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MAPS PRESERVING LIE PRODUCT ON B(X)

Xiuping Yu and Fangyan Lu

Abstract. Let X and Y be complex Banach spaces. Let ¢ be a bijection from
B(X) onto B(Y) satisfying ¢([4, B]) = [¢(A), ¢(B)] for all A, B € B(X).
Then ¢ = 1 + 7, where v is a ring isomorphism or a negative of a ring
anti-isomorphism from B(X) onto B(Y), and 7 is a map from B(X) into CI
satisfying 7([A, B]) = 0 for all A, B € B(X).

1. INTRODUCTION AND THE MAIN RESULT

Given an associative ring R, one can render it into a Lie ring by defining, for
a,b € R, the Lie product [a, b] to be ab — ba. The study of the Lie structure is an
active research area in ring theory and operator theory. See [1-3, 5, 9, 12, 15-17,
23-25] and references therein. In this paper we investigate the relationship between
the Lie multiplication structure and the addition structure. This is also motivated
by the study, in for example [8, 14, 20, 21], of question of when a multiplicative
bijection is additive, and by the study, in for example [6, 10, 11, 18, 19], of question
of when a bijection preserving Jordan product is additive.

Let X be a complex Banach space. By B(X) we mean the algebra of all
bounded linear operators on X. Our main result reads as follows.

Theorem 1.1. Let X and Y be complex Banach spaces and suppose that
X is of dimension > 1. Let ¢ be a bijection from B(X) onto B(Y) satisfying
o([A, B]) = [¢(A), ¢(B)] for all A, B € B(X). Then one of the following holds.

(1) ¢ =+ 1, where 1 is a ring isomorphism from B(X) onto B(Y'), and T is
a map from B(X) into CI satisfying T([A, B]) =0 for all A, B € B(X).
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(2) ¢ = ¢+ 7, where ¢ is a negative of a ring anti-isomorphism from B(X)
onto B(Y'), and 7 is a map from B(X) into CI satisfying T([A, B]) = 0 for
all A, B € B(X).

The proof of the theorem will be given in Section 3. It should be mentioned that
some parts of the proof what follows are essentially due to Hua [7] and Martindale
[13]. For the sake of completeness (and also because of the inaccessibility of their
papers), we shall reproduce their proofs in some detail when the occasion demands.

2. PRELIMINARIES

Throughout this section, Z is a complex Banach space with the topological dual
X*. For z € Z and f € Z*, the operator z® f is defined by = — f(x)z for z € Z.

Lemma 2.1. Let A, B, E, F be in B(Z) and suppose that E and F are non-
zero idempotents. If EAETF = ETFBF forall T € B(Z), then EAE = \E
and FBF = \F for some \ € C. In particular, if EAETF =0 for all T € B(Z)
then EAE = 0; and if ETFBF =0 for all T € B(Z) then FBF = 0.

Proof. Fix a functional f in Z* such that f(Fzy) = 1 for 29 € Z. Putting
T=Fz® fin FAETF = ETFBF and applying the equation to zy, we get
a scalar A such that AEFz = AEz for all z € Z. So FAE = AE. Hence
ETFBF = AETF for all T € B(X). That is ET(FBF — \F) = 0 for all
T € B(X). Since it is well-known that B(Z) is a prime ring, FFBF = \F.

Following Hua [7], we define an operator A in B(Z) to be an I-operator if
A = B+ M\, where B is an idempotent in B(Z), I is the identity operator on Z
and A is a (complex) scalar. The following characterizes I-operators in B(Z).

Lemma 2.2. Let A be in B(Z). Then A is an I-operator if and only if
[A,[A,[A,T)]] = [A,T) forall T € B(Z).

Proof. The “only if ” part is obvious. Now assume that [A, [4, [A,T]]] = [A, T
forall T € B(X), i.e.,

2.1 (A% — A)T — 3A’TA + 3ATA*> — T(A® — A) = 0.

Suppose that A is not a scalar multiple of I. Then there exist a vector zy € Z and
a functional f € Z* such that f(z9) = 0 and f(Azp) = 1. Putting T = 2 ® f in
Eq. (2.1) and applying this equation to zp, we get two scalars A and p such that
A%z + MNAz + puz = 0 for all z € Z. Namely, A% + AA + uI = 0. Translating A
by a scalar multiple of I, we get that A2 = ~I for some v € C. Since A is not a
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scalar multiple of I, Eq. (2.1) yields v = %. Now A + %I is an idempotent. This
completes the proof.

Lemma 2.3. Suppose that E and F in B(Z) are idempotents and satisfy
EF = FE. Then the statement that either EF = 0 or (I — E)(I — F) = 0 is true
if and only if [|[E, [E, [T, F]]], F| = [E, [T, F]] holds for all T € B(X).

Proof. A computation gives
[[Ev [Ev [TvF]HvF] - [Ev [TvFH
=2(FEFTI-E)I-F)+(I—-FE)I—-F)TEF).
Then the necessity is obviously seen, and the fact that B(Z) is a prime ring gives
the sufficiency.
3. THE PROOF OF THE THEOREM

The proof of the theorem will be given in some steps. The main idea is to divide
B(X) into the three-by-three block matrix algebra and to identify the behavior of
¢ on each block. We note that this idea is inspired by Martindale [13].

3.1. Elementary Results
We begin with a trivial one.
Lemma 3.1. We have ¢(0) = 0.
Proof. Indeed, ¢(0) = ¢([0,0]) = [¢(0), »(0)] = 0.
We will make a crucial use of the following two results.

Lemma 3.2. Let S, Ay, Ag, ..., A, € B(X) and \ € C. Suppose that $(S) =
Yoy d(Ai)+AI . Then forall T € B(X), we have ¢([T, S]) = > 7", o([T, Ai]).

Proof.  Multiplying ¢(S) = > | #(A4;) + A by ¢(T) from both sides
separately, we get that

A(T)6(S) = 3 S(T)B(A) + S(TIN

and

ASHT) =3 ¢(A)d(T) + M[§(T).
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Then

= ([(T), ¢(A))]) = > _ &([T, Ai)),

completing the proof.

Lemma 3.3. Let A be in B(X). Then ¢(A+CI) = ¢(A)+CI. In particular,
¢(CI) = CI.

Proof. Let A be in C. Since ¢ is surjective, we can choose S from B(X) such
that ¢(S) = ¢(A) + AI. Then for T' € B(X), making use of Lemma 3.2, we get
that

o([T, 5]) = o([T’ A]).

Since ¢ is injective, [T, S] = [T, A]. So T(S—A) = (S—A)T forall T €
B(X). By Lemma 2.1, S — A = ul for some p € C. Consequently, we have that
¢ (p(A) + CI) C A+ CI; namely, ¢(A) + CI C ¢(A + CI). Considering ¢,
we have that p(A+CI) C ¢(A)+CI. So p(A+CI) = ¢(A)+CI. In particular,
assuming A = 0, we get that ¢(CI) = CI.

3.2. The Assumptions

If X is of dimension 1, then B(X') is commutative and hence so is B(Y"). Thus
any bijective map from B(X) onto B(Y) can be presented in the form ¢ + T,
where v is an arbitrary ring isomorphism and 7 is a map from B(X) into B(Y).
Consequently, the statement (1) is true in this case.

If X is of dimension 2, it follows from the following Proposition 3.4 that Y
is also of dimension 2. So, in this case, ¢ is a bijection preserving Lie product
from Ms(C) onto itself. By Lemma 2.2, ¢(e;) = fii + NI, @ = 1,2. Here fi;
and foo are commuting idempotents. Hence by Lemma 2.3, either fi1fo2 = 0 or
(I = fi1)( — fa2) = 0 (cf. Proposition 3.4). If (I — fi1)({ — fa2) = 0 then
(I — f11) + (I — fa2) = I (cf. Lemma 3.5). This in turn implies that f1; foo = 0.
Therefore we always have that fi1 foo = 0 and f11 + foo = I. So there exists an
invertible matrix 7' € My such that T¢(e;;))T~1 = e + NI, i = 1,2. Define
Y = T¢T'. Then ¥)(Ce;j) = Cejj, 1 < i # j < 2 (cf. Lemma 3.6) and
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¥(Cey;) C Cey; + CI, i = 1,2 (cf. Lemma 3.7). Using those facts we can prove
that the statement (1) holds. We omit details.

Assumption 1. X is of dimension> 2.

Now there exist three non-trivial idempotent operators P, P», P3 on X such
that P, + P, + P3 = I and P;P; = 0 for all ¢ # j. For each i € {1,2,3}, by
Lemma 2.2, there exists an idempotent operator (); in B(Y") such that ¢(P;) — Q;
is a scalar multiple of /. Since P; is non-trivial, it follows from Lemma 3.3 that
Q; is also non-trivial. Therefore, such a @); is unique. In the forgoing, we shall fix
those P; and Q;.

Proposition 3.4. Either Q;Q; =0 for all i # j, or (I — Q;)(I — Q;) =0 for
all i # j.

Proof.  Since any pair of { Py, P, Ps} commute, it follows that any pair of
{Q1,Q2,Q3} commute. Making use of the necessity of Lemma 2.3, [[E, [P}, [T,
P;ll], Pj] = [P, [T, Pj]] for all T € B(X), i # j. Since ¢ is surjective, it fol-
lows that [[Q;, [Qi, [S, Q;]]], Q;] = [Qs, [S, Q,]] for all S € B(Y). Making use of
the sufficiency of Lemma 2.3, either Q;Q; = 0 or (I — Q;)({ — Q;) = 0. If (I—
Q1)I—-Q2) = (I-Q1)(I-Q3) =0but Q2Q3 =0, then [ —Q1 = ([ -Q1)Q2 =
(I—Q1)(I—-Q3) = 0. This conflicts with the fact that ) ; # I, completing the proof.

In the forgoing, we shall prove the theorem only for one of cases.
Assumption 2. Q;Q; = 0 for all ¢ # j.

Under this assumption, we shall show that the statement (1) of the theorem
holds. If (I — Q;)({ — Q;) = 0 for all i # j, a similar argument establishes the
statement (2) of the theorem. We note that there is an easy treatment for this case
when Y is reflexive. Suppose that (I — Q;)(I — @Q;) = 0 for all ¢ # j and that
Y is reflexive. Then the equation §(A) = A* for A € B(Y') defines an algebraic
anti-isomorphism from B(Y) onto B(Y™). It is easily seen that ® = —6(¢) is a
bijection preserving Lie product from B(X) onto B(Y™*). Moreover, (), is a unique
idempotent such that ®(F;) — Q; is a scalar multiple of  and Q;Q} = 0 for all
i # j, where Q; = 0(I — @;). Thus, applying the argument what follows, the
statement (1) of the theorem holds for . Hence the statement (2) of the theorem
holds for ¢ = —6~1(®).

3.3. The Peirce Decompositions

Let Aj = P,B(X)P;, 1 <,j < 3. Then B(X) = 7., Ay since Py +
P, + P3; = I. This is the Peirce decomposition of B(X ). We note that this kind of
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machinery already proved effective in [6, 10, 11, 14, 18, 19] where serval results
are obtained on the additivity of maps which preserve certain product. Similarly,
let B;; = Q;B(Y)Q;. In the sequel, when writing A;; (or B;;), it indicates that
Ai; € Aij ( Bij € Byj, respectively).

To get B(Y) = Zf ;=1 Bij, we need the following lemma.

Lemma 3.5. Q1+ Q2+ Q3=1.

Proof. Choose S =377, Sij € B(X) such that ¢(S) = Q1+Q2+Qs. Then
d(S) = ¢(Pr) + ¢(Po) + ¢(Ps) + pl for some p € C. Fix an index 7 € {1,2,3}.
For all T;; € A;;, by Lemma 3.2,

1—1“75 Z¢ 1—1’527P =0.

7=1
So we have that
(3.2) TS — STy =0

for all T;; € Aj;. In particular, ;S — SP; = 0 and therefore S;; = P,SP; = 0
for each j € {1,2,3} with j # i. Now (3.2) becomes 7T;;S;; — Si;T;; = 0 for all
T;; € Ai;. So Si;; = \iP; for some A\; € C by Lemma 2.1. Thus the arbitrariness
of 7 € {1, 2, 3} gives that S = MNP+ APy + A3P5. Since Q1 + Q2 + Q3 is
idempotent, it follows from Lemma 2.2 that S is an I-operator. So the spectrum of
S is contained in {\, A + 1} for some A € C. Namely, {1, A2, As} C {\, A+ 1}.
We now show that \; = Ay = A3. Otherwise, without loss of generality, we may
suppose that A\ = Ay + 1. Let T2 € A;2 be non-zero. Then

3

33)  ¢(Tia) = (S, Tua]) = Y &([Pr, Tha)) = &(Th2) + (~Tha).

k=1

It follows from the injectivity of ¢ that —775 = 0. This contradiction shows that
A1 = X2 = A3. So S is a scalar multiple of /. Hence by Lemma 3.3 Q1 + Q2+ Q3 is
also a scalar multiple of I. Consequently, Q1 + Q2 + Q3 = [ since it is idempotent.

We note that if (I — @Q;)(I — @Q;) = 0 for all i # j and ¢(S) = (I — Q1) +
(I —Q2) + (I — Q3) then Eq. (3.3) becomes
3

¢(Ti2) = ¢([S, Ti2]) = = Y ¢([Pr, Thal) = —d(Th2) — d(—T12).

k=1

Therefore 2¢(T12) = —¢(—T12). Hence 2¢(—Ti2) = —@(T12) = 2d(—Tha).
So 3¢(—T12) = 0, which is also a contradiction. This is the main difference
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between the proof for the case ;QQ; = 0 for all ¢ # j and the one for the case

(I —Qi)(I—-Qj;) =0 foralli# j.
3.4. The Behavior of ¢ on A;;

Making use of Lemma 3.3, we see that F; is a unique idempotent such that
»~1(Q;) — P; is a scalar multiple of I. So the behavior of ¢ acting on A;; and the
behavior of ¢! acting on B;; are same.

Lemma 3.6. ¢(A;;) = B;j, 1 # j.
Proof. Let A € A;j. Then

¢(4) = o([A, Bj]) = [¢(A), 6(F})] = [6(A), Qj].
So Qj#(A)Q; = 0. Hence

?(A) = o([P;, [A, Pjl]) = [Qi, [¢(A), Qj]]
= Qid(A)Q; + Q;d(A)Q;i = Qip(A)Q; € Byj.

Therefore, ¢(A;;) C B;;. Considering oL, we get #(Aij) 2 B;j, completing the
proof.

Lemma 3.7. ¢(A;;) C Bii + CI for each i € {1,2,3}. Moreover, for each
Bi; € Bj; there is Ay € Aj; such that (A;;) = Bi; + M for some A € C.

Proof. We only consider the case :=1. The proof for the other cases is similar.

Let A be in Ay; and write ¢(A) = Zf j—1 Bij corresponding to the decompo-

sition of B(Y"). Then for all j € {1, 2,3}, we have that
0=¢([A, Bj]) = [6(A). Q)] = Y _(Bij — Bji)-
i#]

From this, we get that B;; = 0 for all ¢ # j. Thus ¢(A) = By1 + Baa + Bss. For
Ros € Bays, by Lemma 3.6 there exists To3 € Agz such that ¢(T53) = Rog. Then

3

BoyRo3 — Ro3Bs3 = [Z Bii, Ro3] = [¢(A), ¢(T23)] = ¢([A, Tas]) = 0.

So, by Lemma 2.1, Bss = AQ2 and B33 = AQ3 for some A € C. Thus

#(A) = Bi1 + MQ2+ Q3) = By — AQ1 + Al
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Therefore ¢(.A;1) C Byy + CI.

Now let B;; € Bj;. Applying the preceding result to ¢!, there existan A;; € Ay
and a scalar A € C such that ¢(A4;; + A\I) = B;;. By Lemma 3.3, we can suppose
that ¢<A“ + )\I) = ¢(Azz) + pl for some p € C. Then (b(A”) = B — ul,
completing the proof.

3.5. The Definition of ¢

By Lemma 3.7, for A; € A;; with ¢ € {1, 2,3}, there exists a unique scalar
fi(As) such that ¢(Ay;) — f;(Aw)I € By, Now for 7.y Ay € 371 Ay, we

define
3 3 3
P> Aij) =D d(Ay) = > fulAw)l.
k=1

ij=1 ij=1

Lemma 3.8. We have that

() ¥(Aig) = d(Aij), i # 3,
(it) Y(A,; ) Bij for all i,j € {1,2,3};

)
(i) ¥( U 1 Aij) = z‘,j:1¢( ij);
) ¥

(iv) 1 is surjective.

Proof. If i # j, ¥(A;;) = ¢(A;;) by the definition, and hence ¥ (A;;) =
Lemma 3.6. By the definition again, ¥(A;) = ¢(Asi) — fi(Aii). So ¥( ZZ)
by Lemma 3.7 and

3 3
Z Aij) Z $(Ai) = filAa)]) + ) o(Aij) = D d(Ay)-
wi=1 =1 i#j i.j=1

So far, we have proved the former three parts. Now the last part is an easy conse-
quence of parts (ii) and (iii).

3.6. The Additivity of v
We begin with the “ weak additivity ” of ¢ on each row.

Lemma 3.9. Let k € {1,2,3} and Ay; € Ayj for j = 1,2,3. Then
¢ (251 6(Arj)) € Y51 Ay +CL

Proof. Choose S € B(X) such that

(3.4) B(S) = ¢(A11) + ¢(A12) + ¢(A13).
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Then for Ty € Aso, we have that ¢([T22, S]) = ¢(—A12T22). So S19T599 = A12T59
and TQQSQQ — SQQTQQ = TQQSQl = TQQSQg = SgQTQQ = 0. Therefore 512 = A12,
521 = 532 = 523 =0 and 522 = Mo % for some \y € C.

For T33 € Ass, by Eq. (3.4) and Lemma 3.2, we have that ¢([T33,S]) =
¢(—A13T33). So 813T33 = A13T33 and T33531 = T33533 — 533T33 = 0. It follows
that S13 = Ay3, S31 = 0 and S33 = A3 P3 for some A3 € C.

For Tho € A1, ¢([T12,S]) = ¢(—A11T12). So T12520 — S11T12 = —AnTha.
Hence S11712 = (A11 + A2l)Tho. From this we see that S13 = Ajq + Ao P
Similarly, S11 = A1 + A\3P;. Consequently, Ao = A3 and S = A1 + Ao+ A3+
Ao I, completing the proof.

Lemma 3.10. ¢ is additive on A;; for 1 <1i # j < 3.

Proof. Let Ao and Bis be in A12. Making use of the above lemma, we see
that the following equalities

¥(A12) + ¢(Bi2) = ¢(A12) + ¢(Bi2)
= [Q1 + #(A12), Q2 + ¢(B12)]
= [¢(P1) + ¢(A12), o(F2) + #(Bi2)]
= [¢(P1 + A1z + D), ¢(Po + Bia + pol)]
= ¢([Pr + A1z + a1, P>+ Bia + p2I)])
= ¢(A12 + Bi2) = ¥(A12 + B12).
hold true.

Lemma 3.11. ) is additive on A;;, i = 1,2, 3.

Proof. For clarify of exposition, we assume that i = 1. Let A1 and Bj; be in
Aji. Choose S € B(X) such that ¢(S) = ¥ (A11) + ¢(B11). Then

(3.5) #(S) = ¢(A11) + ¢(Bi1) + M,

where A = f1(A11) + f1(Bi1).

For Ty, € Ay with k € {2,3}, by Lemma 3.2, we have that ¢([Tjx, S]) = 0
and then [T}y, S] = 0. Therefore, S;; = 0 for all 1 <@ % j <3, Sz = AP and
S33 = A3 P3 for some Ao, A3 € C.

For Ty, € Ay with k € {2,3}, by Eq. (3.5) and Lemmas 3.2 and 3.10, we
have that

o([S, Tix]) = o(AnTik) + ¢(Bi1Tixk) = ¢((A1r + Bi1)Tx)-
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So [S, le] = (A11 + Bll)le- In particular, S11T1k — T Skr = (A11 + Bll)le-
Since Ski = Ai Py, it follows that S1171; = (A11 + Bi1 + M\iI)T1x. Hence Si; =
A1+ B11+ APy foreach k € {2,3}. So A\g = A3 and then S = Ay + By + A2l
Now

Y(A11) +¢(B11) = ¢(A11 + Bi + M)

= ¢(A11 + Bu1) + pl = (A1 + Bur) + fi(Aun + Bu)l + pl.

Since 'Lﬂ(AH) —l—'Lﬂ(Bn) —'Lﬂ(All +B11) is in Ay, it follows that fl(All +B11)I+
wul = 0. Consequently, ¥)(A11 + B11) = ¥(A411) + ¥ (B11), completing the proof.

Proposition 3.12. v is additive .

Proof. Let A = Z?,j:l Ajj and B = Z?,j:l B;j be in B(X). Then Lemmas

3.8, 3.10 and 3.11 are all used in seeing

3 3
Y(A+B) = 1#(‘2 (Aij + Bij)) = > ¢(Ay + Byj)
; i,j=1 , i,j=1 ,
= D (W(Ag) +9(By)) = (Y Ay) + (Y Big) = v(A) + ¥(B)

hold true.
3.7. The Definition of 7

For A € B(X), we (have to) define 7(A) = ¢(A) — ¢(A). Then 7(4;;) =
fi(Ai)I if i = j and O otherwise. However, to see that 7(A) lies in CI for all
A € B(X), we need the following lemma.

Lemma 3.13. The difference 0f¢(2?’j:1 A;j) and Z?,j:l @(Aqj) is a scalar
multiple of I for each Z?,j:l A;j € B(X).

Proof. Let Z?,j:l A;; € B(X) and choose S = Z?,j:l S;; from B(X') such
that ¢(S) = Z?,j:l ®(A;i;). Then by Lemma 3.2 and Proposition 3.12, we have

that

([P1,5]) = ¢(A12) + ¢(A13) + ¢(—A21) + ¢(—Asz1)

(3.6)
= ¢(A12+ A1z — A9 — Az1).

So [Pl, S] = Ao+ A13— A1 — Azq. From this we see that S1o = Ao, S13 = A1,
So1 = Ao and S31 = Asq. Symmetrically, we have that So3 = Aoz and S3o = Aszo.
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For T15 € Ajy2, we have that

O([T11, [Tz, S1]) = 325 j—1 (111, [Th2, Ajj]])
= ¢([T11, [Th2, A21]]) + ¢(T11T12A22) + ¢(—T11A11Th2).

Making use of Lemma 3.9, we see that [TH, [Tlg, SH = [TH, [Tlg, Agl]]—l-TnTlgAgg
—T11A11T12 + Al for some A € C. Hence T11T12522 — TllSllTlQ = T11T12A22 —
T11A11T2, and hence T12S522 — S11T12 = Ti2A2 — A11T12. Namely, Tio(S22 —
Ag) = (S11 — A11)T12. By Lemma 2.1, Sy = Ay + pPr and Sy = Aoy + P
for some p € C. Symmetrically, there exists a scalar + such that 511 = A1 +vP;
and S33 = A3z + vP3. Consequently, u = v and S = Z?,j:l A;j + pl. Lemma
3.3 applies, completing the proof.

3.8. The Multiplicativity of 1

Lemma 3.14. Let A;, € Aji, and Byj € Ay, i@ # j. Then (AipByj) =
¥ (Aik) ¥ (Bj)-

Proof. Since ¥(A,q) € Bpg, we see the following equalities
Y(AixBrj) = ¢(AirBrj) = ¢([Air, Bijl)
= [0(Air), d(Brj)] = [ (Air), ¥ (Brj)]
= Y (Aik) Y (B;)

hold true.

Lemma 3.15. Let Ay, By be in Ay, 1 € {1,2,3}. Then Qb(A”B”) =
¥ (Ai)Y(Bii).

Proof. Let j be in {1,2,3} such that ¢ # j. Making use of the above lemma,
we have, for Tj; € A;;, that

Y(AuBiiTiy) = Y (AuBii) (1),
which is also equal to
(A BiiTi;) = (Au)(BiiTi;) = ¥(Aiu)(Bii) v (Tij)-

So Y(AiiBii)(Tij) = ¥(Aiu)¢(Bi)(Tij). Since y(Ay) = ¢(Aiy) = Bij, it
follows from Lemma 2.1 that 1) (A;; Bi;) = ¥ (Ai)Y(Bi;)-

Lemma 3.16. Let A;; € Ajj and Bj; € Aji, i@ # j. Then ¢(A;;Bj;) =
V(A (Bji)-
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Proof. According to the definition of 7 and v and making use of the additivity
of 1,

7([Aij, Bjil) = &([Aij, Bjil) — ¥ ([Aij, Bjil)
= [¢(Aij), o(Bji)] — ¥([Asj, Bjil)
= [(Aij), ¥ (Bji)] — ¢ ([Aij, Bji])
= 1 (Ai)¥(Bji) — ¥(Bji)(Aij) — ¥(AijBji) + ¥(BjiAij)
€ Bii + Bjj.
So 7([Aij, Bj;]) = 0 and hence 1(A;;Bji) = ¥(Ai;)0(Bj;).
Proposition 3.16. v is multiplicative.

Proof. Let A and B be in B(X). Write A = Z” 1 Ajj and B = Z” . B
corresponding to the Peirce decomposition of B(X). Since ¢ is additive and
1 (A;j) C B;j, we have that

3
$(AB) = > 4(AirB))
ik,j=1

and
3

W(AW(B) = Y w(Aw)d(Byy).
ik,j=1
So in order to prove ¥(AB) = ¢ (A)y(B), it suffices to show (A;By;) =
(Air)Y(By;) for all 1 <14, j, k < 3. But those equalities are assured by Lemmas
3.14-3.16. The proof is complete.

3.9. The Remaining Proof

We will complete our proof by showing that ¢ is injective and that 7 vanishes
on commutators.

Suppose that 1(A) = 0 for A € B(Y). Then for i € {1,2,3}, ¥(AB) =
P(A)Y(B) = 0 and so ¢(AP;) = 7(AP;) € CI. 1t follows from Lemma 3.3 that
AP; € CI. This implies that AP; = 0 for ¢ € {1,2,3}. Hence A = 0 since
P+P+P;=1.

Let A and B be in B(X). By the definition,

7([4, B]) = ¢([A, B]) = ¢([A, B]) = [¢(A), »(B)] = ¢([4, B]).
Note that ¢ is actually a Lie isomorphism. It follows that 7([A, B]) = 0.
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