP + Bul T(w, 2p(w)) — T(w, p(w))||?
+ 20 (vn(w) — p(w), J (yn(w) — p(w)))-
It is easy to see that 1 — 3, > 1 — 3, — d,, and since 3, — 0, 6, — 0 as n — oo,

there exists a nonnegative integer ng such that 3,, + 6, < % andso 1— 3, — 6, > %
for all n > ng. Therefore, it follows from (2.3) that

lyn (@) = p(w)]?
(24) < (1= Bn = d)llzn(w) = pW)|* + 26u] T (w, 20 (w)) = T(w, p(w))|*
+ 40 (vn(w) = p(w), J(yn(w) — p(w))), 7 = no.
Since the range of R(T') of T' is bounded, there exists a constant M; > 0 such that

(2.5) sup || T(w,z)|| < M.
weN,xelC

Let M = ||zo| + sup{|lun(w)] : w € Q,n > 0} + sup{||vop(w)] : w € Q,n >
0} + M. Since p(w) € C and p(w) = T'(w, p(w)), we can easily prove that

sup AT (w, zn(w))[, [T (w0, yn(w)) I, [T (w, p(w)) I,
(26) weN,n>0

[z (@), lyn(w)lI} < M.

In fact, for n = 0, since zp € C and yo(w) = (1 — Bo — do)xo + GoT (w, x0) +
dovo(w) € C, we have

zoll < M, |T(w,z0)|| < M, ||T(w,yo(w))]| < M
for each w € Q. For n = 1, we have
z1(w) = (1 —ao —v0)z0 + T (w, yo(w)) + youo(w) € €, w € Q,
and so, for each w € Q,

[z1 (W)l < (1= a0 =0)[zoll + aol|T(w, yo(w) || +0lluo(w) || < M,
ly1 (@)l < (1 = B1 = d) |21 (W) || + Bl T (w, z1(w)) || + S [Jor ()| < M.
Thus, by induction, we can prove that (2.6) is true. It follows from (2.6) and (2.4)
that

27)  yn(w) = pW)I* < llan(w) = p@)|* +8M?B, + 16M?6,, 12 ng.
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Now, we consider the third term on the right side of (2.1). By using (2.6), we have

200 (T (w, yn(w)) = T(w, p(w)), J (#nt1(w) = p(w)) = J (yn(w) — p(w)))
(2.8) < 20| T(w, yn(w)) = T(w, p()) | (2n41(w) = p(w))
= J(yn(w) = p(w))ll
< AMap||J(2ni1(w) = p(w)) = J(yn(w) = p(w))]-

Since a,, — 0 and 3, — 0 as n — oo, we have

[#n41(w) = p(w) = (yn(w) — p(w))
= Zn41(w) — yn(w)]|
= (1= an = yn)an(w) + 0T (w, yn(w)) + Yntin(w)
— {1 = Bn = 0n)2n(w) + BT (W, 2n(w)) + Gpvn (W)}
< lan + 9 = Bn = Gnlllan (W) + M (an + 7n
+Bn+6n) — 0 (n— ).

(2.9)

Since E is uniformly smooth, by Lemma 1.3, we know that the normalized duality
mapping J : E — 277 is single-valued and uniformly continuous on any bounded
subset of E. Therefore, it follows from (2.9) that

(210)  en(w) := |/ (@nt1(w) = p(w)) = J(Yn(w) = p(w))[ = 0 (n — o0)
for each w € Q. From (2.1), (2.6), (2.7), (2.8) and (2.10), we have
ns1(w) = p(w)]?
< (1= an = m)?||zn(w) —p(w)
4+ 20, k(W) {|| 0 (W) — p(w)||? + 88, M? 4 166, M?*}
+ 8M?~,, + AM oy en(w)
= {1 = 2an(1 = k(w)) }H|zn(w) — p(w)
(2.11) +{a2 + 92 + 29, + 207 TR (W) — p(w)
+ 16 M2, Bk (w) + 32M3, 6, k(w) + 8M %y, + 4Mayep, (w)
< {1 =20 (1 = k(W) z(w) = p(w)|*
+ 4M2{04721 + 42 4+ 29, + 200, Y0 }
+ 16 M2, Bk (w) + 32M 2,6,k (w)
+ 8M?~,, + AMapen(w), n > ng.

I

I

I

In (2.11), putting

an(w) = [|lza(w) = p@)[% An(w) = 205 (1 — k(w))
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bp(w) = 4M2{04721 + 9% 4+ 29, + 200, }
-+ 16M2anﬂnk(w) + 32M2an5nk(w) + 8M 2, + AMapen(w),

then we have
(2.12) ant1(w) < (1= A(w))ap(w) +bp(w), weQ, n>ng.

Since a, — 0 as n — oo, there exists a positive integer ny > ng such that
An(w) € [0,1] for all n > ny and >_° ) A, (w) = oo for each w € Q. Further, it is
easy to see that b, (w) = o(A,(w)) for each w € Q. Therefore, by Lemma 1.4 and
(2.12), for each w € , a,(w) — 0 as n — oo, that is, for each w € Q,

[2n(w) = p(W)] =0 (7 — o).

Since C'is closed, it follows that p is a mapping from Q into C. Since p : Q — C
is the pointwise limit of the sequence {x,,} of measurable functions from @ — C,
p is also measurable ([8]) and so, by Lemma 1.1, T'(-, p(+)) : @ — C'is measurable.
Since p(w) = T'(w, p(w)), p: & — C'is a random fixed point of T". This completes
the proof. [ |

Theorem 2.2. Let E be a real uniformly smooth separable Banach space, C
be a nonempty closed convex subset of £, T : Q x C' — C be a continuous random
strongly pseudo-contractive operator with a function & : 2 — (0, 1) and the range
R(T) of T be bounded. Let xy € C be a given point and {z,(-)} be the random
Ishikawa iterative sequence with errors defined by (1.2). If the sequences {«,},
{Bn}, {vn} and {6, } C [0, 1] appeared in (1.2) satisfy the following conditions:

(i) ap — 0, B, — 0asn— oo,
(i) Y02, o = 00,

then the sequence {x,,} converges strongly to a random fixed point of 7.
Proof. Letting ~,, = d,, = 0 for all n > 0 in the proof of Theorem 2.1. This
completes the proof. [ |
3. APPLICATIONS

As applications, in this section we shall utilize Theorem 2.1 to study the exis-
tence of random solutions for some kinds of random nonlinear operator equations
in uniformly smooth separable Banach spaces.

Theorem 3.1. Let X be a real uniformly smooth separable Banach space
and T : Q x X — X be a continuous random strongly accretive operator with a
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function A : Q@ — (0,1). Let f : Q@ — X be any given measurable function and a
mapping S : Q@ x X — X be denotedby S =1 —T + f. Let u,,v, : @ — C be
bounded measurable functions for each n > 0. Let 2o € X be a given point and
{z,,} be the random Ishikawa iterative sequence defined by

Tn+1 (w) = (1 — Qp — P)/n)xn(w) + anS(w, yn(w)) + 'Ynun(w)7 n >0,

B (@) = (1= B — 8)1m(@) + FnS(@, 20 (@) + Sntm(@), 7 >0,

for each w € . If the range of S is bounded and the sequences {c,}, {6n}, {7n}
and {0,} satisfying the conditions (i), (ii) and (iii)in Theorem 2.1, then, for any
given measurable function f : Q — X, the random equation

(3.2) () = £()

has a unique random solution p : Q@ — X and the random Ishikawa iterative
sequence {z,(w)} defined by (3.1) converges strongly to p(w) for each w € Q.

Proof. By the assumption, S : Q x X — X is a continuous random strongly
pseudo-contractive mapping with a function & : 2 — X defined by k(w) = 1—h(w).
By Theorem 2.1, the random Ishikawa iterative sequence {z,} defined by (3.1)
converges strongly to a random fixed point p : Q@ — X of S for each w € Q.
Therefore, we have

S(va(w)) = p(w)v w e Qv
that is,
T(va(w)) = f(w)v w e,

which implies that p(w) is a random solution of the equation (3.2). This completes
the proof. [ |

Theorem 3.2. Let X be a real uniformly smooth separable Banach space
and T : 2 x X — X be a continuous random strongly accretive operator with a
function b : Q — (0,1). Let f : Q@ — X be any given measurable function. Denote
by S=I-T+f:QxX — X. Let o € X be a given point and {x,} be the
random Ishikawa iterative sequence defined by

Tn+1 (w) - (1 - O‘n)xn(w) + O‘ns(wv yn(w))v n > 07
Yn(w) = (1 = Bp)zp(w) + GnS(w, zp(w)), n >0,

for each w € Q. If the range of S is bounded and the sequences {« ,,} and {3,}
satisfying the conditions (i) and (ii) in Theorem 2.2, then, for any given measurable
function f : Q — X, the random equation

T(,x()=f0)

(3.3)
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has a unique random solution p : Q@ — X and the random Ishikawa iterative
sequence {z,(w)} defined by (3.3) converges strongly to p(w) for each w € Q.

Proof. Letting ~,, = d§,, = 0 for all n > 0 in the proof of Theorem 3.1. This
completes the proof. [ |
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